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Abstract—This paper proposes a fractional singular spectrum
analysis (SSA) based method for performing the fractional delay.
First, the input sequence is divided into two overlapping
sequences with the first sequence being the input sequence
without its last point and the second sequence being the input
sequence without its first point. Then, the singular value
decompositions (SVD) are performed on the trajectory matrices
constructed based on these two sequences. Next, the designs of
both the right unitary matrix and the left unitary matrix for
generating the new trajectory matrix are formulated as the
quadratically constrained quadratic programing problems. The
analytical solutions of these quadratically constrained quadratic
programing problems are derived via the SVD approach. Finally,
the fractional SSA components are obtained by performing the
diagonal averaging operation and the fractional delay sequence is
obtained by summing up all the fractional SSA components
together. Since the fractional SSA operations are nonlinear and
adaptive, our proposed method is a kind of nonlinear and
adaptive approach for performing the fractional delay. Besides,
by discarding some fractional SSA components, the joint
fractional delay operation and the denoising operation can be
performed simultaneously.

Keywords—Fractional singular spectrum analysis, fractional
delay, quadratically constrained quadratic programing.

1. Introduction

For discrete time signals, their time indices are integer
valued. Hence, the values of the signals between two
consecutive time indices are unknown. On the other hand, the
fractional delay of a signal is its delay with a non-integer
sample. For the ideal case, the group delay of the signal is a
constant. Hence, these intermediate values can be estimated [1].
It is an important topic because it finds a wide range of
applications in the digital signal processing and the digital
communications such as the time adjustment in digital
receivers, speech coding, time delay estimation and modeling
of musical instruments [2]-[7].

Conventional fractional delay systems are allpass linear
phase finite impulse response filters [8]. As they are linear and
non-adaptive [9], the choice of the predefined filters has a great
effect on the acquired samples. Moreover, as the filters are
allpass, these filters are with the low noise immunities.
Nevertheless, the signals in many practical systems such as in
the communication systems are corrupted by the noises [10].
Hence, the fractional delay systems yield very noisy samples
for these practical applications.

Besides, the rate changers [11] are also used to acquire the
fractional delay samples. First, the input sequence is upsampled.
Then, the simple lowpass filtering is applied to the upsampled
sequence. Finally, the downsampling is applied to the filtered
sequence [12]. It is a remarkable fact that the rate changer
method is the generalization of the existing linear interpolation
approaches [13]. This is because using different filters in the
rate changers correspond to different linear interpolations.
Although the filter in the rate changer can suppress the noise,
this approach is also linear and non-adaptive. Hence, the choice
of the predefined filters still affects the acquired samples.

In the recent decades, the SSA [14] is widely studied in the
signal processing community. The input sequence is divided
into overlapping blocks and there is only one sample difference
between two consecutive blocks. These blocks are used to form
the columns of a matrix called the trajectory matrix. Then, the
SVD is applied on the trajectory matrix. The product of an
eigenvalue, the corresponding column in the left unitary
trajectory and the transpose of the corresponding column in the
right unitary matrix forms the two dimensional SSA component.
By performing the diagonal averaging operation, the one
dimensional SSA components are obtained [15]. It is a
remarkable fact that the original input sequence can be
expressed as the sum of these one dimensional SSA
components [14]. Since different components have different
characteristics, denoising can be performed by discarding some
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SSA components [19]-[22]. As this is a kind of nonlinear and
adaptive signal representation methods, the SSA technique
finds in many engineering and science applications [16]-[18].

However, as the elements in the trajectory matrix are
obtained directly from the input sequence, the conventional
SSA based methods do not help for acquiring the samples
between two consecutive time indices. To solve this problem,
this paper proposes to divide the input sequences into two
overlapping sequences and there is only one sample difference
between these two sequences. By constructing two trajectory
matrices corresponding to these two sequences and performing
the SVD on these two trajectory matrices, a new trajectory
matrix corresponding to the fractional delay sequence is
obtained.

The outline of this paper is organized as follows. Section 2
presents our proposed fractional SSA based method for
performing the fractional delay. In Section 3, two examples are
shown to illustrate the effectiveness of our proposed method.
At the end, a conclusion is summarized in Section 4.

2. Fractional SSA based method for performing fractional delay
2.1. Notations
Denote an input sequence as x(n)- Let N be its length.

Divide x(n) into two overlapped sequences with the first
sequence being the first NV —1 points of x(n) and the second
sequence being the last N —1 points of x(n)- Let the vectors
of these two sequences be

x, =[x(0) - x(N—2)]Te§RN’] O]
and

xB:[x(l) x(N—l)]TeSRN'I» 2

respectively. Denote the trajectory matrices corresponding to
X, and X, as

x(0) x(1) x(N-L-1) 3)
X, = : : : e jRPV-1)
x(L-1) x(L) x(N-2)
and
‘. x(sl) X(sz) - x(N-L) i, @
x(L) x(L+1) x(N-1)

respectively. Here, R represents the set of real valued
matrices and the dimensions of these matrices are a by b.
After applying the SVD on X, the left unitary matrix

N-L)x(N-L)

U, e R¥" | the right unitary matrix V, € R and

the diagonal matrix A 4 € R are acquired simultaneously.
That is,

X, =U, I:AA 0L><(N—2L):|Vz:1 ’ ®)
Here, ¢, represents the zero matrix with the size ¢xb and the

conjugate transposition operator is represented by the
superscript “ H 7. Likewise, after applying the SVD on X, the

left unitary matrix U, e R"”" , the right unitary matrix
V, e RV and the diagonal matrix A, € R™" are
acquired simultaneously. That is,

X;=U, |:AB 0L><(N—2L):|V;, ’ ©)

2.2. Formulation of the new trajectory matrix corresponding to
the fractional delay sequence

Define U and V as two unitary matrices. Denote the

columns of U and the columns of V as u, e R" for

i=0,--,L—1 and f’iefRN"L for i=0,--.N—L |,
respectively. That is,
U= [ﬁo ﬁL—l] @)
and
V= [vo T i"N—L—l]’ 3

vy €[0,1], our objective is to find both U and V such that
U and V
yV, + (1 — ;/)VB, respectively. Here, U can be understood

are closed to yUA+(1_y)UB and

as the fraction between U, and U, . Likewise, V can be

understood as the fraction between V, and V, . Let
trace(Z) be the trace of Z and I, be the L x L identity
matrix. Then, the design of U can be formulated as the

following optimization problem:
Problem (PU )

mgin Ju (ﬁ):traL‘e((}/UA +(1_7)UB _ﬁ)r (}/UA +(1_}/)UE _ﬁ)) , (9a)

(9b)

It is important to note that the set of unitary matrices are
nonconvex. Hence, Problem ( E/) IS a nonconvex

subjectto {7 =1, -

optimization problem [23]. Hence, it is very hard to obtain its
global optimal solution. To address this difficulty, the SVD
approach [24] is employed. Let

a - ﬁ.L-l:|:7U4+(1_7)UB' (10)
Let the matrix containing the Lagrange multipliers be
j’o,o o ;LO,L—l
N (1)
Ao Ay i
Let
1 z=0
o(z)= (12)
( ) {O z#0

be the discrete time delta function. Then, the unconstrained

optimization problem corresponding to Problem (PU ) is:

min LU,(ﬁ,k):trace((yUA+(1—}/)UE—fJ)T(yUA-#(l—y)UE—fJ)). (13)
(U4)
- ZZ’M (ﬁ:ﬁq _5(17_‘1))

L-1 L-1
=0 g=

P

Since
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L U’A, — ~T ~ _2~DT + o7 ~e
U ( ) yan (u/ ul ul u/ u/ ul) , (14)
L-1 L-1 7
22 A, (68, ~5(p~q))
»=0g=0
we have:
o ~ - I = -
1, (0.2)=20,-28; - (4, +4, )6, (15)
au[ p=0
for [ =0,---, N —1. This implies that
5 1 L-1 B .
u,—EZ(/lp’,+/1,,p)up=ul (16)
p=0
for [ =0,---, N —1. Hence, we have:
ﬁ—%ﬁ(x+x7):yUA+(1—y)UB- (17
In other words, we have
ﬁ(IL—%(x+xT)j=yUA+(1—7)UB' (18)

After applying the SVD on »U , + (1 — y) U, , the left unitary
matrix U eR™, the right unitary matrix \'A e RY¥L and the
diagonal matrix A e ML are acquired simultaneously. On

the other hand, it is well known that after applying the SVD on
a symmetric matrix, the right unitary matrix and the left unitary

matrix are the same. As I, - 1 (x + ;\‘T) is a symmetric matrix,
2

the right unitary matrix and the left unitary matrix acquired via
applying the SVD on I, —%(k +;j) are the same. Let this
unitary matrix be U, R Also, the diagonal matrix
A, € R™" is simultaneously obtained after applying the

SVDon y _%(x n ;MT) . Hence, we have

UU,A, U, =UA V. 19)
This implies that
U,=V/, (20)
A=A 2y
and
UuU, =U;. 22)
This further implies that
U=UU;,=U;V;". 23)
Likewise, V can be obtained in a similar way. Define
A=yA, +(1-7)A,- 24

Here, A can be understood as the fraction between A , and

A, . Then, the trajectory matrix of the fractional SSA is defined

as
X=U [[\ OLX(NJL)] A\ (25)
Define
u, = I:ai,o izi,L—l ]T (26)
for j=0,---,L—1 and
v, = [9} o Vi ]T 27

for j=0,---,N—L—1. Also, denote the diagonal elements of A
as ] for i=0,-.-,L—1. Define

Uio
X, =dav" =1 ¢ |[® Pni ]
i = AW =4 : [Vi.o Vi.N—L—]] (28)
U1
. . -
A, oV, A, oV,
. . . Lx(N-L
= : - : e RUWH
o~ ~% o~ ~k
/’i’iut,L—lvi‘O o ﬁ'iui,L—lvt,N—L—l

for j=0,..-,L—1 as the two dimensional fractional SSA

components. In our work, the conjugate operator is represented
as the superscript “*”. It is no hard to see that
L—1
X=>X,"
i=0

Let the ;™ off-diagonal of Xi be y for j=0,.--,L-1 and

29

for j=0,---,N—-2. Define 4 for j=0,...,L-1 and for
j=0,---, N —2 asthe average value across all the elements in
Y., based on the de-Hankelization approach. That is, to

perform the conventional diagonal averaging. Here, the
elements of the one dimensional fractional SSA components
are defined as:

k 3 ~ ~
Z;Liuz Vik—j
= 0<k<L-1
. k+1 (30)
j:iﬁi,/‘;i,kﬂ
e B L<k<N-L
L-1 ~ ”
}’iui/ ik—j
R N-L+1<k<N-2
N—k
for j=0,---,L—1 and for 0 <k < N —2. Denote the i one
dimensional fractional SSA component as
T
w=[ 1, Hona ] €Y G1)
for j=0,---,L—-1.

3. Computer numerical simulation results

Since the SSA is a time frequency analysis technique, a time
frequency analysis based method should be compared.
Nevertheless, there is no similar nonlinear adaptive time
frequency analysis based interpolation method. Hence, a linear
non-adaptive time frequency analysis based interpolation
method is compared instead. As our approach only interpolates
one point between two consecutive points in the signal, the
same case is performed in the conventional linear interpolation
approach. For the simplicity reason, the weighted sum between
two consecutive points of the signal is employed as the
interpolation point in the linear interpolation approach. In order
to have a fair comparison, the weight is selected as the value of
7/ .

For our proposed fractional SSA based method, a small value
of L,say L =10, is chosen. This is because all the fractional
SSA components can be demonstrated easily. In this session,
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two examples are used for an illustration. For the first example,
the original input sequence is chosen as the sinusoidal
waveform. That is,

x(n)=sin(ayn). (32)
This input sequence is chosen because the sinusoidal waveform
is widely used in the digital communication system and the
delay is always happened in the communication channel. Here,
N =1001 is chosen. This is because the infinite length

sequence can be approximated by the finite length sequence if

N>>L , say N>100L . Besides, @, is denoted as the
angular velocity of x(n)-In particular,
0, =207 (33)
N-1

is chosen because 10 cycles can be demonstrated graphically.
Let £(n) be the acquired sequence. Also, let O'(n) be the

zero mean unit variance identically and independently Gaussian
distributed noise. It is assumed that fc(n) is additively

corrupted by the above type of noises with the noise power
denoted as P. That is:

fc(n):x(n)+\/ﬁa(n) for n=0,---,N—1. (34)
Suppose that only some of the fractional SSA components are
summed together to reconstruct the original input sequence. Let
Sc(n) be the reconstructed sequence. Let §(w), X (w) and

X(o) be the discrete time Fourier transforms of )?(n), fc(n)
and x(n), respectively.

Define Q as the ratio of the energy of the original input

sequence to the energy of the difference between the magnitude
of the reconstructed sequence and the magnitude of the original
input sequence. That is:

" X (e

X(a))|f|X

) do (35)

- ‘[jr a))lrda)
Since an ideal fractional delay system only modifies the phase
response of the input sequence, the magnitude response of the

input sequence is not affected. Hence, O is employed as the

performance metric to evaluate the performance of various
methods.

In order to determine which fractional SSA components are
chosen for our proposed fractional SSA based method, first find
a fractional SSA component such that the value of Q is

maximized. In this case, this fractional SSA component is
selected. Then, find a new component and add this new
component to the selected component such that the new value of
Q is maximized. If the value of Q is increased, then this new

component is also selected and the above procedures are
repeated. Otherwise, this new selected component is discarded
and the algorithm is terminated. It is found that only the first
fractional SSA component is selected. To account for this
phenomenon, Figure 1 shows the fractional SSA components
obtained by our proposed fractional SSA based method when
y=0.3 and P =0.05. It can be seen from Figure 1 that the first

fractional SSA component retains the shape of the waveform of
the original input sequence. On the other hand, the rest

fractional SSA components contain a lot of noises. Hence, only

the first fractional SSA component is selected.
1 0.1
0.2
0.5 0.1 0.05
0 0 0
05 -0.1 -0.05
1 0.2 0.1
500 1000

0 500 1000 0 500 1000 500 1000 500 1000 '
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(2) (b) (©) (d) (e)
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Figure 1. (a) The first fractional SSA component, (b) the second fractional SSA
component, (c) the third fractional SSA component, (d) the fourth fractional
SSA component, (e) the fifth fractional SSA component, (f) the sixth fractional
SSA component, (g) the seventh fractional SSA component, (h) the eighth
fractional SSA component, (i) the ninth fractional SSA component and (j) the
tenth fractional SSA component when y=03 and P=0.05.

Besides, Figure 2 shows the sequences reconstructed by both
the linear interpolation based method and our proposed
fractional SSA based method. Although the sequence
reconstructed by the linear interpolation based method
preserves the shape of the waveform of the original input
sequence, the reconstructed sequence is severely corrupted by
the noise. On the other hand, the sequence reconstructed by our
proposed fractional SSA based method preserves the shape of
the waveform of the original input sequence without severely
corrupted by the noise. This demonstrates that our proposed
fractional SSA based method has a higher noise immunity
ability than the linear interpolation based method.

Linear interpolation
15 ; . . . Our approach
1 -
1k 1 | l \ | . ]
| | fl | ‘ \’\ |
i h [ | . [ |
0.5 I | | | A
’ A | | }1
| ‘
ot \ | ‘ i ”
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I l" ! \‘”“ ‘l‘ \\ ‘ " \‘| |
1r ‘ I I l |‘-
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Figure 2. The sequences reconstructed by various methods when , — ( 3 and

P=0.05-

1000
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Figure 3. The values of o obtained by various methods when y =(.3.
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Figure 4. The effects of P on the values of QO at various vallues of ¥ . (a)
y=01.0) y=0.7-(©) y =0.9.
In order to evaluate the performances of our proposed
fractional SSA based method at various noise levels, Figure 3
shows the values of QO at different values of P when y =0.3.

From Figure 3, it is not hard to see that our proposed fractional
SSA based method can always achieve higher values of O than

the linear interpolation based method. In fact, our proposed
fractional SSA based method achieves an average of 10.3694dB
improvement compared to the linear interpolation based method.
This demonstrates the outperformance of our proposed
fractional SSA based method.

In order to evaluate the performances of our proposed
fractional SSA based method at various values of J, Figure 4

presents the effects of P on the values of O at various values
of y . From Figure 4, it is not hard to see that the effects of P
on the values of O are similar for different values of y . This

demonstrates the robustness of our proposed fractional SSA
based method.

Now, consider an example of an electrocardiogram. It is
worth noting that the electrocardiogram has a sudden jump in
the QS duration. This part of signal consists of a wide frequency
range. In practice, the electrocardiogram is corrupted by the
noise generated by the acquisition system and the background
environment. However, the noise characteristic is unknown. To
model the noise, first the empirical mode decomposition is
applied to the noisy electrocardiogram. For this realization of
the electrocardiogram, it is found that there are eight intrinsic
mode functions. The last five intrinsic mode functions are
summed together to obtain the denoised electrocardiogram.
Then, the zero mean unit variance identically and independently
Gaussian  distributed noise is added to denoised
electrocardiogram.

In order to demonstrate the robustness of our proposed
method, the same set of the parameters employed in the above
example is used here. Thatis, L =10, N =1001,  =0.3 and
P =0.05. Figure 5 shows the sequences reconstructed by both
the linear interpolation based method and our proposed
fractional SSA based method. Likewise, the sequence
reconstructed by the linear interpolation approach is severely
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corrupted by the noise. On the other hand, the sequence
reconstructed by our proposed fractional SSA based method
preserves the shape of the waveform of the original input
sequence without severely corrupted by the noise.

Figure 6 shows the values of ( at different values of P

when y =0.3. From Figure 6, it is not hard to see that our

proposed fractional SSA based method can always achieve
higher values of @ than the linear interpolation based method.

This demonstrates the effectiveness of our fractional SSA based
method.

Linear interpolation

05 . Our approach

o

| WH““ i Vl ML i \‘
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0 100 200 300 400 500 600 700 800 900
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Figure 5. The sequences reconstructed by various methods when 5 = .3 and
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Figure 6. The values of () obtained by various methods when » =(.3.

4. Conclusions

In this paper, a fractional SSA based method for performing
the fractional delay is proposed. First, two overlapping
sequences are extracted from the input sequence. Then, both the
right unitary matrix and the left unitary matrix are designed for
generating the new trajectory matrix. These design problems
are formulated as the quadratically constrained quadratic
programing problems and the analytical solutions are derived
via the SSA approach. Since our proposed fractional SSA based
method does not involve the linear time invariant filters, the
proposed method is nonlinear and adaptive. Hence, the

acquired sequence does not dependent on any parameter except
the total number of the rows of the trajectory matrix and the
fractional delay number. The computer numerical simulation
results illustrate the effectiveness of our fractional SSA based
method.

Acknowledgements

This paper was supported partly by the National Nature
Science Foundation of China (no. U1701266, no. 61671163
and no. 62071128), the Team Project of the Education Ministry
of the Guangdong Province (no. 2017KCXTDO11), the
Guangdong Higher Education Engineering Technology
Research Center for Big Data on Manufacturing Knowledge
Patent (no. 501130144) and Hong Kong Innovation and
Technology Commission, Enterprise Support Scheme (no.
S/E/070/17).

References

[1] Chien-Cheng Tseng and Su-Ling Lee, “Designs of fixed-fractional delay
filters using fractional-derivative constraints,” [EEE Transactions on
Circuits and Systems II: Express Briefs, vol. 59, no. 10, pp. 683-687,
2012.

[2] T. Bensouici, A. Charef and I, Assadi, “A new approach for the design of
fractional delay by an FIR filter,” IS4 Transactions, vol. 82, pp. 73-78,
2018.

[3] H.H.Dam, “Design of variable fractional delay filter with fractional delay
constraints,” IEEE Signal Processing Letters, vol. 21, no. 11, pp.
1361-1364, 2014.

[4] C. Tseng and S. Lee, “Designs of fixed-fractional-delay filters using
fractional-derivative constraints,” I[EEE Transactions on Circuits and
Systems II: Express Briefs, vol. 59, no. 10, pp. 683-687, 2012.

[5] T. B. Deng, “Decoupling minimax design of low-complexity variable
fractional-delay FIR digital filters,” JEEE Transactions on Circuits and
Systems I: Regular Papers, vol. 58, no. 10, pp. 2398-2408, 2011.

[6] H. Johansson and P. Lowenborg, “On the design of adjustable fractional
delay FIR filters,” JEEE Transactions on Circuits and Systems II, Analog
Digital Signal Processing, vol. 50, no. 4, pp. 164-169, 2003.

[71 T. Bensouici, A. Charef and I, Assadi, “ A simple design of fractional
delay FIR filter based on binomial series expansion theory,” Circuits,
Systems, and Signal Processing, vol. 38, pp. 3356-3369, 2019.

[8] Tian-Bo Deng, “Minimax design of low-complexity allpass variable
fractional-delay digital filters,” IEEE Transactions on Circuits and
Systems I: Regular Papers, vol. 57, no. 8, pp. 2075-2086, 2010.

[91 AXK. Verma, R. K. Jarial and U. Mohan Rao, “Modified non-adaptive
bandpass filter based phase locked loop,” Electronics Letters, vol. 56, no.
18, pp. 95-954, 2020.

[10] Hanjie Chen and Zhengyuan Xu, “A two-dimensional constellation
design method for visible light communications with signal-dependent
shot noise,” IEEE Communications Letters, vol. 22, no. 9, pp. 1786-1789,
2018.

[11] C. Y. F. Ho, B. W. K. Ling and P. K. S. Tam, “Representation of linear
dual-rate system via single SISO LTI filter, conventional sampler and
block sampler,” IEEE Transactions on Circuits and Systems II: Express
Briefs, vol. 55, no. 2, pp. 168-172, 2008.

[12] Tongwen Chen, Li Qiu and Er-Wei Bai, “General multirate building
structures with application to nonuniform filter banks,” [EEE
Transactions on Circuits and Systems II: Analog and Digital Signal
Processing, vol. 45, no. 8, pp. 948-958, 1998.

[13] H.Hohansson and L. Wanhammar, “Filter structures composed of all-pass
and FIR filters for interpolation and decimation by a factor of two,” I[EEE
Transactions on Circuits and Systems II: Express Briefs, vol. 46, no. 7, pp.
896-905, 1999.

[14] Weichao Kuang, Shanjin Wang, Yingxin Lai and Wing-Kuen Ling,
“Efficient and adaptive signal denoising based on multistage singular
spectrum analysis,” [EEE Transactions on Instrumentation and
Measurement, vol. 70, pp. 6500120, 2021.

[15] Ziyin Huang and Bingo Wing-Kuen Ling, “De-Hankelization of singular
spectrum analysis matrices via L1 norm criterion,” Signal, Image and



Signal, Image and Video Processing

[16]

[17]

(18]

[19]

[20]

(21]

(22]

(23]

(24]

Video Processing, vol. 13, no. 5, pp. 933-940, 2019.

Yuxin Lin, Bingo Wing-Kuen Ling, Nuo Xu, Ringo Wai-Kit Lam and
Charlotte Yuk-Fan Ho, “Effectiveness analysis of bio-electronic
stimulation therapy to Parkinson’s diseases via joint singular spectrum
analysis and discrete Fourier transform approach,” Biomedical Signal
Processing and Control, vol. 62, pp. 102131, 2020.

Xiaozhu Mo, Bingo Wing-Kuen Ling, Qiuliang Ye and Yang Zhou,
“Linear phase properties of the singular spectrum analysis components
for the estimations of the RR intervals of electrocardiograms,” Signal,
Image and Video Processing, vol. 14, no. 2, pp. 325-332, 2020.

Zikang Tian, Bingo Wing-Kuen Ling, Xueling Zhou, Ringo Wai-Kit Lam
and Kok-Lay Teo, “Suppressing the spikes in electroencephalogram via
an iterative joint singular spectrum analysis and low rank decomposition
approach,” vol. 20, no. 2, pp. 341, Sensors, 2020.

Peiru Lin, Weichao Kuang, Yuwei Liu and Bingo Wing-Kuen Ling,
“Grouping and selecting singular spectrum analysis components for
denoising via empirical mode decomposition approach,” Circuits,
Systems and Signal Processing, vol. 38, pp. 356-370, 2019.

Peihua Feng, Bingo Wing-Kuen Ling, Ruisheng Lei and Jinrong Chen,
“Singular spectral analysis-based denoising without computing singular
values via augmented Lagrange multiplier algorithm,” [ET Signal
Processing, vol. 13, no. 2, pp. 149-156, 2019.

Jialiang Gu, Peiru Lin, Bingo Wing-Kuen Ling, Chuqi Yang and Peihua
Feng, “Grouping and selecting singular spectral analysis components for
denoising based on empirical mode decomposition via integer quadratic
programming,” [ET Signal Processing, vol. 12, no. 5, pp. 599-604, 2018.
Weichao Kuang, Bingo Wing-Kuen Ling and Zhijing Yang,
“Reconstructing signal from quantized signal based on singular spectral
analysis,” Digital Signal Processing, vol. 82, pp. 11-30, 2018.

Charlotte Yuk-Fan Ho, Bingo Wing-Kuen Ling, Lamia Benmesbah, Ted
Chi-Wah Kok, Wan-Chi Siu and Kok-Lay Teo, “Two-channel linear
phase FIR QMF bank minimax design via global nonconvex optimization
programming,” IEEE Transactions on Signal Processing, vol. 58, no. 8,
pp. 4436-4441, 2010.

Bingo Wing-Kuen Ling, Nili Tian, Charlotte Yuk-Fan Ho, Wan-Chi Siu,
Kok-Lay Teo and Qingyun Dai, “Maximally decimated paraunitary linear
phase FIR filter bank design via iterative SVD approach,” IEEE
Transactions on Signal Processing, vol. 63, no. 2, pp. 466-481, 2015.





