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Deformation analysis of the uniﬁed lunar control networks
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Abstract. This study compares the latest Uniﬁed
Lunar Control Network, ULCN 2005, solution with
the earlier ULCN 1994 solution at global and local
scales. At the global scale, the relative rotation,
translation, and deformation (normal strains and
shears) parameters between the two networks are estimated as a whole using their colocated station Cartesian coordinate di¤erences. At the local scale, the
network station coordinate di¤erences are examined
in local topocentric coordinate systems whose origins
are located at the geometric center of quadrangles
and tetrahedrons. This study identiﬁed that the omission of the topography in the old ULCN solutions
shifted the geometric center of the lunar ﬁgure up to
5 km in the lunar equatorial plane and induced a few
hundred-meter level global rotations of the ULCN
1994 reference frame with respect to ULCN 2005.
The displacements between the old and new control
networks are less than e2 km on the average at the
local scale, which behave like translations, caused by
the omission of lunar topography in the earlier solution. The contribution of local rigid body rotations
and dilatational and compressional components to
the local displacements are approximately e100 m
for a quadrangle/tetrahedron of an average side
length of 10 km.
Keywords. Lunar control network, ULCN 2005,
lunar topography, network deformations.

1.

three dimensional photogrammetrically determined
network, which consists of 272,931 control points
with an average of one point for every approximately
46 km 2 (Archinal et al. 2006). Comparison by Archinal et al. 2006 revealed that the radii derived from
the images show no systematic di¤erence compared
to those from the Clementine LIDAR values (Smith
et al. 1997), which implies that the radii must be of a
few hundred meters accuracy. The horizontal accuracy of the ULCN 2005 is also reported to be a few
hundred meters (Archinal et al. 2006).
The most straightforward comparison of the old and
new control networks is to examine the di¤erences
in the Cartesian and radial components of the colocated control points (ibid). Nonetheless, although
the magnitude and the distribution of the di¤erences
are informative, they do not reveal the nature of the
underlying systematic di¤erences between the two
networks. In this study, the network distortions described by the di¤erences between the ULCN 2005
and the ULCN 1994 Cartesian coordinates are analyzed as a function of relative rigid body motions (rotations and translations) and deformations (normal
strains and shears) at a global scale. At the local
scale, the control point di¤erences of 243,676 quadrangles (for the ULCN 1994) and tetrahedrons (for
the ULCN 2005) formed by four colocated lunar
control points are modeled in their respective topocentric coordinate systems and investigated to reveal
the underlying properties of the local distortions.

Introduction

As in the case of the Earth, Lunar mapping activities
require a reference network for the selenodetic control. The recent lunar control networks include the
Uniﬁed Lunar Control Network (ULCN 1994) and
the Clementine Lunar Control Network (CLCN),
both derived at RAND (Davies et al. 1987), and
ULCN 2005 at USGS (Archinal et al. 2006). The
ULCN 1994 was based on images from the Apollo,
Mariner 10, and Galileo missions, and Earth-based
photographs, whereas the CLCN was derived from
Clementine images and measurements on Clementine
750-nm images (Edwards et al. 1996). Further information about these solutions can be found in the
USGS Astrogeology site (USGS Control Networks
2008).
ULCN 2005 is the fusion of the ULCN 1994 and
CLCN improving signiﬁcantly upon the accuracy of
the CLCN. The primary feature of the ULCN 2005
in comparison to the previous networks is due to the
inclusion of the radii of the control points in the solution. Hence, the resulting ULCN 2005 is a uniﬁed

2.

The lunar reference system

Lunar control networks can be referenced to two
slightly di¤erent lunar body-ﬁxed coordinate systems:
a mean Earth/rotation system, and a principal axis
system (Roncoli 2005). The mean Earth/rotation system (also called the mean Earth/polar axis system)
is based upon a mean direction to the Earth and a
mean axis of rotation of the Moon. The principal
axis system is also a lunar body-ﬁxed coordinate system aligned with the principal axes of the Moon. The
principal axes and the mean Earth/rotation axes of
the Moon do not coincide but di¤er by less than
1 km because the Moon is not really a synchronously
rotating triaxial ellipsoid (ibid). In this system, the
mean Earth equator is deﬁned at J2000 with the origin at the center of mass of the Moon. The selenocentric latitudes are measured from the center of the
Moon relative to the equator and longitudes are
measured from 0–360 degrees, positive to the east.
Nearly all lunar maps depict longitudes as 0–180 degrees east and west as is done on terrestrial maps.
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The fusion of CLCN and ULCN 1994 data and the
use of Clementine a priori spacecraft position data
in the mean Earth/polar axis system suggests that
ULCN 2005 is referenced to the same mean Earth/
polar axis system as reported in Davies et al. 1994,
(Archinal et al. 2006). Nonetheless, as it will be
shown in the following sections, that this is not the
case for the old ULCN 1994 solution. Evidently, the
omission of the topography in the ULCN 1994 solution had an impact on the origin and orientation of
its reference frame as realized by the network station
coordinates.

3.

Methodology: deformations of a
polyhedron

In order to investigate the network distortions, i.e.
the di¤erences between the Cartesian coordinates of
the new ULCN 2005 solution with the earlier ULCN
1994 solution, the classical tools of deformation analyses are deployed. First, the relative rotation, translation and deformation (normal strains and shears) parameters between the two networks whose control
points are the vertices of a polyhedron are considered. At the local scale, the network di¤erences of
quadrangles/tetrahedrons are modeled and investigated to reveal the underlying properties of the control points coordinate di¤erences as local deformations in their topocentric coordinate systems.
The following formulations are used for both global
and local analysis. The underlying mathematical
foundations of the analysis, namely the theory of deformations, are exhaustively discussed by Novozhilov (1961). An operational summary of its use in geodesy is given by Grafarend (1982). Studies by Schön
(2007) and Cai et al. (2008) are some of the most recent examples of its applications in deformation analysis of geodetic control networks in time domain.
Consider the Cartesian displacement components, u,
v, w of a point subject to deformation, which are
deﬁned in terms of its Cartesian position X, Y, Z
before the deformation, and x, y, z after the deformation as
u :¼ X  x;
v :¼ Y  y;

ð1Þ

w :¼ Z  z:
The displacement components expanded into Taylor
series (neglecting second and higher order terms) are
given by
u ¼ u0 þ ux x þ uy y þ uz z;
v ¼ v0 þ vx x þ vy y þ vz z;
w ¼ w0 þ wx x þ wy y þ wz z:

ð2Þ

By deﬁnition
exx :¼ ux :¼

qu
;
qx

uy :¼

qu
;
qy

uz :¼

qu
qz

qv
;
qy

vz :¼

qv
qz

vx :¼

qv
;
qx

eyy :¼ vy :¼

wx :¼

qw
;
qx

wy :¼

qw
;
qy

ezz :¼ wz :¼

ð3Þ

qw
qz

from which complete set of strain tensor elements are
obtained as
1
1
exy ¼ ðuy þ vx Þ; exz ¼ ðuz þ wx Þ;
2
2
1
eyz ¼ ðvz þ wy Þ;
2
1
1
oxy ¼ ðuy  vx Þ; oxz ¼ ðuz  wx Þ;
2
2
1
oyz ¼ ðvz  wy Þ:
2
These expressions can be combined as follows:

ð4Þ

1
1
u ¼ u0 þ ux x þ ðuy þ vx Þy þ ðuy  vx Þy
2
2
1
1
þ ðuz þ wx Þz þ ðuz  wx Þz;
2
2
1
1
v ¼ v0 þ ðvx þ uy Þx þ ðvx  uy Þx þ vy z
2
2
1
1
þ ðvz þ wy Þz þ ðvz  wy Þz;
2
2
1
1
w ¼ w0 þ ðwx þ uz Þx þ ðwx  uz Þx
2
2
1
1
þ ðwy þ vz Þy þ ðwy  vz Þy þ wz z;
2
2
or equivalently
u¼Ap
where

ð5Þ

ð6Þ

2

3
1 0 0 y z 0 x 0 0 y z 0
6
7
A :¼ 4 0 1 0 x 0 z 0 y 0 x 0 z 5;
0 0 1 0 x y 0 0 z 0 x y
T

ð7Þ
T

p :¼ ½u0 v0 w0 oxz oyz ozy exx eyy ezz exy exz eyz  ;
uT :¼ ½u v w T :

In equation (7), u0 , v0 , w0 are the shift parameters
of between the undeformed and deformed state of a
polyhedron, ox , oy , oz are the rotations, and exx ,
eyy , ezz and exy , exz , eyz are the linear strain parameters (compression or dilatation and shear respectively) for small deformations with respect to unity.
All the parameters can be calculated uniquely if the
displacements of four points (vertices of a tetrahedron) are known. In this analysis, the coordinates of
each point that appear in the coe‰cient matrix in
equation (7) are referenced to the geometric center
of a tetrahedron and are evaluated at nominal coordinate values of a Taylor expansion.
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The above relationships, when expressed in terms
of the linear strain parameters of the deformations
(hence their geometric interpretations), are valid only
for small deformations with reference to unity for the
deformation parameters, not with reference to the
small magnitude of the displacements. Otherwise,
the geometric meaning of the strains is only a crude
approximation in describing the deformations.

4.

Global network distortions

The 12 global distortion parameters between the
two networks are estimated using equation (7) as a
mathematical model with 272,931 colocated network
station Cartesian coordinate di¤erences in a least
squares sense. Table 1 lists the estimated translation
parameters in meters. The rotation angles are similarly expressed as distances in meters along the lunar
equator. The deformation parameters refer to changes
in meters against a lunar sphere of radius 1737 km.
The values within the parentheses are the standard
deviations of the estimates calculated using a diagonal variance-covariance matrix where the standard
deviations of the Cartesian coordinate components
are assumed to be 200 m. The a posteriori variance
of unit weight is not applied in calculating the standard deviations of the estimates because the lunar topography, which is non-stochastic, is intrinsically
projected onto all the coordinate components. All
the estimated parameters, except the translation in
the z direction, are statistically signiﬁcant at 5 and 1
percent signiﬁcance levels. The ULCN 1994 data is
already included in the ULCN 2005 solution, and

the ULCN 2005 solution is not constrained to the lunar laser ranging stations (Archinal, private communications, 2008). Hence, the translation components
in the x and y directions (corresponding to an origin
shift in the xy plane) are caused largely by the omission of the topography in the old ULCN 1994 solution. Moreover, because the lunar ﬁgure deviates
from a sphere (Table 2), the omission of the spheroidal excesses contributed to translations as well as deformations in the old ULCN 1994 solution, though
the latter ones are less pronounced in magnitude.
For instance, the signs and the magnitudes of the
spheroidal axes a, b and c of the best ﬁtting triaxial
lunar ﬁgure parameters for ULCN 2005 solution
(Table 2) suggest that the dilatations in the x and y
directions and compression in the z direction are due
to the 1736.7 km lunar spherical radius used in the
ULCN 1994 solution. These results are in agreement
with the estimated dilatation and compression parameters given in Table 1.
On one hand, the standard deviation of all the estimated parameters, except the translation components
are extremely small (close to 1 meter when rounded).
This is partly due to the large amount of data, but
mostly because the new and old data sets are the
same in both solutions but di¤er only by the solution
methodology of ULCN 2005 that also account for
the radial component. On the other hand, the standard deviations of the translation parameters are relatively large because the radial distances indicate a
lunar ﬁgure that deviates from a sphere and contain
topographic irregularities.

5.
Table 1: Translation components are in meters. The rotation
angles are expressed as distances in meters on the lunar equator and the deformations parameters refer to the changes in
the spherical radius of the lunar ﬁgure in meters. The values
in parentheses are the standard deviations of the estimates calculated using an a priori standard deviation of 200 m for the
Cartesian coordinate components.
Translation
u0 , v0 , w0

Rotation
ox , oy , oz

Scale
exx , eyy , ezz

Shear
exy , exz , eyz

5232 (666)
2199 (666)
31 (666)

241 (1)
187 (1)
698 (1)

1809 (1)
1129 (1)
1463 (1)

968 (1)
1720 (1)
36 (1)

Local network distortions

At the local scale, the control networks are scrutinized in topocentric coordinate systems deﬁned on
the lunar sphere (Appendix) at the geometric center
of each of the four ULCN 1994 and ULCN 2005
control points. Since the ULCN 1994 is deﬁned only
by the latitudes and longitudes of the control points
and a ﬁxed radial component (i.e. on the lunar
sphere), the four control points are locally deﬁned
quadrangles with a plane approximation, whereas
the same control points in the ULCN 2005 solutions
form tetrahedrons because of the presence of topography in the unconstrained radial coordinates.

Table 2: Geometrically best ﬁtting lunar ﬁgure parameters based on ULCN2005 solution data (Iz 2009). The units are in meters.
The values within parentheses are the standard errors of the estimated parameters. The ﬁrst values of each lunar ﬁgure belong to
the non-selenocentric best ﬁtting lunar ﬁgure solutions. N/A: Not applicable.
Figure

a

b

c

xc

yc

zc

RMS

Triaxial
Ellipsoid
Rotational
Ellipsoid
Sphere

1737899 (9)
1737811 (10)
1737737 (5)
1737705 (6)
1736965 (6)
1736934 (4)

1737570 (9)
1737595 (10)
N/A
N/A
N/A
N/A

1735742 (7)
1735710 (8)
1735741 (7)
1736710 (8)
N/A
N/A

658 (6)
0
653 (6)
0
645 (6)
0

681 (6)
0
682 (6)
0
696 (7)
0

133 (5)
0
133 (5)
0
142 (6)
0

1754
2018
1756
2018
1868
2117
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Figure 1: Distortion of quadrangles into tetrahedrons (or vice
versa).

For the analysis, the quadrangles are established ﬁrst
by constructing over half a million Delaunay triangles using the 2D coordinates of a plate carrée projection of the ULCN 1994 control points, which are
then combined with neighboring Delaunay triangles
to form 271,530 quadrangles. The quadrangles’ control points (vertices) in the ULCN 2005 form the
corresponding 3D tetrahedrons (Figure 1). The curvilinear coordinates of the network control points
are then converted into Cartesian coordinates. Subsequently, the local Cartesian coordinates of each
quadrangle and tetrahedron vertices are calculated
in their topocentric coordinate systems whose origins
are deﬁned by the average Cartesian components of
each of the quadrangle’s and tetrahedron’s vertices
using the relationships given in the appendix.
Although the exact solution for the rigid body motion and strain parameters are theoretically conceivable given the colocated Cartesian coordinates of the
four control points in both ULCNs, there are numerical problems in inverting the coe‰cient matrix that
appears in equation (7). The distribution of the control points is irregular, which causes near linear dependency between the rotation and shear parameter
coe‰cients if some of the coordinate components are
close to zero. For instance, if the x component of a
control point is close to zero then the 4 th and the
10 th columns of the coe‰cient matrix are colinear,
hence a numerically stable solution is not possible
(there are additional scenarios that may lead to
harmful colinearity). Separate solutions with and
without the shear parameters showed that only less
than 20% of the local deformations are subject
to shear, whereas over 90 percent of quadrangles
(243,676) are a¤ected by rotations together with dilatation and compression, and rigid body translation
parameters. Therefore, the following results are ob-
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tained in the absence of shears (i.e. using only 9 parameters) in a least squares sense with 3 degrees of
freedom for each quadrangle and tetrahedron pair (a
set of unique 3D Delaunay triangle solutions are also
obtained using the same formulations with similar results). Note that it is possible to form more regular
ﬁgures by selectively choosing control points for the
analysis, but this approach will not only eliminate
signiﬁcant number of control points being examined
but also the local distortional properties of the solutions will be smoothed out by using more control
points distributed over larger areas.
The histograms and scatter plots in Figure 2 show
that local rigid body motions, as translations are
signiﬁcant. Eighty percent of the changes in the radial component are concentrated within the interval
e2 km and exhibit a normal distribution. This number is also in agreement with the RMS misclosures
of about 1.7–2 km in the best ﬁtting lunar ﬁgures
computations (Table 2). The translations in northerly
and easterly directions are also pronounced but not
random. The magnitudes of the northerly components are at maximum on the limb of the lunar ﬁgure
whereas the easterly translations are more pronounced on the far side of the moon.
In comparison, the contributions of all the rotation,
dilatation and compression parameters that act like
scale changes along the axes of the topocentric coordinate system, to the local displacements are markedly smaller (Figure 3 and Figure 4). They are within
the e100 m range for a quadrangle/tetrahedron of
an average side length of 10 km. Because the lunar
topography does not vary signiﬁcantly over areas of
this size, the di¤erences are more or less independent
of the topography and therefore more representative
of the e¤ect of processing the data for the two network solutions.

6.

Conclusion

This study identiﬁed and quantiﬁed that the omission
of topography in the old ULCN solutions shifted the
geometric center of the lunar ﬁgure up to 5 km in the
lunar equatorial plane and induced a few hundredmeter level global rotations of the ULCN 1994 reference frame with respect to ULCN 2005 (Table 1).
Signiﬁcant displacements between the old and new
control networks are due to the omission of lunar
topography in the earlier solution, which is, as expected, the dominant contributor in vertical displacements. Nonetheless, there are also signiﬁcant horizontal translations of the control points of about
e2 km (Figure 3). The contribution of rigid body
rotations and local dilatational and compressional
components to the local displacements are approximately e100 m for a quadrangle/tetrahedron of an
average side length of 10 km (Figure 3 and 4), which
are much less inﬂuenced by the omission of the topography in the ULCN 1994 solution. They are
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Figure 2: Distribution of the translation components as a function of the longitude of their topocentric coordinate systems’ origins and their frequencies.

more representative of the processing di¤erences between the control networks.
By the end of this year, satellite laser-altimetry measurements, which were recently carried out during
the Chinese Chang’E 1 and the Japanese SELENE
missions will be released to the scientiﬁc community.
Moreover, recently launched lunar reconnaissance
orbiter’s (LRO) laser-altimeter (LOLA) will also provide abundant information about the lunar topography. The data from all the new missions are denser

and more accurate than the ULCN 2005 data. The
methods presented in this study also suit well analyzing their relative distortions.

7.

Appendix: transformation from
selenocentric to topocentric coordinate
system

The selenocentric Cartesian coordinates of a station
P (Figure 5) on or above the lunar sphere of radius
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Figure 3: Distribution of the relative rotations between the quadrangles and the tetrahedrons about the North, East and Up axes
as a function of the longitude of their topocentric coordinate systems’ origins and their frequencies. The rotation angles are expressed in km for ﬁgures of an average side length 10 km.

R are given by
3
2 3 2
ðR þ hP Þ cos fP cos lP
xP
7
4 yP 5 ¼ 6
4 ðR þ hP Þ cos fP sin lP 5:
zP

centric to the lunar topocentric coordinate system:
rTP ¼ MðrP  ro Þ
ð8Þ

ðR þ hP Þ sin fP

The lunar topocentric coordinates of a point P in
space rTP ¼ ðxTP yTP zTP Þ T can be calculated
using the following transformation from the seleno-

ð9Þ

where fo , lo refers to the selenocentric latitude and
longitude of the origin of the lunar topocentric coordinate system respectively (in this study, the origin is
located at the geometric center of the quadrangle on
the surface of the lunar sphere), and ho and hP are the
heights of the station o and P on, above, or below the
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Figure 4: Distribution of three dilatation/compression components (scales also the North, East and Up axes) expressed in km
over and average side length 10 km as a function of the longitude of their topocentric coordinate systems’ origins and their frequencies.

lunar sphere. The position vectors of the origin of
the lunar topocentric coordinate system and the point
P are denoted by ro , rP . They are both in the selenocentric coordinate system and the rotation matrix M
is given by
2

sin lo
6
M ¼ 4 sin fo cos lo
cos fo cos lo

cos lo
sin fo sin lo
cos fo sin lo

3
0
7
cos fo 5: ð10Þ
sin fo
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