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Abstract 22 

Previously, a two-dimensional (2-D) analytical model for interpreting the modulation 23 

mechanism of a “breathing” crack on guided ultrasonic waves (GUWs) is developed [1]. 24 

Based on the theory of wave propagation in three-dimensional (3-D) waveguides and using 25 

an elastodynamic analysis, the 2-D model is extended to a 3-D regime, to shed light on the 26 

nonlinear aspects of GUWs disturbed by cracks with “breathing” traits. With the model, 27 

generation of contact acoustic nonlinearity (CAN) embodied in GUWs, subjected to the 28 

key parameters of a “breathing” crack (e.g., crack length), is scrutinized quantitatively. On 29 

this basis a nonlinearity index is defined to link crack parameters to the quantity of 30 

extracted CAN. In virtue of the index, initiation of an undersized fatigue crack in a 3-D 31 

waveguide can be delineated at its embryonic stage, and, in particular, the crack severity 32 

can be quantitatively depicted. This facilitates prognosis of imminent failure of the 33 

monitored structure. Experimental validation is performed in which a hairline fatigue crack 34 

is evaluated, and the results well corroborate the crack parameters predicted by the 3-D 35 

analytical model. 36 

 37 

Keywords: analytical modeling; guided ultrasonic waves; “breathing” crack; fatigue crack; 38 

contact acoustic nonlinearity 39 
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1. Introduction 41 

Research effort for illuminating the propagation characteristics of guided ultrasonic 42 

waves (GUWs) in elastic media with repetitious-load-intensified plasticity is legion. 43 

Central to the interest is analytical modeling [2-5], numerical interrogation [6-8] and 44 

experimental validation [9-15]. It has been postulated that the nonlinear traits embodied in 45 

GUWs can be augmented locally by material plasticity or defect (such as fatigue damage). 46 

Such locally intensified nonlinearity is different from the counterpart progressively and 47 

continuously accumulated in GUWs due to the intrinsic material nonlinearity. In an elastic 48 

waveguide, the intrinsic material nonlinearity is uniformly distributed provided the 49 

waveguide is ideally isotropic and homogeneous [16-22]. 50 

 51 

The locally intensified nonlinearity in GUWs due to material plasticity or defect is 52 

usually a multitude of orders of magnitude larger than that of the progressively 53 

accumulated material nonlinearity. But such dominance is only restricted in a highly 54 

localized region in the vicinity of the plastic zone or material defect [23]. One 55 

representative of such locally intensified nonlinearity is the contact acoustic nonlinearity 56 

(CAN) [24], engendered by the “breathing” effect (a.k.a., “clapping” effect) of a fatigue 57 

crack under a cyclic load. By properly extracting the nonlinearity from GUW signals and 58 

calibrating its abnormal increase, one can qualitatively indicate the presence of the damage 59 

of “breathing” effect. However, approaches based on such a detection philosophy, in most 60 

circumstances, are incapable of quantitatively pinpointing location of the damage, let alone 61 

achieve accurate evaluation of its severity. This is because of the lack of proven theoretical 62 
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interpretation and modeling to faithfully and quantitatively depict the nonlinear 63 

characteristics of GUWs modulated by the “breathing” effect of damage. 64 

 65 

Limit the discussion of material defect of “breathing” effect to a fatigue crack in an 66 

elastic medium at its embryonic stages. When a probing GUW traverses the crack, the 67 

periodical “breathing” behaviors of the fatigue crack, which opens and closes during the 68 

tensile and compressional phase of the probing GUW, is triggered. This leads to the time-69 

dependent wave scattering phenomena and consequently engenders CAN, which is 70 

dominant among various sources of nonlinearity embodied in captured GUWs. This alludes 71 

to that the generation of CAN does not entail satisfaction of the internal resonance (i.e., the 72 

phase velocity matching for both the fundamental and accordingly generated second 73 

harmonic wave modes, and the non-zero power flux [25]) which is a prerequisite to warrant 74 

linear accumulation of nonlinearity along wave propagation. Release of such a prerequisite 75 

offers flexibility in selecting wave modes and makes it possible to use those wave modes 76 

in a relatively low frequency regime. In this regime, GUWs feature less dispersion and 77 

lower attenuation compared with their high-frequency counterparts. 78 

 79 

There is a rich body of literature on modelling the generation of CAN induced by 80 

“breathing” damage or interfaces. Numerically, Wan et al. [26], and Shen and Giurgiutiu 81 

[27], respectively, examined the interaction between a probing GUW and a buried micro-82 

crack or a surface “breathing” crack in a thin plate using finite element analysis. Both 83 

studies demonstrated a monotonically increasing relationship between the amplitude of 84 

CAN and the crack depth. Analytically, Solodov et al. [28] and Richardson [29], 85 

respectively, modelled the wave propagation scattered by a contact crack in one-86 
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dimensional scenario, whereby to interpret the generation of high-order wave harmonics. 87 

Biwa et al. [30] developed a nonlinear contact interface model, based on which the stiffness 88 

of a contact interface could be expressed with a power-law function of the contact pressure. 89 

This study led to a qualitative description of the dependence of harmonic amplitudes on 90 

the pressure of the contact interface. 91 

 92 

Earlier, the authors have developed a two-dimensional (2-D) analytical model [1], in 93 

conjunction with the use of a modal decomposition method and a variational principle-94 

based algorithm. The model has proven effectiveness in quantifying generated CAN due 95 

to the “breathing” behavior of a fatigue crack in a 2-D elastic waveguide. In the model, the 96 

“breathing” behavior of the crack is equated, analytically and quantitatively, to a secondary 97 

wave source, whose periodic traits introduce nonlinearity into captured GUW signals. A 98 

nonlinear index is further proposed, to link the crack depth to the quantity of generated 99 

CAN. Nevertheless, using that model to predict the length of a real crack remains a 100 

daunting task, because the 2-D model does not conform to the reality, in which a real crack 101 

behaves substantially in a three-dimensional (3-D) manner. Unlike those scenarios adopted 102 

by a 2-D model, in the 3-D model, both 3-D Lamb waves and shear horizontal waves are 103 

induced upon the interaction of probing waves with crack, and it is challenging to ascertain 104 

the analytical depiction of the stress and displacement fields explicitly. With this a 105 

motivation, the present study is dedicated to developing a 3-D analytical model by 106 

extending the previous 2-D model, based on the theory of wave propagation in a 3-D elastic 107 

waveguide and an elastodynamic analysis. This is aimed to shed light on the modulation 108 

mechanism of a “breathing” fatigue crack on the nonlinear properties of GUWs. This 3-D 109 

model, from an analytical perspective, yields a quantitative correlation between the key 110 
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parameters of a “breathing” crack and the quantity of crack-generated CAN. The 3-D 111 

modeling of a fatigue crack, in accordance with the reality, allows experimental validation 112 

to be followed, in which initiation of a fatigue crack can be predicted at its embryonic stage 113 

and parameters such as the crack length can be quantified. 114 

 115 

2. GUWs Disturbed by “Breathing” Crack: A 3-D Perspective 116 

2.1. 2-D Model 117 

To facilitate extension of the 2-D model to a 3-D regime, it is incumbent upon the 118 

authors to brief the theoretical cornerstone of the 2-D model in a nutshell. Consider a 2-D 119 

plate-like waveguide, as illustrated schematically in Fig. 1(a), in which a “breathing” crack 120 

exists along the waveguide thickness. A probing GUW is excited and emitted to the 121 

waveguide from its upper surface, which subsequently interacts with the crack. The 122 

interaction embraces two alternative periods: i) crack opening during the tensile phase of 123 

GUW propagation, which triggers wave scattering and mode conversion; and ii) crack 124 

closing during the compressional phase of GUW propagation, in which the wave 125 

propagation remains unchanged without distortion. Together, both jointly drive the crack 126 

to manifest a “breathing” manner, which is depicted as a secondary wave source at the 127 

crack location to introduce an additional wavefield to modulate the probing GUW – called 128 

“crack-induced second source” (CISS) in that 2-D model. It is the time-dependent traits of 129 

CISS – present when the crack opens and absent otherwise as seen in Fig. 1(b) – that lead 130 

to the generation of CAN. 131 
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 132 

(a) 133 

 134 

(b) 135 

Fig. 1. (a) Schematic of previously developed 2-D model (showing the period when crack 136 

opens); and (b) history of displacement of nodes on the crack surfaces (upper) and the 137 

corresponding indicator function reflecting the periodical presence and absence of CISS 138 

(lower) 139 

 140 
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The above “breathing” behavior of the crack can be quantified, via an indicator 141 

function, Fig. 1(b), as 142 

 

( )

( )

0
2 2 e ,

1,

0, .

bre open
i t

D D

open close

close open

CISS CISS f t

t t t
f t

t t t T


− −=  

 
= 

  +

uuuur uuuur

  (1) 143 

In the above, 2

open

DCISS −

uuuur
 and 2

bre

DCISS −

uuuur
, respectively, signify the CISS when the crack opens 144 

and the CISS showing the “breathing” traits. T  is the duration of a cycle of the probing 145 

GUW, and 0  the angular excitation frequency. The spectrum of 2

bre

DCISS −

uuuur
 can be obtained 146 

via a spectrum analysis, from which the CISS at double excitation frequency ( 02 ) is 147 

acquired. Using a variational principle-based algorithm, a correlation between the quantity 148 

of generated CAN and the crack depth can be obtained. Details of the 2-D modeling can 149 

be referred to the authors’ previous work [1]. 150 

 151 

2.2. 3-D Model 152 

Along the same line of scrutiny, the above 2-D model is extended to a 3-D regime, in 153 

which a 3-D plate-like waveguide is investigated. Therefore, the emitted probing GUW 154 

takes the modality of Lamb waves, featuring dispersive and multimodal properties. The 155 

waveguide contains a through-thickness crack, as illustrated schematically in Fig. 2. 156 

Consider that i) the fundamental symmetric Lamb mode (S0) features a higher velocity than 157 

that of the fundamental antisymmetric Lamb mode (A0) in a lower frequency regime (e.g., 158 

less than 0.75 mmMHz), and ii) the S0 mode is more apt to trigger the “breathing” behavior 159 

of the crack, because the in-plane particulate displacement in the symmetric mode is 160 

dominant. Therefore, the S0 mode is used by the model to probe the crack. In this context, 161 
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the discontinuities at the microscopic level are negligible and the “breathing” behavior of 162 

the crack will dominate the interaction between S0 mode and damage. Analogous to the 163 

preceding 2-D consideration, the interaction of a probing GUW and the “breathing” crack 164 

also embraces two alternative periods: crack opening during the tensile phase of GUW 165 

propagation, and closing during the compressional phase of the wave propagation.  166 

 167 

  168 

Fig. 2. A 3-D plate waveguide containing a “breathing” crack (note the macroscopic notch 169 

centralized in the waveguide is NOT the crack, see experimental validation in Section 5 for 170 

details) 171 

 172 

When the crack opens, both the crack surfaces, illuminated and shaded surfaces (see 173 

Fig. 2), are traction-free and the CISS on the two surfaces can be defined in terms of the 174 

equilibrant forces for the stress fields existing on the crack surfaces which are induced by 175 

the probing GUW. It has been well demonstrated that a macroscopic crack can be detected 176 
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using existing methods based on the use of linear features of GUWs (such as delay in time 177 

of flight). With that, this model hypothesizes that the “breathing” crack under investigation 178 

is at its embryonic stage, and thus the tiny scale of the crack length is ignorable when 179 

compared with the distance between the crack and a sensor (i.e., the location at which GUW 180 

is captured). Therefore, the CISS at the crack can be approximated to a concentrated force, 181 

whose magnitude can be calibrated using the following integration of the CISS over each 182 

crack surface (illuminated and shaded surfaces), as 183 

 
1 .

open
inc

Crack Surface
CISS x ds= − 
uuuur r

%   (2) 184 

In the above, 
inc%  denotes the stress tensor of the GUW and 1x

r
 signifies the direction 185 

vector. 
open

CISS
uuuur

 is the crack-induced secondary wave source when the crack opens. The 186 

CISS, featuring time-dependent traits, is present when crack opens and absent otherwise. 187 

 188 

In the same vein, the particulate displacements across the entire crack surface, either 189 

illuminated or shaded surface, are deemed the same at any moment throughout the crack 190 

opening and closing periods – also owing to the tiny dimension of the crack when the crack 191 

is at its embryonic stage. Therefore, the moment when the probing GUW turns from a 192 

compressional to a tensile phase is adopted as the moment for the entire crack surface, as 193 

a whole, to open (denoted as opent ), and analogously the moment when the wave converts 194 

from a tensile to a compressional phase as the moment for the entire crack to close (denoted 195 

as closet ). With such a hypothesis, the duration of the crack opening, in which the CISS is 196 

existent, is the half period of a wave propagation cycle, as shown in Fig. 3(a). 197 

 198 
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To reflect such a periodical feature of the “breathing” behavior of the crack, an 199 

indicator function, ( )f t , is introduced to regulate 
open

CISS
uuuur

, similar to Eq. (1) in the 2-D 200 

model, as 201 

 ( )0e ,
bre open

i t
CISS CISS f t


=  

uuuur uuuur
  (3) 202 

where 203 
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  (4) 204 

In Eq. (3), 
bre

CISS
uuuur

 is the regulated CISS, depicting the “breathing” behavior of the crack. 205 

0  is the angular frequency of the probing GUW, and T  the period of a wave propagation 206 

cycle. With Eqs. (3) and (4), the spectrum of 
bre

CISS
uuuur

can be obtained analytically and 207 

explicitly, from which each high-order component of probing GUW are ascertained, as 208 

shown in Fig. 3(b) (normalized to the magnitude of 
open

CISS
uuuur

). In particular, with the 209 

obtained magnitude of the double excitation frequency component (
02A  ), 

bre

CISS
uuuur

 at 02  210 

is delineated as 211 

0
0

0

2
2

2 .
bre open

i t
CISS A CISS e






−

=  
uuuur uuuur

                                (5) 212 

 213 
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 214 

(a) 215 

 216 

(b) 217 

Fig. 3. (a) Nodal displacement at the crack surface and the indicator function reflecting the 218 

presence and absence of CISS; and (b) spectrum of 
bre

CISS
uuuur

 219 

 220 
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3. Nonlinear Aspects of “Breathing” Crack-disturbed GUWs 221 

With the 3-D model described by Eq. (5), the reflected and transmitted wavefields at 222 

0  and 02  can be defined explicitly, from which CISS-induced GUWs can be depicted. 223 

To this end, an elastodynamic analysis [31, 32] is recalled. First consider a “breathing” 224 

crack, the principal orientation of which is tangential to the wavefront of the probing GUW, 225 

and thus the CISS on the crack surfaces is normal to the crack principal orientation. The 226 

wavefield generated by the CISS on a crack surface – a concentrated force, can be defined, 227 

in a cylindrical coordinate system, as 228 
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=

 
+ + − = 

 

  (6) 229 

where ru , u  and zu  are the particulate displacements in the radial, circumferential and 230 

out-of-plane directions, respectively. r  denotes the distance from the crack to the sensor at 231 

which GUW is captured, and mk  the wavenumber of the propagating wave mode at 02 . 232 

( )3

mU x  and ( )3

mW x  are the in-plane and out-of-plane displacements of the mth-order 233 

Lamb wave mode as a function of 3x , which have the following modality, provided the 234 

selected wave mode is a symmetric Lamb wave mode: 235 
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  (7) 236 

In the above,   is the Lamé constant,   the shear modulus, h  the half thickness of the 237 

plate, and   the density of the plate. Solving Eq. (6) yields 238 

 ( ) ( ) ( ) ( )2 1

1 1,m m m mk r H k r k r H k r = = ,     (8) 239 

where 
1H  and 

2H  denote the Hankel function of the first kind and the Hankel function of 240 

the second kind, respectively.   and   represent the outgoing and converging wave 241 

modes, respectively. 242 

 243 

With an elastodynamic analysis, in which the secondary wave excitation source is the 244 

CISS-induced concentrated force at 02  as defined by Eq. (5), the symmetric Lamb wave 245 

mode described by Eq. (6) can be ascertained, and the in-plane displacement of the 246 

wavefield reads 247 

 ( ) ( ) ( )
0 1
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2 3 0 1
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In the above, 
0 12

m

xu  represents the in-plane displacement of the mth-order symmetric Lamb 251 

mode in the 1x
r

 direction, and ( )3

m

SU x  the in-plane displacement of mth-order mode in the 252 

1x
r

 direction (subscript S denoting symmetric mode). i  is the imaginary unit. 02bre

inCISS
−253 

denotes the in-plane component of the 
02bre

CISS
−uuuur

, and S

mmI  the energy carried by the mth-254 

order symmetric Lamb wave mode. 255 

 256 

With Eq. (9), the amplitude of CISS-induced symmetric Lamb waves at 02  can be 257 

obtained explicitly, with which a nonlinear index, NI, can be established, to calibrate crack 258 

parameters, as 259 

 
0 1

0

1

2

m

x

x

u
NI

u




= ,  (10) 260 

where 
0 12

m

xu  is the obtained CISS-induced displacement at 02 , and 0

1x
u


 the 261 

displacement induced by incident waves at 0 . Analytically, NI defined by Eq. (10) 262 

quantitatively indicates the length of the “breathing” crack, and therefore such an index can 263 

be used to evaluate the crack length which is a critical parameter to assess the severity of a 264 

fatigue crack. 265 

 266 

It is noteworthy that in the above derivation, it is specified that the crack orients 267 

tangentially to the wavefront of the probing GUW. Without losing generality, the scattering 268 

pattern of CISS-induced Lamb waves when the crack takes arbitrary azimuth with regard 269 

to the wavefront can be referred to the authors’ other work [33]. 270 

 271 
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4. Validation Using Finite Element Method (FEM) 272 

To validate the 3-D analytical model, an aluminum plate, measuring 600 mm long, 273 

500 mm wide and 2 mm thick, is considered with key material properties listed in Table 1. 274 

The commercial software ABAQUS®/EXPLICIT, with a user-defined subroutine 275 

(VUMAT) to address the nonlinear constitutive relationship of the material, is used to 276 

simulate both the linear and nonlinear features of wave propagation in the 3-D waveguide. 277 

For the material nonlinearities that intrinsically exist in the waveguide, the third order 278 

elastic constants [25] (denoted by A, B and C and listed in Table 1) are used in the VUMAT. 279 

 280 

A five-cycle Hanning-windowed sinusoidal toneburst with 300 kHz as the central 281 

frequency is excited, by applying a point-type force on the upper surface of the plate (the 282 

location is consistent with that of the wave actuator in sequent experiment). To model the 283 

“breathing” effect of the crack, the crack is defined as a seam – two contactable surfaces 284 

with node overlapping possible. With the seam, the two crack surfaces can be either in 285 

contact or apart under the modulation of a traversing GUW. A contact-pair interaction 286 

between the two crack surfaces is applied, with which the penetration of nodes on either 287 

surface into the other is not possible. 288 

 289 

Table 1 Key material parameters of the aluminum considered in validation 290 

Density 

[kg/m3] 

Elastic 

modulus 

[GPa] 

Poisson's 

ratio
 

Lc [m/s] Tc  [m/s] A [GPa] B [GPa] C [GPa] 

2660 71.8 0.33 6324 3185 -320 -200 -190 

 291 
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Compared with the change in the nonlinearity of GUW caused by the “breathing” 292 

behavior of the crack, the material plasticity-driven increase in the nonlinearity is 293 

negligible, even if the material nonlinearity is intensified by the crack-induced plasticity in 294 

the region around the crack tips. This phenomenon is remarkable particularly when the 295 

probing GUW does not satisfy the prerequisite of internal resonance, as interpreted earlier. 296 

It is therefore of unnecessity to take the increase in nonlinear features of GUW related to 297 

the material plasticity into consideration in both the FEM analysis and the analytical 298 

modeling. Subsequent experimental validation has also proven this hypothesis. Note that 299 

the amplitude of the second harmonics in captured GUWs induced by the crack is in such 300 

a low degree that it is overwhelmed by the fundamental wave modes, and this imposes vast 301 

challenge on extracting the nonlinear features from a captured GUW signal. To circumvent 302 

this problem, a pulse-inversion approach is developed to supplement the FEM simulation, 303 

facilitating extraction of “breathing” effect-induced nonlinearity in FEM analysis. In the 304 

approach, the interaction between the crack and the probing GUWs is simulated in two 305 

scenarios respectively, in which the surface-located point-type force excites probing 306 

GUWs of opposite phase with the each other. Upon superimposing the captured GUW 307 

signals in both scenarios, the components at the excitation frequency ( 0 ) are, in principle, 308 

eliminated, while the components at the double excitation frequency ( 02 ) are intensified. 309 

With the pulse-inversion approach, the weak nonlinearity (i.e., 
0 12

m

xu  in Eq. (10)) stands 310 

out in the superimposed signals and in their corresponding spectra in the time-frequency 311 

domain (obtained with the short-time Fourier Transform (STFT)). 312 

 313 
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By way of illustration, the results obtained from an intact plate and the plate 314 

containing a “breathing” crack, simulated using the above FEM-based modeling, are 315 

compared in Fig. 4. Assisted with the pulse-inversion approach, the spectral energy at 0  316 

is remarkably mitigated, while the energy at 02  enhanced (left figures of Fig. 4). Figure 317 

4 also particularly displays the amplitude of spectral energy at 02 , respectively (right 318 

figures), to observe that when compared with the results from an intact plate, the spectral 319 

energy at the 02  in the plate containing a “breathing” crack is phenomenally increased, 320 

which is attributed to the disturbance from the “breathing” crack. 321 

 322 

Take a step further, NI can be calculated using Eq. (10) against crack length, as 323 

displayed in Fig. 5. It argues that the severer a “breathing” crack, the larger the defined 324 

nonlinearity index it will be. However, when the crack length reaches a certain degree, the 325 

CAN-induced NI tends to reach a plateau, because the “breathing” behavior only occurs at 326 

the vicinity of the crack tips. Shown in Fig. 5 also include the results obtained from the 3-327 

D analytical model, good coincidence between FEM results and analytical results is noted.  328 

 329 

 330 
(a) 331 
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 332 

 333 
(b) 334 

Fig. 4. (a) Spectrum of the superimposed signals captured from the intact waveguide (left), 335 

and the amplitude of the spectral energy at 02  (right); (b) spectrum of the superimposed 336 

signals captured from the waveguide with a “breathing” crack (left), and the amplitude of 337 

the spectral energy at 02  (right) 338 

 339 

Fig. 5. NI versus length of “breathing” crack (normalized to the wavelength of fundamental 340 

S0 mode), obtained by the 3-D analytical model and FEM simulation 341 
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5. Validation Using Experiment 342 

An aluminum plate specimen (Aluminum 6061-T6) that is identical to the one 343 

simulated in the above FEM-based analysis is examined experimentally. A through-344 

thickness slot is introduced into the plate beforehand at the center of the plate, serving as a 345 

crack precursor from which the “breathing” crack is initiated. The slot, measuring 5 mm in 346 

length and 1.5 mm in width, is sufficiently small – lower than 1/3 wavelength of the excited 347 

probing GUW, affecting insignificantly probing GUW propagation. Using a fatigue testing 348 

platform (GP®, SDF2000) a fatigue crack in the specimen is initiated from a tip of the slot 349 

under a dynamic tensile load (5~26 kN) with a 10 Hz cycle. A five-cycle Hanning-350 

windowed sinusoidal toneburst at a central frequency of 300 kHz (600 Vp-p voltage) is 351 

produced with a nonlinear ultrasonic testing system (RITEC®, RAM-5000 SNAP), to drive 352 

a lead zirconate titanate (PZT) wafer (PSN-33, Ø8 mm, thickness: 0.48 mm). In 353 

experiment, “breathing” behavior-triggered GUWs can be captured by the system under 354 

such an excitation level. A PZT wafer is mounted on the surface of the specimen with a 355 

distance of 170 mm from the crack, serving as a GUW actuator, as shown in Fig. 6. GUW 356 

signals are captured with another identical PZT wafer, functioning as a GUW sensor, 30 357 

mm from the crack and along the same line with the GUW actuator and the notch. This 358 

pair of PZT wafers forms a “pulse-echo” configuration. The positions of the two PZT 359 

wafers are prudently determined for wave generation and acquisition, in order to satisfy the 360 

criterion that the distance from the actuator to the crack and then from the crack to the place 361 

of acquisition equals the dispersion length. By doing this, the material-induced nonlinearity 362 

is minimized in the captured GUW signals, and therefore the nonlinearity extracted from 363 

GUW signals can be confidently deemed as the crack-induced CAN rather than the intrinsic 364 
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material nonlinearity. GUW signals are captured and recorded with an oscilloscope at the 365 

sampling rate of 200 MHz. 366 

 367 

 368 

Fig. 6. Experiment set-up 369 

 370 

By way of illustration, Fig. 7 shows a representative signal captured by the sensor and 371 

its spectra without the use of the pulse-inversion. In contrast, Fig. 8(a), (b) and (c) display 372 

the spectra of signals acquired with the use of the pulse-inversion, when the specimen 373 

undergoes 0, ~100,000 and ~400,000 fatigue cycles, respectively. From the spectra, the 374 

amplitude of the spectral energy at the double excitation frequency (600 kHz) can be 375 

ascertained (i.e., spectral profile at 600 kHz), also shown in Fig. 8. Compared with the 376 

spectra from an intact plate, one can observe that: i) the spectral energy at double excitation 377 

frequency (600 kHz) is increased by the generation of CAN due to the “breathing” crack; 378 

and ii) the CAN-contributed spectral energy at double excitation frequency increases with 379 

fatigue cycles. It is also noteworthy that during the entire fatigue testing, no discernable 380 

change in the linear features of GUWs (such as delay in wave arrival) can be observed, 381 
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implying the insensitivity of linear GUW features to the occurrence and progress of fatigue 382 

damage, and therefore their incapability of characterizing undersized damage (e.g., fatigue 383 

crack in an embryonic stage). 384 

 385 

  386 

Fig. 7. GUW signal captured from an intact waveguide (left) and its spectrum over the 387 

time-frequency domain (right)  388 

   389 
(a) 390 

   391 
(b) 392 
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 393 

 394 
(c) 395 

Fig. 8. (a) Spectra of probing GUW in an intact waveguide (left) and the amplitude of the 396 

spectral energy at 02  (right); (b) spectra of probing GUW in the waveguide after 100,000 397 

fatigue cycles (left) and the amplitude of the spectral energy at 02  (right); (c) spectra of 398 

probing GUW in the waveguide after 400,000 fatigue cycles (left) and the amplitude of the 399 

spectral energy at 02  (right) 400 

 401 

6. Results and Discussion 402 

In the spectra of the captured GUW signals (e.g., Fig. 8), the amplitude of CAN-403 

induced spectral energy can be quantified, on which basis NI can be calculated in 404 

accordance with Eq. (10). Fig. 9(a) illustrates the relation between the calculated NI and 405 

the fatigue cycle number, to observe that NI manifests an oscillating increase as the fatigue 406 

cycle number augments to ~400,000, and subsequently decreases. Recalling the progress 407 

of a fatigue crack as illustrated in Section 2.1 which embraces two stages – crack initiation 408 

and rapid crack deterioration [34], interpretation of such an observation can be given as the 409 

follows. In the crack initiation stage, the crack length increases with the augment in fatigue 410 

load cycle in a steady manner, which leads to the increase in the energy of CISS-induced 411 

second harmonics and accordingly an increase in NI, as investigated in Sections 3 and 4. 412 



 

24 

 

For a fatigue crack in this stage, a substantial part of the two crack surfaces are closed due 413 

to the plasticity-induced crack closure [35, 36], while the remaining part of the two crack 414 

surfaces are apart, even in the absence of any external disturbance, as a result of factors 415 

including imperfection in material, crack propagation and microstructural defect, which 416 

leads to a gap between two surfaces – this is referred to as the crack opening displacement 417 

(COD) [35, 37-39]. When a probing GUW traverses the crack, the closed part of the crack 418 

is disturbed, engendering “breathing” behavior and subsequently the CAN. In particular, 419 

under the circumstance in which COD at the open part of the crack is greater than the 420 

particulate displacement that is caused by the probing GUW, the crack remains open 421 

therein, and therefore this part of the crack distorts wave propagation in the same manner 422 

as a fully open notch, see Fig. 9(b). This results in the vanishing of the “breathing” behavior 423 

and this part of the crack retreats to a linear scatterer, as schematically illustrated in Fig. 424 

9(c). Both the increase in the crack length and the effect of COD at part of the crack jointly 425 

lead to the oscillating increase of NI in the crack initiation stage. 426 

 427 

When the crack grows to a certain degree, the maximum stress intensity reaches the 428 

fracture threshold, and the crack commences to deteriorate rapidly following a fracture 429 

mechanism rather than a fatigue mechanism [40, 41]. As a result, most part of the crack 430 

behaves as a linear scatterer which prevents the probing GUW from traversing the crack, 431 

leading to reduced intensity of CAN and therefore decreasing NI, as observed in Fig. 9(a) 432 

after 400,000 fatigue cycles. In such a context, the occurrence of the “breathing” behavior 433 

is only limited in the closed part in the vicinity of the crack tip. This interpretation is 434 

corroborated by recent studies [41-43], in which a phased array-based method and a 435 

nonlinear ultrasonic modulation method are respectively used, and the results have revealed 436 
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a similar trend – a decrease in CAN in the late stage of the fatigue life of a material. Note 437 

that the fatigue crack investigated in this study is at its embryonic stage, and therefore the 438 

waves scattered by the open part of the crack is remarkably weak when compared with the 439 

probing waves, and thus their effect on wave propagation at the closed part is neglected 440 

when analyzing the opening and closing behavior of the crack. 441 

 442 

 443 
            444 

(a) 445 

 446 

            447 

            448 

(b) 449 
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 450 
 451 

(c) 452 

Fig. 9. (a) NI associated with CAN vs. fatigue cycle number; (b) microscopic image of a 453 

typical fracture surface [35] in which the crack extension is visible at the block C, yielding 454 

a large COD; and (c) schematic depiction of a fatigue crack in an aluminum waveguide 455 

with partial open region  456 

 457 

 458 

Take a step further, the length of the crack can be predicted using the previously 459 

obtained correlation between NI and the crack length. Figure 10 compares the predicted 460 

crack length when the crack is still in the crack initiation stage against the true value 461 

experimentally measured using a microscope, to observe good match in between, and the 462 

slight difference (the measured length is slightly greater than the predicted length using the 463 

analytical model) can be attributed to the COD which, as analyzed in above, causes the 464 

vanishing of “breathing” behavior at part of the crack and this makes the analytical model 465 

underestimate the crack length. 466 
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 467 

Fig. 10. Analytical model-predicated crack length vs. experimentally measured crack 468 

length 469 

 470 

By extracting the amplitude of the first wave packet at the excitation frequency and 471 

the double excitation frequency in Figs. 7 and 8, the nonlinearity embodied in captured 472 

GUWs only related with material nonlinearity can be obtained. It is relevant to note that 473 

the increase in the nonlinear features of a probing GUW associated with the material 474 

plasticity is inconspicuous compared with that induced by CAN, as shown in Fig. 11. 475 

Indeed, remarkable nonlinearity induced by CAN usually overwhelms other types of 476 

nonlinearity including intrinsic material nonlinearity, this highlighting the applicability of 477 

the proposed analytical model for quantitative evaluation of fatigue crack in practical 478 

implementation. 479 

 480 
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 481 

Fig. 11 NI associated with material nonlinearity vs. fatigue cycle number 482 

 483 

 484 

7. Concluding Remarks 485 

In this study, an analytical model is developed with an aim to gain an insight into the 486 

interaction between GUWs and a hairline fatigue crack with “breathing” characteristics in 487 

a 3-D manner, on which basis the nonlinear aspects of “breathing” crack-disturbed GUWs 488 

is interrogated. With the model, a nonlinearity index linked with key crack parameters is 489 

defined, with which the crack length can be predicted quantitatively. Good agreement 490 

among the model, FE simulations and experiment argues that the developed analytical 491 

model can be used to predict the fatigue crack closure – one of the cores of intensive 492 

research in the community. This model facilitates continuous and quantitative monitoring 493 

of fatigue damage, particularly at the damage onset stage, conducive to residual life 494 

evaluation and prognosis. It is worth pointing out that the growth and progress of a fatigue 495 



 

29 

 

crack is a physically complicated process, with perplexing physical mechanisms behind the 496 

generation of acoustic nonlinearity (e.g. “breathing” behavior, Luxemburg-Gorky effect, 497 

hysteresis, etc.), and thus the accurate prediction of small fatigue cracks (including crack 498 

opening displacement, crack propagation path, and crack closure) is still among those 499 

highly challenging tasks. 500 

 501 

It is noteworthy that the opening and closing of the crack tips can be influenced by 502 

the external loads. When the crack is subject to a compressional (tensile) load that is greater 503 

than the stress induced by the probing GUWs, the crack remains closed (open) and 504 

therefore the “breathing” behavior and the CAN vanish. In this study, the discussion is 505 

limited to a thin plate; while for a thick plate, the fatigue crack might not be through the 506 

thickness, and the interaction of probing waves with the crack may result in more complex 507 

wave scattering and subtle material behavior such as rubbing effect. To scrutinize the CAN 508 

induced by a crack in a thick plate entails further investigation. 509 
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