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Abstract A downward lightning flash usually starts with a downward leader and an upward connecting
leader followed by an upward return stroke. It is the preceding leader that governs the following return
stroke property. Besides, the return stroke property evolves with height and time. These two aspects,
however, are not well addressed in most existing return stroke models. In this paper, we present a
leader-return stroke consistent model based on the time domain electric field integral equation, which is a
growth and modification of Kumar’s macroscopic model. The model is further extended to simulate the
optical and electromagnetic emissions of a return stroke by introducing a set of equations relating the return
stroke current and conductance to the optical and electromagnetic emissions. With a presumed leader
initiation potential, the model can then simulate the temporal and spatial evolution of the current, charge
transfer, channel size, and conductance of the return stroke, furthermore the optical and electromagnetic
emissions. The model is tested with different leader initiation potentials ranging from �10 to �140 MV,
resulting in different return stroke current peaks ranging from 2.6 to 209 kA with different return stroke speed
peaks ranging from 0.2 to 0.8 speed of light and different optical power peaks ranging from 4.76 to
248MW/m. The larger of the leader initiation potential, the larger of the return stroke current and speed. Both
the return stroke current and speed attenuate exponentially as it propagates upward. All these results are
qualitatively consistent with those reported in the literature.

1. Introduction

The negative cloud-to-ground (�CG) flash is the most studied lightning event, owing to both the fact that it
produces most of the damage attributable to lightning and the fact that it produces the most measurable
optical and electromagnetic signature. A downward�CG usually starts with a downward negatively charged
leader, followed by an upward positively charged return stroke. It may consist 1 to 27 more leader/return
stroke processes, with the peak current of the return stroke ranging from the minimum 2 kA to the maximum
200 kA and an action integral ranging from 0.5 to 500 kA2s and an instantaneous power up to 1011 W [Rakov
and Uman, 2003]. The power gives out in heat and electromagnetic energies, causing damages to lives and
facilities on Earth.

Research of the return stroke can be tracked back to 1750s when Benjamin Franklin invented the lightning
rod. The first observation of the return stroke current was achieved by McCann [1944] in USA with shunts
installed on tall towers. After that, measurements of the return stroke currents on tall towers were also made
in Switzerland [Berger, 1975], Germany [Fuchs et al., 1998], and Brazil [Pinto et al., 2005]. Lin et al. [1980] sum-
marized the properties of typical vertical electric and horizontal magnetic fields of return strokes measured
on ground in the distance of 1–200 km. Optical observations of return strokes included photograph taking,
light intensity, and spectral measurements. The return stroke speed read from photographs taken by the
steak camera was in the range of one third to two thirds speed of the light [Idone and Orville, 1982]. Some
researchers argued that the return stroke speed obtained from the light signal could not be the same to that
of the current propagation [Zhou et al., 2014]. Guo and Krider [1982] evaluated the peak value of light power
of the return stroke in the distance of 5–35 km based on the measurement of optical signals in the wave-
length band of 400–1100 nm.

Numerical modeling of the return stroke can be classified into four types [Rakov and Uman, 1998] or a com-
bination of the 4. The first one is the gas dynamic model, which studies the radial evolution of short lightning
channel segment, showing the change of mass, momentum, and energy, hence the temperature and
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pressure, based on the gas dynamic equations [Plooster, 1970, 1971]. The second one is the electromagnetic
model, which treats the return stroke channel as a lossy electromagnetic antenna [Podgorski and Landt, 1987;
Moini et al., 1997]. The third one is the distributed-circuit model, which treats the return stroke channel as a
transmission line with certain values of resistance, inductance, and capacitance [Gorin and Markin, 1975;
Baum and Baker, 1990; Chen and Du, 2009; Du and Chen, 2010; Du et al., 2012]. The fourth one is the
engineering model, which relates the return stroke current with height and time based on experimental
data and empirical math formulas [Rakov, 1997].

Recent years, Kumar et al. [2008] proposed a macroscopic model for the return stroke, which treats the light-
ning channel as a long arcing discharge and describes the current and electric fields in the channel with the
electromagnetic field integral equations (time domain electric field integral equation (TD-EFIE)) [Raysaha
et al., 2011, 2012; Kumar and Raysaha, 2013]. Given the channel initial condition, the model can simulate
the spatial and temporal evolution of the current, charge transfer, and conductance along the return stroke
channel. In this study, we present a leader-return-stroke coupled macroscopic model, which is a growth and
extension of Kumar’s model with modifications made at several aspects. The model includes two parts: mod-
eling of the return stroke channel (section 2) and that of the light and electromagnetic emission of the return
stroke (section 3). The modeling results and discussions of the results are presented in section 4.

2. Modeling of Return Stroke Channel
2.1. Return Stroke Channel Formation

As shown in Figure 1, a thundercloud usually has a typical three charge layer structure. A �CG usually starts
with a leader process initiated at the lower part of the thundercloud. Subjected to the electric potential pro-
file in and out the thundercloud, the leader usually extends from the initiation point in both upward and
downward directions. This is well known as the bidirectional leader concept for interpretation of a variety
of lightning physical process [Mazur and Ruhnke, 1998; Riousset et al., 2007; Chen et al., 2013]. The downward
part is negatively charged and propagates to ground, while the upward part is positively charged with
branches stretching into the upper part of the thundercloud.

The channel of the downward leader part consists of a thin conductive core surrounded by a corona sheath.
As the downward negative leader (DNL) approaches the ground, the electric field on ground increases. When
the ground electric field is enhanced to the critical electrical field for positive breakdown (EC+), first, a positive
streamer and then a positive upward connecting leader (UCL) appear there. As the UCL and DNL approach to
each other, the electric field in the gap between them increases rapidly. When the electric field in the gap

Figure 1. Illustration of formation of leader-return stroke channel.
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between the DNL and UCL reaches
the critical electric field for nega-
tive breakdown (EC), i.e., the nega-
tive streamer zone in front of the
DNL touches the UCL head, a final
breakdown occurs, and hence, a
return stroke process is initiated.
The return stroke usually starts
with two current waves generated
at the UCL and DNL connecting
point, one moving upward and
the other moving downward
[Wang et al., 2014; Raysaha et al.,
2012]. The downward wave reflects
at the ground and propagates
upward to catch up the previous
upward wave. As the return stroke
current wave propagates upward,

the preexisting leader channel is ionized further, resulting in further changes of channel radius, temperature,
and conductivity. The property of the return stroke basically depends on the preceding leader channel.

2.2. Initial Condition of Return Stroke Channel

The condition of the preceding leader channel just before the return stroke can be taken as the initial condi-
tion of the return stroke. As shown in Figure 2, the leader channel is assumed to originate at an initiation
height Hwith an initiation potential φ0 and extend bidirectionally. The downward portion below the initiation
height is measured H, and the upward portion above the initiation height is measured H0. For the downward
portion, it includes a DNL channel (DDL), a UCL channel (DUL), and a streamer gap (Ds). The ground is conduc-
tive, and its potential is set to zero. Both the DNL and UCL channel are consisted of a thin inner core
surrounded by a corona sheath. The radius of the leader core (r0) is usually in the range of 1–5 mm and that
of corona sheath may be in the range of several to tens of meters. The channel core is expected to expand
after the return stroke onset and reach a few centimeters in radius [Rakov, 1998].

The late stage DNL parameters, as the initial parameters of the return stroke, are based on the leader
propagation model of Xu and Chen [2013]. Based on that model, the leader channel line charge density λL
(z) (negative polarity) and corona sheath radius rS (z) in relation to the leader initiation height (H) and root
potential φ0 (negative polarity) can be simplified as

λL Zð Þ ¼ aλ0 exp �b � zð Þ þ λ0 1� að Þ 1� z=Hð Þ; (1)

rS Zð Þ ¼ λL Zð Þ= 2πε0EC Zð Þ½ �; (2)

λ0 ¼ 0:0226φ0:8590 ; (3)

where λ0 is the leader tip charge density at its last stage just before the attachment, a is a constant of about
0.6, and b is a constant of about 7 ×10�3 m�1 for H < 5000 m and about 5×10�3 m�1for H ≥ 5000 m. EC(z) is
the critical electric field for negative breakdown, which is a function of the altitude above ground as
EC = EC0e

�z/8400.

The length from the DNL tip to the ground when the UCL appears (Ds+) and the length of the streamer gap
(Ds) between DNL and UCL, which is similar to the striking distance, can be estimated as

Dsþ ¼ �φtip=EC0þ; Ds ¼ φtip=EC0; (4)

Figure 2. Illustration of modeling of leader-return stroke channel.

Journal of Geophysical Research: Atmospheres 10.1002/2017JD026490

CAI ET AL. A LEADER-RETURN-STROKE CONSISTENT MODEL 8688



where φtip is the DNL leader tip potential right before the return stroke and EC0+ (about +500 kV/m) and EC0
(about �750 kV/m) are the critical electrical field at ground level for positive and negative polarities, respec-
tively. Assume that the UCL and DNL have the same speed just before the return stroke, the length of UCL can
then be estimated as DUL = (Ds+ � Ds)/2.

The DNL current (IDL) right before the return stroke is based on the model results of Xu and Chen [2013] as

IDL ¼ 0:1314φ0
1:502: (5)

The UCL current (IUL) right before the return stroke is assumed to be a fraction of that of the DNL, say 0.3IDL.
The streamer gap current (IST) right before the return stroke varies from IDL when around the DNL tip down to
IUL when around the UCL tip.

Although the leader electric field value varies significantly over time [Popov, 2003], the value just before the
return stroke is concerned. The longitudinal electrical field in both DNL and UCL channels just before the
return stroke can be related to their leader current as

EDL ¼ Cb=IDL; EUL ¼ Cb=IUL; (6)

where Cb is a constant of about 30,000 W/m based on lab experiments [Raizer, 1991].

The DNL tip potential is estimated as

φtip ¼ φ0 � EDL H� Ds� DULð Þ: (7)

The equivalent channel resistance per unit length of the DNL channel (ZDL), the UCL channel (ZUL), and the
streamer gap channel (ZST), as the initial values of the return stroke channel, are estimated as

ZDL ¼ EDL=IDL; ZUL ¼ EUL=IUL; and ZST ¼ EC0=IST: (8)

2.3. Modeling of Return Stroke Current

The return stroke is supposed to start when UCL and DNL accelerate within the streamer gap, producing a
transient current pulse that propagates bidirectionally (downward and upward from the connection point)
along the channel [Tran and Rakov, 2015]. As the downward one reaches the ground, it reflects and moves
upward to catch up the previous upward one. The current propagation behavior is subjected to the total
longitudinal electrical field in the channel core including the scattered field and the field due to cloud and
leader charges. A time domain electric field integral equation (TD-EFIE) for solving vertical thin-wire structure
electromagnetic problems derived by Miller et al. [1973] is

ẑ � E!A
ẑ; tð Þ � μ0

4π ∫C z!� �
ẑ � ẑ’
R

∂
∂t0

I z0; t0ð Þ

þc
ẑ � R!
R2

∂
∂z0

I z0; t0ð Þ

�c2
ẑ � R!
R3

λ z0; t0ð Þ

2666666664

3777777775
dz0 ¼ I z; tð ÞZ z; tð Þ (9)

The accumulated line charge density (positive polarity) in the channel during the return stroke can be
evaluated based on the continuity equation:

∂
∂z0

I z0; t0ð Þ ¼ � ∂
∂t0

λ z0; t0ð Þ (10)

where μ0 is the permeability, ε0 is the permittivity of free space, I is the current, and Z is the channel resistance
per meter. The z represents the channel element under consideration and z0 the any element along the
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channel. The ẑ is the unit vector for z. The E
!A

is the initial longitudinal electric field in the channel, which
depends on the cloud and leader sheath charge just before the return stroke:

EA zð Þ ¼
EDL z ∈ DDL þ H0

EST z ∈ DS

EUL z ∈ DUL

8><>: (11)

The integral term in equation (9) is known as the scattered field, which is represented with EB hereafter. R
!

is

the vector distance pointing from z0 to z, and t0 = t-R/c is the time delay from z0 to z. The C z!� �
represents the

whole channel H + H0 and its mirror image on ground.

Since the return stroke front is propagating along the previously existing leader channel that is a thin con-
ductive core surrounded by a thick corona sheath with negative charges, parts of the positive charges
accumulated on the core by the return stroke current front will diffuse into the corona sheath to neutralize
the negative charges there. The positive charge diffusing rate depends on the product of the corona
sheath conductivity and radial electric field produced by the positive charges on the core surface.
Assume that the line density of positive charges on the core is λC (z0, t0) and that diffused into the corona
sheath is λS (z0, t0), the radial electric field on the core surface will be λC (z0, t0)/ε0. If we assign the corona
sheath a uniform line conductivity of σS, which is taken as 10 μS/m in this study [Maslowski and Rakov,
2006], then we have

λ z0; t0ð Þ ¼ λC z0; t0ð Þ þ λS z0; t0ð Þ; (12)

∂
∂t0

λC z0; t0ð Þ ¼ � ∂
∂t0

λS z0; t0ð Þ ¼ � σS
ε0

λC z0; t0ð Þ; (13)

rS z0; t0ð Þ ¼ λL z0ð Þ þ λS z0; t0ð Þ½ �= 2πε0EC z0ð Þ½ �: (14)

where rS (z0, t0) represents the changing corona sheath radius derived from equation (2), and for z0 > H it is
supposed to be no larger than rS (H, t0).

2.4. Computing Scheme for the Model
2.4.1. Numerical Solution for the Current
The channel H + H0 ≈ 2H is divided into 2N number of very small spatial element each with a length of Δs. The
evolution time is divided into M number of time step each with an interval of Δt. To achieve good accuracy
and adapt to the speed of light c, the spatial element size Δs is related to the time step Δt by Δs = 2cΔt. From
equation (10), taking the current in element i at time step j as Ii,j, the line density of charges accumulated in
element i at step j is given by

λi; j ¼ λi; j�1 þ Δt
2Δs

Ii�1; j�1 � Iiþ1; j�1
� �

(15)

Similarly, from equations (11)–(13), the numerical solutions for λC (z0, t0), λS (z0, t0) and rS (z0, t0) for element i at
time j are given by

λC;i; j ¼ λC; i; j�1 : e
� σS

ε0
Δt þ Δt

2Δs
Ii�1; j�1 � Iiþ1; j�1
� �

: (16)
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λS;i; j ¼ λS;i; j�1 þ λC; i; j�1 : 1� e�
σS
ε0

Δt
� �

: (17)

rS;i; j ¼ rS;i;0 þ λS;i; j= 2πε0EC;i
� �

: (18)

where λi , 0 = λC , i , 0 = λS , i , 0 = 0, and rS , i , j= rS , N , j, for i > N.

In such, the TD-EFIE equation can be rewritten as

EAi � EBi; j ¼ Ii; jZi; j (19)

Set NUL = DUL/Δs, NST = Ds/Δs, and 2N = (H + H0)/Δs, then

EAi ¼
EDL for i ¼ NUL þ NST e 2N
EST for i ¼ NUL e NUL þ NST

EUL for i ¼ 1 e NUL

8><>: (20)

Taking account of the space integral effect of each element Δs, the integral convergence as well as the charge
diffusing effect, EBi; j can then be written as

EBi; j ¼ Ei; j þ μ0

4π

X2N
u ¼ u0 ¼ 1

u ≠ i

Iu;v � Iu;v�1

Δt
� ln u� ij j þ 0:5

u� ij j � 0:5

� �
þ Iu0;v0 � Iu0;v0�1

Δt
� ln u0 þ i � 0:5

u0 þ i � 1:5

� �
þ Iuþ1;v � Iu�1;v

2Δs
� i � u� 0:5
i � u� 0:5j j � c � ln

u� ij j þ 0:5
u� ij j � 0:5

� �
þ Iu0þ1;v0 � Iu0�1;v0

2Δs
� c � ln u0 þ i � 0:5

u0 þ i � 1:5

� �
� λC;u;v þ αu;vλS;u;w

Δs
� i � u
i � uj j � c

2 � 1

u� ið Þ2 � 0:25

þ λC;u0;v0 þ αu0;v0λS;u0;w0

Δs
� c2 � 1

u0 þ i � 1ð Þ2 � 0:25

266666666666666666666664

377777777777777777777775

¼ Ei; j þ ECi; j (21)

where

v ¼ j � 2 u� ij j; w ¼ j � int
2 u� ij j
αu;v

� �
;

v0 ¼ j � 2 i þ u0 � 1ð Þ; w0 ¼ j � int
2 i þ u0 � 1ð Þ

αu0 ;v0

� �
;

αu;v ¼ u� ij jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u� ið Þ2 þ rS;u;v=Δs

� �2q ; αu0 ;v0 ¼ u0 þ i � 1j jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u0 þ i � 1ð Þ2 þ rS;u0;v0=Δs

� �2q ;

and i is for the element under consideration, u for any other element, and u0 for the mirroring element of u.
The v is for the time retard of the current and charge on the core of the element u, and v0 is for that of the
mirroring element u0. The w is for the time retard of the charge diffused into the corona sheath of the
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element u, and w0 is for that of the mirroring element u0. The αu,v is a coefficient for diffused charges in
corona sheath of the element u at time v. Due to a uniform dIi, j/dz and λi, j are assigned for each element,
the contribution from these two terms to each element itself is zero. The Ei, j represents the scatter field due
to dIi, j/dt in equation (9). It takes a critical role to Ii,j and needs to be treated carefully. By introducing a self-
induction-like parameter Li, j instead of Ei, j, the Ii, j can be solved based on equations (19) and (21) as

Ii; j ¼ Ii; j�1e
�Δt

gi; j Li; j þ gi; j EAi � ECi; j
� �

1� e
�Δt

gi; j Li;j

� �
: (22)

where g = 1/Z is the conductance. L is the self-induction-like parameter of the element under consideration,
which is estimated as

Li; j ¼ μ0

4π ∫
Δs
2

�Δs
2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2i; j þ z2

q dz ¼ μ0

4π
ln
Δs
ri; j

: (23)

where r is the channel core radius which evolves with time. The channel core heating (T—temperature) and
expansion (V—volume and P—pressure) may follow a nonlinear relationship of PV ~ nRT, with the Rmight be
a function of T at high temperature. The core conductivity (σ) depends the product of density (Ne) and mobi-
lity (ve) of electrons. In general, a higher T causes a higher Ne but a lower ve in ionized gas. There are many
studies examining the electric conductivity as a function of the temperature, σ(T), for various gases at high
temperature. Based on computations [Devoto, 1967] and experiments [Riaby et al., 2010], it is found that
the σ increases linearly with T in the range of 6000–10,000°K in partially ionized argon.Morris et al. [1970] have
measured the electric conductivities of hydrogen, nitrogen, and argon at temperatures up to 14,000°K. Their
results also show that the σ is linear in T below 5000°K and has a change in slope at 8000°K above, for all these
gases. Based on above research studies and for the first-order approximation, we take PV ~ T and σ ~ T and
assume that V and Pweight the same against the change of T, then we have V2 ~ σ. For a unit length of chan-
nel, as V = πr2 and g = πr2σ, V2 ~ σ means r6 ~ g. As such, the core radius versus the core conductance can be
approximated as

ri; j
r0

¼ gi; j
g0

� �1
6

: (24)

where g0 is the initial channel conductance which is determined from the Z in equation (8). The r0 is the initial
channel core radius. In this study, r0 = 2.5 mm corresponding to g0 = 2 S/m is referred. Such an approximation
may lead to a slower expansion of r versus g than the reality.
2.4.2. Evolution of the Channel Conductance
For the arcing process within the streamer gap, the evolution of conductance per unit length g(t) and its
numerical solution are based on the Toepler’s spark law as [Kumar et al., 2008]

g tð Þ ¼ ∫t0I � dt
Ct

; gi; j ¼
Xj

j0¼1
Ii; j0 � Δt = Ct: (25)

where Ct is a constant of 0.02 Vs. Streamer gap channel will transfer into a leader channel when its conduc-
tance rises to that of the leader channel.

The variation of conductance per unit length of the leader channel (both DNL and UCL) is based on the first-
order arc function as [Rizk, 1989]:

d
dt

g tð Þ ¼ g∞ Ið Þ � g tð Þ
θ

: (26)
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where g∞(I) is the maximum conductance that can be achieved at a steady current I and θ is a time constant
for g(t) to rise/fall to g∞(I) at steady current condition. Based on model testing results, we propose

θ ¼ θr ¼ 4 e 20μs for current rising stage

θf ¼ 40 e 200μs for current falling stage

(

We also propose

g∞ Ið Þ ¼ I1þα=Ca: (27)

where Ca is a constant of 50,000 W and α is a constant of 0.2–0.4 for cases of large impulsive current (like
return stroke). For cases of small steady current (like leader), Ca = Cb = 30,000 W and α = 1, as equation (6).
For comparison, Hutzler and Hutzler-Barre [1978] in a leader propagation model proposed θr = 30 μs,
θf = 500 μs, and the α = 0.4. The numerical solution of equation (26) for the arc regime is then given by

gi; j ¼ gi; j�1e
�Δt
θ þ g∞ Ii; j�1

� �
1� e

�Δt
θ

� �
: (28)

For easy understanding of the algorithm for modeling of the return stroke current, a flowchart is provided as
in Figure 3.

3. Modeling of Light and Electromagnetic Emissions From Return Stroke
3.1. Electrical and Magnetic Fields From Return Stroke

As shown by Figure 4, with the simulated current, the vertical electric field produced by a return stroke on
ground can be easily estimated as follows [Cooray, 2014]:

EV D; tð Þ ¼

1
2πϵ0

∫
H

0

2� 3 sin α zð Þ2
R3 zð Þ ∫

t

0
I z; τ � R zð Þ

c

� �
dτ dz

þ 1
2πϵ0

∫
H

0

2� 3 sin α zð Þ2
cR2 zð Þ � I z; t � R zð Þ

c

� �
dz

� 1
2πϵ0

∫
H

0

sin α zð Þ2
c2R zð Þ � ∂

∂t
I z; t � R zð Þ

c

� �
dz

26666666664

37777777775
: (29)

Figure 3. Flowchart of the algorithm for modeling of return stroke current.

Journal of Geophysical Research: Atmospheres 10.1002/2017JD026490

CAI ET AL. A LEADER-RETURN-STROKE CONSISTENT MODEL 8693



sin α zð Þ ¼ Dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ z2

p ;

R zð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ z2

p
:

where EV (D, t) is the vertical elec-
tric field at point of P on ground.
D is the distance from observation
point P on ground to the lightning
channel base.

The corresponding numerical
solution is

EV D; jð Þ ¼ Δs
2πϵ0

XN

i¼1

2� 3 sin αi2

R3i

Xj

j0
I i; j0 � Ri

c

� �
þ2� 3 sin αi2

cR2i
I i; j � Ri

c

� �
� sin αi2

c2RiΔt
I i; j � Ri

c

� �
� I i; j � Ri

c
� 1

� �� �

2666666664

3777777775
: (30)

Similarly, the horizontal magnetic field at point P on ground is given by [Cooray, 2014]

Bϕ D; tð Þ ¼ 1
2πϵ0c2

∫
H

0

sin α zð Þ
R2 zð Þ I z; t � R zð Þ

c

� �
þ sin α zð Þ

cR zð Þ
∂
∂t

I z; t � R zð Þ
c

� �
0BBB@

1CCCAdz: (31)

The corresponding numerical solution is

Bϕ D; jð Þ ¼ 1
2πϵ0c2

XN

i¼1

sin αi
R2i

I i; j � Ri
c

� �
þ

sin αi
cRiΔt

I i; j � Ri
c

� �
� I i; j � Ri

c
� 1

� �� �
26664

37775: (32)

3.2. Light Emission From Return Stroke

According to energy conservation law, all energy that consumed by light, thunder, electromagnetic wave,
and heating is from the input electric energy. The input electric power per unit length of channel segment
is given by

Pe z; tð Þ ¼ I z; tð Þ2=g z; tð Þ: (33)

Research studies show that about 10% of the electric power is released by light emission [Guo and Krider,
1983; Quick and Krider, 2013]. We assume that at any moment the power related to the channel heating
and lighting is a fraction (Cl) of the total electric power as ClPe and the lighting power is Pl. As such, the instant
net power for channel heating is ClPe � Pl and the channel accumulated heating energy will be
Wh = ∫(ClPe� Pl)dt. Physically, the light radiation power depends on the volume (or mass: Δm) fraction
of air excited and the level of excitation (temperature: T) during the return stroke, i.e., Pl ~ T Δm

Figure 4. Illustration of calculation of return stroke electromagnetic fields.
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[Ma et al., 2011]. The channel ris-
ing temperature in turn depends
on the accumulated heating
energy and the heated mass,
i.e., Wh ~ (T � T0) Δm, where T0
is the initial gas temperature.
As such, the lighting power
could be supposed to be propor-
tional to the channel accumu-
lated heating energy, i.e., Pl (z,
t) ~ Wh (z, t). Meanwhile, the light
emission may make the channel
cooling down after a certain time
(θl) if the channel accumulated

heating energy keeps no change. As such, the lighting power per unit length of channel can be related
to the total input electric power as

Pl z; tð Þ ¼ 1
θl
∫
t

0
ClPe z; τð Þ � Pl z; τð Þð Þdτ: (34)

where Cl is a numerical constant representing the percentage of the input electric power related to the
channel heating and lighting and θl is a time constant reflecting the channel cooling down rate due to light
emission, which is taken as the same as the θf in this study. The solution of equation (25) is

Pl z; tð Þ ¼ Cl

θl
e�

t
θl∫

t

0
Pe z; τð Þeτ

θl dτ: (35)

Assuming that the light source is isotropic (Figure 5), for a light sensor at point S with an exposure time ΔT
and a channel section view of z ~ z + Δz, the light power at the sensor per unit area is

Pm D; z; tð Þ ¼ 1
ΔTΔz ∫

zþΔz

z ∫
t

t�ΔT

sin α z0ð Þ
4πR z0ð Þ2 Pl z0; τ � R z0ð Þ

c

� �
dτdz0: (36)

Figure 5. Illustration of calculation of return stroke light emissions.

Table 1. Initial Parameters for Leader-Return Stroke Modeling

Symbol Quantity Value

EC0 Critical negative electric field at ground (equation (4)) �750 kV/m
EC0+ Critical positive electric field at ground (equation (4)) +500 kV/m
Cb Leader power constant (equation (6)) 30,000 W/m
Ct Streamer heating up constant (equation (25)) 0.02 Vs
θr Time constant for rising conductance (equation (26)) 5 μs
θf Time constant for falling conductance (equation (26)) 50 μs
Ca Return stroke power constant (equation (27)) 50,000 W/m
α Power index for large current for equation (27) 0.2
Cl Coefficient of energy for lighting (equation (34)) 0.1
θl Time constant for lighting (equation (34)) 50 μs
r0 Initial reference channel radius (equation (24)) 2.5 mm
g0 Initial reference channel conductance (equation (24)) 2 S/m
Δs Channel segment length for computing 2.4 m
Δt Time step interval for computing 4 ns
ϵ0 Free space permittivity (C2/m2/N) 8.86 × 10�12

μ0 Free space permeability (H/m) 4π × 10�7

σS Line conductivity of corona sheath (equation (13)) 10 μS/m
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4. Modeling Results

With the present model and the initial values in Table 1, we have studied the evolution of the current and the
light and electromagnetic emissions of a leader-return stroke with different initiation potentials (φ0). There
are totally 14 cases studied, with φ0 ranges from �10 to �140 MV in an interval of �10 MV.

Table 2 shows the leader parameters (initial values of return stroke channels) corresponding to the 14 cases,
which are calculated with the leader model in section 2.2 and the initial values in Table 1.

The channel height (H + H0) is determined in a way that the return stroke current decays to about zero when it
arrives at the upper end of the channel. The current of UCL is set to 0.3IDL and that of the streamer gap is set
to vary from IDL when at DNL tip down to 0.3IDL when at UCL tip. The streamer resistance shown in the table is
for that when the streamer current equals IDL for reference purpose. As can be seen from the table, the higher
of the initiation potential, the longer of the lightning channel and the streamer gap as well as the UCL, and
the larger of the leader current. With the return stroke model in section 2.3 and the leader parameters in
Table 2, simulations of the return stroke parameters for the 14 cases have been done. Since the property
of return stroke parameters for all the 14 cases are similar to each other, in following, we take the case
φ0 = �50 MV as an example to illustrate details of the property of return stroke parameters.

4.1. Return Stroke Current and Conductance

Shown in Figure 6 are the variations of current, channel conductance, channel core radius, and the charge
accumulation with time and height for the return stroke of case φ0 = �50 MV. The initial channel condition
is the channel length H = 4800 m, UCL length DUL = 14.4 m, streamer gap DST = 62.4 m, DNL current
IDL = 46.8 A, and DNL core radius r0 = 1.44 mm.

As shown in the figure, the initial negative charge (λL in equation (1)) in the leader corona sheath shows first
an increase from the zero when at the ground level to its maximum of about�0.65 mC/mwhen near the con-
necting point (about 77 m high), and then a decrease to about �0.18 mC/m when at 4.8 km high. Similarly,
the positive charge (λ in equation (12)) accumulated along the channel by the return stroke shows first an
increase from the zero when at the ground level to its maximum of about +0.35 mC/m when near the con-
necting point, and then a decrease to about +0.18 mC/mwhen at 4.8 km high. The diffusing current peak also
shows first an increase from the zero when at ground level to its maximum of about 235 A/m when near the
connecting point, and then a decrease to about 17 A/m when at 4.8 km high.

Table 3 is a statistics of the current waveform, return stroke speed, and channel conductance along the chan-
nel for this case. Both the current amplitude and its propagation speed decrease exponentially while the cur-
rent waveform becomes flatter and wider, with the increase of the height. The current peak (Ip) is 60 kA when
near ground and decreases to 9 kA when at 4.8 km high. The return stroke speed (vr), which is measured using

Table 2. The Modeled Later Stage Leader Parameters With Different Cloud Initiation Potentials

Cloud
Potential
φ0 (MV)

Channel
Height
H (m)

Streamer
gap Ds
(m)

UCL
Length
DUL (m)

DNL E-Field
EDL (V/m)

UCL E-Field
EUL (V/m)

DNL
Resistance
ZDL (Ω/m)

UCL

Resistance
ZUL (Ω/m)

Streamer
Resistance
ZST (Ω/m)

DNL
Current
IDL (A)

DNL Core
Radius r0
(mm)

�10 300 9.6 2.4 7,816 23,955 1,721 19,129 179,665 4.17 0.64
�20 1,200 21.6 4.8 2,537 8,458 214 2,385 63,433 11.8 0.91
�30 2,400 36 7.2 1,380 4,600 63.5 705 34,500 21.7 1.12
�40 3,600 48 12 895 2,986 26.7 294 22,396 33.5 1.28
�50 4,800 62.4 14.4 640 2,136 13.6 152 16,018 46.8 1.44
�60 6,000 76.8 16.8 487 1,624 7.9 88 12,180 61.6 1.58
�70 7,200 88.8 21.6 386 1,288 5 55.3 9,663 77.6 1.70
�80 9,000 103.2 24 316 1,054 3.3 37.5 7,907 94.8 1.83
�90 9,600 115.2 28.8 265 883 2.3 26 6,625 113 1.94
�100 12,600 129.6 31.2 226 754 1.7 19 5,655 132.6 2.04
�110 14,400 144 33.6 196 653 1.3 14.2 4,901 153 2.13
�120 16,200 156 38.4 172 573 1 11 4,300 174.4 2.22
�130 18,000 170.4 40.8 152 508 0.78 8.6 3,813 196.7 2.32
�140 19,600 182.4 45.6 137 455 0.62 6.9 3,412 219.8 2.42

Journal of Geophysical Research: Atmospheres 10.1002/2017JD026490

CAI ET AL. A LEADER-RETURN-STROKE CONSISTENT MODEL 8696



the 50% peak of the current wave, is
2.0 × 108 m/s when near ground and
decreases to 1.1 × 108 m/s when at
4.8 km high, which is within the
range of observed return stroke
speed in the literature. The current
waveform has a 10% to 90% rising
time (Tr) of 0.3 μs when near ground
and 4.9 μs when at 4.8 km high.
The full width at half maximum
(FWHM) is 8.5 μs when near ground
and 53.7 μs when at 4.8 km high.
The channel core expands from
the initial 1.4 mm to 2.9 mm in
radius. The amplitude of both the
channel conductance and core
radius decreases exponentially
while their waveform becomes flat-
ter and wider, with the increase of
the height. Especially, Shao et al.
[2012] studied the behavior of
return stroke current based on the
remotely detected electric field
change waveform. Their results
showed that the return stroke cur-
rent traveled in a dispersive and
lossy manner, which are well con-
sistent with the present results.

Figure 7 is an expansion of the
current in Figure 6 but focuses on
the rising front of the current
along the channel below 150 m,
where the attachment process
occurs. As shown in the figure, the
current front first appears at
h = 45.6 m which is the middle of
the streamer gap and then moves
in two directions. One wave moves
upward from h = 45.6 m (middle of
streamer gap) to h = 60 m, then
h = 76.8 m (tip of DNL) and then
h = 91.2 m, with an average speed
of 0.5 speed of light. One wave
moves downward from h = 45.6 m
to 31.2 m, then h = 14.4 m (tip of
UCL) and then h = 0 m, with an aver-

age speed of 0.4 speed of light. As the downward wave reaches the ground, it is reflected to move upward
with a speed of 0.68 speed of light and its amplitude is doubled. Such a two-current wave attachment process
is well consistent with the observations by Wang et al. [2014].

4.2. Electrical and Magnetic Fields From Return Stroke

Figure 8 shows the calculated electrical and magnetic fields at different distances on ground, for the return
stroke of case φ0 = �50 MV. The calculation is based on the current shown in Figure 6 with the model in

Figure 6. The spatial and temporal evolution of the return stroke current,
channel conductance, core radius, the charge deposit, and the return
stroke speed for the return stroke for case φ0 = �50 MV.
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section 3.1. It should be pointed out that there is a little difference in the electromagnetic field calculated
when only the lower half channel H is considered with that when the whole channel H + H0 is considered.
It is noted that at a distance less than 1000 m the waveform of the magnetic field is quite similar to that of
the channel base current. This implies that we may sense the return stroke current with magnetic field
measurements at a close distance. The properties of waveform of modeled electrical and magnetic fields
versus distance are well consistent with those in the literature.

4.3. Light Emissions From Return Stroke

Figure 9 shows the modeled light power per unit channel length (Figure 9, left) and the return stroke speed
based on light power (Figure 9, right) versus the height respectively, for the return stroke of case
φ0 = �50 MV. The calculation is based on the current and conductance shown in Figure 6 with equation (35)
in section 3.2. The light power peak is 99.1 MW/m when at the channel base and decays sharply to 9.6 MW/m
when at 4.8 km high, which are comparable to the estimates of Guo and Krider [1983] and Quick and Krider
[2013]. The return stroke speed here is determined based on the median of the rising front of the light power
waveform, which is very like that determined based on the current waveform as shown in Figure 6. The return
stroke speed has a trend of decreasing as it propagates upward, which is consistent with the observation
results of triggered lightning by Wang et al. [1999].

Figure 10 is an expansion of the rising front of the calculated light power in Figure 9 but focuses on the height
below 150m, where the attachment process is supposed to occur. Similar to the current rising front shown in
Figure 7, the rising front of the light power also starts with 2 light waves. One light wave moves upward from
h = 45.6 m (middle of the streamer gap) to h = 76.8 m (tip of DNL) and then h = 91.2 m, at about 0.5 speed of

light. One light wave moves down-
ward from h = 45.6 m to h = 14.4 m
(tip of UCL) and then h = 0 m (the
ground), at about 0.4 speed of light.
The downward wave reflects at
ground and goes upward at 0.65
speed of light. These results are well
consistent with the observed attach-
ment processes in triggered lightning
discharge by Wang et al. [2014].

Figure 11 shows the modeled light
power detected by a sensor with unit
area at 5 km to the channel base on
ground with different time and space
revolutions, for the return stroke of
case φ0 = �50 MV. The calculation is
based on the light power in Figure 9
with equation (36) in section 3.2. It is
obvious that the light waveform

Table 3. Statistics of Modeled Current and Speed and Channel Conductance for the Return Stroke for Case φ0 =�50 MV

Channel
Altitude z (m)

Rising Front
Tr (μs)

Full Wave Width
FWHM (μs)

Current
Peak Ip (kA)

Return
Speed vr/c

Conduct.
Peak gp (Sm)

Core Peak
Radius rp (mm)

0 0.31 8.49 60.42 - 4.83 2.90
60 0.46 10.91 55.26 0.68 4.78 2.87
600 0.79 25.70 33.90 0.61 3.98 2.80
1200 1.49 31.40 27.09 0.55 3.34 2.72
1800 2.09 34.93 22.74 0.51 2.83 2.65
2400 2.61 37.95 19.25 0.48 2.38 2.57
3000 3.09 41.01 16.25 0.45 1.99 2.50
3600 3.60 44.44 13.59 0.43 1.64 2.42
4200 4.18 48.54 11.21 0.40 1.34 2.34
4800 4.88 53.72 9.08 0.37 1.07 2.25

Figure 7. The rising front of the current along the channel below 150 m
where the attachment occurs, expanded from Figure 6, for case
φ0 = �50 MV.
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Figure 8. The calculated (left) electrical and (right) magnetic fields at different distance on ground, for the return stroke for
case φ0 = �50 MV.

Figure 9. Calculated (left) light power per unit channel length versus time and height, and the (right) return speed based
on the light waveform for the return stroke for case φ0 = �50 MV.
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detected by a sensor varies with the
sensor time and space resolutions.
The longer the exposure time of the
sensor, the wider the light waveform
it detected. And also the longer the
channel segment viewed by the sen-
sor, the wider the light waveform it
detected. These results can well
explain those observed light wave-
forms of return strokes in literature
[Wang et al., 2005; Zhou et al., 2014].

Shown in Figure 12 is a comparison
of the light waveform at a sensor
with an exposure time ΔT = 8 ns
and a channel view Δz = 10 m and
200 m, respectively, with the current

Figure 10. Expansion of the rising front of light power in Figure 9 for the
channel below 150 m where the attachment process occurs, for case
φ0 = �50 MV.

Figure 11. Calculated light power per unit area at a sensor with different exposure times (ΔT) and space views (Δz) at a
distance of D = 5 km on ground, for the return.
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waveform, for the height of
z = 200 m, for case φ0 = �50 MV.
It shows that the rising front of
light waveform is slower than that
of the current, even the exposure
time and the space view of the
sensor are very small. The larger
the space view and exposure
time, the slower the rising front
of the light waveform than that
of the current.

Wang et al. [2005] and Zhou et al.
[2014] compared the current and
optical signal with a high speed
detection system for triggered
lightning discharges. They found
that the rising front of the current
is always faster than that of the
optical signal, which are well con-
sistent with our simulation results.

Table 4 is a summary of the cur-
rent peak (Ip), return stroke speed
(vr), conductance peak (gp), core
radius peak (rp), and light power
density peak (Plp) along the chan-
nel up (z), and the electrical
(Ep100) and magnetic (Bp100) field
peaks at 100 km, for all the 14

cases. The first figure in columns 2–5 and 8 is the value at ground level, and the second one is that at
the upper end of channel H. In overall, the larger the initiation potential φ0 is, the larger the H, Ip, and vr.
For example, φ0 = �10 MV corresponds to H = 300 m, Ip = 2.6 kA, and vr = 0.21c (at channel base), while
φ0 = �140 MV corresponds to H = 19.8 km, Ip = 209 kA, and vr = 0.86c. The case 2.6 kA might be about the
smallest return stroke available in a thunderstorm on Earth, while the case 209 kA might be about the
strongest one. For each case, all the Ip, vr, gp, and Plp show an exponentially deceasing trend with the increase
of the height.

Figure 12. Comparisons of the light waveform of a sensor at exposure time
ΔT = 8 ns and channel view (top) Δz = 200–210 m and (bottom) 200–400 m
respectively, with the current waveform at the channel height z = 200 m,
for the return stroke for case φ0 = �50 MV.

Table 4. Summary of Modeled Return Stroke Parameters Corresponding to Different Cloud Initiation Potentials

φ0 (MV) Ip (kA) vr (3 × 108m/s) gp (Sm) rp (mm) Ep100 (V/m) Bp100 (10
�9 T) Plp (MW/m)

�10 2.6–0.3 0.21–0.00 0.05–0.017 1.35–1.13 0.56 1.9 4.76–0.58
�20 10.2–0.8 0.31–0.04 0.35–0.057 1.87–1.38 2.61 8.7 22.4–1.24
�30 23.8–1.7 0.50–0.15 1.15–0.16 2.28–1.64 7.13 23.8 48.7–2.23
�40 41.8–4.5 0.63–0.26 2.70–0.47 2.63–1.96 15.4 51.3 79.3–5.28
�50 60.4–9.1 0.68–0.37 4.86–1.07 2.90–2.25 24.8 82.7 99.1–9.62
�60 76.1–13.4 0.74–0.44 7.00–1.73 3.08–2.44 33.3 111 128–12.9
�70 94.4–20.2 0.77–0.53 9.70–2.85 3.25–2.65 43.3 144 150–17.9
�80 109.5–23.5 0.80––0.58 12.2–3.52 3.38–2.75 51.8 173 167–19.0
�90 127.3–28.9 0.81–0.60 15.3–4.60 3.51–2.87 61.7 206 185–21.7
�100 142.1–32.7 0.82–0.64 18.1–5.47 3.61–2.96 70.7 234 199–22.8
�110 159.6–38.5 0.84–0.69 21.5–6.78 3.71–3.06 79.8 266 213–25.3
�120 177.0–44.5 0.85–0.71 25.0–8.20 3.81–3.16 88.3 298 227–27.7
�130 191.5–48.9 0.85–0.74 28.0–9.37 3.88–3.23 97.4 324 237–28.7
�140 209.0–55.1 0.86–0.76 31.7–11.0 3.96–3.32 106.7 356 248–30.9
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5. Conclusion and Discussion

Based on the macroscopic model concept of Kumar et al. [2008], a modified electromagnetic-physical model
for first lightning return stroke is proposed. The model is modified in following four aspects.

1. The bidirectional leader concept [Chen et al., 2013] and the attachment process [Tran and Rakov, 2015] are
introduced into themodel. The results of a self-organized downward negative leader (DNL) model [Xu and
Chen, 2013] are applied as the initial state of the return stroke channel. For a given channel root potential
in the cloud, the leader model provides parameters such as the striking distance and the current, longitu-
dual electric field, conductance, charge quantity, and radius of the leader channel just before the return
stroke, which are taken as the initial state of the return stroke channel. Besides, based on the difference
of critical electric field between negative and positive polarities, an upward connecting leader (UCL) cor-
responding to a DNL is defined, and the two-current-wave phenomena (during the attachment process)
at the return stroke starting stage is successfully simulated. It should be mentioned that the two-wave
propagation phenomenon was well analyzed in works of Raysaha et al. [2012], but for cases of lightning
strokes to tall grounded objects. Our works here aims to make the modeling of leader, attachment, and
return stroke process be self-consistent.

2. The evolution mode of channel conductance, which is the most important parameter in the model, is
further modified. Kumar et al. [2008] used the Toepler’s spark law and the first-order arc function for
the channel conductance for the streamer and arcing regimes, respectively. For rising current, they used
equation dg/dt = (g∞ � g)/θr, but for falling current they used equation dg/dt = �g/θf. This means that (i)
the channel conductance increases as the current increases and decreases as the current decreases and
(ii) the conductance is independent of the channel current at its falling stage, no matter it is below or
above the g∞ at the moment. Since both are empirical laws based on spark discharges in laboratory,
modifications of them against lightning are necessary. Based on comparisons of simulated return stroke
currents and those reported in the literature, we propose to use the same equation (26), dg/dt = (g∞� g)/
θ, for both the rising and falling stages of the channel conductance. This means that the conductance will
keep to increase unless it becomes equal or larger than the g∞ at themoment. Besides, we propose to take
the factor α in equation (27) as 1.0 and 0.2 for leader and return stroke channels, respectively. Ranges of
the simulated channel conductance with these modifications are qualitatively reasonable when com-
pared with those in the literature.

3. The evolution of channel core radius versus the channel core conductance is introduced. The lightning
channel core is consisted of high-temperature air plasma. The radius of the channel core depends on
the plasma pressure, temperature, andmass density of the core. In general, the return stroke channel core
may have a nonlinear relationship that PV ~ nRT (where P is pressure, V is volume, T is temperature, and R is
a constant related to specific gases, which might be a function of T when the temperature is very high)
and P may tend to keep balance with the surrounding air. As the first-order approximation, we assume
that the R keeps constant and P and V are equally weighted versus T. The temperature links to the channel
ionization degree and hence the conductivity, while the volume links to the channel core radius. As such,
the channel core radius is related to the channel conductance as shown by equation (24). Such a linear gas
approximation may lead to a slower expansion of the core radius than the reality. Further modification
and testing of the equation (24) are needed.

4. An alternative digitizing and solving approach for the time domain electric field integral equation (TD-
EFIE) is proposed. Since TD-EFIE includes both differential and integral terms and varies with both space
and time, digitizing process of the equation has significant impact on the solution accuracy. A popular
digitizing solution for TD-EFIE is the quadratic space and time interpolation function by Miller et al.
[1973], which can accurately evaluate the dependent variables in TD-EFIE at any point in the spacetime
cone with a mild restriction on the space and time sample density. In the Miller’s function, a singly con-
nected wire structure is divided into a number of segments (i = 1,…,N), each with a space length of Δs
and centered at si. The time domain is also divided into a number of elements (j = 1,…,M), each with a time
interval of Δt and centered at tj. A current Iij is defined for the spacetime point centered at si and tj. The
current distribution within the segment i around time j, Iij (s0, t0) is then determined with the nine-point
quadratic interpolation method in space and time dimensions. To avoid interpolation into the future,
the current at time step j is interpolated backward to time steps j � 1 and j � 2 when (s0 � si)/cΔt < 0.5.
Otherwise, the interpolation in time is from time step j to j + 1 and j � 1. The space interpolation is from
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segment i to i + 1 and i � 1 (see page 31 of Miller et al. [1973]). As such, the self-term of current-time-
derivative (dI/dt)ij for a segment at time j is actually expressed as a complicated function of the current
in the concerned segment at times j, j � 1 and j � 2 as well as that in its neighbor segments. In contrast,
in the present method, we use the conventional digitizing approach that the channel is directly divided
into many small elements, each is assigned with a uniform current along the element. The time step
Δt is strictly related to the space element Δs by Δs = 2cΔt for better accuracy. In particular, both
(dI/dt)ij and Iij terms in the equation are kept as what they are to form a matrix differential equation
like: Lij(dI/dt)ij + ZijIij = EAi � ECij, as shown by equations (19)–(21). The Iij can then be analytically
solved out as a function of (Lij, Zij, E

A
i, and ECij), as shown by equations (22) and (23). With such

special treatments, the computing efficiency is significantly enhanced without losing the accuracy.

Besides, based on the current and conductance outputs of TD-EFIE model, an approach for simulating the
electromagnetic field and optical signal of a return stroke is proposed and tested, as shown by equations (30)–
(32) and equations (33)–(36), respectively. The simulated light waveform versus the current waveform can
well explain the observation results of Wang et al. [1999, 2005, 2014].

Moreover, with above models, simulations of the current and electromagnetic and optical signals of a return
stroke are performed for different initiation potentials in the range of�10 MV to –140 MV, resulting in differ-
ent channel heights (ranging from 300 m to 20 km), current peaks (ranging from 2.6 to 209 kA), return stroke
speed peaks (ranging from 0.2c to 0.8c), and light power peaks (ranging from 4.76 to 248 MW/m). The larger
of the initiation potential, the larger of the channel height, current, return stroke speed, and light power. Both
the current peak and its propagation speed attenuate exponentially as it propagates upward. All these results
are qualitatively and quantitatively consistent with those reported in literature [Guo and Krider, 1983; Quick
and Krider, 2013; Shao et al., 2012; Wang et al., 1999, 2014].
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