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Abstract

Functional linear model is a fruitfully applied general framework for regres-
sion problems, including those with intrinsically infinite-dimensional data. Online
gradient descent methods, despite their evidenced power of processing online or
large-sized data, are not well studied for learning with functional data. In this
paper, we study reproducing kernel-based online learning algorithms for functional
data, and derive convergence rates for the expected excess prediction risk under
both online and finite-horizon settings of step-sizes respectively. It is well under-
stood that nontrivial uniform convergence rates for the estimation task depend
on the regularity of the slope function. Surprisingly, the convergence rates we
derive for the prediction task can assume no regularity from slope. Our analysis
reveals the intrinsic difference between the estimation task and the prediction task

in functional data learning.
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1 Introduction

In this paper, we study the functional linear model

Y = o +/rX(t)B*(t)dt+5. (1)

Here, the predictor X is a random function on a compact set 7 in some Euclidean space.
The slope (or coefficient) * is an unknown function. We assume that X and g* are
both in the space (L*(T), {-,-),||||) of square integrable functions. The number a* is the
constant intercept. The error ¢ is a zero-mean random variable with variance o? < oo,
and it is independent of X. We let Y denote the response.

In this paper, for technical simplicity we assume a* = 0, and that the mean function
is zero, i.e. E[X] = 0. Consequently, E[Y] = 0.

Let D = {(X;,Y;)}, be a sample of independent copies of (X,Y). The prediction
problem of functional linear regression is to exploit D and find a linear functional 7 on

L*(T) as estimator of the unknown functional n* on L?(T),
7o) = (0 = [ X @
T

where (-, -) denotes the inner product in L?(7). Denote £(7) the excess prediction risk
of 7,

E() =Exy) [(V = 0(X))* = (Y —"(X))?]
=Ex [(7(X) —n"(X))?],

where (X,Y) is independent of 7} and E(x y) denotes the expectation taken with respect
to the distribution of (X,Y"). The expectation Ey is similarly defined.

There is a large literature on function linear models. See [4, 5, 23, 18] and the refer-
ences therein. Functional principal component analysis (FPCA) is a popular tool for the
regression problems [4, 13]. FPCA makes use of the functional principal component rep-
resentation of X with fast decaying coefficients for estimation, and usually requires strong
regularity of the slope function *. Another widely applied approach is the reproducing
kernel method [23, 5, 15, 19, 14], which represents functions by linear combinations of
kernel functions, so that the regression problem is, in computation, reduced to optimiza-
tion problems over the coefficient vector spaces. The algorithms studied in this paper are
designed with reproducing kernels.

In this paper, we study the online stochastic gradient descent scheme which starts

from B; = 0 and is then iteratively defined by

s == ([ moxioi - ) [ K xias )

Here 7, > 0 is the step-size. K : T x T — R is a continuous reproducing kernel (a.k.a.

Mercer kernel), which is defined to be continuous, symmetric (i.e., K(s,t) = K(t,s)),
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and positive semi-definite (i.e., the Gramian matrix (K (t;,t;) : 1 <4,j < n) is positive
semi-definite for any n > 1 and any t¢y,...,t, € T). The function K defines an integral
operator Ly : L*(T) — L*(T),

Lif = /T K (s,)f(s)ds, (3)

which is known to be compact and positive semi-definite. See, e.g., [7, Section 4.2], and

20, Section 4.3]. So, (2) can be equivalently written as

Brs1 = B — W ((Br» Xi) — Yi) L X (4)

After n iterations, the output estimator 7),,,, of the predictor n* is defined by

i1 () = (B X) = [ Bl X(0)dr 9
T
We study two settings of the step-sizes {7;} and the data set D.

o The online setting. In this setting, one takes D as a source of (finite or infinite)
sample points and the iterations continue indefinitely, before the possible exhaustion
of D. We use a decreasing sequence {7 = 71k *} of step-sizes with some p > 0,

and update the estimated predictor after each step of iteration.

« The finite-horizon setting. In this setting we assume a finite sample size n = |D| <
oo and use a fixed step-size v = yon* that is dependent on n. The iteration is

scheduled to terminate after the exhaustion of D.
Let C be the covariance function of X (recall that E[X]| = 0),
Cls, 1) = E[(X(s) = E[X ()X (1) — E[X())])] = E[X (s) X (t)].

It is easy to verify that C' is symmetric and positive semi-definite. In this paper we assume
that C'is continuous, so C' is another Mercer kernel. We define the integral operator Lo
by replacing K with C' in (3), so L¢ is also compact and positive semi-definite.

In the analysis, we make the following assumptions.

(A1) The coefficient 5* satisfies
Lé/zﬁ* = £%*, for some ¢g* € L*(T) and 6 > 0,
where . = Lé/ 2LKL10/ 2. We shall discuss this assumption in Section 3.

(A2) There exists some constant 0 < ¢ < oo such that for any 8 € L*(T),

E (/Tﬁ(t)X(t)dt)4 <¢ <E (/Tﬁ(t)X(t)dt>2>2. (6)



One uses vector notation to rewrite (6) as E[(3, X)'] < ¢(E[(8, X)?])?. Assumptions (A1)
and (A2) are adopted in [9] to establish the convergence of excess risk of a functional
data-based classifier under the framework of optimal individualized treatment rules. As-
sumption (A2) is also used in [23, 5] for the analysis of kernel-based batch learning
scheme for functional linear regression. Nonetheless, it remains an interesting open ques-

tion whether Assumption (A2) is technical or intrinsic, for the convergence of Algorithm

(2).

2 Main Results

This paper studies the online scheme (2) for learning the predictor n* of the functional
linear regression model (1). In this section we provide the convergence rates of the

expected excess risk. Recall that K and C are both continuous, and 7 is compact. So

Ry 1= max VE(t,t) <oco, and ky:= max V(1) < oo.
S €

In Theorem 1 below, we study the online setting. The data set D is assumed to be
a source of finite or infinite sample points, and the estimator 7, is obtained with the

first n sample points. The iteration (4) can continue until the possible exhaustion of D.

Theorem 1. Let {1,411 :n > 1} be a sequence of estimators defined by (5) and (4) with
step-sizes v, = k™. Assume (A1) with 0 >0, (A2), and let

—min{l 20 }_ e, when 0 < 0 <1/2, ")
"= 2°20+1f | L when0>1/2

If 1 < p/[277(1 + o) (1 + k3K3)?C,] (where C, is defined by Lemma 4 below), then for
anyn > 1,

E[€(ns1)] < Cin " log(n + 1),
where C1 is a constant independent of n, and it will be specified in the proof.

In Theorem 2 below, we study the finite-horizon setting. The data set D is assumed
to be finite with size n = |D| > 1. After n steps of iterations D is exhausted, and the

algorithm terminates and outputs the estimator 7,,,1.

Theorem 2. Let 7,41 be the estimator defined by (5) and (4) with a finite sample
D = {(X;,Y;)}, and the constant step-size v, = . Assume (A1) with 0 > 0 and (A2).
If v = yon~=20/C0+0) yith

1
(L+o) (1 +wir3)? (14 55

0<y <
70_2

then we have
E[g(ﬁn—i-l)] S an_29/(20+1) log(n + ].),

where Cy is a constant independent of n, and it will be specified in the proof.

4



Remark 1. The analysis in [23, 5] requires the regqularity f* € L%Q(LQ(T)) (that is, B*
resides in the reproducing kernel Hilbert space generated by K ). It is well understood in
the literature of regression learning that for an algorithm to learn B* from data (a.k.a.
the estimation problem), a non-trivial convergence rate depends on the regularity of *
[6, 21, 3, 1, 16]. Similar results for classification problems are referred to as no-free-lunch
theorems [8, 20]. Our analysis relaxes this assumption. From Theorem 3, we see that by
properly selecting the kernel K, Theorems 1 and 2 apply with some 0 < 0 < 1/2, to any
B* € L*(T). In fact, if there exist some d > 0 and 0 < 6 < 1/2, such that Lx = 6LY, with
v = 2% — 1, then one uses Theorem 3 to guarantee (A1) for any B* € L*(T). The results
in this paper show that it is possible to learn the predictor n* (in a specific convergence
rate) without assuming reqularity of the slope function B*. The reqularity requirement
on B* is an intrinsic difference between the prediction problem (for learning n*) and the

estimation problem (for learning 5*) in functional data learning.

3 Discussions on the Regularity Assumption

In this section we discuss the regularity assumption (Al). Theorem 3 below suggests
that (A1) is a mild assumption and it can be satisfied for any 8* € L?*(T) by properly
selecting the reproducing kernel K, at least for any 0 < 6 < 1/2.

For any two self-adjoint operators L; and Lo, we write Ly < Lo (or Ly = Ly) if Ly — L

is positive semi-definite. Recall that ||-|| denotes the norm in L*(T).

Theorem 3. Assume Ly = 6LY for some § >0 and v > 0. Then, for any $* € L*(T),
there exists some g* € L2(T) such that L*5* = L% and ||g*|| < 677 8%|| with 6 =
1/(2+ 2v). In particular, one has LIC/Qﬂ* € LU(LAT)) for any 0 < 0; < 6.

Remark 2. Thanks to the results in [10], the assumption in Theorem 3 can be further
relazed to LY, = 6 LY. for §,w,v >0 and w+v > 1, with 6 = 1/(2+42v/w). This relazation

s not trivial for 0 < w < 1. Nonetheless, here we do not expand the details.

Remark 3. Since the sum of two Mercer kernels is a Mercer kernel, as long as K — 6C

is a Mercer kernel for some § > 0, one has already Lx = 6L¢.

Proof of Theorem 3. Since Lyx = §L%, we claim that £ = JL5™". In fact, for any
B L), (8, 28) = (L8, L (LeB) ) = 6 (LB, Le(LeB) ) = (8,01 B).
Next, we claim that ZY0+) = §/0+) [ This follows from the fact that the
function f(xz) = 2" on x € [0,00) with 0 < r < 1 is operator monotone (i.e., L1 < Ly
implies f(L1) = f(Lg) for any bounded positive semi-definite operators L; and Ly) [17].
For any bounded positive semi-definite operators L; and Ly, on L*(T), Ly =< Lo
implies that for any 8* € L?(T), there exists some g* € L*(T) such that ||g*|| < ||5*|
and L}/ B = Lé/ ®g*. This is a standard result with the matrix form available in many
linear algebra textbooks, e.g. [2, page 114]. See [11] for a proof for operators on Hilbert
spaces. Recall that .Z is bounded. The proof is complete. O
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4 Proofs of the Main Results

We first symbolically decompose the residual L (5k+1 — p*) after k steps of iterations.
Lemma 1. Let {5y : k € N} be defined by (4). One has

k

Léﬂ(ﬁlﬁ-l - 6*) = [H(I_% ] 1/25 + Z% [H I _ng)

=1 =i+1

B;, (8)

where I is the identity operator (of which the domain is inferred from the context), the
product H?:iﬂ vanishes to I when i+ 1 >k, and By, is defined by

= LLL (B — B7) + (Vi — (X, B) L¢P Lic X (9)
Proof. By definition (4) of S, we have

L (Brpr — B7) = L2 (B — ﬂ*) + i (Vi — (X, Bi)) L2 Lk X,
= (I - 2)L{ (5 - 3) + Vi Br
= (I -2 — w1ZL)L¢ (5k 1= B%) +v—1(d = L) Bi—1 + B

k
B P P o
i=1 =i+1
This completes the proof. ]

We see that By in (9) is just the difference between (Y; — (X, ﬁk>)Lg2LKXk and its
mean with respect to the observation (Xj, Yy),
B, | (Ve = (X B00) L6 Lic X | =L L, [(8° = B Xi) Xi]
—LPLLo(B* — Be) = LLYA (B = By). (10)
Therefore, E[Bg] = 0.

Lemma 2. Let A be a compact positive semi-definite operator on some real separable
Hilbert space, such that ||A[,, < C. for some Ci > 0. Let | < k and v, V41, €
[0,1/C.]. Then, when 6 > 0,

HAQ LI H R )
op 14 (zj:l ;)%
When 0 = 0, one has
k 2
[Jo-wa| <t (12)
i=l op

In particular, when | > k, the above products vanish to the identity operator, and the sum
Z?:z 7; vanishes to zero, so the bounds (11) and (12) still hold true.
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Proof. The case | > k is trivial and we assume [ < k. Bound (12) directly follows the
fact 0 < v; |lA|l,, < 7;Cs < 1. Now we assume ¢ > 0. The case Zf:l v; = 0 is trivial
and we assume E?:z v; > 0.

Define polynomial 7(z) = x¢ H?Zl(l—fij) on 0 <z < C,. Then 0 < vz <v;C, <1,
so 0 <1— 2 <1, and one has,

0<7(x) <CYL (13)

Recall that for fixed #, A > 0, the function 2%¢=4* defined on = € [0, 00) achieves its
maximum 6°(eA)~% at = §/A. One applies the inequality 1 —x < e™® for z > 0 to

obtain

k k k -0
T(z) < 2’ H e 1% = gf exp {—xZ%} <9’ (62%‘) . (14)
j=l J=l

j=I

Recall that for a,b,c > 0, min(ab,¢) < pzab + l%bc = bla+ ¢)/(b+1). One lets

a=(0/e)¥, b= (Zle 7;)"%, and ¢ = C? to derive from (13) and (14) that,

(0/e)* +CY
L (25 )%

We apply the spectral theorem to derive (11). O

(z) <

Theorem 4. Let {fr : 1 < k < N} be defined by (4) for some N < co. Assume (A2)
and that vjk3k3 < 1 for any j > 1. Then for any 1 <n < N,

2
n n 2EE A, 9
BIE ()] < || T[T - w2) | 1287 + (1 o1+ w2zp S EEEM T o] g
i=1 i—1 1+ Zj:i+1 Vi
Furthermore, if we assume(Al1), then
. 0/e)? + (kika)* |, "L 2[EE (1)) + o?
BE ()] < LD TR D) e (114 e 30 HEEB O] )

i=1 1+ Z;;Z‘Jrl v

1+ (Z};l %)29

Proof. Recall that 77(X) = (8%, X) and fjp11(X) = (Burr, X). We have
E(fin1) =Ex [(n1(X) =17 (X))?]

£ ([ (o0 - 5°0) X(t)dt)2

([ [ s = 0 Bss(s) - S DX WX (e )

= {(Bns1 — 0%, LB — 7))
1/2 * ?
NZECAEY




Here we have used the definition C(s,t) = E[X (¢)X(s)]. By Lemma 1,
]
H(-’ — %)

=1

BIE )] =E || (60 - 8

:_2E<

Z%‘ LH (I —72)

=141

n

L2873 [H (I —2)
i=1

j=i+1

BZ.>

[T - vz-z)] Lg*p

=1

2
+

2

+E B; (17)

We use J; Jp, and J3 to denote the three terms in the right-hand side of (17), respectively.
Here, J; is an expectation where the only randomness comes from B;’s, which have zero

mean as we discussed in (10). So,
Jl = O

Now we study J. First, we expand the squared norm and write J, as a double sum,
1=3-3 e [H 1 -2)| B, [H 1) ).
i=1 I=1 j=i+1 =141
E(Xi,Yi)< I[ -2 B [H (I —v2) Bl>
Lj=i+1 i =141

:< H (I —v2)| Ex, vy Bil, LH (I —v%)

Lj=i+1 J j=l+1

Among the n? summands of J,, whenever ¢ > [, since

Bl> :Ou

the corresponding summand of J, is zero. Similar argument applies to the case i < [.
Therefore,
2

B; (18)

Ja :i%?E
i=1

Write B; = L}(/QLC(@ - B+ (Vi — (X, 6¢>)L}(/2X,~. Similar to (10), we have E[B;] = 0
because

LH (I —2)

=i+1

Ex. v [(Yz‘ —(X;, 51’>)L}</2X¢} =Ey, [<5* — Bi, Xi) L}</2X¢} = L}(ﬂLC(ﬁ* — Bi).
Therefore,
E[IBI?] <E | - (X 8021 L3 X2

= E I X"y, (Y; — (X, 8]

—E[IL X2 (8" - 8, X.)?] + 0B [ LX)



Since Ly is positive and compact, we write {\; : | € Z} the sequence of all the positive
eigenvalues of Ly (arranged non-increasingly and counting multiplicity), where Z is a
finite or countable set of indices. Write {¢; : [ € Z} the corresponding eigenvectors
normalized in L?*(7). We have ||L}</2X,;||2 = > er N (X, ¢1)°. By our assumption (A2)

on the moments of X,

E[ILEXP (8 = B X)) = 30 AE [{n, X0 (8" = B, X))

leT
< S ME [(6n X)) VE [(8 - 5. X))
<" ME [(¢, Xi)] BEx, [(6° = Bi, Xi)’]
lez

= cE [HL}?XZ-H?] E [uLé”w* - )17

Recall that E [||L}(/2Xi||2} = [+ [ K(s,t)C(s,t)dsdt < kir3 and E [HL})/Q(B* — @)HQ} =

E|IBil1?] < wik3(cBIE @) + o). (19)

To continue the estimation in (18), we define .# = L}/ZLCL%Z. Then . is also a
compact positive semi-definite operator on L?(T) with ||.# ||op < k3x3. Simple calculation
shows that B; = LIC/ 2[&(/232- and

n 2 n
HLH (I —72L)| Bi|| =||Ld*Ly? lH (I —~.)| B;
j=i+1 j=i+1
n 2
<[ T (1 —~ea)|| 1B
j=i+1

op
By (19) and Lemma 2 with § = 1/2,

- 2e)7t + K2k2 ~
Jy < 2(—12]E B;|?
< YR B

< (1+0)(1+ K3k3) Z% )

1+Z] z+1’7] 7

which, together with the estimation J; = 0 and the expansion (17), proves (15).
With the further assumptions Llc/Qﬂ* = Z%g* for § > 0, we estimate J; by Lemma 2.

n

2
. 0/e)? + (k1ra)*
(1-32)| o) < YDy e
op 1+<Zj:17j>

The proof is complete. [

J3 <

i=1



Lemma 3. Letb>2,0< u <1, and a > b*"*. One has

b (b/2)! 2 —1 (b/2)" . a—(b/2)'"
/1 o S Ao T 1o a2

where for the simplicity of notation, at u = 1/2, the factor % denotes its limit
log(b/2).

Proof. The estimate is done by separating the integral interval into [1,b/2] and [b/2,0].
For the first half,

b2 g2y 1 R (V0) kst
/1 a— S A () /1 T T =

For the second half, one has
/b rHdy < b\ " /b x~Hdx
b2 @ — T T\ 2 b/2a—q;1—“
<b>_“ /” e =) g2y a— (b/2)tk
—(Z = log .
2 b
[
The following lemma appears a few times in the literature of online learning theory

[22, 12, 11]. We include the proof for the sake of completeness.

/2 a— xl=r 1—pu a— bl—H

Lemma 4. Let 0 < p <1 and 0 <y < 1. If the step-sizes v; = 127" for 1 > 2, we have
for any integer 1 > 1,

!

[T*log(l+1), forO0<pu<1/2,
Y ——— cm{l_(l_f)( b 12“ /1 (21)
:1+ZJH‘1] ’ for 1/2 <p <1,

where C), is a constant only depending on p and it will be specified in the proof. Conse-
quently, we also have a coarser constant bound

! 2

Y;
g — < 2"C,m/p. (22)
] [
— 1+ Zj:i+1 Vi

Proof. The case [ = 1 is obvious, where the left-hand side of (21) is 7%, and we only need

to set C, > =5. Now we assume [ > 2. Note that ¢ > (i +2)/3 for any ¢ > 1. We have
! 9 -1 o
Vi 27-2 ¢
> i S
1 M !
= 1+ Zj:i+1 i i—1 3 T Z] i1 d "
-1 .
32(i +2)7
<A22 4
= o 2 T U+ ) — i+ )
! (r+ 1) dx
<yl 4 9“71/
' LD — (@ )
I+1 IfQ,udx

_’Yll 2 + 9 (1 - p)

% + (14 D)iw — plon
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We apply Lemma 3 to continue the estimation.

l 1-2
Z %2 <72l‘2” + 9y (1 — p) % (HTI) f -1
1 — /1 _ 1—
=R SN Sy ()T 1o
_ — — 1-p
l 1 M 1=p +(1+1 1—p _ (141
+ 9%y, (——g ) log = ( )_“ ( 2 )

—71l 2M+<]1+J2
Below we estimate J{ and Jj. First,

(1 1 2n

(I+1)72¢ when 0 < < 1/2,

Ji —%(l + 1) 10; lil when p = 1/2,
2“1_1, when 1/2 < pu < 1,
(I4+ 1), when0<p<1/2,
<C,1m 103(1%1)7 when = 1/2,

(I+1)*1 when1/2 <pu<1,

where
(1/2)' 2+
; 94(1 — ) et when 0 < p < 1/2,
LTI ) when p = 1/2,
=g when 1/2 < pu < 1.

For Jj, recall that log(l +1) > log3 > 1 and 7; < 1. we have

OG- )

Ty <18y, (1 + 1) log {1 +
—n

<184, [1 — i+ log (1 + 1 %Mu - (%)lﬂ)ﬂ (I+1)"*log(l + 1)

<Cupm(l+1)"log(l +1),

where C), o = 18" (1 — 1+ log [1 + %]) So, when 0 < p < 1/2, (21) is proved
by defining C), =1+ C),1 + Cp0.
Simple calculation shows that
1
max = Hlogx = —, forany pu >0, (23)
1<z<o00 ef
where the maximum is achieved at x = e'/#. Therefore, when 1/2 < u < 1, (l—l—l)’“ log (14
1) < - 2“ eI (I 4 1)~"# and (21) is verified by defining C, = 1+ C,,1 + ( . Also,
from (23) we see that for 0 < pu < 1/2, [7#log(l+1) < 2#(I+1)"*log(l+1) < 2“/u, and
when 1/2 < p < 1, 1707# <1 < 2#/p. We have proved (22). O
Without using any specific form of the step-sizes, the lemma below gives a uniform

rough estimation on error, which would be used later for deriving finer bounds.
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Lemma 5. Let {By : k > 1} be defined by (4), and N < co. Assume (A2). Suppose for
all1 <k <N,

f)/kﬁ%"ig < 17 and
k

2
Z Y < 1
- 1+ Z?:H—l v 2(1+ ¢)(1 + K3K3)?
Then we have

E [E(frsr)] < 262|8%° + 0%, for all0 < k < N. (24)

Proof. We organize the proof with mathematical induction. For k = 1, recall g; = 0. So,

([ #excs) ]

< I8 PE [ / X%)d{ < K218

71 = 0. One has

E[& ()] = E[n"(X)*] = E

Now assume that (24) holds true for any &k = 1,...,l — 1, with [ < N. Below we prove
that (24) also holds true for & = [. In fact, from Theorem 4 and Lemma 2,

H(I —7Z)

1=

E[€(Mi11)] <

2
1/2 2 2
|| e
op
op

l

+ (14 ¢)(1 + K2k3)? (Z 7—’) max (E [£(7;)] + 07)

i :
el D DR T B
* 1 *
<r3 187" + 5 (265 1187|1* + 20%)
22|12 + o

The proof is complete. Il

Proof of Theorem 1. We write the two terms at the right-hand side of (16) as J; and J3,
respectively. By Assumption (A1), there exists some ¢g* € L?(T), such that L}J/QB* =
Z%g*. We denote v; = 17 to have

n n+1 v
Zyj > 71/1 x e = - ! [(n + 1) — 1]
j=1

> T (1 o 4 1),
— i

—_

So,

[(8/€)* + (r1r2) ) 9" II”
(1 =201 /(1 = )]

with C] =

12



By the setting

Y1 < o
— 211+ ¢)(1 + K3K3)2C,

Bound (22) guarantees that

k

-2 1
d <
Z 1+ Z?:Hl v~ 201+ o) (1 + Kik3)?

i=1

for k > 1. We use Lemma 5 to obtain E[£(7;)] < 2k2|8*||> + o2 for any k > 1. Recall
pu < 1/2. We apply (21) to obtain

n

2
’)/A

J5 < (1+o)(1+ k1k3)*(2K3 ||ﬁ*||2 + 20%) —_—

2 1M 2 izll+zji+17j

<274 (ks | B7]|* + o%)n * log(n + 1).

To complete the proof, we set p as (7) and let

*

cr o ,
C) = 7;9 + 27 u(R2 1871 + 2.
1

]

Proof of Theorem 2. We write the two terms at the right-hand side of (16) as Jf and J;,

respectively. By the setting of step-size, v; = v = ~yon~2/(0+1),

260 40 %12
Jik < [(6/6) +(’{1K“2) ]”g H n_zg/(gg_;_l)'

%’
For any 1 < k < n,
k 9 k 9 k=1 o
’Yz g 2 Y
zzl 1+2;€—z+1% zzl L+ (k=) i=1 1+uy
k—1
ydx 2
§72+7/ ="+ ~vlog(l+ (k—1)y). 25
e (+G-1n). ()

Recall that 0 < vo < [2(1 + ¢)(1 + £262)2(1 4 (20 +1)/(2e0))] ' < 1,50 v < 1. We use
(23) to have

20+ 1
Y1og(1+ (k — 1)) < 7on~ 7+ logn < 7 2; :
e
So, for any 1 < k < n,
z’“: 2 SN 1
=0T =21t o)1+ k222

%
= 1T Zj:i—H Vi

13



Also, obviously yox2k2 < 1. So by Lemma 5, for any 1 < k < n, E[€(7)] < 262 || 6**+0>.

Now we use (25) to have

n

2
Vi
E —— §7+710g(n+1)§(
1 i

1) ~1 1).
10g2+ >vog(n+)

So, we can bound J3 as

n 2
* ’}/Z 2 %112 2
<4 e (3 e ) (263187 + 0?)
; L+
%112
_(rmn) @8I +0)

n~ 20+ log(n + 1).
2041
2(1+%55)

We specify C5 below to complete the proof.

0/ + (a1 (1 z) 31517+ 0%)

i 2 (1+ Z2)

CQZ

v2% log 2
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