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We study the form factors of heavy-to-heavy and heavy-to-light weak decays using the light-front
relativistic quark model. For the heavy-to-heavy B — D) semileptonic decays we calculate the
corresponding Isgur-Wise function for the whole kinematic region. For the heavy-to-light B — P and
B — V semileptonic decays we calculate the form factors at g2 = 0; in particular, we have derived the
dependence of the form factors on the b-quark mass in the my — oo limit. This dependence cannot
be produced by extrapolating the scaling behavior of the form factors at ¢Z,,, using the single-pole
assumption. This shows that the q> dependence of the form factors in regions far away from the
zero recoil could be much more complicated than that predicted by the single-pole assumption.

PACS number(s): 13.20.He, 12.39.Hg, 12.39.Ki

I. INTRODUCTION

In the last few years, great progress has been made in
understanding weak decays of hadrons containing heavy-
quarks. The heavy-quark symmetry, which appears in
the heavy-quark limit, can simplify many aspects of the
weak decays of heavy hadrons [1]. Because of the heavy-
quark symmetry all form factors in the heavy-to-heavy-
type decays such as B - D®ep, (D™*) = D or D*) can
be related, in the heavy-quark limit, to a single univer-
sal function called the Isgur-Wise function. The Isgur-
Wise function is of nonperturbative origin and has been
of great interest to both theoretical and experimental
studies. In particular, the Isgur-Wise function of the
B — D®™) semileptonic decays has been widely studied
[2-6].

The heavy-quark symmetry can also shed some light
on the heavy-to-light-type weak decays. For example,
one can derive the dependence of form factors (there is
more than one form factor in this case) on the heavy-
quark mass in the zero-recoil region, i.e., near ¢Z ., [7].
However, away from the zero-recoil region, one still needs
a model-dependent method to understand the form fac-
tors.

In this paper we study the form factors of heavy-to-
heavy and heavy-to-light weak decays using the light-
front relativistic quark model. The light-front relativis-
tic quark model was developed quite a long time ago,
and there have been many successful applications [8-11].
Here we use this model to calculate the Isgur-Wise func-
tion for the heavy-to-heavy B — D*) semileptonic de-
cays. It is known that the light-front model usually can
only work at g2 < 0. However, it is possible to use the
results at g2 = 0 to get the Isgur-Wise function for the
whole kinematic region [12].

We also study the form factors in the heavy-to-light
decays such as B — 7 and B — p semileptonic decays in
the heavy b-quark limit. In particular, we are interested
in the dependence of these form factors on the b-quark
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mass mp, since the pole-dominance assumption for the
form factors is usually used to move away from the zero-
recoil region. Heavy-to-light weak decays are especially
sensitive to the g2 dependence of the form factors with
such an assumption. The scaling behavior of these form
factors at g2 = 0 allows us to compare it with the pole-
dominance assumption and to understand the behavior
of the form factors away from ¢Z .

The paper is organized as follows. In Sec. II we present
a brief introduction to the light-front relativistic quark
model; in Sec. III, we calculate the Isgur-Wise function
for B — D) decays; in Sec. IV we study the heavy-to-
light form factors in the heavy-quark limit, and we give
our conclusions in Sec. V.

II. THE LIGHT-FRONT RELATIVISTIC
QUARK MODEL

The light-front relativistic model [8] has been applied
recently to many aspects of heavy-meson weak decays
[9-11] where more details can be found. In particular, a
nice introduction can be found in [9]. Here we only give
a brief description of the model.

It is known that the dynamics of a relativistic sys-
tem is determined by the ten generators of the Poincaré
group. In the Poincaré group there is always a kine-
matic subgroup of which the generators are independent
of the interaction [14]. In the usual “instant” form, the
instant time z° = t is invariant under the corresponding
kinematic subgroup, which has six generators. Corre-
spondingly, in the light-front form, z+ = t + z3 is left
invariant by the light-front kinematic subgroup. One of
the advantages of the light-front form is that its kine-
matic subgroup has the maximum number of generators
(seven).

In the light-front quark model [15] a ground-state me-
son V(Qg) with spin J can be described by the state
vector
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V(Py, J, J)) = / &p1d®py6(Py — P)

X Z 775 (py, p2, A1, A2)
A2

x|Q(A1,P1)q(A2, P2)) - (1)

The quark coordinates are given by

i+ =1 Py, puy =P, +k,
p2+ = x2Py , p2yL = 22P; ~k,
z1+x2=1,0<712<1, P=p;+p2- (2)

In the light-front convention, for P (and similarly for
other vectors), P = (Py,P ) where P, = Py + P, and
P, = (P, P,). We denote quark Q by subscript 1 and
antiquark @ by 2.

It can be shown that the quantities z; > and k, are
invariant under the light-front kinematic subgroup [9].
In the light-front quark model, the individual quarks are
on mass shell (p? = m? and p2 = m2) and p; + p2 =P,
but p1o + p20 # P. The sum of the four-momenta of the
quarks is

mi+ki mit+ki
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T, = =el+kz m:l—x—-ez_kz
! e1+es 2 e + ey
ei=4/miZ+k? (i=1,2). (4)
Then we have
My=e1+ez. (5)

Obviously, k is invariant under the light-front kinematic
subgroup because of the invariance of x; 2 and k .

To be invariant under the kinematic subgroup, the
wave function can only be the function of z; 2 and k; or
equivalently k. Thus the wave function is independent
of the motion of the hadron. A relativistic description
of the meson can then be achieved by solving the wave
function from the relativistic eigenvalue equation [9]

(e1 + ex + V12) gl = my uJs , (6)

where Vi, is the potential and my is the meson mass.
Rotational invariance of the wave function fmr states

with spin J and zero orbital angular momentum requires

the wave function to have the form [8, 9] (with z = z,)

M} = (p1+p2)’ = p = (3) Ol (py, P2, A1, A2) = RT3 (2, k1, Mg, A2) (2, kL),
1 2
7
One can introduce a more intuitive quantity, the internal (™)
momentum k = (k,,k, ), where k, is defined through where ¢(z,k, ) is even in k; and
J
RV (z,k i, A, A2) = Z(x\ﬂRL(ml, k,, mQ)]/\)()\leL(mz, -k, mq)|/\')C‘]’J"(%, A; %, AN. (8)

AN

In Eq. (8), C772(3,
Melosh rotation [13]

mi + z; My —io-(nx k)
\/(m, + .’l!,'Mo)2 + ki

Ry (i ko, m;) =

where n = (0,0,1), o are the Pauli-spin matrices, and M, is defined in Eq. (3).

R73(z,k,, A1, A2) in (8) can also be written as

A; %, ') is the Clebsch—Gordan coefficient and the rotation Ry (ki,m;) on the quark spins is the

(i=1,2), (9)

The spin-wave function

R72(z,k i, A, A2) = X}, By (21, ki, mq) S77° RIS (z2, —k1,mg)xx,

J,J.
=xi, Uy (z, k1) xx,
where S77s is defined by

S7 = 3NN G (3,204, X) -
AN

(10)

(11)

For the pseudoscalar and vector mesons, the nonrelativistic spin matrix is

SO’O _ 102 Sl,:}:l — 1+o0;

=7

SI,O — o1

2 V2

(12)

Without the Melosh rotation, the spin of the wave function will be just S¥>7s. The explicit expressions of U”/s(z, k)

in Eq. (10) can be found in Ref. [10].

The matrix element of the B(bg) meson decaying to a meson V(Qq) is
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TP (', ' AL, A2) B0 (D1, M) Tus(P1, A1) 5% (P1, P2, A1, Az)

(V (v, J2)|QTHB(ws)) = [dz ks Y

AnAz,A r
- / da dzkﬁs{’(””’klf’?(m’k” Tr [UP (2,k) Ur U3 (2, k1) (13)
where Ur is defined by
(P, A1) T up(p1, A1) = Xi; Ur xa, (14)
and
P12+ =2Z12 P4+, p1L =x1 Ppyi +ky, paL =x2 Pp1 —k,
Piay =212 Pvy, Py =21 Pvi+k|, py =22 Pvy— K . (15)

Since we use the spectator quark model, p5 = p2, and k, and k| have the relation

ki -kl =(1-2)(Ps—Pv)L=(1-2)q. . (16)
For Eq. (13) we need to choose ¢ = (pg — pv)+ = 0. Thus ¢ = —q% < 0. Also, Eq. (13) is in fact expected to be
valid only for good currents such as I' = v, ,7v+7s, .... There are contributions other than the one given in Eq. (13)

if ¢4 # 0 and the current is not a good current [9]. For I' = v; and 45, Ur in (14) is
U7+:2IEPB+, U’Y+75=2:BPB+ o3 . (17)

We define the form factors of the B(bg) — P(Qg) transition between two pseudo-scalar mesons by
- m% — m2 m% — m2
(Ploe)| @b 1B(o) = Fu(e") (vt~ TEZTE)g) oy RS, (18)
"

where ¢ = pp — pp, and one has Fy(0) = Fy(0). For the B meson transition to a vector meson V(Qg) we define

(V(pv,6)|Qiounq”br|B(pB)) = f1(4)ieuarce™ PEpy + [(mG — mY)e, — (€ q) (p5 + pv)u] f2(¢?)

+e o) g, - LEEDI] py ) (19)
and
Vv, 9l Qral1 = 1600 1B(p8) = - iy agepisply ~2my P2 g ao( )
- [(ma +my)et A1 (¢%) - %’i);(pa +pv)* A2(¢?)-2mv (—E:q'—ng—)q"As(qz)]-

(20)

Note that the form factor f3(q2) does not contribute to the decay B — K*v. In Egs. (19) and (20) € is the polarization
vector of the vector meson, and

mp+m mpg —m
As(q®) = —’;mV—VAl(qz) - BzTVVAz(‘IZ) , A3(0) = Ao(0) . (21)

Using the good current I' = v, and Eq. (13), we can obtain the following expression for the form factor Fy(0):

Ao Ap + k2
F1(0) = /dw d?k | ¢ (z, k1 VoB(z, k1) (Ao Ay + k1) , (22)
V(A% +KD) (AZ+K2)
where
Ag=azmg+(1—z)mqg, Ap=x mg+ (1 —z)my . (23)

The form factor Fy(0) can be rewritten using the internal momentum k = (k,,k.) defined through Eq. (4) instead
of the variables (z,k ) as

Fl — d3k * kl k eQeIZMg (‘AQ’Ab + k?l_) , 24
(0) / np (k) ns( )V €b€2M(? \/(A2Q+kﬁ—)(‘412>+kﬁ_) (24)
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where the momentum k in the B meson and k’ in the P meson have the relation
— 1/ estk. __eqtk,
ky=lky eb+ez~m_eq+e’2’ (25)
and for each meson, respectively,
dkz dkz €1€2
k)= k ==
¢(e k) "™ & T o (26)
In (24) M¢ and M(? represent, respectively, the quantity My of (3) for mesons B and P. The formulas for the other
form factors can be obtained similarly using good currents T = v, vs,v+,... and Eq. (13):
. ! MY »AQAb+(2$ _ 1)k2 + 2(’"54’"‘9)(1"3)“2
Ao(0) = / &k njy (K')np (k) 4] 222228 L Wy (27)
eve2Mg V/(AB+13) (47413
. ecel Mb AgAp+z k3 4 (metmo)(zlley )‘(,l_m)kz
£1(0) = / &k iy (K )p (k) 4 [ 222220 L W (28)
everMy | J(AZ+KD) (A +KD)
5 oy eQeleg (mB-i-mv)(l—:I:) (Ab-f-%-i- (1 — Z)(mb — 'InQ)kﬁ_@\/)
V(0)= [ &°k ny (K')np(k) ) . (29)
evea My V(A% +KD) (A2 +Kk2)
N e, M}
A5(0) = — / &k iy (K )np (k) 1| 2228 (mp+my)(1-7) (30)
CbCzMo

(1-2z) Ap+z2[mq + (1-2z)mp +22m2]|Ov k2 +

2[(BoAs+k%)(1+0vkE )+ k1]
Wy

V/(AG+kD) (A7 +k2)

where

WV=M0Q+mQ+m2, Bg =z m;— (1—x)mgq ,

N AT dv
®V - (El—(?:) /¢V ) ¢V = \/m . (31)

Note that one can get A;(0) from Aq(0) and A(0) using
Eq. (21) and f1(0) = 2f2(0). In [9], similar formulas have
also been given.

III. THE WAVE FUNCTIONS

The meson wave function ¢(x, k) is model dependent
and difficult to obtain; often simple forms are assumed
for them. One reasonable assumption is a Gaussian-type
wave function

Bla, k) = (k) T2

2
100 = —rzrzexe (—%) . (32)

The parameter w is a scale parameter and should be of

the order of Aqcp. This wave function has been used

in many previous applications of the light-front quark

model [8,9]. The results are generally quite successful.
A similar wave function is

’

¢(z, k1) = n(k)

2
o 9 =N e (58 ) -

dz 2w?
(33)

Here N is the normalization constant. Equation (33),
in fact, differs from Eq. (32) only when the two quarks
of the meson have different masses. If they have equal
mass, i.e., m; = my = m, as is the case for the = and
p, MZ = (e1 +€2)? =4 e? =4 €2 =4 (m? +k?). The
two wave functions are equivalent, since they differ only
by a constant factor. The wave function (33) has been
also applied for heavy mesons for which the two quarks
certainly have different masses [16,17].

Another possibility is the wave function adopted in
[18]:

¢(z, k1) =Nz(1—-x)

M2
xXexp | — ZU—Z r —

ki!
exp (—— 2;,)

Tw?

N =
3
o [ON
% é
QN
| I )
nN
v

X , (34)

where M is the mass of the meson. We normalize the
wave function to 1:

1= /dw d’k | |p(z, k1 )]? = /d3k|n(k)|2. (35)
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The wave function ¢(z,k ) should also satisfy [9]

= dzd?k k
M= 2” /1' 1 bz ky) ———— 2 +k2
_ 3 3 iEl.’I?zMO AQ
— e | 09100 2 A1
(36

where fjs is the meson decay constant. When the decay
constant is known, this condition is usually one of sev-
eral ways to determine the values of parameters in the
wave function. For heavy mesons such as the B meson
it imposes a constraint on the wave function because the
decay constant has the scaling behavior [1]

mp — 00 . (37)

fo o —
B \/7~n—b- )
We have not included perturbative corrections in (37).
We now consider the general behavior of the heavy-
meson wave function ¢(x,k ) in the heavy-quark limit
mp — oo. Here we take the B meson as an example.
The distribution amplitude [ d?k; ¢(z, k) of a heavy
meson is known to have a peak near z ~ 1. If we denote
the  coordinate of the peak in ¢(x,k ) by z¢ and the
width of the peak in z by A, then o -+ 1 and A, — 0
as mp — o0o. Thus the wave function behaves as a §
function in z. On the other hand, ¢(z,k ) vanishes if
k2 > A(ZQCD. To see this in some detail, consider Eq. (4).
If we use (k., k) as the coordinates, then we expect that
|k| should, in general, be of the order of Aqcp. Thus from
Eq. (4), it is easy to see that the z coordinate of the peak
of ¢(z,k ) behaves as

z:l—A—-i-. y

(38)
mp

where A is a function of k%, but it is of order of Aqcp-
All three wave functions listed before have the above
general feature. However, as we show in the Appendix,

J

FPP(0)=AgP (0) =

BD" (0) = / &k (k)5 (K)
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the wave functions (32) and (34) satisfy the scaling law
(37), but (33) does not. The wave function (34) is ob-
tained assuming factorization with respect to the spin
and orbital motion [12, 19], which is not the case in the
light-front relativistic quark model. Thus we will only
use the wave function (32) in the following sections.

IV. THE ISGUR-WISE FUNCTION
OF B — D) DECAYS

With the formalism and the wave function given in the
preceding sections, it is now straightforward to calculate
the form factors of the B — D®) semileptonic decays.
We study the behavior of these form factors in the limit
myp — oo and m, — oo.

We use the wave function (32) and define r =
Also, we take mp = myp, mp = m,, and set the scaje
parameters for the heavy mesons equal, wyg = wp = wp.
(The same wp holds for both D and D* mesons.) In the
integrals (24) and (27)—(30), |k| for the B meson is of the
order of the scale parameter wg, and k. for the D®*) is
given by

k;=%(r(k,—~/mg+ki+k§)

m3 + k2 +k2) tol L (39)
r myp ’

(Note that k!, = k,.) In terms of the variable z the
integrand in these integrals peaks at

Vvmi+ k2 +k2 -k,

me

rz=1-— . 4
— +oe (40)
and Mg and M¢ in these integrals become
M s my , M{—me=rms,
ep — Mp,ec —> M = T My, (41)

In (27)-(30) all terms proportional to Wl—; can be ne-
glected in the heavy-quark limit. Thus,

ey (AcAp + k7 )
\/(A2+k2 J(AZ+K2)

(42)

(43)

AFP(0) = V2" (0) = [ &k (<) (1) \/: (e \/”fif;’_’lfz’;‘(’f—’")()l‘w)k 190:)

We are left with two sets of form factors. Now we need to show that these two sets of form factors are equal, as
required by the heavy-quark symmetry. For the special mass ratio » = 1, we can show analytically that all the above
form factors equal 1. However, it is not easy to show that the form factors in (42) and (43) are equal for an arbitrary
ratio r. Nevertheless we can use numerical calculation to show that these form factors are indeed equal [20]. Thus
there is only one independent form factor in the model, as required by the heavy-quark symmetry. This form factor
does not depend on the heavy-quark masses m; and m, but their ratio r:

h=h(r,mq,ws)
= FPP(0) = AFP" (0) = APP" (0) =

= f£P°(0)
(AcAp + k2)

/d3k7)D(kl)"73(k)\/7’ V(AZ+K2) (A2 + K2 ) "

= APP"(0) = VBP (o)
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In [12,19] it is argued that the knowledge of the form
factor h at g = 0 suffices to determine the Isgur-Wise
function in the whole kinematic region. The basic idea is
as follows. The Isgur-Wise function depends only on the
velocity product v - v’:

2 2 _ 2
r_Mp+mp—gq

=2 4

v-v Te— (45)
We define
2
12 r’+1

=v- =0) = 46
y=v/(@=0="1 (46)
Keeping ¢> = 0 fixed, y changes as the mass ratio r

changes in the interval [1, co], which can cover the whole
kinematic region in weak decay. Writing h in terms of y,

h = h(y,ma,wi) , (47)

shows the Isgur-Wise function to be

£y) =4/ “Ll h(y, m2,wr) - (48)

Hence we obtain the Isgur-Wise function £(y) in the
whole kinematic region, even though in the light-front
quark model we can only calculate the form factors at
q® = 0.

It is easy to see that the Isgur-Wise function obtained
this way satisfies {(1) = 1, since when r = 1 then
h =1 and y = 1. Also, the Isgur-Wise function satis-
fies Bjorken’s constraint on the derivative p? = —¢'(1) =
1/4 — h'(1,m2,wn) > 1/4 because the overlap of nor-
malized wave functions cannot be larger than one, i.e.,
h'(1,mz,wy) < 0 [12,19].

The final Isgur-Wise function is calculated numerically.
We use the light quark masses obtained by fitting f, and
fo [9]: m2 = 0.25 GeV. For the heavy-quark masses,
fp ~ 200 MeV for m, = 1.6 GeV and wp = 0.45 GeV.
Similarly, fg ~ 190 MeV for my; = 4.8 GeV and wg =
0.55 GeV. These values of fp and fp lie in the ranges of
recent lattice results [21, 22]. We use the above masses
for b and ¢ quarks and calculate the Isgur-Wise function

in the range 1 < y < 1’;—4} ~ 1.67, where ro = g—ﬁ =
0.33. Since we work in the heavy-quark limit, we need
to set wg = wp = wp. To see the dependence of the
Isgur-Wise function on the parameter wy, we use two
values for wg: wyg = 0.55 and 0.50 GeV. We also give
the result corresponding to ms = 0.30 GeV. In Fig. 1
we show the Isgur-Wise function £(y) for the B — D(*)
semileptonic decays. For comparison we also show the
functions [2/(y + 1)]™ (m = 1,2), which correspond to
the single- and double-pole-like form factors in the heavy-
quark limit. Our result for the slope of the Isgur-Wise
function is

wg = 0.55 GeV, p?=—¢(1) =1.23, my = 0.25 GeV,
p?=—¢(1) =1.27, my = 0.30 GeV,
wg = 0.50 GeV, p?=—¢'(1) =1.25, my = 0.25 GeV,
p?=—¢(1) =1.29, my = 0.30GeV.

(49)
One can see that for the same wg a larger spectator quark

0.9+

Single pole

0.87
0.71
Double pole
0.67
y
0.51
1 1.1 1.2 1.3 14 1.5 1.6
FIG. 1. The Isgur-Wise function £(y) for the B — D™

semileptonic decays. The upper dashed curve corresponds to
wpg = 0.55 GeV and m2 = 0.250 GeV; the lower dashed curve
corresponds to wy = 0.55 GeV and m2 = 0.300 GeV. The
upper solid curve corresponds to wyg = 0.50 GeV and ma =
0.250 GeV. The lower solid curve corresponds to wy = 0.50
GeV and m2 = 0.300 GeV.

mass (m2) gives a larger slope. The slope, in general,
however, is not very sensitive to either wgy or ms.

For comparison, we list in Table I a number of recent
calculations of p2. The lattice calculations [3] and most of
the relativistic quark models [2] tend to give larger values
(p? 2 1). The values from the QCD sum-rule calculations
[4] are generally somewhat smaller. The nonrelativistic
quark model [5] gives p? ~ 0.67 (with the large recoil
effect used to fit the m electromagnetic charge radius)
but a relativistic modification of this model carried out
by Close and Wambach gives p? ~ 1.19 [2].

TABLE I. The slope p? of the Isgur-Wise function for
B — D™ep, decaying at zero recoil.

P

for wg = 0.55 GeV
1.23 (mz = 0.25 GeV)
1.27 (m2 = 0.30 GeV)

for wyg = 0.50 GeV
1.25 (m2 = 0.25 GeV)
1.29 (m = 0.30 GeV)

This work

Ahmady et al. [2] 0.54-1.5
Bernard et al. [3] 1.41 £0.19 +0.41
Blok and Shifman [4] 0.5-0.8
Close and Wambach [2] 1.19 +0.02

El-Hady et al. [2] 1.28

Holdom and Sutherland [2] 1.24-1.36
Huang and Luo [4] 1.01 + 0.02
Isgur et al. [5] 0.64
Ivanov and Mizutani [2] 0.42-0.82
Jin et al. [2] 0.97
Kiselev [2] 1.25
Kugo et al. [2] 37 1.8-2.0
Mannel et al. [6] 1.77 £ 0.74
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V. FORM FACTORS OF HEAVY-TO-LIGHT
DECAYS IN THE HEAVY-QUARK LIMIT

In this section we study the form factors of heavy-to-
light transitions B — P(QgG) and B — V(QgJ), where
mp — oo as before, and the quark @ has a smaller finite
mass but Q is a light quark. Consider the form factors of
Egs. (24) and (27)—(30). Since the wave function of the B
meson peaks near z ~ 1, i.e., ¢ = 1 when my — oo, the
integrands usually also have a peak. The z coordinate of
this peak takes, in general, the form

1
x:l—O(—;) , n>0,
my

where n depends on the specific form of the wave func-

(50)
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tions. (With the wave function we used the integrand for
the heavy—to—heavy decays has n = 1.) Because of Eq.
(50) the quantity,

Mrom% — o0 (51)
0 b .

Therefore, regardless of the specific form of the wave
functions, terms 1n the expressions for the form factors
proportlona,l to W— can be ignored when mp — oo. This
is similar to what we saw in the last section for the heavy-
to-heavy transitions. For heavy-to-light transitions the
form factors in (27)—(30) now reduce to

S
Fi(0)= [ deni( k')nB(m\/‘:;’;W J(;Ai::t;) = (52)
Ao(0) = £20) = [ @k k')nB(k)m \/(AAQA”;";‘;ikz), (53)
40) =V(0) = [ ey ()nn(10) <22 : (ms+mv)<1\~/a(c£2:+k (j) (—Aw)i:l)— mg)kiOv] (54)

in the limit m; — oo. Thus in the light-front quark model we obtain two independent form factors for B — V
transitions regardless of the specific form of the wave function. Because of Eq. (53) we found [23, 10, 24] that the ratio
Z, which relates the decay rate of B — K*v and that of B — pev, at ¢ = 0 is 1 in the SU(3) flavor symmetry limit.
In general there should be four independent form factors for the heavy-to-light B — V transition and, in particular,
the four form factors A;(q?), A2(¢?), V(¢?) and f;(¢2) are independent of each other [25]. Here, in the light-front
rela.t1v1st1(: quark model we obtain only two independent form factors due to the vanishing of terms proportional to
. This can be traced back to the treatment of the quark spins (7)—(10), which corresponds to a weak-binding limit
[26] This is a known approximation in the light-front quark model [27]. In the matrix element for the heavy-to-light
transition B — V the integrand has contributions only from z; = £ — 1 as mp — oo. Thus the Melosh rotation (9)
for the transition quarks b and @ becomes

Ry(ki,mp) =1, Rpy(ki,mg)—1, (55)

even though the quark Q is light. Thus the Melosh rotation affects only the spectator quarks.
We now use the wave function (32) to obtain the form factors, the details of which are given in the Appendix. The
final expression for the form factors in the m; — oo limit is

f1(0) =V (0) = Ao(0) = A2(0)(= 41(0))

4 x 211/12 112 [ ma 2/3 3 (27‘v)1/3m§/3m
== ry pgy exp

f

V34 (B+ary) mi+2md
16w‘2/

; (56)

where ry = w%,/w% with wy and wp being the meson
scale parameters in wave function (32). The replace-
ment of wy by wp and rv by rp = wl/w% gives F1(0) 2/3
(= Fo(0)). It is interesting to note that though there exp(—m;' "a)
are, in general, two sets of form factors for B — V tran- m2/3

sition, these two sets of form factors become equal when b
we use the wave function (32). We attribute this equality
to the specific form of the wave function (32). We see no
reason that this is generally true for arbitrary wave func-

tions. Obviously, all the form factors have the following
dependence on my:

, (57)

where a = 3(2r;)/3m 4/3/16w (L=V or P).
The dependence of the heavy-to-light form factors on
my is interesting because it allows us to compare it with
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the prediction from the pole-dominance assumption for
the heavy-to-light form factors. For example, Burdman
and Donoghue [28] have pointed out the inconsistency
between the scaling behavior of the heavy-to-light form
factor at g2, and the single-pole-like form factors used in
the Bauer-Stech-Wirbel (BSW) model [18]. One knows

[7]

Fo(@hax) o< my ', Ar(Ghaax) 0 my 72,
Fl (qxznax) & m;z-/z I V(qxznax) & m;/z’
Az(qrznax) & m;/27 (58)

but all form factors in the BSW model behave as oc m; !

at ¢> = 0 when mp — oco. Thus in BSW model the
single-pole-like g2 dependence certainly cannot produce
the scaling law (58).

The light-front quark model is a relativistic quark
model, which contains many important ingredients not
included in the BSW model. Obviously, a single-pole-
like ¢ dependence combined with (58) cannot produce
our results. In our opinion, this is an indication that
a single-pole-like ¢ dependence may not be correct, at
least in region far away from the zero-recoil point ¢2,,,
such as g2 = 0. In fact, the pole-dominance assumption is
generally expected to be correct only near the zero-recoil
region. The actual ¢? dependence of the form factors
far away from ¢2,,, could be much more complicated.
When compared with (58), our result indicates that the
set F(q2%), V(q?), and A2(g?) may have a similar type of
¢? dependence, while the set Fy(g2) and A;(g?) also has
a similar ¢? dependence but one that is different from the
first set. For example, F(q?) may increase as g2 faster
than Fy(g?). Similarly, V(¢2?) and A2(¢%) may increase
faster than A;(q?).

The form factors in the heavy-to-light B — P and
B — V semileptonic decays and their dependence on the
b quark mass in the m; — oo limit have been studied
by many other people [22,29-34]. In particular, in [31,
32] the light-cone QCD sum rule gives F1(0) oc m, 3/2,
which is not in agreement with a single-pole extrapola-
tion. However, in [30] a QCD sum-rule calculation gives
Fy(0) ox my, v 2 consistent with a single-pole assumption
for the whole kinematic region. Though there are differ-
ences in all these studies, it seems that most people do
agree that form factors V(g?) and A(¢?) may increase
faster than the form factor A,(q?) [30, 33, 34] as ¢2 in-
creases.

Finally, we give the numerical results of the form fac-
tors at g2 = 0 for the transitions B — 7, B — p, B = K,
and B - K*:

FE-m(0) =0.26, fE77(0)=0.28, VE~?(0) =0.32,
AB~P(0) = 0.30, AB7P(0)=0.21, AJ77(0) =0.18;

FE~K(0) =034, fE~K"(0)=0.37,
VE~K"(0) = 0.42,

AE~K(0) = 0.40,

AB~K (0) =029, AP~KT(0)=0.24. (59)

3973

For the B meson we have used m; = 4.8 GeV, wg = 0.55
GeV; for 7, p, K, and K*, the parameters are taken
from [9]: m, = mg = 0.25 GeV, wy = w, = 0.32 GeV,
ms = 0.37 GeV, wg = wg+ = 0.39 GeV. The heavy-
to-light form factors are most sensitive to the transition
quark mass ratio of mg to ms. Obviously, if mg/my — 0,
these form factors vanish. Even so, changing the mass
of mg from 0.37 to 0.50 GeV gives the following small
changes for the B - K and B — K* form factors:

FE-K(0) =038, fE~K"(0)=0.40,
VB=K"(0) =0.45,
AB~K"(0) = 0.43,

AB~K(0) =0.33, APK7(0)=0.28. (60)

VI. CONCLUSION

In this paper we have studied the form factors of the
heavy-to-heavy and heavy-to-light weak transitions in
the light-front relativistic quark model. For the heavy-
to-heavy B — D®™) transitions we have shown that the
form factors satisfy the heavy-quark symmetry relations.
We have calculated the corresponding Isgur-Wise func-
tion. The slope of the Isgur-Wise function agrees with
most other calculations. We have also studied the heavy-
to-light B — P and B — V transitions. For the transi-
tion B — V the model produces at most two indepen-
dent form factors. In general there are four independent
form factors; this reduction comes from using the weak-
binding limit and is independent of the choice of wave
function. With a specific wave function, we have derived
the dependence of the form factors (at g = 0) on the b
quark mass in the mp — oo limit. This dependence can-
not be produced by extrapolating the scaling behavior of
the form factors at g2, using the single-pole assumption.
This shows that the ¢®> dependence of the form factors in
a regions far away from the zero-recoil could be much
more complicated than that predicted by the single-pole
assumption. When compared with the scaling behavior
of the form factors at g2, our result suggests, for exam-
ple, that F;(g?) increases as ¢? faster than Fy(q?) and
similarly, V' (¢?) and A3(¢?) increase faster than A;(g?).
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APPENDIX

1. Wave functions and the scaling law (37)

Here we examine the wave functions (32)—(34) to see if
they satisfy the scaling law (37). We first look at the wave
function (32). For the B meson the wave function 7 (k)
in the integral (36) does not lead to any m; dependence.
Since, in the heavy quark limit,
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1=z —>1, Mop > mp, €1 — my (A1)
and
Ta=1—zocmy', eaocmy , Ayxmy, (A2)

we can easily obtain the scaling law (37). Note that here
o mQ means independent of my.

Next, we look at the wave function (33). In fact we
can show that wave functions of the following type for
the B meson do not satisfy the scaling law (37):

¢p(z,t) = Np g(z,t) exp[—f(z,t)], t= k%, (A3)
where

flot) = (Mg)*

(A4)
2w]23

and g(z,t) is some polynomial, rational, or irrational
function. We assume the function ¢p(z,t) peaks when
f(z,t) has a minimum. Suppose f(z,t) is at its minimum
when x = z¢ and t = to; then

ma
= _—— to = .
To 1 me T ma 0 0 (A5)
We expand f(x,t) around = = x¢ and t = to:
F(,) = F(@0r10) + 3 - f (w0 o) (& — 20)?
z,t) = f(zo,to 2 dz? ZTo,lo){T — To)” .
d
+—f(zo,to) t+ -+ (AS6)
dt
where
_ (mp+ma)?
f(wmto) - 2({.}% 9
d? (ma + myp)*
?J_m;f(xo’to) T mampw?
d _ (ma +my)?
d—t‘f(mo’to) T 2mompwd (AT)

We can show that higher-order terms in z can be ne-
glected. (Obviously there is no higher-order term in
t.) The derivatives (d?/dz?)f(zo,to) and (d/dt)f (o, to)
determine the width of the wave function ¢(x,t) at
(zo0,t0). The wave function can be considered as zero
when (z — zo) is of order larger than m;3/2 and t — tg
of order larger than m; !, This means the width of the
wave function (33) becomes zero in both z and ¢t when
mp — O0.

Now we can determine Np of (A3) from the normal-
ization condition (35). We introduce é and A to remove
the dependence of the integration variables on my:

3/2
a:::co-l—(ﬂ) é, t=t0+(@) mgz\.
mp mp

With the new variables (4, A), the exponent f(z,t) is now

(A8)

flapy = matme)” | s

—2 ...
p7 M AUNLEO

(A9)
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and the wave function (A3) becomes

¢B(z,t) = g(z,t)exp[—f(z,t)]
> mi g(5,3) exp [— )
B

m2
— 2 (82
2w (6% +X) |, (A10)

where g(d,A) has no dependence on ms, and j is some
number depending on the specific form of g(x,t). For
the wave function (33), which is an example of (A3),

¢B(x,t) = Npy/ ddl;z exp[—f(x,t)]

(m2+mp)®  m3 o
— N, —_ . — = (§ M.
o e[
(A11)
Note
z—1, xg—)ln—z, Mg—)mb,
mp

€, —> My, €z —>my. (A12)

With the new variables (4, A) the normalization condition
(35) becomes

1= / dz d®k | |pp(z, k)2

5/2
=7 m2 (Z_z) /d6 dA\és(z,k.)>  (A13)

and (36) becomes
3 Asp
=2,/ —= [ dz d°k k) ———
o =2\ s [ e Frssookn)
2

5/
[ 3

(A14)

Note the factor Ap// A2 + k? — 1in the m, — oo limit.
In both (A13) and (A14) the factor m m3 (%ﬁ)”2 comes
from the integration-variable transformation. From Egs.
(A10) and (A13) and (A14) we get

5/4

fB ocmy (A15)

for the wave function of type (A3). We can show that
the wave function (34) satisfies the scaling law (37).

2. Heavy-to-light form factors
in the heavy-quark limit

Now we use the wave function (32) to study the
dependence of the heavy-to-light form factors on mg.
The integrands in (52)—(54) are all of the form

§(kz,t)exp[—f(k,,t)] with

f(kzst) =fB(kzat)+fL(kzat)a (A16)
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where
- k2 rr k? = k' 2
= — = z,t -_——
fB(kzst) 2‘0% 2‘”%, ) fL(k ) 2(‘)% ’
2
K2=k2+t, kZ2=k2+t, t=k3%, rL=%.f—,
(A17)

(L = P for the B — P transition and L = V for the
B — V transition, and §(k.,t) can be determined from
(24) and (27)—(30). The internal momentum k. can be
expressed in terms of k, and ¢ through (25).

The minimum point of f(k,,t) is where the integrand
peaks. Suppose the coordinates of the minimum point of

J

= 1 3 3+ 4r 1
f(kantO) = (W) |:_8_(2TL)1/3m‘21/3mz/3 - (__i) mg - Zmé] )

2/3
mp
ma )

d2

. 3 d - 1
gizd (beorto) =g Gy (heonto) = z‘s/sw;/3w3/3<
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f'(kz,t) are (k;o,tp). One can then expand f(k,_,t) near
(kz0,0):

1 d?
—'dk_zf(kan tO)(kz - kzO)2

2
5 ko, t0) (6= t0) + -
dt 205 L0 0 .

f(kz,t) = f(kzo,to) +

(A18)

One can show that higher-order terms in (A18) can be
neglected. We find

to=0 , kypo=—2"3"3m3ml/? (A19)
The coefficients in the expansion (A18) are

(A20)

(A21)

—2/3

Thus the width at the peak is independent of m; in k., but is of order m, (— 0) in t. Hence, in the mp — oo

limit, the exponential function exp[— f (kz,t)] behaves as a § function in ¢, and the contribution to the integrands in
(52)—(54) comes only from ¢, = 0. In terms of the coordinate z the peak is at

ma\ 273 ma\ 23
(170:1—(2"!'[,)-1/3 (_2_) + -, mzozl-zoz(z 'rL)_l/3 (.._3) + .-

mp

(A22)

mp

It is interesting to notice that though o — 1, as in the heavy-to-heavy decays, 39 = 1 — o has a different dependence

on my. It is not of order m, ! but my 2/

comes only from z = zq.

3, Again, in terms of z, one can show that the contribution to the integrand

Because of (A19) and (A22), the integrands in (52)—(54) become much simpler. To obtain an analytical expressions
for integrals in (52)—(54) we again introduce a couple of new variables (£, A) to get rid of the m; dependence in (k,,t):

m 2/3
k. = k,o +m3 &, t=to+<-—2) m2 .
my

In terms of the new variables, f (kz,t) now becomes

. . 2 1/3, 2
Flhurt) = Flbnto) + (258 o2 4 (22
L

2
2 wi

(A23)

),\+..._ (A24)

We substitute (A23) into the integrals (52)—(54) and keep the leading terms in the expansion in m;. The integrals

(52)—(54) then become

F1(0) =/d6 d) exp [—f(k,o,to) - (3;” %31) 5% — (
P

Ao(0) = f1(0) =/d5 dX exp [—f(kzo,to) - (

\4

37‘V m%
2 wi

(2rp)Y/3 m3
E ;}25 Alc,

2 _ (27‘V)1/3m__§
Joo () e

A2(0) =V(0) =/d5 d)\ exp [—f(kzo,to)— (?_;‘_K"wn_}) 52_((27",)1/3 T—g)/\]c

2
8 wi

ma

1/3
9 l:(mb) / 28/302 — r%,/amg)\ 2wi§ — 2‘8/37'}/3m§)\

1/3 2
8ry “wi

where

} : (A25)

2
wy
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3/4 ,1/4  11/3
= 2_\721,_2/13"2_3_ (L=PorV).
2y/mmy “wy
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(A26)

The final expression for the form factors in the m; — oo limit is

4 x 911/12

F1(0)=—-\7§— P

mp

_4x 911/12 —7/12

Ap(0) = f1(0) = A2(0) = V(0) = 3 Ty (

mp

The difference between F;(0) and the form factors of
B — V transition comes from the scale parameter.

Finally, we give a brief explanation about why the two
groups of form factors Ag(0) = f1(0) and A5(0) = V(0)
are equal in our calculation. Since in terms of the coor-
dinates & and t the contribution to the integrand comes
only from x¢ and to given by (A19) and (A22), we have

Ap = mp T30, Ag > Mz, k3 — 0. (A28)
Thus in the integrals (52)—(54),
2
(Ao Ap + k)

V/(AB KD (A2 +1R)

(mpt+my)(1—z)(As+ (1 — z)(mp — mg)k? Ov)
V(AR ) (A2 +k2)
5 [mp @20 + M2 + My T20 t Oy . (A29)

m2

In the square brackets of (A29) we keep the my term
because the other two terms, though of higher order in
my, cancel each other, as we begin to show now. The
definition of Oy is given in (31):

do -
®V= (d;t;;i)/(ﬁ" )

- v

Py = —— = Gy (b, exp [~ fu (k2. 1)] . (A30)
S T
where
dk;
GV(kz,t) —_ dz . (A31)
(o[ Ay TR
Thus

2/3
Fo7/12 (@) exp [—3 (2rp)Y3mi*m?/® + (3 + 4rp) m2 + 2 md

I

16 wl

16 w%,

mz) 2/3 [—3 @ry)Y3md*m?? 4 (3 + 4ry) md + 2 sz:l
— exp .

(A27)

Ov =2 fo(ket) + (%Gv(kz,t)) [Gvika .
(A32)

One can show that the leading contribution to © comes
from —%fV(kzat) at (k;o0,t0): i.e.,

d -
Oy = ——d—tfv(kzo,to) . (A33)

The coeflicient %f(kzo,to) in (A21) is the sum of
2 fp(kz0,t0) and £ fv (kz0,to)

d - d - d -
Ef(kZOatO) = EEfB(kzﬂytO) + EfV(kZOatO) ) (A34)

but since

d 1 2/3
s mp

— fv(kyo,tg) = ————= | —

dt (k=o, to) 28/3, ,4/8 2/3 (mg)

d - 1
ad - A
>>dth(k207t0) 2sza ( 35)
& F(kz0,t0) is equal to % fv (kz0,%0),
d - d -
a—tf(kzo,to) - afv(kzo,to)
~ 1 e 2/3
T 28/3,,3/3,23 (%‘2) ’ (859)

as given in (A21). Thus in the expression (54), when
being integrated over ¢, terms proportional to mpz2o and
mpT20tOvy of (A29) become

d -
/dt l:mb ZT2o + mp T20 t (—;l—tkazo, to)]

Xexp (—%fv(kzo,to)t) =0. (A37)

Hence the terms mpz2o and mpz20tOy in (A29) cancel,
and (A30) becomes 1, equal to (A28). This is why the
two sets of form factors f;(0) = Ao(0) and V(0) = A2(0)
are equal.
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