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ABSTRACT
The number of efficient paths between an origin-destination (O-D)
pair provides the route diversity degree of possibly used paths in a
transportation network and has many important applications. The
existing counting method was based on the Bell loading method for
Logitmodel to determine the number of efficient paths between any
two nodes without path enumeration. However, this method has a
high time-complexity and requiresmanyunnecessary computations,
which significantly hinder its use in large-scale networks. Inspired by
the Dial loadingmethod for Logit model, this paper develops amore
computationally attractive method to count not only the number
of efficient paths, but also the number of efficient paths using each
link/node, and the total/average cost of these paths between each
O-D pair. Besides circumventing path enumeration, the proposed
method has a much lower time-complexity. Numerical examples
are then provided to demonstrate the validity and efficiency of the
proposed method..
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1. Introduction

1.1. Efficient path and applications of counting efficient path

The concept of efficient (or reasonable) path was originally proposed by Dial (1971) for the
Logit stochastic network loadingproblem. From the computational perspective, itwasused
to load theorigin-destination (O-D) travel demand to anetwork following the classical Logit
route choicemodel without the need to enumerate and store paths, i.e. the Dial (or STOCH)
loading method. From the behavioral perspective, it was used to ‘restrain’ the path set to
only consider a set of reasonable or efficient paths rather than all available paths in a net-
work. For this restriction, Dial (1971) defined efficient path as ‘further away from the origin
and closer to the destination’. Tong (1990) relaxed it to either ‘further away from the origin’
or ‘closer to the destination’. Leurent (1997) further considered the not-too-long pathswith
acceptable travel time. Si et al. (2010) suggested that both the link travel cost and the min-
imum travel costs from the corresponding starting node to the origin and from the ending
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node to the destination should also be taken into account in the STOCH loading method,
and only those paths within a small range beyond the shortest paths are considered as
efficient paths.

The number of efficient paths and the number of efficient paths passing through each
link/node between an O-D pair in a network have many important applications in prac-
tice. For example, the number of efficient paths between an O-D pair has been used as a
route diversity/redundancymeasure for both road networks (Xu et al. 2018) andmetro net-
works (Yang et al. 2017; Chan et al. 2021; Jing, Xu, and Pu 2019). In freight transportation
networks, the resilience measure can be considered as a function of the number of reliable
paths between all node pairs (Ip andWang 2009; Miller-Hooks, Zhang, and Faturechi 2012).
The number of efficient paths between an O-D pair passing through each link (or the ratio
of the number of efficient paths between an O-D pair passing through a link to the total
number of efficient paths between an O-D pair) has been used in the network sensor loca-
tion problem (Meng, Lee, and Cheu 2005). As mentioned in Meng, Lee, and Cheu (2005),
the above ratio can measure the capability of a link (i.e. a located sensor) in intercepting
traffic flow information in a certain O-D pair. Hence, it can be used to develop methods for
solving the optimal network sensor location problems (i.e. finding ‘higher ratio’ links for
multiple O-D pairs), such as the classical traffic counting location problem for O-D matrix
estimation (Bianco, Confessore, andReverberi 2001; Chootinan, Chen, andYang2005; Chen
et al. 2007; Larsson, Lundgren, and Peterson 2010) and the traffic detector location problem
(Chen, Chootinan, and Pravinvongvuth 2004, 2010; Zhou and List 2010; Gentili and Mir-
chandani 2012; Castillo et al. 2015; Xu et al. 2016). Also, it can be used to identify the critical
links/nodes for transportation network vulnerability analysis without assuming the disrup-
tion scenarios (Chen et al. 2018; Jing, Xu, and Pu 2020). Similarly, the ratio of the number of
paths passing through a node in a network to the total number of paths in the network has
been defined as the flow betweenness centrality formeasuring the node importance in the
complex network theory (Freeman, Borgatti, and White 1991). The total (or average) cost
of all (efficient) paths between an O-D pair can be used to measure the spatial accessibility
and to address the spatial equity issue in the context of connectivity vulnerability (Kurauchi
et al. 2009). Boer et al. (2017) suggested that the travel time reliability indicators at the O-D
levelmust take thenumber of available alternatives into account. Overall, the above various
important applications highlight the necessity and importance of developing an efficient
method for counting the number of efficient paths between each O-D pair, the number of
efficient paths using each link/node between each O-D pair, and the total/average cost of
these efficient paths between each O-D pair in large-scale networks.

Besides transportation applications, counting the number of paths in a network also has
many applications in other disciplines, e.g. measuring centrality of a nodewithin a complex
network, DNA sequence comparison, measuring parts usage in manufacturing, measuring
redundancy in sociometric chains and aircraft door management system, and quantifying
the boiling points of organic compounds. In the DNA sequence comparison, the number of
optimal alignments of two DNA sequences can be modeled by counting paths in the scor-
ing matrix (Havlin and Cohen 2010; Hochberg 2012). Hence, a similarity measure can be
obtained by the counting process. Similar problems also exist in the transportation field,
e.g. measuring sequencing similarity for trajectory clustering (Kim and Mahmassani 2015)
and for trips of Bluetooth data (Crawford, Watling, and Connors 2018). Path counting prob-
lem may provide an alternative way to measure similarity. For measuring the parts usage
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in manufacturing, a product family relationship network can be constructed by treating
the parts as nodes and the affiliation relationship between the parts as directed links in
the network. Then, the total parts usage can be modeled as the number of paths through
the parts in the product family relationship network (Liu, Qi, and Che 2006). In the research
of cognition, learning, verbal behavior, communication, sociometry, and social interaction,
empirical structures are often represented by digraphs, in which each node corresponds
to an empirical entity (i.e. a person) and each directed line corresponds to an empirical
relationship. In sociometry, the number of redundant paths in these relationship digraphs
(usually representedby communicationmatrix) can be applied to determine the redundan-
cies of sociometric chains (Cartwright and Gleason 1966; Ross and Harary 1952). As for the
aircraft door management system (DMS), k-different paths (more strictly, node-disjoint or
arc-disjoint paths) can be used as k-redundancy for each function (Schäfer et al. 2018). In
the field of molecular topological chemistry, the polarity number p is defined as the num-
ber of paths between carbon atoms pairs which are separated by three carbon–carbon
(C–C–C–C). This polarity number p can characterize the shape of the molecule and help to
quantify the boiling points of organic compounds (Wiener 1947; Zhou, Chu, and Nie 2007).

1.2. Different path counting problems and polynomial algorithms

Counting problem often arises in situations where we have to estimate the probability
(i.e. reliability analysis), whose objective is to determine the number of configurations of
a particular type (Ball 1986; Sanjeev and Boaz 2009). Most counting problems, includ-
ing path counting problem, belong to a class of intractable problem called #P-Complete.
Valiant (1979a) provided one of the first definitions of these classes and pointed out that
#P-Complete problem cannot be solved by a polynomial-time algorithm. Besides trans-
portation networks, someefforts have beendoneon counting the number of paths in grids:
counting paths in the so-called Young’s lattice (Gessel 1993) andmore general results were
obtained by Bartholdi (1999) and Stanley (1996). Another important set of counting path
methods lies in the computer path profile (Ball and Larus 1997; Young and Smith 1999),
which determines howmany times each acyclic path in a routine executes.

From the viewpoint of computational complexity, a polynomial-time algorithm is
regarded as an efficient algorithm. Since counting paths in a network is a class of
#P-Complete problem, it is usually difficult and less efficient to solve. However, it is possi-
ble that computationally efficient algorithms exist for some special classes of networks (e.g.
tree networks, directed acyclic networks) (Ball 1986; Dias et al. 2017), or special constrained
paths rather than just simple paths. Specifically, polynomial-time algorithms exit in the fol-
lowing special cases of counting path problem, although the problem itself, in general, is a
#P-Complete problem.

(1) Shortest path counting problem. Minimum cardinality path set counting problem
has been widely studied in the field of computational complexity, and the number of
shortest paths can be modified by such algorithms (Ball 1986). For 2-terminal prob-
lem (O-D paths), a simple extension ofMoore’s Breadth-First Search (BFS) shortest path
algorithm can be used to count the shortest paths in polynomial time (Ball and Provan
1983). For all-terminal problem (paths from origin to all the other nodes), the historic
matrix tree theorem together within efficient algorithm for finding the determinant
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of a matrix provides a polynomial algorithm for counting origin-directed pathsets
(Kirchhoff 1958).

(2) Simple paths with length constraint (SPLC). SPLC problem is a NP-Complete prob-
lem in general networks, unless NP = P, otherwise there is no polynomial time
algorithm (Wu et al. 2010). The counting of SPLC problem is also #P-Complete. How-
ever, polynomial time algorithm can be found for some special networks such as
directed acyclic networks (e.g. He et al. 2007). Li et al. (2012) proposed a polynomial-
time algorithm of SPLC based on nettree data structure in directed acyclic networks.

(3) Simple (efficient) path counting problem. In general transportation networks,
counting the different simple paths between O-D pairs has been proven as a #P-
Complete problem (Valiant 1979a; Roberts and Kroese 2007). Valiant (1979b) pointed
out polynomial-time algorithm that is able to compute the number of different simple
paths between any two nodes does not exist for either directed or undirected graphs.
However, counting the different efficient paths (a special case of simple path) between
an O-D pair is not a #P-Complete problem (Meng, Lee, and Cheu 2005). That is because
the subnetwork after removing inefficient links/nodes is actually an acyclic directed
network instead of the original general network. Directed acyclic graphs do have spe-
cial properties, and simple paths counting problem in an acyclic directed network has
a polynomial-time algorithm.

1.3. Observation of the existingmethod and contribution of this paper

Based on Bell’s stochastic loading method (Bell 1995) and Floyd’s shortest path method
(Floyd 1962), Meng, Lee, and Cheu (2005) proposed a polynomial-time combinatorial
method to count the number of efficient paths between an O-D pair as well as the total
travel cost of these paths without path enumeration. For convenience, this method is
referred to as the Bell counting method in this paper. The Bell counting method mainly
includes two parts: (1) construct an acyclic sub-network for each origin according to the
definition of efficient path, in such a way that network elements that do not satisfy the
definition of efficient path are removed; and (2) a triangle operation for any three nodes
is then performed in the sub-network of each origin. The second part corresponds to a
polynomial-time combinatorial method for counting the different simple paths between
any two nodes in the sub-network.

Similar to Floyd’s shortest path method (Floyd 1962), the Bell counting method is quite
easy to implement. However, it has a high computational time complexity O(|R| · |N|3),
where |R| is the number of origins and |N| is the number of nodes in the network. In other
words, it requires a large amount of computations in large-scale transportation networks.
Take the Winnipeg network (1,067 nodes, 2,535 links, 135 origin zones, and 4,345 O-D
pairs) as an example, |R| · |N|3 is 135 × 10673 = 1.64 × 1011. One can envision the non-
linear increase of computational burden for even larger networks. A main reason for this
burdensome computation is that for each origin, the Bell countingmethod needs to count
the efficient paths for all node pairs instead of the considered O-D pairs. This procedure
wastes a lot of computations for unnecessary outputs. However, these calculations can-
not be avoided in the Bell counting method. Continue taking the Winnipeg network as an
example, usually we only need outputs of 4,345 O-D pairs, but the Bell counting method
needs to generate outputs of 1067× 1067 (i.e. 1.14× 106) node pairs. Moreover, to obtain
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the number of efficient paths using a link/node or the total travel cost of all efficient paths
between an O-D pair, the Bell counting method requires extra computational efforts, to be
discussed in detail in Section 2.

Recently, there are renewed interests to the path counting problem in transportation
networks. It has some important emerging applications, such as modeling route diver-
sity/redundancy for both road networks (Xu et al. 2018) and metro networks (Yang et al.
2017; Chan et al. 2018; Jing, Xu, and Pu 2019), critical link/node identification in a network
(Chen et al. 2018; Jing, Xu, and Pu 2020) and travel time reliability assessment problem
(Boer et al. 2017). A computationally efficient algorithm is an important guarantee of these
emerging applications. On the other hand, the larger-scale (in terms of the number of
nodes, links, zones and O-D pairs) and higher-complexity of modern transportation net-
works also require new algorithm developments of the path counting problem in order to
resolve the high computational burden issue. Besides the above evaluation applications,
when the path counting problem is treated as a lower-level subprogram of bi-level pro-
gramming for optimizing redundancy (Xu et al. 2018) or vulnerability (Xu, Chen, and Yang
2018), the efficiency of solving the lower-level subprogramwill becomemuchmore critical
because itwill be repeated for each iteration of the entire bi-level programming. Hence, this
paper seeks to answer the following question: Is it possible to develop an alternativemethod
to count the number of efficient paths between each O-D pair in a networkmore efficiently?

The contribution of this paper is the development of a Dial counting method with a
more efficient computational time complexity of O(|W| · |A|), where |W| is the number
of O-D pairs and |A| is the number of links. Inspired by the STOCH loading method by Dial
(1971), theproposedmethodhas amuch lower time-complexity not only to count thenum-
ber of efficient paths between each O-D pair, but also the number of efficient paths using
each link/node between each O-D pair, and the total/average cost of these efficient paths
between each O-D pair in a network. Besides circumventing path enumeration, it is more
computationally attractive to better support the applications of the aforementioned mea-
sures in large-scale networks. The correctness of the proposedmethod is also proved along
with numerical results on ten transportation networks of various sizes to demonstrate the
validity and computational efficiency of the proposed method.

The rest of this paper is organized as follows: Section 2 briefly reviews the existing Bell
counting method. Section 3 proposes the Dial counting method, and discusses the rela-
tionship of network search algorithms and the Dial counting method in counting paths.
Section 4presents a set of numerical examples to demonstrate the features of theproposed
method. Finally, Section 5 concludes the study.

2. The Bell countingmethod

The Bell counting method proposed by Meng, Lee, and Cheu (2005) consists of two parts:
(1) constructing a sub-network for each origin; and (2) calculating the number of efficient
paths in the sub-network.

Consider a connected transportation network G = (N,A), where N is the set of nodes,
andA is the set of links. Let |N| and |A|denote the number of nodes and the number of links,
respectively; R (R ⊂ N) and S (S ⊂ N) are the set of origin nodes and destination nodes, and
(r, s) is an O-D pair from origin r ∈ R to destination s ∈ S.

For the network G = (N,A), two initial matrices can be constructed: the adjacent node
matrix U = {u(m, n)}|N|×|N| and the link cost matrixW = {w(m, n)}|N|×|N|, where ∀m, n ∈ N.
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The initialization of the two matrices is as follows:

u(m, n) =
{
1,
0,

if there is a link from nodem to node n
otherwise

, ∀m, n ∈ N (1)

w(m, n) =
{
ta,
0,

if there is a link from nodem to node n
otherwise

, ∀m, n ∈ N (2)

where ta denotes the travel cost of link a.

2.1. Constructing a sub-network for each origin node

The main idea of constructing a sub-network for each origin r is to remove the links and
nodes that fail to satisfy the definition of efficient path. Following Meng, Lee, and Cheu
(2005), we use the following definition of efficient path: ‘always take users further from the
origin node’. Mathematically, the sub-network Gr = (Nr ,Ar) for origin r is:

Nr = {n|n ∈ N and lr(n) �= ∞} (3)

Ar = {a|a ∈ A and lr(ma) < lr(na)} (4)

where lr(n) is the shortest path cost from origin r to node n; ma and na are the tail node
and head node of link a, respectively. The main procedure of constructing a sub-network
for each origin is as follows:

Step 1 Initializing the sub-network Gr(Nr , Ar) = G(N, A)
Step 2 Removing the nodes and links that do not meet the definition of efficient path

for ∀r ∈ R
for ∀n ∈ Nr

if lr(n) = ∞
Nr = Nr\ {n}

for ∀a ∈ Ar
if lr(ma) ≥ lr(na)
Ar = Ar\ {a}

2.2. Calculating the number of efficient paths in the sub-network

The number of efficient paths and their total cost between any twonodes can be calculated
by the following triangle operation for any three nodes based on the initialized adjacent
node matrix Ur = {ur(m, n)}|Nr |×|Nr |and link cost matrixWr = {wr(m, n)}|Nr |×|Nr | in the sub-
network.

Step 1: Initialization of matrices Ur andWr
Ur|Nr |×|Nr | = 0,Wr|Nr |×|Nr | = 0
for ∀a ∈ Ar
ur(ma , na) = 1
wr(ma , na) = ta

Step 2: Triangle operation for any three nodes
for ∀j ∈ Nr

for ∀m ∈ Nr andm �= j
for ∀n ∈ Nr and n �= j, n �= m

ur(m, n) = ur(m, n) + ur(m, j) · ur(j, n) (5)

wr(m, n) = wr(m, n) + wr(m, j) · ur(j, n) + ur(m, j) · wr(j, n) (6)
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Figure 1. Topological relationship between the set of efficient paths connecting node pair (r, ma) and
node pair (na, s).

whereur(m, n) is thenumber of efficient paths betweennodepair (m, n) in the sub-network
of origin r, andwr(m, n) is the total travel cost of these efficient paths. Then, the number of
efficient paths betweenO-Dpair (r, s) nrs and their total cost crs can be expressed as follows:

nrs = ur(r, s) (7)

crs = wr(r, s) (8)

From Meng, Lee, and Cheu (2005), if Gr = (Nr ,Ar) is an acyclic network, then ur(m, n)
andwr(m, n) calculated above are equal to the number of paths and the total cost of these
paths fromnodem tonoden in thenetworkGr = (Nr ,Ar). In addition, the sub-networkGr =
(Nr ,Ar) generated above can be proved to be a connected and acyclic network. Then, the
number of paths inGr = (Nr ,Ar) is equal to the number of efficient paths betweenO-D pair
(r, s) in G = (N,A). For detailed proof, interested readers may refer to Meng, Lee, and Cheu
(2005). The computational rationale of Equation (5) is that the number of paths between
O-D pair (r, s) is equal to the summation of the number of paths without intermediate node
and with all possible numbers of intermediate nodes (i.e. from 1 to |Nr|-2). Note that the
convergence issue of the Bell’s Logit loading method when the network includes cycles
(Lam and Chan 1998; Wong 1999; Huang and Bell 1998) does not exist in the Bell counting
method. Meng, Lee, and Cheu (2005) have proved that the sub-network constructed for
each origin (i.e. only include efficient links in the sub-network) is a connected and acyclic
network, so it does not have the convergence issue. From this perspective, the Bell counting
method actually combines the Dial’s concept of efficient path and the Bell’s Logit loading
method for developing the path counting method.

Figure 1 illustrates the topological relationship between the set of efficient paths con-
necting the two node pairs separated by link a. With the number of efficient paths between
each node pair as calculated above, we can calculate the number of efficient paths using
each link a between O-D pair (r, s) as follows:

nrsa = ur(r, ma) · ur(na, s), ∀a ∈ A,∀r ∈ R,∀s ∈ S (9)

Remark 2.1: From the Bell counting procedure, we can find the following disadvantages
despite its easy implementation:

(1) What we usually need is the number of efficient paths between each considered O-D
pair. However, for each origin, this method needs to count the efficient paths for all
node pairs instead of the consideredO-D pairs (see Equation (7)). The number of nodes
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in a network is usually much greater than the number of zones. Hence, this procedure
requires a lot of computations for unnecessary outputs, and these calculations cannot
be avoided in the whole triangle nested operation.

(2) When we need the number of efficient paths using each link/node between O-D pair
(r, s), this method requires two steps: the first step is to count and store the number of
efficient paths between all node pairs for origin r, i.e. ur(m, n) rather than ur(r, s); and
the second step is to multiply ur(r,ma) with ur(na, s) as in Equation (9).

(3) As shown in Equation (6), the total travel cost of all efficient paths is jointly calculated
with the number of efficient paths. This joint calculation makes the total travel cost
computation much more expensive than those for calculating the number of efficient
paths.

3. The proposed Dial countingmethod

Inspired by the STOCH loadingmethod byDial (1971), this section presents amore efficient
method for counting thenumberof efficientpaths, thenumberof efficientpathsusingeach
link/node, and the total/average cost of these efficient paths. The proposedmethod can be
divided into four steps: initialization, efficient path check, forward pass, and backward pass.
These steps are repeated for each O-D pair in the network.

Step 1: Initialization
Calculate the minimum travel cost lr(i) from origin r to all the other nodes. There are

many algorithms for solving the shortest path problem with different computational effi-
ciency (Hung and Divoky 1988). In order to ensure a fair comparison, this paper uniformly
uses the Dijkstra’s method to obtain lr(i).

Step 2: Efficient path check
Efficient path check Lij is performed for each link (i → j). Using the same definition of

efficient path in Equation (4), the efficient path check is performed as follows:

Lij =
{
1, if lr(i) <lr(j)
0, otherwise

(10)

where lr(i) denotes the minimum travel cost from origin r to the (upstream) node i; lr(j)
denotes the minimum travel cost from origin r to the (downstream) node j; and Lij is
the binary result of the efficient path check for each link (i → j): when the efficient path
condition is satisfied, it is recorded as 1; and 0 otherwise.

Step 3: Forward pass
Starting from origin r, consider nodes in an ascending order of lr(i). For each node i,

we calculate the link weight Wij for each link emanating from node i until destination s is
reached.

Wij =
⎧⎨
⎩
Lij, if i = r
Lij ·

∑
m∈Ii

Wmi, otherwise (11)

where Ii represents the set of upstream nodes of all links arriving at node i. The summation
term in Equation (11) is the number of efficient paths from originr to any node i (including
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destination s), i.e.

nri =
⎧⎨
⎩
0, if i = r∑
m∈Ii

Wmi, otherwise (12)

If we only need the number of efficient paths, thenwe just stop here; otherwise, the follow-
ing ‘backward pass’ step is continued to obtain the number of efficient paths using each
link/node and the total/average travel cost of all efficient paths between an O-D pair.

Step 4: Backward pass
Starting fromdestination node s, consider nodes in an descending order of lr(i). For each

node j, calculate nrsij for each link entering node j until origin node r is reached.

nrsij =

⎧⎪⎨
⎪⎩
Wij, for j = s( ∑
m∈Oj

nrsjm

)
· Wij/

∑
m∈Ij

Wmj, for all other nodes j
(13)

where Oj represents the set of downstream nodes of all links leaving node j, and nrsij is the
number of efficient paths betweenO-Dpair (r, s)using link (i → j). A byproduct of Equation
(13) is the number of efficient paths between O-D pair (r, s) using node j as shown below,
which is the summation of the number of efficient paths between O-D pair (r, s) using all
links leaving node j.

nrsj =
⎧⎨
⎩
nrs, for j = s∑
m∈Oj

nrsjm, for all other nodes j (14)

Note thatnrsij canbe viewed as the usageof link (i → j) and tij is the travel cost of link (i → j).
Then, we can calculate the total/average travel cost of all efficient paths between O-D pair
(r, s) as follows:

crs =
∑

(i→j)∈A
nrsij · tij (15)

c̄rs = 1
nrs

∑
(i→j)∈A

nrsij · tij (16)

Alternatively, we can calculate the total travel cost of all efficient paths from originr to any
node i after the calculation ofWij in the Forward pass step:

cri =
{

0,∑
m∈Ii Lmi(crm + Wmi · tmi),

if i = r
otherwise

(17)

This step also considers nodes in an ascending order of lr(i). When i �= r, we focus on all
upstream nodesm ∈ Ii. Since link weightWmi represents the number of efficient paths via
link (m → i) between node pair (r, i), Lmi(crm + Wmi · tmi) is the total cost of these paths as
Lmi ensures the efficient path condition is satisfied. Hence, cri is the summation of the total
cost of efficient paths using all upstream links arriving at node i as shown in Equation (17).
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Table 1. Comparison between STOCH loading method and Dial counting method.

Steps STOCH loading method (Dial 1971) Dial counting method (this paper)

Initialization lr(i), ls(i) lr(i)

Link likelihood
/Efficient path
check

Lij =
⎧⎨
⎩
eθ [lr (j)−lr (i)−tij ] ,

if lr (i) <lr (j) and ls(i) >ls(j)
0, otherwise

Lij =
{
1, if lr (i) <lr (j)
0, otherwise

Forward pass Wij =
{
Lij , if i = r
Lij ·

∑
m∈Ii Wmi , otherwise

Wij =
{
Lij , if i = r
Lij ·

∑
m∈Ii Wmi , otherwise

nri =
{
0, if i = r∑

m∈Ii Wmi , otherwise

cri =
{

0,∑
m∈Ii Lmi(c

rm + Wmi · tmi),
if i = r
otherwise

Backward pass xij =

⎧⎪⎨
⎪⎩
qrs · Wij/

∑
m∈Ij Wmj , for j = s(∑

m∈Oj xjm
)

· Wij/
∑

m∈Ij Wmj ,

for all other nodes j

nrsij =

⎧⎪⎨
⎪⎩
Wij , forj = s(∑

m∈Oj n
rs
jm

)
· Wij/

∑
m∈Ij Wmj ,

for all other nodes j

nrsj =
{
nrs , forj = s∑

m∈Oj n
rs
jm , for all other nodes j

In summary, after repeating the above steps for all O-D pairs in the network, we can
obtain the following measures

(1) nrs: the number of efficient paths between O-D pair (r, s).
(2) nri: the number of efficient paths from origin r to any node i.
(3) nrsi : the number of efficient paths between O-D pair (r, s) using node i.
(4) nrsa (n

rs
ij ): the number of efficient paths between O-D pair (r, s) using link a (link (i → j)).

(5) cri: the total travel cost of all efficient paths from origin r to any node i.
(6) crs: the total travel cost of all efficient paths between O-D pair (r, s).
(7) c̄rs: the average travel cost of all efficient paths between O-D pair (r, s).

The proposed modifications from the STOCH loading algorithm are shown in Table 1.
It is known that the STOCH algorithm is one of the widely used algorithms for solving the
Logit-based stochastic assignment problem. This loading algorithmgenerates the assigned
flow on each link that satisfies the logit model without the need of path enumeration, so it
is applicable for large-scale transportation networks. The proposed Dial counting method
inherits the structure (as shown in Table 1) and advantages of the STOCH algorithm, but it
works for a different problem: calculating the number of efficient paths between O-D pairs
in a network.

In the STOCH algorithm, link cost tij is used in the ‘initialization’ and ‘link likelihood’ steps.
In our Dial counting method, tij is implicitly used in the ‘initialization’ step when calculat-
ing lr(i) and lr(j). However, our method does not make use of tij under this alternative path
definition in the ‘efficient path check’ step. Herein tij is not used in the likelihood function as
in the STOCH algorithm. The reason is that we just need the number of paths. Lij (i.e. 0 or 1)
is used to indicate whether link (i→j) is an efficient link or not, and there is no exponential
form to calculate the probability. Regarding the information provided by algorithms, dif-
ferent from the only concern on the assignment link flow results of backward pass in the
STOCH algorithm (i.e. xij), the Dial counting method deeply explores the physical meaning
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Table 2. Comparison between Dial counting method and Bell counting method.

Variable Dial counting method (this paper)
Bell counting method (Meng,

Lee, and Cheu 2005)

# Efficient paths Computational time-
complexity O(|W| · |A|)
Wij =

{
Lij ,
Lij ·

∑
m∈Ii

Wmi ,
if i = r
otherwise

Computational time-complexity O(|R| ·
|N|3)

for ∀j ∈ Nr
for ∀m ∈ Nr andm �= j
for ∀n ∈ Nr and n �= j, n �= m
ur(m, n) = ur(m, n) + ur(m, j) · ur(j, n)

# Efficient paths using
a link

Byproduct of the above calculation
(one-step)

nrsij =

⎧⎪⎪⎨
⎪⎪⎩
Wij , forj = s( ∑
m∈Oj

nrsjm

)
· Wij/

∑
m∈Ij

Wmj ,

for all other nodes j

Multiplication of the number of node pair
efficient paths separated by the link
(two-step)

nrsa = ur(r, ma) · ur(na , s), ∀r ∈ R, s ∈ S

Total cost of efficient
paths

In a straightforward way
crs = ∑

ij∈A
nrsij · tij

Additional calculation
for ∀j ∈ Nr
for ∀m ∈ Nr andm �= j
for ∀n ∈ Nr and n �= j, n �= m
wr(m, n) = wr(m, n) + wr(m, j) ·
ur(j, n) + ur(m, j) · wr(j, n)

ofboth forwardpass (i.e.Wij ,nri and cri) andbackwardpass (i.e.nrsi andn
rs
ij )without additional

computational burden.
Below we prove the correctness of computing the number of efficient paths between

eachO-Dpair. After having the number of efficient paths between eachO-Dpair, the proofs
for the number of efficient paths using each link/node and the total costs of efficient paths
are more straightforward, and hence are skipped in this paper.

Proposition3.1: The forwardpass stepcanobtain thenumberof efficientpathsbetweeneach
O-D pair.

Proof: We use the induction approach for the proof. Without loss of generality, consider
an O-D pair (r, s) and there are k upstream links arriving at destination node s, denoted as
(p1 → s), (p2 → s), . . . , (pi → s), . . . , (pk → s). For any pi from 1 to k, assume the induc-
tive hypothesis is true. In other words, the forward pass step has generated the number
of efficient paths from origin node r to node pi, i.e. nr,pi = ∑

m∈Ipi Wm,pi . Then we consider
destination node s. By using the network topological order (i.e. all the efficient paths from
origin node r to node pi will pass through link (pi → s)) and the above inductive hypothesis
for node pi, we have

nrs =
pk∑

pi=p1

nr,pi · Lpi ,s

=
pk∑

pi=p1

Lpi ,s ·
∑
m∈Ipi

Wm,pi (18)

which is exactly the inductive hypothesis for pi = s, i.e.

nrs =
pk∑

pi=p1

Wpi ,s =
pk∑

pi=p1

Lpi ,s ·
∑
m∈Ipi

Wm,pi (19)
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where the first and second equalities are according to Equations (12) and (11), respectively.
This completes the proof. �

Remark 3.2: The proposed method is not restricted to the definition of efficient path in
Equation (10). For example, if we want to count the number of effective paths (i.e. not only
efficient, but also not-too-long) as in Xu et al. (2018), Chan et al. (2018) and Jing, Xu, and
Pu (2019), we can simply replace Equation (10) by the following equation, and all the other
steps keep intact.

Lij =
{
1, if (1 + τ

ij
r ) · (lr(j) − lr(i)) ≥ tij

0, otherwise
(20)

where τ
ij
r represents the acceptable elongation ratio of the link (i → j) with respect to the

origin r. It can be set to 1.6 for inter-urban studies or between 1.3 and 1.5 for urban stud-
ies (Leurent 1997; Tagliacozzo and Pirzio 1973). In summary, the proposed method can be
extended to any other non-negative and link-additive conditions in the efficient path check
criterion, as longas thegenerated subnetwork is acyclic. Essentially, thepurposeof ‘efficient
path check’ step is to construct an acyclic subnetwork through the efficient path definition,
and then we calculate the number of simple paths in the subnetwork, which is equal to the
number of efficient paths in the original network.

Remark 3.3: Table 2 compares the Bell counting and Dial counting methods. The main
advantages of the Dial counting method are summarized as follows:

(1) We pay attention to the computational complexity, since it significantly affects
the computational efficiency of counting the number of efficient paths between
O-D pairs. From the ‘forward pass’ step, the Dial counting method has a com-
putational time-complexity of O(|W| · |A|). Using the Winnipeg network as an
example, the computational time-complexity of the Dial counting method is
4345 × 2535 = 1.10 × 107, which is 104 times lower than that of the Bell counting
method (i.e. 135 × 10673 = 1.64 × 1011).

(2) The Dial counting method calculates the number of efficient paths between the con-
sidered O-D pairs, rather than all node pairs as in the Bell counting method. In fact,
the ‘forward pass’ step for each origin can also calculate the number of efficient paths
between the origin and all other nodes as shown in Equation (12).

(3) More importantly, this streamlined calculation does not affect counting the efficient
paths using a link/node. Instead of the node-pair-level information used in the Bell
countingmethod (i.e. ur(r,ma) and ur(na, s) in Equation (9)), the Dial countingmethod
only uses the link-level information (i.e. nrsij in Equation (13)). This further guarantees
the advantage of the proposed method in terms of both computational memory and
efficiency.

(4) As shown in Equation (15), the Dial counting method calculates the total travel cost of
all efficient paths between an O-D pair in a simplemanner, which can be considered as
a by-product of the forward andbackward passes. Hence, it ismuchmore efficient than
the calculationprocedureof theBell countingmethod in Equation (6) (i.e. requiring two
full node-pair matrices of Ur(|Nr|, |Nr|) andWr(|Nr|, |Nr|)).
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Remark 3.4: Search algorithms are fundamental graph techniques that attempt to find
all the nodes in a network satisfying a particular property. Breadth-First Search (BFS) and
Depth-First Search (DFS) are two typical strategies of search algorithms (Ahuja 1993). Both
BFS and DFS are enumeration procedures in counting paths, which can obtain the path
details between O-D pairs and the number of paths as a byproduct. With the path details,
we can generate a route choice set for modeling route choice behaviors (Prato and Bekhor
2006; Prato 2009). Rich information (i.e. path details) come with the expense of efficiency
and storage, but they are inevitable evenwe just need the number of paths. In contrast, the
Dial countingmethod does not need to enumerate and store path details. Even though BFS
andDFS can be used for search paths in a network, to our best knowledge, the formulations
in Equations (11)–(12) have not been provided in the literature. The Dial counting method
has a BFS tree structure, but it avoids multiple traversals of a node as in the BFS, increasing
the traversal efficiency. In summary, comparedwith theBFS andDFS algorithms in counting
paths, theDial countingmethodavoids enumerating and storingpathdetails, and traverses
nodes more efficiently as it traverses each node only once to obtain the number of paths
between O-D pairs. For more details, please refer to Appendix.

4. Numerical experiments

This section provides two sets of numerical experiments to verify the validity, efficiency
and large-scale network applicability of the proposed method. The first experiment uses
a nine-node grid network to demonstrate the detailed steps of the method. The second
experiment adopts nine realistic transportation networks to examine the computational
efficiency of the proposed method.

4.1. Nine-node grid network

We use the nine-node grid network shown in Figure 2 to illustrate the detailed steps of the
Dial counting method. The network has 9 nodes and 12 links. The travel cost of each link
shown in Figure 2(a) is modified from Sheffi (1985). We consider the O-D pair from node 1
to node 9 unless specified otherwise.

Following the procedure presented in Section 3, the initialization step (i.e. Step 1) cal-
culates the minimum travel cost from origin node 1 to all the other nodes, as shown in
Figure 2(a). Then, the efficient path check (i.e. Step 2) finds that link (3→6) does not satisfy
Equation (10) because lr(3)= lr(6) = 4, while all the other links are efficient links with Lij
being equal to 1, as shown in Figure 2(b).

After that, the forward pass step (i.e. Step 3) can determine the number of efficient
paths from origin node 1 to all the other nodes. Specifically, we calculate the link weight
Wij according to Equation (11) and then the number of efficient paths according to
Equation (12). Their results are shown in Figure 2(c,d). For example, at node 5, both W56

and W58 are equal to the link weight summation of the upstream links of node 5, i.e.
W25+W45 =1+ 1 = 2. The above summation term is also equal to the number of efficient
paths from origin node 1 to node 5, i.e. nr5 =W25+W45 =1+ 1 = 2. Similarly, the num-
ber of efficient paths between O-D pair (1, 9) is equal to the link weight summation of the
upstream links of node 9, i.e. nr9 = W69 +W89 =2+ 3 = 5. This is consistentwith the com-
plete path enumeration. In this network, there are 6 paths between O-D pair (1, 9), while
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Figure 2. The detailed steps of the Dial counting method in the nine-node grid network.
Note: Origin node ; Destination node ; First three nodes in forward pass ; First three nodes in
backward pass ; Forward pass direction ; Backward pass direction .
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only 5 paths are efficient paths. Path 1–2–3–6–9 is not efficient as shown in Figure 2(b)
(i.e. L36 = 0). In the forward pass, we adopt the search order of ‘further away from the ori-
gin’. Without loss of generality, Figure 2(c,d) only shows the first three traversed nodes (i.e.
node 1, node 2, and node 4) and their related search directions in the forward pass. The
above traversal process has formed a tree structure, which is consistent with the discussion
in Remark 3.4 and Appendix.

The backward pass step (i.e. Step 4) determines the number of efficient paths between a
given O-D pair using each link or node according to Equations (13) and (14). The search
order of the backward pass (i.e. descending order of lr(i)) is shown in Figure 2(e,f). For
demonstration purposes, we only show the first three traversed nodes and their related
search directions. For example, the number of efficient paths between O-D pair (1, 9)
via node 5 (i.e. nrs5 ) is equal to nrs56 + nrs58 =2+ 2 = 4, these four efficient paths are split
by the two upstream links of node 5 with equal link weight W25 = W45 = 1, and hence
nrs25 = nrs45 = 2.

Note that the calculation results from Steps 1–3 (i.e. lr(i), Lij, Wij and nri) correspond to
any O-D pair originated from node 1, while the backward pass in Step 4 is conducted for a
givenO-D pair. Hence, if wewant to obtain the number of efficient paths via each link/node
between another O-D pair, we just need to rerun the backward pass for that particular O-D
pairwhile inheriting the calculation results fromSteps 1-3. For example, Figure 2(g,h) shows
the backward pass results for O-D pair (1, 6). In other words, although the calculation pro-
cedure presented in Section 3 is for each O-D pair in the network, Steps 1–3 are performed
for each origin node only once, which are shared by the O-D pair specific backward pass in
Step 4.

In summary, the total number of efficient paths between the O-D pair and the number
of efficient paths using each link/node obtained by the Dial countingmethod are the same
as those obtained by the complete path enumeration. This verifies the correctness of the
results.

In addition, the algorithm can accept different definitions of alternative paths for effi-
cient path check criterion. When each link satisfies Equation (10), we will have the alterna-
tive path of ‘always further away from the origin’. When each link satisfies Equation (20),
we will have the alternative path of ‘always further away from the origin and not too long’.
When each link satisfies the condition lr(i) < lr(j)–tij + δ (δ is a small tolerance relative to
tij), we will have the alternative path of ‘further away from the origin with a certain degree
of tolerance’. As for the computational process, we only need to change the ‘Efficient path
check’ step and leave the other steps unchanged. Figure 3 illustrates the computational
process under different definitions of alternative path using the nine-node grid network.
Note that we only show the results of the efficient path check and the resultant number of
efficient paths, because the forward pass and backward pass steps are not affected by the
different definitions.

• Condition1: lr(i)< lr(j). As shown in Figure 3(a), link (3→6) does not satisfy the definition
because lr(3) = lr(6) = 4. Hence, the subnetwork under Condition 1 does not include
link (3→6). There are 5 efficient paths betweenO-D pair (1, 9) (i.e. nr9 = 5 in Figure 3(b)).

• Condition 2: (1 + τ
ij
r ) · (lr(j) − lr(i)) − tij ≥ 0, where τ

ij
r = 1.4. As shown in Figure 3(c),

link (3→6) does not satisfy this definition, because (1 + τ 36r ) × (lr(6) − lr(3)) −
t36 = (1+ 1.4)× (4–4)–2 = –2 < 0. Hence, the subnetwork under Condition 2 does not
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Figure 3. The detailed process of efficient path check and the number of efficient paths under three
different conditions in the nine-node grid network.

include link (3→6), and there are also5efficientpathsbetweenO-Dpair (1, 9) (i.e.nr9 = 5
in Figure 3(d)).

• Condition 3: lr(i)–lr(j)–tij + δ > 0, where δ = 0.5. As shown in Figure 3(e), four
links do not satisfy this condition. They are: link (2→5) because lr(5) – lr(2)
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Table 3. Basic information of the nine large-scale test networks.

Descriptions

Network Zones Links Nodes O-D Pairs

Berlin-Friedrichshain 23 523 224 506
Berlin-Tiergarten 26 766 361 644
Berlin-Prenzlauerberg-Center 38 749 352 1406
Berlin-Mitte-Center 36 871 398 1260
Anaheim 38 914 416 1406
Winnipeg 147 2836 1052 4345
Barcelona 110 2522 1020 7922
Berlin-Mitte-Prenzlauerberg-Friedrichshain-Center 98 2184 975 9505
Chicago-Sketch 387 2950 933 93,135

– t25+ 0.5 = 3–2–2+ 0.5 = –0.5 < 0; link (3→6) because lr(6) – lr(3) – t36 +
0.5 = 4–4–2+ 0.5 = –1.5 < 0; link (7→8) because lr(8) – lr(7) – t78 + 0.5 = 6–5–2+ 0.5
= –0.5 < 0; and link (8→9) because lr(9) – lr(8) – t89 + 0.5 = 7–6–2+ 0.5 = –0.5 < 0.
Hence, the subnetwork under Condition 3 does not include the above 4 links, and there
is only 1 efficient path between O-D pair (1, 9) (i.e. nr9 = 1 in Figure 3(f)).

Moreover, we can replicate theNguyen-Dupuis network results (with 13 nodes, 19 links and
4 O-D pairs) as presented in Meng, Lee, and Cheu (2005) using the Bell counting method.
The results include the number of efficient paths between an O-D pair, the number of effi-
cient paths between anO-D pair passing through each link, and the total cost of all efficient
paths between an O-D pair. To avoid repetition, we do not present the results herein.

4.2. Test in large-scale networks

This section uses nine well-known transportation networks shown in Table 3 to com-
pare the computational efficiency between the Bell counting method and the Dial
counting method. The input data of these networks are obtained from the website:
https://github.com/bstabler/TransportationNetworks. The largest number of links is 2950
in the Chicago-Sketch network, the largest number of nodes is 1052 in the Win-
nipeg network, and the largest number of O-D pairs is 93,135 in the Chicago-Sketch
network.

To enhance the behavioral realism, we consider the definition of effective path (i.e. not
only efficient path, but also not-too-long path) as in Equation (20). In order to ensure a fair
comparison, we calculate the threemeasures by bothmethods, and we use the same com-
puter code for the common modules of the two methods, e.g. the shortest path module
(via Dijkstra’s method), file reading module and output module. Both methods are coded
in Intel Visual Fortran.XE2013 and run on a Desktop PC with i7-7700 CPU 3.60GHZ and 32G
RAM. Bothmethods generate the same results for each of these networks (see Table 4), but
with significantly different computational performances (see Table 5).

Comparing the statistics of the number of effective paths between O-D pairs among
different networks shown in Table 4, we can see:

(1) The average number of effective paths varies greatly with the network size (e.g. mea-
suredby thenumber of nodes in anetwork). Theminimumaveragenumber of effective

https://github.com/bstabler/TransportationNetworks
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Table 4. Statistics of the number of effective paths in nine test networks.

Statistics of the Number of Effective Paths

Network Total Min Max Mean Std. Skewness Kurtosis

Berlin-
Friedrichshain

986 1 22 1.95 1.90 4.43 31.09

Berlin-Tiergarten 906 1 6 1.41 0.77 3.20 14.63
Berlin-
Prenzlauerberg-
Center

4017 1 60 2.86 4.40 7.72 86.00

Berlin-Mitte-Center 2558 1 12 2.03 1.72 2.74 8.51
Anaheim 4320 1 125 3.07 6.14 9.41 141.07
Winnipeg 50,522 1 634 11.63 31.68 9.06 115.87
Barcelona 1,016,677 1 69,988 128.34 1477.29 34.06 1391.48
Berlin-Mitte-
Prenzlauerberg-
Friedrichshain-
Center

45,246 1 170 4.76 8.71 7.25 82.73

Chicago-Sketch 8,533,130 1 72,618 91.62 870.12 42.75 2570.70

paths is 1.41 in the Berlin-Tiergarten network, and the largest average number reaches
128.34 in the Barcelona network.

(2) Each O-D pair contains at least one effective path. The maximum number of effec-
tive paths varies greatly in the nine test networks. For example, the largest number
of effective paths between O-D pairs is 69,988 in the Barcelona network.

(3) Without loss of generality, Figure 4 shows the frequency distribution of the number of
effective paths between O-D pairs in the Winnipeg network. One can see that the dis-
tribution is highly right-skewed with a long distribution tail. Table 4 also presents the
skewness and kurtosis for each network. Overall, all these networks have large positive
skewness and kurtosis. This phenomenon implies that there are some spatial inequities
among different O-D pairs in terms of the number of effective paths available to travel-
ers. In the event of a disruption, this route diversity measure may have quite different
impacts on differentO-Dpairs in a large-scale network. AnO-Dpairwith fewer effective
routes is more likely to become disconnected or become more congested due to the
flow rerouting from a disconnected route to other alternative routes. An O-D pair with
more effective routes has a lower chance to be affected by such disruptions.

Table 5 compares the computational time between the Dial counting and Bell counting
methods. For each network, we calculate the threemeasures: the number of effective paths
betweenO-D pairs, the number of effective paths betweenO-D pairs passing through each
link, and the total cost of the effective paths between O-D pairs (the average cost can be
calculated similarly). One can see that the computational time of the Dial countingmethod
is much lower than that of the Bell counting method in all the nine test networks.

(1) nrs: In all test networks, the computational time of the Dial counting method is 2.81
to 32.95 times faster than that of the Bell counting method. The lowest and largest
reductions in computational time appear in the Berlin-Friedrichshain network and the
Winnipeg network, respectively. In the Winnipeg network, the proposed Dial count-
ing method only needs 50.21s, which is 32.95 times lower than the Bell counting (i.e.
1654.03s). Even for the Chicago sketch network with more than 93,000 O-D pairs, the
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Table 5. Computational performance of the two methods in the nine test networks.

Computing time (s) – nrs Computing time (s) – nrsa Computing time (s) – crs

Dial Bell Dial Bell Dial Bell
Network counting counting Times counting counting Times counting counting Times

Berlin-Friedrichshain 0.59 1.67 2.81 0.59 1.67 2.81 0.61 4.25 6.97
Berlin-Tiergarten 1.23 8.52 6.90 1.23 8.54 6.96 1.23 20.53 16.63
Berlin-Prenzlauerberg-

Center
2.28 11.56 5.07 2.28 11.56 5.07 2.31 30.10 13.02

Berlin-Mitte-Center 2.52 15.60 6.20 2.52 16.03 6.37 2.56 42.57 16.62
Anaheim 2.85 19.20 6.73 2.91 19.23 6.62 2.94 49.54 16.87
Winnipeg 50.21 1654.03 32.95 50.80 1688.10 33.23 53.64 5940.14 110.73
Barcelona 80.37 1178.62 14.66 80.82 1189.93 14.72 81.61 3786.15 46.40
Berlin-Mitte-
Prenzlauerberg-
Friedrichshain-Center

95.10 1022.05 10.75 96.07 1023.05 10.65 96.51 3363.94 34.86

Chicago-Sketch 757.84 2740.66 3.62 795.94 2756.28 3.46 802.36 9771.19 12.18
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Figure 4. The frequency distribution of the number of effective paths in the Winnipeg network.

Dial countingmethod only needs 12.63minutes (i.e. 757.84s), which is 3.62 times lower
than the Bell counting method.

(2) nrsa : The computational time of nrsa is generally a little longer than that of nrs in each test
network. That is because the calculation of nrsa in both methods is based on nrs, where
these additional steps do not take up a large proportion of the total computational
time. The Dial counting method still shows a clear advantage, which has several times
(i.e. from 2.81 to 33.23 times) of computational time reduction than the Bell counting
method.

(3) crs: The computational efficiency improvement of theDial countingmethod in calculat-
ing crs is evenmore significant than nrs. In the Dial counting, crs can be obtained by two
ways as in Equation (15) or Equation (17), where their difference in computational time
is trivial. Without loss of generality, Table 5 shows the less efficient results by Equation
(15). Using the Winnipeg network as an example, the computational time of the Dial
counting method for calculating crsis 110.73 times lower than that of the Bell count-
ing method, while the computational time reduction for calculating nrs is 32.95 times.
This may be because crs in the Bell countingmethod requires the nested triangle oper-
ation on two full node-pair-level matrices (i.e. wr(m, j) and ur(j, n) in Equation (6)), and
it is much more expensive than nrs (as in Equation (5)). In contrast, the Dial counting
method has less difference in computational time between the above two measures.

Below we explore the relationship between computational time and network size. In order
to eliminate the influence of the number of O-D pairs among different networks, we
calculate the average computational time of each O-D pair as shown in Figure 5.

(1) With the increase of network size, the average computational time of each O-D pair of
the three measures is all strictly increasing for both methods. Since the computational
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Figure 5. Relationship between average computational time and network size.

time curves of nrs and nrsa are almost identical, we only show nrs curves from the two
methods in Figure 5.

(2) The computational time required by the Dial counting method increases slowly, while
the computational time required by the Bell counting method increases more sharply,
especially when the number of nodes exceeds 800. This indicates that the computa-
tional advantage of theDial countingmethod ismore significant in large-scale network
applications. This also confirms the conclusion obtained from the above theoretical
time-complexity analysis.

(3) The average computational time of the Bell counting method increases exponentially
while the Dial countingmethod increases linearly with the network size. The R-squares
of the linear regression fitting in the Dial counting method are respectively 0.978 (nrs),
0.982 (nrsa ), and 0.975 (crs) for the three measures. The R-squares of the exponential fit-
ting in the Bell counting method are respectively 0.972 (nrs), 0.972 (nrsa ), and 0.971 (crs).
This growth trend can be explained by the above time-complexity analysis of the Dial
counting method (O(|W| · |A|)) and Bell counting method (O(|R| · |N|3)).

5. Concluding remarks

In this paper, we developed an alternative method of counting the number of effi-
cient paths in a transportation network. The existing Bell counting method is able to
count the number of efficient paths and the total cost of the efficient paths between
any two nodes without the need to enumerate path. However, the nested triangle
operation for any three nodes incurs a high computational time complexity O(|N|3) for
each origin node. This procedure requires a lot of computations for unnecessary out-
puts, and these calculations cannot be avoided in the Bell counting method. This high



22 R. ZHAO ET AL.

computational effort can significantly hinder its use and further applications in large-scale
networks.

Inspired by the Dial loading method for the Logit model, this paper proposed a Dial
counting method as a more computationally efficient alternative to counting the number
of efficient pathsbetweeneachO-Dpair, thenumberof efficient pathsusingeach link/node
between each O-D pair, and the total/average cost of these efficient paths between each
O-D pair. The computational efficiency of the proposedmethodwas due to themuch lower
time-complexity of O(|A|) for each O-D pair. We have rigorously proved the correctness of
the proposed method for counting the number of efficient paths. Relative to the classical
BFS andDFS algorithms, the proposedmethod does not need to enumerate and store path
details in counting paths, and it has amore efficient traversal order as it traverses each node
only once to obtain the number of paths between O-D pairs.

Numerical examples using a set of networks with different sizes, ranging from 500 O-D
pairs to 100,000 O-D pairs were then provided to demonstrate the validity, efficiency and
large-scale network applicability of the proposed method.

(1) In all test networks, the computational time of the number of efficient paths (nrs) of
the Dial counting method is around 3 to 30 times faster than that of the Bell counting
method. The computational time of the number of efficient paths using each link/node
(nrsa ) is generally similar to that of nrs, but the computational efficiency improvement of
the total/average cost of these efficient paths (crs) is even more significant than nrs.

(2) With the increase of network size, the average computational time of each O-D pair
required by the Dial countingmethod increases linearly, while the computational time
required by the Bell countingmethod increases exponentially, especially in large-scale
transportation networks.

(3) The frequency distribution of the number of effective paths between O-D pairs are
highly right-skewed with a long distribution tail. This phenomenon implies that there
are some spatial inequities among different O-D pairs in terms of the route diversity.

For future research,wewill apply theproposedmethod toother travelmodesof transporta-
tion systems or other fields of non-transportation network analysis (e.g. communication
network as in Brumbaugh-Smith and Shier (2002)). Also, it is interesting to explore the pos-
sibility of embedding a zone-to-zone shortest path algorithm (e.g. Wang, Johnson, and
Sokol 2005) in counting the number of efficient paths for each O-D pair. Note that different
efficient routes between an O-D pair may share some common links, and the disruption
of one common link may significantly reduce the number of efficient routes. Hence, it is
meaningful to count the number of efficient paths with route overlapping consideration.
Furthermore, parallel line (or common line) is widespread in a public transport network but
it is nontrivial to deal with. In the future study, we plan to develop amethod to calculate the
number of efficient paths betweenO-D pairs in public transport networks andmulti-modal
networks.
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Appendix: Discussion on the Relationship with BFS and DFS

Below we discuss the relationship between the two search algorithms and the Dial counting
method.

(1) BFSmaintains the nodes LIST as a queue and selects the labeled nodes in a first-in, first-out order
(Ahuja 1993; Cormen, Leiserson, and Rivest 2009). If we define the number of links from origin
node r to node i as the distance of node i, BFS first labels nodes with distance 1 (layer 1), and then
labels those with distance 2 (layer 2), and so on.

(2) DFS maintains the nodes LIST as a stack and selects the marked node in a last-in, first-out order
(Ahuja 1993; Cormen, Leiserson, andRivest 2009). This algorithmperforms adeepprobe to create
a path as long as possible, and then backtracks to the last explored node and resumes the search
from that node.

The nine-node grid network is used in the illustration as shown in Table A1.

(1) As shown in Table A1, starting from the origin node 1, DFS attempts to generate a path as long as
possible (i.e. 1–2–3–6–9). The blue numbers on the arrows indicate the traversal order. When the
destination node 9 is reached, we get a detailed path and then the search backtracks to another
branch (i.e. link (2→5)). The stored path details (i.e. the first path 1–2–3–6–9) are used to deter-
mine the new search (i.e. the newbranch link (2→5)) after backtracking, and thenwe can identify
whether the search could generate a new path.

(2) As shown in Table A1, BFS traverses the network in a layer-based structure: starting from the
origin node 1 (layer 0), BFS first traverses all the downstream nodes of the origin r (i.e. node 2 and
node 4), adds these nodes into the next layer (layer 1) and then generates a simple path from
origin r to these nodes (i.e. Pr2: 1–2 and Pr4: 1–4); next, BFS traverses the downstream nodes
of the nodes in layer 1 (i.e. nodes 3 and 5 of previous node 2; and nodes 5 and 7 of previous
node 4), adds these nodes into layer 2 and generates new simple paths. Note that Pri denotes the
simple path set betweennodepair (r, i) andmay includemore thanonepath. As discussed above,
a node may be traversed multiple times in the BFS procedure since it may belong to different
layers. Moreover, generating new paths in a layer depends on the path information stored in the
previous layers. Hence, storing path details is also inevitable in the BFS counting method.

(3) The Dial counting method has a BFS tree structure (as in Equation (11), link weight Wij is calcu-
lated for all downstream links of node i), but each node is treated as a layer. This operation avoids
multiple traversals of a node as in the BFS, increasing the traversal efficiency. Our search order is
defined as ‘further away from the origin’ instead of just ‘first-in, first-out’. This search order guar-
antees that we only need to traverse each node once to obtain the number of paths between
O-Dpairs correctly. As shown in Table A1, the BFS traverses nodes as 1–2–4–5–3–7–6–8–9, while
the Dial counting method traverses nodes as 1–2–4–5–3–6–7–8–9. The Dial counting method
searches 1–2–4–5–3 in the same way as in the BFS, but the next traversed node is node 6 rather
than node 7 as in the BFS. Despite that the twomethods share similar search order in the illustra-
tive network, there are substantial differences when searching in large-scale networks. Also note
that the number of paths from an origin node to each traversed node is obtained as a by-product
in the Dial counting method.
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Table A1. Comparison of BFS, DFS and Dial counting method.

Method Algorithm procedure Example

Depth-First Search Initialization:
node i = origin node r.
DFS(i):
label node i;for

∀ link(i → j) ∈ A
if j is not labelled
if j �= s

DFS(j);
else
output a new path

between O-D pair (r, s);
else
continue;

unlabel node i.

Breadth-First
Search

Initialization:

layer = layer 0,
node i = origin node r.
BFS(i):
for ∀nodei ∈ layer
for ∀ link(i → j) ∈ A
add node j into path

between node pair (r, i),
output a new path

between node pair (r, j);
add node j into

layer+1;layer = layer+1.

DialCounting
Method

Initialization:

minimum travel cost lr(i).
Efficient path check:

Lij =
{
1, if lr (i) <lr (j)
0, otherwise

Forward pass:
consider nodes in ascending
order of lr(i)

Wij ={
Lij , if i = r
Lij ·

∑
m∈Ii

Wmi ,otherwise

nri =
{
0, if i = r∑
m∈Ii

Wmi ,otherwise

Notes: (1) Red checkmarks indicate the efficient paths among all simple paths generated by DFS/BFS; (2) In the examples of
BFS/DFS, the blue numbers on the arrows indicate the traversal order; and (3) In the example of the Dial countingmethod,
left arrow in blue indicates the traversal order.
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