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Stability Analysis of Fuzzy Control Systems Subject to
Uncertain Grades of Membership

H. K. Lam, Member, IEEE and F. H. F. Leung, Senior Member, IEEE

Abstract—This paper presents relaxed stability conditions for fuzzy con-
trol systems subject to parameter uncertainties. As the parameter uncer-
tainties introduce uncertain grades of membership to the fuzzy control sys-
tems, the favorable property offered by sharing the same premises in the
fuzzy plant models and fuzzy controllers cannot be employed to enhance
the stabilization ability of the fuzzy control systems. To widen the applica-
bility of the fuzzy control approach, fuzzy control systems subject to un-
certain grades of membership will be investigated. New relaxed stability
conditions will be derived to guarantee the stability of this class of fuzzy
control systems. A numerical example will be given to show the effective-
ness of the proposed approach.

Index Terms—Fuzzy control, parameter uncertainty, stability.

I. INTRODUCTION

The fuzzy-model-based control approach offers a systematic way to
analyze nonlinear systems. In general, this approach first represents the
nonlinear plant with a TSK-fuzzy plant model [1], [2] in the form of
weighted sums of some linear subsystems. The TSK-fuzzy plant model
extracts the linear and nonlinear characteristics of the nonlinear plant.
It provides a general framework to represent the nonlinear plant and
exhibits semi-linear characteristics which facilitates the system anal-
ysis and controller synthesis. Similarly, a fuzzy controller in the form
of weighted sums of some linear subcontrollers [3], [4] was proposed
to close the feedback loop. As a result, the closed-loop fuzzy control
system is also represented as weighted sums of some linear subcontrol
systems. The weights are regarded as the grades of membership, which
are used to measure the contributions of the linear subsystems/subcon-
trollers to the modeling/controlling task. The grades of membership are
characterized by membership functions, which play an important role
in the system stability and performance.

The Lyapunov-based approach is the most common approach to in-
vestigate the stability of the fuzzy control systems. The fuzzy control
systems nonlinearly combine some linear subcontrol systems. By in-
vestigating the linear part of the fuzzy control system, it was shown that
the fuzzy control system is stable if all linear subcontrol systems are
stable subject to a common Lyapunov function [3], [4]. The advantage
of this stability analysis result is that the system stability is governed by
the linear subcontrol systems only and independent of the membership
functions of the fuzzy controllers. Hence, the membership functions of
the fuzzy controllers can be freely designed. Furthermore, as the mem-
bership functions of both the fuzzy plant model and the fuzzy controller
contribute nothing to the stability conditions, the fuzzy controller can
handle a nonlinear system subject to parameter uncertainties that ap-
pear in the membership functions of the fuzzy plant model. However,
these design flexibility and the robustness property may lead to conser-
vative stability conditions as the effects of the membership functions
are not taken into the stability consideration, which can in fact play an
important role in the stability of the system. The stability conditions
were relaxed in [4] when the fuzzy controller shares the same premises
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as those of the fuzzy plant model. The relaxed stability conditions are
achieved as the contribution of some linear subcontrol systems com-
pensate with others. Different relaxed stability conditions were given
in [6]–[10]. Relaxed stability conditions making using this property and
based on other stability analysis approach were reported in [11], [12].
One more advantage of sharing the same premises in the fuzzy plant
models and fuzzy controllers is that the stabilization ability of the fuzzy
controller is enhanced. However, this design criterion implies that the
fuzzy plant model must be known as its membership functions must be
known. Hence, the fuzzy controller under such design criterion is not
suitable for handling nonlinear system subject to parameter uncertain-
ties. In other words, the stabilization ability of the fuzzy controllers is
enhanced by scarifying its robustness property. It is important to bal-
ance the stabilization ability and robustness property of the fuzzy con-
troller in order to widen its applicability to nonlinear systems subject
to parameter uncertainties.

Most of the practical applications are subject to parameters uncer-
tainties. On tackling the stability and robustness issues, the highly non-
linear nature of the plant makes the analysis difficult. The parameter
uncertainties make the problem more complex. In this paper, a fuzzy
controller is proposed to handle this class of fuzzy control system. Lya-
punov approach will be employed to investigate the system stability.
Limited knowledge of the nonlinear plant subject to parameter uncer-
tainties will be employed to investigate the system stability. Relaxed
stability conditions for this class of fuzzy control systems will be de-
rived to guarantee the system stability. The relaxed stability conditions
offer a larger stability region to fuzzy-model-based control systems
when compared with the stability analysis results in [3], [4]. Conse-
quently, the fuzzy controller can be applied to handle nonlinear systems
subject to relatively larger parameter uncertainties.

This paper is organized as follows. In Section II, the fuzzy plant
model with uncertain grades of membership and the fuzzy controller
are presented. In Section III, the stability of the fuzzy control systems
subject to uncertain grades of membership will be analyzed. Relaxed
stability conditions will be derived based on the Lyapunov stability
theory. In Section IV, a numerical example will be presented. A con-
clusion will be drawn in Section V.

II. TSK FUZZY PLANT MODEL AND FUZZY CONTROLLER

A multivariable nonlinear control system comprising a TSK fuzzy
plant model subject to uncertain grades of membership and a fuzzy
controller connected in closed-loop will be considered.

A. TSK Fuzzy Plant Model

Let p be the number of fuzzy rules describing the nonlinear plant.
The ith rule is of the following format:

Rule i : IF f1(x(t)) is M
i
1 AND � � �AND f	(x(t)) is M

i
	

THEN _x(t) = Aix(t) +Biu(t) (1)

whereMi
� is a fuzzy term of rule i corresponding to the known function

f�(x(t)), � = 1; 2; . . . ;	; i = 1; 2; . . . ; p; 	 is a positive integer;
Ai 2 <

n�n and Bi 2 <
n�m are known constant system and input

matrices respectively; x(t) 2 <
n�1 is the system state vector; and

u(t) 2 <
m�1 is the input vector. The system dynamics are described

by

_x(t) =

p

i=1

wi(x(t)) (Aix(t) +Biu(t)) (2)

1083-4419/$20.00 © 2005 IEEE

Authorized licensed use limited to: Hong Kong Polytechnic University. Downloaded on July 7, 2009 at 00:14 from IEEE Xplore.  Restrictions apply.



IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART B: CYBERNETICS, VOL. 35, NO. 6, DECEMBER 2005 1323

where
p

i=1

wi(x(t))

= 1; wi(x(t)) 2 [0 1] for all i (3)

wi(x(t))

=
�M (f1(x(t)))� �M (f2(x(t)))� � � � � �M (f	(x(t)))

p

k=1

�M (f1(x(t)))��M (f2(x(t)))�� � ���M (f	(x(t))

(4)

is a nonlinear function of x(t) and �M (x�(t)) is the grade of mem-
bership corresponding to the fuzzy term Mi

�. The nonlinear plant is
subject to parameter uncertainties such that the grades of membership
�M (x�(t)) are uncertain.

B. Fuzzy Controller

A fuzzy controller with p fuzzy rules is to be designed for the non-
linear plant. As the nonlinear plant is subject to parameter uncertain-
ties which lead to uncertain grades of membership, the premises of the
fuzzy plant model cannot be employed by the fuzzy controller. The jth
rule of the fuzzy controller is of the following format:

Rule j : IF g1(x(t)) is N
j
1 AND � � �AND g
(x(t)) is N

j




THEN u(t) = Gjx(t) (5)

where Nj

� is a fuzzy term of rule j corresponding to the function
g�(x(t)), � = 1; 2; . . . ;
; j = 1; 2; . . . ; p; 
 is a positive integer;
Gj 2 <m�n is the feedback gain of rule j to be designed. The
inferred output of the fuzzy controller is given by

u(t) =

p

j=1

mj(x(t))Gjx(t) (6)
where

p

j=1

mj(x(t))

= 1; mj(x(t)) 2 [0 1] for all j (7)

mj(x(t))

=
�
N
(g1(x(t)))� �

N
(g2(x(t)))� � � � � �

N
(g
(x(t)))

p

k=1

�N (g1(x(t)))��N (g2(x(t)))�� � ���N (g
(x(t)))

(8)

is a nonlinear function of x(t) and�
N

(g�(x(t))) is the grade of mem-

bership corresponding to the fuzzy term Nj

� .

C. Fuzzy Control System

The fuzzy control system is formed by the nonlinear plant in the
form of (2) and the fuzzy controller of (6) connected in closed loop.
The property that

p

i=1

wi(x(t))=

p

j=1

mj(x(t))=

p

i=1

p

j=1

wi(x(t))mj(x(t))=1

will be employed in the following section for doing the stability anal-
ysis. From (2) and (6)

_x(t)=

p

i=1

wi(x(t)) Aix(t) +Bi

p

j=1

mj(x(t))Gjx(t)

=

p

i=1

p

j=1

wi(x(t))mj(x(t)) (Ai +BiGj)x(t)

=

p

i=1

p

j=1

wi(x(t))mj(x(t))Hijx(t) (9)

where

Hij = Ai +BiGj : (10)

Remark 1: Stability conditions in the form of linear matrix inequal-
ities (LMIs) shown in the following theorem have been given in [3], [4]
to guarantee the system stability of (9).

Theorem 1 [3], [4]: The fuzzy control system formed by the non-
linear plant in the form of (2) and the fuzzy controller of (6)is guaran-
teed to be asymptotically stable if there exists a symmetric matrix P
such that the following LMIs hold:

III. STABILITY ANALYSIS

The system stability of the fuzzy control system of (9) will be inves-
tigated. In the following analysis, wi(x(t)) and mj(x(t)) are written
as wi and mj , respectively, for simplicity. Consider the following Lya-
punov function candidate:

V = x(t)TPx(t) (11)

where P 2 <n�n is a symmetric positive definite matrix. From (9)
and (11)

_V = _x(t)TPx(t) + x(t)TP _x(t)

=

p

i=1

p

j=1

wimjHijx(t)

T

Px(t)

+ x(t)TP

p

i=1

p

j=1

wimjHijx(t)

=

p

i=1

p

j=1

wimjx(t)
T
H
T
ijP+PHij x(t)

= �

p

i=1

p

j=1

wimjx(t)
T
Qijx(t) (12)

where

Qij = � H
T
ijP+PHij : (13)

It can be seen from (12) that if the stability conditions in Theorem 1
are satisfied, the fuzzy control system of (9) is guaranteed to be asymp-
totically stable. To proceed further, let ml(x(t)) = �l(x(t))wl(x(t))
and

0 <
ml

wl

= �l = min
x(t)

ml (x(t))

wl (x(t))
� �l (x(t))

� max
x(t)

ml (x(t))

wl (x(t))
= �l =

ml

wl

<1

where l = 1; 2; . . . ; p; wi ; and wi denote the known minimum
and maximum values of wi(x(t)) respectively during the operation,
which exhibit the property that 0 < wl � wl � 1. Similarly,
ml andml denote the known minimum and maximum values of
mj(x(t)), respectively, which exhibit the property that 0 < ml �

ml � 1. min
x(t)

(�) and max
x(t)

(�) denotes the minimum and maximum

values of the arguments for all x(t). In most of the practical appli-
cations, the boundary values of the parameters are known. Based on
the known form of the membership functions and the boundary values
of the parameters, the minimum and maximum grades of member-
ships can be obtained analytically or estimated by some searching algo-
rithms, e.g., genetic algorithm. To ensure 0 < ml (x(t))=wl (x(t)) <
1, it is required that the minimum values of wi(x(t)) and mj(x(t))
(i.e., wl and ml ) must be greater than zero. wl > 0 can be
achieved by properly building the fuzzy plant model for the nonlinear
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plant. (The procedure of obtaining the fuzzy plant model of the non-
linear plant is detailed in [4] and [13].) For instance, the operating do-
main is considered a bit larger than the actual one during the modeling
process. wl(x(t)) will lie in the range of 0 and 1 if the nonlinear plant
operates in this larger operating domain considered in the modeling
process. When the nonlinear plant operates in the actual operating do-
main which is slightly smaller than that considered in the modeling
process, wl(x(t)) will not go into the boundary values. The same idea
can be applied to determine ml(x(t)), ml and ml . From (12)
and writing �j(x(t)) as �j for j = 1; 2; . . . p,

_V (t) = �

p

i=1

p

j=1

�jwiwjx(t)
T
Qijx(t): (14)

Let �j = �j1�j1 + �j2�j2 where �j1 = �j and �j2 = �j
denote the minimum and maximum values of �j , �j2 = 1 � �j1 and
0 � �j1, �j2 � 1. Hence, we have

�j = �j1�j1 + (1� �j1)�j2)�j1 =
�j� �j2

�j1 � �j2
� 0

and

�j2 =1� �j1 = 1�
�j � �j2

�j1 � �j2
=

�j1 � �j

�j1 � �j2
� 0:

It should be noted that 2

k=1
�jk = 1 and 0 � �jk � 1, k = 1, 2 as

�j1 � �j � �j2. From (14),

_V(t)=�

p

i=1

p

j=1

2

k=1

�jk�jkwiwjx(t)
T
Qijx(t)

= �
1

2

p

i=1

p

j=1

2

k=1

�jkwiwjx(t)
T
�jkQijx(t)

�
1

2

p

j=1

p

i=1

2

k=1

�ikwjwix(t)
T
�ikQjix(t)

=�

p

i=1

p

j=1

2

k=1

wiwjx(t)
T �jk�jkQij+�ik�ikQji

2
x(t)

= �

p

i=1

wiwix(t)
T

2

k=1

�ik�ikQiix(t)

� 2

p

i<j

wiwjx(t)
T

2

k=1

�jk�jkQij + �ik�ikQji

2
x(t):

(15)

Let

�ikQii �Pii > 0; i = 1; 2; . . . ; p; k = 1; 2 (16)
�jkQij + �iQji

2
�Pij � 0; i=1; 2; . . . ; p; j=1; 2; . . . ; p;

i < j; k = 1; 2;  = 1; 2 (17)

where Pij 2 <
n�n is a symmetric matrix for all i and j. In the fol-

lowing, it will be shown that (16) and (17) are the stability conditions
governing the system stability of (9). From (16) and using the property
that 2

k=1
�ik = 1, we have

�ikQii �Pii > 0

)

2

k=1

�ik(�ikQii �Pii) > 0

)

2

k=1

�ik�ikQii�Pii>0; i=1; 2; . . . ; p; k=1; 2: (18)

From (17) and using the property that 2

k=1
�jk = 2

=1
�i =

2

k=1

2

=1
�jk�i = 1

2

k=1

�jk
�jkQij + �iQji

2
�Pij � 0

)

2

k=1

2

=1

�i�jk
�jkQij + �iQji

2
�Pij � 0

)

2

k=1

2

=1

�i�jk (�jkQij + �iQji)

2

�

2

k=1

2

=1

�i�jkPij � 0

)

2

k=1

2

=1

�i�jk (�jkQij + �iQji)

2
�Pij � 0

)

2

k=1

2

=1

�i�jk�jkQij +
2

=1

2

k=1

�jk�i�iQji

2

�Pij � 0

)

2

k=1

2

=1

�i�jk�jkQij +
2

k=1

2

=1

�j�ik�ikQji

2

�Pij � 0

)

2

k=1

2

=1

�i�jk�jkQij+
2

=1

�j�ik�ikQji

2
�Pij�0

)

2

k=1

�jk�jkQij + �ik�ikQji

2
�Pij � 0: (19)

From (15), (18) and (19), we have

_V � �

p

i=1

wiwix(t)
T
Piix(t)� 2

p

i<j

wiwjx(t)
T
Pijx(t)

= �

w1x(t)

w2x(t)
...

wpx(t)

T
P11 P12 � � � P1p

P12 P22 � � � P2p

...
...

. . .
...

P1p P2p � � � Ppp

w1x(t)

w2x(t)
...

wpx(t)

= � z(t)TPz(t) (20)

where z(t) =

w1x(t)

w2x(t)
...

wpx(t)

and P =

P11 P12 � � � P1p

P12 P22 � � � P2p

...
...

. . .
...

P1p P2p � � � Ppp

. It

can be seen that _V � 0 (equality holds when x(t) = 0) if P > 0.
In conclusion, the fuzzy control system of (9) is asymptotically stable.
The analysis results are summarized in the following Lemma.

Lemma 1: The fuzzy control system formed by the nonlinear plant
in the form of (2) and the fuzzy controller of (6) is guaranteed to be
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asymptotically stable if there exist symmetric matrices P and P such
that the following LMIs hold:

P > 0; P > 0;

�ikQii �Pii > 0; i =1; 2; . . . ; p; k =1; 2
�jkQij + �iQji

2
�Pij � 0; i =1; 2; . . . ; p; j =1; 2; . . . ; p;

i < j; k = 1; 2;  = 1; 2

where �j1 = �j and �j2 = �j .
It can be shown that the stability conditions of Lemma 1 are less

conservative than those of Theorem 1. Referring to Theorem 1 and
considering that there exists P > 0 such that �Qij = HT

ijP +
PHij < 0, i = 1; 2; . . . ; p; j = 1; 2; . . . ; p. With these P and
Qij , and referring to the stability conditions of Lemma 1, it can be
shown that there must exist Pii and Pij such that �ikQii � Pii >
0, ((�jkQij + �iQji)=2) � Pij � 0 and P > 0. As Qii > 0
and let Pii = �P, there must exist a sufficiently small � such that
�ikQii � �P > 0. Similarly, as Qij > 0 and let Pij = 0, it
can be seen that ((�jkQij + �iQji)=2) > 0. Hence, we have P =
�P 0 � � � 0

0 �P � � � 0
...

...
. . .

...
0 0 � � � �P

> 0. However, the solution of Lemma 1 may

not be the solution of Theorem 1 as there may exist a solution of Lemma
1 that someQij < 0. Hence, it can be concluded that the stability con-
ditions of Lemma 1 are less conservative than those of Theorem 1.

IV. NUMERICAL EXAMPLE

A numerical example [8] will be given to show the merits of the sta-
bility conditions of Lemma 1. A fuzzy plant model with the following
two fuzzy rules is considered.

Rule 1: IF x1(t) is M1

1 THEN _x(t) = A1x(t) +B1u
Rule 2: IF x1(t) is M2

1 THEN _x(t) = A2x(t) +B2u

where A1 =
2 �10

1 0
and A2 =

a �10

1 1
; B1 =

1

0
and

B1 =
b

0
. It is assumed that the membership functions of fuzzy

controller are different from those of the fuzzy plant model. The feed-
back gains G1 and G2 are designed under the same criteria as given
in [8] such that the eigenvalues of H11 and H22 are located at �1
and �15. The stability conditions of Theorem 1 and Lemma 1 will
be employed to testify the stability of the closed-loop system. For the
proposed approach, it is assumed that �j1 = �j = 0:6667 and
�j2 = �j = 1:5. Fig. 1 shows the feasible areas for the stability
conditions of Theorem 1 and Lemma 1 respectively for 1 � a � 6 and
1 � b � 4:5. It can be seen from Fig. 1 that Lemma 1 provides more
relaxed results than those of Theorem 1. Furthermore, the stability con-
ditions given in [6]–[10] cannot be applied to testify the system stability
as the premises of the fuzzy plant model and the fuzzy controller are
different.

V. CONCLUSION

Stability of fuzzy control systems subject to parameter uncertainties
has been analyzed. The fuzzy control system is formed by a nonlinear
plant subject to parameter uncertainties and a fuzzy controller. The non-
linear plant subject to parameter uncertainties is represented by a fuzzy
plant model with uncertain grades of memberships. Relaxed stability
conditions have been derived to guarantee the stability of this class of
fuzzy control system. A numerical has been presented to show the ef-
fectiveness of the proposed approach.

Fig. 1. Feasible area of the stability conditions for example 1.
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