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Stability analysis unity. Further analysis also shows that the endemic equilibrium (EE) of the model is
Sensitivity analysis GAS whenever the R is above unity with some certain conditions , indicating the
Final size relation potential for the TF to spread and cause outbreaks in the community. We obtain a final

size relation with consideration of human-to-human transmission route that could be
used to report the actual size of the outbreaks over the cause of the epidemic period.
Furthermore, sensitivity analysis results reveal the most sensitive parameters that are
vital to combat the TF epidemic in Taiwan. Also, a wavelets analysis is performed to

explore significant periodicities of the TF outbreaks in Taiwan, China.
© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Typhoid fever (TF), a life-threatening disease or infection, that is caused by the bacterium Salmonella Typhi and is
transmitted via contaminated food items or water [1]. The TF disease is still a serious challenge to global public health,
causing about 10-20 million new infections and more than a quarter-million deaths annually mostly in Africa [1-3].
The disease incidence is largely reduced especially in developed countries due to the clean water supply and good
sewage systems, indicating that poor drainage systems and lack of water quality control contributes largely to the new
infections [2]. Although the TF disease is curable, however the increasing resistance to different types of antibiotics make
the disease’s treatment more intricate [ 1]. Three major types of TF vaccines currently recommended by the World Health
Organization (WHO) are: (i) an injectable typhoid conjugate vaccine (TCV), (ii) an injectable unconjugated polysaccharide
vaccine based on the purified Vi antigen (also called Vi-PS vaccine), and (iii) an oral live-attenuated Ty21a vaccine in
capsule formulation [1]. Besides, the WHO further recommends that all control programs of TF should be implemented,
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those include water quality and sanitation improvements, public health education/awareness campaigns, and training and
re-training of health workers in diagnostic testing and proper treatment [1].

Several epidemic models have been proposed (designed) and used to capture qualitative acumen or knowledge into the
dynamics features of infectious diseases in a community, see, for instance, [4-11], however these previous studies have
been elongated over time to incorporates different aspect related to infectious diseases dynamics, such as the influence
of human behavior such as influence of human behavior [12-15], impact of limited medical resources [16-21], public
health education programs [22-28], etc., several mechanistic modeling studies have been done to explore the dynamics
transmission of TF disease, some of which have considered direct transmission route (human to human) only [29,30],
while others considered indirect transmission route (environment to human) only [3].

To our knowledge, none of the previous studies have considered both direct and indirect transmission routes coupled
with public health education programs to assess the dynamics of TF transmission. In the current study, we consider both
human to human and environment to human transmission routes together with the public health education programs as a
separate compartment to understand and reveal more qualitative insight into the transmission dynamics of TF. Further, as
motivated by the aforementioned studies, in particular, we adopted the recent work of Yang et al. [27] which investigated
the impact of public awareness programs on the dynamics of cholera, we incorporated the compartment which represents
public health education programs (that include house to house enlightenment programs, media-coverage, reports, etc.)
to assess its impact and to provide an effective suggestion for the control strategy to combat TF in the endemic areas.
Furthermore, using the approach as in [31] we obtained a wavelet results (depicted in Fig. B.1) to shows the temporal
patterns of TP outbreaks in Taiwan, to get more insight and understanding into the dynamics patterns of the TP epidemic
in Taiwan. We found that the local periodicity of the typhoid cases indicates a significant periodicity that needs urgent
consideration for effective control and mitigation for the TP outbreaks.

The proposed model is described in Section 2 and examined in Section 3. The final epidemic size relation is computed
in Section 4. We present numerical simulation results in Section 5.

2. Description of the typhoid fever model

Here, an epidemic model was designed to study the dynamics of TF transmission in a community. The model
incorporates both direct (human to human) and indirect (environment to human) route of transmission coupled with
public health education programs as a separate compartment (adopted from the work of Yang et al. [27]). The total
human population size, denoted by N, is split into sub-populations (see Table 1 for summaries): Susceptible (S), infected
(I), carriers (C), and recovered (R), so that N = S + I + C + R. Also, let B represent the bacteria concentration available in
the environment, and A the number or density of public health education programs (such as house to house visit, social
media enlightenment programs, training of health professionals in diagnosis and treatment, and reports) driven by the
prevalence of the disease and media coverage.

Susceptible humans (S) are infected either by effective contact with infected individuals (direct transmission) or
interact with contaminated environment (indirect transmission). The population of susceptible individuals can be reduced
by natural death at a rate p (all humans compartments are assumed to suffer same natural death). The infected individuals
(I, either progress to carrier class C, at a rate o or recover at a rate 7;. Individuals in the C class can recover at a rate 1,
(note that t; < 1) [3]. Infectious individuals from both I and C classes excrete the bacteria into the environment with
the fact that the excretion from the I class at a rate 6, is substantially higher than those by the C class at a rate 65, this is
because of the long period taken by the C class without showing any symptoms/sickness of the typhoid. The parameter
8 measure the disease induced death rate from the I class, ¥ is the rate of waning immunity, K parameter denotes half
saturation of bacteria concentration, v measure the removal rate of bacteria from the environment. The parameter «
(0 < @ < 1) is the modification parameter which shows that I seems more likely to transfer typhoid infection than C,
and also infection from I is significantly higher than infection from C [3]. The number of public health education programs
(awareness programs) grows with an influx & and simulated by the prevalence of the disease at a rate n, and decays at
a rate y. We assume that 81, B,, 01, and 6, are explicitly dependent on A, also they decrease with the increase of A,
indicating the impact of public health education programs on the transmission dynamics of typhoid fever. Therefore, the
above mentioned assumptions of the model for the typhoid fever disease results in the following system of nonlinear
ordinary differential equations.

ds B

P + ¥R — B1(AXI +aC)S — ﬂz(A)ms — uS,

di B

— = A)I C)S A)——S — 1) [

i B1(A)I + aC)S + Ba( )B+K (u+8+o+1)l,

dc

T :UI_(M+T2)C3

dt 2.1)
dR .
=l n — (4 PR

dB

pr = 61(A)l 4+ 6,(A)C — vB,

dA - I+ aC A

dat TN ya.
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Table 1
Parameters interpretation of the model (2.1).
Parameter Interpretation
T Recruitment rate
v Immunity wanning rate
B Human to human infection rate
Ba Environment to human infection rate
a Modification parameter
nw Natural death rate
o Progression rate from I to C
8 Disease induced death rate
61 Bacteria excretion rate from I
6, Bacteria excretion rate from C
1% Decay rate of PHEP
v Bacteria decay/removal rate
3 Influx rate of PHEP
n Simulating rate of PHEP
T Rate of recovery from I compartment
T Rate of recovery from C compartment
K Half saturation concentration of bacteria

The following items presents some of the main assumptions used in the description of the model (2.1):

(i) B1(A), B2(A), 61(A) and 6,(A) are continuously differentiable functions;
(ii) B1(A), B2(A), 61(A) and 6,(A) are positive functions on [0, Apax];
(iii) B](4) < 0, B3(A) < 0, 6;(A) < 0 and 65(A) < 0,

where Aoy = §410+9) "and '/’ is the derivative with respect to A. Note that the analysis is perform using the autonomous
version of the model for computational conveniences.
2.1. Basic properties

Following a standard comparison theorem [32], we have B’ < B < B and A < A < Apar, Where Bpg = w
and Apax = W Hence, we have the following biologically feasible region/domain

Q= {(s,l,c,R,B,A)eRi:S+I+C+R=N,B°sBsBmax,A(’sAsAmax}.

Obviously, all solutions of the model (2.1) that starts in §2, remain in the that region for all positive time, i.e., t > 0. So
that, £2 is positive-invariant, and therefore, it is enough to evaluate solutions confined in £2. Hence, the usual existence,
uniqueness and continuation results hold for the model (2.1) in £2 [33,34].

3. Model analysis
3.1. Disease-free equilibrium, DFE
The DFE of the system (2.1), given by
0 0 ;0 ~0 pO pO 40 T §
E°=(s",1",C",R",B",A") =(—,0,0,0,0, =),
13 4

is always feasible. Local stability of E® can be computed in terms of Ry which represent the number of infected individuals
to be obtained if one infected individual is introduced into a completely susceptible population of humans [34-39].

3.2. Basic reproduction number, Ro

It can be shown here, using the next generation matrix (NGM) [35,37], that, the associated reproduction number of
the system (2.1) (represented by Rg = p(FV~1), where p denotes the spectral radius of the NGM, FV 1) is as below. The
matrix F denotes the new infection terms, and the other terms of the model is represented by the matrix V, and are given,
respectively, by:

a; a as Q; 0 0
F=({0 0 0], and V=|—-0 Q@ O0]. (3.1)
0 0 O —b; —by
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0 0 0
Where, N® = = S0 a = W. a = ﬂl(AM)M. as = ﬂziﬁ()ﬂ‘ by =601(A%), by = 6,(A°), Qi = u+38+0+11, @ = u+1,
and Q3 = u + . Therefore, the Rg is given in Eq. (3.2) below
a a asoby + asQzb
R = 1Q2 + 20 | 430 2 + as3Qzbq
Q1Q Q1Q2v

The threshold quantity, Rg, is epidemiologically interpreted as follows. The two terms in Eq. (3.2) are respectively
interpreted as follows;

=Ry + Re. (3.2)

i. the first part, Ry, represents direct transmission reproduction number,
ii. and the second part, R., represents indirect transmission reproduction number.

Let R} denotes the reproduction number in absence of public health education (i.e., we let 81(A) = B1(0), B2(A) = B2(0),
01(A) = 61(0) and 6,(A) = 6,(0)). Thus,

0 0 010 0. K0
R — a1Q + a0 azob; + a;Q;b7

0 , (3.3)
Q2 Q1 Qv
where, af = ﬁlf)”, a = ’31(2)“”, aj = ﬂz}fl?”, b? = 6(0), bY = 6,(0). According to our assumptions, it is easy to see that

Ro < R§, which shows that the presence of public health education programs will diminished the risk of TF prevalence.
The LAS result given below follows from Theorem 2 of [37].

Theorem 3.1. Consider the region, $2, the DFE, E°, of the model given in Eq. (2.1), is LAS if R is below unity, and unstable if
Ro above unity.

3.3. Equilibrium analysis

In this sub-section, we analyzed the equilibria of the system (2.1), in order to get more qualitative insights into the
transmission dynamics of the TF disease.
Let

E*=(S,1,C,R,B,A)

be an endemic equilibrium, EE, of the system (2.1), which satisfies the system of eqns given below

B

B1(AXI + «C)S + ﬂ;(A)%s —(u+8+0+1) =0,
ol —(n+1)C =0, (3.4)
Tl + 7l —(n+¢¥)R=0,
61(A) + 6,(A)C — vB = 0,
I+ aC

§+n —-yL=0,

which implies that,
Q!
S= B
B1(A)n + Ba(A) g
11
Q2 9
R M@+ o)l (35)
Q205
(61(A)Q2 + B2(A)o )l
= oo
& n(Q+ao)l

A= -4 —— = Go(I),
Oy o(l)

)

C =

)

<

where n = (1 + %).
Now, since N =S + [ + C + R, we have

S=N-—ml = G(I), (3.6)

withm:1+é+%_
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Also, from the first equation of model (3.4), we have

Qo
S= 7H(I) = Gy(I), (3.7)
where

B2(Go(1))[Q201(Go(1)) + 0 62(Go(I))]

HY = Br(Collin 0 8 Go1) F 00 Gol T + KQo

which implies that

W) = D & e + Ha()
[1(Q2601(Go(I)) + 062(Go(1))) + K12’
with
Hy(I) = Gy(I(Q261(Go(I))),

(I
Hy(I) = 06,(Go(1))1(Q261(Go(1)) + 062(Go(1))) + K) - B5(Go(I) - [Q261(Go(I)) + 62(Go(I))],
Hs(I) = Ba(Go(1))N(Q201(Go(I) + 002(Go(1))) - (1(Q26;(Go(1)Go(I) + 005(Go(1)Go(1) + Q261(Go(I)) + 002(Go(1))), where
the “’ " denote the derivative with respect to t.

Therefore, the intersection of the two curves S = G(I) and S = Gy(I) in Ri determine the nontrivial disease free

equilibria. Therefore, since Gy(I) = % > 0 which shows that H'(I) < 0. Thus,

i. G1(I) is strictly decreasing function of I; and
ii. Gy(I) is non-decreasing function of I.

Hence, it can be verified that G;(0) = N, G,(0) = %0 Gl(%) =0, and Gz(%) > 0.
Therefore, we have

(ay) If Rp > 1, the curves S = G{(I) and S = G,(I) have a unique intersection lying in the interior of Ri, due to the fact
that S = G,(0) < S = G(0). Therefore, at this intersection point, Eq. (3.5) gives C, R, B > 0 (since I > 0).

(a2) If Ry < 1, the curves S = Gy(I) and S = G,(I) have no intersection in the interior of Rﬂr due to the fact that
G2(0) = G4(0).

Therefore, Eq. (3.4) shows that the system (2.1) permits a unique equilibrium, i.e., the E°, if Ry < 1; and also accepts two
equilibria, i.e., the E® and an endemic equilibrium if Ry > 1.

Now, following a standard comparison theorem [32], we have B° < B < Bpx and A < A < Ana, Where
Bnax = w and Apgx = W Hence, we have the following biologically feasible region/domain

2 = {(S,I,C,R,B,A)ERi:S+I+C+R=N,BOSBSBmGXaAOSASAmax .

Theorem 3.2. The following statements hold for system (2.1),

(1) If Ro < 1, the continuum DFE, E°, is GAS in £2;
(2) If Ro > 1, the E° is unstable and there exists a unique EE, i.e, E* = (S*,I*, C*, R*, B*, A*) € int(£2), where int(£2) is the
interior of £2. Additionally, the system (1) is uniformly persistent, i.e., litm inf (I(t), B(t)) > (c, ¢) for some ¢ > 0, with
—00

the initial condition in the interior of £2, denoted by 2°.

Proof. Let p = (I, C, B)" and q = (S, R, A). Obviously, % < (F — V)p, where the matrices F and V are given in Eq. (3.1).

Let g = (a; + %’ 0, a3), where g is the left eigenvector associated with the eigenvalue R of the matrix V~!F. So that,
gVTIF =Ry *g.

Define a Lyapunov function given by U = gV ~'p. Now, differentiating U along a solution of Eq. (2.1), where the '
denotes the derivative with respect to time, implies U’ = gV~ !p’ < gV~!1(F — V)p = g(Ro — 1)p.

Now, we consider the following three cases.

(i) Ro < 1.The strict equality U’ = 0 holds, implies that gp = 0. By taking the positive part of g, we have] = C = B =0,
so that when Rg < 1 equation (2.1) yields S = S°, A = A%, and I = C = B = R = 0. Hence, the invariant set on which
U’ = 0 contains only one point which is the E°.

(ii) if Ro = 1, the equality U’ = 0 implies 8;(A)(I + «C)S = a;(I 4+ «C), ﬂz(A)B%KS = a3B, 61(A) = by and 6,(A) = b,.
Thus, either (C1)I = C = B = 0 or (C2) B = 0, 81(A) = B1(A%) and B,(A) = B,(A®). Therefore, if (C1) holds, then the
system (2.1) gives S = S R = 0 and A = A°. Similarly, when (C2) holds, then we have I = C = B = 0, which is similar

to the condition (C1). Hence, the largest invariant set on which U’ is the singleton set E® = (% 0,0,0,0, %)

"

(iii) For Ry > 1. Following [40-42] and the continuity of vector field, so that U’ > 0 in a neighborhood of the E° in
£2°. Hence, by Lyapunov theory of stability, the E° is unstable.

5
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3.3.1. Global stability analysis of the EE
Here, we consider 6; and 6, be constant, then the following result is obtained.

Theorem 3.3. The EE, E*, is GAS in £2° when Ry > 1 provided that

Al _ BB
(1 ﬂﬁ*) (1 B*ﬁd) S0, (338)
(1 _ BC ) <1 B Cﬁ{‘c*) >0, (3.9)
ﬂ}‘C* C*B,C
and
B cBF
(1 ~ W) -G ) g (3.10)
:32(3*+K) C*ﬁ

For the proof of the above theorem of the global stability of the EE, see Appendix A.
4. Final epidemic size relation

The final size relation is a relation is computed in this part, i.e., the R and the number of individuals who remain
in each disease-free epidemiological compartment during the epidemic period [43]. We obtained the final epidemic size
relation for the reduced (a special version of the model) model (2.1) (i.e., human-to-human transmission only) [43,44].
We assumed that # = u = ¢ = 0, that is, the final size is calculated within a short period in order to report the (nearly)
actual outbreaks of the disease over the cause of the epidemic. The reduced model (with human-to-human transmission
route only) is given by the following nonlinear ODEs.

das
— = —p1(A)I + «C)s,
dt
dl
T Bi(ANI + aC)S — (8 + 0 + 1),
dc
- =ol—nC. (4.1)
aR I+ 1,C
— =T 7,C,
T 1 2
dA I+aC
R — YA,
ikt Y
where the basic reproduction number of the reduced model (4.1) is given by R}* = %
Integrating the system (4.1) from O to oo, so that
oo
N—Soo:zS/ Idt. (4.2)
0

Also, integrating the third equation of (4.1) we obtain

o] 00
o / Idt = ‘L'2[ Cdt — Co. (43)
0 0

From the first equation of (4.1), we have

In >0 :ﬂl(A)/OOIdt—kﬂ](A)oz /oocat. (44)
Soo 0 0
Substituting Eqgs. (4.2) and (4.3) into Eq. (4.4), we have
In>% — ﬂ](A)/ Idt +ﬁ1(A)g/ Idt +ﬂ1(A)LC°
Seo 0 72 Jo 2
- ﬂl(A)(l ; @) | e
2/ Jo © (4.5)
_ ﬁl(A)Néaa +1) (1 - sﬁ) PR
%) N (%]
N RS*((SO' + ‘L'1) _ S;oo 9
_f<] N>+I81(A)Ol_[2.
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Table 2

Baseline values of the model parameters.
Parameter Baseline [Range] Units Source
b4 813.5433 persons per day [3]
W 0.0013 [1, 1] per day [30]
B 1.57 x 107> per day Estimated [29]
B 1.97 x 107> per day Calculated [29]
o 3x 1074 per day Assumed
I 3.717 x 107° per day [3]
o 0.04 [0.03, 0.05] per day [3,29]
) 0.0025 per day Calculated [3,29]
61 10 dimensionless [3]
6y 1 dimensionless [3]
y 0.033 per day Estimated, [27]
v 0.0345 per day [3]
& 0.1 per day Estimated [27]
n 2 (cellml™! humans™') per day Estimated [45]
T 0.0357 per day [3]
7 32 x 107* per day Calculated [29]
K 108 (cells x ml™") per day Estimated [27]

Hence, the final size relation of the system (4.1) is given by Eq. (4.5). Note that the zero subscripts in the state variables
indicate the initial value of the state.

5. Numerical simulations
5.1. Model fitting

In this sub-section, the autonomous model version of the model (2.1) was fitted to the cumulative number of yearly
cases of the reported TF scenario in Taiwan from 2009-2018. The TF case data were fitted using Pearson’s Chi-square and
the least square techniques [33]. The R statistical software version 3.4.1 or above was used for the simulation processes.
The time series TF cases were obtained from Taiwan National Infectious Disease Statistics System [46]. The demographic
quantities were obtained from the World Bank population website [47]. Other demographic parameters (i.e., recruitment
rate, ;r, and natural death rate, i) were calculated as follows; the average population and life expectancy in Taiwan
is 23373000 and 78.712 years, respectively [48]. Thus, the expression for u is given by u~! = 78.712 years. Hence,
T = 23373000, which implies that 7 = 813.5433 day~'. It is worth noting that all the remaining parameters are
ixed as given in Table 2. Thus, the fitting results was depicted in Fig. 1. Note also that the fitting scenario was done
for an illustrative purpose (for model validation purpose), thus we choose a small portion from the given population of
approximately 23 million in Taiwan.

5.2. Sensitivity analysis

In this sub-section, we used a Partial Rank Correlation Coefficients (PRCC) adopted from previous works [36,49-53],
to explore the sensitivity analysis of the autonomous type of the model (2.1), where the density-dependent public health
education programs is assumed to be constant. The PRCC of the R and infection attack rate of the model (2.1) is depicted
in Fig. 2 which reveals the effects of the model parameter on the Rq and the infection attack rate. We used 1000 random
samples taken from uniform distributions of each model parameters from Table 2. For every random parameter sample
set, the model was simulated to obtain the desired biological quantities.

6. Conclusions

This study used a classical SEIR-type model to study and analyze the transmission dynamics of typhoid fever disease,
as well as to shed light on control and preventon mechanisms of the disease spreads in a population. The model is fitted
using the yearly number of reported cases and demographic data relevant to typhoid fever dynamic in Taiwan. The main
theoretical and epidemiological outcomes of this work are summarized as follows.

(i) Results of the basic reproduction number of the model with and without public health education program were
determined analytically, which revealed that the basic reproduction number with public health education programs
is less than or equal to the basic reproduction number without public health education programs indicating the
impact of public health education programs for typhoid fever control and prevention. In addition, subsequent
mathematical analysis results revealed that the DFE of the model is GAS whenever the basic reproduction number is
less than or equals to 1, and unstable when the basic reproduction number is greater than unity. Further analytical
result shows that the EE is GAS whenever the basic reproduction number is greater than unity, indicating the

7



S.S. Musa, S. Zhao, N. Hussaini et al. Results in Applied Mathematics 10 (2021) 100153

Model fitting

=)

8 I

-
o reported -
-
—_— fitted .
S - —
.

@
B3
&
<
3
B
> -
S
e
2
=
=
£
1S
=
S

s I

3

-
o - I
T T T T T
2010 2012 2014 2016 2018

Time (years)

Fig. 1. Model fitting results using the biological parameter values given in Table 2 and the initial conditions given as: S = 2000, I = 80, C = 20,
R =5, B=2000, and A = 2. The vertical axes denote the cumulative number of TP cases in Taiwan from 2009 to 2018.
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Fig. 2. Partial ranked correlation coefficients (PRCC) results for the sensitivity analysis obtained from the system (2.1). The dots denotes the PRCC
estimation; and the bars are the 95% confidence intervals (CI). The baseline values of the model parameters are given in Table 2.

potential for the typhoid fever to spreads/persists in a population. Furthermore, the final size epidemic relation was
computed for the reduced version of the model (2.1) (human-to-human transmission route only, i.e., model (4.1))
to report the approximate epidemic size over the cause of the typhoid epidemics.

(ii) Numerical simulations (data fittings), using the yearly number of reported typhoid fever cases in Taiwan during
2009-2018 period, shows that the model fitted well to the data, highlighting the usefulness of the model to predict
a future scenario.
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(iii) Sensitivity analysis of the model (using the basic reproduction number and infection attack rates as the two response
functions) shows that the top three Partial Rank Correlation Coefficients ranked parameters are the half-saturation
concentration of bacteria, the bacterial decay/removal rate, and infection rate from the environment to human.
Hence, this study identifies the parameters that should be targeted for effective typhoid fever control in a community.
Other parameters with high a PRCC ranking (but not as high as the most sensitive parameters) are the human death
rate and recovery rate of typhoid from the carrier-class of humans.

(iv) Finally, the wavelets analysis is performed to examine the local periodicity of the typhoid cases data illustrated in
Fig. B.1. Our results indicate a significant 1-year periodicity in the typhoid cases data.

Finally, this work employed an SEIR-based model to study and qualitatively analyzed the TF transmission dynamics
in Taiwan, China and to shed light on the transmission of the TF epidemic with the effect of public health education
programs. We also highlighted some vital epidemic parameters that should be emphasized for mitigation and control of
TF epidemic in Taiwan, China. We noticed based on our results that environmental sanitation, public awareness campaigns,
and provision of quality water supply are key factors to control the TP outbreaks, and can help to maintain TP transmission
at a low level with minimal socio-economic disarray. Therefore, our results can have an important role in the public
health for the design of sustainable policy that could generate a continuous and imperishable plan for controlling the TF
outbreaks.

This study has some limitations, such as we plan to qualitatively analyze the non-autonomous version of the model; we
plan to incorporate seasonality; finally, we plan to extend the model by incorporating an age-period-cohort model to find
the best way to disseminate information about the TF outbreaks in population to timely and effectively prevent/control
unexpected outbreaks in the future.
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Appendix A. Proof of global stability analysis of the EE

Proof. Define a Lyapunov function as follows:

S I C
V(t) =g((S—S*—S*"In S—*) +gi(I —I*—I*In I—*)—i—gz(C —C*—=C*In EH_

B A (A1)
g3(B—B* — B*In E) + g4(A—A* —A*In ;)'
Thus, the Lyapunov derivative computed along solutions of the systems (2.1) is given by
; S* .. I* . c* .. B* . A* .
V(t) =gi(1 - ?)5 +gi(1- 7)1 +8(1 - ?)C +g3(1 - E)B+g4(1 - X)A' (A2)
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Substitutingg; =g, =g =1,83 = (%) ngK +apiC*),and g4 = —S , (and the fact that the arithmetic mean is greater

than or equal to the geometric mean [54,55]), we have

. S* I S I
Vit) < BTS2 - = — - - ARNL
S I Bt BT

s* 1 BSIC BiC
aBiCS 2 — - — — — 4 < ﬂj
S I* pistCt T pick
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61 c*x B* BC*
Note that by direct calculation, and using condition (3.8), we have that:

S* I B1S Bil

1+

1+

( + 1]+

+ 1].

2 _____ =
[ S I IS+ ;‘I*]
1 BB;I* S* S BB 1 B
RGO & (e R T
BiI* B*g11 S Bys* Byl I¥ B* (A5)
s* B1S BgI* I B .
S (F D= — D= (A - =
S p*S* B*B41 I*  B*
S* B1S BBII* I B B B I I
—In(— ——+4+ —=]=[=——-In(—)— — +In(=2)].
[ H(Sﬂ;"S*B*ﬂﬂ) I*+B*] [B* n(B*) 1*+“(1*)]
Similarly, using condition (3.9), we have
s* 1 B1SI*C ﬂ1 C I I
2— — — — — — —In(—)— — +1In(— .
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And also, using condition (3.10), we have

st 1 BsrrE g B C C I I
[2—?—1—*— - BHE 4 *B;*K 1 5[5_1n(3)_1_*+m(1_*)]' (A7)
:325 IB*+K 162 B*+K

Following [27,50,54,56,57], the function v(x) = 1 — x 4 Inx, then, if x > 0 it leads to v(x) < 0. And if x = 1, v(x) = 0, so
that x — 1 > In(x) for any x > 0. Thus, we have

. B I
V() < /3*1*5*[3 —In (—) T +In (—)]+
I I
apiC 5*[— —lﬂ(—)— I_* +In (I*)]+
B*S* C
S =y — Lot
’BZB*+K[C* (C*) I*+ﬂ( N+
B*S* 1
— + In(— A8
'BZB*—H( I* ( o) — H(C*)H' (A.8)
I C C
apiC” 5*[— - lﬂ(l*)— ot lﬂ( -+
I B
] [ H(I*) B*+ ( -+
B
(22— — In(—) — — + In(—
Bi ((9)[C* ( =) B*+ ( -l
Hence, the conditions (3.8)-(3.10) and (A.1)-(A.8) ensure that 9 < 0 provided that & —In & < £ —In £. Furthermore,

the strict inequality ‘fj—‘t’ = 0 holds only for S = S*, I =I*,C = C*, R = R*, B = B*, A = A*. Thus, the E* (1 e., EE state) is
the only positive invariant set to the system (2.1) contained entirely in

{S.1.C.RBA)e2:S=S"1=I"C=C"R=R",B=B"A=A"}.

Hence, it follows from the LaSalle’s invariance principle [41] that every solutions to the equations in (A.8) with initial
conditions in §2 converge to E*, as t — oo. Therefore, the (positive) EE, E*, is GAS.

Appendix B. Wavelets analysis
In order to examine the local periodicity of the typhoid cases data, a wavelet analysis adopted from [31,58,59] was

performed, and depicted in Fig. B.1. The red regions indicate significant periodicities. We fixed the base wavelet, u(t),
to be the Morlet wavelet. The wavelet transformation is given by Z, 4,(¢2, ¢3) = ffzo d1(t) - u;;zm(t)dt. The term Z

represents the wavelet coefficient, which represents the contribution of each base wavelets (u) with given wavelet scale

23.4

period

0.0

calendar date

Fig. B.1. The power spectra for the wavelet periodicity in the typhoid cases time series. The red regions represents dominant periodicity, and blue
denotes low levels of inferred periodicity. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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(¢2) and the time position (¢3). The function ¢(t) denotes the time series of typhoid fever outbreaks, while the term
u* denotes the complex conjugation of the base wavelet (u). Hence, the wavelet reconstruction can be calculated by the
linear combination of each pair of Z(¢,, ¢3) and ug, 4,.
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