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A POCS-Based Restoration Algorithm for Restoring
Halftoned Color-Quantized Images

Yik-Hing Fung and Yuk-Hee Chan

Abstract—This paper studies the restoration of images which are
color-quantized with error diffusion. Though there are many re-
ported algorithms proposed for restoring noisy blurred color im-
ages and inverse halftoning, restoration of color-quantized images
is rarely addressed in the literature especially when the images
are color-quantized with halftoning. Direct application of existing
restoration techniques are generally inadequate to deal with this
problem. In this paper, a restoration algorithm based on projection
onto convex sets is proposed. This algorithm makes use of the avail-
able color palette and the mechanism of a halftoning process to de-
rive useful a priori information for restoration. Simulation results
showed that it could improve the quality of a halftoned color-quan-
tized image remarkably in terms of both SNR and CIELAB color
difference metric.

Index Terms—Color palette, color restoration, color quantiza-
tion, error diffusion, image restoration, inverse halftoning, projec-
tion onto convex sets (POCS).

I. INTRODUCTION

COLOR quantization is the process of reducing the number
of colors in a digital image by replacing them with a rep-

resentative color selected from a palette [1], [2]. This palette is
usually image dependent. It can be of any arbitrary size and con-
tain arbitrary colors. When color quantization is performed, cer-
tain types of degradation are introduced due to the limited colors
used to produce the output image. Digital halftoning [3] would
be helpful to eliminate these defects by making use of the fact
that human eyes act as spatial low-pass filters. At the moment,
the most popular halftoning method is error diffusion and sev-
eral well-known error diffusion filters, such as the Floyd–Stein-
berg filter [4], Jarvis–Judice–Ninke filter [5], and Stucki filter
[6] are generally used to achieve the goal. Fig. 1 shows the func-
tional block diagram of a system which performs color quanti-
zation with error diffusion. Hereafter, we refer to the output of
this system as a halftoned color-quantized image.

Color quantization is a kind of degradation to the original
full-color image. Sometimes image restoration is necessary to
recover the original image from its color-quantized version.
This is especially true when the color-quantized version is
required to be further processed or compressed. However,
though there are a lot of reported works on the restoration of
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noisy and blurred color images, little effort has been seen in
the literature for restoring halftoned color-quantized images.
Obviously, the degradation models of the two cases are com-
pletely different and hence direct adoption of conventional
restoration algorithms does not work effectively. Recently, a
restoration algorithm for handling color-quantized images has
been proposed, but it does not take account of the case when
halftoning is involved in the quantization process [7].

Inverse halftoning can be used to restore binary halftones
to its original [8]–[13]. In printing applications, color images
are decomposed into three or four color components (CMY or
CMYK).Eachcolorplane is thenconsideredasanindividualgray
scale image and they are separately halftoned with a conventional
binary halftoning algorithm. In such cases, a straightforward
extension of a conventional inverse halftoning algorithm can
do the job as one can restore each color plane with an inverse
halftoning algorithm directly. However, this straightforward
approach only works for handling color halftones in which the
colors are composed of a few of bi-level fixed color components.

Color quantization is actually a vector quantization instead
of a bi-level uniform scalar quantization as in the case of bi-
nary halftoning. It is not a combination of several independent
bi-level uniform scalar quantization processes either. In gen-
eral, when a low-end display unit such as a VGA monitor is
involved, the palette colors are not uniformly distributed in the
color space. By considering this, restoring color halftones gen-
erated for printing applications is only a special case of the
problem concerned in this paper. In particular, it is equivalent
to the case that a palette , where
0 and 1 denote the minimum and maximum intensity values re-
spectively, is used in color quantization.

Fig. 2 shows how a color palette clusters a cross section of
a color space. As shown in Fig. 2(a), in the restoration of color
halftones generated for printing applications, one can easily de-
fine the bounds of a cluster in all dimensions and derive a simple
constraint set for color restoration. However, in the general case
with which we are tackling, since the involved palette can be
of arbitrary size and contain arbitrary colors, clusters can be of
arbitrary shape and size. Hence, it is not easy to precisely de-
fine their boundaries. Fig. 2(b) shows an example of this gen-
eral case. The solid lines in Fig. 2(b) are the cluster boundaries
which partition the cross section in this example.

Even though an inverse halftoning algorithm is extended to
handle halftones involving multi-level quantization, processing
color planes separately does not work effectively. It is because,
due to the implicit assumptions that this approach has, one has
to approximate the clusters with rectangular column in restora-
tion. The dotted lines in Fig. 2(b) show the approximation result
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Fig. 1. Color quantization with error diffusion.

Fig. 2. How a cross section of a color space is partitioned by a color palette:
(a) in a color halftone generated for printing applications and (b) in general color
quantization.

of the presented example. One can see that the approximation
error can be very large and hence processing color planes sepa-
rately with inverse halftoning algorithms cannot provide a good
restoration result in general. In other words, further extension
of existing binary inverse halftoning algorithms for handling the
general case is not as straightforward as most people assume.

This paper is devoted to formulating the process of color
quantization in which error diffusion is involved and developing
a POCS-based restoration algorithm to restore corresponding
degraded images. The proposed restoration algorithm is able to
restore any images which are color-quantized with an arbitrary
color palette and an error diffusion process.

II. IMAGE DEGRADATION IN COLOR QUANTIZATION

WITH ERROR DIFFUSION

A 24-bit full-color image generally consists of three
8-bit color planes, say, , , and , which repre-
sents the red, the green, and the blue color planes of the
image, respectively. A pixel is then a vector represented as

, where is
the intensity value of the th color component of the th
pixel. Here, we assume that the image is of size and
the maximum and the minimum intensity values of a pixel are,
respectively, 1 and 0.

Fig. 1 shows the system which performs color quantiza-
tion with error diffusion. The input image is scanned in
a row-by-row fashion from pixel (1,1) to pixel and
processed as follows to produce the encoded image

(1)

(2)

and (3)

where is a state vector of the system, is the quanti-
zation error of the pixel at position and is a coeffi-
cient of the error diffusion filter for the th color component.
is the casual support region of .

The operator performs a 3-D vector quantization.
Specifically, the 3-D vector is compared with a set of
representative color vectors stored in a previously generated
color palette . The best-matched
vector in the palette is selected based on the minimum Euclidean
distance criterion. In other words, a state vector is repre-
sented by color if and only if
for all . Once the best-matched vector is selected
from the color palette, its index is recorded and the quantization
error is diffused to pixel ’s neighbor-
hood with (1). To handle the boundary pixels, is defined
to be zero when falls outside the image.

After the scanning is finished, the recorded indexes can be
used in the future to reconstruct the color-quantized image with
the same color palette.

III. A PRIORI INFORMATION

The proposed algorithm is a POCS-based algorithm which
makes an estimation of the original image with the observed

by projecting intermediate estimates among convex con-
straint sets iteratively. The constraint sets used in the algorithm
are formulated in this section.

Suppose we have already made an estimation of to get an
intermediate estimate and are going to refine our estimate.
The pixels of are adjusted one by one in the refinement.
The order in that the pixels are adjusted follows the order in
that the pixels were color-quantized. Here, we assume that the
degradation process is known.

Without loss of generality, consider we are now processing
pixel . As we have mentioned, pixels are adjusted one by
one as they were processed in color quantization. All previously
adjusted pixels and pixel of form a partial image and
can be color-quantized with operation (1)–(3) until pixel

is reached. For the sake of reference, this partial image
is referred to as and the set of the coordinates of the adjusted
pixels and is referred to as hereafter. When is
color-quantized with (1)–(3), intermediate state vectors
and error vectors , where , are generated. They
are referred to as and .

Obviously, since the observed image is the color-quantized
output of the original image , the color-quantized output of
our estimate of should also be . In other words, we should
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Fig. 3. Projection of ~U onto R .

have , where denotes the
th pixel of the output when image is processed with

(1)–(3) from pixel (1,1) to pixel . Accordingly, after ad-
justing pixel , a convex constraint set in which the desir-
able output image should be can be formed as follows:

and

(4)

where is the adjusted in the refinement and is an
image whose size is the same as .

Recall that is the estimate of before adjust-

ment. If happens, the current state of
the refined will be a member of and no adjust-
ment of will be required. However, it is possible that

as the obtained with (1) is out
of as shown in Fig. 3. Here, is defined as the Voronoi
region associated with palette color . In other
words, we have in formulation. In such

a case, a projection is necessary to project onto the
boundary of .

The projection is carried out as follows. Starting from
, we search along the straight line connecting

and to seek a new point such that

is satisfied. The search is con-
ducted with estimates generated iteratively with

(5)

where is a relaxation parameter at iteration . The conver-
gence of the estimate can be guaranteed as long as .
After is found, is updated to be .

Note that this point-to-point projection may not be perpen-
dicular to the surface of . However, this does not matter. As
shown in Fig. 3, one can define a plane which passes

and is perpendicular to the line connecting and .
In formulation, the equation of the plane is given as

(6)

where is a pixel vector in the color space and denotes
the dot product operator of two vectors. This plane cuts through
Voronoi region and splits it into two. The one containing
point forms a new constraint set . By doing so, pro-
jection from to is equivalent to a projection
onto a convex set .

After determining , the adjusted can be ob-
tained by

for (7)

The adjusted image is then a member of . The con-
straint set and its associated projection presented above
is dedicated for handling halftoned color-quantized images with
POCS.

Fig. 4 shows two examples of how the pixels of the current
estimate are handled during the adjustment. Without loss of
generality, in these examples, we assume gray-level images and
use a two-color palette to make the examples simple enough to
illustrate the approach clearly. Pixels (2,2) and (2,3) are, respec-
tively, the pixels being handled in the first and the second exam-
ples. The shaded positions mark the pixels that were handled at
the moment. In the first example, is determined with (1).

Since we have , no adjust-

ment of is required. is updated with (3) then. In the

second example, we have . Adjustment of

is hence necessary. The adjustment is carried out by it-

eratively adjusting with (5). At iteration ,

is adjusted to be (0.51, 0.51, 0.51), which makes

. The corresponding and
can then be obtained with (7) and (3), respectively.
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Fig. 4. Examples of how pixels of an estimate of the original image are updated.

Typical images would generally have weak high fre-
quency components as the intensity of neighboring pixels is
highly correlated. This feature can be exploited as a priori
information in the restoration of halftoned color-quantized
images. In our approach, we assume that the energy of each
high frequency component of is bounded as given by

for , where
and are, respectively, a linear low-pass filtering operator and
a 2-D DCT operator, denotes the th element in
the transform domain and defines the set of high frequency
components which should be bounded. This forms a smooth-
ness constraint set

(8)

Another constraint set for restoring is the one that confines
the intensity value of a particular pixel to be valid. In formula-
tion, we have

(9)

where .

IV. FORMULATION OF POCS ALGORITHM

A POCS-based iterative algorithm can be defined based on
the convex constraint sets defined in the previous section. In
formulation, we have

(10)

where is the estimate of at iteration , , , and
are the projection operators to project a given image onto

, , and , respectively. In particular, and
are defined as shown in (11)–(12), at the bottom of the next page,
where is the corresponding for pixel to adjust

with (5) such that can be satisfied,
and is defined as follows:

if
if

for (13)

Note that the pixels of the image were processed one by one
from position (1,1) to in a raster scanning order when
projections s are performed. This order corresponds to
the order that the pixels were processed during its color quanti-
zation. The examples shown in Fig. 4 correspond to projections

and . The initial estimate is set to be
which is a filtered version of the observed image. Since all in-
volved constraint sets are convex sets, the convergence of POCS
algorithm can be guaranteed.

The physical meaning of the projections is as follows. Projec-
tion guarantees that the energy of the high frequency com-
ponents of the restored image is less than the energy of the high
frequency components of the low-pass filtering result of the ob-
served image. Projection makes sure that the color-quan-
tized result of the restored image is exactly the same as the ob-
served image from the first processing pixel to the th pixel.
With the use of projection , all pixels of the restored image
are displayable.
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In this paper, the proposed algorithm is formulated in RGB
color space. This is based on the observation that a palette for a
video color display is usually defined in RGB domain. With an
approach similar to the one presented in this paper, the proposed
algorithm can be reformulated in other color spaces.

V. SIMULATION AND COMPARATIVE STUDY

Simulation was carried out to evaluate the performance of
the proposed algorithm. In our simulation, a number of de facto
standard 24-bit full-color images including Couple, Window,
Peppers, Fruits, Lena, House, Girl, Parrots, Pool, Caps, Ba-
boon, and Melon were used. Each of them is of size 256 256.
The images were color-quantized to produce s. Color palettes
of different size were used in color quantization and they
were generated with different palette generation algorithms.
In color quantization, halftoning was performed with error
diffusion and Floyd–Steinberg diffusion filter [4] was used. In
the realization of the proposed algorithm, a 3 3 Gaussian filter
was used as filter . and were, respectively, selected to
be { and ,

} and 0.9.
To our best knowledge, there is no reported restoration

algorithm directly proposed for restoring halftoned color-quan-
tized images [14]. Fung’s algorithm [7] was proposed for
restoring color-quantized images, but it assumes that there is
no halftoning involved in color quantization. Mese’s algorithm
[8] was originally proposed for inverse halftoning. It makes use
of some training images to pre-train a linear prediction filter for
filtering binary halftones. For comparison, it was modified here
to handle halftoned color-quantized images.

Mese’s algorithm trains a linear prediction filter with best
linear estimator [8]. In the training phase, Baboon, Melon,
House, Lenna and their corresponding halftoned color-quan-
tized images were used to train the filter. As for Fung’s
algorithm [7] and the proposed algorithm, no original full-color
image is required to extract information and no training images
are required to pre-train a linear prediction filter.

Table I shows the average restoration performance of dif-
ferent algorithms in terms of Signal-to-noise Ratio Improve-
ment (SNRI) and CIELAB color difference metric. The
involved palettes were obtained with median-cut algorithm [2].
The CIELAB color difference metric is defined as the
Euclidean distance between the original color of a pixel and its
reproduction in CIELAB color metric space [15]. It is well ac-
cepted that color error is visually detectable when
[16]. The figures in the tables are the average values obtained
with the restoration results of the halftoned color-quantized im-
ages. One can see that the proposed algorithm is superior to

the others. Fig. 5 shows the restoration results of different al-
gorithms for visual evaluation. The high-frequency noise intro-
duced by halftoning is greatly removed by the proposed algo-
rithm. For example, impulse pattern noise can be found in the
grapes and the pear in Fig. 5(c) and (d) while they are com-
pletely removed in Fig. 5(e). Besides, the sharp impulse noise in
the mango is also significantly improved in Fig. 5(e). Similar re-
sults were obtained when the halftoned color-quantized images
were produced with different palettes generated with different
palette generation algorithms.

In the proposed algorithm, we assumed that the error diffu-
sion filter used in color quantization is known in restoration.
Sometimes this information may not be available and one has to
estimate it from the observed images. The robustness of the pro-
posed algorithm was studied. The last two columns of Table I
show the simulation results obtained when different error dif-
fusion filters were exploited in the realization of our proposed
algorithm. Note that the three error diffusion filters [4]–[6] in-
volved in the study are all popular filters used in practice. It was
found that a wrong assumption resulted in less than 1 dB drop
in SNRI on average. Even so, the proposed algorithm is still su-
perior to the others.

As we have mentioned, restoring color halftones generated
for printing applications is only a special case of the problem we
concern. Existing inverse halftoning algorithms [8]–[12] can be
easily extended to handle this case by restoring each color plane
independently. Among them, Hein’s algorithm [9] and Wong’s
algorithm [10] are POCS-based approaches in which different
constraint sets are defined for inverse halftoning. Chang’s algo-
rithm [11] trains a MMSE lookup table to speed up the inverse
halftoning process. When a nonexisting input is encountered in
table lookup, LMS estimation is exploited. Kite’s algorithm [12]
is a spatially-varying linear filtering approach in which filter co-
efficients are data dependent and computed on the fly.

Simulations were carried out to compare their performance
with ours in restoring this type of color halftones. Though
Mese’s algorithm [13] was originally proposed for restoring
halftones produced with a special dot diffusion technique, it
was also included in our simulation after a modification due to
its POCS-based nature. Table II shows the simulation results.
In our simulation, a color halftone was generated by halftoning
each color plane of an original 24-bit full-color image to a
bi-level image with error diffusion [4] and then combining all
binary color planes together. Again, the same set of aforemen-
tioned testing images were used for evaluation. Baboon, Melon,
House, Lena, and their corresponding halftoned color-quan-
tized images were used in the training phase of Mese’s [8]
and Chang’s [11] algorithms. Simulation results show that the
proposed algorithm outperforms the others in various aspects.
Besides the fact that the proposed algorithm makes a better use

if for (11)

if

if

for (12)
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Fig. 5. Restoration results of color-quantized “Fruits” (Palette size = 128). (a) Original. (b) Color-quantized (with halftoning). (c) Fung [7]. (d) Mese [8].
(e) Proposed. (Color version available online at http://ieeexplore.ieee.org.)
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TABLE I
AVERAGE PERFORMANCE OF VARIOUS ALGORITHMS IN RESTORING HALFTONED COLOR-QUANTIZED IMAGES IN VARIOUS ASPECTS

TABLE II
AVERAGE PERFORMANCE OF VARIOUS INVERSE HALFTONING ALGORITHMS IN RESTORING COLOR HALFTONES

of the available a priori information as compared with the other
evaluated algorithms [8]–[13] in restoration, the superiority of
the proposed algorithm over the algorithms [8]–[13] is partially
due to the fact that these algorithms treat a color image as three
independent color planes in the restoration while the proposed
algorithm is not.

VI. CONCLUSION

So far, very little research has been carried out to address
the restoration of halftoned color-quantized images. Although
there are many restoration algorithms for restoring blurred and
noisy color images and inverse halftoning, they are generally
not adequate to handle halftoned color-quantized images. The
noise introduced by color quantization with halftoning is basi-
cally signal dependent and is not white, which violates the as-
sumptions adopted in most current multichannel restoration al-
gorithms. Though Fung’s algorithm [7] was proposed to restore
color-quantized images, it does not take halftoning into account
and hence cannot handle the case well either.

In this paper, we proposed a dedicated restoration algorithm
for restoring halftoned color-quantized images. This algorithm
makes use of the available color palette and the a priori knowl-
edge about the halftoning process to derive useful information
for restoration. Unlike some other conventional restoration al-
gorithms, it requires no estimation of parameters describing the

nature of the original full-color image and no training image to
pre-train prediction filters. Simulation results demonstrated that
the proposed algorithm can achieve a remarkable improvement
in the quality of a halftoned color-quantized image in terms of
both SNR and CIELAB color difference metric irrespective
of the size and the production of the color palette exploited in
the color quantization.
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