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Abstract: Spectral efficient frequency division multiplexing (SEFDM) can offer a higher
spectral efficiency (SE) than orthogonal frequency division multiplexing (OFDM). In this work,
we propose a diversity technique based on SEFDM for beyond 100-Gb/s optical intensity
modulation and direct detection (IM/DD) long reach (LR) applications. We mathematically
demonstrate that the self-created inter-carrier interference of SEFDM signals can be reused to
achieve a diversity gain on each sub-carrier and, in turn, improve the tolerance to power fading
induced by chromatic dispersion (CD) in IM/DD LR links. Based on the proposed diversity
technique, we further demonstrated a 112-Gb/s SEFDM transmission over 80-km standard
single-mode fiber, using only 28-GHz bandwidth and modulation format of up to 16-QAM.
Experimental results show that SEFDM with the proposed diversity technique performs robust
against CD effects and outperforms the conventional OFDM with adaptive bit and power loading
of the same bandwidth and data rate, which validates the superiority of the proposed SEFDM in
optical IM/DD LR transmissions.

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

For long reach (LR) applications, such as LR passive optical networks and LR inter-datacenter
optical inter-connects, intensity modulation and direct detection (IM/DD) are more desirable than
coherent schemes owing to the simple implementations and low costs [1–3]. In IM/DD systems,
double side-band (DSB) modulation suffers from power fading induced by chromatic dispersion
(CD), especially for the case of either long transmission distance or wide signal bandwidth [4]. To
mitigate the CD effects, many techniques have been proposed, namely, Kramers-Kronig receiver,
single side-band modulation, CD pre-compensation, block-wise phase switching, etc [5–11].
However, the above-mentioned methods entail either extra resource or complicated transmitter
configurations, which may actually limit the effective payloads [12].
Orthogonal frequency division multiplexing (OFDM) [13] has been widely considered in

LR optical links to achieve both higher data rate and spectral efficiency (SE) [14,15], since
it can benefit from flexible modulation by integrating with adaptive bit and power loading
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(ABPL) [16–18]. Recently, spectrally efficient frequency division multiplexing (SEFDM), as
an alternative discrete multi-tone (DMT) technology, received extensive attentions in optical
communications due to its potential of improving SE in comparison with OFDM [19–23]. Similar
to OFDM, SEFDM is robust to inter-symbol interference (ISI) with the aid of zero-padded guard
interval (GI) [24]. It has also been reported that SEFDM can take advantage of the self-introduced
inter-carrier interference (ICI) and enjoy a better immunity against the power fading under CD
channels [25]. As a consequece, SEFDM has the potential in the application of high speed LR
optical links.
In this work, we study the problem of SEFDM for LR transmissions, and propose a diversity

technique with adaptive bit loading to mitigate the CD effects, while achieving a higher data
rate. The motivation behind the proposed scheme is that, SEFDM can take advantage of cross
talk on adjacent sub-carriers by using the principle of maximum ratio combining (MRC), and in
turn, achieves a diversity gain on each sub-carrier. Through mathematical analysis, we show that
SEFDM with the proposed diversity technique can provide better tolerance to power fading in
comparison with OFDM. Furthermore, we successfully demonstrated a 112-Gb/s SEFDM IM/DD
transmission over 80-km of standard single-mode fiber (SSMF) with simplified bit loading, where
a modulation up to 16-QAM was employed with only 28-GHz bandwidth. Experimental results
show that SEFDM with the proposed diversity technique outperforms the conventional OFDM
with adaptive bit and power loading of the same bandwidth and bit rate for LR applications.

2. Operating principle

2.1. SEFDM system model

As has been elaborated in [19], SEFDM is in principle a non-orthogonal DMT technology, where
the frequency-domain symbols Sk, k = 1, 2, . . . ,N are modulated on sub-carriers in the conjugate
symmetry property as

SNf−k = S∗k , (1)
where N and Nf ≥ 2N + 2 denote SEFDM symbol-size and the size of fast Fourier transform
(FFT), respectively, and superscript ∗ stands for the conjugate operation. For the index of
sub-carriers without carrying information signals, i.e., k = 0,N + 1,N + 2, . . . ,Nf − N − 1, zeros
are padded for ease of performing an Nf -point inverse FFT (IFFT), and the resulting real-valued
time-domain signals are given by

xn =

Nf−1∑
k=0

Sk exp
(
j2πkn

Nf

)
, n = 0, 1, . . . ,Nf − 1. (2)

Compared with OFDM, where all the outputs after IFFT are transmitted to guarantee the
orthogonality among sub-carriers, SEFDM can improve the SE and data rate by shortening the
signal duration [19]. To elaborate a little further, SEFDM transmits only the first N1 ≤ Nf IFFT
results, and thus, the bandwidth compression factor (BCF) of SEFDM is defined by

α =
N1
Nf

. (3)

For constellations with a cardinality of M, e.g., M-QAM, the SE of OFDM and SEFDM are
respectively given by

ηO = log2 M, (4)
and

ηS =
log2 M
α

. (5)

From above, SEFDM can achieve a higher SE of (1 − α)/α × 100% in comparison with OFDM.
In particular, SEFDM is identical to OFDM only when α = 1.
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Consider LR optical fiber channels, the quasi-static channel response reads

Hk = cos

(
4πLD(kλf )2

cN2
f

)
, k = 1, 2, . . . ,N (6)

where L and D denotes the length of fiber and CD value, respectively, λ is the center wavelength,
f and c stand for signal bandwidth and speed of light in vacuum, respectively.

Similar to OFDM, SEFDM employs a GI in time-domain to avoid ISI prior to transmission, as
illustrated in Fig. 1. At the receiver, the FFT outputs read [24]

Yk = HkWk,kSk + Hk

N∑
i=1,i,k

Wk,iSi + Zk, (7)

where Zk denotes zero-mean additive white Gaussian noise (AWGN) with a variance of ασ2, and

Wk,i =
1
Nf

N1−1∑
n=0

exp
(
−j2πn(k − i)

Nf

)
, (8)

whereWk,i, k = i and k , i denote the weighted factors of the desired symbol and ICI, corrsponding
to the first and the second items on right-hand-side of (7), respectively. It is noted that ICI of
SEFDM is raised by the loss of orthogonality among sub-carriers, which is different from OFDM.

Fig. 1. SEFDM transceiver diagram.

2.2. Proposed diversity technique

Motivated by [25], we notice that SEFDM can achieve a diversity gain on a specific sub-carrier
by taking advantage of the resulting signals after ICI cancellation. In this paper, we further
elaborate the principle.
Recall (7) and employ decision-feedback for ICI cancellation [26], the received signal of Sk

dispersed on nth sub-carrier can be given by

Yn,k = Yn − Hn

N∑
i=1,i,k

Wn,iS̃i

= HnWn,kSk + ∆n + Zn,

(9)

where ∆n denotes the residual interference induced by decision-feedback, i.e.,

∆n = Hn

N∑
i=1,i,k

Wn,i(Si − S̃i), (10)

where S̃i stands for the initial detection of Si.
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In this case, an N-dimensional vector {Yn,k} can be jointly considered for the decision on Sk,
and thereby, MRC can be adopted to achieve a diversity gain on a specific sub-carrier, i.e.,

Ŝk =

∑N
n=1 H∗nW∗n,kYn,k∑N
n=1

��HnWn,k
��2

= Sk +
Ẑk

Gk
,

(11)

where Ẑk denotes the equivalent interference after MRC.

Ẑk =

∑N
n=1 H∗nW∗n,k(∆n + Zn)√
α

∑N
n=1

��HnWn,k
��2 , (12)

and

Gk =

√∑N
n=1

��HnWn,k
��2

α
. (13)

Clearly, the optical fiber channel response at k-th sub-carrier after MRC, i.e., Gk in (13), is in fact
the weighted channel response of Hk (without MRC) in (6) over whole sub-carriers.

In general, the performance of detection in (11) depends on the frequency selectivity of channel
response, i.e., var{|Gk |

2}, where var{·} denotes the variance [24]. To be specific, the smaller the
variance of |Gk |

2 is, the better the performance of detection in (11) can be obtained.
Proposition 1 For SEFDM with MRC, the frequency selectivity of channel responsevar{|Gk(α1)|

2}
is directly proportional to α.

Proof: See Appendix.
From Proposition 1 and (13), we have var{|Gk(α)|

2} < var{|Gk(1)|2} = var{|Hk |
2},∀α < 1,

which indicates that the equivalent channel response Gk is more ‘flat’ than that of Hk by taking
advantages of MRC. This conclusion is identical to that of [24], where the latter is a special case
of Proposition 1.
Ideally, as α decreases from 1 to 0, SEFDM can benefit more from the proposed diversity

technique using MRC in (11). In the case of small α or low signal-to-noise ratio (SNR), however,
the residual ICI ∆n might significantly degrade the performance. Nevertheless, for practical
ranges of α ≥ 0.6 [27,28] in high SNR scenarios, the maximum likelihood (ML) detection can
be adopted to remove ICI favorably, and in turn, yield an improvement of ultimate performance
in comparison with OFDM.
We carried out simulations to validate the above expectations, where symbol-size and FFT

size of SEFDM are N = 62 and Nf = 128, respectively. For simplicity, 4-QAM modulation is
considered. We set N1 = 96 and N1 = 102 to perform SEFDM with α = 0.75 and α = 0.80,
respectively, and the signal bandwidth is fixed as 28-GHz. Besides, an 80-km SSMF link with
center wavelength of 1550.12-nm and CD value of 16-ps/(nm·km) is considered. In this work,
we employ the log-MAP Viterbi decoding method to remove ICI [19].

Figure 2(a) compares the channel response of an 80-km SSMF link with and without MRC,
which corresponds to Gk and Hk, repectively. As shown in Fig. 2(a), the former can benefit
significantly from the diversity gain of whole sub-carriers, and is indeed more ‘flat’ than the
latter. Clearly, the result is consistent with Proposition 1 and the analysis therein. Specifically, a
maximum gain of 30dB in channel response can be reached, which indicates that the proposed
SEFDM-based diversity technique can effectively mitigate the frequency selectivity in CD
channels.
In addition, we evaluated the performance comparison between SEFDM with the proposed

diversity technique and OFDM over 80-km SSMF with AWGN. Note that the system parameters
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Fig. 2. (a) Simulated channel response of the proposed SEFDM with α = 0.80 through
an 80-km SSMF link. (b) Simulated BER performance of the SEFDM with the proposed
diversity technique at α = 0.75 using 4-QAM modulation in 80-km CD channel. (c) BER
and SE at various BCFs when SNR=18dB.

of SEFDM and OFDM are totally the same, and both use 4-QAM constellation. Figure 2(b)
shows the bit error rate (BER) performance of the proposed scheme with α = 0.75 in comparison
with OFDM. Clearly, SEFDM outperforms OFDM attributed to the diversity gain, while yielding
a spectral gain of 33.33% simultaneously.

We also examined the effect of BCF on the performance of the proposed SEFDM. As illustrated
in Fig. 2(c), SE of the proposed SEFDM is inversely proportional to the BCF, which corresponds to
(5), while BER is a convex function of α. To be specific, the BER performance is enhanced at the
early stage and then degrades as BCF decreases, and the best performance is achieved at α ≈ 0.65.
This is reasonable by Proposition 1 and corresponding analysis that SEFDM with smaller BCF
benefits more from diversity gain with slight noise amplification when α > 0.65. However, in the
case of α < 0.65, the performance degradation resulted from the noise amplification is more
significant than the diversity gain due to the increment of residual ICI. As a consequence, we
can conclude from Fig. 2(c) that there is a trade-off between SE and BER performance, and a
moderate BCF is recommended for the proposed scheme.

3. Experimental setup

The experimental setup is shown in Fig. 3. Based on extensive simulations, a moderate FFT size
ranging from 64 to 256 is recommended. The SEFDM signals were generated offline. Specifically,
in order to generate the real-valued SEFDM signal, data were modulated on 2nd−63rd sub-carriers
and mapped conjugate symmetrically into 67th − 128th ones, while the other sub-carriers were
zero-padded. After IFFT, the last Nf − N1 time-domain samples were discarded to form a
SEFDM block, which was padded with GI of 32-point zeros to mitigate inter-block interference.
Note that cyclic prefix may be no longer suitable for SEFDM due to the loss of orthogonality
among sub-carriers, while zero-padded GI can formulate a circulant structure to facilitate a
one-tap frequency domain equalization [24]. The occupied bandwidth of the generated signals
in this work was 28-GHz, since the sample rate was set to 56-Gsa/s. After parallel/serial (P/S)
conversion, 1920 blocks of SEFDM signals as well as the pilot signals, including one block of
timing synchronization pattern and 128 blocks of OFDM training sequences were up-sampled
to 100-Gsa/s using digital linear interpolation. To avoid high peak-to-average power ratio
issue, clipping technique was considered as in [29]. The whole signals were then loaded into a
digital-to-analog converter (DAC) operating at fs=100-Gsa/s, before modulated through a Mach
Zehnder modulator (MZM) to form the DSB signals. The optical carrier used in this experiment
had a center wavelength of 1550.12-nm. After 80-km SSMF transmission, a variable optical
attenuator (VOA) was used to adjust the received optical power (ROP) before an Erbium doped
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fiber amplifier (EDFA) with a noise figure of about 4.3-dB. The optical signals were filtered
and then detected by a photo-diode (PD) with a bandwidth of 43-GHz. The electrical signals
after PD were digitized by a 160-Gsa/s real time oscilloscope and then processed off-line. The
main off-line DSP procedures include timing synchronization, serial/parallel (S/P) conversion,
GI processing followed by FFT, channel estimation and equalization, as well as detection using
our log-MAP Viterbi decoding scheme with 32 surviving paths.

Fig. 3. Experimental setup.

For reference, we also conducted experiments on conventional ABPL-OFDM since it has
been widely applied to LR optical links [30]. The systematic parameters are shown in Table 1.
For fairness of comparison, both ABPL-OFDM and SEFDM signals used the same bandwidth
and the same bit rates. To be spcific, the bit allocations of ABPL-OFDM are determined by
both the bit rates of the proposed SEFDM and Chow’s algorithm [31], and the contellation
alphabet ranges from 4-QAM to 128-QAM. Note that Chow’s algorithm can achieve a more
flexible and precise ABPL using more sub-carriers in a fixed bandwidth, and in turn, yield a
better performance. Hence, the FFT size of ABLP-OFDM was increased to 1024, with N = 288
sub-carriers modulating data symbols, where the signal bandwidth is 288

1024 fs = 28.125-GHz.

Table 1. Systematic Parameters Used for Experiments

Parameter N Nf N1 α f constellations

SEFDM 62 128 96, 102 0.75, 0.80 28-GHz 4-QAM, 16-QAM

OFDM 288 1024 1024 1 28.125-GHz up to 128-QAM

4. Results and discussions

We first explored the B2B performance of both the proposed SEFDM and the conventional
ABPL-OFDM. 16-QAM symbols were modulated in 62 sub-carries of SEFDM with BCF of
0.75 since no fadings exist in B2B scenarios, while ABPL-OFDM employed Chow’s algorithm
[31] for bit allocations to achieve the same bit rate of 150-Gb/s. As shown in Fig. 4, both
schemes achieve similar performance, while the proposed SEFDM yields a receiver sensitivity
improvement of 1.5dB at the hard-decision forward error correction (HD-FEC) limit (BER =
3.8e-3). This fact is attributed to the lower constellation cardinality of the proposed SEFDM in
limited SNR cases.

We then employed a simplied bit loading scheme for SEFDM to increase the bit rate according
to the measured SNR after 80-km SSMF transmission. To be specific, we considered 4-QAM
and 16-QAM modulations and set a variable SNR margin to determine the bit allocations for all
sub-carriers. Note that higher order modulations can also be used, however, 16-QAM is sufficient
to achieve a bit rate of 112-Gb/s in the following experiments thanks to the higher SE of SEFDM.
Combining with various values of BCF, the corresponding bit rates can be illustrated in Table 2.
For example, when SNR margin was set as 18-dB, 16-QAM was modulated on 26 sub-carriers
with SNR ≥18-dB, otherwise 4-QAM was employed.

Next, we evaluated the performance of the proposed diversity technique of SEFDM with fixed
BCF α = 0.75 through 80-km SSMF transmissions. As shown in Fig. 5(a) and Table 2, the data
rate grows as the SNR margin decreases, while suffering a performance degradation. This fact is
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Fig. 4. B2B performance of the proposed SEFDM and ABPL-OFDM.

Table 2. Bit allocations and bit rates using the simplified bit loading scheme

SNR Margin (dB) 16.0 16.5 17.0 17.0 18.0 18.5

number of 16-QAM 36 34 30 30 26 20

number of 4-QAM 26 28 32 32 36 42

BCF 0.80 0.75 0.75 0.80 0.75 0.80

Raw bit rate (Gb/s) 107.19 112.00 107.33 100.63 102.67 89.69

expected since more 16-QAM symbols are used in small SNR margin cases. Nevertheless, ROP
of no more than −12.8dBm can be achieved at the HD-FEC limit in 112-Gb/s case.

Fig. 5. (a) BER performance of the proposed diversity technique using SEFDM with
α = 0.75 after 80-km SSMF transmission for various bit rates. (b) Estimated 4-QAM signal
distributions with and without MRC.

In order to validate the effectiveness of the SEFDM-based diversity technique, Figure 5(b)
shows the distributions of the estimated 4-QAM signals with and without MRC in 112-Gb/s
case at ROP of −11.8dBm. Clearly, the signal distribution with MRC in (11) is much more
distinguishable, which indicates the robust tolerance to CD effects of the proposed scheme.
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We then explored the effect of BCF to the diversity performance in SEFDM systems. For
fairness of comparison, bit rates of approximate 107.19-Gb/s and 107.33-Gb/s were considered
with α = 0.80 and α = 0.75, respectively. As shown in Fig. 6, SEFDMwith α = 0.75 outperforms
that with α = 0.80. This fact is reasonable since a smaller BCF can benefit more from the
diversity gain and mitigate the CD effects more efficiently.

Fig. 6. BER performance of the proposed diversity technique using SEFDM after 80-km
SSMF transmission at approximate bit rates with various BCFs.

To gain an insight into the performance of the proposed SEFDM-based diversity technique at
various BCFs, Figs. 7(a) and 7(b) plot the measured SNR with and without MRC at α = 0.80 and
α = 0.75, respectively. We can see that the maximum SNR improvement reaches 11.5-dB when
α = 0.80, while a 12.2-dB SNR gain can be achieved in case of α = 0.75 with a SNR penalty
of up to 2.38-dB in high SNR scenarios. The above results are expected and consistent with
simulations and corresponding analysis, i.e., reducing BCF can improve the immunity to power
fading while suffering from noise amplification due to the increased level of ICI. This leads to
SNR degradation, especially for high order modulations. Based on extensive simulations and
experiments, an appropriate range of BCF from 0.75 to 0.80 is recommended for the simplified
bit loading scheme with modulation order up to 16-QAM.

Fig. 7. Comparison between the measured receiver SNR with and without MRC. (a)
α = 0.80. (b) α = 0.75.
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We further demonstrated the performance comparison between SEFDM with the proposed
diversity technique and the conventional ABPL-OFDM through 80-km SSMF. As shown in
Fig. 8(a), the proposed SEFDM achieves a significant improvement of receiver sensitivity
compared with OFDM at the HD-FEC limit, where both schemes achieve the same bit rate of
112-Gb/s using 28-GHz bandwidth. This is attributed to the diversity gain that improves the
receiver SNR in the fadings, as well as low-order modulations (up to 16-QAM) that guarantees
the favorable performance.

Fig. 8. (a) BER comparison between SEFDM with the proposed diversity technique and
ABPL-OFDM at a bit rate of 112-Gb/s. (b) Measured systematic SNR and bit allocations of
SEFDM. (c) Measured systematic SNR and bit allocations of OFDM. (d) BER performance
of both schemes at a ROP of −11.8dBm.

In addition, the measured SNR and bit allocations of the proposed SEFDM and ABPL-OFDM
are depicted in Figs. 8(b) and 8(c), respectively. Thanks to the diversity gain, SEFDM can
modulate symbols in the whole 28-GHz band, even in those suffering from power fading induced
by CD, which improves the effective payloads. On the contrary, ABPL-OFDM has to abandon
sub-carriers with relatively low SNR, otherwise it might significantly degrades the ultimate
performance. As a consequence, more bits should be allocated on the other sub-carriers to
achieve the target bit rate, which requires high SNR to enable high-order constellations. In
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practice, however, SNR is limited, where SEFDM with simplified bit loading scheme shows the
competence.
Finally, we evaluated the performance of both schemes at various bit rates. As shown in

Fig. 8(d), SEFDM with the proposed diversity technique outperforms ABPL-OFDM at the same
bit rates, and performs fairly robust to the bit rate. In the case of HD-FEC limit, the proposed
SEFDM yields more than 12% increment of bit rate in comparison with ABPL-OFDM. All the
results above validate the superiority of the proposed SEFDM.

5. Conclusion

We have experimentally demonstrated an optical SEFDM IM/DD LR transmission, which can
achieve a higher SE while offering a superior performance against the CD-induced power fading
effects in comparison with OFDM. To mitigate the power fading, we proposed a diversity
technique by taking advantage of ICI dispersion across adjacent sub-carriers based on MRC.
We further performed simplified bit loading and the log-MAP Viterbi decoding to guarantee
the bit rate and ML performance, respectively. We show through simulations that the proposed
diversity technique can effectively reduce the effect of power fading on sub-carriers, and thereby,
significantly improves the systematic SNR. In experimental study, we successfully demonstrated a
112-Gb/s SEFDM IM/DD transmission over 80-km SSMF with the proposed diversity technique,
using only 28-GHz bandwidth and up to 16-QAM modulation. Under the same SE and bit
rate, the proposed SEFDM outperforms the conventional ABPL-OFDM, which indicates the
superiority of SFEDM in LR applications.

Appendix: proof of Proposition 1

Proposition 1 can be charaterized by

var{|Gk(α1)|
2} ≥ var{|Gk(α2)|

2},∀α1 > α2, (14)

where

var{|Gk(α)|
2} =

Nf−1∑
k=0
|Gk(α)|

4 − µ2(α), (15)

where µ(α) denotes the mean of {|Gk(α)|
2}.

It has been demonstrated in [24] that µ(αi) = µ(αj),∀i, j, and thereby, (14) is identical to

Nf−1∑
k=0
|Gk(α1)|

4 ≥

Nf−1∑
k=0
|Gk(α2)|

4. (16)

Due to the circulant property of {Wn,k}, recall (13) that

|Gk |
2 =
|W0,k |

2

α
⊗ |Hk |

2 , (17)

where ⊗ denotes circulant convolution. As will be elaborated in Lemma 1 and Lemma 2,∑Nf−1
k=0 |Gk(α1)|

4 is propotional to the variance of weights
{
|W0,k |

2

α

}
.

Lemma 1 Larger α results in larger variance of the weights |W0,k |
2

α , k = 0, 1, . . . ,Nf − 1, i.e.,
∀α1 > α2, we have

Nf−1∑
k=0

���� |W0,k(α1)|
2

α1

����2 > Nf−1∑
k=0

���� |W0,k(α2)|
2

α2

����2, (18)

where W0,k(α1) and W0,k(α2) denote W0,k at α1 and α2, respectively.
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Proof: Define w1 and w2 as the Nf -dimension IDFT results of {W0,k} and {W∗0,k}, respectively,
we have

w1 =
1√

Nf N1
[1, . . . , 1, 0, . . . , 0]T , (19)

and
w2 =

1√
Nf N1

[1, 0, . . . , 0, 1, . . . , 1]T , (20)

where the numbers of 1 and 0 are N1 and Nf − N1, respectively. Define w = w1 ⊗ w2, and thus,
the n-th element of w reads

wn =
1

Nf N1
max

(����n − Nf

2

���� + N1 −
Nf

2
, 2N1 − Nf , 0

)
. (21)

Recall that N1 = αNf , we can rewrite (21) as a function of α

wn(α) =
1
Nf

max
(
1 −

β

α
, 2 −

1
α
, 0

)
(22)

where

β =


1 − n

Nf
n ≥ Nf

2
n
Nf

n < Nf
2

. (23)

Obviously, wn(α) is a monotonically increasing function of α, i.e., ∀α1 > α2, we have

wn(α1) > wn(α2). (24)

In the light of Parseval’s theorem, we have
Nf−1∑
k=0

���� |Wn,k(α1)|
2

α1

����2 = Nf

Nf−1∑
k=0
|wn(α1)|

2 > Nf

Nf−1∑
k=0
|wn(α2)|

2 =

Nf−1∑
k=0

���� |Wn,k(α2)|
2

α2

����2, (25)

which leads to (18) and completes the proof of Lemma 1.
Lemma 2 Suppose that {an}, {bn} and {cn}, n = 0, 1, . . . ,Nf − 1 are non-negative real

numbers meeting
∑Nf−1

n=0 bn =
∑Nf−1

n=0 cn = 1, and
∑Nf−1

n=0 b2n <
∑Nf−1

n=0 c2n, we have
Nf−1∑
n=0
(bn ⊗ an)

2 ≤

Nf−1∑
n=0
(cn ⊗ an)

2. (26)

Proof: Since
∑Nf−1

n=0 bn =
∑Nf−1

n=0 cn = 1, and
∑Nf−1

n=0 b2n <
∑Nf−1

n=0 c2n, we have
Nf−1∑
n=0

(
c2n − b2n

)
= 2

Nf−1∑
i=0

Nf−1∑
j=i+1

(
bibj − cicj

)
(27)

According to the defination circulant convolution, we have
Nf−1∑
n=0
(cn ⊗ an)

2

=
©«

Nf−1∑
n=0

c2n
ª®¬ ©«

Nf−1∑
m=0

a2m
ª®¬ + 2

Nf−1∑
i=0

Nf−1∑
j=i+1

cicj

Nf−1∑
k=0

aka(k+j−i) mod Nf

=
©«

Nf−1∑
n=0

b2n
ª®¬ ©«

Nf−1∑
m=0

a2m
ª®¬ + ©«

Nf−1∑
n=0

(
c2n − b2n

)ª®¬ ©«
Nf−1∑
m=0

a2m
ª®¬ + 2

Nf−1∑
i=0

Nf−1∑
j=i+1

cicj

Nf−1∑
k=0

aka(k+j−i) mod Nf .

(28)
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Recall (27), we have

©«
Nf−1∑
n=0

(
c2n − b2n

)ª®¬ ©«
Nf−1∑
m=0

a2m
ª®¬

=2 ©«
Nf−1∑
i=0

Nf−1∑
j=i+1
(bibj − cicj)

ª®¬ ©«
Nf−1∑
m=0

a2m
ª®¬

≥2 ©«
Nf−1∑
i=0

Nf−1∑
j=i+1
(bibj − cicj)

ª®¬ ©«
Nf−1∑
k=0

aka(k+j−i) mod Nf
ª®¬ ,

(29)

and thus,
Nf−1∑
n=0
(cn ⊗ an)

2

≥
©«

Nf−1∑
n=0

b2n
ª®¬ ©«

Nf−1∑
m=0

a2m
ª®¬ + 2

Nf−1∑
i=0

Nf−1∑
j=i+1

cicj

Nf−1∑
k=0

aka(k+j−i) mod Nf

+ 2
Nf−1∑
i=0

Nf−1∑
j=i+1
(bibj − cicj)

©«
Nf−1∑
k=0

aka(k+j−i) mod Nf
ª®¬

=
©«

Nf−1∑
n=0

b2n
ª®¬ ©«

Nf−1∑
m=0

a2m
ª®¬ + 2

Nf−1∑
i=0

Nf−1∑
j=i+1

bibj

Nf−1∑
k=0

aka(k+j−i) mod Nf

=

Nf−1∑
n=0
(bn ⊗ an)

2

(30)

This completes the proof of Lemma 2.
Recall (17) that |Gk |

2 is in fact the circulant convolution of |W0,k |
2

α and |Hk |
2, and thus∑Nf−1

k=0 |Gk(α1)|
4 >

∑Nf−1
k=0 |Gk(α2)|

4 in the light of Lemma 1 and Lemma 2, which leads to (14)
and completes the proof of the Proposition.
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