This is the Pre-Published Version.

First published in Mathematics of Computation 90 (July 27, 2020) , published by the American Mathematical Society. © 2020 American
Mathematical Society..

WEAK DISCRETE MAXIMUM PRINCIPLE OF
FINITE ELEMENT METHODS IN CONVEX POLYHEDRA

DMITRIY LEYKEKHMAN AND BUYANG LI

ABsTrACT. We prove that the Galerkin finite element solution uy of the
Laplace equation in a convex polyhedron (2, with a quasi-uniform tetra-
hedral partition of the domain and with finite elements of polynomial
degree r > 1, satisfies the following weak maximum principle:
HuhHLOO(Q) <C ||uh||Loo(am )
with a constant C' independent of the mesh size h. By using this result,
we show that the Ritz projection operator Rj is stable in L°° norm
uniformly in A for r > 2, i.e.
[BrullLoe (@) < CllullLe(0)-

Thus we remove a logarithmic factor appearing in the previous results
for convex polyhedral domains.

1. Introduction

Let Sy be a finite element space of Lagrange elements of degree r > 1 subject
to a quasi-uniform tetrahedral partition T of a convex polyhedron 2 C R3, where
h denotes the mesh size of the tetrahedral partition, and quasi-uniformity means
that

pr=ch Vre%,
with p, denoting the radius of the largest ball inscribed in the tetrahedron 7 € ¥.

Let §h be the subspace of S}, consisting of functions with zero boundary values.

A function uj € Sy, is called a discrete harmonic if it satisfies

(1.1) (Vun,Vxn) =0 Vxp€ gh-

In this article, we establish the following result, which we call weak maximum
principle of finite element methods (for higher order equations it is often called
Agmon—Miranda maximum principle).

Theorem 1.1. A discrete harmonic function uy, satisfies the following estimate:
(1.2) [unll oo (@) < Cllunll Lo a0 »
where the constant C' is independent of the mesh size h.

As an application of the weak maximum principle, we show that the Ritz pro-
jection Ry, : H}(£2) — Sp, defined by

(V(u— Rpu), V) =0 Vo, € .SO’h

This work is partially supported by NSF DMS-1913133 and a Hong Kong RGC grant (project
no. 15300519).
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is stable in L* norm for finite elements of degree r > 2, i.e.
| Rhull L2y < Cllullp=(2) Yu e Hg(£2) N L¥(12).

Although this result is well-known for smooth domains [27}29], for convex poly-
hedral domains the result was available only with an additional logarithmic fac-
tor [20, Theorem 12].

In the finite element literature, the “strict” discrete maximum principle

lunllzo 2y < llunllze(00)

ie., with C = 1 in (L.2), has attracted a lot of attention; see [7}/8}[2531,[32], to
mention a few. However, the sufficient conditions for the strict discrete maximum
principle often put serious restrictions on the geometry of the mesh. For piecewise
linear elements in two-dimensions, the strict discrete maximum principle generally
requires the angles of the triangles to be less than /2, or the sum of opposite
angles of the triangles that share an edge to be less than 7 (for example, see [32,
§5]), though these conditions are not necessary away from the boundary [10]. For
quadratic elements in two dimensions, discrete maximum principe holds only for
equilateral triangles [15]. The situation in three dimensions is more complicated
[4,/181/191133], essentially it is hard to guarantee the discrete maximum principe even
for piecewise linear elements.

A different approach was taken in the work of Schatz [26], who proved that
a weak maximum principle in the sense of holds for a wide class of finite
elements on general quasi-uniform triangulation of any two dimensional polygonal
domain. The weak maximum principle was used to established the stability of
the Ritz projection in L and W* norms for two-dimensional polygons. Such
L>- and W' >_stability results have a wide range of applications, for example
to pointwise error estimates of finite element methods for parabolic problems |17}
21,|22|, Stokes systems (3], nonlinear problems [11}/12}|23], obstacle problems [6],
optimal control problems [1,/2], to name a few. As far as we know, [26] is the only
paper that establishes weak maximum principle and L stability estimate (without
the logarithmic factor) for the Ritz projection on nonsmooth domains.

In three dimensions the situation is less satisfactory. The stability of the Ritz
projection in L and W1 norms is available on smooth domains [27,129] and
convex polyhedral domains [14.20]. However, on convex polyhedral domains in [20],
the L°°-stability constant depends logarithmically on the mesh size h, and it is not
obvious how the logarithmic factor can be removed there. There are no results
on the weak maximum principles in three dimensions even on smooth domains
or convex polyhedra. The objective of this paper is to close this gap for convex
polyhedral domains. In order to obtain the result, we have to modify the argument
in [26] by extending the arguments to L? norm for some 1 < p < 2. This constitutes
the main technical difficulty in the analysis of the paper. The mere adaptation of
the L?-norm based argument used in [26| for convex polyhedral domains, would
yield a logarithmic factor. Unfortunately, the current analysis does not allow us
to extend the results to nonconvex polyhedral domains or graded meshes. These
would be the subject of future research.

The paper is organized as follows. In section [2| we state some preliminary results
that we use later in our arguments. In section [3] we reduce the proof of the weak
discrete maximum principle to a specific error estimate. Section [4] is devoted to
the proof of this estimate, which constitutes the main technical part of the paper.
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Finally, section [5} gives an application of the weak discrete maximum principle to
showing the stability of the Ritz projection in L*° norm uniformly in h for higher
order elements.

In the rest of this article, we denote by C' a generic positive constant, which may
be different at different occurrences but will be independent of the mesh size h.

2. Preliminary results

In this section, we present several well-known results that are used in our anal-
ysis. First result concerns global regularity of the weak solution v € H}(£2) to the
problem

(2:3) (Vo,Vx) = (f.x) Vx € Hy(£2).
On the general convex domains we naturally have the H? regularity (cf. [13]).

However, on convex polyhedral domains, we have the following sharper W?2P({2)
regularity result (cf. [9, Corollary 3.12]).

Lemma 2.1. Let 2 be a convex polyhedron. Then there ezists a constant py > 2
depending on §2 such that for any 1 < p < pg and f € LP(§2), the solution v of

[2.3) is in W2P(2) and

llvllw2r 2y < CllfllLr)-

For any point z* € 2 we denote Sy(z*) = {z € 2 : |z — 2*| < d}. The following
result, which is a version of the Poincare inequality, is an extension of Lemma 1.1
in [26], which was established in two dimensions for p = 2.

Lemma 2.2. Let 1 <p<oo. Ifx € Wol’p/(Q) and x* € 012, then
IXIlzr(sq, @) < Cdu|VX | Lr(2)-

Proof. Similarly to [26, Lemma 1.1], we consider x € C§°(£2) and extend x by
zero outside (2. By denoting z* = («7, z3, x%) and using the spherical coordinates
centered at x*, we define

X(p; ¢, 0) = x(x] + psin(p) cos(f), 25 + psin(p) sin(0), 23 + p cos(p)),
for 0 < p < d,, and some @ € [0, 7] and 0 € [0, 27]. Since x = 0 on 942, there exists
0* € [0, 27] such that X(p, ¢, 8*) = 0. Therefore,

0 27
IX(p, @, 0)| = '/9 doX(p, @, 0") do’ </ |9aX (s p,0")| A"
* 0

From the chain rule, we have

o X(psp,0) = =0z, X(p, , 0) psin(p) sin(0) + 9, X(p, , 0) psin(p) cos(0).

As a result, by Holder’s inequality, we obtain

27

27
(. 0,00 < C / 06X (0, 0,070 < C [ IV (o0 8P .
0 0

Therefore,

d, T 2
/ Ix(w)l”dx=/ // IX(p; ¢,0)Pp” sin(p) A0 dp dp
Sa, (z*) 0 o Jo

d. T 27 271
< C/ / / (/ P’ IVX(p, 0, 0 d9’) p’ sin(p) df dp dp
0 0 0 0



ds T 27
<c [ [ [ 1900 sine) a0 didp

= Cdf/ [Vx(z)|P dz.
Sa, (x*)
This proves the desired result. O

The next result addresses the problem when the source function f is sup-
ported in some part of §2. It establishes the stability of the solution in WP norm
and traces the dependence of the stability constant on the diameter of the support.
The corresponding result in [26] is the equation (1.6) therein, which was established
for p = 2 in two dimensions. In our situation we need it for larger range of p.

Lemma 2.3. For any bounded Lipschitz domain (2, there exist positive constants

a € (0,%) and C (depending on £2) such that for 2 —a <p < 3+a and f € LP(12)

with supp(f) C Saq, (zo) and dist(zg, 002) < d., the solution of (2.3)) satisfies
[vllwir2) < Cdullfllze(a)-

Proof. If dist(xg, 012) < d., then Sy, (xg) C Saq, (Zg) for some Ty € 9f2. For any

X € WP (), there holds

|(Vo, V)| = [(£201 < 1l (Su, @on) IX] o (51, (0

<
S M fllzesa, @) IXI Lo (524, (70))
< Cdu|| fller @) IV X Lo (205

where in the last step we have used Lemma
For @ € C§°(2)%, we let x € H2(2)NH(2) — Wy (2) (for 3 —a < p < 3+a)

be the solution of
{Ax =V-w in 12

x=0 on 0f2.

The solution x defined above satisfies
V- (W —Vy) =0,
and, according to |16, Theorem B], there exists a constant « € (0, %) such that
VXl o () < Cllill o () for § —a<p<3+a
By using these properties, we have
[(Vo, @) = [(Vo, VX)| < Cdu| fll o) IVXIl Lo () < Clill fl Lo () 10 Lo 2y

Since C5°(£2)3 is dense in LP' (£2)3 and the estimate above holds for all @ € Cg°(£2)3,
the duality pairing between LP(£2)3 and L?'(£2)% implies the desired result. O

The next lemma concerns basic properties of harmonic functions on convex do-
mains. The result is essentially the same as in |28, Lemma 8.3].

Lemma 2.4. Let D and Dy be two subdomains satisfying D C Dgq C {2, with
Dy ={x € 2 :dist(x, D) < d},
where d is a positive constant. If v € H}(§2) and v is harmonic on Dy, i.e.

(Vo,Vw) =0, Yw € Hi(Dg),



then the following estimates hold:

(2.4a) |v| 12 (D) Cd71|‘1)||H1(Dd)7

<
(2.4b) HUHHl(D) < Cd_lHU”Lz(Dd)'

Finally, we need the best approximation property of the Ritz projection in WP
norm. In [14], the best approximation property of the Ritz projection in W1
norm was established on convex polyhedral domains. Together with the standard
best approximation property in H! norm we obtain
(2.5) lv — Rpvllwie(e) < C min |lv — x|lwire) Yve€ H&(Q) NWhe(90),

XESh
for any 2 < p < oo. Extension of the above result to 1 < p < oo follows by duality
(cf. [5} §8.5]). These can be summarized as below.

Lemma 2.5. On a convex polyhedron 2, the following estimate holds for any fixed
p € (1,00]:
[ = Ruvllwie) < Chllollw2ra) Yo € Hy(£2) NW?P(£2).
In sections we would use several results from [24}26,[27]. Some of these
results were stated therein for sufficiently small mesh size h under certain hypothesis
on the triangulation. Since, we concentrate on the Lagrange elements, all the

hypotheses in [27] are trivially satisfied and we assume that our mesh size h is
sufficiently small, say h < hg for some constant hg, so these results hold.

3. Basic estimates

In this section, we derive some estimates we require to establish one of our key
results, Theorem This part of the argument up to is analogous to the
first part of the proof of |26, Theorem 1] up to equation (3.10). The dyadic decom-
position part is also similar. The essential difference lies in the duality argument

in section {4l after the equation (4.21)).

In [27, Corollary 5.1], the following interior error estimate was established
|lw — UhHLoo(Ql) < Chl| In h|F|U|Wl,oo(_QQ) + Cd_?’/q_pHu — ’LLhHW—p,q(QQ),

for0<I<r,wherer=1forr=1,7=0for r > 2 and 2; CC {2 CC {2, with
dist(£21,002) > d > kh and dist(£2,982) > d > kh. Choosing u = 0, p = 0 and
q = 2 in the above estimate, we obtain that there exists a constant C' independent
of h such that

(3.1) Junl|z= (20 < Cd 2 [lunl| 2.
Let x¢ € {2 be a point satisfying
[un (20)| = ||unllpe(oy with d = dist(zo,042).

If d > 2kh then we can choose 21 = Sq/2(20) and 25 = Sy(x¢). In this case, the
following interior L> estimate holds (cf. |27, Corollary 5.1] and [26, Lemma 2.1

(i) 3
lun(zo)| < Cd™2 [|unllL2(S4(z0))-

Otherwise, we have d < 2kh. In this case, the inverse inequality of finite element

functions (cf. |5, Ch. 4.5]) implies

_3
[un(z0)| = [[unllzoe(s) (z0)) < CR™ 2 |lunllz2(s), (20))-
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Hence, either for d > 2kh or d < 2kh, the following estimate holds:
(32) |uh(x0)\ Cp 2 ||uh||L2(S (20))» with p = d+ 2kh.

To estimate the term |[lun||z2(s,(xy)) On the right hand side of the inequality
above, we use the following duality property:

[unllL2s, (@o)) = sup [ (un, ©)|,
supp(¢)C S, (o)
H‘P”L2(sp(x0)) <1

which implies the existence of a function ¢ € C5°(£2) with the following properties:

(3.3) supp(p) C Sp(w0),  l9llr2(s, o)) < 1
and
(3.4) lunllz2(s o(z0)) S < 2|(un, )|

For this function ¢, we define v € Hg(£2) to be the solution of
(3.5) (Vo,Vx) = (p.x) Vx € Hy(92),
and let vy € S'h be the finite element solution of

(Von, Vxn) = (#,Xn)  ¥Xn € Sh.
Thus, vy is the Ritz projection of v and satisfies
(3.6) (V(v—v4),Vxa) =0 Vxp € S
Let u be the solution of the problem (in weak form)

57 (Vu, Vx) =0 Vx € Hg(92),
’ U= up on 012.
Then the continuous maximum principle of (3.7 ﬁ implies
(3.8) [ull Lo () < llunll=(00)-
Notice, that uy is the Ritz projection of u, i.e.
(V(u—up),Vxn) =0 Yxn € Sh,
u—up =0 on 0f2.

Therefore, we have

||Uh||L2(Sp(zo)) 2| (up, gp)| (here we used )
=2|(un — u, @) + (u, 9)|
= 2|(V(uh —u), Vo) + (u, )| (here we used )
= 2|(Vup, Vv) + (u, ¢)] (here we used )
< 2|[(Vun, Vo)l + 2[|ull o) ol L1 ()

(3.9) < 2/(Vun, Vo)l + Cp? [|un 1 00) | 2ll 25, (20)):

where we have used (3.8)) and the Holder inequality in deriving the last inequality.
To estimate |(Vup, Vv)|, we note that

(Vup, Vv) = (Vup, V(v — vp)) (here we use and v, € Sy,)
= (V(up —xn), V(v —v3))  Vxn € Sh. (here we use (3.6)).
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We simply choose x;, to be equal to uy, at interior nodes and y;, = 0 on 9f2; thus
up(z) — xn(z) is zero when dist(z, 042) > h, and for any r > 1

lun = xnrllLe(2) < CllunllLe(a0)-
If we define

Ap = {x € 2 : dist(z,002) < h},
then using the inverse inequality,

|(Vun, Vo) < [V (un — xn)llLoe (a) IV (0 = vp)llL1(ay)
< Ch™Mup = Xullpoe () IV (0 = vn) |11 (a0)

(3.10) < ChMunl| Lo o) IV (v = vn) [ L1 (a,)-
Then, substituting (3.9) and (3.10) into (3.2)), we obtain
B1) o) <o AV = o)l + Dlunllz= o0
The proof of Theorem [I.T] will be completed if we establish
(3.12) p 2V (0 = vn) L ay < G

which will be accomplished in the next section.

4. Estimate of p~2h ||V (v — on) |l L1 (an)

Let Ry = diam({2) and d; = Rp277 for j = 0,1,2,... We define a sequence of
subdomains

Aj:{$602dj+1<‘$—1'0|<dj}, 7=0,1,2,...
For each j we denote Aé» to be a subdomain slightly larger than Aj;, defined by
Ab=A; U UAjUA; U UAjy 1=1,2,...
Let J = [Ina(Ro/8p)] + 1, with [Ina(Ro/8p)] denoting the greatest integer not ex-
ceeding Inz(Ry/8p). Then
20 <djyp1 < 4p
and
(4.13) measure(A4; N Ap) < C’hd?.

By using these subdomains defined above, we have

_3, _
p~zh 1||V('U*Uh)||L1(A,L)

J
<p Eht <Z V(v =wvn)llra,na,) + V(0= vh)llLl(Ah,ms4p(zo>>)
=0

J
<Cp 2h71 D h2dy]|IV (v — va)| 2240y
j=0
(4.14) +Cp Eh™Z |V (v — vn)l| 22 (4nSa, (20))

where the Holder inequality and (4.13) were used in deriving the last inequality.
Using global error estimate in H' norm, Lemma with p = 2 and (3.3)), we
obtain

PRV (0 = on)llz2(aunsi, o) < Cp 2R 2 k]l 2 o)



<Cp 2h 2 hg|rae) < C,

where we have used p > h and [[p||r2(0) < 1 in deriving the last inequality. Sub-
stituting the last inequality into (4.14]) yields

J
(415)  p Eh YV — on)lnian < Cp 2h S 4V (0 — 012 (ay + C.
j=0

Now, we use the following interior energy error estimate (proved in Theorem
5.1], also see Lemma 2.1 (i)]):

1900 = o)l 2ay) < CIVE@ = Iv)llgacany + Cd™ o — Iivllacary
(4.16) +Cd;1HU_vh||L2(A})7
where I}, denotes the nodal interpolant. Using the approximation theory, we obtain

IV (v = vn)llL2(a,) < (Ch+ CR2d ) [0ll 2 a2y + Cd5 o = vnl| g2 ar)
1.3
(417) < Ohd; pHUHWLp(A?) +Cdj_1||’l)fvh||L2(A;) for g <p<2,
where we have used d; > h and the following inequality in deriving the last inequal-
ity:
1_3

(4.18) ||’UHH2(A?) <Cd; ” ||UHW1,,)(A§_.) for $ <p<2.

The inequality above follows from Lemma [2:4] the Holder inequality and Sobolev
embedding, i.e.

[Vl m2a2) < Cdj?|0ll L2 a3)
—243_3 .
<Cd; 7 vllpaazy ifg>2
1_3
<Cd; ” ||vHW1‘p(A§,) for % = % —1land § <p <2 (so that ¢ > 2).
This proves that (4.16)) holds for g <p<2.
By applying Lemma to (4.16)) with p = %, we obtain
V(v — Uh)||L2(Aj)
3
-3 -1
< Chd; 2P||<P||Lg(5p(m)) +Cd; v — Uh||L2(A;)
_3
(4.19) < Chd; 2 p? + Cdj ! [ = vl 2y,
where the last inequality is due to the following Holder inequality:
1 .
1ol L3 (s oy S CP2ION 25, o)y Wit [l@llL2(s, (o)) < 1.
From (4.19) we see that

s 1 h\?
420 IV ol < Cotit () 4 Clo = ol
J

Then, substituting (4.20) into (4.15), we have
s,
p 2h V(v — o)Lt an)

J 1 J
h\?2 _3,_1
<o> () et E S o nlia
=0

Jj=0



J
(4.21) SCH+Cp2h™2 Y v =l 2(ar)-
J=0

It remains to estimate 7 i=o lv = vnl[L2(a1). To this end, we let x be a smooth
J
cut-off function satisfying

x =1 on A} and x =0 outside A?.

Then
[0 = vnllrscary < lIx(v = on)llLeo)

< |Ix(v = vp)||lmr(2)  (Sobolev embedding H'(£2) < L5(42))
(4.22) <V = o) lpaay + €0 = vl -
By using (4.22)) and the interpolation inequality (for 1 < p < 2)

1-6 0
6 .

@23) o= onlliaga < 0 = onll a0 = onllcayy with 3 =2 42,

we obtain
HU—Uh”L?(AJl.)
<o = onll s (190 = on) 204z + Cd5 o = vnll2az))”
= (7|0 = vnllo(ar) 0 IV (0 = vn)l| a2y + Cedy Mo = vil| 2 a2))”
<eTT v — Whllzr(any +elV(© = vn)ll2az) + Cedj [0 = vpl L2 a2y,

where € can be an arbitrary positive number. By choosing ¢ = d;(p/d;)? with
€ (0,1), we obtain

o

P\ 7
@20 o=l < (£) 4T 0=l
J

p (e
(1.25) +(2) @90 = o)l + Cllo = nlszga)

Hence,

J
_3,_1
p-zh 2Z:HU*UhHL?(AJl.)

=0
3 1 J —1% -
< Cpm2h” 22( ) d; "o = vallecar)
j=0 a;
3 1 J P 7
+Cp_§h 22(([) d ||V(U_'Uh)||L2(A§)+C||U_Uh||L2(A§)>
j=0 \J
J p Lo
_3,_1
<Cp 2h 2]2_:0<d]> d 1— BHU_Uh”LPAl)

J o
_3,_1 p
(4.26) +Cp~2h™2 ZO (d) lv — Uh”L?(A?)y

<
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where we have used (4.20) in deriving the last inequality. Note that

J o
p
> (d) v = vallz2(a2)

j=0 N7

o J o
p p
< C(d») [v = vnlL2(Ss,(20)) + 2 § <d> v = vnllzz(ar).
J ] )

Jj=0

Combining the last two estimates, we obtain

J
_3,_1
p 2h 2ZHU—U}LHL?(A;)

=0
J fo

Py 77—
S (1) e ey
=

3,1 ’
+Cp~2h 2<d> v —vnlL2(ss, (o)) + CP™ ih Z( J) lv — U;L||L2(A}).

J

Nl

<Cp 2h™

If d; > kp for sufficiently large constant , then the last term can be absorbed by
the left side. Hence, we have

o

J J _ 8o
3.1 s _1(p =0 e
Y P E o= onllpaan <Y CpE 2<dj> d; " |lv = vnll Lo an)
7=0

Jj=0

(4.27) +CpihTE (;) [0 = Vnll L2(S, (20)) -
J

It remains to estimate ||[v — vh||Lp(A31_) and ||v — vallL2(Ss, (w0))- To this end, we
let ¢ € CSO(A}) be a function satisfying

. 1 1
(4.28) flv—=wnllzeary <2(v =, ¥) and  [[P]laary <1,  with » + riy L.

Let w € HE(£2) be the solution of

—Aw =1 in {2,
{ w=0 on 02,

Then using Lemma [2.5] and Lemma [2.1] we obtain
(v —vp,v) = (V(v—1up), Vw)
(V(v—wp), V(w — Ihw))
v (U = on)llLr @) V(0w - Ihw)llm(n)
2)

Ch® H<PHLP(Q)H1/J||LQ
Ch’ H<PHLP(S (z0))

NN N A
Q
D‘
E
3
=
)
E
§

<OWp» 2 lellnas, won Il agay

§_

h2p 3

Q

b
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where we have used [|¢][z2(s,(z0)) < 1 and ||1/;||Lq(A}) < 1 in deriving the last
inequalities. This implies

3_3
(429) ||’U - /UhHLp(A}) g C’thp 2 and ||U — Uh||L2(S8p(wo)) g Ch2

By substituting these estimates into (4.27)), we obtain

L NI
a0 St wlsay < oc(t) (2) e
=0 =0 P J
Since p < 2, by choosing sufficiently small o we have % - % - 19%9 > 0 and therefore
L, TN TR
asy Y it uley < So0(2)(£) ro<e
j=0 j=0 J

Then, substituting this into (4.21]), we obtain
3,
(4.32) p~EhTHIV(v = vn)L1(a,) < C.

This proves the desired result for sufficiently small mesh size h < hg, as explained
in the end of section 2

For h > hg, we denote by g € S} the finite element function satisfying g = uy,
on 92 and g, = 0 at the interior nodes of the domain (2. Naturally,

9n Il (2) < [lunllz=(a0)-
Since xp, = up — gy € ,é'h, from , we have
(Vun, (V(un, —gn)) =0
and as a result
IV (un = gu)l1 2200y = (V(un = Gn)s V(un = Gn)) = =(VGn, V(un — gn))
< CIVanllL22)IV(un = gn)llL2(0)-
Thus, using the inverse inequality and that h > hg, we have
IV (un = gn)ll22) < ClIVGnll2(2) < Ch™ M gnllL2(o) < Cho M gnllLe(2)
< Chy HJunl = (202)-
By using the inverse inequality and the above estimate, we also have
lun — gnllz= (@) < Ch™% |lup — gnllr2(2)

< Ch™2 ||V (u, — Gn)llz2(e)

< Cthlluhllmam.
By the triangle inequality, this proves

lunllzoe 2y < [[gnll + [lun = gnllLe (@) < CllunllL=(02)

for h > hg.
Combining the two cases h < hg and h > hg, we obtain the desired result of
Theorem [L.1]
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5. Application to the Ritz projection

In this section, we adopt Schatz’s argument to prove the maximum-norm stability
of the Ritz projection. This argument uses the weak maximum principle established
above to remove a logarithmic factor for finite elements of degree r > 2 in convex
polyhedral domains under the following assumption:

(A) The tetrahedral partition of {2 can be extended to a larger convex domain
{2 quasi-uniformly, with 2 CC (2.
The logarithmic factor has been removed in previous articles only for » > 2 on
smooth and two-dimensional polygonal domains.

For any function u € H}(§2), we denote by Ryu € Sy, the Ritz projection of w,
defined by

(5.33) (V(u— Rpu),Vxn) =0 Vxu € Sh.

Theorem 5.1. Under assumption (A), for finite elements of degree r > 2 the Ritz
projection satisfies

(5.34) | RhullL(2) < Cllullp=(2) Yue Hy(2)NC(12).
Proof. Let @ be the zero extension of u to the larger domain £2. Let Sj,(£2) be the

finite element space subject to the tetrahedral partition of {2 (with zero boundary
values), and let @, be the Ritz projection of # in the domain (2, i.e.

(5.35) /~ V(i —Tp) - Vxadz =0 Vxn € Sh(R).
(]
Since v = w on {2, it follows that
(5.36) lu—unl[ze(2) = U —unlL=(2)
(5.37) < Ju = nllpee @) + 1 — unll Lo ()
(5.38) = Fy + B,

By using [27, Theorem 5.1] (which requires r > 2 to remove a logarithmic factor
and h sufficiently small, say h < h,), we have

(5.39) By < Cllu — Intl| po () + Cllu — tn| L2021y,

where (2 is some intermediate domain satisfying 2 CC ' CC fz Since the
Lagrange interpolation operator I is stable in the L>° norm on C({?2), it follows
that

(5.40) @ = Intul| oo () < Clft]| Lo (@) = Cllul[ Lo (0)-

To estimate ||t — up/12(0r), we use a duality argument. Thus,

1w — tn g2y < llu— ﬁh||L2(§) = Ssup / (U —ap) ¢ da.

pecge () J0
121 25y <1

In particular, there exists a ¢ € C{)’o((}) satisfying

(541) ”@HLZ((N)) <1 and ||a*1~th||L2(§) < 2/{2(&7 ah)@ dz.
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For this @ we define ¢ € HL(£2) to be the weak solution of

(5.42)

Ay =3 in £,
=0 on 8!~2,

and denote by ¥, € Sh((~2) the Ritz projection of ¢ in (2, i.e.

(5.43) /ﬁv@ ) VEndz =0 V¥ € Sn().

If we denote by T the set of tetrahedra in the partition of (~), then testing (5.42)) by
u — up, yields

(5.44)
/~(ﬂ —up) p dr = ﬁ V(- 1) - Vi dz (here we use integration by parts)
7]

7
= [ V(u—uy)- V(¢ —p)dz  (here we use (-35)

7
= /~ Vi - V(i — i) dz (here we use (5.43))
7}
= [V - s
€% T
—= Y [TAG -G dot [ T0,5 ) ds
x0T or
< Oy 32 (1AG B2y + 1008 — Bl o)
Tex
<l (VG = 50l + 3 16~ Dl ).
Tex
where in the last step we have used H17||Loo(§) = [Jul| L~ () and the trace inequality

10 — ) L1 ory < CRTHIV (W — i)l L1 ey + CllY — Ynllwea (-

By using a priori energy estimate and H? regularity, we have

HV(/J* Jh)”[ﬂ(ﬁ) < ||V(7:Z;7 Jh)HL’z(ﬁ)
< V(@ - IhZZ)HLz(ﬁ)

< OBl s
<
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Let I, be the Scott-Zhang interpolant. Then by the triangle and inverse inequalities,
we have

Y1 = dnllwer

TET

<Cy (IIJ — Lllwaa i + 10t — Jhllwzm))
TET

<O( 6= Blwanc + W1 = Tallys )

TE%

<O(( 1T = Felllwan o + 0718 = Eudllns iy + 017 = Dl )

're‘:{'

Similarly as (5.45]), we can prove the following estimate:
WG = Dl sy +h 1 = Onllyaa @ < C
and by using the properties of I, (cf. [5, Theorem 4.8.3.8]),

Do = Ldllweary O I lw2iir) < Clldll oy < ClI@l 25y < C.
TE% TE‘%

Now we substitute these estimates into ([5.44)). This yields

(5.46) ”ﬂ*ﬂhHLz(fz) < CHUHL‘X’(Q)‘

Then, by substituting ([5.40) and (5.46) into (5.39), we obtain
(547) E1 < CHu”Loo(Q)

To estimate o, we use the fact that u; — uy, is discrete harmonic in {2, i.e.
/ V(up —up) - Vxp do = / V(u—u) - Vx,dz=0 Vx,é€ Sh(Q)
0 0
Thus, by the weak discrete maximum principle proved in Theorem [I.1] and using
the fact that up, = 0 and u = 0 on 92, we have
Ey = [lun — unl[= (o)
< Cllan, — unllL=(00)
= C||unl| L use up = 0 on 02
(5.48) H~hHL~(8Q) ( n )
= Cllup —ul| =) (use uw =0 on 942)
< Cllap, — | Lo (o)
= Ela
which has already been estimated. Hence, substituting (5.47)) and (5.48)) into (5.36)),

we obtain
(5.49) [w = unllLo(2) < CllullL=(2)-

This completes the proof of Theorem [.1] in the case h < h, for some positive
constant h..
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If h > h, then we pick up a point xg € T (in some tetrahedron 73) satisfying
|un(z0)| = ||un||po=(2). For such zy we define a regularized Green’s function G as
the solution of

—AG(z) =b(z), =€,

5.50
(5:50) G(z) =0, x € 012,

where § € C3(02) is the regularized Delta function concentrated at zg, satisfying
supp(d) C 7o and

/ thdx =xn(zo), Vxnu€ So'h,
Q

18]l wiw < KRTI30-1/P) for 1 <p<oo, 1=0,1,2,3.

The construction of the function & can be found in [30, Lemma 2.2]. In particular,

the construction of & can be done in any tetrahedron for the arbitrary mesh size h.
We define G, = R,G € Sy, i.e.,

(5.51) (VGr,Vxn) = (8,xn) Yxu € Sh.

The finite element function G}, defined by the equation above satisfies the following
standard energy estimate:

|Gl (@) < Cloll 2
Then using the Galerkin orthogonality, integration by parts, we obtain
uh(l‘o) = (Vuh, VGh) = (Vu, VGh) = Z [(U, 8nGh)8‘r + (u, —AGh)T]
TEX

< lullze (o) Z (100 GrllLr(or) + | AG] L1 (7)) -
TEX

(5.52)

Now, for h > h,, using the trace and inverse inequality we have
> 10nGhllzror) + IAGHI L1 (1] < CRTH D IVGhllzr
reT TeT
Ch™H|Grllwra (o)
Ch™H|Grllm (e
C

hY8) L2y < Chi ™2,

N INN

since ||6]| r2(2) < Ch™%/2 and h > h,.
Combining the two cases h < h, and h > h,, we obtain the desired result of
Theorem [5.11 O

6. Conclusion

In this article, we have proved the weak maximum principle of finite element
method (Theorem [1.1)). The main difference between the current proof and the
proof in [26] for two-dimensional polygons is that we have used L? estimates in
place of some L? estimates in section 4| including (4.16]), (4.18)), (4.23), (4.24),
(4.26)), (4.28) and (4.29). As an application of the weak maximum principle of finite
element methods, we have presented an L*-stability of Ritz projection (Theorem
by utilizing the argument in |26, Theorem 5.1].
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