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Abstract. We construct and analyze a class of extrapolated and linearized Runge-Kutta (RK)
methods, which can be of arbitrarily high order, for the time discretization of the Allen—Cahn and
Cahn—Hilliard phase field equations, based on the scalar auxiliary variable (SAV) formulation. We
prove that the proposed g¢-stage RK-SAV methods have gth-order convergence in time and satisfy
a discrete version of the energy decay property. Numerical examples are provided to illustrate the
discrete energy decay property and accuracy of the proposed methods.
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1. Introduction. We consider the initial boundary value problems for the Allen—
Cahn (AC) and Cahn-Hilliard (CH) phase field equations,

Ou—Au+ f(u)=0 in £2x(0,7),
(1.1) Opu=20 on 912 x (0,T),
u(+,0) = uo in £,
and
O — A(—Au+ f(u)) =0 in 2x(0,7),
(1.2) Ontt = Op(—Au+ f(u)) =0 on 92 x (0,7),
u(-,0) = ug in £2,

respectively, in a smooth or a convex polygonal /polyhedral domain 2 ¢ R? 1 < d < 3,
with f being the derivative of a nonnegative potential function F, i.e., f = F’. For
instance, the Ginzburg—Landau energy function

1
Fv) := E(v2 —1)? with a small parameter ¢

leads to f(v) = (v® — v)/e2, which is widely used in physics and engineering.
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The AC and CH equations are phase field models for phase separation in binary
alloy systems, complex fluids, and soft matter [1, 5, 12, 45]. They are, respectively,
the L? and H~! gradient flows of the energy functional

E[u}/ﬂ(;|Vu|2+F(u)> dz.

As a result, the solutions of the AC and CH equations have decaying energy. Indeed,
testing (1.1) and (1.2) by d;u and —Au + f(u), respectively, yields

ta
1.3 Elu(-,t2)] — Efu(-,t1)] = — Ovu||2 2, oy dt for the AC equation,
12(0)
t1

to
1.4 Elu(-,t2)] — Elu(-,t1)] = — Ol —1 o dt for the CH equation,
) H-1(2)

where 0 <t <t < T and ||Oul|g-1(0) = V| L2(0) with w = —Au + f(u).

Correspondingly, great efforts have been devoted to the construction of efficient
and accurate numerical methods preserving the energy decay property at the dis-
crete level. Some popular energy-decaying nonlinearly implicit time stepping meth-
ods include convex splitting methods [14, 15, 25, 32, 36], discrete-gradient methods
[20, 30, 11, 31], averaged collocation methods [22, 10], and Runge-Kutta methods
[23]. More recently, fully implicit energy-decaying algebraically stable Runge-Kutta
methods were proposed for the invariant energy quadratization (IEQ) and the scalar
auxiliary variable (SAV) formulations (see [19]); they require solving a nonlinear sys-
tem of equations at every time step. These methods are expected to be of higher order,
like the implicit Runge-Kutta methods for the original formulation studied in [23].
Existence, uniqueness, and convergence of these methods require further analysis.

In contrast to fully implicit methods, linearly implicit methods only require solv-
ing a linear system of equations at each time step. Energy-decaying linearly implicit
time stepping methods include stabilization methods [47, 35, 26, 27, 37, 38, 39, 46], La-
grange multiplier methods [2, 21], the IEQ approach [40, 41, 42, 44, 43], and the SAV
approach [33, 34, 9]. By using the stabilization and Lagrange multiplier approaches,
first-order time stepping methods can be easily constructed for phase field equations,
while second-order methods have to be constructed by carefully choosing stabilization
terms and Lagrange multipliers case by case. The IEQ and SAV approaches provide
equivalent reformulations of general phase field equations. The main advantage of the
reformulated equations is that the energy is expressed in terms of Hilbert space norms
of the new variables, which considerably simplifies the construction of energy-decaying
methods; in particular, the construction of energy-decaying second-order time step-
ping methods for the reformulated phase field equations is a relatively easy task.
For example, applying the linearly implicit second-order backward difference formula
(BDF) method to the reformulated equations, based either on the IEQ or on the SAV
formulations, automatically yields an energy-decaying time discretization method,
with the decay property properly interpreted since now two pairs of approximations,
(Wt 1, Um ), m = n,n—1, are compared rather than two approximations u,1+1 and w,,.
However, high-order BDF methods for the reformulated equations, again based either
on the IEQ or on the SAV formulations, do not immediately lead to energy-decaying
numerical schemes. For all these approaches, the construction of general energy-
decaying linearized time stepping methods of order higher than 2 has remained open.

We refer the reader to [3, 4, 6, 7, 8, 16, 17, 18, 28, 33, 39] for error analyses of
numerical methods for the AC and CH equations.
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In this article, we propose a class of extrapolated and linearized Runge-Kutta
methods based on the SAV formulation (extrapolated RK-SAV methods) for the AC
and CH phase field equations, with linearly implicit schemes for the linear part of
the equations and linearized extrapolation for the nonlinear part. We prove that the
proposed extrapolated g-stage RK—SAV methods can have gth-order convergence in
time in approximating smooth solutions of the AC and CH equations and satisfy a
discrete version of the energy decay, i.e.,

(15) ET [un+la rn-&-l] < ET [un; rn}v

where E;[u,,r,] is the discrete (modified) energy of the numerical solution at time
t = t,,; see section 3. Therefore, arbitrarily high order energy-decaying methods can be
constructed by choosing large q. This again demonstrates the strength and suitability
of the SAV and IEQ approaches for the construction not only of second-order but
even of high-order energy-decaying linearly implicit methods.

The extrapolated RK—SAV methods proposed in this paper can be viewed as an
extrapolated linearization of the Runge-Kutta methods studied in [19] for the ITEQ and
SAV formulations. The advantage of such extrapolation and linearization is a com-
plete existence, uniqueness, and convergence analysis for a linearly implicit method.

In section 2, we recall the standard SAV reformulations of the AC and CH equa-
tions, then present our numerical methods based on the SAV formulation. The analo-
gous numerical schemes based on IEQ are similar and therefore omitted in this article.
In section 3, we prove the energy decay property of the proposed methods. Section
4 is devoted to the error analysis for the AC equation, while in section 5 we present
results of our numerical experiments. Concluding remarks are presented in section 6.

2. Extrapolated RK—SAV methods. In this section, we present the extrap-
olated RK—SAV methods for the AC and CH equations. The AC and CH equations
are first reformulated via the SAV, as in the literature, and then discretized in time
by algebraically stable g-stage Runge-Kutta methods, with linearized extrapolation
for the nonlinear terms in the reformulated equations.

2.1. SAV reformulations. The SAV approach introduces a scalar function of ¢,

(2.1) r(t) == \/fn Flu(z,t))dz + Ey, 0<t<T,

with Ey an arbitrary positive constant, for example, Eo := [,(5[Vuo|? + F(ug))d,
and reformulates the AC and CH equations into

Ou — Au+rW(u) =0 in 2x(0,7),

Onu =0 on 02 x (0,T),
(29) Y= (W), B) in (0,7),
u(+,0) = up in £,

r(0) = \/fg F(uo)dz + Eo,

and

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/05/21 to 158.132.161.185 Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

A3706 G. AKRIVIS, B. LI, AND D. LI

Ou — A(—Au+rW(uw) =0 in 2x(0,7T),
Ontt = Op(—Au+rW(u)) =0 on 92 x (0,T),
(2.3) ¥ = LW (), d) in (0,7),
u(+,0) = ug in (2,
- \/fg F(ug)dz + Eo,
respectively, where W (u) := f(u)/ \/ Jo F(u(x,t))dx 4+ Ey. First- and second-order

linearly implicit schemes can be constructed by directly applying the implicit Euler
and the second-order BDF methods to problems (2.2) and (2.3). The resulting meth-
ods automatically preserve the energy decay property; for instance, for the implicit
Euler method, we have

(2.4) / S|V [Pde + 12, < / ~|Vau,|*dz + 72
0?2

However, as mentioned in the introduction, higher-order BDF methods for the SAV
formulation do not automatically yield energy-decaying time discretization methods.
Higher-order energy-decaying linear schemes have not been constructed so far. In
sections 2.2-2.3, we present a class of extrapolated Runge-Kutta methods, which
can be arbitrarily high order accurate, for the SAV formulations (2.2) and (2.3) that
preserve the energy decay property at the discrete setting.

2.2. Algebraically stable Runge—Kutta methods. We consider a ¢-stage
Runge-Kutta method, described by the Butcher tableau

a1 A1q C1
2.5 :
25) Aq1 QAqq | Cq

b by |

with ¢1,...,¢4 € (0,1]. The Runge-Kutta method described by (2.5) discretizes an
initial value problem for an autonomous ordinary differential equation

'(t) = f(v(t)), te(0,T], wv(0)=uvp,

in the following way. For a given approximation v, of the nodal value v(t,), one
computes v,+1 by

U7lizvn+7§ AjjUnj, ZZlv"wQa
Jj=1

q
Untl =Up + T § biUns,
=1

where Op; = f(vni) @ = 1,...,q, vy; are approximations to v(t,;) fori =1,..., ¢, with
tni = tn + ¢;7 being the internal Runge-Kutta nodes and 7 = ¢, — t,, being the
time stepsize.

We consider algebraically stable Runge-Kutta methods satisfying the following
conditions:

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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(1) The matrix A = (a;j)i j=1,...q is invertible,
(2.6) (2) b; >0, i=1,...,q,

(3) ¢ #c¢; for i#j.
Here, algebraic stability means, besides the positivity of the weights b1,..., b4, that
the symmetric matrix M € R?7*? with entries m;; := bja;;+bja;; —bib;, 4,5 =1,...,4¢,
is positive semidefinite. This is our essential condition for the energy decay property.

Besides (2.6), we assume for the error analysis that the Runge-Kutta method is

associated to a collocation method, that is, it has order p > q and stage order at least
q, i.e.,

q
_ 1
(B(p)) Zblcf ! = Za é = 17 2
i=1
q o
(C(q)) Zaijcﬁflz?ﬂ £=1,...,q,1=1,...,q.
7j=1

Two popular families of algebraically stable Runge-Kutta methods of collocation
type satisfying (2.6), of orders p = 2¢ and p = 2q — 1, respectively, are the Gauss
methods and the Radau ITA methods. For both families, arbitrarily high order meth-
ods can be constructed. The one-stage members of these families are the midpoint
(or Crank—Nicolson) and implicit Euler methods, respectively. The tableaus of the
two- and three-stage members of the Gauss and Radau ITA methods are given in [24,
section IV, pp. 72, 74].

2.3. Extrapolated RK—SAV methods. Let N be a positive integer and ¢,, :=
nt,n =0,..., N, be the uniform partition of the time interval [0, T] with time stepsize
7 := T/N. Furthermore, let t,; :=t, +¢;7,i =1,...,¢,n=0,..., N — 1, denote the
internal Runge-Kutta nodes.

For given internal stages un,—1,,% = 1,...,q, we denote by u],_(t) the Lagrange
interpolation polynomial of degree at most ¢ — 1 satisfying

u;—l(tn—l,i) =Up_14, t=1,...,q,
and use the abbreviation I7_ju,; := ul,_;(tn;), which approximates u(t,;) by the

extrapolation method using the values u,—14,7=1,...,q.
Similarly, we denote by I7_;u(t) the Lagrange interpolation polynomial in ¢ of
degree at most ¢ — 1 interpolating the values of the exact solution u, i.e., satisfying
Ig,lu(tn,l’i) :u(tn,l’i), 1= 1,...,(].

Assuming that the nodal approximations u,, r, and the internal stages un—1 ;,
i =1,...,q, are known, we consider the following method for the reformulated AC
equation (2.2):

Upg = Aty — roW (T _qup;) in 2, i=1,...,q,
q
(2.8) Ui :un+72aijunj, in 2, i=1,...,q,

j=1
8nuni:O on 8!2, Z'Zl,...7q,

1
7;77,2' - §(W(Iy";71unz)vunl)a 1= ]-7 .. q,

(2.9) 1
rm:rn—i—TZaiji“nj, 1=1,...,q
j=1

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Note that the quantities ,,; and 7,; have been introduced here for notational con-
venience only. In fact, substituting t,,; from the first relation of (2.8) into the second
relation of (2.8) as well as into the first relation of (2.9), and subsequently substitut-
ing the new first relation of (2.9) into its second relation, we obtain a coupled system
for the internal stages u,; and rp;, ¢ = 1,...,q. Since the extrapolated quantities
W (I7_qun;) are known, the implementation of (2.8)—(2.9) requires only the solution
of a coupled linear elliptic system for (un;, i) € HY(2) xR, i = 1,...,q. Once uy;
and r,; have been determined, we obtain the quantities u,; € H 1(()) and 7,; € R
from the second relations of (2.8) and (2.9), respectively, using the invertibility of
the matrix A = (a;;). Using these values, one computes (un41,7n41) € H'(2) x R
through

q
Up41 = Up +7 E bzunw

(2.10) =l

q
Tn+1 =Tn + 7 Z bﬂ'nz
i=1

Since I7_,u(t) is the Lagrange interpolation polynomial of degree at most ¢ — 1,

it follows that I7_ju(tn;) is a gth-order approximation of u(t,;) for ¢ = 1,...,q.

Therefore, the method (2.8)—(2.10) has (¢+1)th-order consistency error; see section 4.

For the CH equation, the extrapolated linearized Runge-Kutta method for (2.3)
reads

Ui = AWy in £2, i=1,...,q,

q
UnZ:Un+TZaz]un] in '97 i:17"'7q7
(2.11) =1
Wns = _Auni + rniW(IT—luni) in Qv 1= 17 <4,

n

Ontni = Opwp; =0 on 012, 1=1,...,q,
and
. 1 - . .
rni = i(W(In—luni)?uni>7 1= 17"'3q7
(2.12) a
Tm':TnJFTZaij?;nj, 1=1,...,q,
j=1

which is an elliptic system of equations of the internal stages (uni, Wni,Tni), © =
1,...,q. Having solved the equations for these internal stages, we obtain (i, 7n;) €
HY(2) xR, i=1,...,q, from the second relations in (2.11)—(2.12) using the invert-
ibility of the matrix A = (a;;). Using these values, one computes (Up+1,7nt1) €
HY(£) x R through

q
Up41 = Up + 7 § bzunza

i=1

(2.13)

q
Tptl =Ty + TZbﬁm;.

i=1
As for method (2.8)—(2.10), the consistency error of method (2.11)—(2.13) is of
(¢ + 1)th-order.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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3. Energy decay property of the extrapolated RK—SAV method. In
this section, we use the algebraic stability of the Runge-Kutta methods to show
that the extrapolated RK-SAV methods (2.8)—(2.10) and (2.11)—(2.13) satisfy discrete
analogues of the energy decay. We denote by

1
Erfun,mn] = S [Vun||* + [ra]* = Eo

the discrete energy (also referred to as modified energy since, in general, |r,|? — Eg
does not coincide with [, F(uy)dz) of the numerical solution at t,,.

THEOREM 3.1 (discrete energy decay for the AC equation). Assume that the
Runge—Kutta method (2.5) is algebraically stable and satisfies (2.6), and assume that
the values un,—1; € H' (), i=1,...,q, and (un,r,) € H(2) x R are given. Then,
the extrapolated RK-SAV method (2.8)-(2.9) has a unique solution of internal stages
(UnisTni) € HY(2) xR, i =1,...,q, and the nodal values (up11,7my1) € HH(2) x R
defined by (2.10) satisfy the energy decay property

(31) ET [un+1; rn+1] < ET [un; rn}-

Proof. We first prove (3.1) for any solution of internal stages (i, 7,:) € H'(£2) x
R, i = 1,...,¢. In this case, the nodal value (uy11,7p4+1) defined by (2.10) is in
H'(2) x R, as explained in section 2.3. Existence and uniqueness of solutions are
proved afterward.

According to the first relation of (2.10), we have

q
Vun+1 = Vun + 7 Z bZVum
i=1

Squaring the L2-norms of both sides yields

q q
\qun+1||2 = Vun + TZbiVﬂm, Vun + Tijvunj

i=1 j=1

q q
[Vt |? + 27 ) " bi(Vitns, Vun) + 72> bibj(Vitgs, Vity;).
i=1 i,j=1

Substituting u, = wn; — 7 3 7_; @ijis; (the second relation in (2.8)) into the second
term on the right-hand side of the last relation, we obtain

q q q
|\Vun+1||2 = ||Vun||2 + QTZbi (Vum,Vum — TzaijViLnj> +T2 Z bz‘bj(V’llni7V’llnj),
=1 j=1 i,5=1
whence
q q
||Vun+1\|2 = |\Vun||2 + 27’2()1‘<V’dm‘,vuni) - T2 Z mij(Vum,Vunj),
i=1 i,j=1

with m;; = bsas; +bja;; —bsby,i,5 =1,...,q. Using here the positive semidefiniteness
of the matrix M = (m;;) we infer that

q
(3.2) [Vt |? < [ Vunl® + 27> bi (Vi V).

=1

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Testing the first relation of (2.8) by u,; yields
”uanz = *(vunz; vunv) - Tni(unh W(I;_luni))v
which implies (Vitni, Vng) = —|[tini||* — rni(ni, W (I _1un:)). Then, substituting
this into (3.2) yields
q q

(33)  IVunal® < [Vunl? = 27> billni|* = 27> birs (i, W (I tni)).

i=1 i=1

Similarly, we can obtain

q
(3.4) Pnga]? < frnl® 4+ 7> birni (W (It i)
i=1

Notice that up to this point we followed the proof for the algebraic stability of
Runge-Kutta methods; of course, since we are interested in the energy decay property,
we do not consider differences of approximations.

Now, multiplying (3.3) by 3 and adding the result to (3.4), the last terms on their
right-hand sides cancel and we obtain

1 1 1 .
[Vttt |* + [rnsa]” < 5||Vun||2 +rnl® = 7Y bl |-

(3.5) 3! '

Using here the nonnegativity of the weights b1, ..., b4, we infer that the extrapolated
RK-SAV method (2.8)—(2.10) has the desired energy decay property,

1 1
(3.6) §||v“n+1H2 + [rasa|® < §||v“nH2 + [ral?

This proves (3.1).

Finally, we prove existence and uniqueness of solutions to system (2.8)—(2.9). To
this end, we let Uy, := (Un1,---,Ung)Ts Rn = (Fn1,..-,7ng)’, and 1 = (1,...,1)T
and denote by I the ¢ x ¢ identity matrix. Then, from (2.8) we obtain

(3.7) (I-ADU, = (I -7'A"YU, +u,7 A7l — B|R,,,

with the boundary condition 0,,U,, = 0 on 942, where B is the diagonal matrix-valued
function

By = diag(wna,...,wnq) with given functions wy; = W (I} _jun;).
Multiplying both sides of (3.7) by (I — AI)~!, we further obtain
(3.8) U, = GU, — BaR + g
with
G=I-A)"'I-7"'A""), By=(I-AI"'B;, and g= (I-AI) tu, 7 tA7 1.

Similarly, from (2.9) we obtain

1 1
(3.9) Ry =1y = STAJVW, - VU, — STAB; Ry,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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where VW,, - VU,, = (Vwp1 - Vg, ..., Vg - Vunq)T, Bs is the diagonal matrix
B3 = diag (||wn1||2, ol Hwnq||2) ,

and J : L*(2)9 — R? is defined by Jv = [, vda for v € L*(£2)7.
Substituting (3.8) into (3.9) yields

1 1 1
(310) Ry =—57AIVW, - V(GU,) + 5T AJVW, - V(BsR,) = 57AB3 R, +

with § = r,1 — 1rAJVW,, - Vg.
Equations (3.8) and (3.10) can be written abstractly as

(3.11) <JZZ> ~¢ (%Z) ! @

with G : (L2(2))? x R? — (H'(2))4 x R? << (L2(2))? x R? being a compact
operator on (L?(£2))4 x R4. Therefore, by the Fredholm theory of compact operators,
(3.11) has a unique solution if and only if the corresponding homogeneous equation

(3.12) (g’;) =G (g:)

has only the trivial solution. Now, from (3.5) we obtain

! 1
3.13 billtmi||* < 5 ([ Vun||* + .
(3.13) T; nil|* < SV unll” + ]

Since b; > 0 for ¢ = 1,...,q (cf. condition (2.6)), estimate (3.13) implies that the
homogeneous elliptic system corresponding to (2.8)—(2.9) has indeed only the trivial
solution. In fact, for u, = 0 and r,, = 0, (3.13) yields @,; = 0,i = 1,...,¢q, and we
infer from (2.8)—(2.9) that also u,; = 0,7,;, =0,i=1,...,q.

This proves that the elliptic system (2.8)—(2.9) has a unique solution (un;,rn;) €
HY(2)xR,i=1,...,q. O

Remark 3.1 (on the discrete energy decay property). It is evident from the
proof of Theorem 3.1 that the discrete energy decay property (3.1) remains valid if
we replace I7_juy; by arbitrary quantities @,;. In particular, the base (nonlinear)

version of the Runge-Kutta method, with ,; = u,; (with unknown internal stages
(£-1)

i and unknown

Un;) as well as its fixed-point linearization, with given 4,; = w
(£)

Un; = U, , are also energy-decaying methods.

THEOREM 3.2 (discrete energy decay for the CH equation). Let the Runge—
Kutta method (2.5) be algebraically stable and satisfy (2.6), and assume that the
values up—1,; € H'(2), i = 1,...,q, and (un,ry,) € H'(2) x R are given. Then,
the linearized Runge-Kutta method (2.11)-(2.12) has a unique solution of internal
stages (Uni, WniyTni) € HY(2) x HY(2) x R for i = 1,...,q, and the nodal values
(Unt1,Tns1) € HY(2) x R defined by (2.13) satisfy the following energy decay prop-
erty:

(314) ET [un+1a rn+1] < ET [una Tn}~

Proof. We prove (3.14) for any solution of internal stages (un;, Wni, Tni) € H(£2)x
HY () xR,i=1,...,q. In this case, the nodal value (tu,1,7,41) defined by (2.13)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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is in H!(£2) x R. Existence and uniqueness of a solution can be proved along the lines
of the proof of Theorem 3.1 and are therefore omitted.

As in the proof of Theorem 3.1, both (3.2) and (3.4) hold for the numerical
solution of the CH equation, i.e.,

q
(3.15) IVt 41 1* < [ Vtnl® + 27> bi( Vi, Vi),
q i=1
(3.16) g1 ? < Jral® 4 7> birni (W (I i), ).
i=1

Testing the third relation of (2.11) by t,,; gives
Then, substituting this into (3.15) yields

q
(3.17) IV tn 1 * < IVunll® + 27 Y by (i wni — 1 W (I tni)).-
i=1

Multiplying (3.17) by 1 and adding the result to (3.16), we have

1 1 S
(3.18) iHVun_HHQ + g |? < 5HwnHz Flral® 7> bi (temi, wns)-
i=1
Substituting ,; = Awp, (cf. the first relation of (2.11)) into the last estimate and
using integration by parts, we obtain

1 1 d
(3.19) §||Vun+1\|2 + [ |? < §||Vun\|2 +ral? — T; bi| Vwni|*.
This proves the energy decay property (3.14) (since b; > 0 for i =1,...,q). d

4. Error analysis for the extrapolated RK—SAV method. In this section,
we establish error estimates for the extrapolated RK—SAV method for the AC equa-
tion. The analysis for the CH equation is similar and is therefore omitted.

We assume that the values u(to;), ¢ =1,...,¢, u(t1) and r(¢1) are given or suffi-
ciently accurate approximations thereof have been computed by other methods, and
we examine the error of the numerical solutions given by the extrapolated RK-SAV
method (2.8)—(2.10) forn=1,...,N — 1.

4.1. Consistency. We prove consistency of the extrapolated RK—-SAV methods
for the AC equation, assuming existence of a smooth solution. The consistency errors
EniyEn+1, i, and d, 41 of the method are determined by

ok * * T * . .
Gy, = Aur, —rr W(IT_jur.) in £2, 1=1,...,q,

q

(4.1) ur; = un + TZaiju;j +éeni, In 2, i=1,...,q,
j=1

anu*-:() on 897 7::17...,q7

nt

1
= W) i), =10,

nt

q
* * .k .
Tri=Th+T g aijrn; +dni, 1=1,...,q,
Jj=1
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and

q
* o - %
Upy1 = Up +7 E blunz + Ent1,
i=1

(4.3)

q
* * .k
Tpt1 =Tp + szﬂ"m + dn1,
i=1

with the notation

wy =ulty), rri=rty), wy; i =u(tn) =ultn+cr), 15 i=1(tn) =rtn+eT),

n

and W(v) := f(v)/y/ [ F(v)dz + Eo.

LEMMA 4.1 (consistency estimate). If the solutions u and r of (2.2) are suffi-
ciently smooth, then the following consistency estimate holds:

(4.4) H5n+1”H1 Q)+ |dny1| + TZ ||5mHH1(Q) + |de er?tt,
=1

Proof. We add and subtract ;W (uy,;) in the summation in the second relation
of (4.1) and use the first differential equation in (2.2) to obtain

(45) u —u _Tzaljut nj _Tzalj TL] 71j) W(I;—lu:zjﬂ_"eni'

Let us denote by £,;,7 = 1,...,q, the quantity on the left-hand side of (4.5).
Taylor expansion about t,, yields

kK 1

tns
= o ‘-1 (€) — (g+1)
Z(g_l Zau W)+ = [ (= 91 5

t'nj
e - 1)! Zaij/t (tng — )7 "l (5)ds,
: j=1 n

with u(®) = 9fu. In view of the stage order conditions (C(q)), leading terms of order
up to ¢ vanish, and £&,,; can be represented in the form

tn+1 _ t
(4.6) Eni = Tq/ K (Sn> u(qﬂ)(s)ds, i=1,...,q,
t, T

with the bounded Peano kernels

1 -1
(4.7) Ri(t) = a((ci —1)4)! e Za” )T, o<t <,
i =1,...,q, where we used the standard notation s; = s for s > 0 and s; = 0 for

s < 0. We obtain the desired intermediate estimates for &,;,

(4.8) Enillmr (o) < CTOTY, i=1,...,q
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Next, we note that the error uy,; — I7_juy,; due to g-point extrapolation is O(77)
in H'(92), i.e.,

(49) ity — I _yuiyllmga <O, G=1,....q,
which also implies that
(4.10) W (uty) = Wil < CT% 5 =1,...00

Combining (4.5) with (4.8) and (4.10), we obtain the desired final estimates for

Eni,
(411) Hgni”Hl(Q) gC’Tq, ’L:].,,q

Analogously, we add and subtract 7%, W (u7,) in the summation in the first relation
of (4.3) and use the first differential equation in (2.2) to obtain

q q
(4.12)  wp —up—T Z biOwu(tn:) =T Z birhi [W(uh;) — W(IL_yul;)] + ensa-
i=1 i=1

Let us denote by &,41 the quantity on the left-hand side of (4.12). Taylor expansion
about t,, yields
d 1

TZ 1 q 1 tn+1
= - _ [z _ o= ©) — _ (p+1)
Entl = Z =1 (E ;blci u' (ty) + ol / (tne1 — s)Pu'PT(s)ds

=1 tn
T aq tni
T sz/t (tni — s)P~tuPH (s)ds.
Ti=1

Again, leading terms of order up to p vanish, this time in view of the order conditions
(B(p)), and &,41 can be represented in the form

tnt1 —t
(4.13) Ent1 = Tp/ f{(sn)u(”ﬂ)(s)ds
tn

T

with the bounded Peano kernel
(4.14) k(t) == l(1—15)7”—;ib-((c-—t)Jr)][Fl 0<t«l1
p' (p — 1>' e 7 ) ) X U x

Relation (4.13) yields the desired intermediate estimate for &,41,

(4.15) Ent1llm (o) < CTPT

Combining (4.12) with (4.10) and (4.15), we obtain the desired final estimate for &,,1,
(4.16) lensi (o) < er?th.

The consistency errors d,; and d,41 can be estimated similarly and the proofs
are omitted. O
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4.2. Error estimates. We have the following error estimates.

THEOREM 4.2 (error estimates). We assume that ¢ > 2 and that the following
conditions hold:
1. The solution of (2.2) is sufficiently smooth.
2. The starting approzimations (ug;, ro;) are sufficiently accurate such that

q
lu(t)—ua]|® + [r(t) = r1P+7 > (lultor) — woill* + Ir(tos) — roil®) < Cor™,
=1

lu(tos) — woill L2y < 1,

for some constant Cy (independent of T).
Then, the discrete solution given by (2.8)~(2.10) satisfies the following error estimate:

q
max (nu(ml) ~ it P4 () = a7 3 () = unil + 1) = rm-|2)>

<O,

Proof. We subtract (2.8)—(2.10) from (4.1)—(4.3) and, with the notation

*

L L . L ex .
€n = — Un, €ni = Up; — Ung, €ni = Up; — Ung,

L % .k .
Nn ‘=T, —Tn, Mni = Ty — Tniy i = Tpi — Tnis

we obtain the error equations

(4.17)
éni = Aeni — W (I _yuni) — (W _yur) — W _quw)), i=1,....q,
q
eni:€n+7'zaijénj+5m, i=1,...,q,
j=1
Onéni =0 on 0f2, i=1,...,q,
(4.18)
1 1
Thi = §(W(IZ—1U7§¢) = Wl _yuns), iy,) + a(W(ITTL_Wm),ém), 1=1,...,q
q
n;i:n;+72aijﬁ;j+dni7 1=1,...,q,
j=1
and
q
en+l =€n + 7T Z biéni + En+1,
(4.19) =1

q
h+1 = Tn +7 Z bznnl + dn+1-
1=1

Let 1 < m < N. In the following, we assume that for n < m the error functions
satisfy

(420) ||en—1,i||L°°(_Q) < 17 1= 17"'aQ7
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and prove that this inequality holds also for n = m + 1. Then, by mathematical
induction, this inequality holds for all 1 <m < N.

For n < m, taking the square of the L2-norm of both sides of the first relation of
(4.19), we have

q
en+ 7T Z bzenz

i=1

421) el =

2 q
+ 2 <5n+17 en + sziém) + ||5n+1H2'

i=1

We next estimate the first two terms on the right-hand side of (4.21). For the first
term, we have

q
én +7T § bzenz
i=1

and, replacing e, in the second term by e,; — TZ?:l @ijénj — €ni (see the second
relation of the error equation (4.17)), we obtain

q
en+7T § ble’ﬂl
i=1

Using here the positive semidefiniteness of the matrix M, we infer that

q 2
en+ T § bzenz
i=1

We also need to estimate the interpolation error W (I7_juk,) — W (I} _juy;). With

n
ly,...,44 € Py_q the Lagrange polynomials for the nodes ¢, _1,1,..., tn—1,4, i.e., such

that

2 q q
= ||6nH2 + 27-Zbi(éni;en) + 72 Z bibj(éni,énj),

i=1 ij=1

q

2
q
- ||€n||2 + 27—2131(67”’ €ni — €nz - Z enza en]

i=1 j=1

q
< leall® + QTZbi(éniyeni — Eni)-

i=1

(4.22)

éi(tn—l,k) - 6ika 7'7k: 17"'7qa

we have the Lagrange representation of the interpolant,

(Lh_1p)(t) = Z O(tn—1,)4i(t),

and easily infer that

max || nzH C max Hen le

1<i<q 1<i<q

Since W is locally Lipschitz continuous, by the induction assumption (4.20) the fol-
lowing estimate holds for n < m:

(4.23) max [|[W(I]_jur,) — W _quni)|| < C max ||I]_jeq| < C max llen—1.4-

1<i<q 1<i<q 1<i<

The L*-boundedness of I7_uy;, as implied by the induction assumption (4.20), and
the inequality (4.23) imply

(4.24)
170 W (L —yuni) + rp s W (L _qup;) — WL _quni)] |l < Clnpil +C 1H<1?<Xq Hen—17i||~

n
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Furthermore, for the second term on the right-hand side of (4.22), we have, in
view of the first relation of (4.17),

(éni7 €ni — Eni)
= (Aeni — W (Ln—1tuni) — rni(W(Ii—1uni) — W(Ia—1tni)), eni — €ni)
= _||venil|2+(veni7 VEH’L') - (WmW(I;;71Um)+7’:n(W( ,,:,1’[1/:,’7;) - W(Irzfluni))a €ni — Sni)

and thus easily, using (4.24),

2(énis eni—€ni) < —|[Veni||* + | Venl|* +Clnpsl® +C max flen—1,5]1*+lensl” + llenl*.
1<j<q

Therefore, (4.22) yields

q 2
en+ T § bzenl
i=1

q q
<leall® =7 billVens* +7 Y billenill 71 o)
i=1 i=1

q
+73 billlenill? + Cluail?) + C7 max [len—1,412.
Pl 1<j<q

(4.25)

In view of the first relation of the error equation (4.17), we have the estimate
a
(4.26) Jeadle < (19l + Y llenrsl)s i= 1o,
j=1

with || - ||, the norm of H~1(£2), the dual space of H'(£2). Then, we can estimate the
second term on the right-hand side of (4.21) as follows:

q q
<5n+17 €n + TZbiénZ) < Tllens1/7ll llenll + CTHEnJrlHHl(Q) sz‘HV@m‘H
(4.27) = =

q
+ Cllentalluro) Y lea-1ll-
Jj=1

Combining (4.21) with (4.25) and (4.27), we obtain

q q
.
lensall® + 5 Dbl Venill* < L+ Cn)llenll® + 7 billenill i o)
i=1 i=1
q

+Cm 3 (leall® + il + lew-1al)
=1

+C7 (lensilliys @) + lensa/m12) + llensa

and thus, in view of the consistency estimate (4.4),

q
.
lensil®+ 2 3 billVew?
i=1

q
< lleal® +C7 3 (lenill® + il + len—14ll?) + Cr20+.
=1

(4.28)
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Similarly, from (4.18) we can derive

q
(429) [l < nal? +OT Y _(llenill® + lmil® + lea—vall?) + O+
i=1
Summing (4.28) and (4.29), we have

q
2 2, T 2
llens1ll” + [7nt1] +§§bi\\vem\|
(4.30) h

q
< ”enH2 + |nn|2 + CTZ(HenzHQ + ‘77ni|2 + Hen—l,iHQ) + Cr2att
i=1
Now, we estimate the term C7 > 7_, (/|ens]|? + |nn:]?) on the right-hand side. To
this end, we test the second relation of (4.17) by e,;. This yields

q q q
> llenill® < Cllenl® + C7 > aij(énjeni) + C > llenil*.
i=1 ij=1 i=1
Then, using the first relation of (4.17), we have
a q
Z ij(€nj,eni) = — Z aij(Venj, Ven;)
ij=1 ij=1
a
= i (W (I _yung) + 15y (W (L) = Wy tung)), €ni)
ij=1
q
<O (IVenill? + llenll® + mail® + len—1,ill*) + Cllen—1 .
i=1

Combining the last two estimates, we obtain
q

q
D lenill® < Clienll* + 07 _(IVenill* + llens|® + [l + llen—1.4)
i=1

=1

q
+C7llenrll® +C Y llewil®.

i=1
Similarly, from (4.18) we can derive
q q

D Imuil® < Clnal? + 7 Y (IVenil® + llens |1 + nnil® + llen—v.l®)
i=1 i=1

q
+Crllen]* +C Y llduil>.
i=1
Sum up these two estimates and note that, for sufficiently small 7, the term C7 ;’:1
(llenill? + |mni]?) on the right-hand side can be absorbed by the left-hand side. Then,
we obtain
q q
D (lensll* + Imnil®) < Clllenl® + 11al*) + CT Y bil Ve

=1 i=1

(4.31) . )
+ 07y len—1all® +C D (llenill® + I dnill®),
=1 =1
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where we used the positivity of the weights b1,...,b,. Substituting this inequality
into (4.30) yields

q
-
len+1ll* + [1a+1]* + 5 > bill Vel
=1

q
(4.32) < @+ Or)(llenll® + 0al?) + C172 Y~ bil Ve ?
i=1

a q
+ ClTZ len—1,]1> + C17 Z lenill? + Cyr2att,
i=1 i=1

with some constant Cy. Multiplying (4.31) by 2C;7 and adding to (4.32), we get

q q
T
<€n+1||2 + a1 * +2C17 ) (llenll® + Inm|2)> t3 ; bi| Veni|?

i=1

q
< L+ Cor)(llenl® + 0al?) + Com® Y~ bil| Veni|?

i=1

q
+(Cr+ Com)T Y llen—1.4])* + Cor?H,

=1

with some constant Cs. For sufficiently small 7, the term Co7? > 7 b;||Ven;||* can
be absorbed by the left-hand side, and C; + Com < 2C;. Therefore, the inequality
above reduces to

q q
T
(enmﬁ a4 2007 Y (el + |Tlm|2)> + 2Vl

i=1

q
leall? + 17l +2C17 > " (len—1,4? + [n—1,4%) | + Cor®a+.

i=1

< (1+ (201 + Co)7)

By using Gronwall’s inequality, we obtain

q q
T
max <||en+1||2 + 1+ 2017 Y (llenl® + 77m‘|2)> +7 _Z;binwmn?
1=

1<n<m y
i=1

(4.33)

q
leall? + [m|? + 2017 > (lleoil® + [no:|?) | +C72.

i=1

<C

This estimate implies
_1
lemsill + llem < O and  |[emil + [nmi| < CTI72.

From the second relation of (4.17) we obtain

Nl

(4.34) lemill SCT71 ) (lems — emll + llemgll) < CT97%.

1

q

<

Then, from the first relation of (4.17) we further derive

. _3
(4.35) [Aemill < C(llémill + [[mmill + llem—14l) < CT772,
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and, therefore,

(4:36) lemills() < Clllemll + [ Aemil)) < €13,

If ¢ > 2, then for d € {1, 2,3} the following Sobolev embedding inequality holds:
lemillze(2) < Cllemillaz(2) <1

for sufficiently small 7 (the smallness is independent of m). This completes the math-
ematical induction on (4.20). Therefore, the inequality (4.20) together with the error
estimate (4.33) hold for all 1 < m < N. O

5. Numerical examples. In this section, we present three numerical examples
to illustrate the convergence and energy decay property of the extrapolated RK—-SAV
method.

Ezample 5.1. We consider the one-dimensional (1D) AC equation
1
(5.1) st — Oppu + 5—2(u3 —u) =0, (z,t)€(0,7)x(0,1),

with the initial condition
3

ug(z) = sin” x.

The equation is discretized in time by the proposed extrapolated Gauss and Radau
ITA RK—SAV methods and in space by the piecewise linear finite element method with
mesh size h = 7/256. First, we set ¢ = 1 and test the accuracy of the proposed method
by choosing a reference solution with a very small time step, namely 7 = 1/2560.

The L?-norms of the errors of numerical solutions at time 7' = 1 are presented in
Table 5.1. The numerical results in Table 5.1 indicate that the extrapolated g-stage
Gauss and Radau ITA methods actually have (¢+ 1)th-order convergence, higher than
the gth-order convergence proved in Theorem 4.2. Theoretical proof of the (g + 1)th-
order convergence remains open for the proposed method. However, instead of using
g-point extrapolation, if we use (¢ + 1)-point extrapolation in our numerical method,
then we can actually prove (¢ 4+ 1)th-order convergence; see section 6.

TABLE 5.1
Numerical results for the 1D AC equation (Ezample 5.1).

Gauss Radau ITA
q N Error Order Error Order

160 2.32E-7 - 8.04E-8 -

200 1.23E-7 2.86 4.16E-8 2.97
2 240 7.25E-8 2.88 2.42E-8 2.97
280 4.64E-8 2.90 1.53E-8 2.97
320 3.14E-8 2.92 1.03E-8 2.98

160 | 5.45E-10 - 3.59E-10 -

200 | 2.27E-10 3.92 1.50E-10 3.91
3 240 | 1.11E-10 3.93 7.33E-11 3.92
280 | 6.03E-11 3.94 3.99E-11 3.94
320 | 3.56E-11 3.95 2.36E-11 3.94

160 | 1.09E-11 - 7.64E-12 -

200 | 3.69E-12 4.87 2.58E-12 4.86
4 240 | 1.51E-12 4.89 1.06E-12 4.89
280 | 7.09E-13 4.91 4.97E-13 4.91
320 | 3.68E-13 4.92 2.57E-13 4.93
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FiG. 5.1. Discrete energy for the 1D AC equation with €2 = 0.25 (Ezample 5.1).

0 0.2 0.4 0.6 0.8 1
t

FIG. 5.2. Discrete energy for the 1D AC equation with €2 = 0.1 (Example 5.1).

Second, we illustrate the energy decay property of the proposed extrapolated RK—
SAV method by presenting in Figures 5.1-5.2 the discrete energies of the numerical
solutions given by the extrapolated 4-stage Radau ITA RK-SAV method with 7 =
1/256 and h = m/256, for €2 = 0.25 and €2 = 0.1, respectively. The numerical
results show that the discrete energy decays, consistent with our theoretical result in
Theorem 3.1.

Example 5.2. We consider the following 2D AC equation:
1
(5.2) Oyu — Au + 5—2(u3 —u) =g(z,y,t), =z,y,te(0,1).

First, we test the accuracy of the numerical methods by choosing the initial
condition and the source term g such that the exact solution is

u(z,y,t) = exp(—t)z®(1 — 2)*y* (1 — y)*.

The L?-norms of the errors of the extrapolated ¢-stage, ¢ = 2,3, 4, Gauss and Radau
ITA RK-SAV methods at T' = 1 are presented in Table 5.2. The corresponding spatial
discretization is done by using piecewise quadratic finite elements in FreeFEM++ with
h=7,h=7%3 and h = 7°/3, respectively. Again, the numerical results indicate that
the extrapolated g-stage Gauss and Radau ITA RK—SAV methods are (¢ + 1)th-order
convergent.

Second, we set g = 0 in (5.2) and consider the initial value ug(z,y) = 2?(1 —
x)%y%(1 — y)2. We present the discrete energies for the numerical solutions given
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TABLE 5.2
Numerical results for the 2D AC equation (Ezample 5.2).

Gauss Radau ITA
q N Error Order Error Order

10 1.08E-6 - 9.64E-7 -

20 1.28E-7 3.07 1.22B-7 2.98
2 30 3.73E-8 3.03 3.65E-8 2.99
40 1.57E-8 3.02 1.54E-8 2.99
80 7.99E-9 3.01 7.91E-9 2.99

12 5.23E-8 - 5.05E-8 -

16 1.58E-8 4.15 1.55E-8 4.10
3 20 6.40E-9 4.06 6.29E-9 4.04
24 3.06E-9 4.05 3.01E-9 4.02
28 1.63E-9 4.08 1.62E-9 4.05

8 3.09E-8 - 3.01E-8 -

10 1.03E-8 4.92 1.02E-8 4.87
4 12 4.20E-9 4.92 4.15E-9 4.93
14 1.88E-9 5.21 1.86E-9 5.19
16 | 9.67E-10 4.97 9.61E-10 4.96

1.01

1.005 1

B[y, 1]

0.995

2 4 6 8
t

FIG. 5.3. Discrete energy for the 2D AC equation with €2 = 0.25 (Ezample 5.2).

by the extrapolated two-stage Gauss RK—SAV method in Figures 5.3 and 5.4 for
e2 = 0.25 and €2 = 0.1, respectively, using 7 = 1/40 and h = 1/40. The numerical
results show that the discrete energy decays, consistent with our theoretical result in
Theorem 3.1.

Example 5.3. We consider the following 2D CH equation:
1
(5.3) Oru — aA (—Au + EQf(u)) =0, z,y,t€(0,1).

We test the accuracy of the numerical methods by choosing f(u) = u, a =
(472 + 26%2)_1, and €2 = 0.01, which correspond to the exact solution

u(x,y,t) = exp(—t) cos(wz) cos(my).

The L2-norms of the errors of the extrapolated g-stage, ¢ = 2, 3,4, Gauss and Radau
ITA RK-SAV methods at T' = 1 are presented in Table 5.3. The spatial discretization
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FIG. 5.4. Discrete energy for the 2D AC equation with €2 = 0.1 (Ezample 5.2).

TABLE 5.3
Numerical results for the 2D CH equation (Ezample 5.3).

Gauss Radau ITA
q N Error Order Error Order
10 1.05E-4 — 9.32E-5 —
20 | 1.21E-5 3.12 1.13E-5 3.04
2 30 | 3.48E-6 3.07 3.34E-6 3.01
40 | 1.45E-6 3.04 1.41E-6 3.01
80 | 7.37E-7 3.03 7.19E-7 3.00
12 | 4.81E-6 — 4.56E-6 —
16 1.45E-6 4.17 1.40E-6 4.10
3 20 | 5.84E-7 4.08 5.69E-7 4.03
24 | 2.78E-7 4.06 2.73E-7 4.03
28 1.48E-7 4.08 1.46E-7 4.06
8 2.86E-6 - 2.74E-6 -
10 | 9.51E-7 4.95 9.22E-7 4.88
4 12 | 3.85E-7 4.96 3.76E-7 4.91
14 | 1.72E-7 5.22 1.69E-7 5.20
16 | 8.83E-8 4.99 8.71E-8 4.96

A3723

is done by using piecewise quadratic finite elements in FreeFEM++ with h = 7,
h = 743, and h = 7°/3, respectively. Again, the numerical results indicate that
the extrapolated ¢-stage Gauss and Radau ITA RK-SAV methods are (¢ + 1)th-order

convergent.

For f(u) = u® —u, a = 1, and €2 = 0.001, we solve (5.3) by the extrapolated
two-stage Gauss RK-SAV finite element method (with 7 = 1076 and h = 1/40), with

a random initial value

u(x,y,0) = Rand(z,y) — 0.5,

where Rand(z, y) stands for a uniform random variable in [0, 1] x [0, 1]; therefore, the
initial value takes on both positive and negative values. The discrete energy of the
numerical solution is presented in Figure 5.5, and the evolution of the two phases
is shown in Figure 5.6. The numerical results show that the discrete energy decays,
which agrees with our theoretical analysis.
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t

4 5
x10 3

FIG. 5.5. Discrete energy for the CH equation with €2 = 0.001 (Ezample 5.3).

t=1x10"3

t=3x10"3

t=5x10"3

FIG. 5.6. Numerical simulation of the CH equation with €2 = 0.001 (Ezample 5.3).

6. Conclusion. We proposed a class of extrapolated RK—SAV methods for the

time discretization of the AC and CH equations.

This class of methods requires

only the solution of a system of linear equations at each time level and preserves
a discrete version of the energy decay property. By using ¢-point extrapolation in
the nonlinear term, we proved that the extrapolated ¢-stage RK-SAV methods have
gth-order convergence in time in approximating smooth solutions of the AC equation.
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Since we used the SAV formulation, the energy stability of the proposed numerical
methods is proved only for the modified energy E[u,r] instead of the original energy
E[u]. The construction of linearly implicit high-order methods preserving the energy
decay for the original energy E[u] remains still open.

In Theorem 4.2, we used a g-point extrapolation and proved gth-order convergence
of the methods. A (¢ + 1)-point extrapolation, with an internal node of the Runge—
Kutta method as an additional interpolation point, at which we have control of the
L*°-norm by (4.36), would lead to order g+1 in Theorem 4.2. In particular, (¢+1)th-
order convergence can be established for ¢-stage Gauss and Radau IIA methods,
provided we use (g + 1)-point extrapolation.

We chose to present the details for the more general result of the g-point extrap-
olation in Theorem 4.2 for two reasons. First, for general Runge-Kutta methods,
there are only ¢ internal nodes in the time interval [t,_1,t,] (except for the Radau
ITA method, which has ¢ + 1 internal nodes, including both endpoints). But this
is not an essential difficulty for practical computation, as it can be compensated by
an internal node from the previous subinterval [¢,_2,t,—1], such as t,_2 ,. Second,
g-point extrapolation also yields very good numerical results, i.e., (¢+ 1)th-order con-
vergence, in our numerical experiments. We believe that ¢g-point extrapolation is prac-
tically a good and efficient choice for general Runge—Kutta methods, including Gauss
methods.

In the convergence analysis, we proved the L* bound by mathematical induction,
i.e., assuming the a-priori L> bound (4.20) at the previous time step, we derived the
L? error estimate at the current time step with a bound (4.34) for its discrete temporal
derivative. This in turn yields an H? error estimate with a reduced accuracy order.
Subsequently, an application of Sobolev embedding implies the L>° bound of the
numerical error function at the current time step. A similar technique was applied in
[13, 33] to analyze incompressible Navier—Stokes equations and gradient flows.

An extension of our error analysis to fully discrete finite element methods requires
a modification to yield the L> bound of numerical solutions. For example, suppose
that finite elements of polynomial degree r > 1 are used, with mesh size h. We denote
eg;) = Rpu}, — ug?, with Rj being the Ritz projection onto the finite element space.
On the one hand, similarly as (4.34)—(4.35), one can derive an estimate

(6.1) |Anelh)

<Ccr! (Tq_% + hrH) :

where Ay, denotes the discrete Laplacian operator. On the other hand, one can use
the inverse inequality of the finite element space, i.e.,

(6.2) |anel)

<o (ot 4w,
Combining these two estimates, one can obtain

HAhe(h-)

< C'min (T_l,h_2) (Tq_% + h’““) < C(Tq_% + hr_l).

This can be further used to derive an L°° estimate of egfl? .

The extension of the convergence analysis to the CH equation can be done simi-
larly for semidiscretization in time but needs to be modified for the standard C° finite
element method for spatial discretization. The error estimation for the CH equation
also requires L>° bounds of the numerical solutions. This can be done as for the AC

equation combining two different types of estimates of the form (6.1) and (6.2).
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