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Abstract— This paper investigates the system stability of T-S
fuzzy-model-based control systems based on an improved fuzzy
Lyapunov function. Various non-PDC fuzzy controllers are
proposed to close the feedback loop. The characteristic of T-S
fuzzy model is considered to facilitate the stability analysis.
Under a particular case, the time-derivative information of the
membership functions vanishes, which simplifies the stability
analysis and leads to relaxed stability analysis results. A general
case is then considered. An improved non-PDC fuzzy controller
is proposed based on the properties of the T-S fuzzy model. The
improved non-PDC fuzzy controller exhibits a favourable
property to relax the stability conditions. Based on the fuzzy
Lyapunov function, stability conditions in terms of linear matrix
inequalities are derived to guarantee the system stability.
Simulation examples are given to illustrate the effectiveness of
the proposed non-PDC fuzzy control schemes.

I. INTRODUCTION

Fuzzy-model-based control approach offers a systematic way
to tackle nonlinear systems. Based on the T-S fuzzy model
[1]-[2], a nonlinear plant can be represented as an average
weighted sum of linear systems. This particular form offers a
general framework to represent the nonlinear plant and
provides an effective platform to facilitate the stability
analysis and controller synthesis.

Fuzzy-model-based control systems have been extensively
investigated in the past decade. Basic stability conditions
derived based on Lyapunov stability theory were given in
[3]-[4] in terms of linear matrix inequalities (LMI) [5]. Based
on the parallel distribution compensation (PDC) design
technique [4], the information of the membership functions is
employed for the design of fuzzy controller. It has been
reported in [6]-[13] that the information facilitates the stability
analysis and offers less conservative stability analysis results.

In the work of [6]-[13], a parameter-independent Lyapunov
function (PILF) was employed to investigate the system
stability. In [14], a fuzzy Lyapunov function (FLF), which is a
kind of parameter-dependent Lyapunov function (PDLF), was
proposed. As further information is considered in the FLF, it
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has shown a great potential to further relax the stability
analysis result compared to that of PILF. However, for the
continuous-time case, the FLF will produce the time
derivatives of membership functions, making the stability
analysis tedious and difficult. It has been shown that the time
derivatives of membership functions will disappear under a
particular type of fuzzy models [15]. Nevertheless, when the
PDC fuzzy controller is considered [14]-[15], the stability
conditions cannot be formulated in terms of LMIs. As aresult,
the solution to the stability conditions cannot be simply solved
numerically by some convex programming techniques such as
MATLAB LMI toolbox. To hurdle the difficulty, a
completing square technique was employed in [14] to
formulate the stability conditions in terms of LMIs. However,
as redundant matrix terms are introduced in the stability
analysis, conservativeness is introduced to the stability
conditions. In [16]-[17], to further utilize the advantage of the
FLF, a non-PDC fuzzy controller was proposed. Comparing
to the PDC fuzzy controller, the non-PDC fuzzy controller
[16]-[17] offers greater design flexibility and shows greater
potential to relax the stability conditions under the
consideration of FLF. Moreover, with the non-PDC fuzzy
controller, the stability conditions can be formulated as LMIs.
The FLF was also employed to investigate the system stability
of discrete-time fuzzy-model-based control systems [18]-[19].

In this paper, we further extend our fundamental work in
[17].  An improved FLF is proposed to investigate the
fuzzy-model-based control system. An improved non-PDC
fuzzy controller is proposed to take advantage of the FLF to
produce relaxed stability analysis results. The characteristic
of the fuzzy model is considered to facilitate the stability
analysis. A particular case of fuzzy model is first considered
of which the time derivatives of membership functions are not
required for the stability analysis. A general fuzzy model is
then considered. An improved non-PDC fuzzy controller is
proposed to close the feedback loop. As further information is
considered by the non-PDC fuzzy controller, more relaxed
stability conditions can be achieved. Based on the FLF,
stability conditions in terms of LMIs are derived to guarantee
the system stability of the fuzzy-model-based control systems.

II. Fuzzy MODEL AND NON-PDC Fuzzy CONTROLLER

A fuzzy-model-based control system, comprising a
nonlinear plant represented by a fuzzy model and a non-PDC
fuzzy controller connected in a closed loop, is considered.
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A. Fuzzy Model
Let p be the number of fuzzy rules describing the behaviour
of the nonlinear plant. The i-th rule is of the following format:
Rule i: IF f,(x()) is M; AND ... AND f,(x(?)) is M,
THEN x(¢) = A x(t) + B,u(?) (1)
where M/, is a fuzzy term of rule i corresponding to the
function f,(x(#)), a=1,2, .., ¥i=1,2,.,p;, Pisa
positive integer; A, € R™ and B, e R™" are known
constant system and input matrices respectively; x(t) € R"™
is the system state vector and u(¢) e R™ is the input vector.

The system dynamics are described by,

x(r) = Z w,(x(1))(A,x(r) + B,u(r)) )
where,
f w.(x() =1, w,(x(1))e [0 1] foralli A3)

i=1

1y OO X LN Xty (f (X))
w, (x(1) = : :
Sty ODX (L XONX 41, (300

is a nonlinear function of x(r) and Hy, (f,x()), =1, 2,

“

..., ¥, is the grade of membership corresponding to the fuzzy
term of M/, .

B. Non-PDC Fuzzy Controller

A non-PDC fuzzy controller is proposed to control the
nonlinear plant in the form of (2) is proposed. The output of
the non-PDC fuzzy controller is governed by the fuzzy rules in
the following format.
Rule j: IF f,(x(¢)) is M{ AND ... AND f, (x(¢)) is M],

THEN u(t) =F P(x(1))"'x(t) ,j= 1,2, ... p 5)

where F; € R"" is the constant feedback gain of rule j and
P(x(1)) = P(x(t))" € R™ >0 is a nonlinear matrix function

to be determined. The inferred non-PDC fuzzy controller is
defined as,

u() = 3w, (x)F POx(0) ' x(0) ©)

III. STABILITY ANALYSIS

The system stability of the fuzzy-model-based control
systems is considered in this section. Various non-PDC fuzzy
controllers are proposed to handle the nonlinear plant in the
form of (2). For brevity, wi(x(7)) and P(x(7)) are denoted as w;

P P P
and P respectively. The equality that z w, = Zz ww,; =

i=1 i=1 j=1

1 given by the property of the membership functions is used
during the system analysis.

A. Special Case
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A special case of fuzzy model facilitating the stability

analysis is considered. From (2) and (6), the
fuzzy-model-based control system is defined as follows.

p P
x0 =YY ww, (4, +BFP k) (7)

i=l j=1
The system stability of the fuzzy-model-based control
system of (7) is investigated. Compared to [16]-[17], the
following improved FLF is considered.
V() =x()"P'x(r)
PP

where P=P" =Y > w,wP,, >0 and P, e R"™ , k, [ =

k=1 1=1
1,2, ..., p. The condition for P > 0 will be considered later.

(®)

Remark I: P > 0 implies non-singularity. If we have P >0, the
inverse of P must exist. Furthermore, P > 0 implies P! > 0.

In the following analysis, for simplicity and without loss of
generality, it is assumed that the following design conditions
are fulfilled:

1)  The number of rules of the fuzzy controller, p, is even.
For an odd p, this condition can be easily achieved by
adding an identical rule to the rule base.

2) The membership functions of the fuzzy model satisfy
w, ==w,,. k=13, .,p-1.
3) The FLF is chosen such that

P,=P.,=P =P ..kI=13 .,p-1

Under the above conditions, we have the following
equalities.

ro »
Zzwkwtpk,t = Z(Wk ~ Went )W[Pk,l =0 )
k=1 I=1 k=13, .p 1=l

ro» »

Zzwkwtpk,z = Z Zwk (WI ~ Wi )Pk.l =0 (10)

=~
il
1]

k=11=13, .p

Remark 2: Condition 2) can be further generalized for a fuzzy
model with the membership functions exhibiting the property

of w,=¢&, — Zc:w, where 0 < & <1 and ¢ < p. For instance,
r=i+l
we consider a fuzzy model with membership functions of w;, i
=1, 2, ..., 9 which exhibit the property that w, =0.25-w,,
wy; =025-w, —ws and w, =0.5-w, —w, —w,. Hence,
we have w, =-w,, w; =—w, —w, and w, =—w, —w, —w, .
By choosing properly Py, i.e., Py, =P, k, [ =1,2; P =Ps3,
k, 1 =3,4,5 Py =Psg, k, L =6, 7, 8 9, we have

9.9 9.9
ZZWkW/PkJ =0 and ZZwkw,Pk’, =0.
1=1

k=1 k=1 I=1

The equalities of (9) and (10) facilitate the stability analysis
based on FLF as the time-derivative information of the
membership functions vanishes. From (8), and based on the
above design conditions, the time derivative of V(z) is as
follows.

V@) = x(t)"P'x(0) + x() "P'x(t) - x(t) TP'PP'x(r) (11)
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From (9) and (10), we have

PP PP
P=>>wwP, +> > wwP, =0 12)
k=1 I=1 k=1 I=1
From (7), (11), (12), we have
V() =x@)"P7'x(1) +x(1) " P'x(2)
5& T T T
> wwz) (PA," + A P+F, "B +BF k() (13)
i=1 j=1
where z(t) = P7'x(¢) . Recalling that
P P
= Z:Z:wkw[PM >0, from (13), we have
k=1 I=1
PP A‘T+A.P .
V() = wow; W, z(t) S a4
Z,Z‘; ‘ ( F'B" +B/F, }
p P P
Denote == ZZZ ww, w B where
i=1 j=1 k=1
E, =P A, +ALP/k+F B +B,F/, Lj,k=1,2,..,p It

can be seen that asymptotic stability of the fuzzy-model-based
control system of (7) is implied by V() <0 (equality holds
when z(r) = 0). V() <0 can be achieved when E < 0. By
following the similar analysis procedure in [16], we have,

==3w'E, 3w (E, +E, +E,)

i=1 i=l j=1

i (15)

+pz_2pz_lzp‘,wwwk[+’jk+_ +_ ]

i=l j=i+lk=j+1 - +-’Au +E =kji

Define Y, € R™", Y —Ym i=1,2,.,p, Y, :Y/.,.,T,
ij=1,2 . opi#j Y, =Y, ,Y,=Y," and
Yklszk” ,i=1,2,..,p=-2;j=1,2,..,p-1;k=1,2,...,p
Let
Y, >E,.i=1,2,. (16)
Y, +Y, Y, 25, +E,+E,,ij=12,.,p;i#j (17)
Y,,A+Y,k,+Y,,k+Y +Y, +Y, 28, +5, +5, i1

>
+_. +"Au +_.,\ﬂ

2,up=-2;j=12,..,p—-1Lk=1,2,..,p (18)
From (15) to (18), we have,
P
ESZW; +ZZW w( i +Yj“)
i=1 i=1 j;¢:
p-2 p-1 p
S S woww (Y + Yy, + Y, + Y, + Y, +Y,,)
i=1 j=itlk=j+1
(19)
From (14) and (19), we have,
P
V()= Zwkr(t)TYkr(t) (20)

k=1
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le(t) Ylkl Ylkz Ylkp
w,2(0) Yo Yuo Y,
where r(f)=| and Y, =| % 2
w,Z(f) Y, Y. Y,

It can be seen that V(1) <0 is achieved when Y; <0, k=1, 2,
..., p. Nevertheless, the stability analysis based on FLF of (8)

r_ P
= zz w,w, P, >0. With condition

k=1 I=1

3), designing that P, =P,
P, =P, .j=13 ..p

zzwkwl k. zwk Pkk+zzwkwl(Pk.l+Pl.k)

k=1 1=1 =1 k<l

requires that P=P"

T, k=13 .,p-1and

—1; k<[, we have

@D

It can be seen from (21) that Z Z w,w,P,, >0 canbe

k=1 1=1

achievedby P,, >0,k=1,2,..,pand P, +P,, 20,l=1,

2, ..., p; k < l. The analysis result is sumrnarlzed in the
following theorem.

Theorem 1: The fuzzy-model-based control system, formed
by the nonlinear plant in the form (2) and the non-PDC fuzzy
controller in the form of (6) connected in a closed loop, is
asymptotically stable if conditions 1) to 3) are satisfied and

there exists Pk'k:Pk'kTeiK"X", k=1 3 ., p -1
P,=P, eR™I=13 .p-1Lk<l Y, eR™,
Y. =Y, . i=12 ..,p Y, = Y/” LLj=1,2, .., p i #],
Y, —Y,k] , Yy =ijl. and YL,,—Yk,, ,i=1,2,..,p=-2;j
=1,2,..,p—1; k=12, .., psuchthat the following LMIs are
satisfied.

P,>0,k=12.,p, P, +P, 20,1=12 .. ,p k<l
(16) to (18) and Y, <0 k =1, 2, .., p where

=P A +A P +F, B +BF,.

i jk

Remark 3:
simpler by considering P, , =P, =P, T e R™ forall kand L.

The non-PDC fuzzy controller can be made

In this case, we have P =P" = ZZWAW,P ZWkP P>

k=1 I=1
0 is implied by P, > O for all k. In this case, the FLF of (8) is
reduced to that in [16]-[17].
Remark 4: Comparing to the analysis in [16]-[17], under the
particular case of the fuzzy model, the time-derivative
information of the membership functions, w;(x(¢)), is not
required. This makes the stability analysis easy and simplifies
the implementation of the non-PDC fuzzy controller.
Remark 5: The stability conditions in Theorem 1 are reduced
to those in [11] when P;; are all common for all j and k.

B.  Non-PDC Fuzzy Controller with Time-Derivative
Information

933

Authorized licensed use limited to: Hong Kong Polytechnic University. Downloaded on July 6, 2009 at 23:23 from IEEE Xplore. Restrictions apply.



In the following, we consider a general fuzzy model, i.e.
conditions (1) to (3) are not required to be satisfied. A
non-PDC fuzzy controller+ in the following form is proposed.

u(r) :iijjP"x(t)+inGjP"x(t) (22)

where G ; € R™" is a feedback gain to be determined, and
w,=w;+pw;+0,>0 and p and ¢; are scalars to be

determined. The non-PDC fuzzy controller of (22) can be
rewritten in the form of

u(t) = i w, (FJ. +G  + io-ka )P'X(t) + 2 w,pG P7'x(1)
j=1 k=1 J=1

. Itis equivalent to the non-PDC fuzzy controller proposed in
[16]-[17]. From (2) and (22), we have the following
fuzzy-model-based control system.

x(f) = 2 w, [Aix(t) + Bi[i w F P7'x(1) + iijjP'x(t)j]

=3 Y, (A, +BEP R+ > ww B,G Px() (23)

i=1 j=1 i=1 j=1
To investigate the system stability of (23), we consider the
Lyapunov function candidate in (8). From (8) and (23),

recalling z(t) = P'x(¢) , we have,

V() =x()"P'x(r) + x(t) "P'x(t) = x(t) "P'PP 'x(¢)

=3 S wwzt)" (PA" + A P+F,'B +BF J(r)
=l j=1
p ' p
£33 wiw "GB! +BG )

i=1 j=1

Zp:w(pw +tw,—w,+0,-0; )z(t) —( +PI.7,.)z(t)

i=1 j=

P

P, A, T+AP

i jk
+F"B," +BF,
P PP
ZI: > ZWinWkZ(f)T +i(PM+Pk,/) Z(1)
i=l j=1 k=1 p
+> %(p, +p,)

r=1

+ Zp:zp:wiwiz(t)T(GjTBiT +B,G, —%(P,._j +P,, )]z(t)

i=1 j=1
T
1
Pj.k[Ai +IJ
Y%

+(Ai+II]ij
P :

+F, B +BF,

=33 5w

i=1 j=1 k=1

wow, (1) z(1)
24
’ o
+ .
2 P

r=1

(P, +P,)

+ iiw,w,z(tf[c /B +BG, —%(PL AP, )Jz(t)

i=l j=1

934

P P
From (3), we have Zwl. =1 which leads to Zw[ =0.
i=1 i=1
This property can bring about some slack matrices to facilitate
the stability analysis. Considering an arbitrary matrix
A, = A.T e R™" R we have

P p
ww; A, :ZW,-A;ZW,- =0. From (24), we have,

i=1 j=1
l T
Pj_k(Ai +Ij
P

1
V() :Zp:iiwiijkl(l)T +(Ai+pljpﬁk "0
i=l j=1 k=1 +F,TBvT +BiFj
+Z (P, +P, )

Y wl.wjz(t)T[GjTBiT +BG, —%(P,.J +P, )]z(t)

i=1 j=1

22’: wz()" Az(t)

i=1 j=1
T
1
PM(A,. +IJ
P

+[A,, +IIJPM
g

P P P
=33 > wwwa®'|+F,'B, +BF, |z(t)
i=l j=1 k=1
P o
+Y 2-(p, +P,,) (25)
= P
P
_(]+ZO-’JAI
p r=1 p
L G,/B+BG,
+ w,w . Z(t) 1 1 z(1)
;; _7(P[,‘/' Pj.i)+7A[
Denote
] T
E; =P, [A,+I] [A+ IjP +F, B, +BF,
P P .
s L,
L
+ - (Pz r + Pri) ( + ] i
2o RS
k=1,2,..,p (26)
which satisfy (16) to (18). Let

GjTB,.T+BiGj—i(1>ij+Pj,,)+lA,.<o for all i and ;.
p M p
From (16) to (18), (26),

VD <Y wr ) Y,r() @7)

It can be seen from (27) that V(#) <0 (equality holds when

z(1) = 0) is implied by Y, <0 and
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G"B+B,G,— (P, +P,)+~A, <0 which further
p T p

imply the asymptotic stability of the fuzzy-model-based
control system of (23). Referring to (8), the above analysis is

PP
valid for P=22wkwlPk_, >0 which can be written as

k=1 1=1

T
WII P].l Pl.2 Pl‘p WII
w,I| | P P P w
P=| ~ T 2 "*7 1> 0. It canbe seen
WPI PI’J Pp,Z Pp‘p WpI
I)l 1 P].2 1Lp
. 2,1 P2.2 2,p
that P > 0 is guaranteed by >0. The
P/)Tl P/?,Z Pp.p

analysis result is summarized in the following theorem.

Theorem 2: The fuzzy-model-based control system, formed
by the nonlinear plant in the form (2) and the non-PDC fuzzy
controller in the form of (22) connected in a closed loop, is
asymptotically stable if w(x(t))+ pw(x(t))+0,>0,i=1, 2,
.., D Where p and o; are scalars and there exists
P, =P, eR™ ki=12..p A, =A"eR™, i=1,

2,.,p0 Y, Y,”,l=1,2 ,p,Y, Y/”,zj=1,2,...,
pi#), Y_" Ytkj ’ Y/'[k = Y/k: and th/ Yk/t =12
p-2;j=12,...,p=-1;k=1,2, ..., p, such that thefollowing
LMIs are satisfied:

P],l P],z Pl,p

P P P

Moo 150,(16)10(18), Y, <0,i=1,2, ..,
PPJ Ppl Pm'

pand G,'B" +B,G, -%(P,.j +Pj.,.)+%A,. <0.ij=1

2, p. In (16) t0 (18),

T
_ 1 1 T T
;,jk:Pj'{AﬁIj +[A[+pIJPM+F/. B, +BF,

P
+Z (P +P. ) ( +;p]

C. An Improved Non-PDC Fuzzy Controller
An improved non-PDC fuzzy controller in the following
form is proposed:
»

u(t)—ZwFP X+ Y)Y wowH,P'x(0)

J=1 j=1 k=1

(28)

where H,; € R"" is the feedback gains to be determined.

Comparing to (22), the proposed non-PDC fuzzy controller of
(28) includes wy in the second term to facilitate the stability
analysis. From (2) and (28), we have the following
fuzzy-model-based control system.

2008 IEEE International Conference on Fuzzy Systems (FUZZ 2008)

ZWFP X(7)
x(t)=Y | Ax(t) +B, -
. +2. 2 ww HPx()

j=1 k=1

wow, (A, +BF,P k()

Il
'Mﬁ

1

n
-
I

(29)

p

ww w,BH Px(1)

+
.ME

1
Il
=~
i

J

We consider the Lyapunov function candidate in (8) to
investigate the system stability of (29). From (8) and (29),
recalling z(¢) = P™'x(¢) and following the same line of logic
of derivation as in the previous analysis, we have,

V() =x()"P'x() +x(1)"P'x(t) - x(t) "P'PP'x(r)
P A +AP

it .k

+FI. B +BF,
P
Zw,ijkz(t)T

k=

Il
VM‘“
M=

i
o
I

1
+;(Pjﬁk +PH) z(t)

P

+y 9,
r=1

p p P ijTBiT +B[H/'k
+ZZZW,W,-WkZ(f)T 1 (P” +Pji) (1)

i=1 j=1 k=l -
P

(30)

P, +P,)

S . . .
Considering an arbitrary matrix A, =A,, € R™" , we

have ZZZWW w, A

i=1 j=1 k=1

(30), we have,

)4 0

ZZw,kalka =0. From

i=1 k=l

1 T
PM[AI. +IJ
Yy

L o + A,.+l1 P,
z w,w W, Z(t) P |
j=1 k=1 oo T

+F, B, +BF,;
+Z
H, Bi +B,.ij

ww wz(t)" z(t
e Le,ep) [
P

M-

V()= 2(1)

(P, +P,,)

Mw

3

PR N

+
. M'“
M=
=

I
Fw, =, +0, =0, ()" Az
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z(1)

P
+Zﬂ(l)i,r +P} 1) (31)
r=1 p
P
— l+ ﬂ Alk
p TP
Tp T
Zp: P Zp: . H; B, +BHj
+ ww ;Wi Z(1) 1 1 (1)
i=1 j=1 k=1 _*(Pz j +Pj,i)+ A
Denote
1) 1
B :PM(A, +IJ +[A, +I]PM +F,'B," +BF,
) Y Y i
S0, v ) L5 %, o
r=1 p r=1 p
k=1,2,..,p (32)
which satisfy (16) to (18). Let
S, >H, B +BH, -~ +P, )+ LA, ij=12
P P

e D (33)

S, +S, >H,"B +BH, —%(P,.j + Pj‘,,)+%/\,,k

j _%(Pk,j +Pj,k)+%Ak

ijk

Jo k=
T T

+H, B, +BH,

i

1,2,.,p;i<k
where S, =

(34)

T e R™ . From (16) to (18), (33) and (34),

ij
(31) becomes,

V() < Zp: wr@®) Yr() +
i=1

DD W a(n)'S 2 (t)

i=1 j=1

+y Zplzijiwkz(t)T(Sijk +8, )

1 k=l i<k

zp; r(t)TY,.r(t)+Zplw[r(t)TS,r(t)
i=1 i=1

(35)
S Sis S

where S, = S San Sap . It can be seen from (35)
S,i S, S,

that V(¢) <0 (equality holds when z(r) = 0) is implied by
Y, <0 and S, <0 which further imply the asymptotic

stability of the fuzzy-model-based control system of (30). The
analysis result is summarized in the following theorem.
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Theorem 3: The fuzzy-model-based control system, formed
by the nonlinear plant in the form (2) and the non-PDC fuzzy
controller in the form of (28) connected in a closed loop, is
asymptotically stable if w(x(t))+ pw(x(t))+0, >0,i=1, 2,

.., p Where p and o; are scalars and there exists

P, =P, eR™ k=12 .,p: 8, =S, eR™, jk=
L2 o, pri<hk A, =Akfei)t"“, k=12 .,p;
Y, =Y, i=12..p Y, =Y, ij=12..pi#]
Y, =Y, Y, =Y, and Y, =Ykﬁ Li=1,2,.,p=2;]
=1,2,...p=-1; k=12, .., p, such that the following LMIs
are satisfied:

P1,1 P1,2 Pl.p

P, P P

BTz 27150, (16) to (18), (33) to (34), and
Pp,l Pp,Z Pp.p

Y, <0and S,<0,i=1,2, .., p. In(16) 10 (18),

T
Ex =P, [A,,+II] (A +— IJP +F,; B, +BF
P P

(P, +P,,)- [+z j

= P

+32

= P

IV. SIMULATION EXAMPLES

To investigate the effectiveness of the proposed non-PDC
fuzzy controllers, two simulation examples are considered to
investigate the stability regions of the proposed and some
published stability conditions.

A. Simulation Example 1

In this simulation example, the fuzzy model satisfying
conditions 1) to 3) is considered. The stability region given by
the stability conditions in Theorem 1 is investigated through
the fuzzy model with the following rules.
Rule i: IF x,(t) is M!

THEN x(1) = A x()+Bu(),i=1,2,3,4 (36)
where  x()=[x,¢®) O ; A, = 1.59°=17.29
S : o7 loor o ’
0.02 —4.64 -0.02 -2.11
A, = A= and
0.35 021 1.28 -0.11
—a -433 1 2 6
A, = ; B, = , B, = , B, = and
0.1 0.05 0 0 : -5
-b+2 .
BA:{ ) };ISaSIZ,lsbSG The membership
functions are defined as
1
W, (3, (0) =y 05, (0) = 1= —— :
l+e
w, ()Cl (t)) = ‘UM,Z (x1 (t)) =1- wy ()C] (t)) 5
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1
w; (x, () = My (x, (@) = l—w and
l+e 10
w,(x,()) = Hys (x,(#)) =1=w,;(x,(t)) . It can be seen that

the membership functions satisfy w, (x,(¢)) =—w,(x,(¢)) and
w; (x,(t)) =—-w, (x,(t)) . The non-PDC fuzzy controller of

(6) is employed to handle the control problem. Stability
conditions in Theorem 1 are employed to examine the stability
region which is shown in Fig. 1 denoted by “o0”. For
comparison purpose, stability conditions in [11] are employed
to obtain the stability region which is shown in Fig. 1 denoted
by “x”. It can be seen from Fig. 1 that the proposed stability
conditions offer a larger stability region.

B. Simulation Example 2

A simulation example is considered to show the
effectiveness of the proposed stability conditions for general
fuzzy models. Consider the fuzzy model with the following
rules.

Rule i: IF x3(r) is M}

THEN x(t) = A x(1)+B,u(r),i=1,2,3 37)
where X(t) = [xl @) x,(t) x5 (t)]T ;
(159 -729 0 002 -4.64 0
A =/001 O O, A,={035 021 0| and
| 0 017 0 0 -078 0
[—a -433 0 1 8
A,=| 0 005 0 ; B,={0|, B,=|0| and
| 0 0 =021 0 0
-b+6
B,=| -1 [;2<a<12,2<b<20.
0
The  membership  functions are  defined as
06, () =y, (5, () =1~ ———— ,
I+e ©%

Wz (X3 (Z)) = xuM‘z (X3 (t)) =1- Wz (X3 (t)) - W3 (x3 (Z))

T It is assumed that the
1+e 08
fuzzy model works in the operating region of x, () € [— 2 2]
and x;(t)e [— 2 2] . Based on the defined membership
x3(0)+1

1.25e 08

W (x5(1) =ty (5(0)) = 1=

X3 (1)

functions, we have w;(x;())=— 5
’ _x3(D)+1

l+e 08

and

W, (X3 (I)) =W, (X3 (t)) —W; (X3 (t))
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x;3(0)-1
1251 e 0% |x3(0)

012
I+e 08

x; = (= 0.17w, (x; (1)) — 0.78w, (x,(1) )x, (1)
—0.21w; (x, (1)) x,(7) '
w06 (1)) =w,(x, (1) + pw,(x;(t)+0, >0, i =1, 2, 3, are

satisfied for p = 1.2, 6 = 0.0222, 0; = —0.0717 and o3 =
0.0282.

wy(x3(1)) = where

It follows that

The proposed non-PDC fuzzy controllers in (22) and (28)
are employed to close the feedback loop of the fuzzy model.
Stability conditions in Theorem 2 and Theorem 3 are
employed respectively to examine the stability regions. Fig. 2
shows the stability regions corresponding to the non-PDC
fuzzy controllers of (22) and (28) denoted by “X” and “0”
respectively. It can be seen from Fig. 2 that the stability
conditions in Theorem 3 offer a larger stability region.
However, the stronger stabilization ability of non-PDC fuzzy
controller of (28) is due to the extra feedback gains are
included, which increases the structural complexity of the
controller. Consequently, it is suggested to employ the
non-PDC fuzzy controller of (22) for the fuzzy model with
parameters chosen from the overlapping stability region in
Fig. 2 to lower the structural complexity of the controller. For
comparison purpose, the stability conditions in [16]-[17] are
employed to check the stability regions which is shown in Fig.
3 denoted by “X” and “0” respectively. It can be seen that the
proposed stability conditions offer larger stability regions as
compared with those in [16]-[17].

V. CONCLUSION

The system stability of fuzzy-model-based control systems
with non-PDC fuzzy controller has been investigated based on
an improved fuzzy Lyapunov function. Special and general
cases of fuzzy models have been considered in this paper.
Under the special case, the time derivatives of the membership
functions vanish in the stability analysis. Consequently, the
stability analysis can be made easy and lead to less
conservative stability analysis result as compared to the
traditional PDC approach. A general fuzzy model has been
considered. An improved non-PDC fuzzy controller, which
includes more feedback gains, has been proposed to close the
feedback loop. The improved non-PDC fuzzy controller has
exhibited a favourable property to further relax the stability
conditions. Based on the fuzzy Lyapunov function, stability
conditions in terms of linear matrix inequalities have been
derived to help designing a stable fuzzy-model-based control
system. Simulation results have been given to illustrate the
effectiveness of the proposed non-PDC fuzzy control
approach.
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Fig. 1. Stability regions of stability conditions in Theorem 1
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