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Abstract: Fluid jet polishing is a promising ultra-precision polishing technology which has been successfully used 

in polishing various kinds of precision components. The characterization of the material removal plays an 

important role in deterministic ultra-precision polishing process, which not only helps to better understand its 

material removal characteristics, but is also used to predict the material removal and help to determine the dwell 

time needed at different positions of the workpiece. During the fluid jet polishing process, both vertical and oblique 

polishing modes are often used for different purposes. However, currently published researches about the modeling 

of fluid jet polishing are usually focused on the vertical impinging mode. Relatively few attentions have been paid 

to model the material removal in oblique impinging mode, whose material removal profile is asymmetric. As a 

result, this paper attempts to present a universal three dimensional numerical model (U3DNM) which can be used 

to model the fluid jet polishing process both in vertical and oblique impinging modes. The U3DMN is built based 

on the computational fluid dynamic modelling method. Four groups of simulations and polishing experiments were 

also conducted under various conditions so as to test the feasibility and reliability of this model. The results infer 

that the proposed numerical model is effective and has high robustness under various conditions. The successful 

development of the U3DNM provides a better understanding of the material removal characteristics which shed 

some light for better understanding and analysis of material removal for freeform surfaces which possesses 

continuous variation of curvatures.  
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1. Introduction 

 
Fluid jet polishing (FJP) [1,2], as one of the promising ultra-precision deterministic polishing technology, has 

been successfully used in machining optical lenses, and replication molds made of a variety of difficult-to–

machine-materials [3-6]. In FJP, abrasives and water are mixed adequately by mechanical stirring in a tank, and 

pumped at a low-pressure (normally between 4 bar and 20 bar [7]) to a nozzle as shown in Fig 1(a). The generated 

jet impinges the target surface leading to material removal, as shown in Fig. 1(b) and Fig. 1(c). Compared to 

traditional polishing methods, FJP has many advantages including the ability to polish various freeform surfaces, 

no tool wear during the polishing process, no temperature raise during the polishing process, the ability to generate 

small tool influence functions (TIF) to dramatically reduce the edge effect, and a wide range of material removal 

rates through controlling the polishing parameters. [2,7] 
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Fig. 1 Schematic diagram of fluid jet polishing system. (a) Illustration of the system, (b) vertical jet impingement and its material 

removal shape, and (c) oblique jet impingement and its material removal shape. 

 

  Deterministic polishing process, such as ion beam figuring [8,9], magnetorheological finishing [10,11], bonnet 

polishing [12,13], fluid jet polishing, etc., adopts a highly stabled TIF to move along a designated tool path so as to 

realize deterministic material removal. Its material removal process is represented by the two-dimensional 

convolution between the TIF and the dwell time. Hence, it is vital to build a precision model to compute the TIF. It 

is not only used to predict the surface generation, but also applied to optimize the combination of the polishing 

parameters. In recent years, a number of literatures have been published focused on the modeling of material 

removal characteristics or TIF. Liao et al. [14] built a mathematical model of the dynamic removal functions of ion 

beam figuring. Kordonski and Gorodkin [15] presented a material removal model of both magnetorheological 

finishing and magnetorheological jet finishing based on the principle of conservation of particles momentum in a 

binary suspension. Kim et al. [16], Cheung et al. [17], and Wang et al. [18] demonstrated a TIF model of bonnet 

tool polishing based on the Preston equation [19]. Moreover, a multi-scale theoretical model of bonnet tool 

polishing was also built recently by Cao and Cheung [20], based on the study of contact mechanics, kinematics 

theory and wear mechanism. 

In abrasive waterjet machining, Liu et al. [21] and Anwar et al. [22] built their material removal models based on 

the finite element method, and Axinte et al. [23-25] adopted the mathematical method to model the material 

removal characteristics. However, the fluid pressure in FJP is much lower, leading to much slower abrasive 

velocity, and the material removal is quite different from that of high pressure abrasive waterjet machining. The 

TIF of the FJP was firstly investigated by Fähnle et al. [26] and Booij [2] experimentally at the beginning of the 

development of FJP. Shi et al. [27] established theoretical description for material removal spot shape of FJP in 

vertical impinging mode. However, the model is not tolerably accurate and further investigations are still needed to 

improve the model. Li et al. [28] used the k-ε turbulent model to compute the fluid propagation out of the nozzle. 

Considering that the k-ε turbulent model is not the best suitable model to simulate laminar to turbulent flow 

transitions as observed in FJP, Beaucamp et al. [7] adopted the shear-stress transport k-ω model instead to describe 

the slurry/air interface in the modeling of FJP, and this model was then successfully used to optimize surface 

texture performance down to 1nm arithmetic roughness (Ra) on electroless nickel plated optical dies.  

Cao and Cheung [29] combined the computational dynamic fluid (CFD) model and single particle erosion model 

to describe the material removal characteristics in FJP. Recently, Qi et al. [30] developed a two dimensional CFD 



model to investigate the effect of the machining parameters in ultra-sonic vibration assisted abrasive slurry jet 

machining. However, these models are mostly based on the computed data from the two dimensional CFD model, 

following with revolving data along the central axis to obtain the three dimensional data. They are useful when the 

impinging jet angle to the target surface is 90 degree. Nevertheless, they can hardly be used to model the situation 

when the jet is oblique to the surface. Hu [31] built the three dimensional material removal model of fluid jet 

polishing combining the CFD method and Huang’s [32] erosion model. However, the material removal model in 

oblique impinging mode was not built and discussed. Oblique impinging jet polishing is usually accompanied with 

the vertical impinging jet polishing in the practical polishing process. The former one can help to get better surface 

roughness than the later one. Moreover, the Gaussian-like TIF of the fluid jet polishing is often generated from 

rotating the TIF of oblique jet polishing [28], or superimposing several TIFs of the oblique jet polishing [33]. 

Hence, the modeling of the oblique jet polishing also plays an important role in fluid jet polishing as well as the 

vertical jet polishing. 

This paper presents a universal three dimensional numerical model of fluid jet polishing based on CFD method, 

which can be used to model both vertical jet polishing and oblique jet polishing. Simulations together with 

experimentations are also conducted under various conditions to validate this model. 

 

2. Numerical modeling 

 
2.1 Geometrical modeling 

  Figure 2 shows the geometric models of both vertical and oblique jet impingement. Conic-cylindrical type nozzle 

was used for the polishing process.  Moreover, the detail parameters of the nozzle design have also been shown  

in Fig. 2. Hexahedral mesh built in ICEM CFD software package was adopted to enhance the simulation accuracy 

as shown in Fig. 3. The workpiece material is nickel copper alloy and BK7 glass. The 4000# Silicon Carbide (SiC) 

abrasive with an average diameter of 3.2 μm is used in this simulation. 

 

 

Fig. 2 Geometric models of fluid jet polishing with vertical and oblique impingement. (a) Practical model of vertical jet impingement, 

(b) simplified geometric model of vertical impingement for computational fluid dynamic simulation, (c) practical model of oblique jet 



impingement, and (d) simplified geometric model of oblique impingement for computational fluid dynamic simulation. (α is the 

impinging angle.) 

 

 

Fig. 3 Mesh models. (a) Vertical jet impingement, and (b) oblique jet impingement 

 

2.2 Computational fluid dynamics method 

   

The Eulerian-Lagrangian approach in the FLUENT software package was used to simulate the multiphase flow 

that involves liquid water, air, and abrasive particles. In the simulation, water and air were treated as Eulerian 

phases, while the abrasive particle was treated as Lagrangian phase. Several assumptions were made in this 

simulation process, which are: ⅰ) no abrasion of the nozzle during the polishing process; ⅱ) the abrasive particle is 

assumed to have uniform size and shape; ⅲ) the slurry concentration is constant during the polishing process; ⅳ) 

the particle-particle interaction is neglected. In addition, ductile mode material removal is assumed in the fluid jet 

polishing process even in brittle materials considering the low fluid pressure. 

 

2.2.1 Continuous phase model 

  In FJP, the assumption is made that the fluid flow is incompressible, and operates with constant density and 

temperature conditions. Hence, the incompressible form of the Navier-Stokes equation can be used in such case to 

describe the fluid velocity field [7]: 
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where ρ is the fluid density, v the fluid velocity field, p the fluid pressure, μ the fluid viscosity, and f represents the 

external forces acting on the fluid. 

  For turbulence modeling, the Shear-Stress Transport (SST) based on a blending of the k-ω and k-ε turbulence 

models is used to express the turbulent fluid flow in the inner region of the boundary layer as well as in the outer art 

of the boundary layer for a wide range of the Reynolds number [34]. The superior performance of this model has 

been shown in the earlier studies [7,28,35]. SIMPLE algorithm [36] was employed to solve the pressure-velocity 



coupling. Second-order upwind scheme and second-order central-differencing scheme are used for corrective and 

diffusion terms, respectively. 

 

2.2.2 Discrete phase model 

  In this simulation, particle trajectories were computed using the discrete phase model (DPM) [36,37]. Lagrangian 

particle tracking is performed by considering the fluid forces acting on solid particle. The time variation of the 

particle velocity, vp, is dependent on the forces acting on the particle, which can be expressed as 
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where ρp is the particle density, FD is the drag force per unit particle mass, the second term in Eq. (2) is the gravity 

force and the third term (F) is an additional acceleration forces. The drag force, FD is defined as 
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where dp is the abrasive particle diameter, Re is the relative Reynolds number, which is defined as follows: 
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And CD is the drag coefficient, evaluated using empirical formulation for non-spherical particle(angular), which is 

defined by Haider and Levenspiel [38]. 

  For the computation of the discrete phase, the particle trajectories are numerically solved by stepwise integration 

over discrete time steps of Eq. (2) using stochastic tracking technique [36]. Stochastic tracking includes the effect 

of turbulent velocity fluctuations on the particle trajectories using discrete random walk model [39]. The effect of 

the discrete phase to the continuum phase is considered through adopting the two-way coupling method. Drag force 

is the dominant term in Eq. (2), which strongly depends on the Reynolds number of fluid flow and the difference in 

fluid flow and particle velocity. Other forces, such as gravity force, Brownian force, Saffman’s lift force, pressure 

gradient force, and virtual mass force, are very small as compared to the drag force and thus neglected in this 

modeling study. 

 

2.2.3 Particle rebound velocity model 

  The particle may collide with the wall surface and rebound back to the fluid flow domain when moving in the 

flow system. In this study, the rebound model developed by Grant and Tabakoff [40] is used to determine the 

particle trajectory and rebound velocity after impact [41]. In this model, the normal coefficient en and tangent 

coefficient et are expressed as 

2 30.993 1.76 1.56 0.49ne   = − − −                               (5) 

2 30.988 1.66 2.11 0.67te   = − + −                               (6) 

where θ is the impact angle in radians. 

 

2.3 Erosion method 

 

  In fluid jet polishing, due to the low working pressure, the particle abrasives are dragged by the fluid flow at 



smaller velocities and then impact the target surface as compared with abrasive water jet machining [12].  The 

resulting impact most probably erodes the surfaces made of hard and brittle materials in a ductile regime [29]. This 

erosion phenomenon also appears in many industrial situations, such as oil production and transportation, mineral 

processing and mining, and other slurry handling equipment. Hence, a wide variety of erosion models had been 

proposed in the past few decades. Finnie [42] developed a model at the first time for ductile materials. The model 

shows reasonable agreement with the experimental data for small impingement angle, while a poor agreement for 

large impingement angle. After that, Bitter [43,44] proposed an erosion model including two types of material 

removal: one is due to repeated deformation; the other is cutting wear. This model overcomes the limitations of 

Finnie’s model. An extension of Finnie’s work, the rigid-plastic theory developed by Hutchings et al. [45-47] 

predicted the collision kinematics and crater dimensions for single impacts of square and spherical particles on 

ductile targets. Papini and Spelt [48,49] presented and experimentally verified a rigid-plastic model of the erosion 

of ductile targets by the impact of single angular particles. Oka et al. [50,51] proposed an empirical model which 

can be used to estimate the erosion damage caused by solid particle impact. They claimed that this model can be 

utilized under any impact conditions and for any type of material. Zhang et al. [52] further tested Oka’s model on 

different conditions, and the predicted results had good agreement with the experimental results. 

  In this study, Oka’s model was employed to compute the eroded material, which involves the material properties 

of particle and sample as well as the impact conditions [53]. The erosion damage E(α) [mm3/kg] can be written as 

90( ) ( )E g E =                                      (7) 

where E90 is the erosion rate under normal particle impact, and g(α) denotes the impact angle dependence of the 

normalized erosion. 
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where n1 and n2 are exponents determined by the material hardness and other impact conditions, Hv [GPa] is an 

initial hardness number of the target surface. s1, s2, q1, and q2 are the fitting constants for the particle material. K 

denotes a particle property factor such as particle shape (angularity) and particle hardness, which has no correlation 

among different types of particles and other factors; k1, k2 and k3 are exponent factors, which are affected by other 

parameters, respectively. As for SiC abrasive, k2 can be expressed as [51]: 

   
0.085

2 3.0( )=k Hv                                    (11) 

Table 1 shows the value of the above coefficients and exponents adopted in this study while Table 2 

summarizes the workpiece material properties used in this model. The erosion model was defined through a User 

Defined Function (UDF) in FLUENT software package. In ANSYS FLUENT software environment, the target 

surface erosion rate Rerosion [kg/(m2s)] is defined as [55] 
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where ER [kg/kg] is the erosion ratio, which is defined as the amount of mass loss of the target surface material due 

to particle impacts as divided by the mass of particles impacting; ρw [kg/m3] is the density of the target surface 

material; Aface [m
2] is the area of the cell face at the wall; pm  [kg/s] represents the mass rate of particles impacting 

the cell surface. Hence, the erosion depth ED [m] after the dwell time T [s] can be computed by: 


= erosion

w

R
ED T                                     (14) 

Then ED can be predicted directly in the FLUENT software through defining a custom defined function based on 

Eq. (14). 

 

Table 1 Coefficients in the erosion model [50,51] 

Coefficients k1 k3 s1 s2 q1 q2 

Value -0.05 0.19 0.71 0.14 2.8 -1.00 

 

Table 2 Material properties used in the simulation experiments [54] 

Materials Nickel copper alloy BK7 glass Silicon carbide abrasive 

Density (kg/m3) 9091 2510 3100 

Vicker’s hardness (GPa)* 1.363 6.166 27.445 

*Tested by Mitutoyo hardness testing machine. 

 

3. Experimentation 
 

To demonstrate the predictability of the numerical model, and validate its effectiveness, a series of simulation 

and polishing experiments were conducted under different polishing conditions and different materials. 

 

3.1 Experimental setup 

The experiments were conducted on a ZEEKO IRP 200 ultra-precision freeform polishing machine as shown in 

Fig. 4. The machine includes three linear axes (i.e. X-axis, Y-axis and Z-axis), three rotational axes (i.e. A-axis, 

B-axis, C-axis) and one spindle axis, i.e. H-axis. It can perform bonnet polishing and FJP, and has been 

successfully used to polish ultra-precision optical components such as optical moulds, etc. To test its robust 

performance, the simulation model was performed under various kinds of conditions, including different polishing 

conditions, different materials, and different impinging angles. 

 



 

Fig. 4 Photographs of the experimental setup 

 

3.2 Experimental design 

 

Table 3 summarizes the experimental design. There were 4 groups of experiments to be conducted to assess the 

numerical model under different slurry pressure, different tool offsets, different materials, and different impinging 

angles, respectively. Both ductile and brittle materials were tested in this experiment design, which are nickel 

copper alloy (ductile material) and BK7 glass (brittle material), respectively. In addition, the nozzle diameter used 

in the experiment is 1.4mm, and the polishing slurry is ~5 wt.% silicon carbide mixed with pure water. Three spots 

were generated for each case in the experiment. The dwell time for each spot is 3 minutes. The generated spots 

were measured by a Zygo Nexview 3D optical profilometer. 

 

Table 3 Experimental design under different polishing conditions 

Polishing conditions Impinging angle (°) Workpiece material Tool offset (mm) Slurry pressure (bar) 

G
r
o
u

p
 A

 A1 90 Nickel copper alloy 6 4 

A2 90 Nickel copper alloy 6 6 

A3 90 Nickel copper alloy 6 8 

G
r
o
u

p
 B

 B1 (A3) 90 Nickel copper alloy 6 8 

B2 90 Nickel copper alloy 7 8 

B3 90 Nickel copper alloy 8 8 

G
r
o
u

p
 C

 C1 90 BK7 glass 6 4 

C2 90 BK7 glass 6 6 

C3 90 BK7 glass 6 8 

G
r
o
u

p
 D

 D1(A3) 90 Nickel copper alloy 6 8 

D2 75 Nickel copper alloy 6 8 

D3 60 Nickel copper alloy 6 8 

 

 

 

 

 



4. Results and discussions 
 

4.1 Assessment criteria 

 

 Fig. 5 shows the simulation results of the two selective cases which are vertical impinging (Case A3) and oblique 

impinging (Case D3), respectively. For vertical impinging, the fluid flow uniformly spreads to all directions after 

impinging, leading to rotational symmetric erosion depth distribution. However, the fluid flow motion feature is no 

longer rotational symmetric, which leads to non-rotational symmetric erosion as shown in Fig. 5(d). In order to 

verify the effectiveness of the numerical model, the TIF shape was compared using a surface matching method. In a 

traditional matching method such as ICP (iterative closest point) [56], since the numerical model and the measured 

result have considerable large deviation and the deviation is distributed unevenly in directions, this will cause a 

large rotational matching error which is obviously unacceptable. Thus, the numerical model and the measurement 

data are compared through a matching algorithm based on the Gaussian process and image registration method [57], 

which considers three translational transforms in the registration process, to address the large rotational error issue 

caused by the uneven distributed deviation. As shown in Fig. 6, the matching process was demonstrated based on 

the results of two selective cases as shown in Fig. 5. Two independent 3D contours of the simulation and 

experiment results were matched in one figure, which can present their deviation directly. Moreover, their deviation 

value can be deduced through the subtraction of these two matched data. In this paper, the deviation of them was 

adopted as one of the assessment criteria for this numerical model. In addition, the peak-to-valley (PV) value of the 

TIF was also taken to quantitatively compare the material removal rate between the simulation and experiment 

results.  

 

 



Fig. 5. CFD simulation results of two selective cases: (a) fluid velocity distribution in Case A3, (b) erosion depth distribution on the 

target surface in Case A3, (c) fluid velocity distribution in D3, and (d) erosion depth distribution on the target surface in Case D3. 

 



Fig. 6. TIF shape comparison of the simulation and experiment results through data matching in two selective cases: (a) Case A3, and 

(b) Case D3. 

4.2 Comparison results and discussions 

 

Fig. 7 shows the deviation results of these four groups of experiments, and the corresponding root-mean-square 

value were also calculated and displayed in each sub-figure. The predicted TIFs shape agree reasonably well with 

the measured experimental TIFs under various polishing conditions, including different tool offset, fluid pressure, 

workpiece material and impinging angle. It indicates that the proposed numerical model can be used to adequately 

predict the material removal profile in fluid jet polishing. It is interesting to note that there exists certain deviation 

between the predicted shapes and the experiment results. Theoretically, it may be caused by the assumptions made 

during the numerical computation, including the negligence of the particle-particle interaction, assumption of the 

uniform particle shape, uniform particle size, and non-abrasion of the nozzle, etc. Besides, the initial form error of 

the workpiece, and the stability of the slurry concentration could also attribute to the deviation. As a result, it is not 

surprising to find the deviation between the predicted TIFs and measured TIFs. 

  



 

Fig. 7. Deviation results in the TIF shape comparison of these four groups: (a) group A, (b) group B, (c) group C, and (d) group D.  

 

Fig. 8 shows the comparison of PV between the simulation and experiment results. It turns out that the 

simulation results show a reasonably good agreement with the experiment results. To further describe  

quantitatively the deviation between the simulation and the experimental results, the deviation ratio η defined in the 

Equation (15) has  also been determined for each case. 

100%
SIM EX AVG

SIM

PV PV

PV
 −−
=                                 (15) 

where PVSIM is the PV value of the simulated TIF, PVEX-AVG is the average PV value of the measured TIF. And the 

calculated η of each case has also been shown in Fig. 8. The value of η varies from 2.6% to 42.0%, and the 

average value of η in these 12 cases is 15.6%. The deviation is found to be as good as the results in Cao’s [29] 

model or even smaller. 



 

Fig. 8. Quantitatively comparison of peak-to-valley value of TIFs generated in these four groups: (a) group A, (b) group B, (c) group C, 

and (d) group D.  

 

Besides, the predicted trends in terms of tool offset, fluid pressure, and impinging angle are consistent with the 

experimental results in this study. Hence, it further validates the robustness of the proposed numerical model for 

fluid jet polishing. It is also interesting to note that almost all the PV values of the simulation results are slightly 

larger than the experimental results. The reason may be due to the fact that the particle could become dull or worn 

out in practical polishing process which cause the decrease of its erosion rate, which is not considered in the 

numerical model.  

 

 

5 Conclusions 
 

  To solve the modeling problem of oblique impinging situation in fluid jet polishing, a universal three 

dimensional numerical model was built based on Eulerian-Lagrangian approach combined with Oka’s erosion 

model, which can be used to characterize the material removal both in vertical impinging and oblique impinging 

modes. This model has been validated through the comparison of the simulation and experiment results under 

different fluid pressure, tool offsets, impinging angles, and on both ductile and brittle materials. The results of the 

simulation and experiment were assessed in two aspects, which are the profile of the material removal shape and 

material removal rate, respectively. The assessment results demonstrate the effectiveness of the proposed model 

and high robustness under various conditions. This model can not only help to better understand the material 

removal characteristics in fluid jet polishing, but also can be used to accurately predict the material removal and 

dwell time computation in fluid jet polishing. 
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