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Abstract-This paper presents the stability analysis and
performance design for nonlinear systems. The T-S fuzzy model
is employed to represent the nonlinear plant to facilitate the
stability analysis. A fuzzy controller, under imperfect premise
matching such that the T-S fuzzy model and the fuzzy controller
do not share the same membership functions, is proposed to
perform the control task. Consequently, the design ffexibility
can be enhanced and simple membership functions can be
employed to lower the structural complexity of the fuzzy
controller. However, the favourable characteristic given by
perfect premise matching will vanish, which leads to
conservative stability conditions. In this paper, under imperfect
premise matching, the information of membership functions of
the fuzzy model and controller is considered during the stability
analysis. LMI-based stability conditions are derived to
guarantee the system stability using the Lyapunov-based
approach. Free matrices are introduced to alleviate the
conservativeness of the stability conditions. LMI-based
performance conditions are also derived to guarantee the system
performance. Simulation examples are given to illustrate the
effectiveness of the proposed approach.

I. INTRODUCTION

Fuzzy control technique is good for handling
mathematically ill-defined nonlinear systems. To investigate
the system stability, the T-S fuzzy model [1]-[2] was proposed
to provide a general framework to represent the nonlinear
plant as a weighted sum of some linear sub-systems. Each
linear sub-system effectively models the dynamics of the
nonlinear plant in a local operating domain. As the linear and
nonlinear parts of the nonlinear plant are extracted, the T-S
fuzzy model exhibits a semi-linear characteristic that
facilitates the system analysis and controller design.

Based on the T-S fuzzy model, a fuzzy controller [3]-[4]
was proposed to control the nonlinear plant. The fuzzy
controller is a weighted sum of some linear sub-controllers. A
fuzzy-model-based control system is formed by connecting
the fuzzy plant model and fuzzy controller in a feedback loop.
By employing the Lyapunov stability theory, the system is
guaranteed to be asymptotically stable if there exists a solution
to a number of inequalities [3]-[4]. If the membership
functions of the fuzzy controller in the premise of the fuzzy
rules are allowed to be designed arbitrarily, greater design
flexibility can be achieved. Furthermore, the

This work described in this paper was partially supported by the King's
College London and a grant from the Hong Kong Polytechnic University
(Project No. G-YE92).

H.K. Lam is with the Division of Engineering, The King's College
London, Strand, London, WC2R 2LS, United Kingdom (e-mail:
hak-keung.lam@kcl.ac.uk).

F.H.F. Leung is with Centre for Signal Processing, Department of
Electronic and Information Engineering, The Hong Kong Polytechnic
University, Hung Hom, Kowloon, Hong Kong (e-mail:
enfrank@inet.polyu.edu.hk).

C.W. Yueng is with Centre for Signal Processing, Department of
Electronic and Information Engineering, The Hong Kong Polytechnic
University, Hung Hom, Kowloon, Hong Kong (e-mail:
encwy@ eieserver.eie.polyu.edu.hk).

fuzzy-model-based control system will remains stable if the
nonlinear plant has parameter uncertainties that are only
reflected in the membership functions of the T-S fuzzy plant
model. However, the stability conditions obtained are
relatively conservative. When the premise rules of both the
T-S fuzzy model and the fuzzy controller are different, it is
referred to as imperfect premise-matching in this paper.
A parallel compensation distribution (PDC) design

technique was proposed in [5] to facilitate the stability
analysis. Under the PDC design technique, the fuzzy
controller shares the same premise rules as those of the T-S
fuzzy plant model, resulting in the same grades of
membership. Under this case, the stability conditions can be
relaxed by grouping inequalities sharing the same
membership grades. However, parameter uncertainties are
not allowed in the membership functions of the fuzzy plant
model. Moreover, when the premise membership functions of
the T-S fuzzy model are complicated, the structural
complexity of the fuzzy controller will be increased. Further
relaxed stability conditions were obtained in [6]-[11]. The
stability conditions are cast as some linear matrix inequalities
(LMIs) [12] of which the solution can be solved numerically
using some convex programming techniques. In [5]-[1 1], as
the premise rules of both T-S fuzzy model and fuzzy
controller are the same, it is referred to as perfect premise
matching in this paper.
To retain the design flexibility and robust property of the

fuzzy-model-based control systems, a fuzzy controller which
does not share the same premise rules as those of the T-S fuzzy
plant model is proposed to control nonlinear plants. Under
imperfect premise matching, the advantages of perfect
premise matching shown in [5]-[1 1] vanish, which leads to
conservative stability analysis result. To alleviate the
conservativeness problem, the approach proposed by the same
authors in [13] is employed and further enhanced in this paper.
The membership functions of the fuzzy controller are
designed to satisfy a design condition that facilitates the
stability analysis. Under such a design condition, arbitrary
free matrices can be introduced to compensate the unstable
elements. LMI-based stability conditions are derived using
the Lyapunov stability theory. To ensure the system
performance, a scalar cost function is employed to measure
quantitatively how good the system performs. LMI-based
performance conditions are derived to guarantee the scalar
cost function to be minimized to a prescribed level. With the
LMI-based stability and performance conditions, a stable and
well-performed fuzzy-model-based control system can be
designed.

1-4244-1210-2/07/$25.00 C 2007 IEEE.

Authorized licensed use limited to: Hong Kong Polytechnic University. Downloaded on July 6, 2009 at 23:28 from IEEE Xplore.  Restrictions apply.



II. FuzzY MODEL AND FuzzY CONTROLLER

A fuzzy-model-based control system comprising a
nonlinear plant represented by a fuzzy model and a fuzzy
controller connected in closed-loop is considered.

A. Fuzzy Plant Model
Letp be the number of fuzzy rules describing the behaviour

of the nonlinear plant. The i-th rule is of the following format:
Rule i: IF f,(x(t)) is Ml AND ... AND fq, (x(t)) is M,

THEN x(t) = Aix(t) + Bi u(t), i = 1, 2,. P (1)

where Ma is a fuzzy term of rule i corresponding to the

function fa (x(t)), a= 1, 2, ..., ' i= 1, 2, ..., p; is a positive

integer; Ai E 91n11 and Bi E 91`m are known constant system

and input matrices respectively; x(t)E 91nl is the system

state vector and u(t) E- 91m1 is the input vector. The system
dynamics are described by,

x(t) = E wi (x(t))(Aix(t) + Bju(t)) (2)
i=l

p

wi(x(t)) =1, wi (x(t))E [O 1] , i= 1, 2 ... ,p (3)
i=l

f(Xti(())) XAMi (X(t))) X ..X AUMi (gf (x(t))) (4)

Ep WM (fl((X())) XUM1 2((X(t)))X ..XUM1 (gfV(X(t)))
k=l1

is the normalized grade of membership which is a nonlinear
function of x(t). uMi (fa(X(t))), a= 1, 2, ..., V is the grade

of membership corresponding to the fuzzy term M'.

B. Fuzzy Controller
A fuzzy controller with p rules is considered. The j-th rule

of the fuzzy controller is defined as follows.
Rulej: IF g,(x(t)) is Nji AND ... AND g,2(x(t)) is N.

THEN u(t) = Gjx(t), j = 1, 2, ..., p (5)

where Ni is a fuzzy term of rule j corresponding to the

function g,8(x(t)) ,6=1, 2,..., Ql; j = 1, 2, ..., p;Q is a positive

integer; Gi E 9mx is the feedback gain of rule j. The
inferred output of the fuzzy controller is given by,

u(t) = E mj (x(t))G jx(t) (6)
j=1

3mj(x(t))=1, mj(x(t))e [O 1] jj= 1, 2 ... ,p (7)
j=1

mjx(U)=NJ (1 (X())) X1,j(92(X(t)))X...xX ,j (gn(X(t))) (8)

E, Nk ( 1 (X(t))) X 'UN'(9g2 (X(t))) X.. X AN' (gn(X(t))) )
k=l1

is the normalized grade of membership which is a nonlinear
function of x(t). UNi (g9 (x(t))),j = 1, 2, ..., p, is the grade of

membership corresponding to the fuzzy term NJ8.

III. STABILITY ANALYSIS AND PERFORMANCE DESIGN

From (2) and (6), the fuzzy-model-based control system is
defined as follows.

x(t) = E E wi (x(t))mj (x(t))(Ai + BiG )x(t) (9)
i=1 j=1

It can be seen from (9) that the fuzzy model and fuzzy
controller do not share the same membership functions, which
lead to imperfect premise matching. Under such a condition,
various simple membership functions can be employed to
enhance the design flexibility and lower the structural
complexity of the fuzzy controller. As a result, we are able to
widen the applicability of fuzzy control approach in practice.
However, it was shown in [3]-[4] that conservative stability
conditions were achieved under imperfect premise matching.
Furthermore, analysis techniques [5]-[11] under perfect
premise matching cannot be employed to facilitate the
stability analysis. In this paper, membership functions of both
the fuzzy plant model and the fuzzy controller are employed to
alleviate the conservativeness under imperfect premise
matching. In the following, for simplicity, wi(x(t)) and

p

mj(x(t)) are denoted by wi and mj. The property of wi =
i=l

p p p

m =EE wiwj = 1 is employed during the analysis.
j=1 i=1 j=1

A. Stability Analysis
The following Lyapunov function candidate is considered:

V(t) = x(t)TPx(t) (10)

where p = pT 9E1 11 > 0 . From (9), we have,
V (t) = x(t) Px(t)+x(t)TPx(t)

w wmjx(t)T (A +BiG .)T +p(Ai +BiG );(t) (I11)hi1~~~~~i=1 j=1
Remark 1: It was reported in [3]-[4] that the
fuzzy-model-based control system of (9) is asymptotically
stable if there exists a symmetric positive definite matrix P
such that (Ai +BiG )TP+P(Ai +BiGj)<0 for all i andj.

From (10), letting X = P-1 and z(t) = X-x(t) , we have,

V(t) = wjmjz(t) (X(Ai +BiGi)' +(Ai +BiGj)X)(t) (12)
i=1 j=1

To alleviate the conservativeness of the stability conditions,
some free matrices will be introduced to compensate the

P P

unstable elements. Considering wi (wj - mj)A =
i=1 j=1

p p

E wi (wi - mj)A
i=l j=l

= EwI (1- I)A = 0, where
i=l

Ai=A'i Etnxn > 0, i = 1, 2, ..., p, are arbitrary matrices;
these terms are introduced to (12) as follows.

V(t)=E wimjz(t) (X(Ai +BiGj +A +BiGj)X)z(t
i=1 j=l

P P

+ E Ewi (wj -mjm+ Pjwj ppjWj )z(t)T A,z(t)
i=1 j=l
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= ZZwmjz(t)T(X(Ai +BiG Y) (Ai +BGi)XG(t)i=1 j=1 (13)

+ ± Y Wi (Wjp_wj )Z(t)TAiz(t)- y w(mj pjWJ )Z(t)TAiz(t)
i=l j=l i=l j=l

+ E EpjW Z(t) (Vi - vij (t)
i=l j=l

where V1. = V'9C n; i,j = 1, 2,.p, are arbitrary matricesii ii

and 0 < oj < 1, j = 1, 2, .. p, are designed such that
mj - pjwj . 0 for allj and x(t) (wj and mj are function of x(t)).

These are additional matrices and conditions introduced to
alleviate the conservativeness under imperfect premise
matching. From (13), we have,

V(t) = wwi(Mj + pjwj - pjw )z(t)T(X(Ai TBG +(Ai +BiG)X)z(t)
i=1 j=1

+ZZ Wi (Wj pjW )Z(t) Aiz(t)- wi(m pjwj )Z(t) Aiz(t)
i=1 j=1 i=1 j=1

+ wipjWjZ(t)TVijz(t)_ ZZWipjWjz(t)TVijZ(t)
i=1 j=1 i=1 j=1

= WiWjZ(t)Tr(( +Gj+(i+ij-i-i)()+ w zE Wi(t)'-pj (X(A i+BiG) +(Ai + G)X A, - A)z(t)
i=1 j=1

1 1

+ZwiwjZ(t)T (Ai +pVjVi )(t)
i=1 j=1

With the membership function design condition that
mj - pjwj . 0 for all j and x(t), and letting

X(Ai + BiGj) + (Ai + BiGj)X -A < 0, i, j = 1, 2,.p, (15)
the time derivative of V(t) in (14) can be reduced to:

17(t) < ZZwwZ(t)T Pj(X(Ai +BiGj) +(Ai +BiGj)X-Ai Vijz(t)
i=l j=l

+ZZww z(t)'(A +p Vij )(t)+ Y,Y wiwjz(t)T A jvi;t
i=1 j=1

=Wi2Z(t)Tpi(X(Ai +BiGi) +(Ai +BiGi)X-Ai -Vii )z

±ZZww(tY rP (X(A +B,Gj+(A+B,G j)X- A -v)
1 ±((±G)±AB)Y )JZ(t)j=1 i<j ~+Pi(X(Aj+BjGiy +(Ai +BjGi)X-Aj-Vji

±Wi2Z(t)T (Ai +±piVii z(t) + WWz(t)T (Ai + pjVij + Aj + piVji (t)
i=1 j=1 i<j

Let

Rii > Pi(X(A +BiGT +(A, +BG)X- A, -Vj, i = 1, 2, p (17)
Rij+RijT>2pj(X(Ai+BiGj)j+(Ai+BiG)XA j = 1, 2, ..., p; i <j

+Pi(X(Aj+BjGi)+(Aj+BjGi)X-A -Vji)
(18)

Sii>Ai+piVii i=1,2, .p (19)

Si +Sji . Ai+pjVj+Aj+p,Vj, j= 1,2, ...,p; i<j (20)
where Ri=R j= i and =S="ji9 , i, j = 1, 2,.
p. From (16) to (20), we have,

-W1Z(t)-T -

wlz(t) wlz(t)-T -

wlz(t)J

W2Z(t) W2Z(t) W2Z(t) w2z(t) (21)

_WnZ(t)- _WnZ(t)- _WnZ(t)- _WnZ(t)-

S l S1 .. SIwhere Ril R12 RIP and . It can be
R=R21 R22 ..R2p S = S21 S22 ..S2pR=

LRPI Rp2 RPP S_pl S p2 S

seen from (21) that if the conditions of X > 0, (15), (17) to
(20), R < 0 and S < 0 are satisfied, V(t) < 0 (equality holds
when x(t) = z(t) = 0), which implies the asymptotic stability of
the fuzzy-model-based control system of (9). The stability
analysis result is summarized in the following theorem:

Theorem 1: The fuzzy-model-based control system of (9) is
asymptotically stable if the membership functions of the fuzzy
model and fuzzy controller are designed such that
mj(x(t))- pjwj(x(t)) . 0 for all j and x(t) , where

O<pj <1, and there exist matrices X= XT E9Inn'

R =R Te9tnXn S =S T .9nXn , Vlj =VJ EJ9n andii i I ii ji

A =A 'T E9tin, andpre-definedfeedbackgains Gj E 9nxn
such that the following LMIs are satisfied: (i) X > 0, (ii)
conditions (15), (17), (18), (19) and (20) hold, and (iii) R < 0
and S < 0.

B. Performance Design
System performance is an important issue to be considered.

A scalar performance index [14] is employed to measure
quantitatively the system performance and is defined as
follows.

j Fx(t)1'FJ1 0 x(t) dt (22)
Lu(t) L° J2 LU(t)i

where J1 =J1T E91nxnW> 0 and J2 =J2 T E 9Imm > 0 are

predefined weighting matrices. It can be seen that J is
regarded as the integral of the energy of the system states and
control signals. The contribution of each term is governed by
the corresponding weighting matrix of J1 or J2. From (6) and
(22), we have,

i = f x(t)

0
p

j=l

IT
FJ1 0 I

L° J22 °
o Fx(t) dt

k=l 1i-

(23)

It is assumed that

j<0 x(t) X- 0lx(t) dt (24)77Lx(t)iL0 X'jX (t)j
where 7 is a non-zero positive scalar. The objective of (24) is
to attenuate the scalar performance index J to a prescribed
level governed by the value of 77. From (23) and (24), letting
the feedback gains of the fuzzy controller be designed as

Gi = N X1- where N e 9Imxn,j =1 2, p, we have,

1'x i 0rn '][ ;KxrNI x10F0 (5
lX(t) [X 0 ] [° tR > 0 J2,[ YmNt [Xk X ]0x(t)lJox([)j L x1l i L 0 X1 x@t)j

The inequality of (25) holds when the following inequality
holds.
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W= 0° EmNioT J2]0 EmNk 7
0° X1

p

By Schur complement, and using the property of E mi
j=1

W < 0 is equivalent to the follow inequality.
p

W = Em-W. <0
Jl=1

IV. SIMULATION EXAMPLES

A. Simulation Example ]

= 1, In this example, the stabilization ability of the fuzzy
controllers with different values of pj is tested using the
LMI-based stability in Theorem 1. Consider the following

(27) fuzzy plant model [10],
Rule i: IF xl(t) is M1

NT7 j = 1, 2, ..., p. The inequality
0

-J-J 2

of (27) holds when Wi < 0 for allj, which are regarded as the

LMI-based performance conditions. The analysis result is
summarized in the following theorem:

Theorem 2: The fuzzy-model-based control system of (9) is
asymptotically stable and its system performance is
guaranteed by the performance requirement of (24) if the
membership functions of the fuzzy plant model and controller
are designed such that mj (x(t)) - pjwj (x(t)) 0 for allj and
x(t), where 0 < pj < 1, and there exist pre-defined non-zero

positive scalar 77, matrices X = XT Ei91"" , Ni 9s mXn
,

R =R T E9nXn S = S jT E1 nXn
, Vlj = V'J E 91x and

A =A'T E 9"nxn , and pre-defined weighting matrices

J1 = J1 T E n > 0 and J2 =J2T E9 9mxm > 0 such that the

following LMI-based stability and performance conditions
are satisfied:
Stability Conditions:
X>O; XA'T+N TB'T+A X+B N A <O, i, j = 1, 2, .... p;

Rii > pi(XAT+N TBT +A X+B Ni,= 1,2..., p;

Ri +Ri' 2 pj(XA'i +Nj Bi' +AiX+BiNj -Ai Vii) j = 1, 2 p;
+ pi(XA '+N'B '+A X+B N -A Vji)

i< j; sii > Ai +Ppiv= 1, 2. p;

Sij iS >A+ pjVi +A +PiVji, j = 1, 2,.p; i < j;

Sl S1 .. SI

R =0| <[

Rpa Rp2 Rpp Spl Sp2 spp

atnd the feedbatck gatins atre designed ats G J. = N J.X-l, j =1, 2,

Performance Conditions:

Wlo 0 X 0 ,j=1,2,...,p.
0 iX 0 N

O Nj O -J2-

It should be noted that the values of 77 and the weighting
matrices of J1 and J2 have to be determined prior to applying
Theorem 2.

THEN x(t) = Aix(t) + Biu(t), i = 1, 2 (28)
where A[2 -10]A a -10]B L] and B ; I < a < 3

and 1 < b < 3. It is assumed that the membership functions of
the fuzzy plant model and fuzzy controller are different.
Considering p, = 0.75 and P2 = 0.85, and employing the
design criterion in [10], the feedback gains of the fuzzy
controller are designed such that the eigenvalues of A1 + BIG,
and A2 + B2G2 are all located at -2. Fig. 1(a) shows the
stability region for Theorem 1. For comparison purpose, we

choose p, = 0.85 and P2 = 0.9 with other parameters
unchanged. Fig. l(b) shows the stability region under such
case. It can been seen that the stability region with p, = 0.85
and P2 = 0.9 is larger. The larger values of pj indicate that the
membership functions of the fuzzy plant model and fuzzy
controller are closer to each other. Under the imperfect
premise matching, the published stability conditions in [3]-[4]
cannot provide feasible solutions. Furthermore, the stability
conditions in [5]-[1 1] for perfect premise matching cannot be
applied.

B. Simulation Example 2

An inverted pendulum on a cart [15] is employed to
illustrate the design flexibility of the proposed fuzzy
controller. Simple membership functions, which lead to low
structural complexity, are employed for the proposed fuzzy
controller. Under such a design, the published stability
conditions [5]-[1 1] for perfect premise matching cannot be
applied to guarantee the system stability. The proposed
LMI-based stability conditions in Theorem 2 show an

effective approach to help design a stable fuzzy controller
under imperfect premise matching. Furthermore,
LMI-performance conditions are employed to guarantee the
system performance of the fuzzy-model-based control system.
Step I) The dynamic equations of the inverted pendulum
on a cart [15] is given by,
x1 (t) = X2 (t) (29)

J-F (M +m)X2 (t) - m212X2 (t)2 sin xl (t) cos xl (t) + Fmlx4 (t) cos xl (t))

K+ (M + m)mgl sin xl (t) - ml cos xl (t)u(t)
(M +m)(J, +mI2) m212(cosx1(t))2

(30)

X3 (t) = X4 (t) (31)
rF mlx2 (t) cos x1 (t) + (J + m2 )mlX2 (t)2 sin xl (t) - Fo (JO + ml2)x4 (t)'

t- m2gl2 sinxj(t)cosx(t) + (J mI2)u(t) (32)

x4(t) - (M +m)(J, +mI2) m212(cosx1(t))2

where xl(t) and x2(t) denote the angular displacement (rad)
and the angular velocity (rad/s) of the pendulum from vertical
respectively, x3(t) and x4(t) denote the displacement (m) and
the velocity (m/s) of the cart respectively, g = 9.8 m/s2 is the

Iwhere- 77X
Wa X
w

O x
-57X O
O -j

N 0

(26)

I
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acceleration due to gravity, m = 0.22 kg is the mass of the
pendulum, M= 1.3282 kg is the mass of the cart, I = 0.304 m is
the length from the center of mass of the pendulum to the shaft
axis, JO = ml213 kgm2 is the moment of inertia of the pendulum
around the center of mass, Fo = 22.915 N/m/s and F1 =
0.007056 N/rad/s are the friction factors of the cart and the
pendulum respectively, and u(t) is the force (N) applied to the
cart. The nonlinear plant can be represented by a fuzzy model
with two fuzzy rules [15]. The i-th rule is given by,
Rule i: IF xl(t) is M1

THEN x(t) = Aix(t) + Biu(t) for i = 1, 2 (33)
The system dynamics are described by,

2

x(t) = E w (Ajx(t)+Bju(t))
i=l

where x(t) = [xl(t) x2(t) XI(
-O 1 0

A, = (M+m)mglIal (M+m)/al
0

O 0 1
- m2g12 /lal Flmllal 0 - F

(t) X4 (t)]

0

Foml/a,
0

0 1 0 0

3_' (M + m)mgl/ a2 F4(M +m)/a2 0 F0mlcos(;r/3)/a2
0 0 1 0

- 3
m2gl2 cos(ff/3)/a2 Fmlcos(r /3)/a2 0 -F,(J, +ml2)/a

B, -mlal1 mlcos(z /l3)1/a2
B nlla 2 | 0

L(j, +Ml/12)la (JO +M12)1a2

a1= (M +m)(J +m12) m212

a2 = (M + m)(JO + m12) - m212 cos(z/ 3)2 . The membership
functions are defined as w1 (xl (t)) = gM1 (xl (t)) =

(1 1e 7(x1 (t)-z / 6) 1+ -7(x (t)+z / 6) and w2(X1(t)) =

, (X1(t)) = 1-,UM, (xl (t)) which are shown in Fig. 2.

Step II)A two-rule fuzzy controller is proposed to control the
nonlinear plant to achieve x(t) -> 0 as t -> oo. The j-th rule is
given by,
Rule j: IF x1(t) is Ni THEN u(t) = G x(t), j = 1, 2 (35)

From (6), the fuzzy controller is defined as,
2

u(t) = E mj (x(t))G jx(t) (36)
j=l

The membership functions are designed as m1 (xl(t)) =

xl (t)

ANj(xl(t)) = 0.99e 2x1.52 and m2(x2(t)) = N2(xl(t)) =

1- 'UN' (X1 (t)) . The membership functions of the fuzzy

controller are shown in Fig. 2. It can be seen that simpler
membership functions compared with those of the fuzzy plant
model are employed to implement the fuzzy controller, which
can lower the structural complexity.
Step III) Based on the membership functions of the fuzzy
plant model and the fuzzy controller, if p, = P2= 0.82, we have

mj(x1(t))- pjwj(x(t)) > 0 for all xl(t). The stability

conditions in Theorem 2 are employed to help design a stable
fuzzy controller for the inverted pendulum. By solving the
conditions with the help of MATLAB, we obtain the feedback
gains G1 = [1834.1728 111.5387 29.4702 84.0377] and G2
= [1854.1876 112.6633 29.7438 84.6040]. The fuzzy
controller with these feedback gains are referred to as fuzzy
controller 1. To illustrate the effectiveness of the LMI-based
performance conditions, they are employed to realize the
system performance design. We choose 77 = 0.01 and the
weighting matrices F 0 0 0 and J2 = 1. By solving the

J, 0 0 1 0

L O O 1

LMI-based stability and performance conditions in Theorem
2, we have G1 = [529.0839 36.8266 0.0513 23.6628] and
G2= [602.6933 41.9423 0.2107 26.9586]. The fuzzy
controller with these feedback gains are referred to as fuzzy
controller 2. To illustrate the effect of the weighting matrices,
we choose F 001o with other parameter values being

0 10 0
J1= O 0 5 0

O 0 0 1

unchanged. We obtain the feedback gains as G1 = [594.2144
41.3972 0.6793 26.5554] and G2 = [853.6374 59.4738
2.5276 38.2191]. The fuzzy controller with these feedback
gains are referred to as fuzzy controller 3.
The fuzzy controllers 1 to 3 are employed to stabilize the

inverted pendulum described in (29) to (32). Fig. 3 shows the
system state responses and the control signals under the initial
system state condition of F()15z 10'. Referring to this

L 36 j

figure, it can be seen that the inverted pendulum can be
stabilized by all fuzzy controllers. The fuzzy controller 1
offers a very fast transient response at the cost of large control
signals. With the LMI-based performance conditions, J2 iS
employed to constrain the control signal. It can be seen from
the Fig. 3 that the magnitudes of the control signals offered by
fuzzy controllers 2 and 3 are lower. Comparing with fuzzy
controller 2, the fuzzy controller 3 (with o1 o o ) places

J = O 0 5 0

a heavier weight on x3(t) in the performance index to suppress
its magnitude. Consequently, the system state response of
x3(t) of the inverted pendulum with fuzzy controller 3 offers
better performance than that with fuzzy controller 2 in terms
of transient response and settling time.

Furthermore, in this example, it can be seen that simple
membership functions are employed for the fuzzy controller
instead of employing the complicated membership functions
of the fuzzy plant model under perfect premise matching. As a
result, the stability conditions in [5]-[1 1] need not be applied
to aid the design of the fuzzy controller. Under the imperfect
premise matching, the proposed LMI-based stability and
performance conditions offer a systematic way to realize a
stable and well-performed fuzzy-model-based control system.
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V. CONCLUSION

The system stability of fuzzy-model-based control systems
under imperfect premise matching has been investigated.
Under the imperfect premise matching, the advantages of
design flexibility and robustness property of the
fuzzy-model-based control system can be retained. In order to
facilitate the stability analysis approach, membership
functions of the fuzzy plant model and fuzzy controller are
designed subject to a given condition. This membership
function design condition allows the introduction of some
arbitrarily free design matrices which effectively compensate
the unstable components of the nonlinear system so as to
reduce the conservativeness of the stability conditions.
LMI-based stability conditions have been derived to
guarantee the system stability. To ensure the system
performance, LMI-based performance conditions have been
derived to guarantee a pre-defined scalar cost function to be
attenuated to a prescribed level. Simulation examples have
been given to illustrate the merits of the proposed approach.
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Fig. 1(a). Fig. 1(b).
Fig. 1. Stability regions under Theorem 1. (a) pi 0.75 and p2 0.85. (b) p

0.85 andp2 0.9.
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Fig. 3. System state responses and control signals of the inverted pendulum
with fuzzy controllers 1 (solid lines), 2 (dotted lines) and 3 (dash lines).
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