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Abstract

A damage characterization approach was developed in this study by exploiting the second
harmonics generated owing to the interaction between incident Lamb waves and a
“breathing” crack. The approach can be expanded to deployment of structural health
monitoring, whereby fatigue cracks in a plate-like structure can be evaluated quantitatively
A dedicated analytical model, in conjunction with the use of a variational pefmsed
method and an elasto-dynamic reciprocity method, was established. Using the model, an
insight into the modulation mechanism of the crack on Lamb wave propagation was achieved,
and the contact acoustic nonlinearity (CAN)-induced second harmonic generation was
interroguted. Two scenarios were considered in which the plate bearing a “breathing” crack

was modelled in two-dimensional and three-dimensional scenarios, respectively, yielding a
guantitative correlation between crack parameters and second harmonic-based itgnlinear
index. Results obtained from the proposed approach were compared with those from finite
element simulation, to observe good coincidence.

1 INTRODUCTION

Amongst currently prevailing structural health monitoring (SHM) methods, e.g. eddy-
current, infrared thermography, and X-ray-based methods, guided waves-based SHM [1, 2] is
deemed one of the most promising candidates owing to its advantageous characteristics
including long range inspection, high sensitivity and low energy consuming. Lamb waves are
a representative type of guided waves, existing in a plata shell-like structure.
Traditionally, most Lamb-waves-based SHM methods [3-5] have been developed based on
discerning and analysing linear changes in wave features (e.g. reflection/transmission, time-
of-flight, mode conversions), whereby the location and severity of damage can be estimated
qualitatively or quantitatively. However experimental observations and analytical studies
have increasingly argued that the sensitivity of those linear wave feature-based methods are
limited, especially when used to detect damage whose sizes are smaller than the wavelength
of the incident waves. This limitation has entailed intensive exploration on the use of
nonlinear wave features based-methods [6-9], which exploit the shift of energy from the
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incident frequency to other frequency bands, e.g. generation of higher order harmonics.

A rich body of literatures has illustrated the source of nonlinearity in the propagating
waves, such as material nonlinearity [10] and contact acoustic nonlinearity (CAN) [11]. With
regard to the material nonlinearity, the requirement for continuous accumulation of
nonlinearity in the waves, i.e. the phase velocities of the fundamental waves and second
harmonic being equivalent with non-zero power flow, impinges limitation on the choice of
the incident waves. Besides, the characteristic that the detected nonlinearity, as an
accumulated featurés caused by the medium between the actuator and sensor implies that
the material nonlinearity can only indicates the presence of damage in the medium and fails
to locate the site of the damage. During long-term service, especially when subjected to
cyclically repeating load, fatigue cracks can be developed in engineering structuresywhe
the effect of CAN from fatigue cracks inclines to dominate the nonlinearity in the
propagating waves.

With the recognition that the CAIN generated owing to the gsence of the “breathing”
crack, Soldove et al. [11] applied a CAhbdel to interpret the influence of a “breathing”
crack on the propagation of waves and consequently the generation of higher-order
harmonics. In this method the crack was defined with a specific material in which a stepwise
change in material stiffness was assumed. Richardson [12] investigated a similar problem by
scrutinizing the behaviour of the interface. These studies, conducted in one-dimensional
scenario, have their merits in providing analytical interpretation for the generation of higher-
order harmonics in a quantitative manner. However, when extended to two-dimensional (2D)
or three-dimensional (3D) scenarios, these methods may show the limitation. In 2D and 3D
scenarios, reflection/transmission of the incident waves inducéet freathing” crack are
accompanied not only by the evanescent modes, but also by the converted modes and
diffracted modes radiated from the crack tips [13]. Another paramount challenge for
achieving an analytical insight into the interpretation of the modulation mechanism of a
“breathing” crack on the propagation of Lamb waves in the 2D and 3D problems originates
from the difficulty in solving the governing equation due to the time-varying boundary
conditions.

Motivated by this, an analytical model dedicated to interpreting the modulation
mechanism of a “breathing” crack on the propagation of waves and the generation of higher-
order harmonics in 2D and 3D scenarios was developed. In this model, the crack when waves
are traversings modelled as a second source for the wave excitation in the medium, and the
crack-induced second source stress (CISS) was investigated and analysed in terms of both
time duration and space distribution. With the CISS, amplitude of the crack-induced second
harmonics can be obtaindsy applying a variant principle-based method and an elasto-
dynamic method in the 2D and 3D cases, respectively, whereby a proposed nonlinearity
index relaed with parameters of the “breathing” crack was constructed to quantitatively
represent the severity of the crack. Results obtained from the proposed model were compared
with those from the finite element method (FEM) simulation, to observe good coincidence.

2 MODULATION MECHANISM OF “BREATHING” CRACK ON WAVESIN 2D
SCENARIO

Considering a twalimensional infinite plate bearing a “breathing” crack, when the crack
closes, compressive and shear stress of Lamb waves are transmitted and no CISS is generated;
when the crack opens during dilation when the waves are traversing., as shown in Fig. 1, the
CISS is induced and thereby waves are partially decoupled. It is the CISS induced by



interaction of the open crack with Lamb waves that generates the reflection and transmission;
and it is such a timdependent feature of the CISS caused by the “breathing” behaviour of

the crack leads to the generation of CAN manifested in the propagating waves, as typified b
the second harmonic.
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Figure 1:Schematic of a two-dimensionalfinite plate bearing a “breathing” crack when the crack is open

During crack opening, the influence of the open crack on the propagation of the waves is
identical to that of a notch with the same geometrical parameters. A modal decomposition
method [14] was employed to obtain the amplitude of each mode generated by the interaction
of the Lamb waves with the open crack. The stress and displacement fields of these modes
form a complete basis that stress and displacement field with any distribution can be
expressed as the superposition of these modes. Thus, the boundary conditions on the crack
surfaces during the crack opening can be expressed as follows
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In the above,N is an index of propagating and non-propagating modes, -dd
indicates the modes propagating opposite to the incident wavandu" denote the stress
and displacement fields induced by tN€ wave mode, respectively. Coefficiet is the
unknown complex magnitude to be correlated with the magnitude of the incident wave which
is denoted byb,.. o™ andu™ are the stress and displacement fields induced by the

incident waves, respectively.

Upon solving Egs. (1(4) using a singular value decomposition method, the magnitude of
each mode can be obtained and therefore the displacement and stress fields at the crack can
be depicted as follows:
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where g% (o) is the stress field at the crack induced by the incident waves and the
reflected waves (transmitted waves). andu, denote the in-plane displacements of points

on the right (transmitted) and left (reflected) stress-free surface of the crack, respectivel
Given the stress field when the crack opens, the CISS which is defined as the deviation of the
stress field induced by the open crack from that in a pristine plate can be yielded as follows:

O_ref _ O_ref (Xg)eiwt _ (O_Cracle . hncU Inc) eiwt. (6)
In the above? ref represents the crack-induced stress field in the reflection.

2.1 Frequency analysis

When the Lamb waves traversing a “breathing” crack, the crack closes and opens
periodically. The crack opens at the moment when the phase of the stress field at the crack

interface turns from compression into tension. This moment is denoteg asand the

duration between two consecutive crack opening is the period of the Lamb waves. Upon the
crack opening, the displacement of the crack surfaces can be expressed by Eq. (5). Setting the

gap between the two crack surfaces as zero gives the moment, dendggd Wwien the
crack closes and the reflection/transmission ceases. The gap can be depicted as:

A:LJI—()%’tclose)_uI()(S’ tclose): 0. (7)

As said earlier, the reflection/transmission of the incident Lamb wave is present during
crack opening or absent otherwise. This phenomenon can be treated as a scenario in which
the crack-induced stress field in an open crack case is modulated by a periodic window
function,as
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where T, is the period of the incident wave. Therefore, the stress field induced by the
“breathing” crack in the reflection, can be obtained as
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Figure 2:(a) Modulating function based on Eq. (8); and (b) Spectrum of #uk-énduced stress field

The corresponding spectrum of the crack-induced stress field can be obtained using the
convolution between the incident wave period funceéhand a window functiorf (t). In
the spectrum, the magnitude of each component can be ascertained. To summarize, the above



process can be illuminated in Fig. 2.

2.2 Analysis of propagating modes generated at the double frequency

In order to achieve an insight into the consequently generated propagating harmonics at
double frequency in the reflection/transmission wave fields, a method based on the
variational principle [15] was employed. In this method, the crack-induced stress field, as
expressed in Eq. (6), was deemed as an additional excitation source to induce wave
reflection/transmission. Knowing the magnitude of the crack-induced stress source at double
frequency, i.e. A, , the CISS can be yielded as

Gref—Z fo _ Azfoaref (Xs)eiZWt — Azfo (GCrack— _hnco- Inc) eiZWI. (10)

In the aboves""?" denotes the crack-induced stress source at double frequency at the
crack surface.

In this study, the 2D infinite plate bearing a crack was deemed as two semi-infirste part
tied together via the continuous boundary at the site of crack, and the CISS with the above
distribution was applied at the boundaries of the two parts left and right to the crack, serving
as an additional excitation source. Using the method based on variational principle, the
generated wave modes can be obtained as follows:
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In the above[b,] is the vector of the magnitude of each wave mode generated by the crack-

induced stress sourcg,=a,; *° andT, =G, “°. u" andu]' denote the in-plane and out-

of-plane displacement fields of tme" mode at the double frequency, respectiv@lyis the
conjugate of the stress field of th€ mode.h is the half-thickness of the plate.

With the accordingly obtained magnitudes of the crack-generated propagating modes, a
dimensionless damage iexiwas proposed, to calibrate the severity of the fatigue crack by
21y, ,2f0 h

- byt (h)
where NI denotes the nonlinearity index, which is the ratio of magnitude of the
displacement induced by the reflected propagatiode at double frequency to the

magnitude of that induced by the incident wavgs(h) andui®(h) are the mode shape

functions for the in-plane displacements at the incident and double frequencies, respectively.
b’ denotes the magnitude of the crack-induced propagating mode at double frequency.

3 MODULATION MECHANISM OF “BREATHING” CRACK ON WAVESIN 3D
SCENARIO

Extending the above model to 3D scenario, a plate with a through-thickness crack was
investigated. The “breathing” behaviour of the crack under the modulation of the incident
waves is similar to that in the 2D scenario, however additional complexity is introduced. For



example, more wave modes, e.g. shear horizontal waves (SH), are induced, and diffraction
radiated from the crack tips also influences the stress fields in the medium [11].

In the model, a point-like force is applied in the symmetric plane ndmthé crack, and
the site of the sensds also in the plane, as shown iigF3(a). Applying the similar analysis
procedures stated in the 2D scenario, the modulation mechanism of a “breathing” crack on
the Lamb waves can be interpreted, whereby the generation of higher-order harmobé&s can
predicted in a quantitative manner.
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Figure 3: (a) Details of the configuration studied; (b) CISS in the plane comjaiva crack

It has been found that the CISS generatedhe crack surfaces the anti-symmetric
counterpart of the stress field induced by the probing Lamb waves. The CISS outside the
crack surfaces in the plane containing the crack is, in principle, zero (except the limited zone
near theips, whose influence can be ignored), as shown in Fig. 3(b). Because the scale of the
crack in this study, measuring half of the wavelength of the incident Lamb waves at its
maximum, can be ignored compared with the distance between the sensors and the crack, the
CISS can be regarded as a point force with the magnitude equivalent to the following
integration of the CISS over the crack surface.

T - CrackSurface_o- dS (13)

The amplitude of the propagating wave mode to be captured by the sensor can bd,acquire
using an elasto-dynamic method [16], as a function of the coordinates of the inspecting
sensors, as follows:
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In the above A’ andk_ denote the amplitude and wavenumber of rifepropagating

symmetric mode of Lamb waves, respectivelydenotes the distance between the sensor and
the crack.H; and H? represent the Hankle function of the zero order and first order

respectivelyV." and 1> have the same definition as in reference [16].

In order to gain an insight into the generation of higher-order harmonics, an
approximation about the duration of the crack opening was proposed. This approximation
was based on the examination of the depending factors for the crack opening displacement
(COD), i.e. the CISS in the crack surfaces and diffractions radiated from thetipsackhe
duration of the crack opening induced by the Cis&e crack surfaces, is consistent with



half period of the CISS, i.e. half period of the incident wales 2 ; and the duration caused

by diffraction radiated from the crack tips can be estimated with the propagation time from
the crack tip to the symmetric plane of the crack,lie,. /21, , leading to the consequence

that total duration can be approximatedlds,. /24, +T,./ 2, whereL is the crack length

and A, denotes the wavelength of the diffracted SH waves. Similar to the 2D scenario, the
modulation functionf (t)can be definedasshown in Fig. 4, and the spectrum of the CISS
can be evaluated as follows:
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Figure 4: (a) Approximated modulation furan; (b) spectrum of the CISS

With the obtained spectrum and the amplitude of the CISS, the displacement field caused
by the CISSatdouble frequency can be predicted by substituting the load in Eq. (15) with the
following:

T2f0 - A2f0 ><erack Surface_o-imds (16)

Similarly, an index, which is related to the parameters of the crack, can be defined to
indicate the nonlinearity manifested in the propagating waves:..

2f
u 0

NI 3P :u"l—fo, (17)
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where uflf" is the CISS-induced displacement at double frequency l@;ﬂdis the

displacement induced by incident waves at incident frequency. It is worth noting that the
waves in the model decay cylindrically away from the source so the signals were
compensated accordingly for beam spreading such that the influence of the decay of the
incident waves can be eliminated, yielding

Nl ignt load — Nl ® x d il (18)
Jd

In the aboved denotes the distance between the source of incident waves and the sensor.



4 VALIDATIONUSING FINITE ELEMENT METHOD

4.1 Validation of the proposed model in 2D scenario

For validation of the proposed model in 2D scenario, an aluminium plate, measuring 8
mm in thickness and 1000 mm in length, was meshed and analysed with
ABAQUS®/EXPLICIT. The properties of the aluminium plate are listed in Table 1.

Density (kg/m) E (GPa) o  C_(m/s) C;(m/s)
2660 718 033 6324 3185

Table 1. Properties of Aluminum Plate

For the discussed crack in the plate thickness, the symmetric propagating mode (S0) was
chosen as the incident wave to make use of its higher sensitivity to this type of crack than an
antisymmetric mode, because itsplane displacement dominates the signal energy. The
incident five-cycle Hanning-windowed sinusoidal tone bursts were produced by applying the
cross-thickness displacement field of pure SO mode at incident frequency. To model the
“breathing” crack in the plate, the stress-free surfaces of the crack were defined as a seam
crack, and a contact-pair interaction between the two crack surfaces was applied.

Applied with the short-time Fourier Transform (STFT) analysis, the time-frequency
spectra of the captured Lamb waves can be obtained.(B)g(Ib representatively show the
spectra when crack depth is 50% and 75% of the plate thickness. From the spectra, each wave
mode can be distinguished and their respective magnitudes can be extracted to calculate the
index using Eq. (13).
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Figure 5: Spectra of the captured signals when ratio of crack dehibkpess is: (a) 50%; and (b) 75%; (c)
nonlinearity inéx against ratio of crack depth to the plate thickriesshe “breathing” crack

The accordingly obtained correlation between the defineekiadd crack parameters was
established as shown in Fig. 5(c), compared with the results obtained from the analytical
method, to observe good coincidence.

4.2 Validation of the proposed model in 3D scenario

Analogousdy, a plate measuring 2mm in thickness, 500mm in length and 600mm in width
was analysed with ABAQUS®/EXPLICIT. The properties of the aluminium plate are
identical to those listed in Table 1. The incident waves and definition for the crack were
identical to that in 2D scenario. In order to make the second harmonics caused by the
“breathing” crack evident, the simulations for each crack length were conducted twice with
the same settings, except for the point force applied to induce the incident waves in one case
was the inverse of that applied in another case. By adding up the recorded signals in both



cases, the component with the incident frequency was eliminated while the component with
double frequency was doubled, as shown in Fig. &gn), (
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Figure 6: (a) Recorded displacement alongxs; (b) spectra of the captured signals; (c) superposition of the
recorded signal in (a); (d) spectra of the superposed signal
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Figure 7: Nonlinarity index (in 3D scenario) against the crack length (normaliagde wavelength of 5

Using the same processing method as that in 2D scenario, the obtained correlation
between the defined iea and crack parameters was established, in Fig. 7, compared with
the results obtained from the analytical method. It is demonstrated from Fig. 5(c) aid Fig.
that the severer a crack is the larger the defined nonlinearity index it will be, and the
diffraction has a significant influence of on the generated nonlinearity. From the monotonous
correlation shown in Fig. 5(c) and Fig. 7, conclusion can be drawn thadi tlean be used to
represent the severity of the crack damage.

5 DISCUSSION AND CONCLUSION

This study proposed a dedicated analytical model to interpret the modulation mechanism
of a “breathing” crack on the propagation of incident Lamb waves, and interrogate the
generation of CAN-induced second harmonics. In this model, the crack was deemed as a
second source for wave excitation, and the CISS inducebeb¥reathing” behaviour was
scrutinised, whereby the spectra of the source for additional wave excitation can be obtained.
In conjunction with a variant principle-based method and an elasto-dynamic method in 2D
and 3D scenario respectively, the displacement field induced by the “breathing” crack at
double frequency can be ascertained. With accordingly obtained results, a nonlinearity index
linked with the crack parameters was proposed to represent the severity of the crack. Results
obtained from the proposed approach were compared with those from FE simulations and
good coincident were observed.
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