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We study the hysteresis behavior of compositionally graded ferroelectric films by theoretical
simulations. Anomalous vertical 共polarization兲 shift behavior of hysteresis loops measured by a
Sawyer-Tower circuit at low/medium applied fields is investigated. The anomalous ferroelectric
response is discussed by the use of a multilayer model to account for the variation of properties
across the film thickness. Electrical conductivities of the ferroelectric layers have been taken into
account and time-dependent space-charge-limited conduction has been adopted. The effects of
charge mobility and the amplitude of applied field on the D-E loop shift were examined. Theoretical
calculations are discussed in relation to the experimental data from previous works. © 2005
American Institute of Physics. 关DOI: 10.1063/1.1985970兴
I. INTRODUCTION

In the recent years, compositionally graded ferroelectric
films have attracted great research interest for their unconventional ferroelectric properties that are not previously observed in nongraded ferroelectric films. Among these, the
most notable phenomenon is the large polarization offset
found in the hysteresis loop measurements when excited
with a periodic alternating field.1–4 Such properties may well
lead to worthy device applications. Indeed, many workers
have studied the ferroelectric properties of compositionally
graded ferroelectric films experimentally,1–7 and a few theoretical studies are also available in the literature. The works
of Mantese et al., Pintilie et al., and Ban et al. are examples
which attempt to account for the polarization offset magnitudes, but not the dynamic response of the hysteresis
loop.1,4,8 Chen et al. obtained an expression for the steadystate hysteresis loop and noted that the predicted offset did
not fit their experimental data well.6 Recently, Poullain et al.
suggested that asymmetrical leakage current could be responsible for the polarization offsets,9 and Bouregba et al.
demonstrated this idea by setting diodes and resistors in parallel with a nongraded structure.10 They have not considered
quantitative models for the asymmetrical leakage current and
its interplay with the ferroelectric properties of the sample
material. It seems that further theoretical input into the understanding and behavior of graded ferroelectrics, particularly as circuit components, is needed for future device applications.
In a previous paper, Chan et al. have suggested that
time-dependent space-charge-limited conduction is a possible origin of the polarization offset and have demonstrated
that the mechanism leads to asymmetric conduction and
hence the polarization offsets.11 The model can only be ema兲
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ployed for high driving fields since their adopted P-E relation is not capable to model minor hysteresis loops 共unsaturated loops兲. In this paper, the compositionally graded
ferroelectric, placed in a Sawyer-Tower circuit, is modeled
by a multilayer structure. The hysteresis model of Miller
et al. is employed for each layer.12,13 This configuration is
capable to describe both saturated and unsaturated loops of
arbitrary fields. We will focus on low/medium applied fields
which are rarely discussed previously. Assuming that electric, dielectric, and ferroelectric properties vary with composition across the film thickness, the polarization offset is then
shown to strongly depend on the mobilities of charge carriers
and the amplitude of the applied ac field. The offset follows
a power-law dependence on the latter. The theoretical calculations are based on the experimental data for
Pb1−3y/2Lay共Zr0.4Ti0.6兲O3 film 关x / 40/ 60 PLZT, x共=100y兲 representing the La content兴14 and for PbZr jTi1−jO3 film 关PZT
共x , 1 − x兲, x共=100j兲 representing the Zr content兴 with j varying from 0.55 to 0.75.

II. MULTILAYER MODEL FOR POLARIZATIONGRADED FERROELECTRICS

The Sawyer-Tower measurement circuit is merely a capacitor divider where the ferroelectric sample is in series
with a standard reference capacitor. The electric displacement of the sample is calculated from the voltage measured
across the standard capacitor. Usually two assumptions are
made: electric displacements across the sample and standard
capacitor are identical and the capacitance of the standard
capacitor is much larger than that of the sample. This configuration for measuring the D-E loop of a compositionally
graded ferroelectric film can be modeled by a multilayered
structure with n + 1 layers. The constitutive equation for the
ith layer is
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TABLE I. Properties of Pb共Zr0.4Ti0.6兲O3 and 12/ 40/ 60 PLZT.

PZT
PLZT

 /  0a

0
共⍀−1 cm−1兲

p
共cm2 / V s兲

n
共cm2 / V s兲

P ra
共C / cm2兲

P sb
共C / cm2兲

E cb
共V / m兲

420
565

10−12c
10−10

2.5⫻ 10−12
2.5⫻ 10−12

2.5⫻ 10−9
2.5⫻ 10−9

11
19

20
40

8
8

a

Reference 14.
Reference 4.
c
Reference 15.
b

D i = P i +  iE i ,

共1兲

where D is the electric displacement, P is the polarization, 
is the permittivity, and E is the electric field, while i can be 1
to n + 1. The first to nth layers represent in total the graded
ferroelectric sample and the 共n + 1兲th layer represents the
standard capacitor which is nonferroelectric 关i.e., Pn+1 = 0 in
Eq. 共1兲兴. Moreover, the permittivity of the standard capacitor
has been taken as 100 times the largest value among the
permittivities of the graded ferroelectric layers.
When an external electric field E is applied in the thickness direction across the film,
n+1

E = 兺  iE i ,

共2兲

i=1

where i = di / 兺n+1
j=1 d j and di represents the ith layer thickness.
In this work, we assume for convenience that the sample and
standard capacitor have identical thickness, and that all ferroelectric layers of the sample have even thickness. We also
assume that the sample material supports a finite conductivity so that charges may flow, thus the boundary conditions
for two adjacent layers require
Dk+1 − Dk = qk ,

kEk − k+1Ek+1 = qk/t,

共3兲

where  and q are the electrical conductivity and interfacial
charge density, respectively. k can be 1 to n. The input impedance of the measuring oscilloscope can be modeled by
setting a finite value for n+1. Using Eqs. 共1兲–共3兲, we obtain

␣k

关Pk+1 − Pk兴
Ek+1
E
+ ␤kEk+1 = kE + k − k
t
t
t
n+1

−

兺
j=1

冋

 j  kE j +  k

册

E j
,
t

共4兲

j⫽k,k+1

where ␣k = kk+1 + k+1k and ␤k = kk+1 + k+1k. Equation
共4兲 constitutes n first-order differential equations. For a given
external sinusoidal field E, we may obtain Ei as a function of
time t when the P-E relations for the individual layers 共Pi vs
Ei兲 are known. Then the D-E loop of the “sample” 共as measured by a Sawyer-Tower circuit兲 can be obtained from the
electric field across the standard capacitor and the average
electric field across the sample. In this work, the model of
Miller et al. is used to describe the P-E relations of the
constituent materials,12,13

冋

 Pi
= 1 − tanh
Ei
where

冑

冋

Psat,i = i Ps,i tanh

册

Pi − Psat,i  Psat,i
,
i Ps,i − Pi Ei

共5兲

冉

iEi − Ec,i
1 + Pr,i/Ps,i
ln
2Ec,i
1 − Pr,i/Ps,i

冊册

.

共6兲

In this model, i takes +1 and −1 for increasing Ei and decreasing Ei, respectively. Pr, Ps, and Ec denote remanent
polarization, saturation polarization, and coercive field, respectively. When solving Eq. 共5兲 with Eq. 共4兲, we use the
relation  Pi / t = 共 Pi / Ei兲共Ei / t兲.
It has been proposed that the polarization offset is an
effect of the asymmetric leakage current. The timedependent space-charge-limited current is a possible origin
that gives rise to such an effect.11 Electrical conductivity
which varies temporally and spatially within the film is recently given by Chan et al. and is written as 共see Appendix兲

共x,t兲 =

 p共x兲 − n共x兲 D共x,t兲
2
x
+

冑冋

 p共x兲 + n共x兲 D共x,t兲
2
x

册

2

+ 0共x兲2 ,

共7兲

where  p共x兲 and n共x兲 are the p-type and n-type mobilities,
respectively, and 0 is the equilibrium conductivity. In solving Eqs. 共4兲, 共5兲, and 共7兲, D共x , t兲 / x in Eq. 共7兲 may be
written in a finite difference form to suit the multilayer structure.
III. COMPARISON WITH EXPERIMENTAL DATA

We will first concentrate on the calculation of the PLZT
system of Boerasu et al.14 Their sample films were prepared
by deposition of four PLZT layers with different La contents,
followed by a rapid thermal annealing process. They measured the permittivity and remanent polarization of the four
component materials, as well as the hysteresis loop of their
4 / 40/ 60 PLZT material. Both permittivity and remanent polarization were shown to increase with La content. Table I
shows the constituent properties for Pb共Zr0.4Ti0.6兲O3 and
12/ 40/ 60 PLZT used in our calculation; properties for PLZT
with lesser La content were obtained by linear interpolation.
As insufficient data on the constituent properties of
Pb共Zr0.4Ti0.6兲O3 and 12/ 40/ 60 PLZT were provided in their
article, typical values based on other sources have been
adopted in our calculation. Very few works have reported
values for the electrical conductivity of PLZT. Jaffe et al.
reported the conductivity for PZT as about 10−12 ⍀−1 cm−1,15
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FIG. 1. Comparison of theoretical predictions for the D-E hysteresis loop of
a PLZT-graded structure with the experimental data of Boerasu et al. 共see
Ref. 14兲.

while the measurement of Ray et al. gave a value of 4.6
⫻ 10−10 ⍀−1 cm−1 for Pb0.9La0.1共Zr0.53Ti0.47兲0.975O3.16 It
seems that PLZT has larger conductivity than the PZT. We
have therefore adopted 0 = 10−12 and 10−10 ⍀−1 cm−1 for
Pb共Zr0.4Ti0.6兲O3 and 12/ 40/ 60 PLZT, respectively. Concerning the p-type and n-type mobilities, we follow Chan et al. to
assume that n is 1000 times  p.11 A typical value for  p is
about 2.5⫻ 10−12 cm2 V−1 s−1. We find that, although different  p values will not affect the direction of polarization
offset, the magnitude of offset will be sensitive to the values
of mobilities and we will demonstrate this in Fig. 1.
Figure 1 shows the D-E loop of the PLZT-graded structure measured at 50 Hz by Boerasu et al.,14 as well as the
modeled results using 20 layers 关i.e., n = 20 in Eq. 共4兲兴 at the
steady state 共i.e., when no more increase in offset is observed兲 after the application of the external ac field. A high
impedance oscilloscope is generally essential for a reliable
measurement. Hence, n+1 has been set to a value which is
equivalent to 100 G⍀ of input resistance of the oscilloscope.
The graded sample is modeled by using n = 1000 p with
 p = 2.5⫻ 10−11, 2.5⫻ 10−12, and 2.5⫻ 10−13 cm2 V−1 s−1.
The hysteresis loops are found to translate along the polarization axis as the simulation goes, reaching a stable offset
value after some time. According to our simulation, these
loops 共shown in Fig. 1兲 should be very close to steady state
after several minutes of measurement. However, a system
with higher  will generally take slightly more ac cycles to
reach steady state. The modeled steady-state results reveal
that the hysteresis loop will shift toward a larger offset value
when  increases. The measured result corresponds to a
magnitude of polarization offset lying between the modeled
results for n = 2.5⫻ 10−8 and 2.5⫻ 10−9 cm2 V−1 s−1 共“effective p-type mobility” between 2.5⫻ 10−11 and 2.5
⫻ 10−12 cm2 V−1 s−1兲. Generally speaking, a high  promotes
the effect of polarization offset, but no offset can be produced in our calculation for a nongraded ferroelectric film
共e.g., PZT兲 even if it possesses high . Concerning the direction of polarization offset, we find that it is determined by
the direction of polarization gradient of the film. This is consistent with the experiments reported in the literature.1–3
Figure 2 shows the modeled results with different applied field amplitudes when n = 2.5⫻ 10−9 cm2 V−1 s−1. In
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FIG. 2. Theoretical results of the D-E hysteresis loop of a PLZT-graded
structure with different applied electric fields.

general, the magnitude of polarization offset increases as the
amplitude of applied field increases. On the other hand, the
width of the loops also increases as the field amplitude increases and this feature is always observed in the past
experiments.3,6,17 However, this phenomenon did not emerge
from the results of the model of Chan et al. which was not
quite suitable for modeling minor hysteresis loops. When the
amplitude of applied field is limited, many layers in the
sample trace minor hysteresis loops 共unsaturated loops兲 and
the width of the resultant loop is also small. The modeled
result for a downgraded film is also shown in Fig. 2. This is
obtained by reversing the gradient of all constituent properties.
For an upgraded film employing Emax = 60 V / m, the
dynamic profile of the polarization shift magnitude is illustrated in Fig. 3, which is similar to the charging of a capacitor. This agrees with the experimental results of Brazier
et al.5 They also suggested that this time-dependent behavior
was controlled by the RC behavior of the Sawyer-Tower
components and an expression had been proposed. In our
previous work, we have derived explicit expressions for the
dynamic behavior of a ferroelectric film with symmetric
共Ohmic兲 conductivity and for the saturated remanent polarization values of a ferroelectric film with asymmetric conductivity. The time taken to reach steady state has been
found to also depend on the electric, dielectric, and ferroelec-

FIG. 3. The time development of the polarization offset of a PLZT-graded
structure with Emax = 60 V / m and n = 2.5⫻ 10−9 cm2 V−1 s−1.

Downloaded 01 Apr 2011 to 158.132.161.9. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions

024104-4

C. K. Wong and F. G. Shin

J. Appl. Phys. 98, 024104 共2005兲

FIG. 5. The progressive increment of the spread in electric field between the
first and 20th layers of a PLZT-graded structure with Emax = 60 V / m and
n = 2.5⫻ 10−9 cm2 V−1 s−1.

FIG. 4. The time development of the 共a兲 electric field and 共b兲 polarization in
the constituents of a PLZT-graded structure with Emax = 60 V / m and n
= 2.5⫻ 10−9 cm2 V−1 s−1.

tric properties of the sample, as well as the frequency of the
applied field in a complicated manner.18 Our simulation for
graded ferroelectrics also reveals that the properties of the
layers strongly affect this dynamics. It is found that more ac
periods are required for reaching the steady state, when the
sample conductivity is decreased in the calculation. On the
other hand, a higher frequency also means more cycles to
reach the steady state, but not necessarily requiring a longer
duration of measurement. However, analytical expressions to
characterize the dynamic behavior for graded ferroelectrics
are difficult to obtain.
Figures 4共a兲 and 4共b兲 show the dynamics of the values of
electric field after each ac period and the polarization distribution of a graded film with 20 layers, i.e., only the electric
field and polarization when t is a multiple of 0.2 s are shown.
The adopted constituent properties are identical to the set in
Fig. 3. In Fig. 4共a兲, the electric field spreads out over a wide
range of values with a minimum at the first layer and maximum at the 20th layer. In other words, there is a large spread
in electric field across the film thickness and this spread progressively increases until saturation 共see Fig. 5兲. If a graded
ferroelectric sample possesses zero conductivity, there will
be no progressive increment of spread in the electric field.
An important note from Fig. 4共a兲 is, since the field values in
the sample decrease progressively, the electric field across
the reference capacitor thus progressively increases. In Fig.
4共b兲, information about the time-dependent polarization gra-

dient within the sample is shown. Since we have set the Pr’s
to monotonically increase from the first layer to the 20th
layer, the polarization has the largest magnitude at the 20th
layer and the smallest magnitude at the first layer.
In Fig. 6, the time-dependent conductivity for the first
5 s is shown. The distribution of conductivity 共t兲 across the
film thickness is very close to the distribution of 0 which
varies from 10−12 to 10−10 ⍀−1 cm−1. Apart from the first half
second, the change of conductivity 共t兲 after each period is
small.
Now we come to a PbZr jTi1−jO3 system with j varying
from 0.55 to 0.75; our adopted properties for PZT 共55,45兲
and PZT 共75,25兲 are shown in Table II. Similar to the treatment of the previous PLZT system, the properties for other
compositions of PZT were obtained by linear interpolation.
Moreover, we assume that Ps is 10% larger than Pr. The
electrical conductivity of a PZT can vary quite sensitively
with the impurity level and device structure.19,20 For the illustration of the effect of high conductivity in some situations, we assume that the film possesses high-conductivity
values. For low-conductivity films, it generally takes more ac
cycles in the simulations to reach steady state unless the
input impedance of the measuring oscilloscope has a lower
value such as that demonstrated by Chan et al.11 In addition,
the conductivity for PZT 共55,45兲 is assumed to be smaller

FIG. 6. The first 5 s of the time-dependent conductivity in the constituents
of a PLZT-graded structure with Emax = 60 V / m and n = 2.5
⫻ 10−9 cm2 V−1 s−1.
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TABLE II. Properties of PZT 共55/ 45兲 and PZT 共75/ 25兲. Symbol j represents the composition of Zr in
PbZr jTi1−jO3.

j

 / 0

0.55
0.75

580
450

a

0
共⍀ cm−1兲

 pb
共cm2 / V s兲

 nb
共cm2 / V s兲

P ra
共C / cm2兲

Ps
共C / cm2兲

E ca
共V / m兲

1.33⫻ 10−10
2.5⫻ 10−10

2.5⫻ 10−9
2.5⫻ 10−9

2.5⫻ 10−6
2.5⫻ 10−6

33
36

36.3
39.6

4.3
2.5

−1

a

Reference 21.
Reference 11.

b

than that for PZT 共75,25兲.21 The modeled results at steady
state for five different applied field amplitudes are shown in
Fig. 7. The frequency of the applied field was taken as
100 Hz and n = 20 in the calculation. The phenomenon that
the magnitude of polarization offset increases for increasing
field amplitudes is evident and approximately obeys a power
law. Figure 8 shows that the polarization offset is propor1.96
.
tional to Emax
In a previous work, Brazier et al. measured the polarization offset 共Poff兲 of PbZr jTi1−jO3 with j varying from 0.55 to
␥
0.75.2 They found a power-law dependence of Poff ⬃ Emax
with ␥ = 5 at large applied fields. However, their experimen1.6
tal data reveal another power-law dependence of Poff ⬃ Emax
when Emax is smaller than the coercive field of PZT. In another report, their measured values also revealed a ␥ ⬇ 1.79
for the same composition of a graded PZT film within the
low-field regime 共Emax 艋 10 V / m兲, and the value of ␥ is
also larger within the regime of high driving fields.22 In Figs.
7 and 8, we focus on the effect of small to medium applied
1.96
for
field. We obtain a power-law dependence of Poff ⬃ Emax
Emax varying from 2 to 10 V / m. This finding suggests that
the space-charge-limited current is able to describe the
power-law relationship of graded ferroelectrics at the small
to medium field region such as that demonstrated by Brazier
et al. If high driving fields are adopted in the simulation and
all layers in the sample trace saturated loops, larger value of
␥ will be obtained 共⬎3兲 such as that demonstrated by Chan
et al.11 In reality, many measurements on the polarization
offset of graded ferroelectrics reported some larger ␥ at high
applied fields 共␥ ⬇ 2 – 5兲 and the same compositionally
graded film can also give vastly different ␥’s for upgraded
and downgraded films.3,17,23–25 This suggests that other conduction mechanisms may become significant at the high-field

FIG. 7. Theoretical results of the D − E hysteresis loop of a PZT-graded
structure with different applied electric fields.

regimes. A more rigorous calculation applicable from low to
high fields may need to include other conduction mechanisms as well as the substrate effect and/or the film-electrode
interaction. Nevertheless, the phenomenon that larger field
amplitude leads to larger polarization offset remains the
same from low to high applied fields.

IV. CONCLUSIONS

In conclusion, simulations of the anomalous polarization
offset in compositionally graded ferroelectric films have
been performed. The variations of the constituent parameters
are implemented by the use of a multilayer model, and the
conduction behavior is described by a time-dependent spacecharge-limited current. Both a higher mobility of charge carriers and larger amplitude of applied field will enhance the
effect of polarization offset, as have been illustrated using
the experimental values of the PLZT system of Boerasu et
al.14 as well as a PZT system with Zr content varying from
0.55 to 0.75. Our results reveal that a characteristic feature
associated with the dynamic polarization offset phenomenon
is the progressively increasing spread in the internal field
across the film thickness preferentially toward lower-field
values 共or alternatively toward higher-field values兲. The resulting Poff vs Emax relationship seems to indicate that the
present model is appropriate for discussing the offset phenomena in the regime of small to medium field magnitudes,
when the ferroelectric layers 共or some of them兲 trace minor
hysteresis loops.

FIG. 8. The variation of polarization offset with the magnitude of electric
field across sample. The polarization offset is approximately proportional to
1.96
.
Emax
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APPENDIX: TIME-DEPENDENT SPACE-CHARGELIMITED CONDUCTION

Assuming that a ferroelectric sample consists of p-type
and n-type free charge carriers and their mobilities are denoted by  p共x兲 and n共x兲, respectively, where both can generally be functions of position x, then the time-dependent
electrical conductivity can be written as

共x,t兲 = 0共x兲 + e兵 p共x兲⌬p共x,t兲 + n共x兲⌬n共x,t兲其,

共A1兲

where

0共x兲 = e兵 p共x兲pi共x兲 + n共x兲ni共x兲其

共A2兲

and symbols e and 0 represent the magnitude of electronic
charge and the conductivity in equilibrium, respectively.
⌬p共x , t兲 and ⌬n共x , t兲 denote the change of charge concentrations at time t. The intrinsic charge concentrations pi共x兲 关for
p-type carrier兴 and ni共x兲 关for n-type carrier兴 are identical 共due
to charge neutrality兲. The law of mass action gives
pi共x兲 = ni共x兲 = 冑关pi共x兲 + ⌬p共x,t兲兴关ni共x兲 + ⌬n共x,t兲兴.

共A3兲

Using Gauss’s law for electric displacement,

D共x,t兲
= e关pi共x兲 + ⌬p共x,t兲兴 − e关ni共x兲 + ⌬n共x,t兲兴.
x

共A4兲

We may solve the system of quadratic equations 关Eqs. 共A3兲
and 共A4兲兴 to obtain ⌬p共x , t兲 and ⌬n共x , t兲. Making use of Eq.
共A2兲, we then substitute pi共x兲 = ni共x兲 = 0共x兲 / e / 关 p共x兲
+ n共x兲兴. The results are
⌬p共x,t兲 =

冋 冑冉

1
±
2e
+

⌬n共x,t兲 =

冊

2

+

40共x兲2
关 p共x兲 + n共x兲兴2

册

20共x兲
D共x,t兲
−
,
x
 p共x兲 + n共x兲

冋 冑冉

1
±
2e
−

D共x,t兲
x

D共x,t兲
x

冊

2

+

40共x兲2
关 p共x兲 + n共x兲兴2

册

20共x兲
D共x,t兲
−
.
x
 p共x兲 + n共x兲

 p共x兲 − n共x兲 D共x,t兲
2
x

共A5兲

冑冋

 p共x兲 + n共x兲 D共x,t兲
2
x

册

2

+ 0共x兲2 .

共A6兲
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