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1 | INTRODUCTION

In recent years, a lot of studies on multi-agent systems have
emerged, due to their widely applications in unmanned aerial
vehicle, traffic control, cyber-physical system, network system
etc. [1-5]. A main issue about multi-agent systems is consensus
problem. It means that all the agents should reach an agreement
on a concrete quantity while only using their local information.
Up to now, a lot of researches on consensus have been given and
divided into several categories according to the research review
[6], such as consensus with constraints [7-9], event-based con-
sensus [10—13], consensus over signed network [14-16], consen-
sus of heterogeneous agents [17—19], and application of consen-
sus algorithms [20-22].

Meanwhile, it can be seen from the above mentioned ref-
erences that most network topologies are fixed. However, the
network topology of many multi-agent systems [23—20] usu-
ally has switching characteristics due to the change of environ-
ment and all kinds of errors. Compared with random switching
topologies, Markovian switching is suitable to describe a topol-
ogy switching with a probability distribution property [27-31].
When more information of operation mode belonging to a
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This paper addresses the consensus problem of semi-Markov multi-agent systems,
where the topology switching is stochastically unmatched to the original switching, The
unmatched property is described by a stochastically conditional probability and quan-
tized by a given transition probability density function (PDF). Then a consensus proto-
col based on the aforementioned topology is proposed and includes mode-dependent and
-independent control inputs as special cases. Based on the Lyapunov function approach
and some enlarging techniques, sufficient LMI conditions are presented to solve the con-
troller directly. All the features such as conditional probability, dwell time and transition
probability are involved. An improved method but needing nonsingular expectation of the
truncated PDF matrix is also proposed. A practical example is offered so as to verify the
effectiveness and superiority of the methods proposed in this study.

stochastic switching topology described by the transition rate or
probability matrix, or probability distribution, is used, it could
lead to better performance compared with random or detet-
ministic switching topologies. An important feature of tradition-
ally Markovian switching is that the dwell time of each mode
follows a memoryless exponential distribution. Moreover, the
transition rate or probability from one mode to another is usu-
ally constant. Then, there are some problems about its practi-
cal application. One problem is that the switching governed by
the above traditional Markov process may switch many times
during a very small time interval. Due to dwell time 7 of the
Markov process being an exponential disttibution, it is obvi-
ous that (1) £ Pr{r <7} =1— ¢, Without loss of gener-
ality, when 4 = 10 and # = 0.05 s, it is computed that Pr{T <
0.05} = 0.3935. It means that the probability of small dwell time
such as 7 < 0.05 s is high. Because the switching frequence on a
small time interval is high, it will be harmful to hardware, and no
equipment could suffer such fast switchings among subsystems.
On the other hand, it is known that semi-Markovian switch-
ing [32-306] has advantages compared with deterministic (ran-
dom) and Markovian switchings. One of them is that its dwell
time can be an arbitrary probability distribution, and its mode
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could sustain for a longer period. In other words, the restric-
tion about distribution constraint on dwell time of Markovian
switching could be relaxed to any other distribution instead of
only exponential distribution. Since the dwell time can be any
distribution, the high occurring probability of small 7 such as
7 < 0.05 s could be avoided. Two practical examples such as end
stage renal disease and maternity service models are described
in detail in[37] and [38], respectively. Based on these examples,
it can be known that sometimes the Markov process that has
dwell time belonging to an exponential distribution or switches
rapidly in terms of being a small value, is impracticable. Instead,
a semi-Markov process is very suitable to handle this prob-
lem. And the above mentioned fast switching among modes
on short time intervals could be avoided to a certain extent.
Though a fast semi-Markov switching was mentioned in [39],
it seems to be an contradiction. Based on the descriptions given
in reference [39] and here, in our opinions, the so-called con-
tradiction just shows that the semi-Markov process is general
and has superiorities in terms of dwell time being any distri-
bution and including fast and slow switchings as special situa-
tions. Second, the transition probability among different modes
could also be considered in a semi-Markov process. Thus, the
superiority of Markovian switching over deterministic switch-
ing is also retained. Based on these aspects, it can be said that a
semi-Markovian switching could balance deterministic switch-
ing and Markov switching well. However, compared with tradi-
tionally Matkov process, the introduction of semi-Markov pro-
cess will bring some big difficulties in the system analysis and
synthesis. For example, when a Lyapunov function approach is
used to study a semi-Markovian jump system, it is not easy to
present the conditions with easily solvable forms. Particularly,
when some control problems of semi-Markovian jump systems
are considered such as [33, 34], it can be seen that the proposed
results are not easy to be computed. The main reason is that the
transition rate is varying with dwell time and explicitly contained
in the given results, while the transition probability between
adjacent switching modes plays important roles and should be
considered carefully. Therefore, it is necessaty to propose con-
cise conditions being tested easily, particulatly for multi-agent
systems with a Markovian switching topology. When the net-
work topology experiences a semi-Markov switching, some ref-
erences about consensus could be available, such as [40—43].
By investigating the above mentioned references, it is found
that the each agent was deterministic, and only its topology
belongs to a Markov or semi-Markov process. When both agent
and topology belong to a stochastic process, particularly semi-
Markov process, it will be more general not only in theory but
also in application. It will contain the above models as special
ones. To the present, very few references about multi-agent sys-
tem having semi-Markov switchings are available. Very recently,
the containment control of stochastic multi-agent systems with
semi-Markov switching topologies was considered in [44]. Sim-
ilarly, in this reference, it is also found that the switching signals
between agents and topologies are assumed to be same ot syn-
chronous. This will be ideal in practical applications sometimes,
when the data is transmitted through unreliable communica-
tion networks. It may be very hard or impossible to guarantee

all the switching signals synchronous all the time, especially for
multi-agent systems with many jump agents and some switching
topologies. In other words, the above mentioned methods could
be referred to be as mode-dependent ones, whose assumption
about synchronous switching signals is said to be an ideal one.
Though a mode-independent method [45-48] for Markovian
jump systems could be applied to deal with the above general
case, it will be an absolute method and more conservative. The
main reason is that the information about operation mode is
totally neglected, even if they are available sometimes. In order
to bridge the above two methods, a kind of partially mode-
dependent method was proposed in [49]. Though it could bal-
ance the above methods suitably in terms of having larger appli-
cation scope and less conservatism, it still have some limita-
tions. For example, the related Bernoulli variable in addition to
switching signal ate still fast changed variables. In order to relax
the above constraint on switching signal, some improved results
were developed in [50]. Meanwhile, some other methods such as
disorder method [51], unmatched method [52], were presented
to enrich the results about M]Ss. Particularly, it can be seen
that disorder switching case could be contained in unmatched
switching situation. Though many results or methods about vat-
ious kinds of MJSs emerged, there are still many problems to
be considered. Moreover, it can be inferred from the afore-
said references that disorder or unmatched switching could lead
to negative effects to the considered system. Motivated by the
above discussions, some similar problems about semi-Markov
multi-agent systems but with stochastically unmatched topolo-
gies are necessary to be addressed. In detail, the switchings
between agent and topology are not synchronous but stochasti-
cally unmatched. In order to deal with this problem, the first but
essential problem is how to model such an unmatched property.
Up to now, no reference considers about this issue for semi-
Markov multi-agent systems, and a new description method
should be proposed. Second, how to make the consensus analy-
sis and develop LMI conditions are also necessarily studied. It is
also a big difficulty, since the switching signal is a semi-Markov
one. Third, but not the last, how to present the condition with
small computation complexity is an inevitable problem and also
difficult. The main reason is that so many agents and stochasti-
cally unmatched topologies exist simultaneously. All these prob-
lems or factors will make the multi-agent systems under stochas-
tically unmatched topologies more difficult and challenging to
reach consensus. Particularly, some novel techniques ate needed
to solve the above mentioned problems. To our best knowl-
edge, very few results are available to design a consensus pro-
tocol for such a system. All the facts motivate the current
research.

In this paper, the consensus problem of semi-Markov multi-
agent systems with stochastically unmatched topologies is stud-
ied. The main contributions of this paper are as follows:
(1) A stochastically conditional probability is applied to describe
the switching mismatch between each agent and network topol-
ogy, which is further quantized by an PDF; (2) Compared with
the traditional methods for switching or Markov jump multi-
agent systems, a general consensus protocol is developed to
strike a balance between the original and exploited signals; (3) A
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Lyapunov function approach as well as some enlarging tech-
niques is applied to make the analysis and obtain LMI con-
ditions ultimately. All the effects of conditional probability,
dwell time and transition probability of semi-Markov process
are taken into account; 4) When the expectation of the trun-
cated PDF matrix is nonsingular, an improved result could
be obtained by applying another different technique. Since all
the results are presented with solvable forms, the key idea
of this study could be extended other systems or problems
directly, such as similar problems with uncertain or partially
unknown PDE, pinning control of complexity networks with
similar topologies, stabilization of semi-Matkovian jump sys-
tems with stochastically unmatched controllers, and filter or
observer design.

Notation: €[] denotes the expectation operator. N repre-
sents the set of natural number. A, (M) and A, (M) denote
the smallest and largest eigenvalues of a symmetric matrix /.

max

“#” denotes an ellipsis for the terms induced by symmetry, diag
{+++} for a block-diagonal matrix, and (M)* & M + M”.

2 | PROBLEM FORMULATION

Consider a type of semi-Markov multi-agent systems with ¢
agents and defined on the complete probability space (Q, F, P).
The dynamic of agent 7 is described as

%) = Apiyxi (@) + Byyu;(2), i =1,2,..., 9, )

where x;(#) € R” is the system state and #(#) € R” is the
control input. A, and By ate known matrices of com-
patible dimensions. {5(#),# > 0} is a semi-Markov process
and takes values in a finite set & 2 {1,2,..., N}. Then, one
has

Ci Markov property)

Pr{n(tes1) = )T S ML), s Ny 1o o5 10},

= Pr{n(tey1) = iTe < tIn(t)b

C, (Time homogeneity)

Pe{n (1) = jTe S tMt) = 3,
is independent of 4, V& € N.

where 7, is the £" jump point of {5(#),# > 0} such that 0 =
h<th<th<.<ty <ty <., VEEN,and T, 24, — 1,
is the dwell time between the 4-th and (& + 1) jump points.
Then, {(n(#), 7)}72,, is a time-homogeneous Markov renewal
process, and {n(7)};2, is a time-homogeneous Markov chain.
Meanwhile, {fk}/‘:’zo is a stochastic process and non-decreasing.
The evolution of a semi-Matkov process with transition rate
matrix A2 (v;,(h(2))) € RVN, with () £ —sup{t, 1 44 <

#, & > 0}, is described by

Pr{n(r + () = jIn@) = &},
_ {vzy(b(f))/ﬂ(f) + o(b(?2)),
L+ v;(b(#)h() + o(h(2)),

ifit; (@
ifi=j

where 4(t) > 0, lim o (o(b(2)) [ b(2)) = 0, v,;(h(2)), for i # ,
is the transition rate from mode 7 at time t to mode ; at time
t+ h(t), and v; (b)) = — Z/\zl i v;;(h(#)). Define F;(z) £
Pr{t; < 1} = Pr{tyy — 2 < 1IN() = iy and Fj(2) £ Pr{teyg —
1y S HN(teqr) = (2 = i}, itis known from the semi-Markov
process that /7;(#) doesn’t depend on ; and kand F;(#) = (7).
Then, it is concluded that

Pe{n (1) = jiter1 — 2 St = =7, @), (3)

where 7;; £ Pr{n(ter1) = jIn(%) = € [0,1],i # jand VA& >
0, is the transition probability from state 7/ to state j, while
m; =0 and satisfied Z/Vﬂ m;; = 1. Define T?nm and 7"
max
7

™Y it is obvious that T,;, < T?mn < <t <L

i

such as T/ <7, < T, T, = miney{T""} and T, =

m
I’l’laX,-e_/\/{‘L'l.

Toax fOrany 7 € M. When 7 # j, it is obtained that

Prin() == Y Peln(t) = in(t) = it € [hte41)}
=0

o0
= VPt 21— 1,0(0) = it € [ te41)}
£=0

= D Pelt; 2 b)) = it € [ fee))},
£=0

= Z Pr{t; > b)) = i1 € [t tesr)}
=0

XPr{n(t) = i1 € [te, i)}

=Prit; > b(1)} = 1 — F(b@®)),
©)

while
Pr{n(t) = in( + Ar) = j}

= Y Pein@) =in¢ +An =
£=0
Nt = iM(ey1) = jit € (1o e},

= Y Pr{b(t) S T; < () + DN (ar) =
£=0
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() = it € [t e )IPEN (1) = 41 € [1, 1)}

= ) 7, Prlb(r) T, < h(t) + A
k=0
M) =it € [te 2 )IPe{N () = it € (1, 1e41)},
= ﬂZjPr{/j(t) S Ti < b(f) + Af},

= 7 (Fi(h(@) + Ar) = L (b(2))). ©)
Based on the above conditions, it is concluded that

Prin@ + A7) = jin@) = 4

v, (b)) = Jim

At ’
_ o A PCtAn = im0 =3
A0 At Prin@) =4} ’ ©)
Tij _ B(b(t) + Ar) = F(h(2))
T T EG@) a0 A ’
Ji(h(®)) Vid e

RGN

where f;(#) is the continuous differentiable bounded density
function of F(z).

On the other hand, let V = {1, 2, ..., ¢} be the set of g agents.
The topology graph G = {V, £} desctribes the interaction among
agents, where £ € V X V is the agents’ edge set. If there exists
an edge between agent / and agent j, then (;, /) € £.G ={V, £}
is a null graph if its edge set is empty. The structure of G
can be represented by an adjacency matrix G = [g;/] € R,
and g;; represent the interconnection topology among agents.
If agent ; is connected with agent 7, then g; # 0; otherwise
&= 0. When G is undirected, one gets that G = G T 1In this
papet, the multi-agent system is assumed to have another ran-
dom protocol. In detail, G(§(#)) switches in a topology set

{G1, G, ..., Gy} randomly, where J £{1,2,...,M}. The adja-
)gxq- Then, the control input of

cency matrix is G190 = @5(,*)

system (1) is designed as

G
ni(t) = KEOL S 20 0) = 0), 9 € o ti), (7)
JEY

where control gain K B®)1 is to be determined. Switching signal
O(#) hete represents which topology to be selected cutrently,
since there are totally M/ topologies added to system (1). With-
out loss of generality, it is assumed that M/ < /N. More impot-
tantly, {8(#),# > 0} cannot be obtained directly but depends
on {n(#),# > 0}. Therefore, it is stochastically unmatched to
{n(),+ > 0} such as

o £ PeS(r) = EIn@) = i E@)}, Vi € N, VE € V1 >0,
®
where 0 < oc.g(/) <1, and stochastic process {§(#),# > 0} has

£o .

some probability distribution. Moreover, @, is a continuous

and random variable. Similar to the truncated Gaussian PDF in

[53] and based on definition in [54], the truncated PDF of ch([)
could be defined and computed as

pr{a 0 <l <1},
Pr{ 51)0<a§<f)<1}
Pr{os(xi@g} ’
Pr{ 5@} )
} Pr{ogocf;)g})

(=)

T F)-F @)

5(1))

>

pa;

where f(-) £ Pr{-} is the PDF without truncation, and F(-) is
the cumulative distribution function of f(-). Then, the trun-
cated PDF matrix is constructed as
£0)
(‘xw )

plai) p(e)

g |2 (e "r@) #a 55)) = (@)

P(&0) o) o p(w0)

30!

~

where p(a ) is given beforehand. Then, %[

5@)] / a§<f>p(a fo)da&@

] is solved as

an
/ (o _J@0 e
=/ o —"L 4"
o 0 FQ)=F©O)
Matrix %LQ§<f )] is given to be
(o[ 5] [_§»)] [ 0]
Elaj | Blan | o Elagy|
[ O] [ SO [ EO)]
éla € la e Elad,
gloto) 2| L 21 | %22 | ]| (12)
5(0_ £0)] [ §®)]
|8 |on | %_ Ne| o €%
where Zf € 5@] =1LVieN.

Remark 1. It is said that conditional probability (8) is more gen-
eral and contains some special cases. First, it includes mode-
dependent case as a special one, when ch() =land M =N,
vVt >0, Vi € N. Then, signals 7(#) and 5 (#) are always syn-
chronous. Second, mode-independent case is obtained by let-
ting am =1,V >0,Vie N,k € M, and £ is the only one
mteger There will be only one element in set (. Third, when
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&(#) has nothing to do with §(#), O(§< ) will be a constant Qg A
special case similar to [55] could be obtained. Fourth, stochastic
process &(#) could be specialized as a Gaussian one. Then, the

R0) _

A zf
10 /)

truncated PDF is computed to be p(a;, ') = W
=) )

whete U;p and 0,0 are mean and variance of Gausslan PDF
distribution, respectively. The expectation of oci,o becomes
0—, 1—
S-S

§@) i
Ela, | = i + Wam

T A T

Define x = [x Xy 17, the dynamic system is

1 2
equal to be

(t) = (I, @ Ay — L0 & B,)(,)K[5<’>])x(f),

) 7 € % k1) 13)
x(te) =x@,), k€N,
where LB is the Laplacian matrix and defined as L0 &

DIs®N — 6[5(1‘)] and DO A dia {d|5<’>| .,d'\f@'}
2P0 Z/E])gl[f( Vs the inner degree of agent 7. An impor-

7

, where

tant feature of LI is that all the row sums of ZI9¢)
are zero, and ¢ = (1,1,...,1)7 €R? is an ecigenvector of

/1 s

1800 ass0ciated with the elgenvalue = 0. Moreover, the

Laplacian matrix L BN is positive semi-definite such as 0 =
/1[50)] < /15(1)]

inner degree is equal to the outer degree, then ¢l s sym-
metric.

< /1[5(;)1 As an undirected topology, the

Definition 1 ([31]). The multi-agent system (13) is synchro-
nized if its every solution satisfies

lim %[ (1) = x(1)] =0,Vij € V.

Define the average state x(#) and error vector x;(#) as follows:

1 9
2 == Y x,0), 14)
qj=1

%) = x;(0) = x(),i €V, (15)
it can be said that X;(#) could be used to measure the state
disagreement of x;(#) to the average state of all agents. Then,
one could get lim, o E[x;(t) — ;)] =0, Vi; €V, if
lim,, o E[X;(2)] =0, Vi€V, that is, multi-agent system (13)
is consensus. Thus, the consensus problem is transformed to
analyze the stability of corresponding system. The control input
(7) is rewritten as

~ 5(1)] ,~ -
75() = KOOV Y 2OV 1) = %)), V1 € [ t140). - (16)
JEV

Define matrix 7. £ (] Ngxq € € R?*? with its entries given by
g1
— i=;
7.=4 1
i 1 oy
——,  iF# .
9

The error dynamic system is given to be

() = (I, ® Ay — LLPOI Q@ B, (, KIPOh3(2),

oK t € [t ey1)
X)) =x@,), k€N

)
17

For matrix Z, it is known that there exists an orthogonal matrix
U € R?7 such that

UTLU = []‘1‘1 070‘ 1],

and

QO
UlrrBny = [2[ I 040—1] ,

where R0 € RU=DX@=1 s positive  definite.  Let
() = (UT & 1)%(t), it is obtained from (17) that
o) = (I, @ Ayyy — OOI @ By, KEON(p),

Zh0) : 1 € [ fesr) (18)

etr) =e(t, ),k EN,

where

21
QB = [’3[ “ 04—1] .
0

=[] e ol
Let @) = [e ®) ¢ (z‘)] and e(?) = [e] ®) eq_l(t)] ,

system (18) is equivalent to the following subsystems:

i) = (=1 ® Ay — QeI ®Bn(z)K[6<f>])z(f>;

2;17@) 1 € (1 letr)
i) =72, ), kEN,
(19)
¢, (1) = Appye, (), € lp tey1),
237 " (20)

e,(te) = ¢,(1,), ke N.
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Then, the above synchronization condition could be guaranteed

by €[¢(#)] — 0, such that
1 w .
Elx )] = €|x0) = . D0 VieVEV\{g @1
J=1

It can be inferred that €| ?:1 x:(1)] = (g — Dx@) + Xy ).
Since %[Z?Zl x;(2)] = €[gx(#)] holds, it is concluded that
Elx, (1)) > E[x()]. It means that the synchronization
of system (17) only needs E[x;(?)] = €[x()], VieV,
which could be guaranteed by system (18) stochastically
stable.

Definition 2 ([36]). System (18) is stochastically stable, if for
any initial conditions %, € R7~!, 7, € ¥ and 8, € JM, there
exists a constant M (g), o, 8¢) such that

%[/ 2@) |2 dt 17, 1o, 8o | < M@y, Mo, S)-
0

Lemma 1 ([50]). Let 1) = Tlr, T, T3 and Ty be given matri-
ces with appropriate dimensions, where A = diag{A P ép} and A =

diag{zl, e Z/,} with AZ_, ZZ- € RNXN, Define 14 =/ — 1A and
Ty =1—=TA, wheredet(Z ) # 0 and det(T ;) # O should be sar-
isfied. Consider the following inequality

TA) =7 +{BAUI — T,8) Y <0,

bolds  for any A€ A% {diag{Ay,..., A} A €48, A0 =
1,2, ..., p}, if there exists matrices S and W such that

Hl sk
<0,
I, II
where

T *
H1=T1—Tz<é5A > ',

7T = AT e
=7+ (758 +T,57A" —w )1,

—T *
I, = _<Z45T4 + m7> )

and matrices S € RNPNP and W € RNPNY satisfying AW +
wral =o.

3 | MAIN RESULTS

Theorem 1. 7here is a controller (7) such that the multi-agent system
(13) conld reach consensus, if for given scalars 4 > 1 andy; € R, there

excist matrices X; > 0, § and Y ie N, € € M, such that

Qi Qf”‘* <0,Vk €V, (22)
=9
(1=2wX, +uX; <0V €N, (23)
pY T, —1 <0, (24)
tenN
where
au ; *
= 13
Qe = <Az“Y - Z /17|< % [aj.ff )]BI,YW> = VX,
t=1

M
Q= 45— Y A% [ocff)]B/YlfJ +X - 87,
=1

and /1,{51, Nk €V, € € M, is given in (29). Then, one could get the
control gain by

Kl = yle1 g1 25)

Proof. A Lyapunov function for system (19) is selected to be
V@@, 500) =7 OB0e@), (26)

where j)n(z) =11Q® b5 € R@=D@=17 Weak infinitesimal
generator & is defined for stochastic process {¢(2), n(#), & (#)}.

For each n()=i:€WN, Vi € [t #41), and belong to a
semi-Markov process, it is computed based on (8) that

LV E(1),17)

= lim < (€ [VG0 + 9 + 91 + OO = 1 §0)

_V@(f)) U(f)) f)};

o1 - ~ T
= Jim ¢ {8 [”T(’)([—l ® Ay — YO @ By K1)

X By 80)s + & () By )
X (Iy-1 ® Ay = LLOV @ B, KPONz(r)
+ ()Pt ONED, () = 5 €] =7 () Byi )},

= lim %{z%)(l_l ® ATE [Byie 65 0(1) = i £

¢—=0+
~ T .
— & | @O0 @ BALON By g litn(r) = i §0)])

X e(t)s + 2 (1)(E [Byyro 60, () = 4 D] I,-y @ A;
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— B[ B4 8T @ BALONe(1), n(r) = 4, E)])et)s
+ 7 (08| Byae) [20), (1) = 1, E0)]2(0) = 2" (1) BE(0)},
= O[l-1 @ (A PY*

—E[ROOI @ (BB KON [5(),n(t) = i EO)]1E(),

= ()[[,— ® (BA)*

M
- 2% [“ff)] L@ (BN Te(e),
t=1

<y O ® PE),

=YV @), 40,V € [t berr)- @7
It is guaranteed by
M ¢
N =
11 ® ()" = Y B at,” |21
¢=1 (28)

®(PBK Iy — Vi1 ® B <0

Because of matrix I connected and undirected, it is known
that there exists an orthogonal matrix U; € RU~D*@~1 such
that

A 2 T QA = diagfa!!, A, ..., 2 " ) 29)
Then, inequality (28) is equivalent to
M £
/
@@y - 3 e[ an
=1 . (30)

® (PBKIY* —y.1 ~1®L <0
It could be guaranteed by

M

- 8[|
(1)

where X = E_l. Under representation (25), it is concluded
that the above inequality could be implied by condition (22)
with pre- and post-multiplying condition its both side with

7 A - Zgl . §(f)]/1 f]B ]([fl] and its transposition. Then,

it is obv1ous that

(AX)* Bklf’lX) -y X, <0,x€EV,

LV )i 1) SV V O, a0 E [utirr). (32)

Forany ¢ > £y and £ > 1, it is obtained based on inequality (27)
that

gV eE,n@, 1]
/;() [V(df) 77(;)) f)[( ni) — ’é)] (33)

< max{8[7), 1} ;:‘6% [V @0, 1), )]

On the other hand, based on condition (23), it could be known
that

X (B = uP)X, = X XX - puX XX,
<X -p(X'+X-X), (34)
=(1=2)X +pX; <0.
Then, it is obtained that

V @) ), 1) — mV (Z60), 00, 7))

=V (2t ip 1) — MV (3(t), i1, 12) s 35)

=7 ()P = kP)et) SO, Vij €.

Based on condition (34) and via exploiting total probability for-
mula, it is further obtained for any £ > 1 that

B[V G0 0, 10)]

k
=€ |j£ lV(E(lk)) U(’/e); fk)l ﬂ{U (lm) = Zm}] ] s

m=1

- T g
< W8V EE) ) ) ﬂ{n(f,,,>=z‘,,,}H)

m=1

< UG |G | k1T

£
X V@110 (Tem1)s =) ﬂ{ﬁ(fm) = im}] ] ,
m=1

S Z Z W @, o, 10)8 [0

newN i 1EN

X H%W "] Hﬂzﬁ,,lzﬁ,

m= =

=17 (%, Mo, %) [eyrm Trm]
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k=1
X & % y’/}/ /m .
’u ///1—1 I’

nenN g 1EN m=1

< V(z(); Mo» f() %[ey’?() 77(1]

N
X ,Ll'é H rzrel%\)f( { Z gyfff })

HEN,.hiz_1EN

k=1

= ul” (g, Mo, 1‘0)%[77](;'[7]0 <max { z Bl }>

(36)

Based on condition (24) and inequality (36), one has

%[ / oc|re<f>||2df|zo,no]
0

<€ [/ V2 @@),n(), )dt |7, 770]:

< 2 € [/ yik (t=1) V(é(l‘k), n(f,é); t,(’,)

£=0
X 1(Nyg) = R)dt (7,70,

<Z 1V o, Mo, 10)8 [0 | <€23X {#Z Eler T, f})

=1

Zert n
XE / €y’7< =% al + 1 (Eo, o, fo)% / eynﬁldj B
t 0

&
v % oliti — 1
(e0, Mo» 7o) f}é% 7
N =1
] ) <rr€13;< {#; Bl m }) ,
v % it — 1
(‘é()) No» f()) I}é?}\)fi { [ V; ] }

N
1 — max {,u > %[eyff/]ﬂz«g} + ug [gynofno]

ieN £=1
)
gyfrf }

N
1—

= M@, o), @37

k=1

X

1+ W[

s

IA

X

where o = minje y{Amin (2)}. This completes the proof.

Remark 2. Since the presented conditions are given in terms
of LMIs, they could be solved by applying standard softwares
directly. Though the given conditions are presented without
Kronecker product and have smaller dimensions, they are essen-
tially the same as the references with Kronecker product. And
because the considered system is a semi-Markov multi-agent
system, the computation complexity of given conditions will

be huge, especially the quantities of operation mode and agent
increase very large. In detail, there are NV + 1 + M matrix vati-
ables to be computed by solving NV 24 gIN LMIs, while IV + 1
scalars are given beforehand. Then, it is necessary to con-
sider the reduction of computation complexity. Moreover, there
are some other limitations about the proposed conditions. For
example, it is seen from conditions (22) and (24) that the expec-

tation computation such as €[ s )] and €[¢'¢™¢] needs to know
the distribution of related random variables. But, it is diffi-
cult to achieve this aim in practice, since they are stochas-
tic variables. Though an alternative method based on a robust
approach could be used, some assumptions or restrictions about
the aforementioned variables” bounds still exist and are not sat-
isfied in practice. Then, some improved method or results hav-
ing easy implementation are necessarily studied and will be our
future work.

When switching signals 7(#) and &(#) are synchronous, sys-
tem (19) is equivalent to

Z(z‘) =1 ®A7;(t) 7]([ ® B, () n(;))e(f))
S 1€ [ terr) (38)

e(t) =e(t, ), k€N,
The control input becomes to be

13(0) = Koy D &5 MEN () = 500, V2 € [ tir). (39)

JEV
Then, one has the following corollary.

Corollary 1. There is a controller (7) such that the resulting multi-agent
system is consensus, if for given scalars 0 > 1 and'y; € R, there exist
matrices X; > 0, Y;,Ni € N,V j € N, satisfying conditions (23), (24)
and

(AX = A BY)  —y:.X <0, €V, (40)

where e, i € N, NEC € V, is given in (45). Then, the control gain is
computed by

— -1
K=YX"". (41)

Proof. Then, the computation of L7 (¢(¢), 4 ¢) system (38)
based on (206) is computed that

LVGEE),it) =8 Ol ® (PA)* — & Q (PBK;

V1 € [le fpy1)- “42)
It is guaranteed by
- & ® (BBL)*

-1 ® (BAY* — Vil ® 6,0, (43)
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which is equivalent to i €N, j €N, satisfing conditions (23), (24) and
11 ® (AX)* = & @ (BKX)* —yil,m1 @ X <0, (44) (AX = ABE)* =y X+ $)* A8 Bl +5,- 5] _
(=5)* '
with X = Pl._l. Meanwhile, there exists an orthogonal matrix _ R (0)
U; € RU=DX@= such that where scalars A and A are defined as
A= U'&U, = dingldi, Aoy o A} (49) 7= fmae ;Amm, A = P - Ain.

Then inequality (44) with representation (41) is equivalent to
Ly @ (AX)* =A@ (BY)* —vily1 ® X, 0. (46)

It could be guaranteed by condition (40). The other steps
are same to ones in Theorem 1 and omitted. This completes
the proof.

Moreover, the control input could also be selected to be

) =K X 81 0) = 50), V1 € W tin), ()
JEV

while some other special cases could been similarly developed
and omitter here. Then, a similar corollary could be obtained.

Corollary 2. There is a controller (47) such that the resulting nulti-
agent system is consensus, if for given scalars p > 1 andy; € R™, there
exist matrices X; > 0, Y ,Ni € N,V j € N, satisping conditions (23),
(24) and

<0,Vk €V, (48)

where

*

171/[
0= (5= Aele|av) -r
t=1

M
G, =A5-Y g [af;f”)]B,-Y +Xx -7
t=1

Then, the control gain is computed by
K=YsL (49)

Proof. Based on the proof of Theorem 1, the proof of this
theorem could be obtained easily and omitted here. This com-
pletes the proof.

Since matrix S is selected to be 2 common one, it will lead
to mote conservatism in the above conditions. When matrix
%[ng] is nonsingular, a less conservative result could be
gotten.

Theorem 2. When %[Qg(’ )\ is nonsingular, there is a controller (7)
such that the multi-agent system (13) could reach consensus, if for given
scalars @ > 1 and y; € R™, there exist matrices X; > 0, S; and F;,

with Apyx = max {/1[[5]} and A, =
ev,tel i€
could get the control gain by

min {/1[[.5]}. Then, one
NRASY /A

K AX!

= [@lgO) e ¢ |} 6
Ky FuXy!

Proof. It is known from (30) that
N ¢
A1 = N
L ®PA — D E [a%f >] A,y +AA)
t=1 , (52)

Q (BB -yl 1 @P <0

where A = diag{y,...,8,1} with &, € [-1,1],i € V. It is
equivalent to

N
[ ® @A~ Y [ocif/)] AL, +A0) ® (PBKIN*
=1
—Yil—1 ® B,

N
=01 ® [(PA)* — Z %[afé”]i(]y;j]([f])* —y,P]
=1

N
- Y 8|« A @ )i & BaKI] <0
=1
53)

Moreovet, it is obtained that

N
Y gl i @ 1)1 ® Bx1]
=1

N
=% [afﬁ]im ® 1|7, ® PBKI
t=1

+1,_1 ® (BBKINT, (54)

N
= Y 8|} |ia @10, @ B
t=1

N
+ Y 8| |le @ )] ® @B,
t=1
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Because of A being a diagonal matrix, it is easy to get that

A®L)|7,—1 ® BBKINT]
=A ® (PBKIN), (55)

=11 ® BN (A® 1)

Based on (55), it is known from (54) that

[ Ve el @ @sx)]

L'M/

N
Z%[ P O ATARY- YA )
+ Z%[ f(t)]A(A ® 1)[1,-1 ® (BBKIN],
N
- Z %[“fﬁ(/)]i@ ® 1), ® PBKI‘]
=1

N
+ Y 8|« |Al- @ @BED a1,
t=1

*

N
= lZ [ i )0 ® B-BZ-K'“)] . 66)

=1

Then, inequality (53) is transformed to

I.® l(PA Z%[ Y aesxiy -y, ]

G7)
*

JV
- lZ € [afé”]i(A ® 1)1 ® BBK%] <0.
=1

Define

= {A|A = diag{$,, ... L6, e-1,1,i €V},

Jg]—

Because of ¢ — 1 > 7, it is obtained that Q C Q. Then, inequal-
ity (57) could be guaranteed by

N
*
-1® 2 5@] By — }’zpz‘]
(38)
L\/ *
- lZ elai’|2a, @By, @ BBKWU] (58)
=1
l(% [ 2V aesxo)” - m]
8)
N *
- lz £ [aftf”] 2 ® ZP[-BZ-KW]] . (58)
t=1
N «
1 ® l(BA»* -y &|a” ] JAPBBKI) —y:B (58)
=1
N *
—<Z £ [ocf;)] TAPBKI 1) ) (58)
t=1
<0. (38)
It could be implied by
N
() - Y 8| |amxx) -y

=1
(59)

*

J\[
- (2 % [af;)]iABjKW]X,) <0,
=1

where X; = Pi_l. Let F = Zf -1 € §(/) 1Kp X, the above
inequality is equivalent to

AX; = ABE)* =X —ABBE)* 0. (60)
Let

l T 75]
T5| T4
where
= (A,X; — AB,F)* X,
L=-1, A 4= 0,
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it is known from Lemma 1 that inequality (60) is guaranteed by TABLE 1  The parameter values of Ay, and By
Airspeed anr) by “n(t)
Hﬂ ES
< 0) (61) 135 0.3681 1.4200 3.5446
I, I 60 0.0664 0.1198 0.9775
170 0.5047 2.5460 5.1120
where
I = (AX, — ABF)* —y,.X + (57,
. 4 | NUMERICAL EXAMPLE
M = ABE+ S =8, T3 = (=5)%,
— _ 41 | Example 1
14 = ]w T4 = ]wé = _]wA = ]7/'

As for definition 7, it is rewritten to be

K
= ([ gll]|en) i | @
Ky
which is equal to
el I G A G T I
Eext (| g]od] 8ot Ky

(©3)
Because %[,Qg(’ )] is nonsingular, one could compute the gains
by (51). The other processes are similar to the ones in Theo-
rem 1 and omitted here. This completes the proof.

Remark 3. Though the above results are concerned about sys-
tem (1) under exact (12), its key idea could be applied to other
systems or problems. The main reason is that all the conditions
are established in terms of LMIs. For example, when matrix (12)
is uncertain or partially unknown, one could deal with them by
the methods applied to handle uncertain or partially unknown
transition probability matrix of discrete-time Markovian jump
systems such as [57]. Second, when &(#) is specialized to be a
Gaussian one, similar results could be developed directly. Third,
in order to obtain solvable conditions, some enlarged inequali-
ties such as (23), (24), and (59), have been applied, which bring
bigger conservatism. How to give less conservatism but concise
conditions is necessary to be further studied. Fourth, when the
adjacency matrix G is directed, similar results could be obtained,
while an additional assumption about graph G being a balanced
one [23] is needed. Based on Lemma 2 and Theorem 1 in [24]
and under the above assumption, it can be inferred that sys-
tem (18) still holds. And the rest of the processes can be done
via using the methods proposed for undirected topology. Fifth,
but not the last, by exploiting the method in this paper, one
could also consider other problems, such the pinning control of
complexity networks with semi-Markov topologies, stabilization
of semi-Markovian jump systems with stochastically unmatched
controllers, and filter or observer design.

Consider a VTOL helicopter model partly cited from [58] and
described as (1). Its parameters are given to be

—0.0366 0.0271 0.0188 —0.4555
0.0482  —1.01  0.0024 —4.0208
0 =1 01002 0707 b ’
: aiy 0. ne)
0 0 1 0
0.4422 01761
—7.5922
By = )
—5.5200  4.4900
0 0

state variables xq, x,, x3 and x4 represent the horizontal veloc-
ity, vertical velocity, pitch rate and pitch angle. The parameter
values in the above matrices correspond to the airspeed shown
in Table 1.

Mode () € N = {1, 2, 3} belongs to be a semi-Matkov pro-
cess and indicates three different airspeeds. The transition prob-
ability matrix is given as

0 0.6 04
P=103 0 0.7].
04 06 O

Without loss of generality, it is assumed that there are four
agents in the semi-Markov multi-agent system. And the cou-
pling matrix described in (13) has 3 modes and given as follows:

(3 -1 -1 —1]
o=y |7t 10 )

-1

__l O -

(1 -1 0 0]
=21 _ -1 3 =1 -1 ’

-1 1 0
L _1 O -
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7180)=3] =

Here, mode 8(#) is another stochastic process and takes values
in M ={1,2,3}. In detail, switching signals 7(#) and &(¢) are
stochastically unmatched such as (8). Without loss of generality,
{€(#), # > 0} is assumed to belong to the Bernoulli distribution,
suchas Pr{é(*) = 1} = aand Pr{é(¥) =2} =1 —a,a € [0, 1].
Here, at is given to be & = 0.5. Then, the truncated PDF matrix
Qg(f) is given to be

03 04 03 0.5 02 03
0=l =101 07 02,0502 =[03 03 0.4].
0.1 05 04 0.1 01 0.8

Then, it is computed that

2
BlO5] = ) Prik () = 3050,
J=1

04 03 03
=(0.2 0.5 03].
0.1 03 0.6

Based on the proposed methods, it is concluded that the con-
sensus problem of system (13) could be guaranteed by the sta-
bility of system (19). The related parameters of I, U and & are
computed as

0.75 =025 =025 —0.25
_ |-025 075  —025 —0.25
L= —0.25 =025 075 —0.25]

—0.25 —0.25 =025 0.75

—0.2113 —0.2887  0.7887 0.5
0.7887  —0.2887 —0.2113 0.5

v= —0.5774 —0.2887 —0.5774 0.5

0 0.8660 0 0.5

[ 11786 0.2440  —0.6667]
QI = 0.2440 1.3333  —0.9107 |,

—0.6667 —0.9107  3.4880

[ 3.4880  —0.9107 —0.6667]
Q2 =[-09107 1.3333  0.2440 |,

—0.6667  0.2440  1.1786

TABLE 2 The value of Al') in Theorem 1

€=1 =2 €=3
k=1 1 4 1
x= 4 1 4
=3 1 1 1

Mode n(

L L I I I L . | L
5 10 15 20 25 30 35 40 45 50
(a) Time (s)

Mode §(t)

! ! L L L I I I I
5 10 15 20 25 30 35 40 45 50

(b) Time (s)
FIGURE 1 The simulations of modes 7(#) and & ()

23333 0.6667 1.3333
QB ={0.6667 1.3333 0.6667].
1.3333  0.6667 2.3333

Then, eigenvalue /1,[5] is computed and listed in Table 2.
Let y, =-0.85 y,=-0.75 y3=-055 u=112,
G[171] = 0.4274, G[272] = 0.2231 and [>T = 0.1920),

the control gains of (7) are computed as

[—0.0234

p —0.1332  —0.3149 —0.1028]
T 1206820 —0.2247  0.0406  0.8100 |’
p [ 01236 —0.0639 —0.4068 —0.3780]
27 1207627 —0.1360  0.1643  0.9776 |’
p [ 03994  —0.0973 —0.6214 —1.1683 ]
T 1201770 —0.1143  —0.3593  —0.2108]

>

A
Under the initial conditions given as ¢;(0) = [1 0-—1 0.5]

00)=[0-05-10]", e50) = [1 0=105]" and applying
the above designed controllers, one has the simulations of error
system (19) given in Figures 1 and 2. Moreover, another simu-
lation based on a Monte Carlo simulation method is shown in
Figure 3. Because of the considered system being a multi-agent
system with 4 degrees and having 4 agents, the Monte Carlo
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15 . . . X 10%
1.5 T T T
1 en®] il ey
et e,
&3t e,
0.5 _914(1) 7 05 em(‘)
= e €
= . e,,(t) L :\ e,,(t)
& €,5(0) N o
] = et
n e é e,,(t)
5]
-05 e ey
e,(t) -05F e,
— e33(t) essm
t)
1 e, Al )
15 ‘ . , l , ‘ . ‘
0 10 20 30 40 50 60 70 80 90 -15 L L L L L L L ! L
Time (s) 0 1 2 3 4 5 6 7 8 9 10
Time (s)
FIGURE 2  The state responses of error system (19)
FIGURE 4 The curves of error system (19) for controller (39) under con-
dition (8)
06 ; ,
04f .
X 57450 9825  —19312 —49376
3 = .
02l i 78905 11105 —24903 —(69945
£ o It can be said that controller (39) is an ideal one, whose mode
o signal should be available online. In other words, when con-
3 -02 1 troller (39) suffers a situation such as (8), it could be seen
from Figure 4 that it will be disabled. On the other hand,
-0.4 1 mode-independent control input (47) could also be applied
to deal with (8) based on computation method [47], which is
06 ] actually described in Corollary 2. It is seen from description
(47) that no information on mode signal is used. Because of
08 . s s w control input (47), neglecting all information of mode signal
10 15 20 25 30 . . N o .
Time (s) and its probability distribution, it is more conservative than
(7) with conditional probability (8). In detail, it is concluded
FIGURE 3 The Monte Carlo simulation of error state ey () of error sys- that under the same initial conditions, there will be no solvable
tem (19) solutions to Corollary 2. In this sense, it can be said that more

simulation will be chaotic. To make the above simulation effec-
tive but concise, without loss of generality, only error state ;1 (#)
is simulated in Figure 3. Based on these simulations, it is seen
that though the topology mode is stochastic and unmatched to
original mode 7)(¢), the multi-agent system could also achieve
consensus by control protocol (7). To the contrary, when modes
7 (#) and 8 (#) are synchronous such as [59], one could get mode-
dependent controller (39) by Corollary 1. The control gains are
computed as

10148 1752 —3488 —8783

K = )
12381 1664 —4342 —11581
—26451 —4508 8970 22827

| 25774 —3005 10544 26497|

information about stochastic unmatched probability (8) could
lead to less conservative results.

When expectation %[Qg(’ )] is nonsingular, Theorem 2 pro-
poses another method for (7). Under the same parameters, the
corresponding gains are computed as

« 8925 —2162 3157 826.4
YU c14414 2740 4171 12517
_2537.5 —619.0 9184 23758
27 1 -3337.1 —=569.7 11651 31702
o #0000 1217 16610 —43042
7 163158 11060 —2122.2 —58859]| "

In order to make some comparisons between Theorems 1 and 2,
without loss of generality, ¥; is assumed to be equal and denoted
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by y. It is known from Theorem 1 that the solvable range of
y is y € [—0.771,—0.072]. To the contrary, there are still solv-
able solutions to Theorem 2, even if ¥ = —2. For this exam-
ple, it can be said that Theorem 2 is less conservative than
Theorem 1, while conditions about M = N and nonsingular
%[’Qw )] should be satisfied simultaneously. Then, which one to
be selected between Theorems 1 and 2 should be considered on
the concrete situations.

On the other hand, it is claimed that description (8) is
more general than one in [55], since similar description (8)
in the reference is always constant. In other words, when the
conditional probability in this reference is changed, the result
designed beforehand may be disabled. For example, when the
conditional probability matrix is given to be ,Qg(’ )=1 it can be
known that the solvable range of y is [—0.809, —0.072]. Mean-
while, the similar solvable range for 0% ?=2 is [=0.650, —0.072].
Based on these computations, it can be seen that when y €
[—0.809, —0.650), the method in the above reference will be
disabled if conditional probability matrix varies from Qg =1 to
Qw )=2_ On the other hand, a larger solvable range based on
model (8) could be obtained as [—0.771, —0.072] and could bear
conditional probability matrix varying. In this sense, it could be
said that our results based on (8) needing more information on
conditional probability are less conservative than ones obtained

by [55].

5 | CONCLUSIONS

In this paper, a different consensus protocol based on stochas-
tically unmatched topologies has been introduced to address
the consensus problem of semi-Markov multi-agent systems.
The aforementioned unmatched property has been modeled
by a stochastically conditional probability and quantized by a
PDFE. Sufficient conditions for the existence of such a consen-
sus protocol have been established by using a Lyapunov func-
tion approach and some enlarging techniques. An improved
algorithm based on nonsingular expectation of the truncated
PDF matrix has also been presented, whose superiority has
been illustrated by an example. It has been proved that the con-
ditional probability, dwell time and transition probability are
important in consensus analysis and synthesis. In the future,
some problems remain to be studied. First, the findings in this
study are also applicable to the investigation of other prob-
lems or systems about engineering issues such as direct topology
and discrete-time systems. Second, computation complexity and
conservatism of results should be further reduced, especially in
the case of significant system mode and agent increase.
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