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Nonlinearity must be considered with some porous granular media because of the large deformation
under seismic waves. In this study, the propagation of nonlinear waves in porous media is studied
based on the Biot theory and the governing equations are obtained by the Lagrangian formulation.
Three new nonlinear parameters are introduced to consider the coupled nonlinearity between the
solid and fluid components in porous media. It is shown that an additional nonlinear wave with a
double frequency is generated by the coupling effect of linear fast and slow waves. When only a
shear wave is applied at the source, no double-frequency nonlinear wave is predicted and three non-
linear longitudinal waves are generated. On the basis of the practical case studies, the effect of
strong nonlinearity is computed under the influence of a one-dimensional single longitudinal wave

source and a single shear wave source. © 2017 Acoustical Society of America.

[http://dx.doi.org/10.1121/1.4996439]
[NPC]

I. INTRODUCTION

Porous materials are frequently found in many engineer-
ing fields, such as soils, rocks, and gassy sediments in geo-
physical  engineering, earthquake engineering and
oceanographic engineering (Solovev, 1990; Meegan et al.,
1993; Johnson and Jia, 2005; Johnson et al., 2008; Pushkina,
2012). Moreover, porous metals have also been successfully
used for the fabrication of acoustic liners in aero-engines
(Ashby, 2006; Wang et al., 2009). The linear poroelasticity
theory proposed by Biot (1956a,b, 1962) has been inten-
sively used to investigate porous materials since its experi-
mental verification in 1980 by Plona, who observed a slow
compressional wave (Plona, 1980). A considerable number
of works on the low-amplitude wave propagation character-
istics of saturated porous materials have also been reported
(Cui et al., 2003; Liu et al., 2005; Sharma, 2007; Bouzidi
and Schmitt, 2009; Cui et al., 2010; Papargyri-Beskou et al.,
2012; Tao et al., 2014; Yang et al., 2015; Tong et al., 2016).
In recent years, the increasing interest in various applications
of nonlinearity in porous materials has attracted the attention
of researchers. For example, porous metals have demon-
strated great potential as sound absorbers at high sound pres-
sure levels (Zhang et al., 2012). Granular materials,
including soils, rocks and gassy sediments, are other exam-
ples of typical porous materials that show a higher degree of
nonlinearity than water due to their structural inhomogene-
ity. As a result, the characteristics of nonlinearity can be
used to investigate porous material properties. Whilst the
characteristics of nonlinear acoustic waves propagating in
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granular materials have found use in oil prospecting and eco-
logical monitoring in ocean sediments (Kim and Yoon,
2009), few studies on the characteristics of nonlinear wave
propagation in saturated porous materials have been
performed.

In an early effort, Biot developed a nonlinear and semi-
linear theory of porous solids in terms of the Cartesian defi-
nition of finite strains and local rotation fields (Biot, 1973).
Nonlinear behaviour, according to Biot (1973), is affected
by both local geometric effects (e.g., crack closure, contact
area) and physical properties. Under this consideration,
seven physical constants were introduced to describe the
semi-linear properties, in which the stress-strain relationship
was expressed in a particular form for an isotropic porous
material. This nonlinear and semi-linear rheology has been
successfully applied by Rice to investigate the stability of
dilatant hardening for saturated rock masses (Rice, 1975).
Making use of a variational formulation, Berryman and
Thigpen (1985) established a set of nonlinear equations for
wave propagation in dry or fluid-saturated porous materials
under the Lagrangian reference frame, in which the micro-
inertia terms accounted for the density fluctuations of fluids
and solids. Unlike the phenomenological Biot theory, which
was derived by the intuitive extension of existing theories,
this theory was proposed from a more theoretical point of
view. Various formulations for the simulation of porous
materials based on the mixture theory have been imple-
mented, and the nonlinear constitutive equations to describe
large strains along with the corresponding dissipative mecha-
nisms have also been derived (Borja and Alarcén, 1995;
Wilmanski, 1996; Kempa, 1997). Furthermore, the thermo-
dynamic formulation for a porous medium saturated with a

© 2017 Acoustical Society of America


http://dx.doi.org/10.1121/1.4996439
mailto:sk.lai@polyu.edu.hk
http://crossmark.crossref.org/dialog/?doi=10.1121/1.4996439&domain=pdf&date_stamp=2017-08-01

compressible fluid that undergoes large elastic and plastic
deformations has been presented in accordance with the mix-
ture theory (Larsson and Larsson, 2002). Other theories for
investigation of nonlinear wave propagations in porous
materials can also be found in the literature, such as the
porosity dynamic theory proposed by Lopatnikov and Cheng
(2004), in which porosity was introduced as an independent
variable to characterise the behaviour of porous materials.

The literature only describes a few experiments aimed at
the observation of nonlinear effects and the estimation of non-
linear parameters (Moussatov et al., 2001; Kim and Yoon,
2009; Legland et al., 2012). Moussatov et al. (2001) experimen-
tally observed the self-demodulation effect of ultrasonic waves
due to nonlinear processes in granular media. A parametric
acoustic array theory was later used by Kim and Yoon (2009) to
estimate the nonlinear parameter of water-saturated sandy sedi-
ments. The corresponding measured nonlinear parameter for the
water-saturated sandy sediment was around 80 at a difference
frequency of 38 kHz, which is much higher than that in water.
In addition, experiments on the second harmonic generation
using a granular medium slab were conducted by Legland et al.
(2012), and the results again compared well with the theoretical
prediction from the Biot wave model.

Although various theories have been developed with rigor-
ous derivations for the dynamic response analysis of porous
materials, they are non-intuitive and mathematically compli-
cated. Hence, the applicability and flexibility of these theories
in real engineering practice are limited. In this connection, the
Biot theory is probably the most widely used model for the
analysis of dynamic characteristics in porous materials. For
instance, Dazel and Tournat (2010) applied the Biot theory to
model nonlinear wave propagation in porous materials and also
extended its application to granular media. Their analysis
revealed the thermal and viscous effects on fluid and solid
motions along with the inertial and elastic couplings between
the solid and fluid components. The nonlinear stresses in both
solid and fluid phases under different frequencies were also
investigated. Following the nonlinear Biot theory, Donskoy
et al. (1997) studied nonlinear waves in a porous medium by
introducing porosity-dependent structure parameters. The
effective nonlinear parameter was theoretically determined. In
fact, only three nonlinear parameters were introduced to
describe the cubic nonlinear potential in the nonlinear Biot
theory (Biot, 1973). However, it is well known that even for
a purely isotropic elastic solid, three nonlinear parameters
already exist in the cubic nonlinear potential. This implies that,
in the nonlinear Biot theory, porous materials are viewed as a
statistically isotropic pure material. Therefore, the solid-fluid
coupling nonlinear parameters are missing in the expression of
the nonlinear potential in the nonlinear Biot theory developed
by Donskoy et al. (1997).

In this paper, three new nonlinear parameters are first
introduced to completely describe the nonlinear potential
without any additional assumptions. The coupled nonlinear
wave propagation equations are obtained based on the new
nonlinear potential expression using the Lagrangian formula-
tion. The effect of the second harmonic wave generation in
porous materials is also analysed under a one-dimensional
configuration in an infinite medium.

J. Acoust. Soc. Am. 142 (2), August 2017

Il. GOVERNING EQUATIONS IN SATURATED POROUS
MATERIALS

Consider a representative elementary volume Q bounded
by a surface S, within which a point is designated by
a = (a, b, c) in an undeformed configuration. When an exter-
nal disturbance occurs, this point is shifted to a new location
designated by x = (x,y,z). Then, the deformation gradient
tensor can be written as

Oa 0b Oc
poOx_ |0y oy o o
Oa da Ob Oc
Oa 0b Oc
Introducing another tensor defined as
a:%(FT-F—I), )

where F7 is the transposed tensor of F and I is the two-order
unit tensor. It is easily proved that the tensor ¢ is a strain ten-
sor in the Lagrangian formulation. If the studied point is
located on a solid component, then F and € are the solid defor-
mation gradient tensor and strain tensor, respectively. The dis-
placement of the solid matrix is designated by u = (uy,
up,u3) and the average fluid displacement is U = (U, Ua,
U;). We further define w = no(U — u) with ng the porosity to
describe the flow of fluids relative to solids. Following the
elaboration of Biot’s work (Biot, 1962), in a statistically iso-
tropic medium, the strain energy ® is a function of three
invariants I, I, I5 of the solid strain tensor and the variable (:

(I):(I)(117I2713;€)7 (3)

where I = g, I, = €11€2 + €11633 + €22833 — £12621 — £13€31
—&xéx, Iz = |g|, and { = —divw = nodiv(u — U) with an
assumption of uniform porosity, in which div(-) is the diver-
gence operator in a reference formulation. Physically, the
variable ( represents the increment of fluid content.
Additional cubic potential terms are introduced to the strain
energy to characterise the nonlinearity. In this case, the strain
energy can be written as

Linearterms

o :/lc—|—2,u
2

1
B —2uly — aMI,{ +§M§2

1
+§(l+2m)1? —2mli Ly + nls + 9,13+ p L C 9, 0

Nonlinear terms

“)

The linear terms are directly inherited from the expression of
Biot’s work (Biot, 1962). Hence, these parameters in the linear
terms have the same definitions as those mentioned in Biot’s
work (Biot, 1962). Six parameters are introduced to the nonlin-
ear terms, three more terms than those in the nonlinear Biot
theory (Biot, 1973). In the above equation, /, m, and n are the
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nonlinear elastic constants related to the solid components.
The constant y, is related to the fluid phase, while y, and 7y
are used to reveal the nonlinear coupled properties between
the solid components and fluid contents. We observe that these
six nonlinear constants can completely determine the cubic
nonlinear properties in fluid saturated porous materials.

There are two types of dissipative processes in a porous
medium (Lopatnikov and Cheng, 2004). One is the process in
which dissipation occurs even without the physical movement
of materials, such as mass diffusion and relaxation of temper-
ature. The other process is related to the movement that is
irreversible. For mathematical simplicity, only the second dis-
sipative process is considered in this work. In an isotropic
medium, the dissipation function is given by (Biot, 1962)

n T

Dzﬁw w &)

where w! is the transposed vector of w, 7 is the fluid viscos-
ity, and « is the coefficient of permeability.

For a unit volume of bulk materials, by using the variables
u and w, the kinetic energy can be written as (Biot, 1962)

1 1
T:ipu-uT+7m’v'v-wT+pfw.uT, (6)

2

where p and p; are, respectively, the mass densities of the
bulk material and the pore fluid; m’ = ap;/ng with o the
material parameter (Biot, 1941, 1962); and p = (1 — ng)p,
+nop; with p, the mass density of the solid. On the basis of
the above equations, the Lagrangian for a system of porous
materials is defined by

L=T+®. @)

Besides, the equations of motion of a dissipative system can
be derived by the Lagrangian equation as

d [ OL oL 0D
ar <8q'f> “oq Tag, ®)

Considering u and w as generalized coordinates and
substituting Eq. (7) into Eq. (8), we obtain

m_a or)
ou dr\ou)’

o0 _d (o1 o>
ow  dt \ow ow’

(€))

If we define x as a solid point in the deformed formulation,
then u = x — a. Therefore, we have du = dx. The terms
O®/0u and OD/Ow can be expressed in a component form
as follows:

o0 d [00 Dy
Ju o ddk 8811 (axl> ’
)
L 8ak ]
o0 d [0 o
ow  da; ag (Ow;)\ (10)
L 8ak ]
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Consider ¢;
then

= 1[0/ 0a) (9x¢/0a5) — 6

ij] and { = —divw,

aSj/ N 1 8)6, ox,
e _§<5 Dy +5”‘a_,>

8ak

o 1 (11

(ow\
a<3ak)

Substituting Eq. (11) into Eq. (10) yields

oD d od 90)) -
w—mkwmk(“&)m

oD d 8CD oD\ =
CAive ROT RN

where V is the divergence operator in the Lagrangian formu-
lation and F is the deformation gradient tensor of the solid
component. From Eq. (4), we have

oD
e [(Ze =211 + (1 +2m) I3

+ (2p+2ml;)e +n - cof(g)

+ (2V211 {— oM+ ’/3CZ)I7

oD
a7 = oM + MC 4,07 + 2911+ 39, 5, (13)

—2m(I} + 1)1

where cof(g) corresponds to the cofactor matrix of matrix &.
Substituting Egs. (5), (6), and (13) into Eq. (9), the equa-
tions of motion in terms of the displacements u and w are
obtained as

pii + p;W = {[(Ac — 2w)1, + (I +2m)I; —2m (L, — I7)]F
+ (2p+2ml)F - € + nF - cof ()

+ (29501 — M+ 9% FY - v,

[(

py+n’ +—= —aMIy + ML+ 15

+ 200439, - v (14)

Equation (14) is the governing equation for saturated porous
materials based on the nonlinear cubic potential. This equa-
tion set is quite complex, it is difficult to study the property
of nonlinearity. In order to investigate the nonlinear charac-
teristics of porous materials, a one-dimensional wave equa-
tion will be further proposed in Sec. III.

lll. ONE-DIMENSIONAL PROBLEM

A. One-dimensional governing equations

Although the general governing equations in a three-
dimensional space are proposed and expressed in Eq. (14),
the equation set is very complicated. Therefore, a simple
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case, i.e., a plane wave propagating in one dimension, is
selected to investigate the property of nonlinearity in satu-
rated porous materials. On the basis of this assumption, the
displacement for the solid component can be written as
u(a,r) = (uy,up,u3)", then the solid deformation gradient
tensor is obtained as

0 0
1 of. (15)
0 1

Substituting Eq. (15) into Eq. (2), the solid strain tensor is
expressed as

u +1u T u ! !
= : ~u ~u

l,a 2 a a 2 2.a 2 3.a
1

€= T 0 0 |. 16
2142, (16)
1

I 51437(1 0 0 |

Furthermore, the three invariants can also be obtained from
the solid strain tensor

I =&, DL =—(ene +e3es), I3=0. (17)

Substituting Egs. (15), (16) and (17) into the first equation

of Eq. (14), and then considering { = —divw = —w; 4, we
have
. . 82141 82W1
puy + hWI — ()L(y + 2,“) W — o W
R 8141 82u1
= 2 20+ 2m)| ——
{[3(@ +2u) +2(1 + 2m)] o
8W1 82141 8141 82W1>
M — 29 _———
+Ha 72) ( Oa 0a*  0Oa 0Oa*
R 6142 82u2 6M3 82M3>
2 TR TR
He+ 2+ m) ( Oa 0a*>  Oa Oa?
8w1 82W1
Dy, 12 1L
e Oa 0a® |’
. . 82142
puy + ppwr — #W

- 61/{1 821/12 61/{2 821/11)
= G (G G2

82143

pus + ppws — 'MW
8u1 82M3 8u3 azul)
= (A +2 ——t=——). 18
(% + 'u+m)(8a 8a2+8a da? (18)
Note that the nonlinear terms are only retained to the third-
order term and the higher order terms are omitted in Eq.
(18). The same manipulation is performed on the second
equation of Eq. (14), and another set of the governing equa-
tions can be obtained as
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pyiis + iy + 1o —

aM

82141 82W1

Oa? Oa?

N 8141 821,{]
= {(“M— 22) 5, o
8142 62142 8143 62143)
M (a_a_ 00 02
8w1 62141 8141 82W1>
273 (a_a— T P o
gy, D1 0w
" 0a a2 [

pfiiz + m' Wy + ZW2 =0,
pyis + miy + 11y = 0. (19)

Similarly, the nonlinear terms in Eq. (19) are also retained
up to the third-order. Equations (18) and (19) give the cou-
pled one-dimensional wave equations propagating in satu-
rated porous materials.

B. Nonlinear fields generated by one-dimensional lon-
gitudinal wave

Initially, only a longitudinal wave is considered for the
one-dimensional problem, i.e., ux(a,t) = uz(a,t) =0 and
wa(a,t) = ws(a,r) = 0, then Egs. (18) and (19) can be fur-
ther simplified to

pis + iy — (i + 2 24— o
= {[3(/16. +2u) 4 2(1 + 2m)] %%
ot~ (G G )
2
pfﬁ1+m/W1+gW1—aM%_ 3;;1
_6“%%}’ (20)

If the nonlinear terms in Eq. (20) are not considered, the
coupled linear wave equations are recovered. To solve Eq. (20),
the perturbation method is employed. The solutions are assumed
as uy =] O+ 40 V) and  wy =w @ 4w D
+0(w1(1)) with 1@ > ;M and w;© > w,; (V| and the
higher order terms o(*) can be omitted without causing large
errors. Then, a set of linear coupled equations in terms of u;(©)
and w;© can be obtained as

82M1(0) 82w1 )

piin "+ ppwr ) — (Ae +24) By —aM pps =0,
2. (0) w0
.. (0) 1o (0) M. (0) 0" uy wi
prlir +nmiwy —i—;wl — oM By -M 9 =0.
(21)
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In fact, Eq. (21) was proposed by Biot in his linear theory (Biot, 1962). Substituting u; and wy into the right hand side of
Eq. (20), another nonlinear coupled equation can be derived in terms of u; W and w, Y as follows:
82141(1) 82w1<1) 6141(0) 82141(0)

O, (0) 0%u, (0) 8u1<0> 82w1<0>
+ (“M_2V2)< Oa  Oa> + Oa  Oa>

pin ! + ppi V= (e +2p0)

o, © Pw, ©)
Dyt 2 L
T e o }’
.. . n . 82141(]) 62W1<l) 8%1(()) 32u1(0)
pfm(l) +mhin W 4 Em(l) — oM B -M - (oM — 2y2)—6a Eys

6W1 0) 821/{1 0) (9141 V) 82w1 ©)
+ 2'))3 2 + 2
Oa  Oa Oa  Oa
awl(o) 5w, (0)
- 6'))1 2
da  Oa

(22)

In Eq. (22), the higher order terms [e.g., (Ou; (") /da) (Pu, (V) /0a?), (9u; V) /da)(0*u; V) /da?)] are omitted. It is found
that the nonlinear displacement fields u;") and w;(!) are generated by the linear displacement fields u;(?) and w;(©). In other
words, the linear displacement fields can be regarded as the source of the nonlinear displacement fields. The solutions of Eq.
(21) are expressed as follows (refer to the Appendix)

ulF(()) (a’ I) _ Aoe/'(k,ca—wr)7 ulL(O) (a’ [) _ RBAAoei(kLa_wt),

W]F(O) (Cl, l) = )LpA()€j<kFu7wt), WlL(O) (Cl, f) = RBAJVLA()ej(deiwt) R (23)

where the subscripts “F”” and “L” denote the fast wave and the slow wave, respectively, Ay is the displacement amplitude of
the fast wave at a source point, Rp,4 is the displacement amplitude ratio of the fast wave to the slow wave, k; (i =F, L) is the
wave number, o is the angular frequency, and 4; (i =F, L) is the amplitude ratio of w; to ;. If the wave field is stable, then the

total displacement fields at a reference point are u; = uir® + 11,9 + u; M + 0(uy V) and wy = wip© 4w @ 4w (D
+o(w;1)). Substituting these two expressions into Eq. (22), we have

62M1(1) 82W1<1)
o " oa
= {—jAoz{ [3(Zc +200) +2(1 + 2m) + 2(aM — 29,)Ap + 29325%] o el Phrd)

pﬁl(l) + pfv'f/l(l) — (lﬁ + 2#)

—jA*{ [3(Ze +2p) + 2(1 4 2m) + (aM — 29,) (Ap + Ap) + 2y34 s ] } (ke*ky + ky 2kp )R g el ke thi)a

—jAP{ [3(Fe +2p8) + 2(1 +2m) + 2(aM — 29,) s, + 29371%] P PRpa2 e }eﬂw’,

2. (1) P, (D
- (1) e (0 M (1) 9" Wi
priin +mwy +EW1 — oM py -M a2

= {jA02 [(“M —2y;) +4y34F — 6“/1/1F2]kF36‘j<2kFa)
—jA (oM — 29,) + 293 (7 + 1) — 691 Ap i) (ki*ky, + ki k) Rpaellbe i

—jA02 [(OCM — 2’/2) + 4”))3)»1‘ — 6'})];LL2:| kLSRBAzej(ZkLa) }eﬂmt. 24)

In Eq. (24), it is clear that the vibration frequency of the nonlinear displacement is double of the linear displacement.
Therefore, a longitudinal wave with a frequency o can generate a double-frequency longitudinal wave in an unbounded
medium due to the nonlinear property. It is assumed that the solutions to Eq. (24) are u;(V) =i;(Ve2 and
wi 1) =9, (D=2t For brevity, it;(") and w, () are, respectively, simplified as (") and w(!) in the following. Substituting the
two solutions into Eq. (24), we obtain

PuV 9w 5 s
(e 2p) =5 7 = oM == 0] uV — p, 20) WV = Gy,
2y 92w
Y AL VAL pf(Zw)zum — ' 20)*wV —j(2w)ﬁw(1> — G, 25)
da? da? P
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where G| = G1; + G2 + Gi3 and Gy = Gy + Gay + Gos, in
which

Gy = —jA¢*Bikg’ el ),
Gro = —jAo*Bra(k*ky, + ky*kp)elbr i),
Gz = —jAoBisk, /),
Gy = —jAo*Barkp’ el ),
Gy = —jAg* B (kiky, + kp 2k )e/ ki),
Gas = —jAoBask /),
Bi1 =3¢ +2p) +2(1+ 2m)
+2(aM — 29,) 2 + 29378,
By = Rpa[3(Ac +2p) +2(1 +2m)
+ (aM = 29,)(Ar + AL) + 293 AFAL],
B3 = Rpa®[3(Ae +2p0) +2(1 + 2m)
+2(aM = 29,) 2 + 2347,
Bay = (oM — 29,) + 493F — 69,87,
By = Rpa[(aM — 27,) + 293(4F + 2) — 671 4FAL],
B3 = Rga? [(ocM —2y,) +4y34L — 6)}1}%2].

By eliminating w(!) from Eq. (25), a fourth-order nonho-
mogeneous differential equation is obtained as

Full) 2ul W

— HNFe/(ZkFH) +HNMej(kF+kL)a +HNLej(2kL“)7

+
(26)

where
C4 = oM ﬂ 1

ey = (Ae +2u) +oMp, + pf(zw)zﬁl,
0 = by 20 By + p(20)"
Hyp = —jA02{311 +(B11 —aBay)

(20—t i,
Hyy = —jAOZ{B12 + (B2 — 0B2y)

x [pf@w)z By — oM By (kr +kL)2} (keke + ki *kr) }
Hy, = —jAoz{Blg + (B13 — aB3)

x | (20)2; — My (2K )7 kL3},

?M — (Ao +2p)

hr==- o' (20)* +j(2w)“—: — pf(2w)2’
“Pf(za) P ,0(260)2
pr = 2. o 27
Q) +20) 2L~ py(20)
= 1

! (200)? +(20) 21 = py 200)"
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Introducing two complex wave numbers kyr and kyz
satisfies
c c
Ine® + ke =2, ket kit ==,
C4 Ca
Re(kNL) > Re(kNp) > 0. 27

Then, Eq. (26) can be rewritten as

o? o?
(ﬁ + kNF2> (% + kNLz) uV

1 . - |
% [HNFe/<2kFa> + Hyppe! ke ke —I—HNLe‘/(ZkLa)} .
0

(28)

The nonlinear displacement field is generated by the inter-
action of the linear displacements. Consequently, the homoge-
neous solution of Eq. (26) disappears and only the
nonhomogeneous solution exists. To solve Eq. (28), the dissi-
pation characteristics of the system should be considered. For
a non-dissipative system, the wave number keeps a linear
dependence with the frequency, this implies ky; = 2k;
(i =F,L). Hence, the particular solutions corresponding to
the first and third terms on the right-hand side of Eq. (28) pos-
sess a cumulative effect along the distance. However, this rela-
tionship cannot hold for a dissipative system. It is well known
that the attenuation of fast waves is small while the attenuation
of slow waves is stronger. Therefore, the porous medium is
considered as a non-dissipative system for the fast waves,
while it is a dissipative system for the slow waves, as shown in
Fig. 1. The material parameters are calculated using the rela-
tive parameters (Donskoy et al., 1997) (see Sec. IV A). From
Fig. 1, we found that the imaginary part of the wave numbers
is significantly small for the fast waves. Hence, the non-
dissipative approximation for the fast waves is reasonable. The
large imaginary part of the wave numbers indicates the dissi-
pative property of the slow waves. Note that the non-
dissipative characteristics were assumed to obtain the wave
solutions for the fast and slow waves (Donskoy et al., 1997).
Based on the above interpretation, replacing ky; with 2k, then
the solution of Eq. (28) is obtained as

v = e - apny® + s V), (29)
where
MNF(I) _ Hyr —20/(1:2 +kNL2 +j16kF3a _j4kaNLza ejzkpa7
4 16kp2(—4kp? + ky2)’
H 1
MNM(I) = éVM 2
(ke — ko) 3k k) [ e + (ke )]
Xe/’(karkL)(/z7
H 1 ;
(1) _1ne e?hea, 30
UNL Cyq 4(kL2 - kF2)<4kL2 - kNLz) ( )

Combining Eq. (23) and Eq. (29), the total displacement for
the solid is
wp = ur @ 4w+ ur Y +uy +uV. G1)
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FIG. 1. (Color online) Comparison of the values of (a) kyr and 2kz; and (b) ky;,. and 2k;.

From Eq. (30), the nonlinear displacement fields contain
three kinds of longitudinal waves. The first and third ones
are generated by the fast wave and the slow wave, respec-
tively. The second one is generated by the interaction of the
fast and slow waves. It is interesting that there exists a new
nonlinear wave with a wave velocity located between the
fast wave speed and the slow wave speed.

C. Nonlinear longitudinal waves generated by shear
wave

It is unlikely the one-dimensional longitudinal wave that
can generate a double-frequency longitudinal wave within
the nonlinear consideration, a one-dimensional shear wave
with a frequency w cannot generate a double frequency shear
wave, while it can generate a longitudinal wave with a fre-
quency 2w, as shown in Egs. (18) and (19). Assuming that
1 O(a, 1) = u3®(a,t) =0 and w0 (a,1) = w3 (a,1) =0,
there is only one shear wave source in the medium. Denote
the high order longitudinal displacements as ;") and w; "),
then Eqgs. (18) and (19) become

621/!(0)
(0 (0
pil? + ppit?) — 12 =0,
psild + mi + gwgm =0 (32)
and
2, (1) 2,,,(1)
(1) (1) 0°u, 0wy
piiy + ppiy — (e +2p) py —aM py
814(0) aZu(O)
= (A +2 2~ 2
(At 20+ m) da  0a? ’
(1) 2,,(1)
.. .. n . u 0w
pfu(ll> +m’w§]) —|—;w$l) — oM 8(112 -M aaé
ou'® 52,9
R Y e M (33)

Oa Oa%

Equation (32) is a coupled linear shear wave equation,
while Eq. (33) is the governing equation for generating the
high order longitudinal waves. If the frequency of the shear

(0) (0)

wave is w and uy” = i, e we obtain
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2a© 2,4
i ”i + [ po? — ;701 a0 — 0,
da jo—++m'w?
w0 = 2l (34)

where 1, = —(p;w?)/[(jon/x) + m'@w?]. Only the shear

wave propagating in the positive direction is considered,
then the solutions of Eq. (34) are

i) = Agel,

Wy = LAl (35)

where A; is the amplitude of the shear wave at the source
point that can be determined by the boundary conditions,

and & = /(p? — [(p ) [jwo(n/) +m'?]) /s the
shear wave number. Substituting Eq. (35) into Eq. (33),
the higher order longitudinal wave equations can be rewrit-
ten as

2 (1) s (1)
..(1) .. (1) 0 u) 9 w
piiy =+ ppin = (e + 2u) =5 = — aM =
= _jAszksS ()v(? + 2# + m)e/(kaLIfZ(ut),
2 (1) 5 (1)
(1) () M) 9 ! P W
pruy - mwy —I—le aM o -

_ _jASZkSS OCMei(Zk"a_zwr) ) (36)

As there is no longitudinal wave source, the time depen-
dent term e/’ disappears in the solutions. Making use of
u<11> = ﬁsl)e‘ﬁ“” and w(l1> = ng)e_jz“”, then a fourth-order
differential equation is obtained from Eq. (36) as

o it eyt oty = HyelPR),

oa* Oa? 37

where H,=jA2 [l +2u-+m—oMp, (2k)* + pf(2w)2ﬁl]ks3.
The parameters cq4, ¢2, o, and f5; are defined in Eq. (26).
Considering no reflection condition in an infinite medium,
the solution of Eq. (37) can be expressed as
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iy = ) (38)

where

u(&) — Anp ellknra=201) 4 Ani ej(kNLa—2<ut),

UNF UNL

(1) _ HS e/‘(zkxafzwt) 39
“1p co — 462/{S2 -+ 16C4k54 ' (39)

unp

The wave numbers kyr and ky;, in Eq. (39) also satisfy Eq.
(27). The parameters Ayr and Ay, in Eq. (39) are constants
that can be determined by the boundary conditions. From
Eq. (36), we also obtain

32
—ﬁ132+mm-ﬁ&A%%m“ (40)

where fig=—{[02M — (Jo+2u+m)] /[ ' (2w)* +j(2w)(an/
K)— pf(2a))2]}. As the nonlinear displacement field is gener-
ated by a shear wave, thus we have the following boundary
conditions:

u<11>(07t) =0,
wi(0,1)=0. (41)

Combining Egs. (38), (40), and (41), the constants Ayr and
Ay are then solved as

AR — B [k — (2] €,
v By (kne? — kng?) ’
JBeAks® — By {kNF (2k;)" |0 }
NL = B lknr? — ko) ; (42)

where Q; = [H,/(co — 4coks® + 16¢4k,*)]. From the above
mathematical derivation, only a double-frequency nonlinear
longitudinal wave is generated under the condition of a sin-
gle one-dimensional shear wave source. From Eq. (38), it is
found that there are three nonlinear waves propagating in the
medium with the wave speeds 2w/Re(kyr), 2w/Re(kyy),
and w/Re(ky), which correspond to the waves uyr, uyy,and
uyp, respectively. Obviously, the nonlinear wave uyp has the
same wave speed as the shear wave. As Re(kyz) > Re(kyr),
the wave speed of uyp is larger than that of uy;. As a result,
the waves uyp and uy; can be called as the fast nonlinear
wave and the slow nonlinear wave, respectively. Through
the numerical analysis, the slow nonlinear wave shows the
same attenuation property to that of the linear slow wave.
Hence, it can only propagate within short distances. It is
interesting that a fast nonlinear wave can be observed even
before the arrival of a shear wave, because the speed of the
fast nonlinear wave is greatly faster than that of the shear
wave. On the basis of the experimental observation (Bouzidi
and Schmitt, 2009), an unsuspected wave appears before the
arrival of a shear wave. They attributed this phenomenon to
the transducer edge effect. We infer that the unsuspected

J. Acoust. Soc. Am. 142 (2), August 2017

wave is probably the nonlinear fast wave generated by a
shear wave. If the one-dimensional longitudinal and shear
wave sources are coherently applied in porous materials,
then both the double-frequency longitudinal and shear waves
will be generated due to the nonlinear interaction. The corre-
sponding derivation can be easily carried out by referring the
aforementioned discussion.

In this paper, only the explicit nonlinear displacement
fields for solid components are presented in the aforemen-
tioned works. However, the nonlinear displacement fields for
fluid components can be obtained from Eq. (25) or Eq. (36)
for a one-dimensional longitudinal wave problem or a one-
dimensional shear wave problem, respectively. Hence, it is
not presented herein.

D. Determination of nonlinear parameters vy, y,, and y;

As there are no measurements attempted on the nonlin-
ear elastic constants y;, 7,, and 73, we determine these
parameters by some special cases. If the porous medium
degenerates to a single phase liquid (i.e., the porosity equals
to unity), then the strain energy immediately becomes

1
O =M+, (43)

According to the definition of the parameter M (Biot, 1962),
M = 1/c for ng = 1 with ¢ the fluid compressibility. Besides,
we also found that { = —divU = 6y for ng =1 in which
dr = Ap;/p;. Substituting M and { into Eq. (43) yields

1
O =—0572+7,0°. 44
20 o (44)

Then, the fluid pressure can be readily derived as

8(1)(3

’
3,872 45
= s, e TN )

By comparing with the liquid pressure in the work of
Zhu et al. (1983), the nonlinear parameter y, can be deter-
mined as

1
= b (46)

in which f; is the fluid nonlinearity parameter denoted by
B/A (Zhu et al., 1983). In most liquid media, the value of Br
ranges from 5 to 10 (Zhu et al., 1983). Hence, the value of
the nonlinear parameter 7, is on the same order of 1/c.

To determine the nonlinear parameter )5, the solid com-
ponent of the porous medium is restricted to be rigid, thus
the solid displacement is u = 0. For a one-dimensional prob-
lem, the coupled Eq. (22) reduces to

2. (1) w0 524y, (0)
- (1) Ma Wi —9 W1 w1
Py Mo 3704 0a®
2. (1) w0 524y, (0)
e L) g 0w O T 0w T
e +KW1 Oa? "Tod o
47

Tong etal. 763



Assume the first-order nonlinear liquid displacement w; (")
= A,e/l@/C)~1 and substitute it into Eq. (47) to obtain

aM — p.C;?
y3 = =3y = (48)
M —m'C? —jii
2K @

in which Cy is the wave speed of a porous medium with a
rigid solid component. Under the assumption of a rigid solid,
the fast wave speed tends to infinity. As a result, C; corre-
sponds to the slow wave speed with the expression of
C;, = w/k;. Note that y; in Eq. (48) is a complex value that
violates a physical conception. For a better estimation, the
real part of Eq. (48) is selected as the final value of y;.

When the “dynamic  compatibility” relationship
expressed in Biot’s work (Biot, 1956a) is satisfied, there is
no relative motion between fluid and solid bodies, i.e.,
w = 0. Under this condition, for a one-dimensional problem,
Eq. (22) reduces to

n 32u1<1)
pin = (he +20) — 5 = [3(Jc +2u) + 2(1 4 2m)]
Ouy (0) 0%u, (0)
. Oa 0Oa? ’
2. (1) (0) 52,, (0)
. (1) 0w . oY 07 uy
Py — oM =g = (M = D) 5 g

(49)

Assume the first-order nonlinear liquid displacement u; (")
= A,e/®l(@/Cr)=1 and substitute it into Eq. (49) to obtain

aM 1 otM—prF2

¢

V2=
(50)

where Cr is the wave speed of a solid component of the
porous medium. Typically, the wave speed is faster in solids
than in liquids, thus Cr is taken as the fast wave speed, i.e.,

TABLE I. Parameters of solid, fluid and porous frames.

Cr = w/kg. For physical reasonableness, the real part of Eq.
(50) is taken as the final value of the nonlinear parameter y,.
From the experimental observation (Porubov and Maugin,
2009), the presence of pores significantly enhances the non-
linearity of porous materials to make [,m > A, M, u. As a
result, the value of y, in Eq. (50) is on the order of / and m.

IV. RESULTS AND DISCUSSION

A. Nonlinear displacements generated
by one-dimensional longitudinal wave

To investigate the nonlinear displacement fields gener-
ated by a one-dimensional longitudinal wave source, we con-
sider a practical water-saturated sandy sediment (Donskoy
et al., 1997) with the physical parameters p, = 2650kgm,
py = 1000 kg m>, M = 4.57 GPa, Ae = 4.62GPa,
o =0.994, u=0.167GPa, and ny = 0.4. The permeability
coefficient was not given in the work of Donskoy et al.
(1997), where a non-dissipative system was assumed. In a
study of a similar material by Lee et al. (2007), the perme-
ability k=1 x 107m=2 and the dynamic viscosity of
water 1 = 0.001 Pas were used. Assuming that the fluid
compressibility ¢ =0.44 GPa~' and By = 5.11 for water at a
normal temperature (Zhu et al., 1983), the nonlinear parame-
ter y; can be calculated as y; = 1.93 GPa. From the work of
Porubov and Maugin (2009), the nonlinear parameters / and
m of a porous medium range from 10°GPa to 10*GPa.
Because the effective nonlinear parameter I" is estimated as
1300 when the porosity ny = 0.4(Donskoy et al., 1997), we
use [ =m = —10°(1. +2u) for the subsequent investiga-
tion. Besides, no measurements of coupled nonlinear elastic
constants have been reported, we resort to Egs. (48) and (50)
proposed in Sec. III. The practical situation considered here
is described in the Appendix, wherein Rp, is approximated
using Eq. (A14) for the following simulation. The parame-
ters used for the following analysis are also listed in Table 1.

Parameter Definition Value Unit Remark

P Density of solid 2650 kg/m® Donskoy et al. (1997)

Pr Density of fluid 1000 kg/m3 Donskoy et al. (1997)

o Density of the bulk material 1990 kg/m® nopy + (1 = no)ps

K, Frame bulk modulus 0.211 GPa =1+2u/3

K Frame unjacketed bulk modulus 36 GPa Assumed = Solid bulk modulus (Bouzidi and Schmitt, 2009)
o Biot parameter 0.994 dimensionless ~1 — K, /K (Tong et al., 2016)
M Biot parameter 4.57 GPa Biot (1962)

s Lame coefficients 0.1 GPa Selected in this work

u Lame coefficients 0.167 GPa Selected in this work

K Permeability coefficient 1071 m~2 Lee et al. (2007)

n Dynamic viscosity 0.001 Pas Lee et al. (2007)

no Porosity 0.4 dimensionless Donskoy et al. (1997)

By Fluid nonlinearity parameter 5.11 dimensionless Zhu et al. (1983)

c Fluid compressibility 0.44 GPa™! Zhu et al. (1983)

1 Nonlinear elastic constants —4.95 TPa Estimated in this work

m Nonlinear elastic constants —4.95 TPa Estimated in this work

71 Nonlinear elastic constants 1.93 GPa Eq. (46)

73 Coupled Nonlinear elastic constants -5.9 GPa At 100 Hz, Eq. (48)

Y2 Coupled Nonlinear elastic constants —25.6 TPa At 100 Hz, Eq. (50)
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FIG. 2. (Color online) Ratio of the nonlinear displacement amplitudes versus the linear displacement amplitudes for different frequencies. (a) The nonlinear
wave generated by a longitudinal wave at « =1m; and (b) the nonlinear wave generated by a shear wave at @ =1 m. The “longitudinal wave” and “shear
wave” in the figures indicate the nonlinear displacement fields generated by the longitudinal and shear waves, respectively.

Figure 2 shows the ratio of the nonlinear displacement
amplitudes generated by a one-dimensional longitudinal
wave and a shear wave to the corresponding linear displace-
ment amplitudes. When the linear displacement amplitude at
the source point Ag exceeds 0.3 um, the nonlinear displace-
ment becomes more significant and cannot be omitted.
Numerical analysis indicates that the major contribution to
the nonlinear displacement comes from the slow wave acting
across a short distance. The slow wave length is around
0.4m at a frequency of 1000Hz, and the corresponding
strain amplitude is about 4.2 x 107>, This is consistent with
the experimental observation of Johnson and Jia (2005). In
the following discussion, the linear displacement amplitude
of fast waves at the source is chosen as Ag = 107 m. Note
that the modulus of porous materials is experimentally
known to be a function of the strain amplitude (Johnson and
Jia, 2005). However, the variation of the modulus is negligi-
ble (less than 6%). Therefore, the linear elastic parameters
are assumed to be constant for the subsequent discussion.

To illustrate the importance of the coupled nonlinear
parameters ), and )3, Fig. 3 shows the nonlinear displace-
ments generated by a one-dimensional longitudinal wave
when using the proposed values of those parameters, com-
pared with the case in which 9, = 0 and y; = 0. Clearly, the
presence of the non-zero coupled nonlinear parameters 7y, and
75 significantly increases the total nonlinear displacement. For

the frequency response at 100 Hz, the presence of y, and ),
raises the nonlinear displacement by about 5 dB at the far dis-
tance, by more than 10dB at a distance less than 1.2m, and
by about 15 dB at a distance of 1 m. Therefore, in the absence
of the solid-fluid coupling nonlinear parameters 9, and 75, the
total nonlinear displacement would be under-estimated, lead-
ing to an error.

Figure 4 shows the variation of the displacement levels
of the solid components at different frequencies. The linear
displacement, that is, the summation of the displacements of
linear fast and slow waves, is also presented as a reference.
The nonlinear displacement is calculated by Eq. (29). The
linear displacement amplitude is slightly attenuated in the
near field and remains nearly constant in the far field at the
frequencies of both 100 Hz and 1000 Hz. However, the non-
linear displacement is sharply attenuated below the distance
a <1.9m for 100 Hz, while a <1m for 1000 Hz. This dis-
placement remains constant beyond distances of 3.2m for
100Hz and 1.5m for 1000 Hz. It is also interesting that the
amplitudes appear at distances ranging from 1.9m to 3.2m
at I00Hz and 1.1m to 1.5m at 1000 Hz. The minima are
attributed to the interference of the three nonlinear waves
due to the phase difference between them.

From Fig. 5, it is clear that the three particular solutions
of Eq. (30) respond differently to changes of distance. For
the 100 Hz frequency response, the nonlinear displacement
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FIG. 3. (Color online) Comparison of the nonlinear displacements generated by a one-dimensional longitudinal wave with and without 9, and y;. (a)
Displacement level versus distance; and (b) Displacement level versus frequency. The vertical axis is the ratio of the linear and nonlinear displacement ampli-

tudes to A.
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FIG. 4. (Color online) Variation of the nonlinear and linear displacement levels for different frequencies. The vertical axis is the ratio of the linear and nonlin-

ear displacement amplitudes to the total displacement amplitude at @ =0.

is mainly contributed by uy; " and uy,,'" below the distance
a <1.9m, and is then dominated by uNp(” when the distance
exceeds 3.2m because of the high attenuation of un, P and
unp'". For the 1000 Hz frequency response, the correspond-
ing demarcation distances become a=1.1m and a=1.5m
due to the greater attenuation of uNL(l) and uNM(l). At moder-
ate distances, the amplitudes of these three waves are
approximately equivalent. This again gives rise to obvious
interference within this distance range. In addition, it is clear
that the nonlinear displacement uNp(l) exhibits a cumulative
effect with increasing distance. This is a corollary of the
quasi-non-dissipative system discussed in Sec. III. Here, it
should be mentioned that the nonlinear displacement shown
in Fig. 4 is contrary to the theoretical prediction of Donskoy
and Khashanah (1997) at short distances. Their results
showed a quasilinear growth of the nonlinear displacement
with distance, which resulted from the assumption of a fully
non-dissipative system. If a fully non-dissipative assumption
is also applied to solve Eq. (28), it is predictable that a simi-
lar conclusion will be reached. However, extensive experi-
mentation has shown that slow waves in a water-saturated
sandy sediment are highly attenuated (Lee ez al., 2007; Kim
and Yoon, 2009). Therefore, the non-dissipative assumption
for the slow waves may lead to a significant error. The
observed cumulative effect of nonlinear displacement ampli-
tudes with distance in sandstone (Meegan et al., 1993) is the
result of the quasi-non-dissipative nature of that material. It
is also found that the nonlinear displacement is greater than

the linear displacement at short distances, indicating consid-
erable nonlinearity at such distances.

The relationship between the linear and nonlinear dis-
placements for various distances is presented in Fig. 6.
Strong nonlinearity is observed at short distances [a =0.5m,
Fig. 6(a)], and the total displacement is dominated by uNL(l)
and uyy,". When the distance increases [a =1 m, Fig. 6(b)],
the amplitudes of unr®, un, P, and upnpy, " become very sim-
ilar. Hence, the interference of these waves results in fluctua-
tion. When the distance continues to increase, the
amplitudes of the nonlinear waves un, P and upy, Y are
attenuated to negligible values, as indicated in Fig. 5, and
the total nonlinear displacement becomes dominated by
uNp“). For a longer distance (a=50m), both the linear and
nonlinear displacements become negligible. In general, we
conclude that the nonlinear displacement is dominated by
uNL(l) and uNM(l) at short distances and in the low-frequency
range, while it is dominated by uNF(l) at long distances and
the high-frequency range.

B. Nonlinear displacements generated
by one-dimensional shear wave

The same material is used herein to investigate the nonlin-
ear displacement generated by a shear wave. The displacement
amplitude at the source point is again chosen as A, = 10~ °m.
From Fig. 7, a shear displacement wave with a frequency of
1000 Hz generates a strong nonlinear longitudinal wave for
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FIG. 5. (Color online) Variation of the nonlinear displacement levels of each nonlinear wave for different frequencies.
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the selected displacement amplitude. For a lower frequency
shear wave (f=100Hz), the amplitude of the generated non-
linear longitudinal wave is significantly smaller. There is no
major difference between the total nonlinear displacement and
the fast nonlinear displacement uy, because the amplitudes of
both the nonlinear displacements uyp and uy; are small. The
nonlinear displacement contour levels for various distances
and frequencies are also depicted in Fig. 8. It is clear that the
nonlinear displacement gradually decreases with increasing
distance. Nevertheless, strong interference is observed in the
low-frequency region (f< 100Hz). Considering the high
attenuation of the slow nonlinear waves uy;, the interference
mainly occurs between the nonlinear waves uyr and uyp.

~
£

In general, the total nonlinear displacement field generated
by a shear wave is mainly contributed by the fast nonlinear
wave uyp in the high-frequency range, while some inter-
ference occurs between uyr and uyp in the low-frequency
range.

Equation (38) contains only one nonlinear elastic con-
stant m. If the other linear elastic constants are known, it is
easy to determine this nonlinear elastic constant by measur-
ing the amplitude of the nonlinear waves experimentally.
The remaining nonlinear elastic constants can then be deter-
mined by measuring the amplitude of the nonlinear waves
generated by the linear fast and slow waves. However, the
nonlinear elastic constant n disappears under the one-
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FIG. 7. (Color online) Nonlinear displacement levels generated by a shear wave for (a) the frequency at 100 Hz; and (b) the frequency at 1000 Hz. “Linear”
means the linear displacement level of the linear shear wave. “Nonlinear” means the total nonlinear displacement level generated by the shear wave uyp, Unr,

and uy; in Eq. (39).
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FIG. 8. (Color online) Nonlinear displacement levels (referred to A,) gener-
ated by a shear wave. The difference of two neighboring lines is 2 dB.

dimensional assumption. Hence, the three-dimensional prob-
lem is needed, which may be studied in future works.

V. CONCLUSIONS

The nonlinear governing equations for saturated porous
materials were established based on the Biot theory by intro-
ducing a set of nonlinear elastic constants into the
Lagrangian formulation. In view of the complexity of the
nonlinear governing equations in three dimensions, simple
one-dimensional problems were put forward both for the
case of a single one-dimensional longitudinal wave source
and a single one-dimensional shear wave source. It was con-
cluded that only double-frequency nonlinear longitudinal
waves can be excited under the discussed cases. However, if
the longitudinal and shear wave sources are coherently
applied, both double-frequency nonlinear longitudinal and
shear waves can be generated. To investigate a practical
porous material, the nonlinear response of the displacement
field was studied. It was found that the nonlinear displace-
ment is dominated by the nonlinear slow wave in the near
distance field while it gradually becomes dominated by the
nonlinear fast wave in the far field. The nonlinear slow wave
exhibits sharp attenuation with both increasing frequency
and distance, while the nonlinear fast wave can propagate to
long distances with only slight attenuation. For the nonlinear
longitudinal wave generated by a shear wave, the attenuation
performance differs depending on the frequencies and dis-
tances. The total nonlinear displacement field generated by a
shear wave is mainly contributed by the fast nonlinear wave
uyr in the high-frequency range, while some interference
occurs between the fast nonlinear wave uyr and the nonlin-
ear shear wave uyp in the low-frequency range.
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APPENDIX

We assume that the time-dependent term for a linear
wave is e/, then Eq. (21) can be rewritten as

22 (0) 2 (0) o,
poiuy” 4 prawi ™ + (A +2u) 5
azwl(o)
+ QMW = 0,
pfwzzil(o) + m o?w, +jw%w1(0)
9%, ) 9w, ©
oM e M =0, (A)

0)

where u;(© = i1, and w,(© =, O Define two

other notations

®M — (Je +2p)

ﬁ4 = - )
o’ ? -l—ja)ﬂ - pfw2
» (A2)
appw* — pw
ﬁS == _on 2
am' @? + jo — — ppo
K
From Eq. (A1), we obtain
_ P
0 =y s . (A3)

Eliminating w;® from Eq. (A1), we derive the following
fourth-order differential equation in terms of u; (0),

5‘4121(0) 82121(0)
ap o + by o

+ it 9 = 0, (A4)

where
ap = aMp,,
by = (2 +24) + aMPBs + po” s,
cp = pfw2ﬁ5 + par’.

Equation (A4) is rewritten in another form as follows:

? 2
(07 (02 =

where kr and k; satisfy

(A5)

b
kp2+kL2:—b,

ap

Cp
ki kit =2,
7ok @

(A6)
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Solving Eq. (AS5) and considering only waves propagating in
the positive direction give
i) = Age@ + Byete, (A7)
where Ay and By are the amplitudes corresponding to the fast
wave and the slow wave, respectively, which can be deter-
mined by the boundary conditions. Define the amplitude

ratio of the fast wave to the slow wave as Rgy = By /Ao, then
Eq. (A7) can be re-written as

0 = Age™ + RgaAget. (A8)
Substituting Eq. (A8) into Eq. (A3) gives
w10 = ApAce™ + RyadrAge™, (A9)

where 4; = (Bs — Bik*) (i = F,L).

As an illustrative example is given below, the value of
Rp4 can be estimated. As shown in Fig. 9, a wave is excited
on the left boundary of a plate. Assume that the wave is a
one-dimensional plane wave, then the wave field in the body
of the plate can be expressed as

up(a,t) = A ekt~ 4 g oi(-kpa=en (A10)
where k, is the wave number. Consider the saturated soil
that is a semi-infinite medium, the wave field can be
expressed by Eq. (A7). The displacement and stress on the
interface of the soil and plate should satisfy the continuity
condition, i.e., u,(0,7) =u;(0,7) and ¢,(0,7) = a,(0,7),
where ¢, and ¢ are the stress fields of the plate and porous
soil, respectively. According to the work of Biot (1962), the
stress of the porous soil is

o1 = (Ae + 201 4 + oMW 4, (A11)

under the one-dimensional assumption. The stress of the
plate can be expressed as

0, = E,up 4, (A12)

Plate

Wave excitation

Y

FIG. 9. (Color online) Schematic of a wave transmission from a plate to a
medium of saturated soil.
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where E), is the modulus of the plate. Substituting Egs. (A7),
(A10), (A11), and (A12) into the boundary conditions at the
interface of the plate and the soil, the coefficients Ay and By
can be solved as

_ ELkL(Ap + Bp) + Epkp (Bp — Ap)

A
’ Erk; — Epkp 7
—Erkp(Ap + Bp) — Epkyp(By — Ap)
= Al3
0 ELkL — EFkF ) ( )

where E; = /. +2u+ oM (i =F,L). From a practical
engineering point of view, the modulus of the plate (e.g.,
reinforced concrete walls) is greatly larger than that of soil.
It corresponds to that wave transmission from a stiff material
into a soft material. It is well known that the values of A,
and B,, are approximately equal to each other. As a result,

Erkp
Erkg

Bo/Ao ~ — (Al4)

can be estimated.
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