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In determining the shear strength of reinforced concrete (RC) beams shear-strengthened with externally bonded

fibre-reinforced polymer (FRP) reinforcement, the evaluation of the shear resistance contributed by the FRP

reinforcement is the key issue. When the FRP reinforcement is in the form of U-jackets or side strips, debonding of

the FRP reinforcement from the concrete substrate generally governs the shear strength of the beam and the

evaluation of the shear resistance from the FRP becomes more challenging. In this paper, a theoretical shear

strength model in closed-form expressions modified from a model proposed by Chen and Teng for shear debonding

failure is first presented. A computational model that captures the debonding process more accurately than the

closed-form theoretical model is then described. Predictions from both the original model of Chen and Teng and

the modified theoretical model are then compared with results from the computational model. These numerical

comparisons show that Chen and Teng’s original model provides closer predictions for the shear resistance

contributed by FRP side strips, but the modified theoretical model generally leads to slightly more accurate

predictions for FRP U-jackets. The reasons behind this are explained. The original model of Chen and Teng is

recommended as the more suitable model for use in design, given its overall accuracy and simpler form.

Notation

C shear crack shape factor

Dfrp stress distribution factor for FRP strips

intersected by the critical shear crack

d distance from beam compression face to

centroid of steel tension reinforcement

Ef modulus of elasticity of FRP

f 9c concrete cylinder compressive strength

ffu tensile strength of FRP

ff ,e average/effective stress of FRP strips

intersected by the critical shear crack

h height of beam

hf effective height of FRP strips

ht vertical distance from tip of critical shear crack

to top edge of FRP

hb vertical distance from end of critical shear

crack to lower edge of FRP

Lmax maximum bond length of FRP strips

intersected by the critical shear crack

Le effective bond length of FRP strips

sf centre-to-centre spacing of FRP strips

measured along the longitudinal axis

tf thickness of FRP strips

Vc contribution of concrete to shear capacity

V contribution of shear strengthening FRP strips

to shear capacity

Vs contribution of steel shear reinforcement to

shear capacity

Vu shear capacity of shear-strengthened beam

wf width of individual FRP strips (perpendicular

to the fibre orientation)

z vertical co-ordinate starting from tip of critical

shear crack

zb vertical co-ordinate of end of critical shear

crack

z normalized vertical co-ordinate

� angle of fibre orientation measured clockwise

from the longitudinal axis of a beam

�L FRP bond length coefficient

�w FRP strip width coefficient

º normalized FRP maximum bond length

º0 normalized bond length (i.e. h f ,e= sin � ) of

FRP strips within the effective bonded area
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º1 normalized bond length of FRP strips above

the effective bonded area

º2 normalized bond length of FRP strips below

the effective bonded area

Ł angle of critical shear crack to the longitudinal

axis of a beam

�f ,max maximum stress in FRP strips intersected by

the critical shear crack

�f ,z stress in FRP where the intersecting shear

crack is at the vertical coordinate z

Introduction

External bonding of fibre-reinforced polymer (FRP)

composites has become a popular technique for

strengthening reinforced concrete (RC) structures in the

past two decades (Hollaway and Teng, 2008; Teng et

al., 2002). Owing to the complex nature of the shear

failure process, the behaviour of RC beams shear-

strengthened with FRP is still not well understood

(Bousselham and Chaallal, 2004, 2008; Teng et al.,

2004). The externally bonded FRP reinforcement can

take various configurations (Chen and Teng, 2003a),

but in the present paper the FRP reinforcement is

assumed to be in the form of evenly distributed discrete

vertical strips of identical width with vertical fibres

only for simplicity of discussion unless otherwise

stated. Such strips may be bonded around the entire

cross-section of the beam (i.e. full wraps), as U-jackets

covering the tension face and the two side faces, and to

the side faces only (i.e. side strips). Continuous FRP

sheets can be treated as a special case of discrete FRP

strips where the clear distances between strips are zero.

Much research has been conducted on the shear

strengthening of RC beams with FRP, but the majority

of these studies have been experimental (Bousselham

and Chaallal, 2006; Cao et al., 2005; Carolin and

Taljsten, 2005a; Khalifa and Nanni, 2002; Leung et al.,

2007; Li et al. 2002; Teng et al., 2009) and fewer

studies have taken a theoretical approach (Chen and

Teng, 2003a, 2003b; Colotti et al., 2004; Deniaud and

Cheng, 2004). Existing studies have led to the develop-

ment of a number of shear strength models for FRP-

strengthened RC beams for design use (Carolin and

Taljsten, 2005b; Chaallal et al., 1998; Chen and Teng,

2003a, 2003b; Khalifa et al., 1998; Triantafillou, 1998;

Triantafillou and Antonopoulos, 2000; Taljsten, 2003).

In these models, the shear resistance of the strength-

ened beam Vu is assumed to be the sum of the contribu-

tions from the concrete Vc, the steel shear

reinforcement (only stirrups are considered in this pa-

per for ease of discussion) Vs, and the externally

bonded FRP reinforcement Vf . That is

Vu ¼ Vc þ Vs þ Vf (1)

In such shear strength models, Vc and Vs are generally

evaluated using existing design codes, implying that all

steel stirrups intersected by the critical shear crack are

assumed to reach their yield strength at beam shear fail-

ure. The main differences between the different shear

strength models available therefore lie in how the FRP

contribution Vf to the beam shear resistance is evaluated.

It should be noted that these three components (i.e. Vc,

Vs and Vf ) are not strictly independent (Teng et al.,

2009), so Equation 1 is only an engineering approxima-

tion of reality. Nevertheless, Equation 1 has the advan-

tage of simplicity so it has been widely accepted.

In evaluating the shear resistance from the FRP rein-

forcement, it is important to note that owing to the

linear-elastic-brittle behaviour of FRP and the non-

uniform strain distribution in the FRP reinforcement in

a shear failure, the average (or effective) stress level in

the FRP reinforcement is much lower than its full

tensile strength (Bousselham and Chaallal, 2008; Chen

and Teng, 2003a, 2003b), regardless of the failure

mode. Also, accurate evaluations of the FRP shear

resistance can only be made if the orientation and

shape of the shear crack are appropriately considered.

For design use, the shear crack angle is commonly

taken to be 458 from the beam longitudinal axis.

For RC beams strengthened with FRP full wraps,

FRP rupture is the predominant failure mode (Chen

and Teng, 2003b). When the FRP reinforcement is in

the form of U-jackets or side strips, debonding of the

FRP reinforcement from the concrete substrate gener-

ally governs the shear strength of the beam, and the

evaluation of the shear resistance from the FRP be-

comes more challenging (Chen and Teng, 2003a). The

present paper is concerned with the shear resistance

contributed by FRP U-jackets or side strips in such a

debonding failure.

Chen and Teng (2003a) presented a shear strength

model for debonding failure, in which the bond per-

formance between FRP and concrete is appropriately

considered based on the work of Chen and Teng

(2001a). This shear strength model is believed to be

still the most advanced model available for the debond-

ing failure mode based on the principle embodied in

Equation 1 and a simple but rational representation of

the debonding failure process. The model was shown to

give close predictions for the shear contribution of FRP

(Chen and Teng, 2003a). The model is based on the

assumption that the shear resistance is governed by the

development of a single critical shear crack that dom-

inates the debonding failure process. For beams with a

small shear span-to-depth ratio or with considerable

steel shear reinforcement, significant secondary cracks

are expected, but such secondary cracks are known to

increase the bond performance between FRP and con-

crete. Therefore, the assumption of a single critical

shear crack is conservative (Chen et al., 2007; Teng et

al., 2006). In Chen and Teng’s (2003a) model, there are

two further assumptions.

Chen et al.
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(a) The bond strengths of all FRP strips intersected by

the critical shear crack are fully mobilised at the

ultimate state of beam shear failure. This is possi-

ble for FRP U-jackets, but unlikely for FRP side

strips.

(b) The area of the bonded FRP on the beam sides

contributing effectively to shear resistance has a

triangular shape determined by the critical shear

crack and the effective height of the FRP (Figure

1(a)). This assumption is conservative as it neglects

the FRP between the compression face of the beam

and the crack tip, and that within the concrete

cover below the steel tension reinforcement for

side bonded beams. A more accurate representation

of the effective bonded area would be one which is

trapezoidal in shape (Figure 1(b)).

Lu et al. (2009) presented results from a numerical

study on the stress distribution in the FRP along the

critical shear crack at debonding failure, based on the

FRP-to-concrete bond–slip model of Lu et al. (2005).

They showed that although the different shapes (i.e.

different distributions of the crack width along the

crack) assumed for the critical shear crack may result

in significantly different stress distributions in the FRP,

their effect on the stress distribution factor, defined as

the ratio of the average to the maximum stress in the

FRP reinforcement along the critical shear crack, is

much less significant. They thus showed that Chen and

Teng’s (2003a) simple assumption for the stress distri-

bution in the FRP leads to satisfactory predictions in

most cases for the effective FRP stress factor. They also

showed that the model of Chen and Teng (2003a) may

be unconservative for beams with light steel tension

reinforcement, but in practice shear failure is unlikely

in such beams. For their computational model, they

assumed that the slips between the FRP and the con-

crete immediately above and below the critical shear

crack have the same magnitude but opposite directions

(i.e. half of the crack width is accommodated by the

slips in the portion of the FRP strip above the crack

and half by those of the FRP strip below the crack). It

should be noted that this assumption becomes unrealis-

tic for the area around the crack tip (near the compres-

sion face of the beam) and that around the crack end

(at the tension face of the beam) where the bond

lengths of an FRP strip above and below the critical

shear crack are very different. Lu et al.’s (2009) study

did not examine the effect of different assumptions for

the bonded area of FRP, the crack shapes employed in

their numerical study were also less than realistic.

Therefore, a more accurate computational model is

needed for the assessment of the validity and accuracy

of Chen and Teng’s (2003a) model.

The objectives of the present study are twofold. First,

a theoretical model modified from Chen and Teng’s

(2003a) model through the adoption of a more accurate

and realistic bonded area (Figure 1(b)) is presented.

This modified model and the original model of Chen

and Teng (2003a) are then both assessed using numer-

ical results from a computational model, with particular

attention to the effects of the two aforementioned as-

sumptions of Chen and Teng (2003a). The computa-

tional model is similar but superior to that of Lu et al.

(2009) in the following three aspects

(a) the assumption of equal slips immediately above

and below the shear crack in Lu et al.’s (2009)

model is no longer used

(b) a more realistic bonded area is included

(c) the possible crack shapes are more realistically

represented using an appropriate crack shape func-

tion.

Chen and Teng’s shear strength model

Chen and Teng (2001b, 2001c, 2003a, 2003b) were

probably the first to propose the explicit inclusion of

the effect of non-uniform stress distribution in the FRP

on the shear capacity of FRP-strengthened RC beams.

For such FRP reinforcement with fibres oriented at

an angle � to the beam longitudinal axis, the FRP
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Figure 1. Bonded area of FRP: (a) idealised triangular

bonded area of FRP (Chen and Teng, 2003a); (b) practical

trapezoidal bonded area of FRP
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contribution in Chen and Teng’s (2003a, 2003b) model

is given by

Vf ¼ 2 f f ,e tfwf

hf ,e(cot Łþ cot �) sin �

sf
(2)

where Ł is the critical shear crack angle; hf ,e is the

effective height of the FRP strips; wf is the width of

individual FRP strips; sf is the centre-to-centre spacing

of FRP strips along the beam longitudinal axis; and the

effective FRP stress f f ,e is defined as the maximum

FRP stress �f ,max times the stress distribution factor

Dfrp

ff ,e ¼ Dfrp� f ,max (3)

For a shear debonding failure, the maximum FRP stress

�f ,max is calculated as (Chen and Teng 2003a)

� f ,max ¼ min

ffu

0:427�L�w

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ef

ffiffiffiffiffi
f 9c

p

tf

s8><
>: (4)

where

�w ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� wf=(sf sin �)

1þ wf=(sf sin �)

s
(5)

�L ¼
1 if º > 1

sin
�º

2
if º , 1

(
(6)

and

º ¼ Lmax

Le
(7)

Lmax ¼

hf ,e

sin �
for U-jackets

hf ,e

2 sin �
for side strips

8>><
>>: (8)

Le ¼
ffiffiffiffiffiffiffiffiffi
Ef tfffiffiffiffiffi
f 9c

p
s

(9)

in which f 9c (MPa) is the cylinder compressive strength

of concrete; Ef (MPa) and f fu (MPa) are the elastic

modulus and the tensile strength of FRP respectively; tf
is the thickness of FRP strips, �w is the strip width

ratio factor, �L is the bond length factor, º is the

normalised maximum bond length, and hf ,e is the effec-

tive height of FRP, and Lmax is the maximum value

among the bond lengths of all the FRP strips inter-

sected by the critical shear crack (i.e. the maximum

bond length). The effective bond length Le is that

defined by Chen and Teng (2001a).

Assuming the full development of bond strength for

all FRP strips intersected by the critical shear crack at

the ultimate state of beam shear failure, Chen and Teng

(2003a) showed that the stress distribution factor can

be found from

Dfrp ¼

2

�º

1� cos �º=2ð Þ
sin �º=2ð Þ if º < 1

1� �� 2

�º
if º . 1

8>>><
>>>: (10)

Equation 10 was derived and is exact for continuous

FRP sheets, but for FRP strips the equation is approx-

imate as the discrete strips need to be treated as

smeared equivalent continuous sheets to arrive at the

expression.

Modified shear strength model

As pointed out earlier, the bonded area between the

FRP strips and the concrete is triangular in shape (Fig-

ure 1(a)) in the original model of Chen and Teng

(2003a). A more accurate (and realistic) representation

of the bonded area is one which is trapezoidal in shape,

including a distance of ht in the compression zone

above the crack tip, and a distance of hb in the tension

zone below the steel tension reinforcement (Figure

1(b)). It should be noted that for beams bonded with

FRP U-jackets, the lower beam corners are typically

rounded for the installation of U-jackets. Since the

bonded area below the shear crack does not affect the

behaviour of a U-jacketed section, no consideration of

the rounded corners is required in the modified shear

strength model presented below.

As in Chen and Teng’s (2003a) model, the stress

distribution factor, Dfrp is defined as

Dfrp ¼

ð hf ,e

0

�f ,zdz

hf ,e�f ,max

(11)

where �f ,z is the stress in the FRP at the ultimate state

at the location where the intersecting critical shear

crack is at a vertical coordinate z (Figure 1(b)). It

should be noted that in deriving Equation 11, it was

assumed that discrete FRP strips can be treated as an

equivalent FRP continuous sheet (2003a). Assuming

that all the bonded strips intersected by the critical

shear crack will develop their full bond strength at the

ultimate state, �f ,z is given by (Chen and Teng 2003a)

�f ,z ¼ min

ffu

0:427�w�L,z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ef

ffiffiffiffiffi
f 9c

p

tf

s8><
>: (12)

where

�L,z ¼
1 if ºz > 1

sin
�ºz
2

if ºz , 1

8<
: (13)

For FRP side strips

Chen et al.
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ºz ¼

zþ htð Þ
Le sin �

0 < z <
h

2
� ht

hf ,e þ hb � zð Þ
Le sin �

h

2
� ht < z < hf ,e

8>>><
>>>:

(14)

and for FRP U-jackets

ºz ¼
zþ htð Þ
Le sin �

(15)

The maximum stress in the FRP (�f ,max) can still be

calculated using Equation 4, but the following actual

maximum bond length should be used instead

Lmax ¼

hf ,e þ htð Þ
sin �

for U-jackets

h

2 sin �
for side strips

8>><
>>: (16)

Assuming that �f ,max , f fu, which is generally true,

and that all the FRP strips intersected by the critical

shear crack develop their full bond strength at the ulti-

mate state, Dfrp can be obtained by substituting Equa-

tions 12 to 16 into Equation 11. For FRP side strips:

Dfrp ¼

2

�º0

cos �º1=2ð Þ þ cos �º2=2ð Þ � 2cos �º=2ð Þ
sin �º=2ð Þ

º2 < º < 1

2

�º0
cos

�º1
2

þ cos
�º2
2

� �
� 2

º0
þ 1þ ht þ hb

hf :e

º1 , 1 , º and º2 , 1 , º

2

�º0
cos

�º2
2

� 1

º0
þ 1þ hb

hf ,e

1 < º1 and º2 , 1 , º

2

�º0
cos

�º1
2

� 1

º0
þ 1þ ht

hf ,e

1 < º2 and º1 , 1 , º

1

1 < º1 and 1 < º2

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

(17)

For FRP U-jackets

Dfrp ¼

2

�º0

cos
�º1
2

� cos
�º

2

sin
�º

2

º < 1

2

�º0
cos

�º1
2

� 1

º0
þ 1þ ht

hf ,e
º1 < 1 < º

1 1 , º1

8>>>>>>>>>><
>>>>>>>>>>:

(18)

where º follows the definition of Equation 7 in which

Lmax is defined by Equation (16), and

º0 ¼
hf ,e

Le sin �
(19)

º1 ¼
ht

Le sin �
(20)

º2 ¼
hb

Le sin �
(21)

It should be noted that in both Equations 17 and 18,

º > º2 is assumed because º , º2 is very unlikely for

beams of practical dimensions. The values of ht can be

taken as 0.1d (Chen and Teng, 2003a). It should be

noted that the modified model presented above reduces

to the model of Chen and Teng (2003a) when

hb ¼ ht ¼ 0.

Assuming f 9c ¼ 30 MPa, Ef ¼ 2.3 3 105 MPa, tf ¼
0.11 mm and hf ,e > hb ¼ 50 mm, the calculated Dfrp

values from both the model of Chen and Teng (2003a)

and the modified model are shown against º in Figures

2(a) and 2(b) for FRP U-jackets and side strips respec-

tively. The difference between the two models is small

for U-jackets but is more significant for side strips

(Figure 3). For both U-jackets and side strips, this

difference reduces as the beam size increases (i.e. lar-

ger º).

Finite-element modelling

Assumptions and general considerations

In order to evaluate the validity and accuracy of the

two theoretical models (both Chen and Teng’s (2003a)
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Figure 2. Stress distribution factor: (a) FRP U-jackets;

(b) FRP side strips
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original model and the modified model), a computa-

tional model was formulated and implemented using

ABAQUS (ABAQUS 6.5, 2004). The computational

model is based on the following assumptions

(a) the FRP strips are bonded to the entire height of

the beam sides

(b) the distance from the tension face to the centroid

of the steel tension reinforcement is 50 mm (Figure

4(a))

(c) the shear failure process is dominated by a single

critical shear crack at an angle of 458 from the

beam longitudinal axis. The effect of secondary

shear cracks is conservatively ignored for reasons

given earlier

(d ) the tip of the critical shear crack at beam shear

failure is located at a distance 0.1d from the com-

pression face of the beam, while the crack end is

located at the centre of the steel tension reinforce-

ment (Figure 4(a)). Although the real shear crack

is likely to extend to the tension face of the beam,

this portion of the crack is not included for reasons

given in Chen and Teng (2003a, 2003b).

Only a segment of the beam covering the horizontal

projection of the critical shear crack within one quarter

of the beam was modelled assuming a vertical plane of

symmetry through the longitudinal axis of the beam

(Figure 4). The critical shear crack was then discretised

into a suitable number of divisions. The centrelines of

the FRP strips were assumed to coincide with the

centrelines of these divisions.

The computational representation of the interaction

between the concrete and the FRP strips is shown

schematically in Figure 4. To show the locations of the

FRP strips clearly, the longitudinal steel bars are also

included in Figures 4(a). For the present computational

model, the concrete above and below the shear crack

was assumed to be rigid; therefore all deformation in

the model arises from the widening of the shear crack.

Note that the elastic deformation of the concrete arising

from the forces in the FRP strips can be easily taken

into account in the present model, but numerical results

showed that it has little effect on the results.

It should be noted that the distribution of the slips

resulting from the widening of the shear crack is re-

lated to the bond–slip relationship and the bond lengths

of the FRP strip above and below the shear crack,

therefore the slips of the FRP strip relative to the con-

crete immediately above and below the crack are gen-

erally not the same, which is different from what was

assumed by Lu et al. (2009). This is particularly true

near the end and the tip of the crack because the bond

lengths of an FRP strip on the two sides of the crack

are very different.

Each FRP strip was modelled using a number of

truss elements (element T2D2) as shown in Figures

(a)
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Figure 4. Computational model for RC beams shear-

strengthened with FRP strips: (a) elevation (sf ,,1: spacing

from the crack end to the centre of the first FRP strip;

sf : centre-to-centre spacing of FRP strips; wf : width of
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4(b) and 4(c). Two vertical rigid bars, one above and

one below the shear crack, were used to represent each

division of the concrete substrate. The shear crack posi-

tion in Figures 4(b) and 4(c) depends on the strip

position relative to the shear crack in Figure 4(a). The

crack width is denoted by w in Figures 4(b) and 4(c).

The widening of the shear crack was simulated by

prescribing a relative displacement (i.e. w ) between the

pair of rigid bars. The bond–slip relationship between

concrete and FRP was simulated using shear springs

(element SPRING2) connecting the nodes of truss ele-

ments representing the FRP strips to the rigid bars

representing the concrete substrate. The properties of

the shear springs were determined from the bond–slip

model of Lu et al. (2005). For FRP U-jackets, the

bottom end node of an FRP strip is fixed to the rigid

concrete by a horizontal rigid bar (i.e. rigid shear con-

nection). For FRP side strips, both the top and bottom

end nodes are allowed to move.

Crack shape

A general shape function proposed by Chen and

Teng (2003b) was adopted in this study to represent the

shape of the critical shear crack. That is, the crack

width w is described by

w ¼ wmax 3

1� C z

1� C
z 0 < C ,

1

2

4C z(1� C z)
1

2
< C < 1

8>><
>>: (22)

where the normalised vertical coordinate z ¼ z=zb with

z and zb being defined in Figure 4(a) and wmax is the

maximum value of the crack width for a given crack

(i.e. the maximum crack width). The shape of the crack

varies with the shape parameter C (Figure 5). This

function is thus capable of representing different crack

shapes.

Bond–slip relationship

The bond–slip model for externally bonded FRP re-

inforcement proposed by Lu et al. (2005), which was

shown to be the most accurate for modelling the bond–

slip behaviour between FRP and concrete, was adopted

in the present study (Figure 6(a)). The bond force Fb,f
in each shear spring between an FRP strip and the

concrete can be found from

Fb,f ¼ wf 3 lf 3 �f (23)

where wf is the width of the FRP strip, lf is the length

of the FRP truss element and �f is the bond shear

stress. The equations associated with the bond–slip

model of Lu et al. (2005) are shown in Figure 6 for

completeness. Figure 6 also shows the predicted bond–

slip curve for the case of f 9c ¼ 30 MPa and wf /sf ¼ 1.0.

Mesh convergence: truss element size

The following material properties were used in all

the numerical simulations reported in this paper unless

stated otherwise: concrete cylinder compressive

strength f 9c ¼ 30 MPa (with an equivalent cube strength

of 37 MPa (CEB–FIP, 1993)); concrete tensile strength

ft ¼ 0.395fcu
0:55 (GB-50010, 2002); FRP thickness

tf ¼ 0.11 mm; elastic modulus of FRP Ef ¼ 2.3 3

105 MPa; and tensile strength of FRP f f ¼ 3900 MPa.

The beam had a height such that hf ,e ¼ 300 mm, unless

otherwise stated. The beam considered had its sides

fully covered by continuous FRP sheets with vertically

oriented fibres only. The use of continuous FRP sheets

is consistent with the derivation of the theoretical mod-

els and also simplifies the discussions. Such a contin-

uous FRP sheet is equivalent to and was modelled as a

number of FRP strips with the strip width wf being the

same as the strip spacing sf , and with the spacing from

the crack end to the centre of the first FRP strip

sf ,1 ¼ sf=2 (Figure 4). The number of strips to be used

to represent such a continuous sheet was determined

from a mesh convergence study.

All the truss elements had the same length for ease

of modelling and the shear crack position and/or the

strip length were appropriately rounded to suit the ele-

ment size. A convergence study was conducted for the

truss element size using a single-strip model with the

crack opening displacement applied at the middle of0
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the strip. Results of two simulations with 1 mm and

2 mm element sizes (Figure 7(a)) are nearly identical.

The predicted maximum stress value in FRP (Figure

7(a)) is 1048 MPa, which in close agreement with a

value of 1045 MPa calculated from the corresponding

bond strength model of Lu et al. (2005), showing the

accuracy of the computation model. A truss element

size of 1 mm was adopted in all subsequent numerical

simulations of the study. Note that Chen and Teng’s

(2001a) bond strength model employed in the shear

strength model of Chen and Teng (2003a) and the

present modified shear strength model predicts a clo-

sely similar value of 1022 MPa. Chen and Teng’s

(2001a) bond strength model was recommended by Lu

et al. (2005) following an exhaustive study for design

use due to its simplicity and accuracy.

Mesh convergence: spacing of the FRP strips

In the interest of computational efficiency and to

verify the convergence of the model, numerical simula-

tions were also conducted to determine the appropriate

number (or the appropriate spacing) of discrete FRP

strips to represent a continuous FRP sheet with vertical

fibres (sf ¼ wf ). Figure 7(b) shows the development of

the effective stress in the FRP strips with the maximum

crack width (i.e. wmax) for different values of FRP strip

spacing (sf ). When the FRP strip spacing sf is large

(e.g. sf ¼ hf ,e/5), the stepwise drop of the effective

stress due to the complete debonding of individual

strips in the descending branch of the curve is also

large. As sf decreases, such drops become smaller.

Figure 7(b) clearly shows the trend that the ‘ideal’

value of effective stress for a continuous FRP sheet lies

at the midpoint of each stepwise drop. With sf ¼ hf ,e/

20, the magnitude of the drops compared to the de-

duced value for a continuous FRP sheet (sf ¼ 0) is

about 2.5%. This is because when sf ¼ hf ,e/20, the

corresponding value for each step drop is about

1/20 ¼ 5% of the effective stress of the FRP sheet, and

half of the step drop is around 2.5%. Based on the

above observations, in this study sf ¼ hf ,e/20 was

adopted to closely represent the shear resistance con-

tribution of a continuous FRP sheet.

Performance of the two theoretical models

To assess the performance of Chen and Teng’s

(2003a) theoretical model and the modified model pre-

sented in this paper quantitatively , the following factor

is defined

Kf ¼ �f ,e= ff ,e (24)

where Kf is referred to as the mobilisation factor of the

FRP strips, �f ,e is the average stress (or effective stress)

of the FRP strips intersected by the critical shear crack

obtained from a numerical simulation, and f f ,e is the

effective stress in the FRP from either of the two theor-

etical models.

It should be noted that in both theoretical models,

the value of f f ,e is based on the assumption that all the

FRP strips intersected by the critical shear crack devel-

op their full bond strengths at the shear failure of the

beam. This assumption is not made in the computa-

tional model. In addition, the shape of the crack, repre-

senting the distribution the crack width, can be varied

in the computational model. Clearly the computational

model depicts more accurately the stress development

in FRP strips and hence the shear contribution of the

FRP than the two theoretical models. In this section,

the accuracy of the theoretical models is assessed in

terms of the mobilisation factor defined above.

Figure 8 shows that the value of Kf for FRP side strips

increases as the crack widens and then decreases as the

strips debond in a sequential manner. For Chen and

Teng’s (2003a) model (Figure 8(a)), the maximum value

of Kf reached before the commencement of debonding

is around one for values of C from 0.25 to 0.75, which

covers the range of crack shapes most likely to be found

in practice. Therefore it can be said that Chen and Teng’s

(2003a) model is accurate in predicting the shear resis-

tance of FRP side strips. The maximum Kf value is

larger than 1.0 (conservative) for larger C values and

smaller than 1.0 (unconservative) for smaller C values.

By contrast, the modified theoretical model leads to
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unconservative predictions for the common range of

crack shapes (Figure 8(b)). The crack shape with C ¼ 0

is the most critical throughout the development process

of shear resistance for both models.

Figure 8(c) shows the maximum Kf value against the

crack shape parameter C for both models and two

practical beam sizes. From the figure it can be seen

that Kf generally increases with C for both models.

Chen and Teng’s (2003a) model is nearly independent

of the beam size when C is small but becomes more

conservative for the small beam when C is large. The

modified model is unconservative for all C values. It is

more unconservative for the small beam when C is

small but the accuracy becomes almost the same for

both beam sizes when C approaches 1.0. Overall, Chen

and Teng’s (2003a) original model gives better and

more conservative predictions than the modified model.

In a similar fashion, the numerical results for FRP

U-jackets are presented in Figure 9. In general, the

mobilisation factor increases for both models when the

crack shape becomes more symmetrical (i.e. C ap-

proaches 1.0) (Figures 9(a) and 9(b)). Figure 9(c)

shows the effect of the crack shape parameter C on the

maximum Kf value. The predictions of the computa-

tional model are seen to closely match the predictions

of both theoretical models (i.e. Kf is close to 1 in all
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cases) (Figure 9(c)). Figure 9(c) also shows that for

FRP U-jackets, the FRP shear contribution is much less

sensitive to the crack shape compared to FRP side

strips (Figure 8(c)). For the crack shapes examined in

this study and for a beam with hf ,e ¼ 300 mm, the

maximum difference between the computational model

and Chen and Teng’s (2003a) model occurs when the

crack shape is nearly symmetrical (C ¼ 0.9) and Chen

and Teng’s (2003a) model is conservative by 8.0%. This

difference is reduced when the beam size increases.

The modified theoretical model gives accurate predic-

tions over the full range of crack shapes for the two

different beam heights, with the maximum difference

being less than 3.0%.

Both theoretical models are based on the unconser-

vative assumption that all FRP strips reach their full

bond strength at beam failure owing to debonding. In

Chen and Teng’s (2003a) original model, the bonded

FRP areas between the compression face of the beam

and the crack tip and covering the tensile concrete

cover are conservatively neglected, which counterba-

lances the effect of the assumption of full bond strength

development. This counterbalancing effect is not avail-

able in the modified model, which is based on a more

accurate representation of the bonded area. As a result,

Chen and Teng’s (2003a) original model gives more

conservative predictions than the modified model. This

counterbalancing effect is more significant for FRP

side strips than for FRP U-jackets because for a given

beam size, FRP side strips have shorter bond lengths

than a corresponding configuration of FRP U-jackets.

Therefore, for FRP side strips, the original model is

much more accurate while the modified model can be

significantly unconservative.

Conclusion

This paper has been concerned with the evaluation

of the shear resistance contributed by externally bonded

FRP reinforcement in RC beams shear-strengthened

with FRP U-jackets or side strips; such beams typically

fail by the debonding of the FRP reinforcement from

the concrete substrate. In this paper, a theoretical shear

strength model in closed-form expressions modified

from a model proposed by Chen and Teng (2003a) for

shear debonding failure was presented. The predictions

of both the original model of Chen and Teng and the

modified theoretical model were then compared with

results from a computational model that does not make

use of several restrictive assumptions adopted by the

two theoretical models. With the results from the com-

putational model taken as the accurate reference values,

the numerical results and discussions presented in the

paper allow the following conclusions to be made about

the two theoretical models

(a) both Chen and Teng’s (2003a) original model and

the modified model lead to reasonably accurate

predictions for the shear resistance of externally

bonded FRP reinforcement (both FRP U-jackets

and side strips) for the practical range of crack

shapes

(b) the accuracy of both models increases as the beam

height increases

(c) for both FRP U-jackets and side strips, Chen and

Teng’s (2003a) original model leads to more con-

servative predictions than the modified model for

all the crack shapes examined

(d ) for FRP U-jackets, both Chen and Teng’s (2003a)

original model and the modified model provide

very close predictions, with the modified model

being slightly more accurate. For FRP side strips,

Chen and Teng’s (2003a) original model provides

more accurate predictions than the modified

model

(e) the original model of Chen and Teng (2003a) is

more suitable for use in design given its overall

accuracy and simpler form.
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