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Abstract. Recent theoretical modeling has provided an understanding of how ultrasonic guided waves interact in a plate,
while initial experiments have demonstrated promise for using mutual wave interactions to detect material degradation at 
an early stage. The theoretical modeling enables a rational approach to selecting the type of wave modes, their frequencies,
and propagation directions in order to create strong secondary waves that can be used to detect changes in the material 
nonlinearity. In this paper, finite element simulations of four different cases of ultrasonic guided wave mixing are presented 
to demonstrate some interesting features that could be beneficial for laboratory measurements.

INTRODUCTION

Mutual interaction of ultrasonic waves, compared to self-interaction methods, excels at isolating material 
nonlinearity from instrument perturbations[1–3]. In addition, mixing of two waves offers more types of interactions,
which provides more flexibility in developing scanning and imaging techniques[4–9]. While the sensitivity of higher 
harmonics to early damage has been proven through experiments[10,11], the mutual interaction of guided waves to 
detect material nonlinearity requires extensive experiments – and only a limited number of cases have been laboratory 
tested. In the case of planar bulk waves, the mutual interactions have been studied in several reports, thanks to 
theoretical results that describe how different types of bulk waves interact[5]. Previously, it was believed that localized 
interaction of ultrasonic waves cannot generate sufficient nonlinearity to be reliably detectible by available 
instruments. This belief precluded studies of mutual interaction of guided waves. However, recent experimental 
reports indicate the possibility of detecting small generated nonlinearities throughout either bulk wave or guided wave 
mixing[1,3,12–15]. Therefore, the objective of current research is to investigate various types of guided wave mutual 
interactions by finite element analysis that will be helpful for design of new laboratory experiments. 

We previously demonstrated the role of vector-based phase matching analysis on mode selection of guided wave 
mixing[4]. This, with nonzero power flux analysis, facilitates the exploration of different mixing modes at various 
angles and frequencies. So, mixing of counter-propagating Shear Horizontal (SH) guided waves has been investigated 
by finite element simulation followed by laboratory experiments[1]. Whereas the SH0 primary waves have in-plane 
displacement fields, the secondary wave field (S0) contains strong out-of-plane displacement that makes it detectable 
by angle-beam and air-coupled transducers. Results indicate the straightforward detection of secondary waves that are 
isolated from the primary waves due to the different polarizations of the primary and secondary wave fields[16].

In this study the results of finite element simulations of the mutual interactions between guided waves in an
aluminum plate are reported. For brevity, only the four cases shown in Table 1 are analyzed, but there are many other 
interesting candidates[4]. The novelty of the four wave triplets selected for analysis is described below.  

- Wave triplet 1. The advantage of codirectional mixing is that the mixing zone can be significantly larger than other 
mixing arrangements, which enables stronger generation of the secondary wave field. Different polarization of the 
primary SH0 waves and secondary S0 wave enables isolation of the material nonlinearity from other 
nonlinearities[4].

- Wave triplet 2. Zero Group Velocity (ZGV) Lamb waves are guided waves with positive phase velocity but zero 
group velocity. They oscillate at their source point until the energy eventually dissipates due to attenuation[17].
ZGV waves are interesting since the energy is trapped in a single point and ideally can be detected with noncontact 
methods such as laser ultrasonics. The ZGV time domain displacement signals are stationary, which makes them 
easy to distinguish from other types of nonlinearities. 

45th Annual Review of Progress in Quantitative Nondestructive Evaluation, Volume 38
AIP Conf. Proc. 2102, 050017-1–050017-9; https://doi.org/10.1063/1.5099783

Published by AIP Publishing. 978-0-7354-1832-5/$30.00

050017-1



- Wave triplet 3. These three Lamb wave modes at relatively low frequencies have large out-of-plane displacements 
at the surface, which makes generation and reception relatively easy. Noncontact reception by air-coupled 
transducers or laser interferometer would enable scanning.

- Wave triplet 4. Non-collinear mixing of guided waves is interesting for both fundamental studies and NDT 
applications. The SH0 primary waves are easy to excite preferentially. As in cases 1 and 2, having primary and 
secondary modes with different polarizations has advantages for measurements; as does having the secondary 
waves propagate in a direction different than the primary waves.

Table 1. Wave triplets whose mutual interaction is analysed by finite element simulations.

N
um

be
r

Mixing Angle 
( )

Wave a

Type & Freq. (MHz)

Wave b

Type & Freq. (MHz)

Wave m

Type & Freq. (MHz)
Angle between 

waves a and m ( )

1 0 SH0 2.2 SH0 1.2 S0 3.4 0

2 180 SH0 1.82 SH0 1.02 S1 2.84 0

3 180 S0 1.16 A0 0.26 A0 0.9 0

4 90 SH0 0.78 SH0 1.5 S0 2.28 27.5

Before describing the finite element simulations, we will provide a brief background on mixing ultrasonic guided 
waves in plates. 

FORMULATION FOR WAVE SELECTION

A very brief overview of the equation formulation is provided below, but the reader is referred to the literature[1,4]
for the full details. Assuming two primary waves (ua and ub) and nonlinear components associated with self-
interaction (uaa and ubb) and mutual interaction (uab), the wave field can be decomposed as follows:= + + + + (1)

The spatial and temporal dependences of the wave field are given by:( , , , ) = [ ( ) [ ( , ) ] + . . ] (2)

Position vector p and the displacement wavestructure U are used for wave field formation with respect to any arbitrary 
propagation direction. Wave vector, K, is a combination of the scalar wave number and direction unit vector as,= k (3)

Employing wave vectors in nonlinear ultrasonic wave interactions has been demonstrated and studied previously. In
Figure 1, each wave vector signifies a guided wave, either a Lamb wave or Shear Horizontal wave, with specific wave 
number and propagation direction.  

FIGURE 1. Wave vectors and the associated angles. Wave m is the result of nonlinear interaction of waves a and b at the 
resonance conditions.
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Including Eqs. 2 and 3 in nonlinear elastic formulations[18], equations can be formulated for the general case of 
mutual wave interaction arbitrary wave vectors[4]. Secondary waves propagating in directions prescribed by the 
analysis occur at the sum and difference frequencies:= ± (4)

To find the resonance conditions for a strong excitation of the secondary wave field, the normal mode expansion 
is applied to represent the secondary stress and velocity fields as a superposition of all possible modes. The reciprocity 
theorem is used to find the modal amplitude of the secondary wave field[4]. It can be shown that strong secondary 
wave fields occur when the internal resonance criteria are satisfied.

1. Nonzero power is transferred from the primary wave modes to the secondary wave mode.

2. The phase matching condition requires that the secondary wave vector is a vector combination of the primary 
wave vectors, Km=Ka±Kb .

3. The secondary wave field exists as a propagating wave only when its wave number corresponds to a propagating 
mode at the frequency defined by Eq. (4).

Condition 1 indicates which wave types it is possible to generate by the interaction of two waves, while conditions 
2 and 3 connect directly to the dispersion curves. The previous studies focused mainly on collinear guided wave 
mixing, making non-collinear mixing of guided waves in a plate a novelty.

The mode selection process for one wave mixing case (Case 4 in Table 1) is described as:

a) For non-collinear interaction of two SH0 waves, the possible secondary wave fields are symmetric Lamb waves 
or symmetric SH waves (Condition 1). We wish to generate a symmetric Lamb wave.

b) Choose frequencies of 1.5 MHz and 0.78 MHz for the primary SH0 waves having wave numbers of 3040 m-1

and 1581 m-1 in a 1 mm aluminum plate. The associated sum and different frequencies are 2.28 and 0.72 MHz
are distinct from the second harmonics of the primary waves.

c) Now calculate wave numbers at the sum and difference frequencies based on Km=Ka±Kb (Condition 2). For 
the mixing angle of 90º, the wave numbers are 3227 m-1 for both sum and difference frequencies. The 
corresponding phase velocities, based on Eq. 5, are 4181 m/s and 1320 m/s for the sum and difference 
frequencies respectively. 

d) Test whether the obtained combination of frequencies and wave numbers are propagating guided waves or not
(Condition 3). The calculated frequencies and phase velocities are identified in Fig. 2. Point 1, corresponding 
to the sum frequency, lies on the S0 Lamb wave. Therefore, it is a valid propagating wave. On the other hand, 
point 2 is not on a propagating mode. Hence, point 2 results in bounded oscillations. Thus, the mixing of SH0 
waves with 0.78 and 1.5 MHz frequencies at 90º angle will generate a secondary S0 wave at the sum frequency.

Table 2. Properties of the elastic aluminum plate. 

Material

Plate thickness
(mm)

Density
(kg/m3)

Lame’s constants
(GPa)

Landau-Lifshitz constants
(GPa)

2h μ

Aluminum 1 2700 55.27 25.95 -351.2 -149.4 -102.8
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FIGURE 2. Two points associated with two primary waves (circles), and two points corresponding to sum and difference 
harmonics with related wave numbers and phase velocities (Cross signs) are shown on the dispersion curves.

FINITE ELEMENT MODELING

Different phenomena can benefit from finite element modeling, specially where experiments are hard to 
conduct[19–22]. The finite element models are established in Abaqus/Explicit where nonlinear material behavior is 
included through a VUMAT user subroutine for hyperelastic materials. The Landau-Lifshitz third order elastic 
constants are given in Table 2 along with Lame’s constants. Mesh sizes and time steps must be as fine as practical to 
provide precise generation of secondary waves. In this regard, mesh sizes are at least 30 times smaller than the shortest 
wavelength in the simulation. In addition, time steps are defined to have at least 40 calculation points per the shortest 
time period. Table 3 includes the details of numerical models for each case of the study: 

Table 3. Details of finite element models of the introduced cases of Table 1.

N
um

be
r

Mesh size (mm) Time step (μs) Model type

1 0.05 0.01 3D periodic boundary condition

2 0.05 0.01 3D periodic boundary condition

3 0.2 0.02 3D periodic boundary condition

4 0.1 0.01 3D with constrained boundaries 

A simple subtraction method is used to isolate the secondary waves generated by mutual interactions. Three tests 
are conducted for each mixing case as follow:

- Test A: Just wave a is generated.
- Test B: Just wave b is generated. 
- Test A+B: Both waves a and b are generated (Nonlinear mutual interaction occurs). 

The difference between these displacements is only due to mutual interactions:= ( + ) (6)
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RESULTS
Primary and secondary wave fields are studied by observing the displacement fields of the primary waves and 

difference wave fields computed by Eq. (6). Results of the four selected wave mixing cases are reported in this section. 

Case 1. Collinear SH0 wave mixing
In order to reduce the size of the model and still generate plane waves, periodic boundary conditions are applied

in the Y direction as shown in Figure 3. The plate cross-section discretized is 0.1 mm wide and 1 mm high. SH0 waves 
are generated by edge displacement excitation where the displacement wave packets are shown in Figure 4. Thus, in-
plane displacements uy represent the SH0 wave packets. The uz difference signals, computed from Eq. 6, are observed 
to have a slower group velocity and to increase with propagation distance while the waves are interacting.

FIGURE 3. Edge excitation to generate planar SH0 wave propagation in the X-direction.

FIGURE 4. Snapshots of primary and secondary wave packets.

Case 2. Zero Group Velocity wave excitation
The same periodic boundary conditions are used to reduce the model size. A schematic of the model is shown in 

Fig. 5. SH0 waves are similarly excited at opposite ends of the plate, and in-plane displacements from test A+B in the 
center of mixing zone are shown in Figure 6. The ZGV Lamb waves have considerable out of plane displacement 
component[23]. Therefore, this can be used to distinguish primary waves from the secondary wave field. To inspect 
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if the ZGV wave is generated and stays in the mixing zone, the out-of-plane displacements are depicted for one point 
inside and another one outside of the mixing zone. Figure 6 shows difference signals at the top surface inside and 
outside of the mixing zone. The difference signal outside the mixing zone is zero because the group velocity of the S1 
mode at 2.84 MHz is zero.

FIGURE 5. Displacement edge excitation to generate SH0 waves. Periodic boundary condition is applied to generate planar SH0 
waves.  

FIGURE 6. In-plane displacements in the center of the mixing zone for Test A+B and difference signals inside and out of the 
mixing zone. 

While nonlinear displacements inside the mixing zone show stationary oscillations, outside of it they are nearly 
zero. Once SH0 waves leave the mixing zone, the ZGV mode is trapped inside the zone and continues to oscillate.
Therefore, in practice, it is possible to select a particular window when only the ZGV mode is oscillating in the mixing 
zone. This could simplify measurement of material nonlinearity without complication from instrumentation 
nonlinearities.

050017-6



Case 3. Low frequency Lamb waves
VUMAT code is written for 3D models, so the finite element model is a 3D model with periodic boundary 

conditions even though the nature of the problem could be a 2D simulation. Two Lamb waves are generated with edge
displacement excitation and out-of-plane displacements are collected from the upper surface of the model. 

FIGURE 7. Triplet Lamb waves in 1 mm aluminum plate. Four points are defined to capture subtracted out-of-plane 
displacements. 

The main difference between case 3 and the first two is that the primary waves are Lamb waves, thus the secondary 
wave field shares the same displacement polarization with the primary waves. A-scans of the difference signals 
computed at the four points identified in Fig. 7 are shown in Fig. 8. At Point 1 there is a wave packet from wave B 
(0.26 MHz) because its amplitude has been reduced due to interactions in the mixing zone (Energy transmitted from 
A0 to secondary wave field). This phenomenon was not observed in SH-SH wave interactions, once we measured out 
of plane displacement, because primary and secondary wave fields have different polarization. No secondary wave is 
evident at Point 1 because it travels to the right, not the left. The wave packet at Point 2 has both 1.16 MHz and 0.9 
MHz, because point 2 is slightly in the right side of mixing zone and reduced A0 wave travels in reverse direction. 
At Point 3 the primary wave A is apparent because of its decrease in amplitude associated with interactions in the 
mixing zone, and the secondary wave is also visible. At Point 4 the primary wave packet A has separated from the 
secondary wave packet because they have different group velocities.

FIGURE 8. Difference signals at the four points identified in Figure 7. 
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Case 4. Non-collinear SH0 wave mixing
A small 12 mm by 12 mm area of the plate is discretized for this non-collinear wave mixing simulation. Boundary

conditions for SH0 wave generation were created, and are shown in Fig. 9a, to ensure single mode excitation and 
uniform secondary wave generation at the sum frequency. The in-plane displacement fields shown in Figs. 9c and 9d
at 7μs verify that single mode excitation is achieved. Moreover, the difference signal plotted in Fig. 9b shows the S0 
2.28 MHz Lamb wave. The wavelength and wave structure of the computed difference signal are comparable with the 
S0 mode at 2.28 MHz predicted by the theory[23].

FIGURE 9. Non-collinear SH0 wave mixing. (a) model dimensions with boundary conditions. (b) Uz Difference signal at the top 
surface at 7μs. (c) Uy excited at 1.5 MHz and (d) Ux excited at 0.78 MHz.

CONCLUSIONS

The mutual interactions of two ultrasonic guided waves propagating in a nonlinear elastic plate generate secondary 
waves that are sensitive to material degradation. Finite element simulations of four cases of wave mixing were 
presented to illustrate unique aspects of the secondary waves generated that could be useful for making laboratory 
measurements. The primary waves can be collinear – either codirectional or counter-propagating – or non-collinear. 
In three of the cases the primary waves are the fundamental shear-horizontal mode, which is nondispersive, and the 
secondary waves are Lamb modes. In all cases the secondary waves have significant out-of-plane displacement 
components at the surface, which makes them relatively easy to receive.
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