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Abstract. The purpose of this paper is to derive filters for an arbitrary open quantum system
driven by a light wave packet prepared in a continuous-mode multiphoton state. A continuous-mode
multiphoton state is a state of a traveling light wave packet that contains a definite number of photons
and is characterized by a temporal (or, equivalently, spectral) profile. After the interaction with the
system, the outgoing light can be monitored by means of homodyne detection or photodetection.
Filters for both measurement schemes are derived in this paper. Unlike the vacuum or the coherent
state case, the annihilation operator of the light field acting on a multiphoton state changes the
state by annihilating a photon, and this makes the traditional filtering techniques inapplicable. To
circumvent this difficulty, we adopt a non-Markovian embedding technique proposed in [J. E. Gough,
M. R. James, and H. I. Nurdin, Quantum Inf. Process., 12 (2013), pp. 1469-1499] for the study
of the single-photon filtering problem. However, the multiphoton nature of the problem addressed
in this paper makes the study much more mathematically involved. Moreover, as demonstrated by
an example—a two-level system driven by a continuous-mode two-photon state—multiphoton filters
can reveal interesting strong nonlinear optical phenomena absent in both the single-photon state case
and the continuous-mode Fock state case.
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1. Introduction. When light impinges on a quantum system, e.g., an atom or
a quantum-mechanical oscillator, partial system information may be carried away by
the outgoing light. The outgoing light can be directed to another quantum system,
thus serving as a (directional) link to facilitate cascade connection [2, 3, 4, 5, 6]. Alter-
natively, the outgoing light may be continuously monitored to produce photocurrent,
on which the state of the quantum system can be conditioned. The stochastic evo-
lution of the conditional system state is commonly called a quantum trajectory. A
quantum filter can be designed to estimate quantum trajectories [2, 7, 8, 9, 10, 11,
12, 13, 14, 15, 16, 17, 18]; this is the basis of quantum-measurement-based feedback
control [15, 16, 19, 20, 21, 22].

In quantum optics, the familiar formalism of quantum filtering considers incident
lights in Gaussian states, including the vacuum state, coherent states, thermal states,
and squeezed states [22, 23, 24]. This is natural as Gaussian states are commonly used
in quantum optics laboratories and have been well studied. With the advent of mod-
ern experimental technology, nowadays non-Gaussian states, such as single-photon
states, multiphoton states, and Schrodinger cat states, can be reliably generated and
manipulated. Therefore, very recently, there is a growing interest in deriving quantum

*Received by the editors May 26, 2015; accepted for publication (in revised form) April 18, 2016;
published electronically June 9, 2016. This research is supported in part by National Natural Science
Foundation of China (NSFC) grants (61374057, 61134008, and 61227902) and Hong Kong RGC grants
(531213 and 15206915). Due to page limitations, several proofs in this paper are omitted; interested
readers may refer to the extended version preprint, arXiv: 1307.7367, 2015. [51].

http://www.siam.org/journals/sicon/54-3/M102309.html

fQian Xuesen Laboratory of Space Technology, China Academy of Space Technology, Beijing
100094, China (songhongting@gxslab.cn).

fCorresponding author. Department of Applied Mathematics, Hong Kong Polytechnic University,
Hong Kong, China (Guofeng.Zhang@polyu.edu.hk).

§ Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100190,
China (zrxi@iss.ac.cn).

1602

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


http://www.siam.org/journals/sicon/54-3/M102309.html
mailto:songhongting@qxslab.cn
mailto:Guofeng.Zhang@polyu.edu.hk
mailto:zrxi@iss.ac.cn

Downloaded 09/23/21 to 158.132.161.52 Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

MULTIPHOTON FILTERING 1603

filters for non-Gaussian states. For example, filters have been derived for quantum
systems driven by light fields prepared in single-photon states or cat states [1, 21, 25].

Single-photon states and multiphoton states are very useful resources in quantum
computing, quantum communication, and quantum cryptography; see [26, 27, 28, 29,
30, 31, 32, 33, 34, 35, 36, 37, 38, 39] and references therein. Roughly speaking, a
continuous-mode n-photon state is a state of a traveling light wave packet containing
exactly n photons that share a common pulse shape superposed on a continuum of
spectral modes. When n = 0, the wave packet is in the vacuum state, whose filtering
equation is well known in the quantum optics community. When n = 1, the wave
packet is in a single-photon state, whose filtering equations have recently been derived
in [1, 25]. When n > 1, for convenience we call the state a multiphoton state.

In this paper, we study the problem of quantum filtering for arbitrary quan-
tum systems driven by continuous-mode multiphoton states. Due to the multiphoton
nature of the problem, it turns out that the derivation of multiphoton filters is very
mathematically involved. For example, if the input is a wave packet containing n pho-
tons, we need a hierarchy of w differential equations to determine an n-photon
filter. When n = 0, namely, the vacuum state case, a single differential equation
is sufficient. When n = 1, namely, the single-photon state case, we need 3 coupled
differential equations. When n = 2, a system of 10 equations is required. Similarly, a
hierarchy of 36 differential equations is required for the case of a 3-photon state, and
so on. Therefore, to present the main ideas clearly, we investigate the 2-photon case
in detail before proceeding to the general n-photon case.

For the 2-photon case, master equations are given in Theorem 3.1 and Corollary
3.2, while quantum filters for homodyne detection are given in Theorem 3.6 and
Corollary 3.7. These results contain those in [1] and [25] for the single-photon case
as special cases. Numerical studies conducted in Examples 2 and 3 show that two-
photon excitation of a two-level system has highly nonlinear optical phenomena, which
are absent in both the single-photon state case and the continuous-mode Fock state
case. For the general n-photon case, quantum filters are given in Theorem 4.4 for
the homodyne detection case. For photodetection, the quantum filter is given in
Theorem 4.6, which reduces to the single-photon filter for photodetection when n = 1
which is studied in [1, 25]. Finally, the multiphoton master equations are given in
Theorem 4.1, which in the Fock state case is actually the master equation (20) in [40]
for continuous-mode Fock states. Therefore, the results presented in this paper are
indeed very general. Due to the multiphoton nature, the mathematical description
of general multiphoton filtering equations are very messy; in fact, the lexicographical
ordering [41] plays an essential role.

The rest of the paper is organized in the following way. Section 2 introduces open
quantum systems and poses the filtering problem. Section 3 focuses on the two-photon
case. Here, we first define two-photon states in subsection 3.1, then present the master
equations in subsection 3.2. In order to derive the two-photon filtering equation, we
define an extended system in subsection 3.3, and derive the filtering equation for this
extended system in subsection 3.4, based on which in subsection 3.5 we derive the
quantum filter for the original system driven by a two-photon state. After the study
of the two-photon filtering problem in section 3, we proceed to the general multi-
photon case in section 4, where we present the general filtering equations for both
the homodyne detection case and the photon-counting case. Section 5 concludes the
paper.

Notation. |0) is the vacuum state of the free field. |n) is the initial state of the
quantum system of interest. R is the set of nonnegative real numbers, Ly(R™,C) is
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the space of Lebesgue measurable and square integrable functions from R+ to C. For
& and & € Lo(RT,C), their inner product is (£1]&2) = fo & (t)&2(t)dt. The norm

of a function 5 € Ly(RT,C) is [|€]| & /(€]€). djx is the Kronecker delta, namely,
djp, = 1if j =k or0 othervvlse ® stands for the tensor product. X* denotes
the complex conjugate of X if X is a complex number or the adjoint operator of X
if X is an operator. The commutator of two operators A and B is defined to be
[A,B] £ AB — BA.

2. Preliminaries. In this section we briefly introduce quantum systems and
pose the multiphoton filtering problem.

2.1. Quantum systems. This subsection gives a very brief introduction to
quantum systems; more details can be found in, e.g., [4, 6, 16, 22, 42, 43, 44].

The model we study is an arbitrary quantum system G driven by a single-channel
light field which can be effectively described by the so-called (S, L, H) language [5, 6].
Here, S is a unitary scattering operator, L is a coupling operator that describes how
the system is coupled to the input field, and the self-adjoint operator H is the initial
system Hamiltonian. S, L, and H are system operators on a separable Hilbert space
Hs where the system states reside. The single-channel light field has an annihilation
operator b(t) and a creation operator b* ( ) Which are operators on a Fock space Hp

(an infinite-dimensional Hilbert space). fo r)dr and B*(¢ fo b*(r)dr are
integrated annihilation and creatlon ﬁeld operators respectlvely The gauge process,
often called counting process, A(t fo b*(7)b(7)dr is also an integrated operator on

the Fock space Hg for the input ﬁeld In thls paper, the input field is canonical, that
is, the nonzero Ito products are

AB(t)dB*(t) = dt,dB(t)dA(t) = dB(t), dA(t)dA(t) = dA(t), dA(t)AB* (t) = dB*(%).

The temporal evolution of the composite system composed of the system and the
field can be described by a unitary operator U(t) on the tensor product Hilbert space
Hs®Hpg, and is given by the the following Hudson—Parthasarathy quantum stochastic
differential equation (QSDE)

AU () = {(S — I)dA(t) + LdB*(t) — L*SdB(t) — (%L*L + iH)dt} U(t), t>0,

with the initial condition U(0) = I (the identity operator) and i = 1/—1.

In the Heisenberg picture, the system operator X at time ¢ is given by X(t) =
Ji(X) 2 U*(t)(X ® I)U(t), which is an operator on Hg ® Hp, and whose temporal
evolution is governed by the following Heisenberg equation of motion,

(2.1)
dje (X) =5t (Loo(X))dt + jr(Lo1(X))dB(t) + ji(L10(X))dB*(t) + ji (L11(X))dA(2),

where the Evans—Parthasarathy superoperators are

1 1
(22)  Loo(X) 2 SL'IX, L]+ S[L, XL —ilX, H], Lou(X) 2 [L", X]S,
(2.3) Lio(X) 2 S*[X, L] = (Lot (X™))", Lu(X) 25 XS - X.

After interaction, the quantum field becomes Bou(t) = U*(t)(I ® B(t))U(t), an op-
erator on Hg ® Hp, whose dynamics are given by the following QSDE,

dBout(t) = je(L)dt + j:(S)dB(2).
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The output field can be monitored. Homodyne detection and photodetection are the
two most commonly used measurement methods in quantum optics. In homodyne
detection, the noise quadrature

Y(t) £ U () @ (B(t) + B*(1)))U(t) = Bout(t) + Biu (¢)
may be measured, while in photodetection (photon counting),
YA(®) £ U (1)(T @ AU ()
is measured. By Ito rules, the observation processes Y () and Y2 (t) satisfy
dY (t) = 7,(S*)dB*(t) + j:(S)dB(t) + j.(L 4+ L*)dt
and
dY 2 (t) = dA(t) + 5:(S*L)AB*(t) + j;(L*S)dB(t) + j:(L* L)dt,

respectively. Moreover, Y (t) and YA(t) obey the so-called self-nondemolition prop-
erty, i.e.,

Y (£),Y(s)] = [Y2(), YA(s) =0, 0<s<t

We denote by %/ (t) and % (t) the commutative von Neumann algebras generated by
{Y(s); 0 <s<t}and {Y(s); 0<s <t} respectively.

2.2. Quantum filtering. Simply speaking, the quantum filtering problem stud-
ied in this paper is about finding a least mean square estimate of system observables
j+(X) based on the past measurement outcome information up to time ¢ for a quantum
system driven by a continuous-mode multiphoton state. In the homodyne detection
case, it is about the computation of the quantum conditional expectation

(2.4) T (X) 2 B3 (X)) (1))

Here, the subscript “n;n” in the expectation notation E is used to indicate that
the input field is in an n-photon state. The exact form of n-photon states and the
notation E,., will be made clear in due course. As introduced in subsection 2.1, &/ (t)
is the commutative von Neumann algebra generated by the observation processes
Y (s), 0 < s <t. The quantum conditional expectation in (2.4) is well-defined due to
the fact that j;(X) satisfies the nondemolition condition [j:(X),Y (s)] = 0 for all s < ¢.
The quantum conditional expectation for the photodetection case can be defined in a
similar manner, specifically,

(2.5) 7 (X) 2 Enn e (X)|24(1)).

Due to the complexity of the multiphoton filtering problem, to better present the
main ideas, we first focus on the two-photon case and conduct a detailed study of
the two-photon filtering problem in section 3. After that we proceed to the general
n-photon case in section 4.

Ezample 1. In this example we demonstrate the above-mentioned (S, L, H) lan-
guage by means of a toy model: a two-level system in a one-way waveguide. Here,
“one-way” means that photons can only propagate along one direction in the waveg-
uide [45, 46]. The state space of the two-level system G is Hs = C? whose basis
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vectors are the ground state |g) = [0 1]7 and the excited state |e) = [1 0]7. System
operators are 2-by-2 matrices of complex numbers, for example, o, = |e){e| — |g){g|,
ot = le){g|, and o_ = |g){e|. In the interaction picture the total Hamiltonian of the
composite system is (h = 1)

Hiotal = %Uz +/ wb* (w)b(w) dw +1\/7/ (01b(w) — o_b"(w)) dw,

in which the first term and second term on the right-hand side are the free Hamilto-
nians of the system and the field, respectively, while the third one is the interaction
Hamiltonian. The detuning w. = 2 — wp, where € is the atomic transition frequency
between the ground state |g) and the excited state |e) and wy is the carrier frequency
of the input light field, b(w) and its adjoint b*(w) are the annihilation operator and
the creation operator of the input field, respectively, and x > 0 is related to the cou-
pling constant between the two-level system G and the field. For this model, in the
Heisenberg picture we have the following expressions at ¢t > t,

(2.6) %b(w,t) = —i[b(w, 1), Hiotal ()] = —iwb(w, t) — \/Za_(t),
2.7) - (t) = —i[o_(t), Hiowal(t)] = —iweo (1) — \/ioz(t) / " b, H)dw.

— 00

Here, t( is the initial time, namely, the time when the system and the field start to
interact. Integrating (2.6) from tg to t yields

(2.8) b(w,t) = e wE0)p(w, to) — \/> / wt=") g (r)dr.

Putting (2.8) back into (2.7) we have

G (t) = — (g +iwe ) o (1) + VroL (Db(D),
where

1 [~
b(t) £ vr e W) p(w, to)dw
m

is the annihilation operator introduced in subsection 2.1. On the other hand, let t;
be the terminal time. Integrating (2.6) from ¢ to t; we have

t
blw,t) = e @Ep(w, t1) — 1/23/ e wlt="g_ (r)dr.
T Ji,

Define the output operator by
bou (t) & ——— e*i“’(t*tl)b(w,tl)dw.

It can be easily shown that the input operator b(t) and the output operator boys(t)
are related by

bout (1) = VKo _(t) + b(t).
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Finally, the following rotations o_(t) —el“<ta_(t), b(t) — e “etb(t), bous (t) — €=t by (1)
yield the final model of interest

(2.9) G- (t) = =50 (1) + Vi (£)b(1),

(2.10) bout (t) = VKo (t) +b(t).

For the model (2.9)—(2.10) we have S = I, L = v/ko_, and H = 0.

Remark 1. It is worth noticing that the model (2.9)—(2.10) can also be used to
describe a two-level atom in free space, as previously studied in [1, 25, 40, 47, 48, 49].

3. Two-photon filtering. In this section we present a detailed study of the
quantum filtering problem for an arbitrary quantum system driven by a two-photon
state. Two-photon states are defined in subsection 3.1, the master equations are
presented in subsection 3.2, and the filtering equations for the homodyne detection
case are derived in subsections 3.3-3.5.

3.1. Two-photon states. Given a function £ € Ly(R™,C), define an operator
BO 2 [~ e o
whose adjoint operator is
(31) 5O [ don o

Given two functions &, & € Lo(RT, C) satisfying [|&1]] = ||é2]| = 1, define single-
photon states |®10) and |®p;) to be

(3:2) [®10) £ B*(€1)[0)  and  |®o1) £ B*(&)|0),
respectively. Then we define a two-photon state

1
VN,

where No = 1+ |(£1]&2)|? is a normalization coefficient. If & = &, then |®1;) is a
continuous-mode two-photon Fock state. Finally, for notational convention, denote
|®oo) = [0).

For these states we have

(3.3) |@11) = B*(&)B*(£2)]0),

(3.4) dB(t)|®oo) =0, dB(t)|P10) = &1(2)|Poo)dt, dB(t)|Po1) = &2(t)|Poo)dt,
&i(t) £a(t)
A v Na
3.2. Master equations. In this subsection we present the master equations for

a quantum system G driven by the two-photon state |®11) defined in (3.3).
For a given system operator X on Hg, define expectations

dB(t)|®11)

| g1 )dt +

| 10)dt.

(3-5) W) £ Ejn[36(X)) = 030l 3t (X)0@rn) ¥ G kymyn = 0,1,
where |n) is the initial state of the system. It can be easily verified that

(3.6) wi ™I (X) = (@M (X)) Y G k,man = 0,1,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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In view of (2.1) and (3.4), if we differentiate w; "' (X), we will get such expressions
w N (X)), w (X)), w M (X)), and wBM(X). Following this logic, in order to
derive the master equation for w; ' (X ), we have to find derivatives of w?!*™"(X)
for all j,k,m,n =0,1.

THEOREM 3.1. The master equation in the Heisenberg picture for the quantum
system G driven by the two-photon input field state |®11) is given by the system of
differential equations

(X)) = WP (Loo (X)),

@ (X)) = )" (Loo (X)) + &1 (£ (Loa (X)),

WO X)) = WP (Loo(X)) 4 &2 (0w ¥ (Lo1 (X)),

71X = w! "0 (Loo (X)) + «sl<t>w2°‘00<£ (X)) + & (D)™ (L10(X))
—|—|§1(t)‘2w50;00(£11(X))’

@y "X = w0 (Loo (X)) + Ea(B)wy ™ (Lo (X)) + &5 ()™ (L10(X)

X))+ Ea(t)ey ™ (Lo (X)) + & (B (L10(X)

GO X) = M (Loo(X)) + = (0 (Lo (X)) + = a0 (Lor (X)),

VN2
(X)) = “’;“<LOO< >>+«sr<t>w30“<ﬁlo< )

Ffl() N (Lo (X)) + F&() O (Lo1 (X))
F‘gl( £)2wy " (L11(X)) + ﬁfl( )& (t)wy 0 (L11(X)),

o H(X) = wfl “(/:00( ) + & (6w (L10(X))
E1(t)wy " (Lor(X)) + —m=a () (Lor (X))

1
VN>

1
VN2
1 1 1
\ & (t)Pwy” O(En(X))Jr mf L& (Bwy " (£11(X)),
& (t)w N Loy (X)) +

oy HX) = wy Ea(t)w, 1 (Lo1 (X))

EOO(X)) \/7 \/7

rfl( Jwr H (L10(X)) + \/j&( Jw “H (L10(X))

I O L1 00) + 16 (OGO (L (X))
P8 0w (L (X >>+Ni2|f<>\2 10902, (X))

with the initial conditions W)™ (X) = (n|X|n)(®;1|Bmn) for all j,k,m,n = 0,1.

1000 01;00 01;16 11500
Moreover, the differential equations for w, " (X), wy (X)), wi (X)), wy (X)),
w 1O(X), and w; N (X)) can be obtamed from the above differential equations by
means of the property (3.6).

Remark 2. The system of equations in Theorem 3.1 can be established directly
by means of (2.1) and (3.4). Alternatively, they can be obtained from the system of
filtering equations by averaging over the environment (to be discussed in subsection

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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3.5). Finally, as will be pointed out in Remark 5, Theorem 3.1 is an immediate
consequence of Theorem 3.3 in subsection 3.3. Thus, the proof of Theorem 3.1 is
omitted.

Remark 3. The first equation in Theorem 3.1 is nothing else but the master
equation when the input state is the vacuum state |0). Moreover, the first, second,
and fourth equations in the theorem are the system of master equations when the
input state is the single-photon state |®1¢), as derived in [1, 25].

Next, we present the master equations in the Schrodinger picture. Define opera-

tors ol imn on Hg via
(3.7) Te[(o!M™™)* X] = wIF™™(X) VY j,k,m,n =0,1.
Clearly, o*™" are reduced system density operators. Given a system operator o on
Hg, deﬁne superoperators
a1l a1 .

Doi(e) = [Se, L*], Dio(e) = [L, 0S"], Dii(e) = SeS™ —e.
The master equation in the Schrodinger picture is given in the following corollary,
which is a direct consequence of Theorem 3.1 and (3.7).

COROLLARY 3.2. The master equation in the Schrodinger picture for the quantum
system G driven by the two-photon input field state |®11) is given by the system of
differential equations

-00;00 —D ( 0000)7

0y 004
5710 = Doo(61%) + & (1 Drof6)"™),
B = Doo(6) + €5 () Drof6)"™),
0" = Doo(0; ") + &1 (1) D100, ™™) + &1 (1) Dox (07°%) + €1 () D (0™,
= Do) + G OD1(£"™) + 6 (OPon ™) + (06 (0P (),
01 = Do) + €5(1)Dao (6" *) + &2 (61D (o) + [E2 (6)Drs (o)
5 = Do (el + \%Nfzsl( DDsole"™) + =G (OProle™).
6" = Doo(01 ™) + f&( t)D1o(0: ") + \/% 5 (D100 ") + &1(8)Dor (0¢™)
Al OPDU () + Z= 6 (OGO (),
6 = Do) + =€ (OProld™) + =& OProle ") + &P (™)
1 1
eI (E) + = (06D (),
é%l;ll DOO( 11; 11) \/%é—l( )Dlo( 11; 01) \/% ( )Dlo( 11; 10)

é- ()DOI( 01; 11)

1 1 10:11 1 2 01;01
+\/7N72 \/]T2£2( )Do1(0; ) + E|§1(t)| (e, )
1

L 1
+E§1(t)§2( D11 (07 ) + Egl( )& D11 (0”0 + E|§2(t)|2 11 (0110,
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and

10;00
O¢

00;10 01;00 00;01 01;10 10;01
( t )*7 Qt _( t )*a Qt _( t )*a
11;00 00;11 11;10 10511 11;01 01;11

O =(e )" o =0 )" o =(o; )"

with the initial conditions
(3.8) """ = (Do @) ) (| Gk, =0,1.

Remark 4. Restricted to the 2-photon Fock state case, i.e., & = &2, the above
master equations reduce to the master equation (41) in [40], while the initial conditions
(3.8) reduce to (42)—(43) in [40]. It is clear that the general 2-photon case is much
more complicated than the 2-photon Fock state case.

Ezxample 2. We illustrate the two-photon master equations derived above by
means of the model (2.9)—(2.10) studied in Example 1. Let the two-level system
G be driven by a wave packet prepared in the two-photon state |®11), as defined in
(3.3). We show that, in this two-photon case, interesting phenomena can be observed
which are absent from both the single-photon case and the two-photon Fock state
case, as previously studied in [1, 25, 40, 47, 50]. Here, we assume x = 1 and the
two-level system is initialized in the ground state |g). For the two-photon input state
|®11), we use Gaussian pulse shapes. Specifically, we choose

(3.9) 6t = (2)'" exn

For the single-photon state |®1g) or |®g1) defined in (3.2), ¢; can be interpreted as the
peak arrival time of the photon, and €2; is the frequency bandwidth. More discussions
on the physical aspect of the model can be found in, e.g., [40, 48, 49, 50]. Let Qtlml
be the solution to the master equations in Corollary 3.2. Then the unconditional
excitation probability (the probability of finding the two-level system in the excited

state |e)) is Pe(t) 2 Tr[o; "M [e)(e]].

The excitation of a two-level system by a light field in a single-photon state has
been studied extensively; e.g., [40, 48, 49, 50]. If the two-level system G is driven by
|®10) with the Gaussian pulse shape in (3.9), it is found in [48] that the largest value,
denoted P2* | of the excitation probability P.(¢) is around 0.8, which is achieved
when t; = 3 and ; = 1.46x (the optimal bandwidth). This value has been confirmed
in [25, 40, 49].

The situation of the excitation of a two-level system by a 2-photon state is much
more complicated than the single-photon case. A two-level system is a nonlinear
system, it can at most absorb or emit one photon at a given time; and the absorption
of one photon by the two-level system may have a drastic effect on the system’s
response to the second coming photon. This nonlinear photon-photon interaction
mediated by a two-level system gives rise to interesting physical phenomena. In what
follows we study this by means of the master equations derived above. We have the
following observations.

(1) If the two peak arrival times ¢; and to are very far away from each other, then
the two photons interact with the two-level system one by one, thus the mediated
photon-photon interaction does not happen. This is similar to the single-photon case
and the maximal excitation probability P.(¢) = 0.805.

(2) When t; =ty = 3 and Q; = Qp = 1.46k, it can be seen from the black solid
line in Figure 1 that P2®* = 0.805, which is consistent with Figure 2(a) in [40]. In

2
—f(t—ti)z), i=1,2.
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£,=t,=3, Q=0,=1.46x

1
t,=t,=3, Q=0,=2.92x
- =-t,=3, £,=5.5, Q=0 =2.92« | |

gy

€,=t,=3, Qj=1.46K, 92=2.92

0 2 4 6 8 10 12

Fic. 1. Ezcitation probability for the model in Example 2.

this case, it appears that one photon is absorbed by the two-level system while the
other one just goes through without interaction. Therefore, this case is similar to the
one-photon case.

(3) When t; =t = 3, and Q; = Qs = 2.92k, it can be seen from the red dotted
line in Figure 1 that P7*** = 0.8796. This cannot occur in the single-photon state case.
It is also interesting to notice that in this case the optimal bandwidth (equivalently,
the ratio of the bandwidth and the decay rate) is ezactly twice of that for the single-
photon case. To the best knowledge of the author, this has never been reported in
the literature.

(4) When t; =ty = 3, Qy = 1.46k, and Qs = 2.92k, as can be seen from the green
dashed line in Figure 1, there is one peak whose value is approximately 0.8556, which
is still bigger than 0.805 for the optimal single-photon case. Clearly, this is caused by
the nonlinear photon-photon interaction mediated by the two-level system.

(5) When Q; = Qg = 2.92k, and t; = 3,3 = 5.5, as shown by the magenta dash-
dotted line in Figure 1, the value of the first peak is around 0.7102 which is even less
than 0.805 for the optimal single-photon case (the black solid line in Figure 1), while
the value of the second peak is only around 0.5. Moreover P, (t) does not drop to zero
after the first peak. This means that the excited two-level system is being affected
by the other photon in the field in its decay process. The authors are not aware
of existing literature that reports such interesting nonlinear atom-photon interaction
phenomena to the mathematical rigor presented here.

We will return to this example later and study its two-photon filters. We will
show that there are many quantum trajectories whose largest excitation probability
can be very close to 1 in all the above scenarios.

3.3. Master equations for an extended system. In this subsection we define
an ancillary, then derive the master equations for the extended system: system plus
field plus ancillary.

Let

(3.10) le11) = [e) ®|e), |ew0) = [e) ®1g), leo1) = |g) ® le), [eoo) = |g) ® |9)
be an orthonormal basis for C*. Define a state |¥) € C* ® Hg ® Hp to be

(3.11) 1) £ agqlenn®in) + aiolernn®io) + aorleo1n®or) + aooleoon®oo),
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where a11, a19, a1, and agg are nonzero complex numbers satisfying the normaliza-
tion condition Z;kzo o |2 = 1.

Now we have an extended system defined on the tensor product space C* @ Hg ®
Hr. We assume that operators defined on C* do not evolve temporally. More specif-
ically, for an arbitrary 4 x 4 complex matrix A on C* and X on Hg, the temporal
evolution of A® X ® I is governed by (I @ U*(t))(A@ X @ )(I®U(t)) = A® j:(X).
The adoption of the auxiliary space C* allows us to define conditional expectations
and derive their filtering equations on the extended space C* ® Hg ® Hp with re-
spect to the superposition state |X). Such conditional expectations in terms of the
orthonormal vectors |e;i) in equation (3.10) help us find the conditional expectations
for the original quantum system G driven by the 2-photon state |®11); cf. (3.25) in the
following. Therefore, careful manipulation on the quantum filters for the extended
system enables us to derive 2-photon filters for the original system G. This is the
so-called non-Markovian embedding method, which has already been used in [1] for
the problem of single-photon filtering.

For an arbitrary 4 x 4 complex matrix A, define superoperators

(312)  Koo(A) 2 A,
(3.13) Ko1(A) = %?7\1/1@61(75)14\811)@01\ + #;E&(t)m@llxeld
+ 220, (#)Aleo) (eoo] + —2&5(t) Aleor) (eool,
@00 [e7s1s}

(3.14) Ki10(A) £ Kor (A%)*,
(3.15) K11(A) £ K10(Ko1(A)).

For these superoperators the following relations hold:
(3.16) Ex[Adt] =Ex[Koo(A)]dt, Ex[A ® dB(t)] = Ex[Ko1(A)]dt,
(3.17) Ex[A®dB*(t)] = Es[K10(A4)]dt, Es[A ® dA(t)] = Ex[K11(A)]de.

The expectation of A®j,(X) with respect to the superposition state |X) is defined
by @ (A® X) £ Ex[A® ji(X)] = (XA ® j;(X)|E). This expectation is normalized,
that is, o,(I @ I) = 1.

THEOREM 3.3. The temporal evolution of the expectation ©i(A ® X) is governed
by the following master equation

(3.18) 0 (A®X) = (G(A® X)),
where the superoperator G(A ® X) is defined as
1
(3.19) GARX)E > Kjk(A) @ Lix(X).
j,k=0
Proof. By (2.1) and (3.16)—(3.17), we have

diy(A® X) =Ex [A® ji(Loo(X))dt] + Ex[A ® ji(Lo1(X))dB(t)]
FEs [A® ji(L10(X))dB* ()] + Ex [A @ j:(L11(X))dA(t)]
= (G(A® X))dt.
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Jjkymn

Remark 5. It can be easily verified that the expectations wy (X), defined in
(3.5), are scaled components of @ (A ® X), that is,

_ @il (emnl © X)

I ® wjk;mn X

vV j,k,m,n=0,1.

As a result, the system of master equations for w/*™"(X) in Theorem 3.1 can be
derived from (3.18) by setting A = |ejx)(€mn| With j,k,m,n =0, 1.

Remark 6. Note that w/*™"(X) can be alternatively rewritten as

gy |?

*
jkamn

(I® Wzkm7l(X))@t(|€11><€11| ®I)= Or(lejr) (emn] ® X) Y 4, k,m,n =0,1.

Interestingly, a similar relation also holds in the filtering problem; cf. (3.25).

3.4. Quantum filter for the extended system. In this subsection, we con-
sider the homodyne detection and present the quantum filter for the extended system
as introduced in the previous subsection.

Define the quantum conditional expectation by

(3.20) 7 (A® X) 2 Ex[A® ji(X)|I @ Z(t)].

THEOREM 3.4. In the case of homodyne detection, the filtering equation for the
conditional expectation 7(A @ X) for the extended system is

(3.21) A7 (A® X) = 7 (G(A® X))dt + Hy (A @ X)dW (t),
in which the superoperator G(A ® X) is that defined in (3.19) and
Hi(A@X) = MA@ X) — (A X)M,(I 1)
with
(3.22) My(A® X) 2 7, (Koo(A) @ (XL 4 L*X) 4 Ko1(A) @ XS + K10(A) ® S*X).
Moreover, the stochastic process W(t), which satisfies the following Ito equation
dW(t) = I @ dY (t) — M,(I ® I)dt,

is a Wiener process with respect to the state |3).

Proof. We use the characteristic function method by postulating the filter to be
of the form

(3.23) A7 (A® X) = Fo(A® X)dt + He(A® X)I @ dY (¢),

where Fy(A ® X) and H,;(A ® X) are to be determined. For an arbitrary function
f € Ly(R*,C), define a random process cf(t) via cp(t) £ efo 7)Y () =5 [ f*(s)ds
Clearly ¢;(0) = 1. Moreover, c;(t) satisfies dey(t) = f(t)cp(t)dY (t). Thus I ® cs(t)
is adapted to I ® #/(t). By a property of conditional expectations, we have

(3.24) Es[(A® j (X)) @ ¢ (t))] = Eslm (A ® X)(I @ cp(t))]-
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Differentiating both sides of (3.24) and by means of properties of conditional expec-
tations, we find

dEs[A ® ji(X)cr(t)] = Es [(I@ cr(t) 7 (G(A® X))+ (I f(t)ey(t)) My(A® X)} dt
and

dEx[fe(A® X)(I @ ¢s(1))] = Eg [(I @) {F(A® X) + Ho(A® X)M (I @ )}
+I@ft)er)){F(A@X)M(IST) + 7:[t(A®X)}]dt.

Comparing the coefficients of ¢y (t) and f(t)cy(t), respectively, we find the exact forms
of Fi(A® X) and H;(A ® X). Putting them back into (3.23) yields the filter (3.21).
We now prove the martingale property Ex[W (t) — W(s)|I @ % (s)] = 0 for all

0 < s <t. This is equivalent to proving that Ex[(W (¢) — W(s))(I ® K)] = 0 for all
K € %(s),0 < s <t. Obviously,

Ex[(W(t) = W(s)(I ® K)]
=Es[I® (Y(t)-Y(s)(I® K)] — Ex [/ M,(I®I)dr(I ® K)]
=Es[I® (Y (t) —Y(s))(I ® K)]

—Es [/t 7 (Koo (1) ® (L + L) + Ko1 (1) @ S + K1o(I) ® %) dr(I © K)]
=0.

Finally, since dW (¢)dW (t) = dt, Levy’s theorem implies that W(t) is a Wiener
process. 0

Remark 7. Due to the martingale property of the innovations process W(t), if we
take the expected value of (3.21), we can recover the master equation (3.18).

3.5. Two-photon quantum filter. In this subsection, we derive the quantum
filter for the original quantum system G driven by the two-photon state |®11) defined
in (3.3).

Define implicitly the conditional expectations 7™ (X), j, k,m,n = 0, 1, for the
original system G via

a1 |?

(3.25) (I® Wfk;mn(X))th(\en)(ﬁﬂ ®I)= o 7e(lejn) (emn| ® X),

jk@mn

where T:(A ® X) is the conditional expectation for the extended system, as defined
in (3.20). Clearly, 73"™™(X) = (1| X|n)(® ;x| ®pmn), and

N = (MTNX))T Y Gk mn = 0,1

Equation (3.25) is very important in the derivation of the two-photon quantum
filter, since it establishes a relationship between the conditional expectations of the
extended system and the original system. And 7Ttl L (X) defined in this way is exactly
the quantum conditional expectation for the two-photon field state |®11) as shown by
the following lemma. Therefore we can get the desired two-photon quantum filter by

means of the filtering equations for the extended system, Theorem 3.6.
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LEMMA 3.5. For all K € % (t),

(3.26) Eyy0 [7175 N (X) K] = Bjremn [t (X)K] Y j,k,m,n =0, 1.

In particular,

Ell;ll[ﬂ—tll;ll(X)K] = B [Jo(X) K]

That is, ﬂ'gl;ll(X) is exactly the quantum conditional expectation for the two-photon
field state |®11), namely, 75" (X) = By [5:(X)| 2 (1)].

In what follows we derive the quantum filtering equations for the quantum con-

ditional expectation 7rt1 1;11(X ). To present the results clearly, we define the superop-

erators M7"™(X) (j,k,m,n = 0,1) for an arbitrary system operator X as follows:

(3.27)  M7F™M(X)
L IR (XL 4 LX) + 6m10n0f1 ()T H (X S) + Gpmobni&a(t)mF00(X S)

mn * * mn * 5m 5n 1k
+0510k065 ()T (S*X) + 6500013 (1) 0 (S X) + et & ()]0 (X S)
VN2
Om10n1 %10 0;j10k1 01;mn 0510k1 105mn
Hm! "X S) + w8 X)) + == (), (S X).
mgQ()t ( ) mgl()t ( ) m&Q()t ( )

THEOREM 3.6. In the case of homodyne detection, the quantum filter for the quan-
tum system G driven by the 2-photon state |®11) is given by the following system of
Tto differential equations:

Ar (X)) = (7Y (Loo (X)) () (Lo1 (X)) () 1 (Lor (X))

n \/%51 " %@&
GO (L)) + = (O (LX)
Pl @PR (L0 (X0) + 6P (L (X))
G OGO L0 (0) + 16 O (L0 (X) | de

MO0 R OOMI )| aw (),
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where

dmy " (X) = " (Loo (X)) + [MEO;‘”(X) - w?O;O‘)(X)ME““Uﬂ AW (@),
Ari(8) = [ o (3)) + (0 (Lon (X))

o) - o con | aw o,
AR () = [0 (Con (X)) + E20)m0 (Con (X))

MO ) = O M )| aw ),

dr %10 x) = _él(t)ﬂtm 0Ly (X)) + & ()T (L10(X)) + [€2(8) 2720 (£11(X))

_"_ﬂ_élo IO(EOO(X)):| dt + |:Mt10;10(X)) _ Wg.O;lO(X)Mtll;ll(I) dW(t),

drl00(X) = _52( £ %% (Lo (X)) 4 & ()P0 (L10(X)) 4 &5 (1)E ()T (£11 (X))
ol 01(£00(X))- i + -MtIO;Ol(X) _ W%O;OI(X)MELH(I)- AW (1),

dﬂ?1;01(X) = -£2(t)ﬂ-?1 OO(E(H(X)) +£§‘(t)7r,?0‘01(£10( X)) + |&0t)Pw OO;OO(ﬁu(X))

+7I'?1 Ol(EOO(X)) dt+ Mfl;ol(X) - TrtOl;Ol(X)Mtll;ll(I) dW(t),

a1 () = | A (1m0 (200 (X)) +

\/7
+7T?O II(EOO(X))] dt + |:Mt00;11(X) _71_?0;11<X)Mt11;11(1):| dW(t),

E1(t)m " (Lot (X)) + —m=Ea(t)m " (Lo1 (X))

am* 00 = [

+& ()m (L10(X)) +

F
W\fl( )P (L (X))

OGO (En(0) + 7" (X)) a

+[aeo - wi"%ll(X)le;ll(I)] aw (o),

dm S (X) = | =6 (O (Lo (X)) + = (00 (Lo (X))

\/7
\/7]\7251( )fz( ) P Ol(ﬁll(X))

O AL (X0) + 7 oo )

R
+& )T M (L10(X)) +
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and

mO0(X) = (rf10(X)), X = (PO, w00 = (T (X))
01;10 10;01 *\) * 11;01 01;11 *\ ) * 11;10 10;11 *\) *
AP0 = (O () ) = (@) w00 = (0 ()

with the initial conditions 73" (X) = (| X|n){(®;x|®mn) for all j,k,m,n = 0,1.
Moreover, the innovation process W (t), defined by dW (t) = dY (t) — M} (1)dt, s
a Wiener process with respect to the two-photon state |®11).

The proof is given in Appendix A.

In what follows we present the stochastic master equations in the Schrodinger

picture. Define conditional density operators p!™™" on Hg @ Hp in terms of

(3.28) mIFm ) = Te[(pfB" Y (I @ X)) Y 4, k,m,n =0,1.
Moreover, define superoperators S7*™"(p), j, k,m,n = 0,1, as follows:

Sgk,mn(p) A Lp{k;mn +,0]k an* +§m15n0€>1k(t) jk;OOS* +§m05n1€2( ) ]k:OOS

mn mn m 571 *
+0,10k061(£)S Py ™™ 4 800k1E(t) S P —er ()]s

TN
6m15n1 jk;10 5j15k1 01;mn 6]15]61 10;mn
& TRNS* 1 g (4)Sp, T == 6 (1) S, T
R ()] e ()5 + L 6 (1))

COROLLARY 3.7. In the case of homodyne detection, the stochastic master equa-
tions for conditional densities p] kimn of the quantum system G driven by the two-
photon state |®11) are

ap}™ = Doolpy™™) + ——&1 ((D1o(py" (Do} )

1 1
VN HUm
&P () + =P (1) + I (O Pua ()

1
A
a6 P! + € 060D (1)

+NL2|52( )2D1 (o1 10)} dt + {S” "(p) pil;“Tr[St”;U(P)]}tha
where
dng;OO :DO ( 00; 00)dt—|— |:SOO 00( )_ 00; OOrI\r[Sll 11( )]:| dV_Vt,
A0 = [Dan(pf) 4 5 OPUA)| -+ [S105) = IS )]

A = Do) + GOPUA™)| -+ [0 5) = S )] v
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At = [Danlpl*1) + € OPi (A1) + 6 (OPon ) + I (0D (o)

+ S}flO;lO(p) _ plO 10T [Sll ll(p)] th’

dp, " = | Doo(pi ) + & () D1o(pi ) + &1()Dor (") + &1 ()€ (1) D1 (9, 00)] dt

|81 (p) = OO TS )] | W,

A = Do) + GOPi() + EOPor ™) + 2D (o)

+| SV o) = OIS ()] | AW,

. 1 1
A = Do) + = OD1E™) + G OP ) a
+[00) — A )| am

1 1
d 10 11 |:D00( 10; 11)+ﬁ€1( )Dlo(p%O()l)'f'\/iNjg;(t)DlO( 10; 10)

60 (6o (M) + —— (6 (£) 2Dy (22001 +

VN2
+|:Stlo;1l(p)) pio 11Tr[8tll;1l(p)]:| th’

1 1
+ 608 (0P (o Oﬂdt

A = D) + 1 ODl ) + V}@mwwi}“@)

6 (Do (62 + €5 (1)) Dy (10) + (8) Dy (52" 10)}%

AL
+ [ ) - S )

\/7|§2

and
10;00 00;10 01;00 00;01 01;10 10;01
Pt = (Pt )*7 Py = (Pt ) Py = (Pt )"
11;00 00;11 11;10 10;11 11;01 01;11
Py = (Pt )*u Py = (Pt )*7 Py = (p )

where the innovation process Wy is defined as AW, = dY (t) — Tr[S} "' (p)]dt. The
initial conditions are pi*™™(0) = (B |®;1)|0) (0| for all j, k,m,n =0,1.

Remark 8. Corollary 3.7 is an immediate consequence of Theorem 3.6 and (3.28).

Ezxample 3. We continue to study the system in Examples 1 and 2 by looking at
its 2-photon filter. Here, we wish to calculate the conditional excitation probability
(namely, the conditional excited state population) under homodyne detection, which
can be expressed as P¢(t) 2 Tr[p; " |e) (e]], where p; ! is the solution to the filtering
equations in Corollary 3.7. Individual trajectories PS(¢) are plotted in Figures 2—4.
For comparison, we also plotted P, (¢) for the master equations in red solid lines. It can
be seen clearly that in all three cases, many quantum trajectories can have maximal
excitation probability very close to 1, namely, the unit probability.
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FiG. 2. The conditional excitation probability of 2-photon filtering for the case when t1 = t2 =3
and Q1 = Q2 = 1.46k. The horizontal azis is time, while the vertical axis is excitation probability.
The red solid line is the unconditional excitation probability Pe(t) as calculated by the master equation
in Corollary 3.2. The blue lines are individual trajectories of conditional excitation probabilities
PE(t).

Fi1c. 3. The conditional excitation probability of 2-photon filtering for the case when t1 =t = 3
and Q1 = Qo = 2.92k. The axes and lines are the same as in Figure 2.

Fic. 4. The conditional excitation probability of 2-photon filtering for the case when t; = 3,
to = 5.5, and Q1 = Q2 = 2.92k. The azes and lines are the same as in Figure 2.

4. Multiphoton filtering. In this section, we derive filtering equations for an
arbitrary quantum system driven by a wave packet in an n-photon state. We follow
the logic as carried out in section 3. That is, we first derive a filtering equation for
an extended system, then present filtering equations for the original system. Multi-
photon states are defined in subsection 4.1. The master equation is presented in
subsection 4.2. Filters in the homodyne detection case are given in subsection 4.3,
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and filters in the photon counting case are presented in subsection 4.4.

It is worth noting that the notations used in the multiphoton context are slightly
different from the 2-photon case, and the following notations turn out very convenient
and useful in the derivation of the multiphoton filter. Define a set n = {1,2,...,n}.
It is implicitly assumed that the elements in each subset of n are ordered from the
smallest to the largest. Moreover, given a set R C 7 and an integer x4 € 7 but not in
R, namely, 1 € n\ R, define a new (ordered) subset Ry = RU {u} of 7.

4.1. Multiphoton states. The continuous-mode n-photon state is defined as

(4.1) |0") £ —~=T1}_, B"(§;)|0),

F
where the superscript n indicates the number of photons, N,, is the normalization
coefficient, and B*(§;) fo & (t)b*(t)dt is defined in (3.1). This state is completely

determined by the set M,, & {51,52, ...,&n} of n functions in Ly(R*,C). Tt is worth
noting that we distinguish functions in terms of their subscript indices; thus, two
(possibly identical) functions with different subscript indices are regarded as different
functions. For simplicity, we assume all the functions & are normalized, that is,
€]l =1 for all k = 1,...,n. However, these functions are not necessarily orthogonal
to each other. If all the fl (i =1,...,n) are equal to &, the n-photon state defined in
(4.1) reduces to a continuous- mode n-photon Fock state:

n\ A 1 * n
(4.2) ™) \/H(B (£))"10).

4.2. Multiphoton master equation. In this subsection, we present the master
equation of the quantum system G driven by an input field initialized in an n-photon
state as defined in (4.1).

For an arbitrary system operator X on the Hilbert space Hg, define its expec-
tation with respect to the n-photon state |®") by w;"™"(X) £ (n®"|j:(X)|nd") =
E,.n[je(X)]. Geometrically, w,”"(X) indicates that, at each time instant ¢, how much
information of j;(X) is contained in the projection space [n®™)(n®™|.

In what follows we derive the master equation for w;""(X). In analogy to (3.4)
for the 2-photon state case, the field operator dB(¢) acting on the n-photon state
|®™) generates n states, each having n — 1 photons. Similarly, dB(t) acting on an
(n — 1)-photon state produces n — 1 states, each of which has n — 2 photons, and so
on; cf. Figure 5. As a result, to derive the master equation for w;""(X), we have to
define the general (n — k)-photon states, k = 1,2,...,n. Moreover, for each k, due
to the different choices of the functions in the set M,,, there are C¥ different (n — k)-
photon states. To efficiently distinguish between them, we adopt the symbol |®}~ ky,
where the superscript n — k indicates the number of photons, while the subscript
re 2 {rM @)Y € @ indicates the set of functions M, \ {&,), & @), - -+, i }-
Explicitly, the state [®7 ) is defined as |7 ~F) £ \/#HMWB*(&)\OL where N2 —F

Tk

is the corresponding normalization coefficient. In particular, if £ = n, then rp = n.
That is, [®Y ) = |0) is the vacuum state; cf. the bottom level of the diagram in
Figure 5. When k =n—1, |<I>,,n ,) is a single-photon state. Because all { are assumed
to be normalized, ernﬂ = 1. There are C"~! = n such single-photon states which
occupy the top-to-bottom level of the diagram in Figure 5. Finally, for notation’s
convenience, when k = 0, we denote 79 = () (the empty set), and correspondingly,
|®7 ) = [®"), which resides on the top level of the diagram in Figure 5.
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n om) 10™)= 3= [T B (GD10)
dB(t) |
‘L ‘1' l' & )=——TTser, B* (110}
n-1 [®7~1) [®31) P e
T
dB(t) | ‘i’ dB(t) |
o |03 )=——TTser, B* (5110}
n-2 |o752) [o772) | e | 10R?) w19 ) N2
H H H H H H
v v v v v v
dB(t) | dB(t) |
0 |®O) |D°) |®0) |0y |%)=|0)

Fi1G. 5. The hierarchical structure of the operation of dB(t) on photon states. The left column
indicates the number of photons contained in each state on each level. The right column is the
general expression of photon states on each level. The column in the middle shows how dB(t) acts
on various photon states downward, whose “zoom-in” version is given in Figure 6.

As illustrated in Figure 6, for the general state |7 %), we find

Nn;k—l
@y apwer) = Y Vg e k=01,
neEry \/Nﬁ:

with {1, ;@ ... i} = 7\ . Finally, when k = n, rj, = n, [®% ) = |0), and
thus dB(t)|®? ) = dB(t)|0) = 0 which serves as the terminal condition.

As discussed above, to derive the master equation for the quantity w;""(X), tem-
poral evolutions of the following quantities

—4ljn—k,r .
wi TN £ By in—tn [ (X))

(@) |3 (X)In®p ) Vi e C i

. . . —Jlim—k,rg

have to be derived. Once j = 0 or k = 0, the notations w, 77"~ """
n— — 7,053 . . . . .

as wy" B op wf P respectively. Finally, to simplify notation, we make use of

can be simplified

w?ﬂ’ljmfk’r’“ (X) = 0 if either j > n or & > n. This notational convention is very
handy in our study of multiphoton filtering problem.

From (2.1) and (4.3), we can derive the master equation of the system G driven by
the n-photon state |®™) as shown by the following theorem, which is the counterpart
of Theorem 3.1 for the 2-photon case.

THEOREM 4.1. The master equation in the Heisenberg picture for the system G
driven by an input field in the n-photon state |®™) is given by the system of differential
equations

n NZ}_l . 1 " 1?_1 n—1,vin
WX = Z = ()" (Lo1 (X)) + Z \/\jVNjEZ(t)wt T (L10(X))

v=1

F D GG T T (L (X)) ™ (Lon (X)),
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v
|CI>;”:">

dB(t) |

v v v v 2

n—k-1 n—k-1 n- n—.
|¢rkj(” ) |‘Drk]-42) ) |‘D J(n k 1)> |‘I> ](n k))

v v v v v

Fic. 6. The zoom-in version of Figure 5. The action of dB(t) on the state |<I>?k_k> produces
n — k states, each of which describes a wave packet containing n —k — 1 photons. The subscripts
rg(® (i=1,...n-k) are introduced at the end of the second paragraph of section 4.

where, for subsets l;,r, Cn  (Vjk=0,...,n),
d}?fjﬂlj;nfkvrlc (X)
NTLTLk 1
n—yj,ljn—kr V- 'k n—yj,ljn—k—1,r
=w 7 “(Loo(X)) + Y el () Loy (X))

T

& (twy IR (20(X)

5

Nt N i
DY \/\/Nk: : O;w 6 (D6 By T £y, (X))
e vEL; Tk

with initial conditions wg_j’lj;n_k’r’“ (X) = (n|X|n) <<I)Z_j|<1>f,:k>.

Remark 9. It is clear that the above equations couple downward to the master
equation for the vacuum state. This means that for the n-photon state case, we should
totally consider 22" equations. Luckily, with the help of the conjugation property
wp PR (xy = (BRI (x00)) ) the number of differential equations can
be reduced to w For example, for the 2-photon case, there are 10 differential
equations as shown in Theorem 3.1.

Remark 10. Restricted to the Fock state |F™) defined in (4.2), the master equa-
tion (20) in [40] can be derived from Theorem 4.1.

4.3. Multiphoton filter: The homodyne detection case. In this subsec-
tion, we derive the quantum filter for the homodyne detection case. Following the
development in section 3 for the 2-photon case, we first derive a filter for the extended
system, based on which we derive the filter for the original system.

In analogy to subsection 3.3, we construct a 2™-level ancillary for the n-photon
state case. Specifically, we choose an orthonormal basis {|e:?k_k>, r, Cn, k=0,...n}
for the vector space C2" which is defined in the following way. Each ler=k) has one
and only one nonzero entry (which is 1) at the mth location (counted from the top
to the bottom). More precisely, if k = 0, then m = 1, the vector |e" ) = [1,0,...,0]".
Fork>1,m=Cl+C}L+-- -+ CE"t +T(ry), where T'(r;) represents the location
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of the set 7, C 7 in the ordered collection of all subsets of 7 having k elements. Here
the word “ordered” means the lexicographical order [41]. For example, {1,2,3} <
{1,2,4} < {1,3,4} < {2,3,4}.

The extended system is initialized in the superposition state |X") € C?¥" @Hs®F:

n
(4.4) DOED DB Lol ol
k=07,Ch
where afk_k (k =0,...,n,r, C n) are arbitrary nonzero numbers that satisfy the

normalization condition ZZ:O ETk cn |O‘:Lk_k|2 =1.

For an arbitrary 2" x 2" complex matrix A on C2" and an arbitrary operator X
on Hg, the expectation with respect to the superposition state |X") is @ (A ® X) =
Es»[A ® j:(X)]. Define superoperators K, (A4), Kj,(A), K7, (A), and £, (A) in the
similar way as in the 2-photon case (cf. (3.12)—(3.15)), i.e.,

(4.5) Koo(A) = A, Kgi (A)[E")dt = AdB(1)[E"),
10(4) = (Kg1 (A7), K71 (4) = Ko (KG1 (A)).
Then the master equations for @} (A ® X)) are given by the following result.

THEOREM 4.2. The expectation WA ® X) for the extended system evolves ac-
cording to O (A® X) = op (G"(A® X)), where

(4.6) GMARX)E Y K (A)® Lik(X)
4,k=0
with Lj5(X) defined in (2.2)-(2.3).

In the homodyne detection case, define the quantum conditional expectation for
the extended system to be 77 (A ® X) £ Esxn[A ® j:(X)|I @ #(t)]. The following
result presents the quantum filtering equation for the extended system, which is the
counterpart of Theorem 3.4 for the 2-photon case.

THEOREM 4.3. In the case of homodyne detection, the conditional expectation
7 (A ® X) for the extended system satisfies

diM(A® X) =7 (G"(A® X))dt + H (A @ X)dW"(t),
where the operator G™"(A ® X) is defined in (4.6), and
HU A X) =M A®X) -7 (Ao X)MMI®I)

with
(47)
MMA®X) £ 7M(Ki(A) @ (XL+ L*X)) + 71 (Kj (A) @ XS) + 77 (K (A) @ S*X).
The innovation process W™(t), defined via dW™(t) = I @ dY (t) — M(I ® I)dt, is a
Wiener process with respect to the state |X™).

In analogy to (3.25), for all l;,7, C #, define the conditional quantities
TP TRTE () By means of

(4.8) (I @ n"=Pln=hn (X))} (Je") (e"| @ 1) £ 7 (lep, ) er ¥ @ X).

J
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Similarly to (3.26), it can be shown that
Ennlmy 72" (X K] = Bty (X)E] VK € 2/(0).
In particular, when j = k = 0, the above equation reduces to
Epin[m " (X)K] = Enn[jt(X)K] VK € #(t).

Since K is arbitrary, ;""" (X) is exactly the conditional system operator of the original
system G driven by the n-photon state |®™), namely, (2.4).

THEOREM 4.4. In the case of homodyne detection, the quantum filter for the con-
ditional expectation w;"" (X)) is given by the following Ito differential equation,

dm™(X) = L™ (X)dt + {M[L"(X) — ﬂ'l“n(X)Mt"m(I)] dW™(t).
And, more generally, for subsets l;,ry Cn (V j,0=0,...,n),
ey PR () = TR () g
+ |:Mtn—j,lj;n—k,rk (X) . ﬂ_;@—j,lj;n—kﬂ'k (X)Mgl,n (I):| dwn (t)
Here,
L?—j,lj;n—k,rk (X)
A _n—=jlijmn—krg V N&pk ! n—7jlim—k—=1rkn
=m0 (Loo(X))+ Y 7k€u( )T (Lo1(X))
ngry A/ Ny~
Nn 7j—1 .
+2 e T (L (X))
vl l-

NN =L
3 S VN gt oy

ugry vel; \/]\/vﬁC k \/Nn J

Mt"*j’lj;n*kﬂ‘k (X)

and

o N:k—k—l
A ﬂ'll_‘j,lj7n_k7rk(XL+L*X) + Z 7\/"”51 (t)ﬂ':/ Jiljsm—k— lrku(XS)
nére A/ Nvt?:k

(t)ﬂ_;n—j—l,lju;n—k,rk (S*X)

n]l

The innovation process W™ (t) defined by dAW™(t) = dY (¢) — M;""(I)dt, is a ¥ (t)
Wiener process with respect to the n-photon state |®™). The initial conditions are
n—j,lj;n—k,r n—j|fn—

T (X)) = (@) @7 R (] X ).

Remark 11. It can be verified that Theorem 4.4 reduces to Theorem 3.6 when
n = 2, namely, the 2-photon case.
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4.4. Multiphoton filter: The photon-counting case. In this subsection, we
present the multiphoton filter for the photon-counting case by deriving the evolution
of the quantum conditional expectation ;" (X) £ By, [5:(X)|Z A (¢)].

Similarly to the development in subsection 4.3, we first need to extend the system
and initialize the state as |X") in (4.4), then we calculate the filtering equation for
the extended system, i.e., the evolution of 7 (A ® X) £ Exn[A ® j:(X)|I @ #(t)].
Finally, with the relationship between 77" (X) and 7 (A® X), we derive the quantum
filter for #;""(X).

The following theorem is the filtering equation for the extended system, which is
the counterpart of Theorem 4.3.

THEOREM 4.5. In the case of photon-counting monitoring, the conditional expec-
tation M A ® X) for the extended system satisfies

diM(A® X) = 7MG"(A® X))dt + H(A @ X)dNA(t),
where G"(A ® X) is defined in (4.6) and

AMA®X)=(QMIeD)'QMA®X) -7} (A® X)
with

QMA®X) 2 7MKE(A) @ L*XL) + 72 (K& (A) @ L* X S) + 7l (K (A) @ S* X L)
+aM K (A) @ S*XS).
The innovation process is given as ANA(t) = dY2(t) — QM (I ® I)dt.
Defining
a™ 2 _ i .
Oz ep 7y ent @ ),

(ap)rapt

(4.9) (I @ & P XO)RA (Jem) | @ T) =

we can directly verify the following equation
Ennldy " (X) K] =B jtiniin [ (K] VK € 70(1).

If we set j = k = 0, and note that K € #*(t) is arbitrary, we can deduce that
7" (X) defined in (4.9) is exactly the conditional expectation with respect to the
n-photon field state |®™) for the photon detection, namely, (2.5).

The following result presents the quantum filter for photodetection, the counter-
part of Theorem 4.4.

THEOREM 4.6. For photon-counting measurement, the quantum filter for the con-
~n;n

ditional expectation ;""" (X) is given by the following Ito differential equation,
daP™(X) = P™(X)dt + [(A?"(I))_l AP(X) — fr;“”(X)] dN;.

And, more generally, for subsets lj,r, C 0 (V j,k=0,...,n),
dﬁn_ﬁlj;n—kfk (X)
t

_ Ptk gy 4 [(A?"’(ml At (xy _ gn=idyinkr <X>} an,,
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where
ptn—j,lj;n—k,rk (X)
/NnTLk—l
~n—j,ljn—kr Tk ~n—j,ljn—k—=1,r
277 F(Loo(X)) + Y —Lu ()}’ “(Lo1 (X))

t
/[ arn—k
HETE N’r’k
n—j—1

Ljv * ~n—j—Lljvin—k,ry
+ 3 g tya, TR (L4(X)

Npk NG bt

+3 Vst & (1) (t)ry TR () (X)),
AN N I
u&lj J

and
A;n—j,lj;n—k,rk (X)

. /Nn,ikil .
é ﬁ_lzfj,lj,nfk,rk (L*XL) + Z Tk gu(t>ﬁ_?—J,l]~,nfkfl,Tk;L(L*XS)

HETE \/ N;L_k

Nln—j—l .
+ e E T (5T
n—j
Uglj Nlj

\/N;L;kfl \/Nlnfjfl
* k jv ~n—j—Lljvin—k—1,r *
Y e g V(S XS).
B O P
Vel

The innovation process Ny is defined by dN; = dYA(t) — AY™(I)dt, and the initial
conditions are frg_j’ljm_k’” (X)= <¢Zﬁj|@ﬁ;k><n|X|n>.

Remark 12. The single-photon filter for photodetection studied in [25, section
3-F] is a special case of of Theorem 4.6 when n = 1.

5. Conclusion. In this paper we have investigated the filtering problem for an
arbitrary open quantum system driven by an incident wave packet prepared in a
continuous-mode multiphoton state. A model of a two-level system driven by a two-
photon wave packet has been used to demonstrate some of the results in the paper.
This example reveals physical features of the two-photon case absent in the single-
photon case and the Fock state case. Such interesting optical phenomena are due
to the photon-photon interaction mediated by the two-level system. Encouraged by
the success of two-photon filters, the general multiphoton filtering framework has also
been proposed. Single-photon filters are probably no good for feedback control as the
information is available only for a very short time period. In contrast, the multiphoton
filtering framework developed here allows for any number of photons in a wave packet.
As a result, by using homodyne detection to continuously measure the quadratures
of the output field, one might be able to do state estimation and so feedback control.
This is somehow similar to the photon box experiment done in Laboratoire Kastler
Brossel, where a flow of atoms are measured and the information obtained is used to
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stabilize the number of photons in the cavity [7]. Nevertheless, whether or not the
multiphoton filters developed here are applicable in feedback control depends crucially
on the time scales of the underlying physical system, the photons’ temporal envelope,
and how fast homodyne measurement can be done. This is one of the things we would
like to study more. Finally, we mention that at present most multiphoton states are
generated in a probabilistic fashion. Nevertheless, deterministic generation of photon
states is currently being investigated in the quantum optics community too; please
see the review paper [39] and references therein.

Appendix A. The proof of Theorem 3.6 proceeds along the following three steps.
Step 1. Express the filtering equations in Theorem 3.6 in a unified manner in terms
of the conditional expectations 77" (X)) defined in (3.25).
Step 2. Postulate the general form of the filtering equation of 7" (X).
Step 3. Derive the exact expression of the quantum filter postulated in Step 2.
In what follows we work out the detail for each step. ‘
Step 1. For given j, k,m,n = 0,1, define superoperators 7/%™"(X) to be

(A1) THm(X)
2 @B (Loo(X))
+ [6500k1 &5 () + S510k0 &5 ()] "™ (L10(X))
+ [0m00n1 52( ) + 0m10no &1 (1)) I (Lo (X))

+ 851001 —=I&5 () T (L10(X)) + & () (L10(X)))]

F

“1‘6777,1§n1\/iz\]72
+0j10k10m10n1 - [I§1( 8P (L11(X) + & (&5 (8w, "™ (L11(X)]

61 (£)m] O (Lor (X)) + () * 0 (Lo1 (X))]

+010k10m10n1 5 [51( o (8 (L10(X)) + [€2(8) P, ™1 (L11(X)]
[€1(8)€5 (1) (L1(X)) + €2 (8)Pm 0 (£11(X)]
(1€ () Pm " (£11(X))) + & (82 ()m ™" (L11(X)]
(€5 (D&0)m (L10(X)) + [€(6)Pm ™™ (£11(X)]

+0500k10m10n1 —== \/—

F

r
FU&( P (L11(X) + &(0& (6)m™™ (L12(X)]

+8;00k1[Omodn1 [E2(t )\ + Om10n0&1 (1)E5 (1)), PO (£11(X))
+ 351050[0m00n1 €5 (£)€2(t) + Gm1dno|&r ()]0 (L£11(X)) .

+ 5]16k05m15nl
+0510k10m00n1 —==

+0;16k16m10n0

Then it can be verified that for all j, k,m,n = 0,1, the equations in Theorem 3.6 can
be rewritten in a unified way as

(A2) anf""(X) = TR (XA { M) = N OM () b aw(e),

where the superoperators M7*™"(X) are given in (3.27). As a result, it suffices to
establish (A.2) to prove Theorem 3.6.
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Step 2. We postulate the filtering equation of 77*™"(X) to be
(A.3) drlFmm (X)) = FIR (XA + HIPMN(X)AY (8) Y gk, man =0, 1.

The expressions for F/¥™"(X) and H}*™(X) in (A.3) are to be determined in the
next step.
Step 3. For the sake of clarity, we rewrite (3.25) as below,

|y |?

(A4) fe(leji) (emnl © X) = (L@ x]"™™ (X)) (|ens) (ern| ® ).

*
O Omn

Differentiating both sides of (A.4) and comparing corresponding terms we have

lon® =
(A.5) a;kamn Mt(|€jk><emn| ® X)
=1® H"""(X)7(Jen)(enn| ® I) + (I @ 7M™ (X)) My (lexs) (en| @ 1)
and
A o1 4 T v
(A6) — T (G(lejr) (emn| @ X)) — — Mi(lejr)(emn| @ X)M(I @ I)
O Qmn O Qmn

= 1@ F/"™(X)w(len)(en| ® 1) — (I @ al™™™ (X)) My(lexr){err| @ HM(I® I)
+I® Hgk’mn(X) Mt(|611><€11‘ & I) — %t(‘611><€11| (%9 I)Mt(I ® I):| .
By means of (A.4), the definitions of M;(A ® X) in (3.22), and M7¥™"(X) in (3.27),
we are able to derive

| |?

(A7) Mileji){emn] © X) = (T© MPS™ (X)) Fellens){en| © 1).

a;kamn
Putting (A.7) back into (A.5) yields
(A8) P () = M ()~ 0 M 1),
That is, we have derived the expression for HI%™™(X). Next we derive the expression
for F/¥™"(X). Substituting (A.7)-(A.8) into (A.6) yields
(A9) e ™ (X)(len)(en|® 1)
(5 |2 -~

= #1(Gleji)emnl © X)) = (& B (X)MM (D)) Falewsen] @ 1),

*
O Omn

Thus we have to find the expression for 7, (G(|e;x)(emn|®X)). Observe that by (3.19),

Ck112 ~
(A.10) u7r,g(9(\ejk><enm|®X))

*

Oy Qi
o |0411|2 - |a11|2 -
= — Ti(lejr) (emn| @ Loo(X)) + — 7 (Kor(leje)(emn|) @ Lo1(X))
g Ik Cmn
lan® . lan® . _
+— 7t (Kio(lejr) (emnl) ® L10(X)) + — T (Ku(lej)(emnl) @ L11(X));
g Qi O O
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we need to calculate each term on the right-hand side of (A.10). First,

oy |

(A.11) #e(leji) (emn| ® Loo(X))Fe(lerr)(ern] ® 1) ™ =T @ 7™ (Loo(X)).

"
O O

Second, based on the definition of the superoperator Ko;(A) in (3.13) we have

(312 5 e e el © Lo (XD e en| @ 1
jkOmn
= Gt S (1 0 1 0 (X)) 4 B 2 (1 0 0 0 (X))

+m18u061 (T @ /" (L1 (X)) + Gmodm &2(0)(T @ 7] (L01 (X))
Third, according to the definition of the superoperator K19(A4) in (3.14), we have

(A.13) @iﬁt(lﬁoﬂ@jk)(@mw ® L1o(X))7e(len)(enn| @ 1)

Qf O

= 3000 S 0 (10 X)) + 000 1 0 i 10(X)

+0;10%0&5 (£) (I @ "™ (L10(X)) + 85000165 (£) (I @ w1 (L10(X)).

Fourth, by the definition of the superoperator K11(A4) in (3.15), it can be shown
that

(A.14)

a1 |?

#e (K1 (leji)(emn]) ® L11(X)7e(|er)en| @ 1)~

"
O O,

IT@m " (L11(X))

t *
= 0j10k10m10m1 SO g (L (X)) +6j15k15m15n1§1( )5 (1)
Ny N,

+010k00m10n1 6 OF T @M (L£11(X)) + 3;00k10m10n1 SIGIS1C )I® w0 (L1 (X))

A VN

+(5j16k:16m16n1§1 (K,&( )I @m0 (L11 (X)) + 610k10m1 001 |§2]£7)| T %L1 (X))
+0;10£00m10n1 3 (\/)]%( )I @ 70 (L11 (X)) + 600k10m1 01 |§\2/% I® "0 (L11(X))
+0;10k10m16n0 |£\1/% T %(L11 (X)) 4 6510k16m10n0 61(\/)2%( )I® T 00 (L11 (X))

+0,10k00m10n0/&1 (1) *T @ 7" (L11(X)) + 8j06k15m10m0&1 ()85 ()T @ 77" (L11(X))
+010%10m00n1 & (\/)]%( )I m 01 OO(ﬁll(X)) + 0;10k10m00n1 |€\2/(NJ 10 00(511( )
+010k00m00n1&7 () E2(1) 1 ® W?O 00(511(X)) + 8;00k10m00n1|E(t )T ® WOO 00(511(X))~
Finally, on substitution of (A.11)-(A.14) into (A.10), we have

| |?

(A.15) (G(|eji) (emnl ® X)) = (10 TP (X))e(ear) (en| © 1),

jkamn
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where T7%™"(X) is that defined in (A.1). Substituting (A.15) into (A.9) gives
(A16) thk;mn(X) — ﬁjk;mn (X) _ Htjk;mn(l)Mtll;ll(I).

That is, we have derived the expression for F%mm(X). Putting H/¥™(X) in (A.8)
and F/¥™ (X)) in (A.16) back into (A.3) yields for all j, k,m,n = 0,1,

Al (X) = TR (XAt + [MPET(X) = 7S X) M (] aw ),

which is exactly (A.2). The proof is completed.

Remark 13. Tt is worth noting that the coefficients o (j,k = 0,1) in the su-
perposition state |X) in (3.11) for the extended system studied in subsection 3.3 do
not appear in the filtering equations in Theorem 3.6. This can be seen clearly from
the above proof. Specifically, the unifying filtering equation (A.3) depends on two
operators F/¥™(X) and HJ*™"(X), which satisfy two coupled algebraic equations
(A.5)-(A.6). Both these equations contain the coefficients ;. However, by (A.7),
aj on the left-hand side of (A.5) disappear, so H"™(X) does not depend on a;;
cf. (A.8). Similarly, by (A.15) as well as (A.7), a;, on the left-hand side of (A.6)
disappear too. As a result, F/"™(X) does not depend on ajy either; cf. (A.16).
Therefore, the coefficients «j, do not appear in the unifying filtering equation (A.3),
or equivalently the filtering equations in Theorem 3.6.

Acknowledgments. The authors are grateful to Matthew James and Hendra
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