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Abstract: Targeting quantitative delineation of nonlinear scatterers in elastic media and 18 

undersized fatigue cracks in particular, the present study is dedicated to investigation, from 19 

analytical, numerical, and experimental perspectives, of the underlying mechanism of 20 

interaction between guided ultrasonic waves (GUWs) and “breathing” fatigue cracks – a 21 

representative nonlinear scatterer type. Under the modulation of probing GUWs, a 22 

“breathing” crack scatters GUWs, in which the crack-triggered contact acoustic nonlinearity 23 

(CAN) is embodied. Analytical modeling demonstrates that the extracted CAN manifests 24 

unique scattering patterns associated with the crack slant, on which basis the crack can be 25 

oriented, without requiring reference to baseline signals. Experimental validation 26 

corroborates analytical prediction, in which an embryonic fatigue crack in an aluminum plate 27 

waveguide is oriented accurately and visualized in a pixelated image. 28 

 29 

Keywords: crack orientation; nonlinear scatterer; contact acoustic nonlinearity; “breathing” 30 

fatigue crack 31 

 32 

Prevailing material characterization and damage identification methods using nonlinear 33 

elastic waves [1-6] rest on a premise that the material plasticity or degradation due to 34 

nonlinear scatterers (e.g., fatigue cracks) buried in a waveguide can, to a certain degree, 35 

distort guided elastic waves. As a consequence, the nonlinearity embodied in the guided 36 

elastic waves is locally intensified in the vicinity of the nonlinear scatterers, on top of the 37 

intrinsic material nonlinearity that distributes uniformly in the medium. Among various 38 

modalities of nonlinearity, the high-order harmonics in guided elastic waves exhibit high 39 

sensitivity to the presence of nonlinear scatterers and therefore have gained prominence for 40 

identifying early material degradation and embryonic damage [7-10]. Ordinarily, material-41 

related high-order harmonics manifest in a cumulative manner as wave propagation, 42 

provided that probing waves are excited at frequencies at which internal resonance (phase 43 

velocity matching and non-zero power flux from the primary to high-order harmonics) takes 44 
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place [11, 12]. In contrast, high-order harmonics induced by a nonlinear scatterer in the 45 

medium, such as a fatigue crack, are highly restricted within the vicinity of the nonlinear 46 

scatterer only. In this case, the nonlinear scatterer-induced high-order harmonics are 47 

independent of wave propagation distance and usually overwhelming over other types of 48 

nonlinearity including intrinsic material nonlinearity [13]. Exploiting such a phenomenon, 49 

approaches for detecting the presence of nonlinear scatterers are legion, albeit to a qualitative 50 

degree. 51 

 52 

Nevertheless, it is often a vast challenge for these approaches to evaluate the scatterer 53 

quantitatively at a more sophisticated level, such as the orientation or severity of an 54 

undersized fatigue crack. Although the growth of a fatigue crack demonstrates a complicated, 55 

zigzag-like trend at a microscopic level, there is a principal direction along which the crack 56 

propagates macroscopically in the order of millimeter. Accurate ascertainment of such a 57 

principal direction provides a critical basis for residual life prediction and structural design 58 

optimization, whose significance cannot be overemphasized [14]. Knowledge of the crack 59 

orientation-related wave scattering phenomena can be beneficial to quantitative evaluation 60 

of crack severity which represents a crucial yet unsolved problem in engineering practice. 61 

However, there is an obvious lack of demonstrated approaches able to quantitatively evaluate 62 

such a principal direction of undersized fatigue cracks, and this can be partially attributed to 63 

the shortage of proven theoretical foundation and analytical models that link the nonlinearity 64 

of guided elastic waves to a particular damage parameter of interest (e.g., orientation) in a 65 

quantitative manner. 66 

 67 

To break such a bottleneck of a wave nonlinearity-driven philosophy for the 68 

quantitative evaluation of nonlinear scatterers, the contact acoustic nonlinearity (CAN) [15-69 
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17] embodied in guided ultrasonic waves (GUWs) that is induced by a nonlinear scatterer 70 

(e.g., a fatigue crack) is here scrutinized analytically, numerically, and experimentally, 71 

whereby the scatterer, particularly its orientation, can be delineated. In experimental 72 

validation, an embryonic fatigue crack in an aluminum plate waveguide is oriented 73 

accurately on the basis of analytical modeling, and the crack is further visualized in a 74 

pixelated image by virtue of a diagnostic imaging algorithm. 75 

 76 

In the interest of damage evaluation, in what follows we limit the nonlinear scatterer to 77 

a hairline fatigue crack in a plate waveguide, in which GUWs take the modality of Lamb 78 

waves. The fundamental symmetric Lamb mode (S0), as the incident probing waves, are 79 

selected to interact with the crack. A typical fatigue crack features two free contacting 80 

surfaces, the illuminated-side and shaded-side surfaces, as defined in figure 1. 81 

 82 

 83 

Figure 1. An aluminum waveguide bearing a fatigue crack with an angle of θ regarding 84 

wave propagating direction; a transducer is used to excite probing GUWs and a laser 85 

vibrometer system measures displacement fields 86 
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 87 

When the probing GUW traverses the crack, the mutual interaction embraces two 88 

coherent half cycles: (i) crack opening during the tensile phase of the probing GUW, 89 

inducing wave scattering and mode conversion; and (ii) crack closing during the 90 

compressional phase of the probing GUW, without distorting wave propagation. These two 91 

half-cycles jointly give rise to “breathing” behavior of the crack that in turn modulates the 92 

original GUW and engenders a second wave source to excite additional wave fields in the 93 

waveguide. Such a secondary wave source is called a crack-induced second source (CISS) 94 

in this study. CISS is present when the crack opens and absent otherwise, and that time-95 

dependency leads to the generation of CAN in the additional wave fields. 96 

 97 

First consider the stress-free state of the two crack surfaces when the “breathing” crack 98 

opens, the CISS on the two crack surfaces can be deemed as additional forces introduced to 99 

induce additional wave fields, which offset the probing waves-induced forces on the crack 100 

surfaces so that the stress-free condition at the surfaces can be retained. Therefore, the CISS 101 

can be defined using the equilibrant forces for the stress fields on the two crack surfaces that 102 

are introduced by the probing GUW. Note that the scale of the crack under discussion can 103 

be ignored when compared with the distance between the crack and the location at which the 104 

GUW is later captured, and thus the CISS on each crack surface can be equivalent to a point 105 

force, the magnitude of which is defined by integrating the CISS-induced stress field over 106 

each crack surface, as 107 

 1 .
open

inc

Crack Surface
CISS x ds= − 
uuuur r

%     (1) 108 

In the above, inc%  signifies the stress tensor of the probing GUW and 1x
r

 is a vector normal 109 

to the crack surface. 
open

CISS
uuuur

 denotes CISS when the crack opens. CISS is a vector that is 110 
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represented by CISS hereinafter. 111 

 112 

Strictly speaking, the spatial displacement of each discretized point on the crack surface 113 

is different from the others on the same surface at any moment. However, owing to the 114 

minute scale of the crack (less than 1/16 of the wavelength of the probing GUW, to be 115 

detailed in subsequent discussion), the discrepancy in the spatial displacement of individual 116 

points on a crack surface is negligible. It is a corollary that the moment when the probing 117 

GUW changes from the compression into the tension phase is adopted as the moment at 118 

which the entire crack, as a whole, commences to open (denoted opent ); and in a similar vein, 119 

the moment when the probing GUW changes from the tension into the compression phase 120 

is the moment for the entire crack to close (denoted closet ).  121 

 122 

To reflect this cyclic “breathing” behavior, an indicator function, ( )f t , is introduced to 123 

modulate 
open

CISS
uuuur

, which reads 124 

 ( )0e ,
bre open

i t
CISS CISS f t


=  

uuuur uuuur
  (2) 125 

where 126 

 
( )

1,

0, ,

/ 2.

open close

close open

close open

t t t
f t

t t t T

t t T

 
= 

  +

= +

  (3) 127 

In Eq. (2), 
bre

CISS
uuuur

 is the modulated CISS with a periodic property, 0  the angular 128 

frequency of the probing GUW, and T  the duration of a cycle of the probing GUW. With 129 

Eqs. (2) and (3), each high-order GUW component generated by 
bre

CISS
uuuur

can be defined, 130 

including the second-order harmonics at 02 . Thus, with the known amplitude of the 131 
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second-order harmonic wave modes (denoted 
02A  ), 

bre

CISS
uuuur

 at 02  can be obtained as 132 

 
0

0

0

2
2

2 .
bre open

i t
CISS A CISS e






−

=  
uuuur uuuur

  (4) 133 

An elasto-dynamic method [18] is recalled to delineate the CISS-induced second-order 134 

harmonic wave fields, with 
02bre

CISS
−uuuur

 obtained using Eq. (4). The interaction shifts part 135 

of the energy carried by the probing GUW to high-order wave modes. 136 

 137 

Without loss of generality, if we consider a scenario in which the principal orientation 138 

of the crack is NOT tangential to the wavefront of the probing GUW, the 
02bre

CISS
−uuuur

 on the 139 

crack surfaces can be decomposed into two components, namely (i) CISS-p that is normal to 140 

the crack orientation and (ii) CISS-s that is parallel to the crack orientation, as illustrated 141 

schematically in figure 1. Note that the CISS, a vector, has opposite vector directions at the 142 

illuminated-side and shaded-side surfaces, see figure 2. The Lamb wave modes induced by 143 

CISS-s on both surfaces feature identical amplitude yet opposite phase, and they are mutually 144 

cancelled in the superposed wave field; on the other hand, the Lamb wave modes generated 145 

by CISS-p on either crack surface propagate independently and are manifested in a captured 146 

GUW signal. Meanwhile, the CISS-p on the crack surfaces induces the particulate 147 

displacement at the crack tips which is mainly along the crack orientation as a result of the 148 

symmetry of the CISS-p and the Poisson effect, leading to generation of Lamb wave modes. 149 

However, these generated wave modes, compared with Lamb wave modes generated by the 150 

stresses on the surfaces, are negligible – as demonstrated in both simulation and experiment. 151 
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 152 

 153 

Figure 2. Schematic illustration of interaction between the probing GUW and a 154 

“breathing” crack: two components of the CISS (i.e. CISS-s and CISS-p) are generated 155 

 156 

With the elasto-dynamic method[18], the displacement of S0 in the direction of 1x
r

 157 

induced by 
02bre

CISS
−uuuur

 can be analytically predicted as 158 

 
( ) ( ) ( ) ( )

( )( ) ( )

0 0 0

0 1 0 0 0

2 2

2 3 0 1

1 1

1

cos 2 cos ,

S S S

x S S Su A U x H k r k r H k r

   

 = − 
 

 − +
  (5a) 159 

 ( ) ( )00 0 0

0 0

2

3 sin ,
2

SS bre S

in S S

k
A CISS U x I

i

 − =     (5b) 160 

where 0

0 12

S

xu  represents the displacement fields of the S0 mode at 
02  in the 1x

r
 direction, 161 

i  the imaginary unit, and   the angle between wave propagation direction ( 1x
r

) and crack 162 

orientation. 
1  signifies the angle between the path linking the sensing point and the crack 163 

and wave propagation direction ( 1x
r

). 02bre

inCISS
−

 is the in-plane component of 
02bre

CISS
−uuuur

. 164 

0Sk is the wavenumber of the S0 mode at 02 , and r  the distance from the crack to location 165 

at which GUW is to be received. ( )0

3

S
U x   denotes the shape function of the in-plane 166 

displacement of the S0 mode at 
02  , and H   the Hankel function. 

0 0S SI   is the power 167 
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carried by the S0 mode. 168 

 169 

As reflected by Eq. (5a), the wave field of S0 mode induced by the 
02bre

CISS
−uuuur

 can be 170 

defined analytically and explicitly. It can be observed from Eq. (5) that scattering patterns of 171 

crack-induced wave fields are generated at 
02 , mathematically unique and depending on 172 

the crack orientation (i.e.,  ). By exploiting these unique wave scattering patterns, the crack 173 

orientation ( ) can be ascertained inversely – the underlying premise of this proposed crack 174 

orienting approach. 175 

 176 

To validate the above analytical model and orient a hairline fatigue crack using the 177 

“breathing” effect-induced CAN based on Eq. (5), both finite element (FE) simulation and 178 

experiment are implemented. An aluminum plate waveguide (elastic modulus 71.8GPa, 179 

density 2660 kg/m3, Poisson's ratio 0.33), 2 mm in thickness, 500 mm in length, and 300 180 

mm in width, is considered. In simulation using ABAQUS®/EXPLICIT, Hanning-window 181 

modulated 5-cycle sinusoidal tone bursts at a central frequency of 300 kHz are excited by 182 

applying a pair of symmetric forces on two selected FE nodes on the waveguide free edge 183 

that are symmetrically positioned on the upper and lower surfaces of the waveguide, as seen 184 

in figure 1. The size of the meshed elements is 0.1 mm – lower than 1/40 of wavelength of 185 

the probing wave at excitation frequency (i.e., 1/20 of wavelength of the accordingly 186 

generated second-order harmonic wave), which demonstrably suffices to guarantee the 187 

accuracy and precision of the numerical simulation. The selection of 300 kHz as the 188 

frequency to excite the probing GUW lies in the fact that at 300 kHz the excited probing 189 

GUW does NOT satisfy the prerequisites of internal resonance[12], and therefore the 190 

amplitude of the material-induced second harmonic embodied in the captured GUW signals 191 

is bounded and oscillating. Provided that the position of wave acquisition is prudently 192 



 

10 

determined to meet the criterion that the distance from the wave source to the crack and then 193 

from the crack to the place of wave acquisition equals the dispersion length[12], the material-194 

induced nonlinearity in the captured GUW signals becomes insignificant and consequently 195 

the CAN-related nonlinearity induced by the crack is dominant. As an additional merit, the 196 

use of GUWs at 300 kHz – a relatively low frequency for GUW excitation – can avoid 197 

possible adverse effects of multimodal, dispersive, and dissipative traits at higher 198 

frequencies[7]. 199 

 200 

To model a “breathing” crack in the waveguide, a through-thickness seam crack, 1 mm 201 

long and located at the center of the waveguide (figure 1), is defined, and a contact-pair 202 

interaction between the illuminated-side and shaded-side surfaces is applied. The slant angle 203 

( ) between the principal orientation of the crack and the propagation direction ( 1x
r

) is set at 204 

75° – a value arbitrarily selected. Time-series GUW signals (wavefront signals) are extracted 205 

from 13 FE points (serving as 13 sensing points) located along the periphery of a semi-circle 206 

centered at the crack (30 mm from the crack center) and 15° apart, as seen in figure 1. These 207 

sensing points are numbered in sequence as S1, S2, …, S13. By application of short-time 208 

Fourier transform (STFT)-based signal processing, the amplitude of the second-order 209 

harmonic wave mode ( 0

0 12

S

xu  as defined by Eq. (5)) can be ascertained from the spectra of 210 

captured GUW wave signals. 211 

 212 

The same waveguide (Aluminum 6061-T6) is prepared in the experiment. A through-213 

thickness slot is treated at the center of the waveguide using a fine drilling process, to serve 214 

as a crack precursor, from the tip of which a fine fatigue crack is produced under cyclic loads. 215 

The slot, 5 mm in length – less than one-third of the wavelength of the GUW excited at 300 216 

kHz – is small enough to warrant a negligible influence on the propagation of GUW in the 217 
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waveguide. Upon 120,000 cycles of a cyclic load (5~26 kN; ratio 0.19) applied to the 218 

waveguide at a frequency of 10 Hz via a fatigue test machine (GoPoint®, SDF2000), the 219 

waveguide is observed to bear a 1 mm hairline fatigue crack from the tip of the crack 220 

precursor. A modular nonlinear ultrasonic system (RITEC® RAM-5000 SNAP system) is 221 

used to produce an excitation signal that is identical to that used in the simulation. After 222 

filtering out the second harmonics that are inevitably included in the signals due to the 223 

system, the excitation signal is applied on a transducer (Olympus®, V1548) mounted at the 224 

left end of the waveguide surface. Allowing for the fact that the magnitude of a crack-225 

induced CAN is considerably lower than that of the fundamental wave mode, the resolution 226 

of the adopted measurement equipment should be sufficiently high in order to assure that 227 

CAN can be extracted appropriately and accurately. To this end, a laser vibrometer system 228 

(Polytec®, OFV 5000) is employed to capture GUW signals from 13 sensing points at a 229 

sampling rate of 50 MHz by measuring the in-plane particulate displacement in the 1x
r

 230 

direction. The system is able to measure the particulate displacement at the order of 231 

picometer (10-12 m) that is demonstrably sufficient to warrant the desired resolution. 232 

 233 

By way of illustration, figure 3 shows the in-plane displacement histories of the signals 234 

at 02  acquired from S3 and S6, in which the extracted second harmonic wave modes are 235 

highlighted. Compared with the counterpart signals acquired from an intact waveguide 236 

beforehand, additional wave packets are contrastively observed. Knowing the time-of-flight 237 

of the additional wave packets and the location of the sensing points, the group velocity of 238 

each additional wave packet can be ascertained. On this basis, the wave mode of each 239 

additional wave packet can be discerned according to its velocity, leading to the conclusion 240 

that the additional wave packets are the S0 mode induced by the crack at 02 . From figure 241 

3, the amplitude of the additional wave packet can subsequently be ascertained. 242 



 

12 

 243 

 244 

Figure 3. In-plane displacement histories of signals at 02  (compared against counterpart 245 

signals from intact waveguide) acquired from S3 and S6 246 

 247 

It is noteworthy that this proposed crack orientation method, in principle, does not entail 248 

a benchmarking process against the baseline signals from an intact waveguide, because by 249 

prudent selection of actuator and sensing point locations, the material-induced second 250 

harmonics in the waves are negligible. Therefore, once CAN is identified in the scattered 251 

GUW signals, it can confidently be attributed to the presence of fatigue crack, and can be 252 

further used to orient the crack based on Eq. (5). 253 

 254 

With the amplitude of each crack-induced mode acquired at each inspected point, the 255 

wave scattering pattern of the crack-scattered S0 mode can be obtained. Figure 4 displays the 256 

scattering pattern in a polar coordinate system, from which it can be observed that the 257 

amplitude of the crack-induced S0 mode reaches its minimum in the crack orientation 258 

direction. The theoretical interpretation into this phenomenon is that the term 259 

1cos
2


 
  

− +  
  

 in Eq. (5) is zero when 
1=  , indicating that the minimum of 260 

amplitude of the crack-induced S0 mode is reached in the direction of crack orientation. 261 
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Inversely, crack orientation, which is beyond the detection capability of the linear method, 262 

can be evaluated using the scattering pattern of the crack-induced S0 mode at 02 . The 263 

experimental results corroborate the analytical prediction well. 264 

 265 

It is noteworthy that, although the wave scattering pattern is, in theory, dependent on 266 

the crack orientation solely and the sensitivity of the proposed method is not restricted by 267 

the crack parameters such as orientation or size, there are some practical issues that may 268 

negatively affect the detection precision and sensitivity, including mainly the accuracy of 269 

measurement equipment, environmental noise, and number of sensing points to name a few. 270 

For example, the initial stresses might impose influence on “breathing” behavior of the crack, 271 

leading to singularity in crack-induced CAN. With the measurement equipment and 272 

techniques adopted in this study, a change of 10 degree in crack orientation, when the crack 273 

is 1 mm long, can be characterized precisely and accurately. The nonlinear features of GUWs 274 

related to material nonlinearity can be affected by environmental variation (e.g. temperature 275 

fluctuation) that might also impose influence on the precision and sensitivity of the proposed 276 

method. Although a crack might take a complicated modality, there is a principal direction 277 

along which the crack propagates, and the proposed method is capable of ascertaining an 278 

evaluation for the principal orientation of the crack. When applied to the evaluation of 279 

multiple cracks that are densely clustered, waves scattered by the cracks can be mixed, 280 

introducing high complexity to a signal and interference in orientation-associated scattering 281 

pattern. 282 

 283 

Note that generation of CAN does not rely on the wavelength of a probing wave. 284 

Different from the approaches making using of linear features of GUW (such as time-of-285 

flight or wave attenuation) in which the wavelength of a probing wave substantially 286 
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determines the minimal size of detectable damage, the detectability of the approaches 287 

making use of nonlinear features of GUW are, in principle, not restricted by the wavelength 288 

of the probing wave. 289 

 290 

Ideally, the position of wave acquisition shall be prudently selected, with a hope to 291 

minimize the influence of the material nonlinearity, whereby the crack-induced CAN can 292 

stand out. In practical implementation, potential crack initiation sites where the stress 293 

concentration is prominent can be located using available theory, from which waves can be 294 

acquired. 295 

 296 

Figure 4. Wave scattering patterns (linked to crack orientation) obtained from analytical, 297 

FE, and experimental methods 298 

 299 

In this paper, the CAN, generated as a consequence of the interaction between the 300 

probing GUW and a nonlinear scatterer (i.e., a fatigue crack). is explored from analytical, 301 

simulation, and experimental perspectives. A specific scattering pattern of the CAN 302 

embodied in the scattered plate wave fields, depending on the scatterer orientation, is 303 

demonstrated. Using CAN, a baseline-free nonlinear scatterer detection technique is 304 
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proposed to detect the existence and evaluate the orientation of the nonlinear scatterer. The 305 

effective detection of an undersized fatigue crack (less than 1/16 of the probing wavelength) 306 

in an aluminum waveguide corroborates the validation of the proposed method. Compared 307 

with traditional nonlinear features-based methods, this method can fulfill detection and 308 

orientation of the undersized nonlinear scatterer with higher sensitivity, yet without entailing 309 

a benchmarking process and beneficial for the deployment of a nonlinear scatterer detection 310 

technique using a sparse transducer network. 311 
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