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Lyapunov-Function-Based Design of Fuzzy
Logic Controllers and Its Application
on Combining Controllers
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Abstract—This paper presents the design of fuzzy logic con- designed based on this fuzzy plant model. Then, Lyapunov’s
trollers (FLC's) for nonlinear systems with guaranteed closed- direct method can be applied to each fuzzy subsystem [2], [18],
loop stability and its application on combining controllers. The [19] that is formed by each rule of the fuzzy plant model and
design is based on heuristic fuzzy rules. Although each rule in the I,
FLC refers to a stable closed-loop subsystem, the overall system_the FLC'_ The St"’_‘l_)'“ty Of_ the Whol_e sy;tem C_an_ be ens_gred
stability cannot be guaranteed when all these rules are applied if a required positive-definite matrix exists. Similar stability
together. In this paper, it is proved that if each subsystem is design approaches related to this fuzzy-model-based approach
stable in the sense of Lyapunov (ISL) under a common Lyapunov can also be found in [3]-[7], [18], and [19]. However, a

function, the overall system is also stable ISL. Since no fuzzy . o : .
plant model is involved, the number of subsystems generated major drawback of these stability design approaches is the

is relatively small, and the common Lyapunov function can difficu.lt)_/ in finding a common Lyapunov function. When
be found more easily. To probe further, an application of this combining the TS fuzzy plant model and the FLC, the number
design approach to an inverted pendulum system that combines of subsystems generated can bék + 1)/2, where k is

a sliding-mode controller (SMC) and a state feedback controller na number of rules [2], [19]. It is very difficult to find a

(SFC) is to be reported. Each rule in this FLC has an SMC or an L functi - I t fi I
SFC in the consequent part. The role of the FLC is to schedule €0MMON Lyapunov function in general cases 1o sa isty a

the final control under different antecedents. The stability of the these subsystems.
whole system is guaranteed by the proposed design approach. Besides the fuzzy-model-based approaches, some other ap-
More importantly, the controller thus designed can keep the proaches [11]-[13], [17] involve partitioning of the state
advantages and remove the disadvantages of the two conventlonalspace into small parts, and each part is analyzed for closed-
controflers. loop stability. However, if the number of rules is large, the
Index Terms—Combining controllers, fuzzy logic control, Lya-  humber of partitions will become large and the analysis will
punov, stability. be very time consuming. Moreover, the reported results are
mostly for second-order systems. For higher order systems,
the partitioning of state space cannot be viewed graphically,
and the design procedures will be further complicated. In
LTHOUGH fuzzy logic controllers (FLC's) had beenaddition, these FLC's usually have some predefined struc-
proposed for a long time and were successfully appliedres. For example, the input/output membership functions
in many applications [14], [16], a comprehensive work on thgre of regular triangular or trapezoidal shapes, symmetrical,
proof of stability for the closed-loop control system begagnd equally distributed in the universe of discourse. Conse-
only recently. On designing FLC’s, we usually focus on thguently, adding a rule of another form will greatly affect the
system responses for some common operating conditions [Ifalysis.
[16]. However, these methods cannot guarantee the closedyp guarantee the bounded-input—bounded-output stability of
|00p System Stab|l|ty A prOOf of Stablllty over the Wholethe C|osed-|oop System, Wang [8], [9] proposed a Supervisory
operation range is necessary before the fuzzy logic contg@dntrol methodology. This supervisory control will override
system is put into real practice. the FLC in case the system exits some predefined bounds.
Recently, Tanaka and Sugeno proposed a stability designhe width between the bounds is reduced to zero, the
approach [2] which first modeled the plant by a Takagi-SugegQpervisory control is identical to a sliding-mode control. In
(TS) fuzzy model [1]. This fuzzy model represents the planfj these cases, the stability is maintained by a large control
as a weighted sum of a set of linear state equations. An FLGS{§n4) only; the stability analysis of the fuzzy logic control

system is not directly tackled.

) ] ] ] ] In view of these weaknesses, a simple but more general
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rules of the FLC. The rule base formed then becomes the heart Il. Fuzzy LoGIiC CONTROL SYSTEM
[2]-4], [8], [9], [16] is used, it will be shown in this paper thatfollowing form:
the control output of the FLC is bounded. Under this bounded

control signal, if each individual subsystem corresponding to = f(z) +blx)u 1)
each rule of the FLC is stable in the sense of Lyapunov (ISL) .
subject to a common Lyapunov function, the overall closeMthere & = [z1, 22, -+, z,]" is the state vectorf(z) =

loop system (applying the FLC) can be shown to be also stabfe(z), f2(2), -+, fu(@)]*, b(z) = [b1(z),ba(z), -+, by (2)]"

ISL [10]. Thus, the system stability is guaranteed by finding® functions describing the dynamics of the plant, aithe
a common Lyapunov function for all rules. This commor?ontrc’l input of the plant, the value of which is determined by

S . : an FLC with inputs depending an. The ith IF-THEN rule
Lyapunov function is easier to be found than that in [2] becaug?the fuzzy rule base of the FLC is of the following form:

the number of fuzzy subsystems involved is only the number
of rules k instead ofk(k + 1)/2. Moreover, by using this Rulei: IF z,is X;; AND yis X0 AND .-

design approach, the adding of a new fuzzy rule becomes very AND &, is X;, THEN u = u;(z) 2)
easy. Unlike the state-space partitioning approaches [11]-[13], e ‘
[17], no restriction on the shape and distribution of inpyyhere Xi1, Xio, -, X;,, are input fuzzy levels, and, =

membership functions is needed. An example on designing, &) is the control output of rulg. «;(z) can be a single

heuristic FLC will be given to illustrate the proposed stabilityalue or a function ofz. The shape of the membership

design approach. functions associated with the input fuzzy levels, the method
Next, we shall illustrate that one useful application of thef fuzzification, and the algorithm of rule inference can be

proposed design approach is to combine controllers intoagbitrary, because these do not affect the stability design

single FLC. The role of this FLC is effectively to scheduldliscussed in this paper. A degree of memberghige [0, 1]

a suitable control with respect to the operating conditiont§ obtained for each rule. It is assumed that for any in

A lot of conventional control algorithms had been developdfi® inPut universe of discoursk, there exists at least one

for various kinds of systems [15], [20], [21]. However, eacH! among all rules ”‘"’?t_ IS T‘O‘ equal to zero. By applying the

weighted sum defuzzification method, the overall output of

control algorithm has its own advantages and limitations. TQﬁe FLC is given by

aim of combining controllers and realizing it as an FLC is

to determine the most suitable control from the embedded k

controller for a given operating condition, so as to ensure the Zﬂi(fl")ﬂi(.’ﬂ)

best performance. With proper design, the FLC can retain the u(z) = i=1 ) A3)
advantages and remove the disadvantages of the embedded

conventional controllers. More importantly, thanks to the ;“i(x)

proposed stability design approach, the stability of the closed-

loop system is guaranteed if each fuzzy rule of the FLC leadéherek is the total number of rules. Here we need to define the
to a stable subsystem ISL subject to a common Lyapunéllowing terms: 1) active/inactive fuzzy rules and 2) active
function in its active region. The term “active region” willregion of a fuzzy rule.

be defined in Section Il. In this paper, we will combine a Definition 2.1: For any inputzo € X, if the degree of
sliding-mode controller (SMC) and a state feedback controllBfembershig.;(zo) corresponding to fuzzy rulgis zero, this
(SFC) into a single FLC. The resulting closed-loop systefHZ2Y rule: is called aninactive fuzzy ruléfor the inputzo;

has fast response, due to the SMC. Still, when the states gfgerwse, It Is .called. amctive fuzzy ruleAn active region
near the sliding plane, the FLC will gradually be dominate & fuzzy rule is defined as a regidtiy C X' such that its

) . membership functiom;(xe) is nonzero for alkep € Xy.
by the SFC to avoid chattering. As a result, the advantages o t should be noted that witk = zo, an inactive fuzzy rule

the two conventional controllers can be kept by this combined ot affect the controller outputi(ze). Hence, (3) can

controller. be rewritten so as to consider all active fuzzy rules (where
In Section I, the fuzzy logic control system concerned iﬁi(wo) £ 0) only,

this paper will be introduced. The proposed stability design

approach will be presented in Section Ill. Section IV will k

give a simple example demonstrating the design of a heuristic ‘ Z 1i(@o)ui(zo)
FLC by applying the proposed approach. In Section V, we w(xo) = Zzl’“f#’? . 4)
discuss the designs of an SMC and an SFC for a nonlinear

Y nil@o)

system and the way of combining them into a single FLC with
stability consideration. This FLC will be applied to control a
car-pole inverted pendulum. A conclusion will be drawn ilNow, among all theu;(x¢) of the subsystems corresponding
Section VI. to the active fuzzy rules, the maximum valug,,.(zo) and

1=1,01;7#0
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the minimum valueum;n(xe) Of u;(ze) can be found. Then,

k
Z i (iﬂo)umin(iﬂo)

i=1,p; 70
k

> ni(zo)
i=1,p4;70
k k
Z NZ("L'O)U%("L'O) Z Ni(xo)umax(xo)
< 1=1,p;70 1=1,p; 70
- k
Z 14i(Zo)

i=1,p;#0

<
- k

Y wilzo)

i=1,p;#0

= Umin (-1"0)

= Unin(®o) < w(To) < Umax(To), equality holds

Whenui (-'L'O) = U/min(xo) = U'ma.x(-'l"o)- (5)

In conclusion, the overall FLC output is bounded:by;, (zo)

andu,.x(Ze) among the rules if the weighted sum defuzzifi-

cation method is employed to deriv€zo).

Ill. DESIGN OF STABLE FLCS
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Proof:
V(z) =zt Az 9)
= V() =z"Az + 27 Az. (10)
From (1),
Viz) =(f(z) + b@)u)’ Az + =¥ A(f(x) + b(z)w)
=F(z)+ B(z)u (11)

whereF(z) = f(z)! Az+a Af(z) andB(z) = b(z)T Az+
:cTAb(:c).

Note that both#'(x) and B(z) are scalars. Then, two cases
should be considered3(z) is positive andB(z) is negative
for x = zo.

Case 1: B(xe) is positive.

By using condition (7),

V($0)|u($o)=umax(1€o) =F(zo) + B(%o)tmax(To) <0
= V(zo) = F(x0) + B(zo)u(zo) <0
Yu(zo) < tmax(Zo)
=  V(ze) <0 for

U,(:Bo) € [U/min(xo)aumaX(xo)]'

(12)

Case 2: B(zo) is negative.
By using condition (8),

The premise of the stability criterion in this paper is thakrom (12) and (13), the lemma is proved.

on applying each rule to the plant individually, the closed-

V(20)|u(@g)=umin(@o) = I (%0) + B(Z0)tmin(o) < 0
=  V(xo) = F(xo) + B(xo)u(ze) < 0
V(o) < Umin(Zo) (13)
= V(ze) <0 for
w(Z0) € [Umin(Z0), Umax(To)]-
(14)
Q.E.D.

loop subsystem formed is stable ISL in its active region, It has been shown in (5) that, for an arbitrary input state
and each rule shares a common quadratic Lyapunov functigg, the control output of an FLC is bounded hy,;,(zo)

V(z) = z¥ Az such that:

1) V(x)is positive definite and continuously
differentiable
2) V(x) < O0forallzin its active region.

(6)

and umax(xo) if the weighted sum defuzzification method
is employed. Hence, if all subsystems formed by applying
individual rules to the plant satisfy’(x) < 0 in the active
regions of the rules, byemma 3.1V (z) < 0 for all z € X,

and the closed-loop system is stable ISL under the control of
the FLC. In summary, the stability condition for a fuzzy logic
control system can be stated as follows:

For an inputze € X, let the maximum and the minimum  symmary 3.1:Consider an FLC as described in Section

control signal among all active fuzzy rules bg..(xo) and

II. If every rule of the FLC applying to the plant of (1)

umin(Zo), respectively. From (6), we have the subsystemgdividually gives a stable subsystem ISL in the active region
formed by these two rules satisfying the following conditionssf the fuzzy rule subject to a common Lyapunov function,

VI
v

)
)

(7)
(8)

To) <0, for u(xp) = Umax(%o)
To) <0, for U,(.’L'o) :U/min(-'l"o)-

and the defuzzification method is realized as given by (3), the
whole fuzzy logic control system is stable ISL.

A. Adding of Rules

Lemma 3.1:If a system in the form of (1) satisfies the By using the proposed design approach, adding of new

premise of the stability criterion of (6), we hawé(x,) for
all zp € X and FLC outputu(%e) € [tmin(Z0), Umax(Zo)]-

fuzzy rules becomes very easy. AccordingSammary 3.1
if we want to add a new rule to the rule base of the FLC,
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we just need to ensure that, on applying the new fuzzy rule TABLE |
to the plant, a stable subsystem ISL is obtained in the active Fuzzy RuLe Base
region of the new fuzzy rule subject to the same LyapunovRule Antecedent Consequent
function. Should this happen, the whole fuzzy logic control
system is also stable ISL when this new rule is added. This_.
can be explained as follows. §
Let the output of this new rule be(x) = wupew (). Since )
the subsystem corresponding to this rule is stable ISL, we have s
6
7
8
9

V(zo) <0 for u(xo) = Unew(%0), To € Xrnew (15)

N|NN|zZ|o|z||z| o=
NEAEISISIE EIFIECIEE
4

whereXy ,ow is the active region of the new rule. Then three
cases come out.

1) If upew(zo) lies betweenu,, (o) and umin(xo), by
(5) and (14), the new system is stable ISL. N Z P
2) If U’new(xo) >umax($0)7umax($0) is replaced by
Unew(Zo) and condition (7) is replaced by (15).
Following the same analysis procedures, condition (14)
can be obtained by replacing,,x (o) With uyew(Zo).
3) If tpew(Zo) < umin(zo), Similar to the second case, 0 } "
condition (8) is replaced by (15), and condition (14) can -1 09 05 0 05 i
also be obtained by replacing,,(€o) With uyew(Zo). Fig. 1. Membership functions of and i
Consequently, the new system is stable ISL after adding the
new rule. Moreover, unlike that in [11]-[13], the new rule is

not restricted in terms of the shape, symmetry, and distributionI thi . ino—d ‘ 181 is to b
of the input membership functions. n this section, a mass—spring—damper system [18] is to be

controlled by a heuristic FLC. The fuzzy rules of the FLC are
summarized in Table I. The system to be controlled is given by
B. Robustness of the FLC

The robustness of an FLC can be defined as the ability to Mi + gz, %) + he = u (16)

maintain the system stability under the presence of paramejfgfere)M = 2.0 kg is the mass and is the input forceh = 0.5
uncertainties and/or unknown disturbances. Now, let (1) bem-! is the spring constant, angz, #) = 24 + 0.5z is a

rewritten as nonlinear function describing the damper. Expressing (16) in
. the form of (1), we have
= f(z) + blz)u+d.

2= f(z)+b(2)u

IV. DESIGN EXAMPLE

AssumingB(ze) to be positive, when the rule correspondin%vh
to ui(xo) = uma.x(Zo) is applied, from (12), ere

= —Zl = = 1
V($O)|u($o)=unlax($0) :F(-'L'O) + ngd+ dTA.'L'O z = -22:| 3 Z1 X, z2 T
+ B(-'L'O)U'max(-'ﬂo) f(Z) — Z2
° T T —0.521 — 23
= V(0)|lu@g)=umw (@) < (%) + |25 Ad| + |d” Azo| -
0
B max . = .
+ B(o)ttmax(zo0) b:) = o)
With the worst case consideration, lég}Ad|,|d" Azo| In Table I, the input variables in the antecedent part of the

take their maximum values with respect t and d. rules arez andi, and the output variable in the consequent
Since the subsystem is stable ISL on applying this rulpart isw. P, Z, and N are fuzzy levels representing “posi-
V(20)|u(Tg)=umex(xo) < 0. Then, for a smaller value of tive,” “zero,” and “negative,” respectively. The membership
“(5”0)7V($0)|u($o)<umx($o) will become more negative, functions are shown in Fig. 1. The rules in Table | are read
resulting in a more robust closed-loop system. We cas, taking rule 5 for example, “Rule 5: Ik is P andz is
conclude thatu,,.x(xe) is the least robust rule for positiveZ, THEN » = —z.” The rules are set heuristically. In rule
B(ze). Similarly, if B(xze) is negative, we can also usel, x is positive and is increasing (sinceis positive), so a
condition (13) to conclude that,,;,(xe) is the least robust big control action is needed, such that= —2. Similarly, in
rule. In conclusion, either the rule corresponding«g,.(zo) rule 2,z is negative and is decreasing, sois set to be 2.

Or umin(Zo) IS the least robust rule. The robustness of tha rule 3, z is positive but decreasing, therefore, no control
whole FLC, of which the output lies between,.x(xo) and is needed, and, = 0. The similar situation happens in rule
umin(Zo), Will be better than or the same as that offered bg. When one of the states is near the origin, as in rules 5-8,
the least robust rule. a proportional control is applied. When the states are at the
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1

x,=do/dt
X,=0 \

08

0.6
0.4+
0.2¢

0 mgsin(6)
0.2}
0.4}

06}
o8t/ x ] M

-1

0 5 10 15 20 time/s

Fig. 2. Responses of and i in the illustrated example.

origin, as described in rule 9, some damping is needed, anbii% 3- A car-pole inverted pendulum.
proportional plus derivative control is employed.

To prove the system stability by the proposed design ag: ApPLICATION: COMBINING CONVENTIONAL CONTROLLERS
proach, the stability of the subsystem on applying each rUIeln this section, a sliding-mode controller (SMC) and a state

subject tc;.a cchmon Lyapunovf fungtion ha:(s ITO be_ proved. feedback controller (SFC) will be combined into a single FLC
Proof: Select a Lyapunov function as follows: by applying the proposed designed approach. This FLC will
(17) be used to balance a car-pole inverted pendulum system [15],
as shown in Fig. 3. When the states are far from the origin

which is obviously positive definite and continuously differof the state plane, the SMC will take a major part of control
entiable. Then, to give a fast transient response. However, when the states
are approaching the equilibrium values (the origin of the state

plane), the SMC will gradually be replaced by the SFC, in

) order to avoid chattering. The equations of motion of the

car-pole inverted pendulum are as follows:

V=12 + %)

V =xi + @i

=3 + £(=0.55 — 2° 4 0.5u) (18

For rule 1,4 = —2 andz € [0,1],4 >0

= V=05-2)i-i*<0.
For rule 2,4 = 2 andz € [-1,0],4<0

= V=05(z+2)i-3*<0.
For rules 3 and 44 = 0 andz and: are of opposite sign

= V=05zi—-i*<0.
For rules 5-8u = —z
= V=-it<o.

For rule 9,4 = —x — &

= V=zi+i(-0.5z — 3> — 0.5z — 0.5)

=—3* - 0542 <0.

Hence, all of the nine rules in the FLC can lead to stable
subsystems ISL subject to the same Lyapunov function (17).
From Summary 3.1the closed-loop system is stable ISL when

all the rules are included into the rule base of the FLC.
Q.E.D.

Simulation results of the zero-input responses of the closed-
loop system with initial valuex(0) = [1 —1]*" are shown
in Fig. 2. The stability of the fuzzy logic control system is

verified.

jﬁl =T2
. gsin(zy) — amla3 sin(2x1) /2 — acos(z1 )u
¥z = 41/3 — aml cos?(x1)

where x; denotes the angular displacement (in rad) of the
pendulum from the vertical axis, and is the angular velocity
(inrads™!),g = 9.8 ms~2 is the acceleration due to gravity,
m = 2.0 kg is the mass of the pendulum{ = 8.0 kg is the
mass of the cart2l = 1.0 m is the length of the pendulum,
andw is the force applied to the cart (in N);= (m+ M)~1.
Reshuffling the terms, (19) can be written in the following
form:

(19)

= f(z) +blx)u

where

o= 1] rw= 11

" o J12(z) } z

fr2(z)

0 1
= | gsin(z1)/z1 — amlz3 sin(2x1) /22, 0] x
41/3 — aml cos?(x1)

- 0
b — _ —acos(xy) .
(@) 52(55)} [41/3 — aml cos?(z)1) ]

A. SMC
An SMC can be designed for this car-pole inverted pendu-

. lum. Define a sliding plane

(20)

c=sx =0
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wheres = [1 0.1]. It is obvious that the sliding plane is stable. M NE 78 PE
An equivalent controk., can be obtained by considering 1
c=s5=0 (21)
= sf(x)+sblz)u=0
= U= Ueq = —(sb(x)) " sf(x). (22)
0
05 0 05 o

The final control is realized a8 = tueq + uq, Whereuy =
—(sb(x))~* kq sgn(o), kq is a positive constant, and

1, if 6>0
sgn(o) = { 0, if 6=0
-1, if 0<0.
Defining a Lyapunov function
V=107 (23)
we have
V=06
=0lsf(x) + sb(x)(~(sb(2)) " (sf(z) + ka sgu()))]
= —okg sgn(o)
= —k‘d|0'|
<0. (24)
B. SFC

An SFC can also be employed for the system of (19). Design

a state feedback gain

—10 — fau(z) —11
bQ(I) bg(.’l,')

such that the control signal is given by

K p(x) = [kp1(=) kpa()] =

u= Kf(:c):c (25)

By using the same Lyapunov functidn of (23), if the control
law of (25) is employed, we have

V=06

=zlsl sz

=xzlsTs(f(x) + b(:c)Kf(:c):c)

=7 {oﬂ 1 0.1]

<[f210($) H " {bfz(w)Zﬂ(x) b2<x>/2f2<w>D‘”

__g[1 01
- [0.1 0.01|*

<0. (26)

C. FLC
Define the rules of an FLC as follows:
Rule T IFois PETHEN u = —(sb(x)) ! (sf(x) + kq)
Rule 2 IFois ZETHENu:Kf(:c):c
Rule 3 IF o is NE THEN u = —(sb(z)) " (s f(x) — kq)

Fig. 4. Fuzzy levels ofr and their membership functions.

x,/rad

S
\\\__\%7_ B
FLC
-02 .
1 2 3 4 5
time/s
Fig. 5. System response of for an initial = = [1.5 0]7.
1
0 ;%,«»«-vt*mz S 1% S -
i e
-1 ’\J/SFC
I
2l
x/rad s’ al

Mg

B

gt

8 SMC .

0 1 2 3 4 5

time/s

Fig. 6. System response of for an initial x = [1.5 0]%.

where PE, ZE and NE are fuzzy levels afof which the
membership functions are shown in Fig. 4.

To prove the stability of the fuzzy-controlled inverted pen-
dulum system, we need to ensuréends to0 for all operation
conditions. Although the Lyapunov function of (23) is a
function of ¢ only, but notz, thanks to the stability of the
sliding plane,z tends to0 if ¢ = 0. Hence, fromSummary
3.1, the proof of system stability is reduced to proving that
tends to zero on applying each rule to the inverted pendulum.
This cannot be reached immediately, because the conditions
V is positive definite and’ < 0 may imply thato tends to a
finite constant instead of zero. To verify thamust finally go
to zero, we need to prove thit< 0 atV # 0 for all operation
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25 25
2 2
xi/rad 15| xifrad g
1 1
05 \ 05 \
% 05 1 15 2 ) 05 1 15 2
time/s time/s
(@) (b)
25 25
2 2
xi/rad 15 xi/rad 15
1 1
05 \ 0.5 \
o 05 1 15 2 ) 05 1 15 2
time/s time/s

(© (d)
Fig. 7. System response of : (a) for other initial conditions, (b) forn changed to 12 kg, (c) fok4 changed to 2 kg, and (d) fdrchanged to 0.25 m.

conditions. This proof is given in the Appendix. Hence, thtunction. Therefore, the stability of the fuzzy logic control
closed-loop system under the control of the proposed FLCagstems can be guaranteed by examining each individual

stable. rule in the FLC, which is much simpler than the existing
approaches. The stability of a nonlinear mass—spring—damper
D. Simulation Results system controlled by an FLC has been analyzed based on the

. . . proposed approach as an illustrative example.
The designed FLC is applied to the plant of (19), and 5 practical application of the proposed design approach is

simulation results of the closed-loop system responses @l€:,mpine conventional controllers by an FLC and generate

obtained. For comparison, the responses on applying the S o0ropriate control according to the operating conditions.
alone and the SFC alone are also taken. The initial state|ISsaction V. an FLC combining an SMC and an SFC has
_ 4 T H ’
#(0) = [1.5 0]". The responses of; and z; are shown in peen renorted. The stability of the FLC is guaranteed from the
Figs. 5 and 6, _respectlvely._lt can be seen that the settl_mg t”ﬂ)‘r%posed stability analysis. This FLC is applied to balance
of z; on applying the FLC is bettgr than that on applying thg car-pole inverted pendulum system. It has been clearly
SFC alone. The responses on using the FLC and the SMC gg8, 1 that a good transient response, as well as robustness
similar, but no chattering exists in; if the FLC is used. to parameter variations, can be obtained due to the SMC.
The transient responses of on applying the FLC under . ever chattering does not take place, due to the effect of

initi _ T T T i
initial statesx(0) = [1 0]",[2 0]" and[3 0]" are shown in ({he SFC near the equilibrium point. The combined controller
F_'g' 7(@). To test the robustness of the FLC, S'mU|a_t'0nS UNGEEn inherits the merits of the two conventional controllers.
different plant parameter values are conducted. Fig. 7(b)—(d)

shows the same transient responses as those in Fig. 7(a), but
with m changed to 12 kg}/ changed to 2 kg, antichanged

to 0.25 m, respectively. From these responses, we can see thdfiS appendix is to prove that’ <0 at V' 7 0 for all
the FLC designed is robust to parameter variations. operation conditions of the designed FLC. It can be seen from

Fig. 4 that, for any value of # 0, only one of the following
two cases will occur:

APPENDIX

VI. CONCLUSION 1) Either Rule 1 or Rule 3 is active.
An approach for designing stable heuristic FLC’s has beenVhen this case happens> 0.5 or o <—0.5, from (24),
proposed in this paper. It has been shown that a fuzzy logic Vv = —ky|o]

control system is stable ISL, provided that every individual
rule applying to the plant gives a stable subsystem ISL in the
active region of the fuzzy rule under a common Lyapuncsince o # O.

<0 (A1)
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2) Either Rules 1 and 2 or Rules 3 and 2 are active3] S. Y. Yiand M. J. Chung, “Systematic design and stability analysis of
simultaneously.

Consider Rules 1 and 2 are active, i.6.xc < 0.5.

Let u1(xo) and uz(zo) be the outputs of Rules 1 and 2,

respectively. Since the two corresponding subsystems ?{5

stable ISL, we have

Also, letV(xo) = F(xo) + B(zo)u(zo), Whereu(ze) is the  [18]

Vi(zo) = F(%o) + B(zo)u1 (o) <

output of the FLC; then, one of the following two cases will
happen.

Case 1: ui(zp) = uz(xo)

In this caseu(zo) = u1(xo) = uz(xo). SinCeu(xo) =

uy (o), from (A1) V<0 atV # 0.
Case 2: ui(zp) #Z u2(xo)
Let u1(xo) > u2(xe), from (5)

If B(zo) >0, V(zo) < Vi(zo) < 0. Otherwise, if B(zo) <0,
Vizo) <Va(zo) < 0.
u1(zo) > u2(xe). Following the same steps as above,
can be easily proved thaf < 0 whenu, (o) < uz(xo)-
Hence,V < 0 when Rule 1 and Rule 2 are both active.
When Rule 2 and Rule 3 are active, a similar proof can
carried out to show that <0 atV # 0.

(1]

(2]

(3]
(4]

(5]

(6]

(7]

(8]
(9]

[20]

[11]

[12]

wa(xo) <u(xe) <ui(xo).

As a result, V<0 when

Q.E.D.
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