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1 Introduction

In multi-criteria scheduling, we have m scheduling objective functions f), f@ ... fm)
to be minimized. In this paper we only consider the regular scheduling objective functions,
whereby a scheduling objective function f is regular if it is a function nondecreasing in
the completion times of the jobs. Let o be the machine environment and 3 the processing
requirements of the jobs. The following three types of problems are often studied in
multi-objective scheduling research.

Constrained Scheduling Problem (CSP): o|g|f™ : f& < X; Vi=1,2,--- ,m — 1,
where X, Xo, -+, X,,_1 are m — 1 given threshold values. The goal of the problem
is to find a feasible schedule 7 that minimizes f™(7), subject to the constraint that
fO(m) < X fori=1,2,--- ,m—1.

Weighted-Sum Scheduling Problem (WSP): «|8] Y7 \i 9, where A1, Ao, -+, A,
are positive weights. The goal of the problem is to find a feasible schedule 7 that minimizes

Yoy Aif ().
Pareto Scheduling Problem (PSP): «|3|(f®, f®,--., f™), where the third field

indicates that there are m independent minimization criteria. The goal of the problem is
to find all the Pareto-optimal points and their corresponding Pareto-optimal schedules.
We give the formal definitions of Pareto-optimal points and Pareto-optimal schedules in
Section 2.1.

As observed by Hoogeveen [15], and T’Kindt and Billaut [27], there are some basic
relations between the above three types of problems. Results on the CSP can be taken
as preprocessing for research on the corresponding WSP and PSP. The N P-hardness of
the CSP or WSP implies the N P-hardness of the corresponding PSP. The polynomial
solvability of the PSP implies the polynomial solvability of the corresponding CSP and
WSP (although the time complexity for solving such problems may sometimes be very
different). Moreover, each optimal schedule for the WSP is also a Pareto-optimal schedule
for the corresponding PSP. For convenience, we use

a|ﬁ|{f(1),f(2), . 7f(m)}

to denote all the above three multi-criteria scheduling problems.

In this paper we consider multi-criteria scheduling on a single machine with release
dates and preemption. So ais 1 and 3 is “r;, pmtn”. Moreover, the m scheduling criteria
are of the max-form. Consequently, we express f(1), f) ... £ a5 fégx, fr(fgx, cee fr(n";))(,

respectively, in the sequel.

Problem Formulation: We present the problems studied in this paper in the multi-
agent scheduling framework introduced by Agnetis et al. [1] as follows: We are given n
jobs J ={1,2,--- ,n}, where each job j has a release date r; > 0 and a processing time
p;j > 0, that are to be scheduled preemptively on a single machine. There are m agents
{1,2,--- ,m} and m subsets 7, J@ ... Jm™ of 7, where J® is owned by agent i
and the jobs in 7@ are called the jobs of agent i for i = 1,2,--- ,m. We use n; = |J@|
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to denote the number of jobs of agent . Then a natural assumption is that

Moreover, each job j € J® has a due date d;i) and a weight wj(»i) > 0 with respect to

agent 7, 1 <1 < m. We assume in this paper that all the data rj,pj,dy), and wj(-i) are
integers.

Given a schedule 7 of the n jobs, we use the following notation throughout the paper.
e C;(m) is the completion time of job j under schedule 7.

o F;(m) = Cj(m) —r; is the flow time of job j under schedule 7.

o f;i)(C’j (7)) is the cost of job j € J@ with respect to agent i in schedule 7, where fj(l)()
is a nondecreasing function over [0, +00).

o Lg-i)(ﬂ') = Cj(m) — dg.i) is the lateness of job j € J® with respect to agent i under
schedule 7.

o Tj(i) (m) = max{0, C;(m) — df)} = max{0, Lgi) (m)} is the tardiness of job j € J® with

respect to agent ¢ under schedule 7.

. w§i)Cj(W) is the weighted completion time of job j € J® with respect to agent i under
schedule 7.

) I(rf;x(w) = max{C;(r) : j € W} is the makespan of agent i under schedule .

° Fg;x(w) = max{Fj(r) : j € JD} is the mazimum flow time of agent i under schedule
.

o L () = maX{LEi)(W) 7 € JW} is the maximum lateness of agent i under schedule
.

o Tégx(W) = max{fl}gi)(w) 5 € JW} is the mazimum tardiness of agent i under schedule
.

o WC’r(ﬁgX(ﬂ) = max{wéi)Cj (m) : j € JD} is the mazimum weighted completion time of
agent ¢ under schedule 7.

o ISQLX( )= max{f(i (7) : 7 € JD} is the mazimum cost of agent i under schedule 7. We

call fmax the scheduling ob JeCtIVG functlon of agent 7. Then each of the objective functions
C’r(rf)ax, angx, ;’ax, Tr(m)m7 and WO, is a specific choice for fmax

According to Agnetis et al. [1], there are two typical versions of multi-agent scheduling
models related to our research as follows:

~ I gW, g@ o 70 are mutually disjoint, then the m agents are called competing
agents. In this case, we add CO in the f field to describe the scheduling problem and call
it CO-agent scheduling. Then we denote our CO—agent scheduling problems by

1|r;, pmtn, CO\{fm

ax7 ax’ max}

I gW @ o T are not restricted to be mutually disjoint, then the m agents
are called non-disjoint agents. In this case, we add ND to the  field to describe the
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scheduling problem and call it ND-agent scheduling. Then we denote our ND-agent
scheduling problems by
Llry, pmtn, NDI{fi fhe -+ fUi}

ax? J max? max

It is evident that CO-agent scheduling is a special version of ND-agent scheduling.

The classical multi-criteria scheduling problem to minimize m max-form scheduling
criteria is in fact another special version of ND-agent scheduling. In this case, we have
TN =70 =... = 70" = 7. Since the m agents have identical sets of jobs, we add ID
to the 3 field to describe the scheduling problem and call it ID-agent scheduling. Then
we denote our ID-agent scheduling problems by

1|Tj7 pmtn, IDHfIEllgx’ frganzxv e 7f1(nrg))<}

Research Motivation: The scheduling problems considered in this paper are motivated
by cooperation and competition of multiple agents, where each agent can be regarded as a
firm, a factory, or an investor. When several agents cooperate to work on a joint project,
each agent seeks to minimize its own loss or maximize its own profit, yet they need to
work cooperatively to complete the project. So the scheduling of the joint activities of the
agents in carrying out the project needs to strike a proper balance between the benefit
and cost to each participating agent. As stated in Agnetis et al. [2], management prob-
lems in which multiple agents compete on the usage of a common processing resource are
receiving increasing attention in different application environments and different method-
ological fields. Agnetis et al. [l] presented applications of multi-agent scheduling in
various contexts, including job re-scheduling, railway scheduling, aircraft landing, multi-
project scheduling, cross-docking distribution, and communication network. T'Kindt and
Billaut [27] discussed applications of multi-criteria scheduling in the contexts of bottle
manufacturing, electroplating and chemical processing, steel manufacturing, car assem-
bling, cheque processing, transport scheduling, timetabling, sports scheduling, and satel-
lite scheduling. The common feature in these examples is that m agents with different
objectives work together to perform n jobs.

Literature Review: Multi-criteria scheduling research has been rapidly developing
in the past two decades. Some classical results play important roles in the research
on this topic. For example, Hoogeveen [I1] addressed the two-criteria scheduling
problems 1][{ faen fggx} and the three-criteria scheduling problems 1||{ SO 1 e
and Hoogeveen and van de Velde [16] addressed the two-criteria scheduling problem
1{>_ Cj, fmax}- The methodologies applied in these studies, which are commonly adopted
in subsequent related research, have helped the development of this research stream.
Multi-criteria scheduling has become a very popular topic in scheduling research. With
over a thousand papers published on this topic, Hoogeveen [15], Nelson et al. [21], T’kindt
and Billaut [27], and Agnetis et al. [1] provided comprehensive reviews of the related re-
search results.

Multi-agent scheduling models were first introduced by Agnetis et al. [2], and Baker
and Smith [5]. Some early research on multi-agent scheduling can be found in Agnetis
4
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et al. [2, 3], Baker and Smith [5], Cheng et al. [%, 9], Ng et al. [22], and Yuan et al.
[32]. The phenomenal growth of multi-agent scheduling has confirmed its importance in
scheduling research. Some recent research on multi-agent scheduling includes Agnetis et
al. [1], Gao and Yuan [!1], Gao et al. [12], He and Leung [13], Li et al. [20], Oron et al.
[23], Sadi and Soukhal [21], Sadi et al. [25], Yuan et al. [31], and Yuan [28, 29, 30].

In this paper we only consider the max-form scheduling criteria. We summarize the
most related known results in Table 1.

Table 1: The complexity results of related research in the literature.
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Problem Complexity Reference
1|ID|frmX O Yi<m—1 O(mn?) Hoogeveen [11]
1|ID|)\1frg11£X + Ao 2 O(n*) Hoogeveen [11]
1[ID|( ng,fmax) O(n*) Hoogeveen [14]
1|ID]LH?&X - L9, O(nlogn) Hoogeveen [11]
1[ID| Ay Like + Ao LG O(n®logn) Hoogeveen [14]
1ID| (L5, L) O(n?logn) Hoogeveen [11]
1|ID])\1f(1) + )\gf@) + A f O(n?) Hoogeveen [11]
LID| (£, £, £33 O(n?) Hoogeveen [11]
1ID| >, A S Strongly N P-hard Hoogeveen [11]
1|7’J,pmtn ID|fmax - 19 O(n?) Sourd [20]

1|r;, pmtn, ID|X\ Pk + M fl O(n*) Sourd [20]
1|7"J,pmtn ID|( N ggx) O(n*) Sourd [20]
1|CO|fmaX - i O(n?) Agnetis et al. [2]
1|CO|)\1fmaX + /\er(fgx O(ninyn?) Agnetis et al. [2]
1CO| (£, £ O(ninyn?) Agnetis et al. [1]
1|CO|LI(§2IX: LS O(nlogn) Yuan et al. [32]
1|COIN L + M L% O(ninan) Yuan et al. [32]
HCO](LI(&;X, Lg;x) O(ninan) Agnetis et al. [1]
1|CO|{C’mla)LX,C( ax | O(n) Agnetis et al. []
1|CO|f5m) - fmax i<m-—1 O(n?) Agnetis et al. [3]
LICOIY N i), with fixed m | O(n) Agnetis et al. []
LICOIY " N L(ZaX with fixed m | O((ny---ny,)™nlogn) | Agnetis et al. [1]
HCO|> " N f max With fixed m Pseudo-polynomial time | Cheng et al. [9]
1|CO, wj(Z —wD| " AWCS | O(n+mlogm) Cheng et al. [9]
1/COI T, Wofg'gx Strongly N P-hard Cheng et al. [J]
1|Co| >, LY. or S T, Binary N P-hard Cheng et al. [9]
1|COo| >, ALy or o AT | Strongly N P-hard Yuan [25]

1|r;, pmtn, CO| £« £l O(n?) Leung et al. [19]
1|ND]{C$2X, cll, O(n) Agnetis et al. [1]
1|ND]L§§aX - L0 O(nlogn) Agnetis et al. [1]
1IND| £ £, O(n?) Agnetis et al. [1]
1|ND| zm AL with fixed m | O(n) Agnetis et al. [1]
1ND|fimd - f i <m —1 O(mn?) Agnetis et al. [I]

Methodology Discussion: For problem 1|prec|fmax, Lawler |
algorithm, called Lawler’s rule, for solving the problem. Lawler’s rule has a huge impact on
scheduling research. Almost all the studies concerning the max-form scheduling criterion
may use Lawler’s rule or its derivatives. For example, Baker et al. [!] presented an O(n

6
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algorithm to solve problem 1|r;, pmtn|fn.. and Hoogeveen [14] presented an O(mn?)
algorithm to solve problem 1Hf§$3i LD < X Vi = 1,2,---,m — 1. In Section 3 we
extend the results in Baker et al. [1] and Hoogeveen [11] to devise a method to solve

the constrained ND-agent scheduling problem 1|r;, pmtn, ND| fm3LX : féf;x < X; Vi =
1,2,- —1.

The “e-constraint method” (see Hoogeveen [15] and T’kindt and Billaut [27]) is an
efficient way to solve the Pareto scheduling problem «|5|(f, g), where f and g are two
regular scheduling objective functions to be minimized. The idea underpinning the e-
constraint method is as follows: Suppose that © is a number such that the constrained
problem «|B|g : f < & is feasible. Lety be the optimal value of problem a|Blg : f < & and
let x be the optimal value of problem o|B|f : g <y. Then (z,y) is a Pareto-optimal point
of problem |B|(f, g).

As described in Hoogeveen [15] and T’kindt and Billaut [27], the e-constraint method
can be used to generate all the Pareto-optimal points of problem «|S|(f, g) by iteratively
solving problems a|flg : f < x and «|B|f : g < y.

Agnetis et al. [2] studied the Pareto CO-agent scheduling problem 1|CO|(f®), f(B))
using the “schedule-structure analysis” approach, where there are two competing agents
A and B with scheduling objective functions ) and f®) respectively. They showed
that, for X € {A, B}, if f) =Y C’;X), then the X-jobs are scheduled in the shortest

processing time (SPT) order in a Pareto-optimal schedule, and if f(X) = ij&, then the
X-jobs are scheduled in the earliest due date (EDD) order in a Pareto-optimal schedule.
Applying the schedule-structure analysis approach, Agnetis et al. [2] showed that the
Pareto CO-agent scheduling problems 1|CO|(3_ C (4) LH@() and 1\00\( L EI@X) are
polynomially solvable. Following Agnetis et al. [ |, Agnetis et al. [3], Cheng et al.
[8, 9], Oron et al. [23], and Yuan et al. [32] also adopted the schedule-structure analysis
approach to address related problems in their studies.

For the Pareto scheduling problem o|g|(fM, f®) ... | f(™) we present in Section 2.1
two lemmas (Lemmas 2.1 and 2.2) to replace the role of the e-constraint method. For the

case where each of the objective functions fmax, i=1,2,--+,m, is lateness-like (defined
in Section 2.3), our problem 1|r;, pmtn, ND|( max, fmax, cee él";))() can be solved by a new
technique by guessing the Pareto-optimal points through some elaborately constructed

schedule-configurations.

It is noted that we use in this paper the Pmtn-LS schedule (defined in Section 2.2)
for scheduling jobs with release dates and preemption. Based on some basic properties of
the Pmtn-LS schedule, we can only consider permutations of the jobs for scheduling. We
believe that this technique can be effectively used to address other scheduling problems
with release dates and preemption.

Our Contributions: In this paper we study the single-machine multi-agent schedul-
ing problem 1|r;, pmtn, A\{fmax,f(2gx,~ ,fm”;X} where A € {ND,ID,CO}. For most
cases, we assume that each fmax is a lateness-like objective function, i = 1,2,...,m. We
summarize our main findings in Table 2
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Table 2: Complexity results of polynomially solvable problems in this paper.

m r;, pmtn Agent | Problem r(rfix Time complexity References

Any | r;,pmtn ND CSp Regular O(mn?) Theorem 3.1
Any rj, pmtn ID CSP Regular O(mn?) Theorem 3.1
Any | r;,pmtn CcO CSpP Regular O(n?) Theorem 3.2
Any r; = 0,n0 pmtn | ND CSP Lateness-like | O(mn + nlogn) Theorem 3.4
Any | r; =0,no pmtn | ID CSp Lateness-like | O(mn + nlogn) Theorem 3.4
Any r; = 0,n0 pmtn | CO CSP Lateness-like | O(nlogn) Theorem 3.4
Fixed | r;, pmtn ND PSP Lateness-like | O((ny -+ ny,)™ n?) Theorem 4.2
Fixed | r;, pmtn ND WSP Lateness-like | O((nq -+ ny,)™ tn?) Theorem 4.2
Fixed | rj, pmtn D PSP Lateness-like | O(n™ —m+2) Theorem 4.2
Fixed | r;, pmtn ID WSP Lateness-like O(an_m"’Q) Theorem 4.2
Fixed | r;, pmtn CcO PSP Lateness-like | O((nq -+« nm,)™ 'n) Theorem 4.5
Fixed | r;, pmtn CcO WSP Lateness-like | O((ny - n,)" In) Theorem 4.5
Fixed | r; = 0,no pmtn | ND PSP Lateness-like | O((ny -+ n,,,)™ Tnlogn) | Theorem 4.3
Fixed | r; = 0,no0 pmtn | ND WSP Lateness-like | O((n1---n,,)™ nlogn) | Theorem 4.3
Fixed | r; = 0,no pmtn | ID PSP Lateness-like | O(n™ ~™+1logn) Theorem 4.3
Fixed | r; = 0,no pmtn | ID WSP Lateness-like O(nm2_m+1 log n) Theorem 4.3
Fixed | r; = 0,n0 pmtn | CO PSP Lateness-like | O((n1 ---n,,)" " In) Theorem 4.5
Fixed | r; = 0,n0 pmtn | CO WSP Lateness-like | O((ny -+ n,)" 1n) Theorem 4.5

Moreover, we show that the weighted-sum multi-agent scheduling problems 1|ID, p; =

1S WOk,

11D, p;

135 L

(2)

maxs

11D, p;

= 1|7 T,

>, AT, and 1|CO,p; = 11>, W, are strongly N P-hard.

and 1|CO,p;, =

Organization of the Paper: We organize the rest of the paper as follows: In Section
2 we present some preliminaries. In Section 3 we show that the constrained multi-agent
scheduling problems are polynomially solvable. In Section 4 we show that, when m is fixed
and the scheduling criteria are lateness-like, the multi-agent Pareto scheduling problems
are polynomially solvable. In Section 5 we provide strong N P-hardness results for some
restricted weighted-sum multi-agent scheduling problems. We conclude the paper and
suggest topics for future research in Section 6.

2 Some preliminaries

In Section 2.1 we formally define the Pareto scheduling problem and provide some basic
properties. In Section 2.2 we introduce the Pmtn-LS schedule for scheduling jobs with
release dates and preemption, followed by some discussions. In Section 2.3 we introduce
the lateness-like criteria and the EDD-like permutations.

2.1 Pareto scheduling problems

Consider the Pareto scheduling problem og|(f®), f&) ... f™). The objective vec-
tor of a feasible schedule 7 is given by (fM(x), f@(x), -, f™ (7). An m-vector
(X1, Xo, -+, X)) is called a Pareto-optimal point if there is a feasible schedule 7* such

8
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that (f0(x*), fO (%), -, f™ (7)) = (X1, Xa,- -+, X,n) and there is no feasible sched-
ule ™ with
(f(l)(,]r)a f(z)(’/r)> o 7f(m)(7r)> < (Xla X27 e 7Xm)7

ie., fO(r) < X; for all i and at least one of the inequalities is strict. In this case, 7* is
called a Pareto-optimal schedule corresponding to (X, Xa, -+, Xpn).

The following lemma is directly implied from the above definition.

Lemma 2.1. Let (X3, Xy, -+, X,,) be a Pareto-optimal point. Then each optimal sched-
ule of the constrained scheduling problem

alplf™ fO <X Vi=1,2,-- ,m—1
is a Pareto-optimal schedule corresponding to (X1, Xa, -+, Xpn).

Suppose that we are given a set of m-vectors X and we are informed that X includes

all the Pareto-optimal points of problem a|3|(fM, f®, ..., ™). Usually, some vectors
in X may not be Pareto-optimal. Then a question arises: How do we determine whether
or not a vector (Xi, Xo, -+, X,,) € X is Pareto-optimal? We provide the following lemma

to address the question.

Lemma 2.2. Let (X, Xs, -+, X)) be an m-vector. Then (X1, X, -+, X,) is a
Pareto-optimal point of problem o|B|(f0), f3, .- f™) if and only if, for each k €
{1,2,--- ,m}, the constrained scheduling problem

alIfN: fO < X Vi# k

1s feasible and has the optimal value Xj.

Proof. The necessity (=) is implied in Lemma 2.1 directly.

To prove the sufficiency (<), we suppose to the contrary that (X, Xs, -+, X,,) is
not a Pareto-optimal point. Since, for each k € {1,2,--- ,m}, the constrained schedul-
ing problem «of|f® : fO < X, Vi # k, is feasible and has the optimal value Xj,
we conclude that there must be a Pareto-optimal point (X7, XJ,---, X/ ) such that
(X1, X5, X)) < (X1, Xa,-+, X,,). Let @’ be a Pareto-optimal schedule correspond-
ing to (X7, X%,---, X)) and let k € {1,2,--- ,m} be such that X; < Xj. Then 7’ is a
feasible schedule for problem «|3|f*) : f) < X; Vi # k. The fact that f®)(7') = X} < X},
implies that the optimal value of problem «|3|f® : f® < X; Vi # k is less than X},. This
contradicts the hypothesis. The lemma follows. U

2.2 Pmtn-LS schedule
A nonpreemtive schedule 7 = (w(1),7(2),--- ,m(n)) of the n jobs J = {1,2,--- ,n} is

called a permutation schedule if the jobs are scheduled consecutively without preemp-
tion from time 0 to > 7 | p; in the order m(1),7(2),---,m(n). In this case, we have

9
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Cr)(T) = Dr) + Pr2) + -+ + Pa(jy for 7 = 1,2,--- ,n. Given a regular scheduling
objective function f(-), it is well known that the optimal value of problem 1||f can be
achieved by a permutation schedule. We will see that the feasible schedules for problem
1|r;, pmtn|f do not differ much from the permutation schedules.

Given a permutation (list) 7 = (w(1),7(2),--- ,m(n)) of the n jobs J = {1,2,--- ;n},
the following algorithm, called Pmtn-LS(7), generates a feasible preemptive list schedule
for problem 1|r;, pmtn|f.

Pmtn-LS(7): Schedule the jobs preemptively using the strategy that, at any decision
point 7 (when some jobs are completed or some jobs are released), schedule the remaining
part of the first available job in the list 7. By “a job is available at time 7”7, we mean
that the job is released by time 7 and has not been completed. The schedule obtained by
Pmtn-LS(7) is called the Pmin-LS schedule determined by .

As given in Yuan et al. [31], Pmtn-LS(7) can be implemented in the following way: We
first schedule job 7(1) as early as possible. When the first j jobs in m have been scheduled
and j < n, we schedule the (j+ 1)-st job w(j + 1) preemptively in the remaining idle time
space as early as possible. We repeat this procedure until all the jobs are scheduled.

In the above discussion, the term “time space” is understood as “a set of time intervals”
or “a set of time periods”. We use such a term repeatedly in the following discussion.
For example, the time space occupied by a schedule 7 refers to the set of time intervals
in which the machine is busy in 7.

Yuan et al. [31] showed that each of the above two implementations of Pmtn-LS(7)
runs in O(nlogn) time. For convenience, for a permutation © = (w(1),7(2),--- ,m(n)),
we also use 7 to denote the Pmtn-LS schedule determined by 7. Then S;(7) (starting
time), Cj(m) (completion time), f;(C;(m)), and fiax(7) have their meanings.

It is noted that, for distinct permutations 7 and 7’ of the n jobs, the two Pmtn-LS
schedules determined by 7 and 7', respectively, occupy the same time space, so we have
Crax(m) = Chax(7). Based on this fact, for each J' C J, we use the following two
notation in our discussion:

e 7(J') denotes the time space occupied by a Pmtn-LS schedule of [J.

e C'(J') denotes the makespan of a Pmtn-LS schedule of J'.

Recall that the earliest release date (ERD) order of the n jobs J = {1,2,--- ,n} is a
permutation 7 = (7(1),7(2),--- ,m(n)) of the n jobs such that ryq) < rreo) < -+ < ).

Lemma 2.3. Suppose that the ERD order of the n jobs in J is given in advance. Then
T(J) and C(J) can be calculated in O(n) time.

Proof. Let m = (n(1),7(2),--- ,m(n)) be the ERD order of the n jobs in J given in
advance. Then 7,1y < 1r02) < -++ < rr(n). Given the ERD order, the schedule obtained
by algorithm Pmtn-LS(7) has no preemption. Then C;(w) = S;(7) + p; for every job j.
Set Cry = 0. From the implementation of Pmtn-LS(n), for ¢ = 1,2,--- ,n, the values

10
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Sr@)(m) and Cr(;)(m) can be calculated iteratively in the following way:

[ S0 = et et
Cr@) (™) = Sz (7) + Prii)-

Clearly, the time complexity for calculating these values is given by O(n). Especially,
C(J) = Cr(ny(m) can be calculated in O(n) time. Since T(J) = ., [Sx)(7), Criiy (7)],
T(J) can also be calculated in O(n) time. The lemma follows. O

Given a permutation 7 = (w(1),7(2), -+ ,m(n)) of the n jobs in J, for each k €
{1,2,--- ,n}, we introduce the following three notation:

o 7|y = (w(1),7(2), - ,m(k)), which restricts the permutation 7 to its first k& jobs.
o 7 ={m(1),m(2),--- ,m(k)}, which is the set of the first k jobs in the permutation

o Sf ={j:C;(m) < Ck(m)}, which is the set of jobs completed by time C(m) in 7.
From the implementation of Pmtn-LS(7), we have
Crry () = C(Srny) < C(IY) = Cimax(w|i) for all k = 1,2, ,n. (2)

Note that all the values in (2) can be obtained in O(nlogn) time by running algorithm
Pmtn-LS(). For the case where r; = 0 for all the jobs, all the values in (2) are given by
Pr(t) + DPr2) + -+ Py, K =1,2,- - ,n, so they can be obtained in O(n) time.

Lemma 2.4. The Pmin-LS schedule dominates all the feasible schedules, i.e., for every
feasible schedule o of the n jobs, there is a permutation © of the n jobs such that C;(m) <
Oj(o_); ] = 1727"' ,

Proof. For a given feasible schedule o of the n jobs, let # = (n(1),7(2),---,7(n))
be the permutation of the n jobs so that Cruy(0) < Cra(o) < -+ < Crmy(o).
Given j € {1,2,--- n}, let k be the index such that w(k) = j, i.e., j is the k-th
job in the permutation w. Then J7 = {n(1),7(2),---,mw(k)}. Slnce Pmtn-LS(7|x)
schedules the jobs in J;' preemptively as early as p0881b1e we have Chax(m|p) <
max{Cr1)(0),Cr2)(0), - ,Cri)(0)} = Cray(o). From (2), we conclude that C;(7r) =
Criiy (1) < Crax (7)) < Criy(0) = Cj(0). This proves the lemma. O

Since we only consider regular scheduling objective functions, from Lemma 2.4, it
suffices to consider the Pmtn-LS schedules in the rest of the paper.

Note that C(J7) < C(J5) < --- < C(JF) for every permutation m =
(1),7(2),--- ,m(n)). Moreover, from (2), we have Cry(7m) < C(J7) fork =1,2,--- | n,
t we cannot guarantee the equalities because of the release dates. A permutation
(m(1),m(2),--- ,m(n)) is called completion-coinciding if Crqy(7) < Cray(m) < -+ <
ny(m).  For completion-coinciding permutations, we clearly have S;r(k) = JJ and

w(m) = C(S5y) = C(IF) for k=1,2,--+ ,n, s0 C(JT) < C(JF) <+ < C(T7).

Not all the permutations are completion-coinciding. However, the following lemma
enables us to consider completion-coinciding permutations if necessary.

(m

bu
T =
Cr(
Cr(

11
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Lemma 2.5. For each permutation m, the new permutation © obtained from m by listing
the n jobs in increasing order of their completion times in m is a completion-coinciding
permutation such that Pmin-LS(m) and Pmin-LS(m*) generate the same schedule, imply-
ing Cj(m*) = Cj(m) for j=1,2,--- ,n.

Proof. Let m = (w(1),7(2),--- ,m(n)). If 7 is a completion-coinciding permutation, we
have nothing to do. Then we assume in the following that 7 is not completion-coinciding.

Let k be the largest index in {1,2, -+ ,n} such that Cr)(7) < Crq) () for some index
i with ¢ < k. For our purpose, we may choose the index ¢ such that Cr;(m) = C(J[).
From the choices of k£ and i and from (2), we have

CW(J')(ﬂ—) < Cﬂ(i)(ﬁ) = C(jkﬂ) for j € {17 2, >k} \ {Z} (3>

and
Cﬂ(i)(ﬂ) < Cﬂ-(kdrl)(ﬂ-) < Cﬁ(k+1)(ﬂ') < - K Cﬁ(n)(ﬂ'). (4)

If rry <max{Cry:j=1+1,i+2,---, k}, then there is some index j € {i +1,i+
2,---,k} such that rr;)y < Cr¢)(m). Since @ < j, job 7(i) takes precedence of job 7(j) in
permutation w. From the implementation of algorithm Pmtn-LS(7), job m(j) completes
after job 7(7) in Pmtn-LS(m). This means that Cr)(m) > Cr(m), contradicting the
inequality in (3). Consequently, we have

T'r(3) > maX{Oﬂ'(j) j=1+Lle+2,-- 7k} (5>

Let 7' = (7'(1),7'(2),--- ,7'(n)) such that

Wj)v forj=1,2,---,i—1,

(
(
m(j+1), forj=id,i+1,--- k-1,
(
(

=9 (6)

i)

, for j =k,
7(4),

forj=k+1,k+2,--- n.

Then 7’ is the permutation obtained from 7 by shifting (i) to the position after 7(k).
When we run algorithm Pmtn-LS(7’), from the first line in (6), the schedule for the ¢ — 1
jobs ©'(j) = 7(j), 1 < j <i—1, in Pmtn-LS(7’) is the same as that in Pmtn-LS(7).
From (5) and from the second line in (6), the schedule of the k — ¢ jobs 7'(j) = 7(j + 1),
i <j <k-—1,in Pmtn-LS(7’) is the same as that in Pmtn-LS(7). So, just when the k£ —1
jobs 7'(1),7'(2),- -+ ,n’(k — 1) are scheduled in Pmtn-LS(7’), the time space occupied by
job 7'(k) = m(i) in 7 is still idle. It follows that the schedule for job 7/(k) in Pmtn-LS(7")
is certainly the same as that in Pmtn-LS(7). From the first three lines in (6), we know
that J7 = J7, so T(JT) = T(JF). Thus, from the last line in (6), the schedule for the
remaining n — k jobs ©'(j) = 7(j), k +1 < j < n, in Pmtn-LS(7’) is the same as that in
Pmtn-LS(7).

The above discussion reveals that 7w and 7’ satisfy the following three proper-
ties: (i) The two algorithms Pmtn-LS(7") and Pmtn-LS(7) generate the same sched-
ule, (11> Cw(k)(ﬂ-> < C(jkw) < CTr(k—i-l)(Tr) < CTr(k-I—Q)(ﬂ-) < - < Cﬂ(n)<ﬂ-)7 and (111>

12
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Coe—y() < C(TF) = Crpy(7') < Corggrny(7') < +++ < Crgy(n').  Consequently,
by at most n — 1 repetitions of the above procedure, we eventually obtain a permutation
™ = (7*(1),7*(2),--- ,7*(n)) of the n jobs in J such that Pmtn-LS(7*) and Pmtn-LS(7)
generate the same schedule and Cr1)(7*) < Crea)(m*) < -+ < Cre(n)(7*). Now we
complete the proof by noting that 7* is obtained from 7 by listing the n jobs in increasing
order of their completion times in 7. O

Suppose that J’ is a nonempty subset of J = {1,2,--- ,n}. A job z € J’ is called
interfering with respect to J' if C(J'\ {z}) < C(J’). Note that if r; = 0 for all the jobs,
then all the jobs in J' are interfering with respect to J'. But in the general environment
“rj,pmtn”, it is not the case.

Lemma 2.6. Suppose that J' and J" are two subsets of J such that J' < J". If
C(J") < C(T"), then there is an interfering job x with respect to J" such that x € J"\J'.

Proof. Note that J” is the disjoint union of 7" and J”\ J’'. Let m be a permutation of the
jobsin J"” such that the jobs in J” are listed before the jobs in J”\J’. Then the maximum
completion time of the jobs in J' is given by max{Cj(7) : j € J'} = C(J’) and the
maximum completion time of the jobs in J” is given by max{C;(x) : j € J"} = C(J").
Let = be the last completed job in 7, i.e., Cp(w) = C(J"). Then C(J" \ {z}) < C(T").
Since C(J') < C(J"), we have x € J" \ J'. Thus, z is a required interfering job with
respect to J”. The lemma follows. O

Since the original proposition is equivalent to its converse negative proposition,
Lemma 2.6 can be equivalently stated in the following form:

Lemma 2.6". Suppose that J' and J" are two subsets of J such that J' C J". If every
job in J"\ J' is not interfering with respect to J", then C(J") = C(J").

Lemma 2.7. Let 7 = (w(1),7(2),--- ,7(n)) be a completion-coinciding permutation of
the jobs in J, and let x and k be two indices with 1 < x < k < n. Let © be the new
permutation obtained from m by shifting w(x) to the position just after mw(k), i.e.,

7 =(x), - ,7(lx—1),7(x+1), - ,7(k),n(x), 7(k+ 1), -, m(n)).
Then we have
(1) Cria)(7') = Crory (') < iy (),
(11) C;(n") < Cj(m) for every job j € J\{m(x)},
(111) C;(n') = Cj(m) for every job j € {m(k+1),7(k+2),--- ,m(n)}, and
(w) if w(x) is an interfering job with respect to JT, then Crupy(n') < Crp(n') =
Cr iy (7).

Proof. Recall that J7 = {n(1),7(2),---,7(h)} for h € {1,2,--- ,n}. Since 7 is a
completion-coinciding permutation of the jobs in J, we have

Crn) () = Cax(|n) = C(Jy) for h € {1,2,--- ,n}. (7)

13
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The definitions of 7, 7/, x, and k imply that 7(z) = 7'(k) and J7 = J7. From (2) and
(7), we have

Cr@) (1) = Coay (1) < Craax(w'1) = C(TT) = C(TF) = Coiy (). (8)

This proves (i).

Now let j € J \ {m(x)}. Then there are some h,h’ € {1,2,--- ,n} such that j =
w(h) = 7'(h'). Note that h # x and b’ # k since j # w(z) and j # 7'(k). By the
definitions of 7 and 7', we have j,j?l C Jr (infact, if h <z —1or h > k+ 1, we have
h="hand J5 = J~, andif v +1 < h <k, we have h = ' + 1 and J% = J~ \ {n(2)}).
This implies that C(J7) < C(J7). From (2) and (7) again, we have

Cj(n") = Crry (1) < Cunax(7'|w) = C(Ti7) < C(Ti7) = Cunax(wln) = Criry () = Cj(m).

This proves (ii).

The result in (iii) follows from (7) and the fact that, for h = k+ 1,k +2,--- | n, we
have Crn) (') = C(S5,,)) = C(TY)-

To prove (iv), we assume that 7(z) is an interfering job with respect to J;7. Then we
have

Clnax(7l-1) = C(T1) = C(FF \ {7 (2)}) < Criay (), (9)

where the first equality follows from (2). From (8) and (9), the only possibility is that
Crey (') < Crrey(1") = Crnax (7)) = Cry(m), or equivalently, Cruy(7') < Crp)(n') =
Cr@iy(m). This proves the lemma. O

The above results on Pmtn-LS schedules enable us to deploy a new method to deal
with preemptive scheduling problems (with job release dates): Using C'(J’) with J' C J
as a parameter, it suffices to consider permutations of the jobs in J’. In most cases,
we need not obtain C'(J’) by generating a Pmtn-LS schedule of J'; instead, we use the
lemmas established in this subsection repeatedly. As a result, we do not consider the
release dates directly in the sequel.

2.3 Lateness-like criteria and EDD-like permutations

Consider multi-agent scheduling in which fmlax, IS?QX, x fmllx are the scheduling objective
functions of the m agents {1,2,--- m} respectively. The scheduling criterion of mini-
mizing fmaX is called lateness-like if fmax is regular and there is a permutation, denoted
by O; = (il,i2,--- ,in;), of the n; jobs in J® such that, for every time instant 7, we have

@) = () = > 12, (10)

In this case, féf&x is also called a lateness-like objective function and O; is an optimal
permutation for problem 1|r;, pmtn| fr(ﬁzlx This in fact follows from the idea for solving
problem 1|r;, pmtn|fiay in Baker et al. [1]. We call O; an EDD-like permutation of agent
i =1,2,---,m
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Given an EDD-like permutation of agent i, for each job j € J®, we use j©*) to denote
the position index of job j in Oy, i.e., j =5,

The lateness-like criterion and EDD-like permutation are so named because the prob-
lem 1|r;, pmtn|Lyayx, which minimizes the maximum lateness, has an optimal permuta-

tion in which the jobs are sequenced in the EDD order. If f max = Lmax, by setting
O; = (i1,42,--- ,in;) as the EDD order of the jobs in J@, ie., dy < dip < -+ < din,,
then the relations in (10) hold obviously. This is the intuition behind the deﬁnitions of
the lateness-like criterion and EDD-like permutation.

Some common lateness hke scheduling CIETEIE ) B LT EOVATND) (Ot dbsehe) d e dhamtorey
and WC,ax. For fmax S {C’max, HQX, Lfﬁ)ax, T n(rfz)m, WC&IX}, Table 3 depicts the correspond-
ing EDD-like permutation O; and the time complexity for generating O;.

Table 3: EDD-like permutations O; with respect to féf;x.
frgfix O; = (i1,i2,- - ,in;) Time Complexity
i, An arbitrary order O(n)

208 il ST < < T, O(nlogn)
L |[dV<d) <. <d? | O(mnlogn)
T dﬁ) < dg) << d(l) O(nlogn)
WS wg) > wg) > > w( ) O(nlogn)

We can observe from Table 3 that, for £l € {C’r(rf)ax, FS&X,LS&X,Tg&X,WC’gZ‘X}, the
corresponding EDD-like permutations O; can be obtained in at most O(nlogn) time. This
time complexity is usually dominated by the final time complex1ty for solving a multi-
agent problem. Thus, when a lateness-like criterion of minimizing fmaX is considered and
its concrete form is uncertain, we always assume that the EDD-like permutation O; is
given in advance.

3 Constrained multi-agent scheduling problems

Given an (m — 1)-vector (X1, Xo, -+, X,,_1), we consider the following two constrained
multi-agent scheduling problems

1)r;, pmtn, ND|fm) 2 0 < X, Vi=1,2,--- ,m—1, (11)

1|r;, pmtn, CO[fim) : fO < X; Vi=1,2,--- ,m— 1. (12)

Then the problem in (12) is a subproblem of the problem in (11). We take the convention
in this section that, for a time 7, a job j € J and an agent ¢ € {1,2,--- ,m},

£(r) = —o0iif j ¢ JO. (13)

A job j € J is called legal at time 7 if 7 > r; + p; and fj@(r) < X; for all 1 €
{1,2,---,m — 1}. Hence, if no job is legal at time C(J), then the problem in (11)
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is infeasible. Subsequently, we design algorithms that always check if a job j € J is
legal at time C(J). Since we clearly have C(J) > r; + p;, to check the legality of

job j at time C(J), we only need to check the relations f;i)(C(j)) < X; for all i €
{1,2,--- ,m—1}. Generally, we have the following lemma to determine the last job in an
optimal permutation.

Lemma 3.1. Suppose that the problem in (11) is feasible and let x be a legal job at time

C(J) such that fmm)(C’(j)) is as small as possible. Then there is an optimal schedule
(permutation) T = (w(1),7(2),--- ,m(n)) for the problem such that w(n) = x.

Proof. To prove the lemma, we assume that 7' = (7/(1),7'(2),--- ,7'(n)) is an optimal
completion-coinciding permutation for the problem. If 7'(n) = x, we are done by setting
7w = 7. Suppose that 7'(n) # z. Then we set 7 as the permutation obtained from 7’ by
shifting = to the last position of the permutation. From Lemma 2.7, we have C,(7) <
Crmy(r') = C(J) and Cj(m) < Cj(n') for all j € {1,2,--- ,n} \ {z}. Since x is legal
at time C(J), 7 is certainly a feasible permutation for the problem such that m(n) = «.
Now, f;m)(C’j(W)) < f;m)(Cj(ﬂJ)) < fim(a') for all j € J™ \ {z} and, from the choice
of z, we have fi"(Cy(m)) < f"(C(T)) < fU0(C(T)) = FUph (Corgmy (7)) < fl ().

Consequently, 7 is an optimal schedule with 7(n) = z. The lemma follows. O

We notice that in a feasible Pmtn-LS schedule determined by the permutation m =
(m(1),7(2),- - ,m(n)) with 7(n) = z, the maximum completion time of the jobs in J is
C(J) and the jobs in J \ {z} occupy the time space T (J \ {z}), so job z is processed in
the first p, units of time in the time space [r,, C(J)]\ T(J \ {x}), which is sufficient for
processing job x because of the feasibility of the permutation. This further implies that
assigning x as the last job in an optimal permutation does not affect the subsequent steps
to find the final optimal solution.

The above discussion enables us to present the following algorithm.

Algorithm 3.1. For the problem in (11) with given X7, Xo, -+ X, 1.

Step 1. Set J :={1,2,--- ,n} and k := n. Moreover, sort the n jobs in J in the ERD
order and denote the ERD order of the jobs by J.

Step 2. Calculate C(7) by using the ERD order J and set 7 := C/(J7).
Step 3. Generate the set £(7) that consists of all the jobs j € J legal at time 7, i.e.,

f;i)(r) < X forallie{1,2,---,m—1}. (14)

o If £(7) # 0, pick a job & € £(7) such that f™(7) is as small as possible. Then go
to Step 4.

o If L(7) =0, i.e., no job in J is legal at time 7, then terminate the algorithm and
output wnfeasibility.

Step 4. Define 7(k) = x and do the following:
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o If k> 2 then set J := 7 \ {2}, J :=J \ {z} and k := k — 1, and go to Step 2.
o If k=1, then go to Step 5.

Step 5. Output the optimal permutation = = (7(1),7(2),---,m(n)) and, if necessary,
run algorithm Pmtn-LS(7) to obtain the final schedule and calculate fim(r).

Theorem 3.1. Algorithm 3.1 solves the problem in (11) in O(mn?) time.

Proof. The correctness of Algorithm 3.1 follows from Lemma 3.1. Algorithm 3.1 has n
iterations. Step 1 runs in O(nlogn) time, which is the time used to sort the jobs in the
ERD order J. Note that Step 1 is not included in the iterations of the algorithm. Step
2 runs in O(n) time, which follows from Lemma 2.3 since the ERD order J is given in
advance. Step 3 runs in O(mn) time, which is dominated by the time used for checking
the O(mn) inequalities in (14). Step 4 runs in O(n) time. Thus, the time complexity
of each iteration of the algorithm is given by O(mn). It follows that the overall running
time of Algorithm 3.1 is O(mn?). O

For the constrained CO-agent scheduling problem in (12), since J®, 7@ ... g™
form a partition of J = {1,2,--- ,n}, the running time of Step 3 in Algorithm 3.1 is O(n).
Then the time complexity of Algorithm 3.1 reduces to O(n?) in this case. Consequently,
we have the following result.

Theorem 3.2. The problem in (12) is solvable in O(n?) time.

The result in Theorem 3.2 seems the best possible since, up to now, the best time
complexity for solving problem 1||fiax is O(n?).

When 7; = 0 for all jobs and all the m criteria are of max-lateness form, the following
two special problems can be more efficiently solved:

IND|L™ - LY < X, Vi=1,2,--- ,m —1, (15)
1colLi - LW < X, Vi=1,2,--- ,m—1, (16)

Theorem 3.3. The problem in (15) is solvable in O(mn + nlogn) time and the problem
in (16) is solvable in O(nlogn) time.

Proof. For convenience, for a job j and an agent i with j ¢ J@, we define dgi) = +4o00.
This takes the same rule as the convention in (13). Moreover, we define X (™ = 4o0.

For the ND-agent version, the restriction “L%)ax <X;Vi=12--,m—1" requires
that the completion time C; of each job j should satisfy C’j—dy) < X;fori=1,2,--- ,m—
1, which induces a deadline

d; :min{Xi+d§i):i:1,2,... ,m}

on job j, j =1,2,--- ,n. The deadlines of the n jobs can be determined in O(mn) time.
So the ND-agent problem in (15) reduces to problem 1|Jj|L§$2< in O(mn) time.
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For the CO-agent version, we only need to calculate the deadlines by setting
d; = X; + dg»i) for the unique ¢ with j € J®.

Then the deadlines of the n jobs can be determined in O(n) time and the CO-agent
problem in (16) reduces to problem 1|d; |Lmax in O(n) time.

Note that 1|0lj|LmaLX is in fact a subproblem of problem 1|d;|Lya. on the n jobs
{1,2,--- ,n}. Fort € (0,+00) and j € {1,2,--- ,n}, we define f;(t) =t—d; if t < d; and
fi(t) = +00 if t > d;. Then problem 1|d;| Ly is the same as problem 1| fia. Lawler’s
algorithm for solving this special problem can be stated as follows:

(A1): Starting at time T := 2?21 pj, schedule an unscheduled and legal job j, i.e., d>T,
with the mazimum due date d; in the interval [T —p;, 7|. Reset 7 := T —p; and repeat the
above procedure. If there are no unscheduled and legal jobs in some iteration with T > 0,
then the problem is infeasible.

For this special problem 1 |Jj|Lmax, the time complexity of algorithm A1 can be reduced
to O(nlogn) by introducing a simple data structure in the following way:

At each decision point T of algorithm A1, a list J is used to sort the unscheduled and
illegal jobs in nondecreasing order of their deadlines, and another list S is used to sort the
unscheduled and legal jobs in nondecreasing order of their due dates. Initially, J sorts all
the jobs and S is empty. We set 1 := Z? 1 pj and start the implementation of algorithm

Al. If some job in J is legal at time T, then the last j0b in j say, J, s legal at time T,
i.€., d > 7. Then we delete ] from J and insert J in the job list S by a bznary search so

that the jobs in the updated S are still listed in the EDD order. Whence J and S have
been generated in the current iteration, and S is nonempty, we pick the last job of 5, say,
1, delete v from 5, and schedule job i in the time interval [T — p;,7]. After this, we set
T := T — p; and proceed to the next iteration.

Now the time complexity O(nlogn) follows from the fact that deleting an item from
a sorted list or inserting an item in a sorted list by a binary search takes O(logn) time.

The above discussion implies that the problem in (15) is solvable in O(mn + nlogn)
time and the problem in (16) is solvable in O(nlogn) time. The result follows. O

Remark: If i), € {Cl, Fll, LO, T WCSELY for all i = 1,2,--+ ,m, we can
slightly modify the proof of Theorem 3.3 to establish the following result.

Theorem 3.4. Suppose that féi&x € {CS;X,F&X,L%X,TI%X,WCI(IQX} for all i =
1,2,--- . m. Then problem

UND|fm  fO < X, Vi=1,2,---,m—1

max —

is solvable in O(mn + nlogn) time and problem
HCofim) . fO < X, Vi=1,2,--- ,m—1

max —

is solvable in O(nlogn) time.
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4 Pareto multi-agent scheduling problems

Let m, the number of agents, be a fixed number. Let féfix be the scheduling objective

function of agent i € {1,2,--- ,m}. We assume in this section that each criterion of
minimizing féfgx is lateness-like. Let O; = (il,42,--- ,in;) be an EDD-like permutation of

the n; jobsin J®,i=1,2,--- ,m

4.1 The ND-agent version
We consider the following Pareto ND-agent scheduling problem

1|r],pmtn NDl( max?fr(nizxf" afr(nT;L))(> (17)

Recall that when we state that 7 is a schedule of J = {1,2,--- ,n}, we mean that 7
refers to a permutation of the n jobs in J and we also refer to the Pmtn-LS schedule
determined by the permutation 7.

For a given schedule 7, a job h; is called the bottleneck job of agent i under = if h; € J®
and h; is the last job (in terms of completion time) in the schedule such that

13 (Cn () = max f77(C5(m)) = ().
jeg®

In this case, we also say that h; is a bottleneck job under schedule w. Note that each
agent has a unique bottleneck job under =, but distinct agents may have a common
bottleneck job. Thus there may be repetitions in the sequence hy, ho, - - , h,,. Sometimes
it is useful to re-order the m agents by a permutation o = (c(1),0(2),---,0(m)) such
that the bottleneck jobs are listed in nondecreasing order of their completion times in
m, ie., Ch ) () < Oy (m) < -o0 < Gy, (7). The bottleneck jobs have the following
useful property.

o(m) (

Lemma 4.1. Let iq be the bottleneck job of agent i under schedule w. Then Ciy(m) <
Cig(m) for all ¢ =1,2,--- ,q— 1, where Cyy(m) is the completion time of job iq in .

Proof. Suppose to the contrary that there is some ¢’ € {1,2,--- ,¢—1} such that Cjy(7) >
Ciq(m). Then we have

F(m) = F3(Cig (1)) = FEH(Cig(m)) = £ (Ciglm)) = £ (),

where the second and third inequalities follow from the fact that all the scheduling ob-
jective functions are regular and lateness-like. Then we have fmax( ) = fz(qz)(Clq (7)), so

1q is not the last completed job, assuming fmax(ﬂ') in . This contradicts the assumption
that iq is the bottleneck job of agent ¢ under w. The lemma follows. U
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A schedule-configuration of the problem in (17) is defined as a pair (o,Q), where

o= (0(1),0(2),---,0(m)) is a permutation of the m agents {1,2,--- ;m}, and
Gin Q2 o dime—t
21 G22 -0 Q2m—1
Q=| - -
m,1 Gm2 - " dmm—1

is an m x (m — 1)-matrix of nonnegative integers such that
0<qs1 < qs2 < < Qo1 S Np(s) for s =1,2,--- m, (18)

and
a1, 022 5 Gm-1,m—1 = L. (19)

For convenience, we denote the matrix Q as Q = (¢s¢)mx(m—1) in the sequel.

To grasp the essence of a schedule-configuration (o,Q), we can regard that the
s-th row of Q is associated with agent o(s) for s = 1,2,--- ,m. In the s-th row
(gs.1,Gs2, "+ +Qs,m—1), each entry ¢s; has two meanings: it refers to the g;-th job o(s)gs,

of agent o(s) and the set of the first ¢, + jobs jq?;(s) = {o(s)1,0(s)2,---,0(s)gs+} of agent

o(s). Thus, from the s-th row (gs1,¢s2, - ,gsm—1), We can generate a sequence of m — 1
subsets of the job set of agent o(s)

Os(s Os(s Os(s
( QS,l( )7 QS,Q( >7 Tty QS,'rrE—)l) (20)

such that o o o
\ZIS,Z(S) g ‘ZZS,;(S> g e g ‘le.:risjl‘ (21)

By taking each sequence in (20) as a row, we obtain the following m x (m — 1)-matrix

Ooy  7%m . g%
q1,1 q1,2 q1,m—1
O, O 0
o(2) o(2) a(2)
q2,1 jQQ,z oot q2,m—1
j(mQ) — :
Ootm)  7000m) . 70
qm,1 dm,2 dm,m—1

which consists of m x (m — 1) subsets of 7.

Now, for a schedule-configuration (o, Q), we define m — 1 subsets of J = {1,2,--- /n}
by setting for each t =1,2,--- ,m —1

O, O, Os(m
$(07Q) _ u7ql,z(l) U qut(Q) U---u ‘7qm,t( )| (22>

Note that jt(U’Q) is the union of the m subsets in the ¢-th column of matrix 7. From
(21) and (22), we have

jl(g’Q) g j2(07Q) g - g j(gv?)’ (23)

m—
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SO

CTTY) < OF7Y) < - <O, (24)

Given a schedule-configuration (o,Q), the principal diagonal vector of matrix Q,
ie, (¢1.1,922, " ,¢m-1m—1), plays an important role in our analysis. For each t €
{1,2,--- ,m — 1}, let hy) be the g 4-th job of agent o(t), i.e.,

ho) = 0(t)qet, or equivalently, hga(g)) = Qi1 (25)
Then we obtain a vector

h(O’, Q) = <h0(1)7 h0(2)7 o 7h0(m—1)>

of m — 1 job indices. We call h(o, Q) the principal vector induced by (o,Q). Since
1< gy <o forallt =1,2,--- ,m—1, we see that the principal vector h(c, Q) induced
by (0, Q) is well-defined.

The purposes of the m — 1 sets 7% C 779 C ... € 7“9 and the principal
vector h(o, Q) = (ho(1), ho2), *+ , ho(m—1)) are to calculate the following m — 1 values

Xo(0,Q) = {7 (C(F7Y)), t=1,2,- ,m—1. (26)

o(t)

Finally, we define X, (0, Q) as the optimal value of the constrained scheduling problem

1‘Tja pmtn7 ND‘fI(I;L()Zn)) : f(U(t)) S Xo(t)(a—a Q) Vi = 17 27 e, M = L. (27>

max

With the m — 1 values in (26) and the value X, (0, Q) in hand, we obtain an m-vector

X(Ua Q) = (Xl(av Q)7X2(U7 Q)? 7Xm(07 Q)) (28>
We call X(o, Q) the objective vector of the schedule-configuration (o, Q).

The reason for the above elaboration is to come up with a well-designed procedure for
solving the Pareto multi-agent scheduling problem in (17). The idea underpinning this
procedure is as follows:

— Lemma 2.2 tells us that, if we can find a set of m-vectors X including all the Pareto-
optimal points, then we can solve problem 1|r;, pmtn|( fé}gx, fr(rigx, cee fm’gi) by solving,
for each (Xy,---,X,,) € X, the constrained scheduling problem

1|r;, pmtn, ND|f&) 2 0 < X, Vi # F,

max max

where k € {1,2,--- ,m}. For efficiency consideration, we naturally require that the size
of X be bounded by a polynomial in n.

— To find such a set X, upon studying the structure of the Pareto-optimal schedules,
we find that there are only a polynomial number of patterns for the bottleneck jobs and
their completion times.

— In a fixed pattern of the Pareto-optimal schedules, the bottleneck jobs hy, ko, hy,
of the m agents and their completion times Cj,, Ch,, -+, C},, are determined. Then we

put the vector (Xy, X, -+, X;,) into X', where X; = f,g?(C’hi) fori=1,2,---,m.
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— Although the Pareto-optimal schedules are unknown in advance, we find that
the schedule-configurations in fact cover all the patterns of the Pareto-optimal sched-
ules. We can show that, for each Pareto-optimal point (Xi, Xs, -+, X,,), there must
be a schedule-configuration (o, Q) such that the objective vector of (o,Q) is given by
X(O’, Q) = (Xl,XQ, tee ,Xm)

— As aresult, we can set X as the set of objective vectors of the schedule-configurations,
ie.,
X ={X(0,Q) : (0,Q) is a schedule-configuration}.

— The set X’ constructed in the above way has a size polynomial in n since there are
a total of O(m!(ning---ny)™ ") = O™ ™) schedule-configurations, which is exactly
what we are looking for.

— In summary, to solve the problem in (17), we enumerate all
the schedule-configurations, generate the vector set X = {X(0,Q)
(0,Q) is a schedule-configuration}, and finally pick the Pareto-optimal points in
X. This completes the discussion of the rationale for the proposed procedure.

Lemma 4.2. Suppose that the EDD-like permutations O1,0s,--- ,0,, are given in ad-
vance. Then, for each schedule-configuration (o, Q), the objective vector X(o, Q) of
(0, Q) can be obtained in O(n?) time. For the case where r; = 0 for all the jobs and

féf%x € {Cr(ﬁ'?ix, Fg&x, Lr(f'l)ax, ngx, WCr(éaX} for all the agents, the time complexity reduces to
O(nlogn).

Proof. Given a schedule-configuration (o, Q), we calculate some necessary items.

The principal vector h(o, Q) = (hoq), ho(2); - -+ » ho(m—1)) can be obtained in a constant
time since m is a fixed number and h, ) = o(t)q, for t =1,2,--- ;m — 1.
For each pair (s,t) with s € {1,2,--- ;m}and t € {1,2,--- — 1}, the job set Jq.; o (s

can be obtained in O(n) time since we have a total of n jobs and the permutation OU(S
of agent o(s) is given in advance.

From the definition 7 °% = jq(ii(” U jq(;im U--UJg Ootm) i (22), the m — 1 sets
jl(U’Q), jz(U’Q), e ,jn(f_’?) can be obtained in O(mn) = O(n) time.

To calculate the m — 1 values C(J7\7Y), C(FLY), -, C(T7Y), we generate a per-
mutation 7 of the n jobs in which the n jobs are listed in the order
o,Q ,Q 0,Q U,Q ,Q o Q
TV, BTINTY, \ T D TN

Since jl(U’Q) - jQ(U’Q) C ... C j,gf_’?) as described in (23), we can generate 7 in O(n)
time. By running algorithm Pmtn-LS(7) in O(nlogn) time, we obtain the m — 1 values

C(TY), C(TeYy, - (T,

Given h(o, Q) = (ho1)s ho@), > hom-1)) and (C (jloQ ), O (UQ))7 . (j(UQ)))7
foreacht =1,2,--- ,m—1, the value X, (0, Q) = fh I D (C(F7Yy) deﬁned in (26) can
be calculated in a constant time.
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The total time complexity for the above calculations is O(nlogn). But since
Xom)(o,Q) is the optimal value of the constrained scheduling problem in (27), from
Theorem 3.1, the value X, (0, Q) is available in O(mn?) = O(n?) time. Consequently,
the objective vector X (o, Q) can be calculated in O(n?) time.

When r; = 0 for all the jobs and fr(rf;)lx € {Cr(r’iz)j,x, Féfix, LgLX,TéQlX, WC’Q&X} for all the
agents, from Theorem 3.3, the value X, (0, Q) can be determined in O(mn+nlogn) =
O(nlogn) time. Then X(o, Q) can be calculated in O(nlogn) time. O

The following lemma is critical for our discussion. To enhance the readability of the
paper, we present the proof in the Appendix.

Lemma 4.3. For each Pareto- optimal point (X1, X, ,X;n) of the Pareto schedul-
ing problem 1|r;, pmtn, ND|( max,fmax7-~- ,fél“;i) in (17), there ezists a schedule-
configuration (o, Q%) such that the objective vector of (o, Q") is given by X(o, Q") =
(X1, Xoy o, Xin)-

Proof. See the Appendix. O

Remark To help the reader understand Lemma 4.3, we consider the special problem
1\00\( max, Eﬁgx, e ,Lgﬁ;) and let (X1, Xo, -+, X;,) be a Pareto-optimal point of this
problem. Same as the case where m = 2 studied in Agnetis et al. [1], there must be a
Pareto-optimal schedule m corresponding to (X7, Xs, -+, X,,,) such that, for each agent
i, the n; jobs of agent i are scheduled in the EDD order O; = (i1,:2,--- ,in;) in ,
i=1,2,--- ,m. This implies that, for each j € {1,2,--- ,n}, the set of the first j jobs in
7 is of the form

={r(1),7(2),---,7(j)} = j]?l U »7](2)2 ’ u7]

where j; € {0,1,--- ,n;} for i =1,2,--- ,m, such that j; + jo + - + jm = J.

(29)

m ?

Now let h; be the bottleneck job of agent ¢ under w, ¢ = 1,2,--- ,m, and let
o = (o(1),0(2),--- ,0(m)) be a permutation of the m agents {1,2,--- ,m} such that
Oha(1)< ) < Chy oy (7 (m) < -+ < Che oy (7). By setting

qs,t:max{qzﬂoa(s) jha-(t)} s=1,2,--- ,m, t=1,2,--- ,m—1,

we obtain a schedule-configuration (o, Q*), where Q" = (¢st)mx(m-1)- From (29), it is
observed that

g OU OU a(m o, *
T = Tns U Tt U- U% (m) __ jt( PV =12, m—1.
Consequently, we have
Chyiyy (T )*C(jt(a,Q*)), t=1,2,--- ,m—1,

SO

Xo0) = Ly (1) = Xo(0,Q7), t=1,2,--+ ,m—1. (30)
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Note that X,m)(o, Q") is the optimal value of problem
1COILGm - L) < X, n(0, Q) Yt =1,2,--- ,m —1

and (X, Xo, -+, X,,) is a Pareto-optimal point. From Lemma 2.1 or Lemma 2.2, X, is
the optimal value of problem

1COILE ™) L) < X, VE=1,2,--- ,m — 1.
It follows from (30) that Xo(m) = Xo@m) (0, Q"). Consequently,
X(0,Q") = (X1(0,Q"), X2(0,Q"), -+, Xpn(0, Q")) = (X1, Xa, -+, Xin).
This shows that Lemma 4.3 is valid for problem 1|CO|(L$21X, L. - ,LEQ;L).

From the above discussion, we have the following algorithm for solving the Pareto
ND-agent scheduling problem in (17).

Algorithm 4.1. For the problem 1|r;, pmtn, ND|(fr9a)X, £ r(n";i) in (17).
Step 0. (Preprocessing) Generate the EDD-like permutations Oy, O, - - - , O, in advance.
Step 1. Generate the set I' that consists of all the schedule-configurations (o, Q).

Step 2. For each schedule-configuration (0,Q) € T', calculate its objective vector
X(0,Q) = (X1(0,Q), X2(0,Q), -+, Xpn(0,Q)). Set
X ={X(0,Q) : (0,Q) is a schedule-configuration }
and X* := (). Here X* can be interpreted as the set of Pareto-optimal points determined
currently.
Step 3. Pick a vector X = (X3, Xy, -+, X,,) € & and do the following:
(3.1) For & from 1 to m, do the following:

e Solve the constrained scheduling problem

1]r;, pmtn, ND|f®) - O < X, Vi # &

and let X}’ be the optimal value. If the problem is infeasible, then we define X; = +oo0.

(3.2) If (X7, X5, , X)) # (X1, Xo,--+, X;n), then set X := X\ {X}. Go to Step
4.

(3.3) If (X7, X5, , X)) = (X1, Xa, -+, X}n), then let m(X) be an arbitrary schedule
obtained in Step (3.1). Set & := X \ {X} and &* := X* U {X}. Go to Step 4.

Step 4. If X # (), return to Step 3. If X = ), then output X* together with the schedules
7(X) for X € A* and terminate the algorithm.

Theorem 4.1. Suppose that all the m scheduling criteria of minimizing
fr(nlgx, IS?QX,--- ,fr(nn;i are lateness-like and the FEDD-like permutations Oq1,0s, -+ ,0,,
are gwen in advance.  Then Algorithm 4.1 solves the Pareto scheduling problem
1|r;, pmtn, ND|(fho, flone, - f50) in (17) in O((nang - - - ny)™ 'n?) = O(n™=m+2)
time.
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Proof. From Lemma 4.3, each Pareto-optimal point must be the objective vector of
some schedule-configuration. Thus, the vector set X generated in Step 2 includes all the
Pareto-optimal points. From Lemma 2.2, we can run Algorithm 3.1 m times to determine
whether or not a vector X = (X3, Xs,---,X,,) in X is Pareto-optimal. Such tasks are
done in Step 3. Hence, Algorithm 4.1 solves the problem in (17).

To analyze the time complexity, recall that m is a fixed number. To generate a
schedule-configuration (o, Q), we have m! (a constant) choices for the permutation o =
(o(1),0(2), -+ ,0(m)) of the m agents and at most

(n1 + D)™ g+ D)™ ooy D)™ = O((nang - - - ny)™ 1)

choices for the m x (m — 1)-matrix Q = (¢s¢)mx(@m-1)- Thus, we have ||
O((ning -+ -ny)™ 1) in Step 1. This further implies that |[X| = O((ning---n,,)™ )
in Step 2. From Lemma 4.2, each vector X(0,Q) € & can be obtained from (o, Q)
in O(n?) time. Thus, Step 2 runs in O((nyny---ny)™ 'n?) time. Step 3 has |[X| =
O((ning - - -ny)™ 1) iterations. In each iteration, Step (3.1) solves the m constrained
scheduling problems

1|r;, pmtn, ND|f®) . £ < X, Vi # k

max —

for k = 1,2,--- ,m. From Theorem 3.1, each of the problems is solvable in O(n?) time.
Thus, Step 3 runs in O((ning -« nyy,) ™" 1 n?) time. It follows that Algorithm 4.1 runs in
O((nany - - np)™ 'n?%) = O(n™ ~™*2) time. O

If fmax € {O&iéx, FIEQIX, L%X, T, éf;x, WC’I(ﬁ;X}, then the EDD-like permutation O; can be
generated in O(nlogn) time. From Theorem 4.1, we have the following result.

Theorem 4.2. If fm‘aX € {C@ax,Fgax,Lgax,Tgax,WC’l(mx} for all the agents i €
{1,2,--- ,m}, then Algorithm 4.1 solves the problem 1|r;, pmtn, ND|(fmaX, 2 I(HTZ)Z)

in (17) in O((nyng - - - np) ™ 'n2) = O(n™ ~™+2) time.

If r; = 0 for all the jobs and fmax € {CSAX,FSQX, %X,TSQX,WCQQX}, by putting
Theorem 3.4 in the time complexity analysis of Algorithm 4.1, we deduce the following
result.

Theorem 4.3. If fi) € {C AN ol N A ORI MR WC’I(ﬁaX} then problem

1|ND|(f F 2 ’f(m))

max’ max ? max

m=Inlogn) = O(n™ "™+ logn) time.

is solvable in O((ning - - Ny,)
Proof Note that Algorlthm 4.1 certainly solves this subproblem correctly Since
fmax € {C’max, HQLX, Lr(ﬁ)aX,T max, WCHQLX} the EDD-like permutations Oy, Os, --- ,O,, can
be generated in O(mnlogn) = O(nlogn) time in Step 0.

From Lemma 4.2, Step 2 runs in O((nny - - - n,, )™ *nlogn) time. From Theorem 3.4,

Step 3 runs in O((nyny -+ ny)™ 'nlogn) time. Consequently, Algorithm 4.1 solves the
problem in O((nyny - - - nyy)™ 'nlogn) = O(n™ " 'logn) time. O
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4.2 The CO-agent version

We now consider the Pareto CO-agent scheduling problem

1|Tj7pmtn7 CO|(f(1) f1(112) 7f(M))a (31>

max’ ax? max

in which each function f{) is lateness-like. Note that 7MW, 7@ ... J0 form a parti-
tion of J = {1,2,--- ,n} with |7®| =n;. Then n; +ny + - -+ +n,, = n.

From the discussion in Section 4.1, the problem in (31) is solvable in
O((ning -+ - npm)™ 'n?) time. We improve the time complexity by a small trick. To this
end, we re-consider the constrained CO-agent scheduling problem

1r;, pmtn, CO[f™) + O < X, Vi=1,2,--- ,m — 1, (32)

max

where each function féf;x is lateness-like. Recall that, for each agent ¢, the EDD-like
permutation O; = (1,42, --- ,in;) is given in advance. Similar to Lemma 3.1, we have the
following lemma to determine the last job in an optimal permutation.

Lemma 4.4. Suppose that the problem in (32) is feasible. Then there is an optimal
permutation m = (w(1),7(2),--- ,m(n)) for the problem such that m(n) = x, where

—x =in; if there is some i € {1,2,--- ,m — 1} such that fZ(QZ(C'(j)) < X;, and
- x = mn,, otherwise.

Proof. Since the constrained CO-agent scheduling problem in (32) is a special version
of the constrained ND-agent scheduling problem in (11), the result follows directly from

Lemma 3.1. O
Recalling that for 1 <i < m and 1 < g < n;, we have qui ={il,42,--- iq}. We now
introduce some new notation. Given an m-vector (z1,xs, -, Z,,) with x; € {0,1,--- ;n;}
for each i € {1,2,--- ,m}, we define
j($17x2?"' 7$m):jx?1sz022U"'szOmm (33)
and
Clay, @2, @) = C(TIUIT2 U UTE™). (34)
Then C(0,0,---,0) =0 and C(ny,ng, -+ ,n,) = C(J).
Each value C'(z1, xa, - - - , Z;,,) can be determined in O(n log n) time, as stated in Section
2.2. Thus, all the values C(z1,x9, - ,x,) can be determined in O(ninsg---ny,nlogn)
time.

Remark: With the help of an ERD order J of J asin Algorithm 3.1, the time complexity
for calculating all the values C(xq, 2, -, ;) can be reduced to O(ning---n,n). But
the O(nyny - - -ny,nlogn) time complexity is sufficient for our subsequent discussion.

Now we use the following algorithm to solve the problem in (32).
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Algorithm 4.2. For the problem in (32).
Step 1. Set (x1,%9,++ ,Zp) = (1, N2, -+ ,Ny), T := C(T1, 29, -+ ,Z,), and k := n.

Step 2. Check the condition
fi(;;z(T) <X;foralli=1,2,--- ,m—1

to find a job iz; legal at time 7.

e If some job ix; with z; > 1 and 1 <7 < m—1is legal at time 7, then set 7(k) := iz;.
Go to Step 3.

e Otherwise, do the following;:

—If z,,, > 1, then set w(k) := mx,,. Go to Step 3.

— If x,, = 0, then terminate the algorithm and output infeasibility.
Step 3. Suppose that (k) := iz; for some ¢ € {1,2,--- ;m}. Do the following:

o If k > 2 then set 7 := C(z1, - ,mi_1,2; — L, @iy, ,Tm), T = x; — 1, and
k:=k —1, and go to Step 2.

o If L =1, then go to Step 4.

Step 4. Output the permutation 7 = (7(1),7(2),--- ,7(n)), which is optimal for the
problem under consideration.

Lemma 4.5. Giwen all the permutations O1,0,---,0,, and all the wvalues
C(x1, 29, ,Tm) n advance, Algorithm 4.2 solves the problem in (32) with lateness-like
criteria in O(mn) time.

Proof. The correctness of Algorithm 4.2 is implied in Lemma 4.4. To analyze the time
complexity, we notice that Algorithm 4.2 has n iterations. In each iteration, Step 2 runs

in O(m) time and Step 3 runs in a constant time (since all the values C'(z1, 2o, -, Zy)
are given in advance). Consequently, Algorithm 4.2 runs in O(mn) time. O
Lemma 4.6. Given all the permutations O1,0,---,0,, and all the wvalues
C(x1,x9, -+ , ) in advance, for each schedule-configuration (o, Q), the objective vec-

tor X(o, Q) of (o, Q) can be obtained in O(n) time.

Proof. Similar to the proof of Lemma 4.2, for a schedule-configuration (o, Q), the principal
vector h(o, Q) = (hoq), hog), -+ s h (m 1)) can be obtained in a constant time. But in
the current status, for =1,2, — 1, we have

j(a D - qi, t(l) U jqzi@) U-UJgms o) j(ml(t), 552(75): T 7xm(t))7

where ;(t) = ¢o-1(¢ for i« = 1,2,---,m. This implies that the m — 1 values
o(glo? ), C(Jy (UQ)), L O(Ty (UQ) have been given in advance Consequently, for
t=1,2,---,m—1, the value X,(0,Q) = fh i ( ( )) defined in (26) can be

calculated in a constant time.
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Finally, we note that X, (0, Q) is the optimal value of the constrained scheduling
problem

1’rj7pmtn> Co|fr(nga(>:n)) : f(a(t)) < Xa(t)(07 Q) Vi = 1727 e, M — L.

max

From Lemma 4.5, the value X, (0, Q) can be obtained in O(mn) = O(n) time. Conse-

quently, the objective vector X (o, Q) can be calculated in O(n) time. O
Algorithm 4.3. For the problem 1|r;, pmtn, CO|(f§2X7f§?QX, s IEE))() in (31).
Step 0. (Preprocessing) Calculate all the values C(xq, 22, ,2,) for 0 < x; < n;

Vi=1,2,--- ,m.
Step 1. Generate the set I' that consists of all the schedule-configurations (o, Q).

Step 2. For each schedule-configuration (0,Q) € T, calculate its objective vector
X<0-7 Q) = (Xl(aa Q)v XQ(Uv Q)? e ’Xm(0-7 Q)) Set
X = {X(0,Q) : (0,Q) is a schedule-configuration }

and X* := (). Here X* can be interpreted as the set of Pareto-optimal points determined
currently.

Step 3. Pick a vector X = (X1, Xy, -+, X;n) € X and do the following:
(3.1) For k from 1 to m, do the following:
e Solve the constrained scheduling problem
1r;, pmtn, CO|fE, : 1, < X, Vi # k
and let X} be the optimal value. If the problem is infeasible, then we define X; = +oo0.

(3.2) If (X7, X5, , X)) # (X1,Xe,--+, Xp), then set X := &\ {X}. Go to Step
4.

(3.3) If (X7, X5,---, X)) = (X1, Xs, -+, X,,), then let m(X) be an arbitrary schedule
obtained in Step (3.1). Set X := X \ {X} and X* := &* U {X}. Go to Step 4.

Step 4. If X # (), return to Step 3. If X = (), then output X* together with the schedules
m(X) for X € X* and terminate the algorithm.
From the discussion in Section 4.1, it is obvious that Algorithm 4.3 solves the problem

in (31) correctly. As for the time complexity, we notice the following facts:

— Step 0 runs in O(nyns - - - ny,nlogn) time. This follows from the fact that each value
C(J') with J" C J can be obtained in O(nlogn) time, as stated in Section 2.2.

— Step 1 runs in O((nyng - - - n,,)™ ') time. This follows from the fact that the number
of schedule-configurations, i.e. |I'|, is upper bounded by O((ning - - n,n)™1).

— Step 2 runs in O((nyng - - - ny)™ 'n) time. This follows from Lemma 4.6.
— Step 3 runs in O((nny - - ny)™ tn) time. This follows from Lemma 4.5.

The above discussion leads to the following result.
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Theorem 4.4. Suppose that the objective functions fggx, fggx, - fg;i are lateness-like
and the EDD-like permutations O1,Oq, - - - Om a,re given in advance. Then Algorithm 4.3
solves problem 1|r;, pmtn, C’O|(fr(nlgx, 2 fmax) in O((ning -+ ny,)" " tn) time.

As a consequence of Theorem 4.4, we have the following result.

Theorem 4.5. If fi. € {CJ%X,FI;QX, %Lx,TmaX, Cr(ﬁax} for alli = 1,2,--- ,m, then
problem 1|r;, pmtn, CO[( D2 ,fmax) is solvable in O((niny -+ n,)™ tn) time.

When m = 2, Theorem 4.5 implies that problem 1|r;, pmtn, CO|(L£1112)LX, Lg;x) is solv-
able in O(nyngn) time. This is an improvement over the time complexity O(ningnlogn)
established in Yuan et al. [31].

5 NP-hardness when m is arbitrary

In this section we assume that m, the number of agents, is arbitrary. Hoogeveen [11]
showed that problem 1|ID|f\d + fio + - + £ is strongly N P-hard. We show that
the problem remains strongly N P-hard even when p; = 1 for all the jobs.

Recently Agnetis [1] showed that problem 1|ND,p; = 1> 1", A C, s strongly NP-
hard. In their proof, they defined that A\; = 1 for all the agent i. Then problem 1|ND, p; =

53", C, is also strongly N P-hard. This result can be used to show the following
results related to our research.

Theorem 5.1. The three scheduling problems 1|ID,p; = 1|> ", Wi, 1/ID,p; =
5y, L., and 1|ID, p;=1>", T, are strongly N P-hard.

Proof. The reductions used in our proof are very easy, so we only present an informal
description.

We first consider problem 1[ID,p; = 1|>", wol,. Beginning with an instance
I of problem 1IND,p; = 1|>20", Cnfgx, we obtain an instance I’ of problem 1|ID,p; =
>, Wwos, by replacmg each agent ¢ with an agent ¢, 1 <7 < m, and setting w( Q|
ifjeJ @ and wj = 0 otherwise for 1 < 7 < n and 1 <7 < m. It can be observed
that the reduction is done in polynomial time under unary encoding and, under every

schedule of the n jobs, the objective value of 1nstance I’ is the same as that of instance
I. Consequently, problem 1[ID,p; = 1|> 7", wol, is strongly N P-hard.

We next consider problem 1|ID,p; = 1Y, L. Beginning with an instance [
of problem 1|ND,p; = 1|37, C’,(ng, we obtain an instance I” of problem 1|ID,p; =
153", L by replacing each agent ¢+ with an agent 7, 1 < ¢ < m, and setting dg-i) =0
if j € JD and dy) = n otherwise for 1 < j < nand 1 <i < m. It can be observed
that the reduction is done in polynomial time under unary encoding and, under every
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schedule of the n jobs, the objective value of instance I” is the same as that of instance
I. Consequently, problem 1|ID,p; = 1>, L0, s strongly N P-hard.

The above discussion for problem 1|ID,p; = 1|1, L9 is still valid for problem
1ID,p; =131, T{,. Then problem 1ID,p; = 1|37, T, is also strongly N P-hard.
This completes the proof. O

Yuan [28] showed that problem 1|CO| ", A L'y is strongly N P-hard by a reduction
from the strongly N P-hard problem 1|| ) w;T; proved in Lawler [18]. The reduction in

Yuan [28] also implies that problem 1|CO| > 7" | AT, ) is strongly N P-hard. By modifying
the reduction in Yuan [28], we present the following stronger complexity result.

Theorem 5.2. Problem 1|CO,p; = 1>, NTS, s strongly N P-hard.

Proof. Suppose that we are given an instance I of problem 1|| > w;7}, in which there are
n jobs {1,2,--- ,n} with each job j having a processing time p; > 0, a due date d; > 0,
and a weight w; > 0, where all the values p;,d;, and w; are integers. We construct an
instance I’ of problem 1|{CO,p; = 1|> 7", A T, as follows:

e We have m = n competing agents 1,2,--- n. Each agent i € {1,2,--- ,n} has p;
jobs 1,42, -+ ,ip; with a common processing time 1 and a common due date d;. Moreover,
the weight of agent i is given by A\; = w;. Then we have a total of p; + py + - -+ + p,, jobs
in I’.

Essentially, I’ is obtained from I by regarding each job i (of processing time p; and

due date d;) in I as p; jobs (of processing time 1 and due date d;) of agent ¢ in I’ and
taking w; as the weight of agent 7 in I’.

Under unary encoding, the sizes of both I and [ are given by

On+> 1 pi+ i di+ >0 w).
Thus, the above construction can be done in polynomial time under unary encoding.

In every schedule 7 (without artificial idle times) of instance I’, the maximum tardiness

Téf;x(ﬂ) of agent i is determined by the completion time of the last job of agent i in .
Then we may regard the processing of the %3 jobs of agent ¢ in 7 as the processing of
job i with preemptlon in 7 with 7;(7) = TmaX (). This means that problem 1|/CO,p; =

IIDYEPpY T, on instance I’ is equivalent to problem 1|pmtn| > w;T} on instance /. Since
all the jobs are released at time 0, 1|pmtn| ) w;T} is equivalent to 1|| > w;T}. Therefore,
problem 1|CO,p; = 1| >, )\ingx on instance I’ is equivalent to problem 1|| > w;T; on
instance I. From the strong N P-hardness of problem 1H > w;T; established in Lawler

[18], we conclude that problem 1|CO,p; = 1|>°7" N T, is strongly NP-hard. This
completes the proof. O

Cheng et al. [9] showed that problem 1|CO| Y ", W, is strongly N P-hard. Similar
to the proof of Theorem 5.2, by using problem 1|CO| > 7", WC, for the reduction and

30



O©CoO~NOOOITA~AWNPE

replacing each job j with processing p; by p; unit-length jobs belonging to the same agent
as j, we deduce the following result.

Theorem 5.3. Problem 1|/CO,p; = 1> ", W, is strongly N P-hard.

6 Conclusions

In this paper we study multi-agent scheduling with release dates and preemption on a
single machine, where the scheduling objective function of each agent to be minimized
is regular and of the max-form and the multi-agent aspect is ND-agent, ID-agent, or
CO-agent. We show that the constrained multi-agent scheduling problems are solvable in
polynomial time, and the weighted-sum and Pareto multi-agent scheduling problems are
solvable in polynomial time if the number of agents is a fixed number and the scheduling
criteria are lateness-like. We also show that the weighted-sum and Pareto multi-agent
scheduling problems are strongly N P-hard even when r; = 0 and p; = 1 for all the jobs.

Comparing with the known results in the literature, our research advances multi-
criteria scheduling research in the following aspects: (i) Our research on problem
1|r;, pmtn, ND|( fmax, ngx, cee IEZZ}Z) with lateness-like criteria is innovative. The tech-
nique we develop to address this problem goes beyond the methodology presented in the
literature. (ii) From Tables 1 and 2, for the CSP in the “r;, pmtn” environment, the
time complexity of our algorithms matches the corresponding time complexity of the al-
gorithms for solving their special versions with r; = 0 in the literature. (iii) From Tables
1 and 2, for the WSP and PSP in the “r;, pmtn” environment, the time complexity of our
algorithms improves the existing results in the literature. (iv) Our N P-hardness results
for CO-agent scheduling are the first such results for the special version with p; = 1 for
all the jobs. Future research should address the following questions.

Cheng et al. [9] showed that problem 1|CO|> ", LY is at least NP-hard in the
ordinary sense and the computational complexity status of the problem (whether it is
strongly N P-hard or solvable in pseudo-polynomial time) is still open. Moreover, to the
best of our knowledge, the computational complexity of the following related problems is
still open:

e Problem 1|CO|[ 27", £, where m is fixed.
e Problem 1[ID| 327, £, where m is fixed.
e Problem 1|ND| 27", fiik, where m is fixed.
e Problem 1|CO,p; = 1| 327, ALk

e Problem 1|CO,p; = 1|37, L.

e Problem 1|CO,p; =1|>°7", T
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Appendix: Proof of Lemma 4.3

Proof. Suppose that 7 is a Pareto-optimal schedule corresponding to (X, Xo, -+, X,,).
From Lemma 2.5, we can also regard 7 as a completion-coinciding permutation of J =
{1,2,---,n}. Then 87, = Ji for k = 1,2,--- ,n and Cry(m) < Cr(m) < -+ <
Crn)(m). Let h; be the bottleneck job of agent ¢ under 7, ¢ = 1,2,--- ,m and let 0 =
(0(1),0(2), -+ ,0(m)) be a permutation of the m agents {1,2,--- ,m} such that

Cho(l)(ﬂ-) < Chg(2) (ﬂ-) <0 < Chg(m)(ﬂ-)' (35)

Note that some equalities in (35) may hold since different agents may share a common
bottleneck job.

For our purpose, we choose the Pareto-optimal schedule 7 such that the following
two conditions are satisfied:

(C1) >, Ch,(m) is as small as possible, and
(C2) subject to condition (C1), ", h$) s as large as possible.

Recall that j) is the index of job j in O, ie., j = sj®). We define two matrices
Q = (¢s.t)mxm and Q = (Gst)mxm in the following way.

Definition of Q = (¢st)mxm: For 1 <s <mand 1 <t < m, we set gs; as the maximum
index in {0, 1, -+, n, (5} such that all the jobs in jq?;’(s) = {o(s)1,0(5)2,---,0(s)qs.} are
completed by time C,_ () in 7, ie.,

Oo' s T
Gsr = max{q: J; " C Shom}. (36)
It is observed that
0<¢qs1 <qs2 <+ < s < Mooy for each s with 1 < s <m. (37)

From the choices of these g, in (36), we further have, for s,t € {1,2,--- ,m},

Oo' s T
‘151’5( ) C Sho(t) <38)
and
7() s + 1€ ST, . (39)
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Definition of Q = (Gs.t)mxm: The matrix Q= (Gs.t)mxm is obtained from Q by setting

: (o(s)) :
~ min{qs¢, hy o'}, it <,
qst = (s) . (40)
st if t > s.
From (37) and (40), it is clear that
0<qs1 < qsp2 <+ < Goym < Ny(s) for each s with 1 < s <m. (41)

Since hy(y) is the bottleneck job of agent o(t) and h,q) € S,’{J(t), from Lemma 4.1 and

the choice of g,+, we have
G > b)) > 1fort =12, m. (42)
From (40), the expressions in (42) also imply that

Gua =hGY) > 1fort =12, m. (43)

Let Q" = (Gs;t)mx(m—-1) be the m x (m — 1)-matrix obtained from Q by deleting the last
column, i.e.,

11 Q12 0 (im—1
q21 G22 - (2m—1
dm1 9m2 " " Omm-—1

From (41) and (43), Q" satisfies the two conditions in (18) and (19). Therefore, we have
the following claim.

Claim 1. (0, Q") is a schedule-configuration.

Now we set h(0, Q") = (hoq), o), s hom-1)). Since (0,Q") is a schedule-
configuration, the relations in (43) further imply the following claim.

Claim 2. h(0,Q") = (hoq), ho(@); s ho@m—1)) is the principal vector induced by the
schedule-configuration (o, Q).

We borrow the notation in (22) and set T = jffj“) ] qufz(?) U---u jq?n‘ft(m) and
jt(a’Q) = jq?‘z(l) U j~00(2) U---U j;n":m’ for t = 1,2,--- ,m. Note that t = m is allowed

R q2,t )
here. From the definition of Q*, we have

Je) = 70 gy 12 -1, (44)
Since @5+ < g5 for all s,t € {1,2,--- ,m}, from (38), we further have

Tl c 7o ¢ Sp, forallt=1,2,--- ,m.
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We next prove the following long and critical claim.

Claim 3. Foreach t € {1,2,--- ,m}, every job (if any) in S,’fa(t) \\Z(U’Q) is not interfering

with respect to Sga(t>.

Suppose to the contrary that the result in Claim 3 is violated. Let ¢ be the minimum
index in {1,2,--- ,m} such that there is some interfering job = € Sh, \ J7Y with
respect to S,’{U(t). Then we have

Ch, () = C(ST ) > C(ST,, \ {z}) > C(T7Y). (45)

The minimality of ¢ implies that there are no interfering jobs in S,’lro<s> \js(o’Q) with respect
to S,Zfa(s) for s=1,2,---,t— 1. From Lemma 2.6’, we have

Ch,o (1) = C(SE ) = C(TeD) for s =1,2,--- ,t — 1. (46)

From (45) and (46), we further have
how & {ho() ho@)s -+ 5 Pop—1) }- (47)

We may assume that © = o(s)zs for every s € {1,2,--- ,m} with x € J(”(f)), ie., x

is the z,-th job of agent o(s) if z € J®). Note that the relation z ¢ jt(a’Q) can be
equivalently written as

r=o0(s)xs ¢ jqu:(s) for s € {1,2,--- ,m} with x € J). (48)
Then we have
Ty > Gsr+ 1 for s € {1,2,--+ ,m} with z € J6), (49)
The inequalities in (49) can be further enhanced. To this end, we define [ as the
maximum index in {¢t,¢ + 1,--- ,m} such that hyu) = he). From (35), we have
how)y = Po@s1) = -+ = hog). (50)

From (47) and the relations Cy_, (1) < Cy (1) < -0 < G (7) in (35), we have
Chygery () < Ch,,, (7). The choice of I further implies that Cy_,,, (7) > Ch,, (7). Then
we have

Cha(1)<7r) < S Cha(t—l) (7") < Cho‘(t) (7‘-) < Cha(l+1)(7r) < S Ch’o‘(m) (W)v (51)

where Cha(o)(w) =0 and C’ha(m+1)(7r) = +00.
If se{1,2,---,t — 1}, then the definition of g5, in (40) implies that s+ = gs;. From
(48), we have z ¢ ]qi‘z(s). Then the definition of g, in (36) implies that z, > ¢, + 2.
Ifse{l+1,01+2--,m}, from (51), we have Cj,_ , (7) > Cp,_, (7). This implies

that hy) & S,’{J(t), SO st < h((;ES)). From the definition of §¢s; in (40), we have gs; =
(o(s))

o(s)

min{gs¢, h } = ¢st. Again, we have g > ¢ + 2.
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If s e {t,t+1,- l} then ho) = hy(s) is the bottleneck job of agent o(s) under
7. From (42), we have h )) < ¢s.s = (s, where the equality follows from the fact that

ho@) = ho(s)- Then sy = mln{qsyt, hg(S } = ha(sj) :
From the above discussion, the inequalities in (49) can be enhanced as follows: For

s€{1,2,---,m} with € 7)) we have
{x32q37t+2, ifse¢ {t,t+1,---,1},

52
v > B 41 it se{tt 1, 1), (52)

Let 7 be the new permutation of the n jobs in J obtained from permutation 7 by
shifting = to the position just after hq). Since x is an interfering job with respect to
ST ey from Lemma 2.7, we have

Oha(t)<7r*) < Cy(m*) = Cha(t)( ),
Cj(r) < Cy(m), if j # z, (53)
Cj(m*) = Cj(m), if Cj(m) > Cho ().

From the relation Cj(7*) < Cj(m) for j # x in (53), together with the regularity of the
scheduling objective functions, we have

FCi (%) < FSl(w) for j € TON\ {a} and s = 1,2, ,m. (54)

We now prove the following inequalities: For s € {1,2,---,m} with z € 7 we have

{ D (r) < ST (7). s € {12, b= 1},

(55)
FNCo(m) < i (x), s € {tt 41, m).

Recall the relation C,(7*) = Cj, () in (53).

If s¢ {t,t+1,--- 1}, from (52), we have ;s > ¢+ + 2. Let ys be the (gs¢ + 1)-th job
of agent o(s). Then Cy (7) > Cy, (7). From the lateness-like property, we have

PN Chyy (1) < FT(Chyy (1) < STD(Cy (1)) < FTL (7). (56)
Thus, the inequalities in (55) hold for s € {I + 1,1+ 2,--- ,m}.
For s € {1,2,,---,t — 1}, we have fya(s))( ys(ﬂ')) < fmas))( ) since Cy (m) >

Chyy () = Ch,, (1) and hy(s) is the bottleneck job of agent o(s) under m. This means
that the last inequality in (56) must be strict. Thus, the inequalities in (55) hold for
se{l,2,,-- ,t—1}.

For s € {t,t +1,---,l}, from (52), we have 3 > h ()) + 1. From the lateness-
like property again, we have f.°**) (Ch,y (1)) < fh(,<5> (Ch, (7)) = £ (1), where the
equality follows from the fact that h,u) = he(s) is the bottleneck job of agent o(s) under
7. This proves the inequalities in (55).
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Since o is a permutation of the m agents {1,2,--- ,m}, a weakened version of (55)
can be written as: For s € {1,2,---,m} with 2 € 7)) we have
FENCa(m) < fiod(m). (55')

From (54) and (55"), we have féfgx(w*) < fr(rfgx(w) for every agent s. But since 7 is a
Pareto-optimal schedule, we must have

&) (7)) = f©) () = X, forall s = 1,2,--- ,m. (57)

max

Thus, we conclude from (57) that 7* is also a Pareto-optimal schedule corresponding to
(X17X27 e 7Xm)

For each s € {1,2,--- ;m}, we use h’ to denote the bottleneck job of agent s under
schedule 7*. Then h:;(s) is the bottleneck job of agent o(s) under m*. For each job j

with j # x and Cj(7) > Chg(s)(ﬂ'), we have f;g(s (Cj(m)) < f ( i(m)) < fmax ( ) =

r%(f))(ﬂ*), where the first inequality follows from the relation C;(7*) < C;(m) for j # x
in (53) and the second inequality follows from the fact that the bottleneck job h,(s) is the
last job, assuming the value fr(n%()f))(ﬁ) in . Thus, we have

Jj# ha(s if j # x and Cj(m) > Chg<s> (7). (58)
For s € {1,2,--+ ,t — 1}, the relation f7“(C, (7)) < £% () in (55) implies that
x # hj;(s). From the relation C’hg(s)( ) =C(S U(g)) = C(Js (" Q)) (46), together with the

fact that = ¢ js(a’Q), we have

max{C;(7*) : j € ﬂ(U’Q)}
C(F"Y) = G, (m)

= max{Cj(m):j € JoQ }
> max{C,(r") : j € TV},

v

where the last inequality follows from the relation Cj(7*) < Cj(m) for j # x in (53).

This implies that C, (1) = max{C;(7") : j € ﬂ(U’Q)}. For every job j € J\7Y with
J # ho(s), we have j # x, so Cj(7*) < Cj(mw) < Gy, (m). Thus, the only possibility is
that Ch, ., (7*) = max{C;(7") : j € T } = Ch,, (7). From (58), together with the
fact that = # h;(s), we conclude that

Chs (1) = Oy, (1) and hi gy = ho(s) for s = 1,2, ¢t = 1. (59)

Ch o (t) (m) < Cha(s)(ﬂ-) =

For s € {{+ 1,1+ 2,--- ,m}, from (53), we have C,(7*) =
) > Ch,,,(m). Thus, from (58)

Ch,,y (77) and Cj(7*) = C;(m) for all the jobs j with Cj(w
directly, we have

C’h;(s)(w*) = Ch(,(s)(7T> and hj;(s) = ha(s) for s=1+ 1, [+ 2, e, M. (60)
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For s € {t,t +1,---,1}, we have C,(7*) = Ch,,y (). From (58) directly, we have
e, (1) < Cy (1) = Cy(m*) for s =t +1,--- 1, (61)

If any one of the inequalities in (61) is strict, then from (59), (60), and (61), we have
Yo Che(m*) =30, Chs.,, (%) < 220y Ch, o, (m) = 3L, Cn, (7). This contradicts the
choice of m under condition (C1), since 7* is also a Pareto-optimal schedule corresponding
to (X1, Xo, -+, X;,). Consequently, we have

Chf;( >( ") = Cha(s)( m) = Co(7”) and h;(S) =zfors=tt+1,--,1L. (62)

Now we have Y " Cp:(7*) = > " Oy (m). Thus, (C1) is satisfied by both = and
7*. But then, by combining (59), (60), and (62), we have .™ hi® — ™ A =
> h:((‘;)(s)) -, hg‘f(s)) =Sz — hffig))) > (0, where the unique inequality follows
from the relation z, > hg‘zs)) + 1 in (52). This means » .=, hs AR > h 'Y which
contradicts the choice of 7 under condition (C2). Claim 3 follows.

Claim 3 states that for each t € {1,2,--- ,m}, jt(”’Q) is a subset of S;{U(t) such that

no jobs in Sh \ jt are interfering with respect to S,fa(t>. By using Lemma 2.6’, we
have

Ch (M) = C(ST. ) = C(To) for t € {1,2,--- ,m}. (63)

U(t)

Recall from Claim 2 that the principal vector induced by (o, Q") is given by h(o, Q") =
(ho(), ho(2), *+ s Ro(m—1)). Thus, for each t € {1,2,--- ,m — 1}, the entry Xy (o, Q") of
the objective vector X(J, Q") is given by

o(1)(0, Q")

= f N(C(F7Y)) < from (26)

- o(t) NC(FY)) <= from (44) (64)
= U(t) (e, wo(m) < from (63)

= £ () < from the definition of hy)

= X, < from the definition of 7

Recall that X, (0, Q") is the optimal value of problem

1|Tj7pmtn7 ND|fr(ri;():n)) : f( o)) <X (t)( 7Q> Vit = 1727"' , T — 1

max

n (27). From (64), this problem is identical to

1|r;, pmtn, ND|f{olm) flob) < X VE=1,2,--- ;m — L. (65)
Since (X, Xo, -+, X,,) is a Pareto-optimal point, from Lemma 2.1 or Lemma 2.2, the
optimal value of the problem in (65) is just X, (). Then we have
Xoom) (0, Q") = Xo(m)- (66)
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It follows from (64) and (66) that

X(Ua Q*) = (Xl(gv Q*)7X2(07 Q*)v T 7XM(07 Q*)) = (X17X27 T va)'

This proves the lemma. 0
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