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1. Introduction

Firewhirls are destructive natural phenomena that can be characterized as open diffusion flames
intensified by strong vortices formed under suitable terrain and meteorological conditions [1-5].
Numerous theoretical and laboratory investigations have been carried out in the past for
understanding the occurrence, mechanisms and behaviors of firewhirls [1-20]. Although buoyancy
effects are considered generally indispensable to firewhirls, circulation-controlled firewhirls were
found in nature [2, 21, 22] and reproduced in laboratory by Chuah et al. [3], who observed a
sufficiently strong, inclined vortical flow generated a correspondingly oriented firewhirl over a liquid
fuel containing pan, thus testifying the dominance of circulation over buoyance. To explain the
experimental observation, they established a steady-state, axisymmetric, diffusion flame-sheet theory

with the following major approximations:

1. the firewhirl has a large Peclet number so that it is significantly elongated along the axial
direction where convection dominates over diffusion;

2. the vortical flow surrounding the firewhirl is modelled by a Burgers vortex, whose stream
function is a quadratic function of the radial coordinate;

3. the flow has constant density and mass diffusivity;

4. the flow has a unity Lewis number.

By introducing the stream-function coordinates, Chuah et al. obtained a Burke-Schumann-like
convection-diffusion equation for the mixture fraction, Z, as

a0z 16( OZ)
Uan

EED)
where the streamwise (the &-direction) convection is balanced by the traverse (the n-direction)
diffusion. The flame height of the firewhirl is defined by the farthest axial location satisfying local
stoichiometry, Z = Z,,. The flame height in physical coordinates, x;, scaled by the diameter of the
liquid fuel containing pan d,, is given by

X,  Pe
dy 16Z
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which verifies the experimental observation of x;/d, = O(Pe) because 16Z,; is near unity for
common liquid fuels. Although the theory predicts the correct trend of the flame height increasing
with Pe, it significantly underestimates the experimental results in the presence of strong vertical

flows.

Postulating that the vortical flow surrounding the firewhirl cannot be properly modelled by the
Burgers vortex, Klimenko and Williams established a theory by retaining the above approximations 1,
3 and 4 but replacing the approximation 2 with a strong vortex model [18, 23]. The stream function
of the strong vortex is a power function of the radial coordinate, and the power exponent «, is
smaller than two. The same Burke-Schumann-like transport equation for the mixture fraction was
derived and a modified flame height expression [18] was given by

Xp 2 Pe
dy a,16Z,
which explains the experimental data because the multiplicative factor, 2/a, > 1, accounts for the

additional stretching effect of the strong vortex in elongating the firewhirl.

The approximation 3 was adopted by both theoretical studies above, although its physical
unreality was already recognized [18]. The temperature variation in the firewhirl flow field causes
the corresponding variations of density and mass diffusivity, which may have significant influence
on predictions of flame height. Yu and Zhang [19] established a theory with the approximations 1, 2
and 4 but discarded the approximation 3 by taking into account of temperature-dependent density
and diffusivities. Unlike the earlier studies based on the mixture-fraction formulation, they adopted
the coupling function formulation to obtain temperature solutions. A Howarth-Dorodnitsyn-like
density-mass-diffusivity-weighted coordinate transformation was introduced to transform the
coupling function formulation into the same Burke-Schumann-like transport equation. A revised

flame height expression was accordingly given by

Xn (Tm)z_“T Pe
dy, \T, 16Z,,

which also explains the experimental data [3]. Here the mean flame temperature, T,,, is higher than
3
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the liquid pool temperature, Ty, the exponent, ar, characterizing the temperature dependence of
mass diffusivity, is always smaller than 2. Consequently, the multiplicative factor, (T,,,/To)?~%T > 1,
accounts for the physics that the temperature rise inside the firewhirl reduces the density and hence

the inertia of the fuel vapor, which thereby can be advected to a higher altitude.

It has been recognized that the effects of variable physical properties and the strong vortex
model are independent physical mechanisms for explaining the “enhanced” flame height [18, 19]. As
a result, integrating these two flame “enhancement” mechanisms in a theory must overshot the
predictions of the flame height, and an additional flame “reduction” mechanism must exist to
counteract the effects. Based on those considerations, Yu and Zhang [20] recently established a
theory, in which the approximations 1 and 4 are retained, temperature-dependent physical properties
and a generalized piece-wise power-law vortex model are adopted, and, in addition, the mass
diffusivities on the fuel and oxidizer sides of the firewhirl are considered distinctly different (i.e.
Dr #+ D,). By use of approximate matching solutions to the species-enthalpy coupling functions with
jumping mass diffusivities across the flame sheet, Yu and Zhang [20] derived an integrated

expression of the flame height, consisting of four multiplicative factors, as

Xp 2 (Tm)z_“T Pe
— = —_—
do P yer\To 16Z

where the mass-diffusivity-ratio model correction, ap = Dp/D, < 1, contributes a significant
“reduction” mechanism for the flame height and therefore avoid the theoretical overshooting;
@y eff < 2, an analog of a,, in Klimenko and William’s theory, is an effective exponent for the

piece-wise power-law vortex model.

In summary, of the four major approximations adopted in Chuah et al.’s theory, the
experimentally verified large Peclet number approximation is indispensable for deriving the
analytically solvable Burke-Schumann-like transport equation; the Burgers vortex model and
constant physical properties have been examined and revised by Klimenko and Williams[18] and Yu
and Zhang[19]; the unity-Lewis number assumption, which can seldom be exactly satisfied in

combustion problems [24, 25], has not be examined in all the previous theories. Therefore, the
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present study aims to theoretically investigate the effects of non-unity Lewis number on the
circulation-controlled firewhirls. Furthermore, the previous study of Yu and Zhang [20] has revealed
the “reduction” mechanism for the flame height owing to the mass-diffusivity-ratio model correction,
which was however based on the approximate matching solutions. Consequently, the present study
also attempts to give a mathematically rigorous treatment to further validate the model correction by
addressing unequal Lewis numbers across the flame sheet. In this regard, the present study considers
the effects of differential diffusion in general because the Lewis numbers are not only non-unity but

also different across the flame sheet.

For a flame-sheet problem with non-unity and unequal Lewis numbers, the conventional
coupling-function or mixture-fraction formulations are inapplicable. If the problem is
one-dimensional, one can solve the convection-diffusion ODEs (ordinary differential equation)
separately on the fuel and oxidizer sides and then match the solutions by using proper jumping
conditions at the location of flame sheet, which is simultaneously determined by the matching.
Although such a solution procedure has been successfully applied to droplet combustion [26, 27] and
other one-dimensional problems [24], it is inapplicable for two- or three-dimensional flame-sheet
problems, in which the convection-diffusion PDEs (partial differential equation) cannot be
analytically solved with the boundary conditions specified at the undetermined two- or

three-dimensional flame sheet.

In the present paper, we shall first mathematically formulate a steady, axisymmetric
circulation-controlled firewhirl system with non-unity and unequal Lewis numbers, in Section 2. We
then present a perturbation theory to obtain mathematically rigorous solutions to the formulation by
assuming the Lewis numbers on the fuel and oxidizer sides are close to unity, in Section 3. The flame
shape and the flame height will be derived in explicit forms, and the effects of non-unity and unequal
Lewis numbers will be discussed in detail for their physical implications, in Sections 4 and 5. Finally,
we shall establish an approximate far-field similarity solution to a mixture-fraction formulation with

arbitrary Lewis numbers, thus further verifying and extending the perturbation theory, in Section 6.
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Nomenclature
Physical quantities
Cp constant pressure specific heat

do(ry) diameter (radius) of the fuel liquid pool

D mass diffusivity
qc heat of combustion per unit mass of fuel
q» latent heat of vaporization per unit mass of fuel

r,x,¢ cylindrical coordinates

T temperature

u,v,w Velocity componentsin x,r,¢ directions

w molecular weight

Y mass fraction

Z mixture fraction

Zst stoichiometric mixture fraction

ap ratio of mass diffusivities, a, = Dr/D,

A1 exponent in power-law vortex model (inside vortex core)

Ay exponent in power-law vortex model (outside vortex core)

ay, overall exponent in power-law vortex model

ar parameter characterizing temperature-dependent mass diffusivity
6
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ay coefficient in the transport equation of mixture fraction
A thermal conductivity

p density

OFo stoichiometric mass ratio oz = v, Wy /(vpWr)
Ne the vortex core radius in & —n space.

Average quantitiesat x = 0

Qo =5 J;"Q(O,r)dr, Q = (T,u, Yy, p, D)
Non-dimensional and normalized variables

Q=0Q/Q, @=(D,Ysp)

(x,7) = (x,7)/79

(@, 7) = (w,v)/uo

T=cpT/qc

Yo = Y5/0r0

Nondimensional number

Ler = A/pc,Dp

Leog = A/pc,Dg

Pe = uydy/Dpqg

Transformed coordinates
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(x,{) stream function coordinates

(&,m)  density-mass-diffusivity-weighted coordinates

Subscripts

0 physical quantities on the oxidizer side of firewhirl
F physical quantities on the fuel side of firewhirl

N physical quantities of inert gas and products

0 physical quantitiesat x = 0

00 physical quantities in the far field

2. Mathematical Formulation
2.1 Governing Equations

The circulation-controlled firewhirl can be modelled as a steady, non-premixed flame sheet in an
axisymmetric, laminar, vortical flow that is free of buoyance effects. Unlike the previous studies
assuming unity Lewis number and hence adopting the mathematical formulations of either mixture
fraction or conventional coupling function, the present study considers the general situation that the
Lewis numbers on the fuel and oxidizer sides of the flame sheet, Ler and Le,, are non-unity and
unnecessarily equal to each other. By linearly combining the governing equations for the mass

fractions of fuel and oxidizer, we can eliminate the chemical reaction terms in the equations and have

( 6+ 6)(Y Yo) G(DGYF 1 D6Y0>
'Duax p”ar B om0 Bprax apopoax

1a(D o 1 6Y0>_0 (1)
rarpFrar apop Orar B

Similarly, linearly combining the governing equations for the mass fraction of fuel and the sensible
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enthalpy to eliminate the chemical reaction terms yields

( 6+ 6)(Y+CPT> a(DaYF+AaT)
'Duax p”ar g, 'OFax q. 0x
10

@)
‘;E(PDFTWWTa) =

It is readily seen that, for the special situation of Ler = Lep, =1 and Dp = D,, Equations (1) and
(2) can be simplified to the transport equations of the conventional species-species coupling function,
defined by Yy — Y, /0r0, and of the species-enthalpy coupling function, defined by Y +¢,T/q.,

respectively.

The boundary conditions for Equations (1) and (2) are specified as follows: the axisymmetric

boundary condition at the axis is written by

BC(1)at r =0, dYz/0r = dY,/dr = dT /or = 0.

The natural boundary condition in the far-field radial direction is given by
BC(2)at r —» o, dYz/0r = dY,/0r = T /or = 0.

The ground boundary at x = 0 can be divided into the fuel side (r < r,) and the oxidizer side
(r > ry) because the flame-sheet is anchored at the circular rim of the fuel pool (r =1,). The

corresponding boundary conditions are given by
BC(3a) at x = O and r< To, YF == Ypo, YO == 0, T = To,
BC(Bb)at x =0 and r > ry, dYz/0x = dY,/0x = dT/dx = 0.

The flame-sheet approximation, implying an infinitely fast reaction rate, renders no fuel leakage

across the flame and yields another far-field boundary condition as
BC(4) at x —» o, YF == O, YO == YOOOv and T = Too

It is noted that BCs (3a) contains two unspecified quantities, Yz, and T,, whose determination

is a part of the “closure problem” that has been discussed in detail in the previous papers[19, 20]. For
9
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a complete and clear presentation of the present theory, we summarized and further clarified the

closure problem in Appendix A.

It is also noted that a divergent flux at the burner rim (i.e., the periphery of the liquid pool,
r = 1y) exists in all the flame-sheet theories of firewhirls. Chuah et al. [8, 11] pointed out that the
flame is actually quenched at the burner rim due to the heat loss so that a small quenching distance
separates the flame from the burner. They also pointed out that, although the flame-sheet theory
cannot be applied to the location of r = r,, the predicted firewhirl characteristics is not affected.
This singularity problem could be remedied by establishing a revised theory with finite reaction rate,
therefore allowing local flame extinction. Such a theory, focusing on the anchoring region of the

diffusion flame [28], certainly merits future studies but will not considered in the present study.

2.2 Large-Peclet-number Formulation

A crucial procedure in formulating the present problem considering variable physical properties

is to introduce the density-mass-diffusivity-weighted coordinate defined by

DFO f~2~ ’ 2 J?~2"’ ’ ‘F~ !
&= J p“Drdx =EJ p“Dpdx', n =f pdr 3
0 0 0

UpTy

This is an analog of the well-known Howarth-Dorodnitsyn transformation, which was widely used in
compressible boundary layer problems [29]. The procedure has been adopted and validated by the

previous studies [19, 20].

Applying the coordinate transformation (3) and the large Peclet number approximation, Pe > 1,
to Equations (1) and (2), we have the following non-dimensional parabolic PDEs in the (§,7n)

coordinate system:

(Aa+Aa)(?+7~")—L Lof 0(% ¢ @
e T Vo) VE T T R e o \Les

10



OCoO~NOUAWNE

o o\, 10 o (7 ¥,
~ N _ — - £ "9 5
(u af+"an) (Ve = ¥o) = Lep o105 (LeF Leo>l ®)

It is noted that, regardless of the coordinate “shrinking” due to the variations of density and mass
diffusivity, the axial coordinate, x, is scaled by a factor of 2/Pe to account for that the firewhirl
with Pe > 1 is significantly stretched along the axial direction. As a result, the convection terms
and the radial diffusion term are of O(1) in Equations (4) and (5); the axial diffusion term is of

0(Pe™1) and therefore can be neglected.
The corresponding non-dimensional boundary conditions are given by
BC(1) at n =0, aYz/on = a¥,/on = 0T /on =0
BC(II) at n » oo, dYz/dn = oY,/on = dT/on =0
BC(Il-a) até=0and n<1, Vp=Vs, T=Ty, ¥, =0
BC(ll-b) at&=0andn>1, ¥»=0 T="T,, V) =Y

It is noted that BC(4) is not compatible with the parabolic PDE system and therefore can be removed
from the present large-Peclet-number formulation. The complex derivations for the above equations
and boundary conditions are similar to those given in the previous paper [20] except that two distinct
Lewis numbers remain in the present equations. The details of the derivations are expatiated in

Appendix B.

A few remarks should be given to the boundary conditions BC(I11-b). Replacing the Neumann
boundary condition BC(3b) by the Dirichlet boundary condition BC(I11-b) implies that the ground
surface outside the fuel pool is assumed to be isothermal. Although this isothermal assumption is not
required by the mixture fraction formulations [3, 18], it brings significant mathematical convenience
to the coupling-function formulations to derive the Burke-Schumann-like transport equation. At the
cost of mathematical complexities, we can formulate a theory with a ground temperature profile T,,,

which however cannot be specified without experimental data. As discussed in the previous study

[20], the scaled wall temperature T,, is significantly smaller than the flame temperature Tf
11
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therefore considering the difference between T,, and T, is unlikely to have significant influence

on flame shape of the firewhirl.
2.3 Burke-Schumann-like Transport Equation in Stream-function Coordinates

For a convection-diffusion system like Equations (4) and (5), a stream-function coordinate can
be introduced to the eliminate the streamwise convection term (i.e. the d/d¢ term) [3, 18-20, 23], as
long as the stream function is a power-law function of the traverse coordinate (i.e. the n coordinate),
Y~n*, where «a, is the power exponent. Consequently, we introduced the stream-function

coordinates, (x, (), defined by

x=28  C=\7 ©)

and Equations (4) and (5) can be rewritten by

o,

a(YFJrT):LeF{a{l(a{(LeF )l (7
0 o o\, 1O 0(V: T,

=T =ter e (1) ©

Accordingly, the boundary conditions in the stream-function coordinates are given by
BC(i) at { =0, dYz/9¢ = dY,/d¢ = aT /0 = 0,

BC(ii) at { » oo, dYz/0( = 0Y,/0{ = T /07 = 0,

BC(iii-a) at y=0and (<1, Vo=V, T=T, ¥, =0,

BC(iii-b) at y=0and {>1, Vr=0, T=Ty,, ¥, =Y.

Equations (7) and (8) subject to BC(i)-BC(iii) constitute the analytically solvable

Burke-Schumann-like formulation to be solved in the following sections.

12
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3. Perturbation theory for near-unity Lewis numbers

3.1 Perturbation Formulation

As we have discussed in Introduction, analytically solving Equations (7) and (8) with arbitrary
Ler and Le, are mathematically impossible. Nevertheless, the equations for the particular case of
Ler =1 and Le, = 1 can be analytically solved in the framework of perturbation theory by

regarding the deviations of the Lewis numbers from unity as small parameters.

We introduced the Lewis-number-weighted coupling functions as

Ve ¥ Ve .
=— =, =—+T 9
Ps Ler Ley Pr Leg ®)
which are continuous and smooth at the flame location [30] in contrast to the continuous but

non-smooth conventional coupling functions. This can readily be seen from the jump condition

[0(V./Lez)/on]" = [0(V,/Ley)/n] , where 8/dn represents the directional derivative normal

to the local flame surface, and the superscripts “+” and “—" indicate the derivatives being evaluated
in the fuel and oxidizer sides of the flame. It is noted that the Lewis-number-weighted coupling

functions are similar to the generalized mixture fractions defined by Lifian et al. [28].

In terms of the Lewis-number-weighted coupling functions, Equations (7) and (8) can be

rewritten by

Without losing generality, we assume that Lep is not equal to but close to unity and introduce a

small parameter

e=1—— (12)
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and hence have

1  Lepley—1

1-— =
Leg Legler—1

€ =cpe (13)

Here |e] « 1 and ¢, = 0(1). Consequently, the coupling functions can be expanded in the

asymptotic series in terms of e up to the first order term as

Bs = B2 + e + 0(e?) (14)
Br =B + ep + 0(e?) (15)

Substituting Equations (12)-(15) into Equations (10) and (11) and collecting the terms of the
same orders, we have the parabolic, inhomogeneous PDEs for the leading-order denoted by the

superscript (i = 0) and the first-order (i = 1) coupling functions as
Lechr) =he,  LygBs” = hy (16)

where ZX,( is a Burke-Schumann-like partial differential operator in the (y, {) coordinates

7 0 L 10 (( 6) a7
= —— ] er,—— —_
¥ oy TTgag\Cag
and h;i) and hgi) are the source terms given by
0, i=0
Y =4 or” (18)
— , i=1
ox
0, i=0
KD =1 a7 .\ o7 . (19)
6)( Co 6)( , L=

The leading-order fuel and oxidizer mass fractions, YF(O) and Yéo), can be obtained by the linear

combinations of the leading-order coupling functions B{” and B{”. Specifically, 7' = Le;p"

14
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on the fuel side of the flame, and 7. = —Le, B on the oxidizer side.

Correspondingly, the leading-order and the first-order boundary conditions can be rewritten by
BC(1)  at ¢=0, 9B /ag =ap\/a¢ =0,
BC()  at {— oo, ap/0¢ =3}’ /3¢ =0,
BC3a) aty=0and (<1, B =p{, pY =p®

BC(3b) at y=0and ¢>1, P =pY pW = pl).

where the Dirichlet boundary conditions are given by

@ _ (Yzo/Leg, i=0 @ _ (Yeo/Lep + T, i=0

b ={FO F , b ={FO F 0 20

sa 0, i=1 Ta (0, i=1 (20)
® _ (~Yow/Leg, =0 (i)={Tw i=0 21
bt {0, =1 = i=1 1)

3.2 Perturbation Solutions

The leading-order coupling functions, [?S(O) and ,8%0), satisfy the homogeneous transport

equations with inhomogeneous Dirichlet boundary conditions at y = 0. These leading-order
equations and boundary conditions are of identical forms to those that have been solved in the
previous studies [19, 20] for unity Lewis number. Consequently, we can directly write the solutions

as

Y, )2 7 ©
(0) - _ 0,00 F,0 0,00 ~ , .
5 Leg + (LeF + Le())JO Jo(w))];(w) exp(—Lerw?y)dw 22)
0) _ = ?F,O ~ A @ ,
o =Tn+ To. +To — Too Jo(w)];(w) exp(—Lepw?*y)dw (23)
F 0
15
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where J,, denotes the Bessel function of the first kind of order n.

The first-order coupling functions, ﬁél) and ,8%1), satisfy inhomogeneous transport equations

with homogeneous boundary conditions on all sides. The source terms in the first-order equations
can be determined by using the leading-order solutions (22) and (23). Therefore, the first-order

solutions can be obtained by means of Green’s function method.

The Green’s function for the partial differential operator (17), denoted by G(x,x',{, ("), is
defined by

LysGOox', 6,8 = 80— x84 (24)

where §(y —x') and &6(¢{—{') are Dirac’s delta functions, and therefore satisfies the

normalization relation,
L L,:G(x.x',4,7Ndv =1 (25)

where dV = {d{dy is the differential element of the domain D(y,¢&) = [(0, ) X (o0, —0)].

Equation (25) indicates that G(yx, x',{,{') can be regarded as the inverse operator of Zx.(’ namely

G = Z;}(, so that the LHS of Equation (25) can be treated as an inner product of two operators in the

Hilbert space [31]. As a result, the first-order solutions to Equation (10) and (11) can be formally
given by

@O _ -1, @ @ _ p=1,@
s = Lx,lc’h ’ T Lx,lc'hT (26)

Substituting Equations (18) and (19) into Equation (26) and again regarding its RHS as the inner

product of two operators, we have

oo 0 ’Y’-(O)
BY D) = — f dy’ f 604,80 G g e (27)
0 0

16
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© or”  o7”
B0 =— f dy’ f G(x,x',c,c')< g <o a;)z'dz' (28)
0 0

The Green’s function G(y,x’,{,{') can be constructed by means of eigenfunction expansion [31],

and is given by

GOux', 4,4 =H(x - )(')f wJo(w")]o(w) exp[-w?Ler(x — x)]dw (29)
0

where H(y — x') is Heaviside step function. The mathematically complex procedure for deriving
Equation (29) will not be presented in the paper, but the validity of Equation (29) can be readily

verified, as shown in Appendix C.

3.3 Series Solutions of B¢ and Br

To simplify the first-order couple functions, ,8551) and ﬁél), from Equations (27) and (28), we
should first evaluate the derivatives of the leading-order mass fractions, YF(O) and 170(0), with respect
to y'. According to the definition of the leading-order coupling functions, ?F(O) = Lepﬁgo) on the

fuel side of the flame sheet and Yéo) = —Leoﬁs(o) on the oxidizer side. Consequently, we have

0 Yeo Y
5 1 oy _ g2 [ LFO 000 A
0)(’YF (X ;()— LeF <LeF+LeO>](X '() (30)
and
0 Yeo Y
=(0) 7y — FO (0]] ! >
o' Yo "(x',{") = LepLeg <_LeF +_Leo>]()( 4" (31)
where J(x',¢") is an integral function defined by
16,8 = | @@ (@) explLepwx N (32)
0

17
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Substituting the Green’s function (29) and the derivatives (30) and (31) into Equations (27) and

(28), and noting that ?F(O) and 170(0) vanish on the oxidizer and fuel sides, respectively, we have

eo T,
(1) FO 0
= Le I I 33
(LF Leo>[F LFCOO] 33
Yeo Yoo
M = Le? <L ot LZg)IF (34)

where [ and I, represents four-fold integrals defined on the fuel and oxidizer domains,

respectively, as

Xf rSr
I (0.0) = f f AR RO LIL (35)
0 0

IO(X,C)=MXij+ELm

whose simplified forms will be given in the following sections.

GO x', 8¢, gl dy’ (36)

It is noted that the above solution of Bs cannot be directly applied to the degenerate situation of
Ler = 1, which results a singular c,. Although Ler = 1 is reasonably accurate only for methane
and Ley = 1 is often found an acceptable approximation [28], we also considered the degenerate
situation of Ler = 1 while Le, # 1 to complement our theory. Consequently, we can expand fs
by regarding the deviation of Le, from unity as small parameter, denoted by ¢’ =1 — 1/Le,, and

have
Bs = B + €' B (37)

in which the modified first order solution can be written as

Y, Y,
(1 _ FO Qoo
S = LeFLeO <L er + E) IO (38)

18
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By comparing Equation (38) with Equation (33), we can see that Equation (38) can be formally
obtained from Equation (33) by replacing cye by €' and by setting all the other terms containing e
to be zero. This procedure can be applied in the following sections for obtaining the results

concerning with the degenerate situation of Ler =1 and Le, # 1.

4. Flame Characteristics of Firewhirls

4.1 Approximate Solutions of Flame Shape

In most previous studies, the flame height of firewhirls was the central focus of research,
whereas the flame shape was barely investigated. It is of interest in the present study to derive

approximate analytical solutions of flame shape for illustrating the flame characteristics of firewhirls.

In the flame-sheet theory, both fuel and oxidizer are completely consumed according to

stoichiometry, rendering S = S(O) + eﬁsgl) = 0 on the flame sheet. Consequently, with Equation

(22) for ﬁ§°) and Equation (33) for ﬁé”, the flame shape can be determined in an implicit form as

Zy »
—(1-¢ f Jo(@¢, )1 (@) exp(~Lepw?z;)dw
Leo 0 (39)

Le
+ eLe? [IF()(f.ff) + ﬁcolo()(f@f)]

where the stoichiometric mixture fraction defined by Zg = Ypoo/(Vro + Yooo) is introduced for

direct comparison with the previous studies. It is noted that we have ignore the higher-order small
terms containing Zi e because of Zg «< 1 for most common liquid fuels. Several further

simplifications can be made to the flame shape expression as follows.

For the flame close to the fuel pool, namely x, = 0(e), the four-fold integrals I/ and I, tend
to be of order 0(e€), as proved in Appendix D, and hence the second term on the RHS of Equation
(39) is of 0(e?) and can be neglected. Mathematically, this means that the flame shape close to the
fuel pool is determined by leading-order solution of the coupling function. Physically, the flame is

anchored around the rim of the fuel pool and thus its local shape is modulated by the dimension of
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the fuel pool rather than physicochemical properties of the flame.

For the flame being away from the fuel pool, namely x, = 0(1), the integral I is proportional
to (}/16, as proved in (D5) of Appendix D, and can be neglected. Here we have used the result that

{r < 1 atthe flame location y, = 0(1) because the flame sheet is close to the axis in the far field
[20]. Therefore, the first-order correction owing to I, should be considered in determining the
flame shape, particularly in determining the flame height to be discussed in the following subsection.

As a result, Equation (39) can be simplified as

Zs

=-a- e)f Jo(w¢r )1 (w) exp(—Lerw?xs)dw
Ley 0 (40)

+ coeLeFLeo)(ff w?Jo(wls )1 (w) exp(—Lerw?xs)dw
0

Furthermore, we noted that the integrals for y, = 0(1) are mainly determined by the values of
w close to zero according to the principle of Laplace integration [32]. Consequently, we can
analytically integrate Equation (40) by using the approximation, J;(w) ~ w/2, namely the first term

of the Taylor expansion of J;(w) around w = 0, and have

Z 1 —(? +4Le Z
= 1—€+cpeley 5i FAf exp | — Ji (41)
Leoy 4Lepxy dLepxr 4Lepxs

which expresses the flame shape in an implicit form for the following discussion.

To derive explicit expressions of the flame shape, we can first neglect all the O(e) terms in

Equation (41) to obtain a leading-order expression as

! ] Z t
Xfln)(f=_é§?, (42)
where x; denotes
, Leg
Xf=4Zs To Xt (43)
0

It is interestingly seen that Equation (42) resembles the well-known “f21In f? = —L,” [24, 25]
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formulas for explaining the premixed flame extinction due to heat loss. This implies that a similar

turning point (a turning point on the f — L, curve corresponding to L, = 1/e) exists on the

Xr — {5 curve (ie. the flame shape) if the RHS of Equation (42) is equal to —1/e, yielding

{r= (Lep/Zse)Y? > 1 because of Z <« 1 for common liquid fuels. Physically, this turning

point, if emerged, is close to the liquid pool, where is however beyond the validity range of the

above expression. Consequently, the turning point does not emerge in the real flame shape.

Substituting Equation (42) into the first-order term in Equation (41), we can have the explicit

expression as

Zst 2
44
i (44)

XrInxr — xrIn[1— €+ cyeleg ln(e)(})] =—
based on which we shall discuss about the influence of non-unity Lewis numbers on the flame shape.

Applying the inverse transformations of Equations (3) and (6) to Equations (41) and (44), which
can be regarded as the re-scaling of the radial and axial coordinates according to the vortical flow
characteristics and the variations of density and mass diffusivity, we can have the flame shape in

physical coordinates.

The flame shapes at different Lewis numbers are plotted in Figure 1, where the transformed
coordinate y is also shown to manifest the influence of the density-mass-diffusivity-weighted
coordinate transformation on the axial coordinate at large Peclet number. It is seen that the
approximate, explicit solution of the flame shape, namely Equation (44), agrees well with the exact,
implicit solution of the flame shape, namely Equation (39), at x; > 5 (or x; > 0.5) where the
flame is sufficiently away from the fuel pool. This good agreement substantiates the above procedure

for approximate solutions.

The deviation of the approximate solution from the exact solution noticeably emerges as the
flame is close to the fuel pool, as indicated by the physically unrealistic turning. The mathematical
reason is that, at small axial flame locations, the integrals in equation (40) cannot be evaluated
asymptotically by using the Laplace integration method based on y, = 0(1). As a result, the
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approximate solutions cannot be extended to the region within y, < 0.5 corresponding to the

physical region of x; <5.

As seen in Figure 1, compared with the case with Lep = Le, = 1, decreasing the fuel Lewis
number to Ler = 0.9 while retaining Le, = 1 substantially stretches the flame shape, particularly
in the axial direction. This can be explained by that the smaller Ler means larger fuel mass
diffusivity, which helps transport the fuel vapor to higher altitude and hence results in an elongated
flame. On the contrary, decreasing the oxidizer Lewis number to Le, = 0.9 while retaining
Ler = 1 substantially compresses the flame shape. This is because the smaller Le, means larger
oxidizer mass diffusivity, which helps transport the oxidizer to lower altitude and hence results in a
stout flame. These effects of the fuel and oxidizer Lewis numbers on the flame height are similar to

those on the flame stand-off distance in droplet combustion [24, 26, 27]

It is noted that Equation (43) implies that the flame shape largely depends on the Lewis numbers
ratio, Ley/Leg, rather than on Le, and Lep separately. This can be seen from Figure 2 that the
calculated flame shapes corresponding to various Le, and Lep but a fixed ratio of Le,/Ler =1
are only slightly different from each other. In addition, the flame shape with larger Lewis numbers
tend to be slimmer than that with lower Lewis numbers. The physical reason can be interpreted as
follows. The larger Lewis numbers for both fuel and oxidizer mean lower mass diffusivities so that
the axial convection tends to dominate over diffusion, resulting in a more stretched flame shape in
the axial direction. For the same reason, lower Lewis numbers for fuel and oxidizer mean enhanced
mass diffusion in all the directions, which tends to counteract the axial convection and to make flame

shape stouter.

4.2 Flame Height

Understanding the controlling mechanisms of firewhirl flame height is always of importance
because the behaviors of firewhirl are usually associated with the change of flame height [2, 4, 11,
12]. With the derived expressions for the flame shape, the determination of the flame height is

straightforward by setting {r = 0 in Equation (44), yielding
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_Lep 1
 Lep4Z,

Xf (1 —€+cy€eley) (45)

where all the higher order terms than O(e) have been neglected. Again, Equation (45) indicates the

dependence of the flame height on the Lewis number ratio.

The leading-order flame height is given by setting { = 0 in Equation (42) or by neglecting all
the O(e) terms in Equation (45),

©_Leo 1 _Dp 1T _ @
h " Lep4Zy, Do4Zy AZg

(46)

which reproduces Yu and Zhang’s result on the mass-diffusivity-ratio correction [20] and proves that
the effect of distinct mass diffusivities is essentially the leading-order approximation of non-unity
Lewis number effect. It should be noted that Equation (46) was derived in [20] based on an
approximate matching solution while in the present study based on the mathematically rigorous

perturbation theory.

Applying the inverse transformations of Equations (3) and (6) to Equation (45), we have the

explicit expression of flame height in physical coordinates as

2—a
X _Leo 2 (") e (| teoeley 4 e 47)
dy  Lepa,\ T, 162, \ €T Cothlo T ET

where T,Elo) is the leading-order “average” temperature that has been given in [19, 20] and T,&P

accounts for the influence of the first-order temperature solution:

1/(ar—2) Xh o (0)* T30 (1)
ro (L f T @2 gy T(1)=Tof0 d i (48)
" Xn Jo ' " foth(O)aT_zdx

The last term of Equation (47) reflects the fact that the non-unity Lewis numbers also affect the

flame temperature [24, 25, 28], which in turn alters the flame height by a factor of order 0(e).
The exponent ay; characterizes the temperature-dependence of mass diffusivities through
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T\“T
DF ES DFO (T_()) (49)

in which ay is usually less than 2 and equal to 3/2 in the kinetic theory of gases employing the
rigid-sphere model. Consequently, the term (T,,/T,)? %" > 1 accounts for the flame height
enhancement owing to the effects of variable density and mass diffusivity, which have been

thoroughly discussed by Yu and Zhang [20].

The factor 2/a, characterizes the influence of the generalized power-law vortical flow[18, 23,
33] on the flame height, and it is unity for the Burgers vortex model with a, = 2. In the strong
vortex model, the exponent should be replaced by its effective value, «,,, being smaller than 2 [18,
23, 33]. Consequently, compared with the Burgers vortex, the strong vortex results in a more rapid
axial flow, which tends to elongate the flame height. It is noted that «, can be determined by
considering the compensating regime [18, 23] or by considering a piece-wise power-law vortex
model with physical meaningful exponents for inner and outer vortices. The derivation of «,,, which
requires the far-field solution of the firewhirl to be expatiated in the following section, has been
given by Klimenko and William [18] and Yu and Zhang [20], and therefore will be summarized in

Appendix E.

5. Far-field Similarity Solution of Mixture Fraction

Although the above perturbation theory produces the important results about the influence of
non-unity and unequal Lewis numbers on the flame characters of the firewhirls, it is rather
interesting to verify these results for arbitrary Lewis numbers. As we have discussed in Introduction,
the mathematically rigorous treatment to the formulation (7)-(8) is difficult because general solutions
to the PDE system on either the fuel side or the oxidizer side are impossible. Consequently, the
matching solution approach, which has been used to the ODE systems formulated from
one-dimensional combustion problems, is inapplicable here. We can however establish a similarity
solution to the formulation with arbitrary Lewis numbers. This solution does not satisfy the boundary

condition on the fuel pool and therefore is valid only in the region sufficiently far away from the fuel
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pool. Mathematically, the similarity solution is asymptotically correct in the far field, where the
effects of the bottom boundary conditions are negligible. Such similarity solution was proposed by
Klimenko and William [18] to derive the flame height for the circulation-controlled firewhirl with a
strong vortex model, and therefore to remedy the divergence of axial velocity in the power-law
vortex model. By following similar approach, Yu and Zhang [20] derived an analytical expression for

the effective power exponent (i.e. a,,¢) for their piecewise power-law vortex model.

Considering that the Lewis-number-weighted-species-species coupling function is of no
mathematical advantages for arbitrary Lewis numbers, we can resort to the mixture fraction

formulation with distinct transport properties in the fuel and oxidizer regions as

~~(’)Z+ _.0Z 2 0 <~5 62) 210 ( 5D, 6Z>_0 (50)
P T PP o7 ~ %2 ez \PProz) ~ %2 g7 a7 PP 55) =
where
Yo+ Yoo — ¥,
_Ir ¥ Yoo~ Yo “Z:{l' Z> 7y (51)
Yro + Yoo Lep/Leg, Z<Zg

Here Z > Z, denotes the fuel region and Z < Z,, the oxidizer region.

Applying the coordinate transformation (3) to Equation (51) and applying the large Peclet

number approximation, we have

az 0Z 10 (77 OZ) (52)

et Ve " 2y \"ay) =

The similarity solutions to the equation in the fuel and oxidizer regions are given in the piecewise

form as

7 1 f’?Ad ) e _Leo 1 Ley jn"d ) (53)
FE2ea P\ T ) 20 T e 2ea P\ Ly ), T

where Zp formally satisfies Equation (52) in the fuel region and Z, in the oxidizer region. It has

been recognized that the constant
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1(® n
A= —f il exp <f ﬁdn’) ndn (54)
$Jo 0

is actually the effective exponent a,, ¢ to be determined in Appendix E [18, 23].

A composite solution of the mixture fraction, which is valid for the whole domain, can be

formally written as a combination of Z and Z, in the form of

Z=2Zo+c(&nZr—2Zo) (55)

where c¢(&,n) is equal to unity inside the flame so that Z = Zg, and to zero far away from the flame
so that Z = Z,. The magnitude of c(&,n) is bounded in the interval of [0,1] and the boundedness
of the functions similar to c(&,n) has been proved in the previous study [20]. The precise
determination of c(&¢,n) by numerically solving Equation (52) merits future studies but will not

considered in the present study.

Equation (55) can be regarded as an approximate similarity solution, being valid far away from
the fuel pool. The flame height can be determined by setting “radial” coordinate 1 equal to zero and
the mixture fraction Z = Z, and Equation (55) is reduced to

_Lep 1
" Lep 2AZg,

6 [+ e 0 (7= -1)| (56)

0]

Applying the inverse transformation (3) to (56), we can obtain the flame height in physical

coordinates as

xp _Leg?2 (Tm)z_“T Pe

Lep A\T,)  16Z

3, " Ter [+ e (75 )] °

In spite of that c(&,,0) is not completely determined, we still can deduce some interesting results

from Equation (57) as follows.

If Lep and Le, are arbitrary but their ratio is close to unity, namely, Ler/Le, = 1, the second

term in the bracket of Equation (57) can be neglected and we have the flame height expression given

26



OCoO~NOUAWNE

by

xp _ Leg?2 (Tm)z_“T Pe (58)

dy  LepA\T, 16Z,

which accords with the leading-order solution of the flame height expression (47) except the factor
A to be discussed below. Equation (58) verifies that the perturbation theory predicts the correct trend
of the flame height dependence on the Lewis number ratio, and it also extends the validity of
Equation (47) to the Lewis numbers substantially deviating from unity while their ratios are close to
unity. Furthermore, we note that, c(&,,0) takes the value of the function c(&,n) at &, = 0(1)
and n = 0, corresponding to the farthest axial location of the flame at x,~d,0(Pe) > d,. In the
present study, the order of magnitude of c(&;,,0) cannot be further determined, and hence the
validity of Equation (58) cannot be extended to a more general situation of both arbitrary Lewis
numbers and arbitrary Lewis number ratios, which certainly merits future studies with the help of

numerical simulation.

Finally, the accordance of Equation (58) derived from the far-field similarity solution with
Equation (47) from the perturbation theory implies that the role of A in Equation (58) must be
equivalent to a,, in Equation (47). This provides an approach to determine the effective exponent
a, in the strong vortex model [18] and in the generalized power-law vortex model [20]. The details

of the derivation are given in Appendix E.

6. Concluding remarks

A flame-sheet theory about the flame shape and height of circulation-controlled firewhirls has
been established in the present study, with emphasis on the effects of differential diffusion,
particularly of the non-unity and unequal Lewis numbers on the fuel and oxidizer sides of the flame
sheet. By using the perturbation method and regarding the deviations of the fuel and oxidizer Lewis
numbers from unity as small parameters, we obtained the series solutions of the
Burke-Schumann-like transport equation for the Lewis-number-weighted coupling functions.
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Subsequently, we extended the theory to arbitrary Lewis numbers by seeking the far-field similarity
solutions for the mixture fraction in lieu of the coupling functions, which are of disadvantage under
the general situation. By means of the mathematically rigorous series solutions, which are however
limited to near-unity Lewis numbers, and the far-field similarity solutions for arbitrary Lewis
numbers, which are however mathematically approximate, we fulfilled the objectives that motivated

the present study as follows.

First, the leading-order series solutions yields a unified expression for dimensionless flame
height, which can degenerate to the results obtained in the previous studies [19, 20]. The expression
consists of four multiplicative factors accounting for the effects of various independent mechanisms

as

2—a
Xn _ Ley 2 <Tr£lo)> " Ppe

do Lepa,\ Ty 16Z,

where the factor Pe/16Z,, was first identified by Chuah et al. [3] for the Peclet number effect, the

2—«a
factor 2/a, by Klimenko and William [18] for the strong vortex effect, the factor (T,ff’) /To) '

by Yu and Zhang [19] for the effects of variable, temperature-dependent density and mass diffusivity,
and the factor Le,/Ler for the non-equal Lewis number effect. The Lewis number ratio, Le,/Lep,
is found to be equal to Dr/D, and consequently verifies that the mass-diffusivity-ratio model
correction very recently proposed by Yu and Zhang [20] is the leading-order effect of differential

diffusion.

Second, retaining the first-order series solutions in the perturbation theory yield an accurate
albeit implicit expression and an approximate albeit explicit expression for the flame shape of the
firewhirls for different Lewis numbers. The approximate flame shapes agree well with the accurate
ones at the locations sufficiently away from the fuel pool, where the asymptotic expansion for large
axial coordinate is valid. Both flame shape expressions indicate that a smaller fuel Lewis number,
implying a larger fuel mass diffusivity for diffusional transport, tends to “slim” the flame shape in
the axial direction and hence to enhance the flame height, whereas a smaller oxidizer Lewis numbers

results in a stouter flame shape because the larger oxidizer mass diffusivity helps the oxidizer
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transport to lower altitude.

Third, the flame shape expressions also suggest that, although the flame shape changes with the
fuel and oxidizer Lewis numbers, the flame height changes slightly if the Lewis number ratio is fixed.
This can be understood by that, for larger Lewis numbers, the mass diffusivities of fuel and oxidizer
are both smaller so that the flame shape tends to be controlled by the axial convection because of the
large Peclet number, and thus to be slimmer. For the same reason, smaller Lewis numbers will result

in stouter flame shape because of the larger mass diffusion to all the directions.

Finally, the approximate far-field similarity solutions for the mixture fraction yield an alternative

expression for flame height but for arbitrary Lewis numbers as

x, Ley2 (Tm)z_“T Pe [ (Lep )}
chZfoZ(m 1+ c(&,0) (2 —1
dy  Lep A\T, 1oz, |1 TGO (-

where the constant A is physically equivalent to «, accounting for the strong vortex effect. Under
the situation that the Lewis number ratio is close to unity, this expression is identical to that derived
from the perturbation theory, verifying and extending the validity of the latter to Lewis numbers
substantially deviating from unity. Further discussion on the effects of Lewis numbers in the most
general situation requires the precise determination of c(&;,0), by using numerical simulation,

which merits future studies.
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Appendix A. “Closure Problem” of Firewhirls
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To determine the boundary values T, and Yg,, we must analyze the physics of the Stefan flow
in the evaporation layer on the fuel pool surface. The evaporated fuel is both convectively and
diffusively transported to feed the flame, where heat is generated and conducted to the evaporation
layer to drive the Stefan flow. For mathematical simplicity, all the variables in Appendix A, Q =
o, u,Ye, Yy, T,p, denote their functions Q(r,x = 0), since the evaporation layer is located at

(x=0,r<ry).

Because the radial dimension of the evaporation layer is considerably larger than its axial
dimension, the radial diffusion and convection is negligible compared with the dominant convection
and diffusion in the axial direction. Consequently, integrating the conservation equation for the fuel
mass fraction in the axial direction and recognizing that the total mass flux, pu, is completely
attributed to the evaporation of fuel (the inert gas and products are non-condensable), we have

oy

Yy — pDp —% = Al
puYp — pDp—— = pu (A1)

According to the flame-sheet approximation, no oxidizer exists on the fuel side and its mass fraction

vanishes as

Similarly, integrating the conservation equation for the enthalpy and recognizing that the net
enthalpy flux, puc,(T —T,), is equal to the heat conduction flux, 49T /dx, subtracted by the
amount of heat required by evaporation, puq,, we have

aoT
puc,(T —Ty) — Aa = —puq, (A3)

Solving Yz and T from Equations (Al) and (A3) requires the determination of the axial
velocity, u, and the density, p. The velocity and density are related by the body-force-free

Bernoulli’s equation

"d 1
f ?p+§p(u2+v2+wz)=0 (A4)
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where the radial and angular velocities, v and w, are given for a given vortex model. The equation

of state gives an additional relation between the density and the pressure of the gas mixture,

p=rr (AS)

where the pressure is related to the fuel mass fraction and the temperature by the Clausius-Clapeyron

relation

Ve /Wr Do Jaw({1 1
Yo /W + (L—Ye) /Wy p P I_ <_ - _>l (A6)

where Ty, is the boiling point temperature at p,,, Wr and Wy are the molecular weight of the
fuel and the inert gas. Completely solving the above six coupled equations, (Al)-(A6), we can
determine the six variables p,u, Yz, Yy, T, p, and therefore the problem is closed. It should be further
clarified that the Dirichlet boundary conditions BC(3a) are based on the solutions of the closure
problem, and that they cannot be treated as the mathematical simplification of Equations (A1)-(A6).
Such a specification of boundary condition on the evaporating fuel layer is similar to that adopted in
the theory of droplet vaporization and combustion [24]. Consequently, the boundary conditions
BC(iii) in Yu and Zhang [20] and BC(3a) in Yu and Zhang [20] are mathematically redundant

because they intermingle the boundary conditions with the closure problem.

Appendix B. Derivations of Equations (4) and (5)

Applying the coordinate transformation (3) to Equations (1) and (2), we obtained the following

equations in ¢ and n coordinates,

(a0 0. 2) (o 7)ot (0w DV [0 (24 0 2)] (4
Yag T Vo) UF Pezp\ag " an) 1P TF\ag T “an)I\Len

29 0 1 0\ (2p°Dgr o _,— O\ (Ve .
S (B U AT L SR A T
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(Aa+Aa)(? 7)) 4LeF<6+h6>[~352(0+h6)] Y. Y
Yag T Vo) VT o) Tpezs\ge T Man) [P U o T Vo) I\ Ler  Leg

2g 0 1 )\ /[2p3Dgr o - o\[(YV T, (B2)
—L — = — + 2D — || — — —
eF(Peﬁf 3 ﬁZDFfan)< P

=0

where g and h are given by

1 (Y9, - P Top
gE& ) === j —r(ﬁZDF)dx’, h(E7) = —— f 22 ar (B3)
p 0 0

to account for the variations of density and mass diffusivity gradients in axial and radial directions.

The non-dimensional velocity components in Equation (B1) and (B2) are written as

Pe

@=20+2g7, 7=2hi+=7 (B4)
F

™

Neglecting all the terms of O(Pe™!) and O(Pe™?) in the above equations, we can readily

obtain Equations (4) and (5). Here we have invoked an approximation that

2

=)

ﬁ;’; =C (&) (B5)

™

=

J

o

is independent of the coordinate 7. This is a weak version of the Chapman-Rubesin approximation

[34], which further requires C(¢) being a constant.

As we have discussed in Introduction, the firewhirl with large Peclet number is substantially
elongated along the axial direction because the strong axial convection is dominant over that in the
radial direction. In addition, the axial coordinate being scaled by a factor of 2/Pe through the
transformation (3) indicates that the nondimensional velocities & and ¥ in the & —n space should
be of the same order of magnitude. Consequently, we can conclude from Equation (B4) that
h~0(1), g~0(Q), i~0(), and ¥ ~ 0(Pe™ 1), which implies u/uy, = 0(1) and v/u, =

O(Pe™1).
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Appendix C. Verification of Green’s Function (29)

Applying the partial differential operator (17) to the Green’s function (29), we have

10
LecGQx' 6,60 = 3600680 = 72 (6 52) 600 .6

= 5G— 1) f 0Jo(@)o(@]) expl-w?(x — x)]dw
0 1)

—HG - 1) f 0o (@) o(@]) expl-w?(x — x)]dw
0

~HG =) | ol 3]0 g @0 expl-w? G~ Mo

Using the known properties of Bessel function, we can calculate the derivative of J, with

respect to ¢ in Equation (C1) as

d 1 d
— w1 (@w))] = —w ——[wfh(wf)] =-w?o(w)  (C2)

1
Geh@d)] = 722 .

cal
Substitution of (C2) in (C1) leads to the cancellation of the second and third term and yields

LycGOu X188 =60 - X')J wJo(w)]o(wd) exp[-w?(x — x)]dw (C3)
0

Apparently, the RHS of (C3) vanishes for y # y'. For y = x’, the RHS of equation (C3) reduces to
[31]

® 1
f Wl de = 766" =) (Ca)
0

to derive which the integral representation of delta function in terms of Bessel functions has been
used [35]. Since the integral element is {'d{'dy’, which cancel out the factor of 1/¢’ in (C4), the
conventional double integration with respect to §(y — x') and &(¢ — ') is equal to unity.

Therefore, we verified that the Green’s function (29) satisfies Equation (24).
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Appendix D. Evaluation of Ir and Ip

Assuming that the four-fold integrations over distinct variables can be interchanged, we can

rewrite I in the form of

Xr o
Iy = f H(x — 1) expl—Lerw?(x — x)] exp(—Lepa®y’) dy’ f o], (@)dew
0 0

%) (f (Dl)
x [ wh@ddo [ utsi@e s
0 0
The integration over " from 0 to { can be explicitly expressed by
Xf ©
Ip = j H(x — x') exp[—Lerw?®(x — x")] exp(—Le;w?®x') dx' j o’),(w)dw
0 0
(D2)

[ oo @ s (08y) ~ w08 V(@ o@D
0

w? — w2

For small ¢, which physically corresponds to the flame sufficiently away from the fuel pool, we can

expand the Bessel functions in Taylor series, keep the terms of 0({r), and have

1 1 1
w]o(w(f)h(w(f) - w]o(wa)]l(w(f) ~ wiw(f - wzw(f = E(f(wz —w?) (D3)

Substituting (D3) into (D2), we have

1 (X 0
Ip ==0F f H(x —xDdx' f wfo(wq) exp[—Lerw?®(x — x)] dw
2 0 0 (D4)

xf w?], (@) exp(—Lew?y’) dw
0

The integrations over w and @ can be explicitly expressed and hence the above equation can be

written by

(DS)

F (M H(x—x") [ x+x'((%-1) 4y
F

= exp|—
16Lep ), (x—xx'"? Pl  4err G — 1)

which gives the simplified expression of I in the form of single-fold integration and is valid for
small (.
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To derive the simplified expression of I,, we noted that the sum of I and I, gives the

integration over the whole domain,

Io+1p = f f HG - 1) f o (@d")o(@0) expl—Lepa?(x — x)]dw

0 0 o 0 (D6)

x f 2o (@)1 (@) exp(—Lepw?y )dw {'dl'dy’
0

This four-fold integral can be evaluated exactly as follows. By means of the interchangeability of the

integrations over various variables, we can rewrite the integral as

o)

Ip+1p = f H(x — x") exp[—Lerw?*(x — x")] exp(—Lerw?x') dx' f Jo(wddw
0 0

o o (D7)
x | o @dw | wlo@o(@sg
0 0
Integrating (D7) over {' gives
o+ lp = | HO =X exp(-Lesm®x) dy' | @)y (@)do
0 - 0 (D8)
x |6 = w) expl-Lerw? G = XV Jo(wd)do
0
Integrating (D8) over w gives
lo+ 1y = [ HO=x)dx' [ exp(-Lepw’0) o), (@)de (D9)
0 0
Integrating (D9) over y' gives
lop +1p = )(f @?]o(@{)]1 (@) exp[—Lerw? x| dw (D10)
0
Considering (D10) and (D5) together, we have
Io =x f @?Jo(@{)], (@) exp[—Lerw®x] dw
0
(D11)

G (Y HU =X expl_x+x’(€2—1) 4y
16Le3 ), (x—x")x" 4Lepx'(x — x')
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which gives the simplified expression of I, in the form of single-fold integration and is valid only

for small {.

For the flame close to the fuel pool, namely y = x; = 0(e), both integrals Ir and I, are of

order O(e) as readily deduced from (D2) and (D10).

Appendix E. Determination of «,,

In Chuah et al.’s theory, the vortical flow is modelled by a Burgers vortex [3], whose stream
function contains a second-order power function of the radial coordinate. To account for the stronger
vortical flow of firewhirls, Klimenko and Williams proposed a power-law vortex containing a
Burgers vortex core to eliminate the velocity singularity at the axis [18]. In the present study, the
piecewise generalized power-law vortex model, which was proposed and discussed in detail by Yu

and Zhang [20] in their recent theory, was adopted and is written in the form of

s(&)n%, n <1

K E1
netT s (O, =1, ED

|

where n. is the inner core radius, and s(&) is to be determined by conservation laws and boundary
conditions. The exponent a,, > 2 characterizes the flow within the vortex core, and «,, < 2

accounts for the deviation of the vortical flow from the Burgers vortex.

Differentiating (E1) with respect to n and &, we have the velocity components given by

- (apn®™172s(§), n<ne

= _ _ (E2)
{%znﬁ‘“ Ws(En®wT2,  n=n,

. (=s"(nrm, n<ne

g[S @m, (E3)
{—n?“ W2 (En*1, =,

By transforming # and ¥ back to the physical coordinates, we can verify that the velocity field
satisfies the continuity equation [20], indicating that the power-law vortex in the &-n space is

physically reasonable.

36



OCoO~NOUAWNE

Comparing the flame height derived from the far-field similarity solution, Equation (57), to that
from the perturbation solution, Equation (47), we can conclude that the constant A plays the same

role as the exponent of the generalized power-law vortex model, and thus we have

1 n
a,=A= E-f 1l exp <f ﬁdn’) ndn (E4)
0 0

By using the velocity components in (E2) and (E3), we can analytically determine the exponent in

the form of

Ap1
Ui
a, = ay; — (@ — ayy) €Xp <_ . > (ES)
Ay
which is identical to that given by Yu and Zhang [20]. Further determination of the precise value of
a, requires experimental data for velocity measurement of firewhirls, which are currently
unavailable in literature. Klimenko and William suggested 1.33 < a,, < 1.43 according to their

constant-density strong vortex model with a compensating regime.
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Figure 1. Approximate flame shapes at different Lewis numbers. The solid curves represent the
results from Equation (39), which is the exact, implicit solution of flame shape. The dashed curves
represent the results from Equation (44), which the approximate, explicit solution of flame shape.
The dotted curves indicate that the extension of Equation (44) to the region close to liquid pool will
cause physically unrealistic turning points.

40



OCoO~NOUAWNE

N0 Le,~0.8 & Le=0.8
B\, Le=0.9 & Le,=0.9

P

Le,=11 &Le,=11 5
Le=1.2 & Le =1.2

0.0

Figure 2. Effects of equal but non-unity Lewis numbers on the flame shape.
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