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Abstract: Making decisions with limited data and incomplete statistical characterization is challenging. The
typical statistical-machine-learning approaches would call for migrating the experience of a related system
with ample data through transfer learning or leveraging the similarity of multiple systems with limited data
through data pooling. We, instead, develop new solution concepts to learn across related systems by adapting
the parametric Operational Data Analytics (ODA) framework, which is known to produce uniformly optimal
data-integrated decisions in the corresponding parametric settings, for non-parametric decision-making. We
demonstrate, through the application of newsvendor systems, that transfer learning can, indeed, improve
decision performance in the focal system by utilizing a model pre-trained with ample data in a related system.
However, through the lens of the ODA framework, the best transfer-learning decision falls in a subclass of
operational statistics, limiting the ultimate optimality. In contrast, the ODA cross-learning approach utilizes
the ample data from the related system to mimic the stochastic environment of the focal system. When the
data from the old system are sufficiently large, the cross-learning solutions derived outperform any transfer-
learning solution, and they are shown to asymptotically approach the parametric ODA solutions. When
there are multiple related systems with limited data, we aggregate the data from different systems to create
a generic stochastic environment for the decision-making problem, which facilitates the implementation of
the parametric ODA solutions. We show that the derived co-learning solutions are asymptotically optimal
for the aggregate system and for each sub-system. This approach outperforms the existing data-pooling
techniques in the sense that the latter focuses only on the aggregated performance, and the chosen solution
may be (asymptotically) suboptimal for individual sub-systems. Our results underscore the roles of domain
knowledge and the structural relationships between the data and the decision in designing efficient learning
solutions with limited data. Though we demonstrate our development through the application of newsvendor
systems, the solutions developed in this study apply to a much wider class of operational decision-making
problems that exhibit certain homogeneous properties.
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1 Introduction

Data are playing an increasingly important role in today’s business. In many cases, a lot of data
are needed to train a model to gain the predictive or prescriptive power from the model. However,
the accessible training data are often limited to fully realize the value of the model. Data-driven
modeling is particularly challenging when there is a lack of sufficient statistical characterization of
the uncertainty involved in the system.

Decisions on sourcing, production and distribution for new products are often made when only
limited sales data are available. Especially in the fashion industry, the product life cycle can be as
short as twelve weeks or as long as thirty weeks (Berg et al. 2018), and it is not possible to collect
enough data to train a decision model in such situations. Even for products with long life cycles,
market conditions evolve with the macroeconomic and competitive environment, significantly al-
tering the patterns of product consumption. For example, COVID-19 has significantly changed
consumer behaviors and shattered the demand forecasts for many products (Brea et al. 2020). The
recent increase in online shopping and new environmental regulations are reshaping the demand
for paper products, imposing challenges on pulp and paper companies’ planning for shifting market
trends (Feber et al. 2022). In these situations, the past data may become irrelevant to understand
the changed demand patterns. Decisions must be made based on limited recent data.

Though the data for the product, service or market of interest are limited, it is often the case
that firms have been operating similar processes either in the past or in parallel. For example, a
newly launched product may be an upgraded version of an old product that has been offered for
quite some time, and thus some demand patterns of the old product may be expected to carry
over to the new product (Hu et al. 2019, Baardman et al. 2018). It is also common that a retailer
operates distribution centers and stores across geographic regions (Garvin and Levesque 2008).
Product demands across geographic regions may share some similarity (Hitsch et al. 2021, Xu and
Bastani 2025). To improve decision efficiency, one may either leverage the experience from some
past systems or combine the knowledge across parallel systems. In this paper, we develop learning
solutions for such scenarios and demonstrate the results through newsvendor systems.

The premise for learning across systems is the statistical similarity among the data sets collected
from different systems. In the context of newsvendor systems, we identify, from the data published
by JD.com, that the demands of a product across different distribution centers can be presented

by scaling some common random variable, though both the scale parameters and the distribution



family are unknown. This observation plays a pivotal role in developing data-driven decisions for
the distribution centers.

When significant experience with a related system is available, the idea of transfer learning
can be adopted, which applies a pre-trained model with established performance for that system
to analyze the focal system with limited training data. As the model is already pre-trained, fine-
tuning it for the focal system requires much less data and time than training a completely new
model. In the context of newsvendor systems, the focal system may be a newly opened distribution
center, while a related system can be some center with similar characteristics that has been in
operation for a long time. Alternatively, the focal system may be a newly launched product, while
a related system can be some substitutable product, targeting the same customer segments, that
has been offered for a long time. In such situations, transfer learning would migrate a well-trained
data-driven solution from the related system to a decision in the focal system by directly utilizing
the fact that the demand data from the two systems differ only in their scale parameters. Our
numerical experiments confirm that, indeed, the transfer-learning solutions significantly improve
the decision efficiency compared with training some oracle solution for the focal system without
utilizing the knowledge from the related system. The shortcoming of transfer learning, however,
lies in the fact that the chosen solution is always within a special set of data-integration models
(in particular, the scaled class of operational statistics; see Section 3.1 for an explanation). As a
result, regardless of the sample size, the performance is always capped by the theoretically optimal
solution within this class, leading to an optimality gap in general.

To reduce the optimality gap, we note that any data-integrated solution cannot be superior to
the parametric ODA (Operational Data Analytics) solution, which is uniformly optimal when the
distribution family is known (Feng and Shanthikumar 2023). Therefore, the design of an efficient
learning solution should appropriately balance data integration and solution validation, the two
pillars of the ODA framework, based on the structural property of the parametric solution and
the data availability. This is the main philosophy behind cross learning. Specifically, given the
relationship between the data sets, we utilize the ample data from the related system to generate
many problem instances that mimic the stochastic environment of the focal system. This approach
effectively enhances the power of validating the candidate data-integration models (i.e., the opera-
tional statistics). We demonstrate that cross learning can significantly outperform transfer learning.
Moreover, as the data of the related system gets ample, the cross-learning performance approaches

the best possible data-integrated solution, i.e., that under the corresponding optimal parametric



ODA solution.

In many situations, there may be multiple related systems, for each of which a decision needs
to be made with limited data. A typical example is a new-product release in multiple geographic
regions. The stocking level in each region must be determined when there are only limited demand
data during the initial period. Though different regional markets may exhibit different demand
patterns, there can be common features of consumer preference across the regions. Traditionally,
data pooling is often applied to such a situation, which combines the data from different related
systems to utilize the common statistical property of the data sets. Such an approach, though
leading to performance improvement over the combined systems, does not guarantee the efficiency
of individual systems. We, instead, propose co-learning. Exploring the common structure in the
data-to-decision mapping of the parametric ODA solutions across systems, we transform the data
from different systems to create a common generic environment for the decision-making problem.
In an essential contrast to the data pooling approaches, our way of combining data across systems is
based on the properties of the operational statistics (i.e., the direct data-to-decision mapping). This
approach allows us to efficiently approximate the parametric ODA solutions to achieve the asymp-
totic optimality for individual systems within the corresponding classes of operational statistics, as
the number of involved systems gets large.

The remainder of the paper is organized as follows. The next section presents the related
literature and articulates our contribution. Section 3 lays out the problem and provides a brief
review of the parametric ODA solution. In Section 4, we discuss several existing solution ap-
proaches, and demonstrate the application of transfer learning. In Section 5, we develop several
cross-learning solutions based on the ODA framework, which exhibit significant improvement over
the transfer-learning solutions. Section 6 concerns multiple parallel systems, for which the ODA-

based co-learning solutions are developed. We conclude the study in Section 7.

2 Literature Review

Our study, focusing on decision-making with data supplementing the lack of statistical knowledge,
intersects with three streams of literature: data-integrated decision-making in operations, transfer

learning, and data pooling.



2.1 Data-Integrated Operational Decision-Making

There is a rapidly growing literature in operations management on decision-making based on data.
Our work falls into the stream of static learning, in which a decision needs to be made based on a
set of historical data. In the parametric setting where some parameters are unknown for a known
distribution family, Hayes (1969) points out that a reasonable data-integrated newsvendor solution
would be naturally biased, and proposes some potential solutions. Liyanage and Shanthikumar
(2005) define the notion of operational statistics, and derive a uniformly optimal solution when
the demand faced by the newsvendor is exponentially distributed. Chu et al. (2008) generalize the
result to a general demand distribution with an unknown scale parameter, and Ramamurthy et al.
(2012) analyze the situation where there are three unknown parameters of the demand distribution.
Akcay et al. (2011) propose to bias the safety-stock factor in the estimation-and-then-optimization
solution when the demand comes from the Johnson transformation system (which can be obtained
by specific monotone transformations of a standard log-normal distribution). In a similar spirit,
Janssen et al. (2009) set the service-level target by correcting the safety-stock factor based on the
moment estimation of normal demands. A recent paper by Chu et al. (2025) characterizes the
uniformly optimal solution for the price-setting newsvendor problem. The learning approaches
developed in our paper, building on the solution derived by Chu et al. (2008) and Chu et al. (2025),
do not assume any known distribution family.

In the non-parametric setting, sample average approximations (e.g., Levi et al. 2007a, Huh et al.
2009, Homem-de Mello and Bayraksan 2014, Qin et al. 2022), quantile regressions (e.g., Amrani and
Khmelnitsky 2017, Harsha et al. 2021), and order statistics (e.g., Besbes and Mouchtaki 2023) have
been analyzed to derive data-integrated inventory decisions. Implementation of these approaches
often requires a significant amount of data (Gupta and Rusmevichientong 2021). To account for
the potential issue of overfitting, empirical risk minimization (e.g., Ban and R. 2019) and robust
optimization (e.g., Lim et al. 2006, Ben-Tal et al. 2013) have been proposed. Gotoh et al. (2018,
2021) suggest that robust optimization with specific deviation measures, including the Kullback-
Leibler divergence, x2-divergence, and Hellinger distance, produces solutions close to that derived
with variance as the regularizer. Feng and Shanthikumar (2023) demonstrate how these solutions
can be unified with a non-parametric ODA framework through adaptive boosting. While we also
analyze adaptive boosting of an existing solution, the boosting approach in our analysis must

leverage the data across different systems.



2.2 Transfer Learning

In the machine learning literature, transfer learning is an important topic. By transferring the
knowledge from different but related systems with abundant data, an improvement can be achieved
for classification, regression, or clustering performed on the focal system. The reader is referred
to Pan and Yang (2009), Weiss et al. (2016), Zhuang et al. (2020) for comprehensive surveys of
various methods and applications of transfer learning. Transfer learning is popular in natural
language processing (Alyafeai et al. 2020), virtual categorization (Shao et al. 2014), human activity
classification (Cook et al. 2013), and software defect classification (Ma et al. 2012).

In the operations literature, transfer learning has been used to enhance the performance of
predictive models with limited data. For example, Hao et al. (2021) develop the prediction of
COVID-19 transmission over a spatial network by a long short-term memory model and multi-task
learning. They utilize the past influenza data in the same geographic regions to estimate the model
parameters. Hu et al. (2019) and Baardman et al. (2018) develop new product sales forecasts
by matching the new product with some past products. The old product data are used to form
clusters and the new product is classified into one of the clusters. Transfer learning is used to reduce
training time and avoid overfitting. Oroojlooyjadid et al. (2022) analyze the beer game using deep
reinforcement learning. They directly transfer the parameters trained from some layers of a related
system to the focal system. Qin et al. (2020) apply transfer learning in the deep reinforcement
learning of a ride-sharing platform. Bastani (2021) transfers estimated regression parameters from
a proxy task to a focal task with limited data. They propose a two-step estimation with LASSO
regularization and show that the estimator can achieve the same level of accuracy as that of the
popular heuristics with up to exponentially less data of the focal task.

As a major distinction from the existing studies of transfer learning which focus on predictive
modeling, we develop decision-making approaches that utilize data from related systems to sup-
plement the limited data in the focal system. We derive the transfer-learning solution based on
the structural property of the decision-making problem. More importantly, we develop the cross-
learning solutions that capture the key statistical and structural characteristics of the parametric
ODA solution, and show that the proposed cross-learning solutions outperform the transfer-learning

solutions in both the large and small sample performance.



2.3 Data Pooling

When there are multiple related systems with limited data, pooling the data across the systems can
improve the overall estimation accuracy. The famous James-Stein estimator is a biased (shrunken)
mean estimator of a correlated Gaussian vector with the same variance. There are many applica-
tions and extensions of the James-Stein approach. For example, Duan and Wang (2023) analyze
data pooling in a multi-tasking system with shrinkage. Xu and Bastani (2025) discuss the same
problem using LASSO to address data sparsity. In the operations literature, several recent studies
have analyzed data pooling in various contexts. Bastani et al. (2022) apply the empirical Bayesian
method to study the problem of pricing for multiple products with a common unknown prior distri-
bution of the demand parameters. They show that the proposed meta dynamic pricing algorithm
generates a sublinear regret in the number of products. Gupta and Kallus (2022) consider a large
number of problems, each with limited data, that need to be solved simultaneously. The data for
each problem are i.i.d. draws from some distribution with a finite support.

The domain knowledge is critical for designing data pooling strategies. As a general theme,
data pooling is viable when there are statistical similarities among the systems from which the data
are pooled (e.g., the common standard deviation in James-Stein’s analysis, and a common prior in
Gupta and Kallus’s study). As an essential departure from the existing data pooling work, which
utilizes the statistics development for estimation, our co-learning solution explores the structural
properties of the parametric ODA solution that directly links the data to the decision. The data
are pooled accordingly to address the lack of the distributional knowledge in the non-parametric
environment. More importantly, our ODA co-learning solutions aim toward optimizing not only

the efficiency of the overall systems, but also the efficiency of the individual systems.

3 The Problem

In many operating environments, there are multiple related systems involving similar decision-
making processes. In each system, a decision y € Y C R, needs to be made and the outcome of
system performance is affected by a nonnegative random parameter X with distribution Fx. In
most practical situations, the set ) of feasible decisions is bounded (by, e.g., machine hours, staffing

level, storage space, supply contract, technology capability, etc.). The profit generated from the



system, when the realization of X is z, is ¢(y, ). The objective is to maximize the expected profit

olu, Fx] = E[(y, X)) = / | a)AF), e . (1)

If we know the distribution F'x, the theoretically optimal decision is

Yy [Fx] € argmax{¢[y,FX], y € y}.

Such a decision-making problem can arise in many applications. We use newsvendor systems
as the running example throughout the paper to demonstrate our development, while we should
point out that our analysis directly applies to many other contexts (see the applications described
by Feng and Shanthikumar 2023). For the newsvendor application, a system can be a distribution
center that carries the product of interest. The decision y corresponds to the inventory level of the
product (which is likely to be limited by the shelf space or production capacity), and the random
parameter X corresponds to the demand of that product (which is nonnegative). Suppose that the
procurement cost is ¢ and the selling price is p with ¢ < p, then ¢(y,z) = pmin{y, 2} — cy, and
the newsvendor solution is y*[Fx] = Fi¥¥(c/p), where F is the inverse of the survival function

F(z) =1— Fx(x). We note that the newsvendor profit function exhibits the following property.

Assumption 1 (Profit Function)
1. #(+,-) is Lipschitz continuous almost everywhere.

2. For some fixed ¢ and &, the profit function v (y, ) satisfies
w(ab%al’) - aﬁw(y7$)7y eV,x € R-‘r? Va € ]R-‘r'
3. Y(y,x),y € Y,z € Ry is bounded.

It is easy to verify that the newsvendor profit ¥ (y,xz) = pmin{y,x} — cy satisfies the second
condition with + = k = 1. This assumption suggests that when the demand and order quantity
are both scaled by some constant «, the profit is also scaled by the same constant. Moreover, in
most practical applications, including the newsvendor model analyzed here, the feasible decision is
generally bounded, and the profit function is bounded over the feasible set.

In reality, we may not know the exact demand distribution. Instead, data are collected to
supplement the demand information for decision-making. The development of data-integrated

decisions depends on our (partial) knowledge of demand and the kind of data available. Though



the data of the decision-making problem at hand may be limited, the firm may have sufficient
understanding of its operating environment and enough experiences of managing similar situations.
For example, when we examine the data set of JD.com, a Chinese e-commerce platform, we find an
interesting feature of the demand data—The coefficient of variation (i.e., the ratio of the standard
deviation to the average) of the demand across different distribution centers stays constant; See
a demonstration in Figure 1 and additional details in Online Appendix C. In Figure 1, each data
point specifies the average and the standard deviation of the daily demand for a product in one
distribution center over 31 days. Though the daily demands are different in different distribution
centers, the ratio of their sample standard deviation to their sample average stays almost constant.
Furthermore, a pair-wise Kolmogorov—Smirnov test suggests that the normalized demands come
from the same distribution. These observations suggest that the demand X in every distribution
center is of the form X = 07 for some common random variable Z and a center-specific parameter
0, so that the coefficient of variation Cv[X] = /Var[X]/E[X] = Cv[Z] stays the same across

distribution centers. Thus, we make the following assumption.
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Note. Each point specifies the sample average and sample standard deviation of the daily
demands for SKU 068f4481b3 in one of the 60 distribution centers of JD.com over 31 days. The

data set is available at https://connect.informs.org/msom/events/datadriven2020.

Figure 1: The daily product demands at different distribution centers of JD.com

Assumption 2 (Random Parameter)

1. The distribution function of X satisfies Fx(x|0) = Fz(x/0),z € Ry, where € Ry is the

scale parameter and Fy is the distribution function of some random variable Z with E[Z] = 1,



E[Z?] < 0o and E[Z'] < cc.
2. The random variable Z has a density fz(z) > 0 for z € Ry.

In practice, most product demands are integers and thus the demand distribution is not con-
tinuous. Our assumption of a continuous distribution is a reasonable approximation in the retail
application, typically with high demand granularity, in which a distribution center serves a signifi-
cant customer base so that the expected demand 6 cannot be too small.

When it is not viable to compute the theoretically optimal solution y*[Fx], the approach for
data-integrated decision-making depends critically on our knowledge of the operating environment,
which defines the domain of validation. In the next subsection, we discuss the scenario where the
random variable X is known up to the scale parameter (i.e., with unknown 6 and known F). This
scenario serves as the benchmark for the evaluation of learning solutions of unknown distribution

families.

3.1 Benchmark: The Parametric ODA Solutions

In some situations, firms may have extensive experience with the business, which allows for a
confident characterization of the statistical nature of the system. For example, in the context
of product selling, Hu et al. (2019) argue that most ready-to-launch products are unlikely to be
entirely new. Knowledge of past products is often relevant to infer the characteristics of the new
product and make operational decisions (e.g., Kahn 2006, Lin et al. 2022). In such situations,
parametric approaches are developed under the premise that the random variables involved in the
system come from some known distribution family.

When the random variable described in Assumption 2 is known up to its scale, i.e., Fy is
known and € is unknown, the uniformly optimal solution, known as the parametric Operational
Data Analytics (ODA) solution, can be explicitly computed (Feng and Shanthikumar 2023). In
this subsection, we briefly describe this solution, which constitutes a stepping stone to developing
the ODA cross-learning and co-learning solutions.

The inputs to the ODA framework are the data-generation model and the domain of validation.
The data X = (X7, Xo,...,X,,) are generated as i.i.d. draws from some distribution F'x of a focal
system. Given that we know F'x up to its scale (i.e., known F and unknown ), the statistical

domain of validation is
D(Fz) ={Fx : Fx(z|0) = Fz(z/0), Vo € Ry,0 € Ry }.
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The two pillars of the ODA framework are the data-integration model and the validation model.
To formulate the data-integration model, we note that the ultimate solution y is a statistic, called
the operational statistic, as it is an implementable decision, i.e., y : R} — Ry. In view of the
property of the profit function ¥ (y,x) in Assumption 1, if the realization z is scaled by a factor «,
the optimal decision y must be scaled by a factor of a*. Thus, it is natural to focus on the following

data-integration model:

HY (1, m) = {y ‘RY = Rysy(z) = y(xq)y(ax) = o'y(x),a > 0}, (2)

where x,; denotes any permutation of &, and m denotes the permutation-invariant property. The
class H'} (¢, ) contains the family of order-. positively homogeneous permutation-invariant func-
tions. Feng and Shanthikumar (2023) prove that, for problems satisfying Assumptions 1 and 2,
there does not exist any solution that is uniformly better than the optimal operational statistic
within H'} (¢, 7).

When implementing an operational statistic i : R"} — R4, we obtain an expected profit of

Eloly(X), Fx(10)]]- 3)

Note that the expectation is taken over the random sample X. The optimal operational statistic
within the class of order-¢ positively homogeneous permutation-invariant functions (referred to as

the homogeneous class thereafter) is

vin() = argmax {E[¢[y(X), Fx(|0)]] -y € HY(,m)}. (4)

Thus, the validation model optimizes the decision as a statistic (i.e., a function of the data). The
solution yjj,(-) is uniformly optimal when the profit function satisfies Assumption 1. Chu et al.
(2008, 2025) explicitly derive the solution for the newsvendor problem (with ¢ = 1).

To gain some intuition of the ODA framework, we observe that for any y € H' (¢, 7), the

expected profit satisfies
E[oly(X), Fx(-10)]] = 6"E[(y(67' X),67' X)) = 0"E[:(y(Z). 2)]. (5)

In other words, the profit obtained from implementing an operational statistic from the data-
integration model H'} (¢, m) depends on the unknown parameter 6 only through a scale factor, 6.

Let [i, denote the average of vector z, i.e., i, = %Z?:l z. We further define the base set as
B" ={zp € R} : fi, = 1},

11



which contains all base points (i.e., samples with average one), and define the set of samples that
can be obtained by scaling a given base point zp € B" as S(zp) = {x : * = azp,a > 0}. Then
the collection of sets {S(zp),zp € B"} forms a partition of the sample space R’,. We can derive

(see the details in Feng and Shanthikumar 2023)

Ely(X). FxCi0)] = 0 [ oslu(ze). 26 oz, ()
where
sl 2.7l = | ooy e ) [ retoite )

Thus, finding the optimal operational statistic y;j, in (4) boils down to computing the base opera-

tional statistic

yp°(zp) = argmax {¢ply, zp, Fz] 1 y € Ry}, zp € B, (8)

and the optimal operational statistic can be mapped from the base operational statistic through

appropriate scaling:

vin(®) = (fe)'y3>(28), @ € S(2p). (9)

It is important to recognize that the optimal base operational statistic ygs is independent of
the unknown scale parameter . In other words, systems involving a common Fy but different
scale parameters should make the same decisions for any sample falling in the base set B". This
observation would be essential to design the learning solutions later.

For the purpose of comparison, Feng and Shanthikumar (2023) also propose the scaled class of

operational statistics as an alternative data-integration model:

SC(1,m) = {y: R} = Ry;y(x) = (f1a)'v,v > 0} (10)

It is easy to see that SC'} (¢, ) C H'l (¢, m). In other words, the optimal scaled operational statistic
is in general inferior to that of the homogeneous class. The validation of the scaled family leads to

the optimal scaled operational statistic:

s () = argmax {E[¢[y(X), Fx(10)]] : y € SC} (1, m)}. (11)

Though the true value of # is unknown, Feng and Shanthikumar (2023) show that the uniformly
optimal operational statistics for both the scaled class and the homogeneous class can be derived

explicitly as described in the next theorem.
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Theorem 1 (The Parametric ODA Solutions) Suppose Fy is known.

i) The operational statistic yj,(x) maximizes

n! [Tio, fx (xiln) .
i) = [ wtord) [ X6 e e T R

overy € Y.

ii) The operational statistic ysc,(x) satisfies yio, () = (fiz) ysc.[Fz], where

ysau|[Fz] = argmax{/ / V(). 2) f2(2 HfZ zj)dzdz : vy > 0} (12)
zE]R" zZeR4

=1

In Online Appendix B, we provide explicit derivations of the optimal operational statistics for
several known distribution families of Fix. It is interesting to note that y;,(x) = yc, () when Fz
follows a gamma distribution.

It is important to remark that the above optimal operational statistics can be derived by
directly solving the validation models in (4) and (11) for their respective data-integration models
because of the knowledge of Fz. Feng and Shanthikumar (2023) suggest that, in view of the
Bayesian interpretation of the parametric ODA framework, the solution can be efficiently computed
with a simulation algorithm. When F is unknown, direct optimization of (4) or (11) is not
possible. To derive an appropriate solution, one needs to modify the data-integration model based
on the available knowledge and formulate the corresponding validating model to approximate the
validation model. The solution performance must be bounded from above by that of yj, or ygq,
within the respective classes. Thus, yjj, () and y§c, () are natural benchmarks to evaluate the

quality of the learning solutions in the non-parametric setting.

3.2 Learning Among Related Systems

When we do not have much knowledge of the focal system, the statistical domain of validation

becomes
D(Fz) ={Fx : Fx(|0) = Fz(z/0),Yr € Ry,0 € Ry, Fz € Fz}, (13)

where Fyz is the set of all distribution functions with mean one. Certainly, D(Fz) C D(Fz),
and the lack of knowledge of Fz imposes significant challenges to decision-making. Inferring the

distributional characteristics of Iy requires a large sample, which is often not available.
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In reality, the firm may be operating similar systems in the past or at the same time. Each
system has its own statistical environment, while all the systems are related because of the common
structure X = 0Z. When the data collected from one system are limited, we can leverage the data
from other systems to improve the decision performance. We consider three learning approaches
that are applicable to different situations depending on the knowledge, the experience, and the

data availability from relevant systems.

Transfer Learning. Transfer learning is a well-studied approach in the machine learning litera-
ture. It is used to improve the performance of one system by transferring a well-trained model of a
similar (old) system from which significant experience has already been gained. In particular, for
our problem, we take an oracle solution of the old system from which we have collected ample data.
We recognize that the old system with #° and the focal system with 6 both satisfy Assumptions 1
and 2. Thus, the theoretically optimal solutions for §° and 6 are related through a ratio of (6°/6)".
Consequently, we can transfer the oracle solution from the old system to the focal system through

appropriate scaling, as described in Section 4.

Cross Learning. Unlike transfer learning, which directly applies a pre-trained model of the old
system to the focal system, cross learning attempts to create the stochastic environment of the
focal system using the data collected from the old system. Specifically, we generate, using the data
from the old system, many instances of problems that mimic the decision-making environment of
the focal system. These problem instances reflect the statistical nature of the focal system, and
help enrich the knowledge of the focal system in decision-making. With the simulated problem
instances, we can expand the data-integration model beyond the scaled class, resulting in improved

learning performance from transfer learning.

Co-Learning. When there are multiple systems operating under similar environments, data col-
lected from parallel systems may be pooled to assist decision-making and improve the overall
performance. The premise of co-learning is the similarity among the systems, which suggests a
common structure of data-to-decision mapping among different systems. As we discuss in Sec-
tion 6, with appropriate aggregation of the data from different systems, it is possible to validate
the data-integration model for the generic system that captures the stochastic environment of the
decision-making problems in individual systems. The co-learning solution enhances the performance

of not only the aggregate system but also the individual systems.
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Next, we discuss in detail each of the learning solutions.

4 Transfer Learning

In this section, we demonstrate how to implement the well-studied transfer-learning approach for
our decision-making problem. When we do not know Fyz and 6 to statistically characterize the
random parameter X =% 7, a sufficiently large sample is needed to train an efficient solution for
the focal system. When the data X = (Xi, Xo,...,X,,) collected are limited (i.e., n is small),
however, it is unlikely to develop a prevailing solution with only the available information of the
focal system.

Instead, we may have some experience in operating a similar system, which we label as the
“old” system. The old system is similar to the focal one in the sense that the random parameter
involved takes the form X° = §°Z. For the old system, historical data X° = {X?¢, X9,..., X%} is
available with a sufficiently large n°, i.e., n® >> n. Moreover, a well-trained oracle solution y°(x?)

has been implemented.

Assumption 3 The oracle solution y° € Hio(b,ﬂ) 1s consistent and bounded, i.e.,

lim y°(X°) = y*[Fxo] a.s. and y°(X°) < o0 a.s.

n°—00

The task here is to transfer the experience of the old system to develop a solution for the focal

system with limited data of the latter.

4.1 Potential Oracle Solutions

There are several data-integrated approaches that have been proposed for the newsvendor problem,
which may be used as oracle solutions. In this subsection, we briefly describe them. The solutions
presented below are derived for the problem defined in (1) with the validation domain defined in

(13) and i.i.d. observations X = {X1, Xa,..., X, }.

e Sample average approximation: The expected profit @[y, Fix] is approximated by the
average profit under each observation, i.e., p(y, X) = %Z?:l ¥(y, X;). The sample average

approximation solution is

ysaa (X) = arg max {cp(y,X),y € IR+}.
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This solution also coincides with the retrospectively optimal solution or the optimal solution

under empirical distribution under Assumptions 1 and 2; See Feng and Shanthikumar (2023).

Regularized sample average: Accounting for the potential risk of overfitting, we may
choose to regularize the sample average profit by its variability, measured by either the vari-
ance or standard deviation (see, e.g., Levi et al. 2007b, Huh and Janakiraman 2008, Homem-de
Mello and Bayraksan 2014, Qin et al. 2022). Specifically, the variance of the sample aver-
age profit is Var[p(y, X)] = %Z?:l (w(y,Xi))z — (g@(y,X))2. With a penalty 8 > 0, the

regularized solutions are

YRe-var(X,8) = argmax {p(y, X) — BVar[p(y, X)] : y > 0},

Yre-std(X,B) = argmax {p(y, X) — 8/ Var[p(y,X)] : y > 0}.

The parameters Pre.var(X) and Bre.sta(X) are obtained through cross validation or boot-

strapping.

Robust optimization: An alternative to regularizing the objective function is to specify
an uncertainty set of distribution functions based on the observed data (e.g., Gilboa and

Schmeidler 1989, Lim et al. 2006, Zhao et al. 2022). Specifically, an h-divergence measure
is defined as dy,(f, fX|X) = [ h( /@) )fX|X(x)dx, where fX|X(x) = L3 T—x, is the

fX\X(Z)

empirical distribution and A is the divergence function (e.g., Kullback-Leibler divergence, x2-

divergence, and Hellinger distance). The uncertainty set should contain distributions close
enough to the empirical distribution, i.e., Fx p(dmax) = {f : dn(f, fX‘X) < dmax} for some

threshold dpmax > 0. One may solve for the constrained solution or penalized solution:

Moc(X.8) = argmax {min{ 3" 6(y.0)7(w) : ] € Fxa(d)}w > 0}
1=1

vrop(X.8) = argmax { min { Y w(y,20) f(a) — Bdn(f. Frix) : F € Fx(dua) oy 2 0}
i=1

The parameters Sro.c(X) and Sro.p(X) are obtained through cross validation or bootstrap-
ping. Empirically, we find the robust solutions very similar to the regularized solutions. Sim
et al. (2025) and Long et al. (2023) develop a closely related approach, called robust satisfic-
ing, for data-integrated decision-making. Feng and Shanthikumar (2023) show that these two

approaches are equivalent under mild conditions through the lens of the ODA framework.

Order statistics: Let X} be the ascending sequence of X (i.e., Xpjj < Xjg) < ... < Xppy))-

Recognizing that the SAA solution corresponds to the |ne/p|th or [nc/p|th order statistic,
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depending on which one gives a higher sample average profit, one can look for an operational
statistic by taking a vector of weights w (with sum one) over the order statistics X 0 e,
y(w, X) = 71" wi X}y (see Liyanage and Shanthikumar 2005). Besbes and Mouchtaki (2023)
choose the weight vector w through robust optimization, which generates the eventual solution

yors(x). Alternatively, one may cross validate the weights.

e ODA based on empirical distribution: We normalize the sample data by its average to
obtain Z = X /jix. The distribution of Z is estimated using the smoothed empirical density
of Z:

n

Faial€) = - 3" mle. %) (14)

=1

(6=2)?
where A > 0 is the width and k) is the Kernel function. For example, ) (&, 2) = \/%e Dz

with lim, .o A = 0, is the widely used Gaussian kernel. Using fZ‘ 7z to replace fz in Theo-

rem 1, we can derive the ODA solutions ym,-Emp and ysc,-Emp-

It is important to note that all of the above solutions belong to the homogeneous class H'} (¢, 7)
(see Remark 2 in Feng and Shanthikumar 2023), provided that the h-divergence measure employed
in the robust optimization formulation is itself homogeneous (e.g., the y?-divergence or the Kull-
back—Leibler divergence). In fact, a nonhomogeneous solution may be questionable in practice.
In our newsvendor example (with ¢ = 1), the optimal ordering decision should remain unchanged
when demand data are recorded in different measurement units (e.g., by item or by carton). This

invariance implies that any reasonable order quantity must be homogeneous of degree one.

4.2 Transfer Learning from the Oracle Solution of the Old System

We would like to transfer a well-trained, consistent oracle solution y°(X®) from the old system to
the focal system with limited data X. To do so, we recognize that the data from both systems are
connected through the structure described in Assumption 2. We first normalize the data from the
old system as Z° = X°/fixo. When the sample size n° is sufficiently large, Z¢ converges to the

underlying random variable Z, as suggested in the next lemma.

Lemma 1 Suppose X° =% 0°Z with E[Z] =1 and 0 < 0° < co. Then (superscript d stands for “in
distribution”)

. X7
lim —%
ne—o0 'L[,XO

=4z
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Because the oracle solution y°(X?) belongs to H! (+,7), and both X and X satisfy Assump-

tion 2, we can apply (9) to transfer y°(X?°) to the decision in the focal system as

yirto(X) = ((/;;(O))LLyO(XO) € SC% (1, m). (15)

Thus, the transfer-learning solution is dominated by the optimal scaled operational statistic defined

in (11) with a known Fyz, i.e.,

E[w(yT‘rL:O(X)7X)] < E[w(yECL(X)v‘X)] (16)

Unfortunately, y11..0 does not converge to the best scaled operational statistic y&-,(X) = (fix)‘ysc[Fz]

characterized in Theorem 1(ii).

Theorem 2 (Consistency of Transfer-Learning Solution) Given a consistent solution y° of

the old system (i.e., limpo_o0 y°(X°) — y*[Fxo], a.s.), we have

lim_yneo(X) =" (ix)'y [Fz] ond lim yneo(X) = y*[Fx) a7)

n°—o00

In addition, if Pr{‘yo(Xo) — y*[Fxo]| > €} < O(g°(n°€)) for some function g°(n°e) (e.g.,
g°(n°,€) = 1/(n°e2) for ySA2) and for any € > 0, then

P {lrmeo(X) — (i) 1P| 2 ¢} = O(57(%9) +0( -5 ). ana (18)
Pr{|ynro(X) —y*[Fx]| > ¢} < O(g‘)(n”,e)>+0<nol€2>+0<n12>- (19)

Table 1 illustrates the performance of the transfer-learning solutions against training the cor-
responding oracle solutions in the focal system, where W; denotes the simulated expected profit
and the subscript k£ denotes the solution method. Here we choose Gamma distribution because,
by Theorem 1, the optimal homogeneous operational statistic coincides with the optimal scaled
operational statistic (i.e., Uy = Wgcy) in this case, which allows for clear insights with a single
benchmark. Certainly, any solution without the knowledge of F'z would lead to a profit less than
the benchmark profit, ¥y;. Because there is a significant variability in the demand reflected by
a high coefficient of variation (Cv[Z] = 3.16), the oracle solution performs poorly with only five
observations from the focal system. Transfer learning, migrating the oracle solution from the old
system, can greatly improve the profit, and the improvement becomes more significant when the
sample size n° in the old system gets larger. Similar observations are obtained when Z follows a

beta distribution as shown in Online Appendix D.
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5 Cross Learning

When we transfer the oracle solution in the previous section, the performance is capped by that
under the optimal scaled operational statistic y§c,; recall Equation (16). Unless in special cases (i.e.,
F7 follows a gamma distribution), the optimal homogeneous operational statistic yjj, is superior to
Yo, This suggests room for improvement over the transfer-learning solutions.

We note that the transfer-learning solution, though leveraging some well-trained solution from
the old system, does not fully explore the information contained in the historical data. As a result,
a significant risk remains in transferring the oracle solution due to the limited data of the focal
system. To address this shortcoming, we, instead, utilize the ample data from the old system to
create the stochastic environment for the decision-making problem in the focal system. Once such
environment is created, we can utilize the structure of data-to-decision mapping exhibited in the
parametric ODA solution to derive an efficient solution of the focal system.

Specifically, based on our discussion in Section 3.1, the problem of the focal system with data X
boils down to deriving a statistic of the normalized data Zp = X /ix (which is a base point). In
the parametric setting (where Fz is known), the objective to derive the base operational statistic is
oBly, zp, Fz| defined in Equation (7). It is important to note that this profit function is independent
of the unknown parameter 6, and thus the optimal base operational statistic does not depend on
6. In other words, the optimal base operational statistic y;3,(2p) is the same for the old system
and the focal system. Therefore, we can seek an efficient solution of the base point zp in a generic
system with random parameter Z, instead of X.

We use the data from the old system to create the generic system. When the sample size gets
large, the normalized data Z° = X°/fixe reflect the distribution of Z very well; Recall Lemma 1.

From Equations (5) and (6), we have, for any decision y € H'} (¢, 7),

Elo[y(2), Fz]] = / o5ly(zp), 25, F7ldzs,

zgeB”

so that y(z) = (fiz)'y(zp) for z = S(zp) and zp € B". We need to estimate the profit
oBly(zB), zB, Fz] defined in Equation (7) using the simulated data.

To fully utilize the data collected from the old system, we create many problem instances from
Z° that closely mimic the decision-making problem in the focal system, instead of directly replacing
Fz by Z° to estimate the corresponding expected profit. Specifically, we randomly generate samples

of size n based on the empirical density fZ‘ zo in (14):

Z9 =(Zz9 79 70 j=1,2,... m,
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with a large m. Denote Z0 = (20 : j = 1,2,...,m), 2% = 2D /i and ZY = (295 =
1,2,...,m). Thus, each simulated sample Z () with n i.i.d. observations gives an instance of the
generic system whose random parameter follows the density fZ‘ zo. The problem of the generic
system is to make a decision with a sample size of n, the situation faced in the focal system. If we
can derive an efficient base operational statistic for the generic system, we obtain the operational
statistic of the focal system in view of Equation (9). We will discuss several ways of cross learning

using the simulated generic systems.

5.1 Cross Learning for Optimal Scaled Operational Statistics

We first develop a cross-learning solution optimized over the scaled class SC} (¢, 7). This solution
directly contrasts the transfer-learning solution, a particular element in SC’} (¢, 7). With our con-
struction of generic systems to capture the stochastic environment for the decision-making, we can
derive the optimal solution for the validating model in (20) within SC” (¢, 7), instead of scaling
a given oracle solution. Thus, the cross-learned scaled operational statistics always dominate any
transfer-learning solution with sufficiently large n°.

Note from the parametric ODA solution y&,(X) = (fix)‘ysc.[Fz], ysc.[Fz] is independent of
the data X and it corresponds to the operational statistic for any base point. Thus, for the focal
system, we look for an operational statistic of the form y(X) = (fix )"y, where 7 is the surrogate for
ysc.[Fz] and is the decision for all base points (including zp). Because the solution is the same for
samples with the same average, we can approximate the expected profit E[¢p(y(Z), Fz)] by taking
the sample average over Z0, and formulate the validating model as

m
fonselr, 20) = m(ml_l)n; 3 i) 20 (20)
£e{1,2,..., m}\j
In computing ¢20rL:SC“ we use each sample Z () in the first argument of ¥ to mimic a scenario of
implementing the scaled operational statistic for a sample of size n. All other simulated data in
Z0 are used to represent the random parameter Z in the second argument of ¢. Based on this
estimated profit, we can derive the cross-learning solution within the class of scaled operational

statistics as

yorL:sc(X) = (fx) verL:sc,

where
YorLsc, = arg max{dcrsc (1, ZV) : v € R}
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It is important to note that vcy1..9c, depends on the sample size n. Thus, the cross-learning solution
accounts for the variability across random samples of the same size n.

We may want to interpret the scaled operational statistic ycir.sc, as a boosted solution, cor-
responding to a constant-boosting parameter y(x) = v,Vx € R’ (see the discussion in Section
5.2). Specifically, consider a naive candidate solution that sets y°(x) = [ir. By applying a boosting
constant v, we obtain the scaled operational statistic. However, this candidate solution is generally
inconsistent, and boosting an inconsistent estimator does not necessarily improve performance, even
with large sample sizes. In particular, in the newsvendor model, the optimal order quantity is not
the mean demand in general. Interestingly, the scaled solution ycy1,.sc, is consistent, as established

in the following theorem. By Assumption 1, there exist a, b such that a < ¢(y,z) < b,y € Y,z € X.

Theorem 3 (Consistency of Cross-Learned Scaled Statistics) Under Assumptions 1 and 2,

if I C Ry is compact and m x n°, then for any € > 0 and a sufficiently large n°,

- 2n°e? — 4C/nCe
. 0y — () > < _
Pr { sup | donscu(1:20) ~ El ()" Z)]‘ > } <o(ew (-5 )) @V
where C > 0. In addition, if ysc,[Fz] defined in Equation (12) is unique on I", then
yorLsc () 2 v, (®), Ve € R?, as n® — oco. (22)

Furthermore, if ysc,[Fz] is an unique and interior mazimizer on T, (-, ) is continuously dif-
ferentiable with Lipschitz continuity and bounded Vi (-,x) over I' a.s., and E[¢(-, X)] is strongly

concave, then for any € > 0 and a sufficiently large n°,

Pr{ > e} < O(exp ( - 2”06;__452 ”0€)>. (23)

Theorem 3 suggests that the empirical profit ngSCYL;SCL converges uniformly in probability to the

yCrL:SCL(m) - ngL(x)

actual expected profit obtained from implementing any scaled operational statistic, as the sample
size of the old data gets large. We shall note that the convergence is in probability as the empirical
profit is computed based on data Z0, which is simulated from the empirical density fZ| zo. Given
that we are restricted to the scaled class here, the best possible solution is the parametric scaled
operational statistic y&c,, which is uniformly optimal within the scaled class. The cross-learning
solution approaches this optimal solution asymptotically, which makes an essential contrast to the
transfer-learning solutions; recall (17).

Recall from Theorem 2 that the transfer-learning solutions converge to some element within the
scaled class, but not the optimal scaled operational statistics. Thus, the cross-learned scaled oper-

ational statistic dominates any transfer-learning solution with a sufficiently large n°. Empirically,

21



Table 1 demonstrates that the profit ¥¢,1,.5c1 obtained by implementing the scaled cross-learning
solution for the newsvendor problem is significantly higher than Uy,.; obtained from any transfer-
learning solution, even though the tested n° is not very large. Moreover, the gap between Wcyr,.sc1
and the theoretical upper bound Wy; is small even with a relatively small sample (n® = 200) of the

old system, suggesting the power of cross learning.

5.2 Cross Learning Through Boosting of a Candidate Solution

The solution derived in the previous subsection is constrained within the scaled operational statis-
tics. We may seek potential improvements by expanding the solution space. One way is to boost
from some candidate policy, y¢, that is known to be consistent. Examples of y¢ include those
oracle solutions described in Section 4.1. Boosting is a widely adopted approach in statistics to
improve predictive power with limited data (see, e.g., Freund and Schapire 1997, Friedman et al.
2000, Hastie et al. 2009). In practice, a candidate solution is often chosen as one that is known to
produce reasonable performance historically. We shall also assume that y¢ satisfies Assumption 3
to ensure the consistency of the boosted solution; see Theorem 4 below.

To identify a subclass of operational statistics that goes beyond the scaled class using the candi-
date class, we recognize that a data-integrated model satisfies y(aX) = o'y(X) and Y (a'y(X), azx) =
ap(y(X),x). Therefore, we can focus on the following class of operational statistics obtained by

targeted boosting of the candidate solution y°:

Vieos(v) = {y: R = Ry, y(@) = 1@y @),y € HLO,m) | © HL(om). (24)

That is, we look for a boosting statistic vy(x) to scale the candidate solution. The boosting statistic
~ is homogeneous of degree zero to ensure that the boosted solution stays within the homogeneous
class. It is important to note that the boosted class Vg og(¥¢) is only a subset of the homogeneous
class H'} (¢, ) for finite samples. Identifying the operational statistic for the base point zp boils
down to finding the boosting value y(zp) for zp. As () is order-zero homogeneous, any sample
within the partition S(zp) should have the same boosting value; Recall Equation (7).

To compute the objective for the base operational statistic, we observe from Equation (7) that we
need to aggregate all the samples in the partition S(zp) for the base point zp. To avoid overfitting,
we cluster samples with base points that are close enough to zg, and treat these samples as if they
belong to S(zp) in computing the objective of the decision for zp. Specifically, let d(-,-) be a

distance measure and 17 > 0 be a closeness threshold. For our analysis, define z|; as the ascending

22



sequence of z such that zp;) < 2y < -+ < zp,). Then, we use the following Euclidean distance to

determine the similarity of two samples z and 2:

. 15N .
d(z, Z) = ﬁ Z (ZM - Z[i])2. (25)
=1

We cluster samples that are close enough to Zp, ie., {j : d(ZB,Zg)) < n}. An immediate
observation is that for n > 0, any simulated sample Z @) has a strictly positive probability to be

within this set, as established in the next lemma.

Lemma 2 Let Z be an i.i.d sample of size n drawn from fZ|zo defined in (14) for given Z° = z°.
Given n > 0 and zp € B", for sufficiently large n°, there exists C,, > 0 such that
Pr{d(Z C G
T iy,zg) <nt>C, ——n" .
We further note that the average of the simulated sample within the cluster converges in distri-

bution to that in partition S(zp) as the sample size in the old system gets large and the distance

threshold gets close to zero.

Lemma 3 Consider a continuous density fz and a sequence of continuous densities { fno,n° € IN}
over support Ry such that limyo_oo fre — fz almost everywhere. Let Z and Z,o be i.i.d. draws

of fz and fne, respectively, both of size n. Then, for a given zp € {z € Rl : i, = 1},

[iz,0|d(Z o /12,0, 2B) < 1] 4 iz,0|Zno/fz,, = zB], asn— 0, and

Znolfiz,. = %8| 4, [ﬂz‘Z//fLZ = zp|, as n® — oo.

fiz,,0

We would like to have n decreasing in m so that lim,, .7 = 0. Also, we would like to have
the number of samples satisfying {d(Z(j)/ﬂZ(j),zB) < n} gets large as m gets large. Then, by
Lemma 3, we can use the samples which, after normalizing, are close enough to zp to compute the
integration over S(zp) in Equation (7). Specifically, we estimate the cross-learning objective for
the base point zg as

m C ] e
Zj:lﬂ{d(zB,Zg))gn}z ie{1,2,...,n} 1/1('yy (Z(])),ZZ-())

QASCTLIC(’Y? yc(')v ZB; 7, Z()) = éfi{LQ .... i . (26)
(m =102 51 T 29 <)

The validating model finds the boosting statistic for the base point as

PYCTL:C(ZB) = argmax {éCrL:c(’}/, yc(')’ ZB;1, Z()) Y€ ]R+},
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and the cross-learning solution for the base point is

yCrL:C(ZB) = /VCrL:c(zB)yC(zB)'

Once we compute the cross-learning solution for the base point, we can project it to the observed
sample to obtain ycrL.c(€) = (fiz) YorL.c(T/fiz) as suggested by Equation (9).

We should underscore the fundamental difference between transfer learning from the oracle
solution in Section 4.2 and cross learning through targeted boosting. The transfer-learning solution
directly applies the pre-trained oracle solution of the old system to the focal system through the
common data structure (i.e., X° = 0°Z and X = 0Z). In our problem, solution transfer boils
down to scaling the oracle solution by the ratio of sample averages. In an essential contrast, cross
learning ignores any solution y° trained for the old system, but fully utilizes the data X°. The
candidate solution y¢ is trained using the data from the focal system, and the data from the old
system are used to create the generic systems. Then, the candidate solution is fine-tuned in the
generic systems.

From the example in Table 1, we observe that boosting a candidate solution trained in the focal
system reveals superior performance compared to transferring the same solution pre-trained from
the old system. More importantly, the performance is more robust with the former approach in
the sense that the variability (measured by standard deviation) is much lower and the worst case
of the resulting profit is much higher. Another experiment with a beta distribution is reported in
Online Appendix D, from which the observations are consistent.

Although the boosted class Vg og(¥°) may not contain the best homogeneous solution yj;, for
a finite n°, the performance of the cross-learning solution approaches that of the parametric ODA

solution y7;, as n° gets large.

Theorem 4 (Consistency of Cross-Learned Boosting Statistics) Under Assumptions 1 and

n

2, if T' C Ry is compact, y¢ € ’Hf(b, 7) is bounded and satisfies Assumption 3, m o (n°)", and

N X m_%, then for any € > 0 and a sufficiently large n°,

R 0,2 0
benacros(), 251, 20) = om [ (e, 2, P | 2 ef < 0 exp (- 2L TET) ) o)

(b—a)

Pr { sup
~yel'

where C' > 0. In addition, if the maximizer of ¢p [’yyc(zB),zB, FZ] s unique, then
yorne(28) 2 v, (28), as n® — oc. (28)

Furthermore, if the mazimizer of ¢p [’yyc(zB), zB,FZ] is unique and interior on T, (-, ) is con-

tinuously differentiable with Lipschitz continuity and bounded Vi (-,x) over T a.s., and E[¢)(-, X)]
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is strongly concave, then for any € > 0 and a sufficiently large n°,

Pr{ > e} < (9<exp ( - 2n°ezb—_4g2 ”%)). (29)

Similar to the scaled operational statistic, the cross-learned boosting solution is obtained by

yCI'LZC(ZB) - yifh(zB)

optimizing a subclass of the homogeneous operational statistics extended from some candidate
solution. The difference lies in the fact that the scaling parameter is independent of the individual
sample, while the boosting parameter depends on the observed sample. Thus, the variability
associated with the scaled solution is generally lower when the sample size n° in the old system is
small (e.g., n® = 200). This is evident from Table 1.

Compared to the transfer-learning solutions, the cross-learned boosting solutions exhibit two
notable features, as shown in Table 1. First, the performance of a transfer-learned solution is
directly tied to that of its corresponding directly learned candidate solution—when the candidate
solution yields low profit, the transfer-learned solution also generates a relatively low profit. In
contrast, the performance of the cross-learned boosting solution does not exhibit this relationship.
Second, the profit variation among different boosting solution is much smaller than that observed
among transfer-learning solutions or directly trained solutions. This suggests that the performance
of the boosted solution is relatively insensitive to the choice of the candidate solution. As suggested
by Theorem 4, when n° becomes sufficiently large, all boosted learning solutions get close to the

uniformly optimal solution within the homogeneous class, yy, .

5.3 Cross Learning for Optimal Homogeneous Operational Statistics

In the previous subsection, we have looked for a solution within the boosted class Vig os(¥©)
derived based on a candidate solution y°. Because the boosted class is a subset of the homogeneous
class, i.e., Yip.0s(¥®) C H' (¢, ), the best possible data-integration solution, y;j,, may be outside
of Yip.0s(¥°) with a finite n°. In this subsection, we look for optimizing the solution over the
entire homogeneous class H'} (¢, 7).

Different from the philosophy of boosting in statistics, the optimal homogeneous solution is
constructed based on the parametric ODA framework. Specifically, the key is to compute the
optimal operational statistic for the base point zp corresponding to the data X observed from the
focal system. Based on our earlier discussion, this operational statistic can be derived from the
generic system with random variable Z. For that, we need to estimate the objective in (7) of the

parametric ODA validation with a solution y(x) = (fiz)"y, where v = y(zp). Thus, the validating
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model in (26) now becomes

m ~ . Z
> et ]I{d(ZB’Zg)Sn}Z wemy ((igm), 29

(gcr H (Y, 2B; ’Z() — fne{1,2 AAAAA m¥\j . 30

The optimal base operational statistic is

yCrL:HL(ZB) = argmax {éCrL:HL(pyv ZB;1, ZO)? Y > 0}7

and the solution for the focal system is yo,r.m, () = (fie) yornm (€ / fis)-

Comparing (26) and (30), it may appear that yc,r.m, is obtained by boosting a candidate
solution y¢ = (fi)". However, this candidate solution is in general not consistent. In particular,
ordering mean demand is in general suboptimal for newsvendor model. Thus, Theorem 4 does not
apply to (30). Moreover, one may treat (20) as a special case of (30) with n — oo in the latter.
However, these two models converge to different limits with sufficiently large samples because of

the different data-integration models.

Theorem 5 (Consistency of Cross-Learned Homogeneous Statistics) Under Assumptions 1

and 2, if I' C Ry is compact, m < (n°)", and n mfi, then for any € > 0 and a sufficiently large

ne,

Pr { sup |¢crLm (v; 2831, ZV) — B[, 2B, F7]

yel’

> 6} < (’)<exp (- 2"%;_452 ”6)> (31)

where C' > 0. In addition, if yg,(x)/(fiz)" is the unique mazximizer on T', then

yorn (2B) == v, (2B), as n® — . (32)

Furthermore, if yiy, (®)/(fiz)" is a unique and interior mazimizer on I', (-, x) is continuously
differentiable with Lipschitz continuous and bounded Vi (-, x) overI" a.s., and E[¢(-, X)] is strongly

concave, then for any € > 0 and a sufficiently large n°,

Pr{ > e} < O(exp ( - 2”06;__452 ”6)> (33)

Certainly, when the data from the old system offer rich insights into the stochastic environ-

yorn(2B) — Y, (2B)

ment of the associated decision-making problem (i.e., when n° is sufficiently large), the optimal
homogeneous operational statistic is the most desired solution, as it approaches the best possible
data-integrated decision, yjj,. When the data from the old system is not too large, the simulated

samples falling into the cluster may not fully reflect the actual statistical nature of any random
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sample corresponding to the base point. In this case, the cross-learned homogeneous solution may
not exhibit superiority against other cross-learning solutions. This is because, with limited data,
a homogeneous solution may overfit, while a solution with fewer unknown parameters produces
smaller variability.

As a general observation from Table 1, the cross-learning solutions are robust in the sense that
they not only improve the transfer-learning solutions, but also produce profits with significantly
reduced variability measured by the standard deviation. As the sample size of focal system, n°, gets
large, the performance of every cross-learning solution converges to the benchmark Wy;. Among
all these solutions, the cross-learned scaled operational statistic always outperforms others because
the optimal solution within the homogeneous class is a scaled operational statistic when Z follows
a gamma distribution. Unlike boosted or homogeneous operational statistics, the optimal scaled
operational statistics can be obtained by optimizing a single parameter, vcy1.501, while fully utilizing
all data from generic systems without clustering. This approach can yield higher solution precision
compared to boosted or homogeneous statistics with limited samples. Therefore, despite being
a special case of the homogeneous class, the scaled class is interesting to study in its own right.
Certainly, with a different distribution (see the experiment on beta distribution in Online Appendix
D), other solutions can outperform the scaled operational statistics.

We remark that the key idea of cross learning is to simulate a large number m of generic
systems to effectively capture the distributional information of Fz contained in the data from the
old system. From a theoretical standpoint, ensuring the efficiency of the learning solution requires
m — oo. Empirically, however, our numerical experiments indicate that a much smaller m (e.g.,

on the order of 10,000) is sufficient to achieve substantial performance improvements.

6 Co-Learning

When there are multiple focal systems and limited data are available from each system, we may
explore the statistical similarity among the data sets. Based on such similarity, one may pool the
data among different systems to improve the quality of prediction and efficiency of decision-making.
The widely applied data pooling approach, originated from James and Stein (1961), combines the
data from different systems and aims at improving the overall performance of all systems.

The co-learning idea we propose, instead, explores the similarity of the data-to-decision struc-

ture among all systems and designs solutions that improve not only the aggregate performance

27



Table 1: Performance of Transfer/Cross-Learning Solutions Against Directly Trained Solutions

Directly Trained Solutions Transfer-Learning Solutions Cross-Learning Solutions
Ave Stdev Min Ave Stdev  Min Ave  Stdev  Min
n =5 Benchmark Wy 0.076 0.07 -2.6
n° = 200 Usaa -0.598 259 -99.1 Vnr:SAA 0.011 0.38 -16.2 U SAA 0.063  0.15 -10.1

URpevar 0159 1.82 -105.0  Unpgevar  0.034 030 -164  Vepmever  0.063 015 -10.4
Upesta 0273 214 -105.0  Upppesaa  0.027 033 <164 Ugppesa  0.057 014 -10.1
Vons 21439 519 -149.9  Unp.om 0.005 041 -163 Voo 0.063 0.15 -10.0
Uscrmmp -0.675 277 960  Unpscrmmp 0002 041 -165  Uopscrmmp 0062 015  -9.5
Uyppmp  -0.839 325 -101.0  Unpmimmp -0.001 043 -17.9  Uopmimmp 0064 014  -9.3

Yerr:sct 0.069 0.11  -44
YerLHL 0.063 0.15 -10.0
n®=1000  Wgaa -0.598 2.59  -99.1 VTr:SAA 0.033 0.27 -8.1 WerL:SAA 0.073 0.09 -3.5

URpevar 0159 1.82 -105.0  Unpgevar  0.042 024 81  Wepmevar 0074 0.09  -3.7
Upesta 0273 214 -105.0  Umppesa 0041 024 81  Ueppeswa  0.065  0.08  -3.5
Tons 1439 519 -149.9  Unp.om 0032 027 -81  VUeoms 0.074  0.09 -3.4
Uscrmmp -0.675 277 960  Unpscrmmp 0030 028 -80  Uopscimmp 0072 008  -33
Uippmp  -0.838 324 -101.1  Uppmimmp 0030 028 -82  Uopmimmp 0072 008  -32

VerLscr 0.074  0.08 -26
VoL 0.074  0.09 -3.5

n =10 Benchmark Wy 0.105 0.06 -1.4
n?=200  Wsaa 0217 131 -405  Unpsaa 0.068 022 80  VUcmLsaa 0085 0.14 -11.9

VRevar 0096 111  -51.2  Unpgevar 0080 017 -84  Uoppevar 0082 016 -14.8
Upesta  -0.253 150  -51.2  Umppesaa 0076 019 -84  Uepesa 0081 0.16 -11.9
Uons 0578 206 514  Unp.om 0.064 023 -84  Veponm 0.086 0.15 -11.7
Uscrmmp -0.251 132 -424  Unpgormmp 0063 023 -82  Uopsormmp 0085 014 -125
Uyypmp 0276 146 418  Unpmimmp 0061 024  -87  Uopmimmp 0089 012 -10.6

VerLisor 0.095 0.09 -3.5
Vo 0.086 0.15 -11.0
n°=1000 Wgaa 0217 131 -405  Uppsaa 0.087 014 -39  Uersaa 0.097 007 -1.9

URevar  -0.096 111 -51.2  Upppevar 0093 012 -39  Woppeva  0.097 008  -2.5
Uhestda 0253 150  -51.2  Wpppesa  0.092 012 -39  Uempesta 0095 008  -3.1
Yors 0578 206 514  Unp.om 0.087 014 -39  VUor.oms 0.102 007 -25
UscrEmp -0.251  1.32  -424  Unpgcremp 0086 014 -40  YcmscrEmp 0099 0.07  -2.6
Ui pmp -0.276 146 <415  Upppipmp 0086 014  -40  Uommiemp 0098 006  -1.5

Uasol 0.103 007 -1.9

VerLmt 0.102  0.07 -2.6

Notes. Z ~ Gamma(0.1,10) (implying Cv[Z] = 3.16), E[X] = 1.5, E[X°] = 15, and n = {5,10}. The profit function of the focal system is
Y (y,z) = 10 min{y, x} — 3y, and the expected profit under the parametric homogeneous solution is W = 0.076. The subscripts TrL:j and CrL:j
stand for, respectively, transfer-learning and cross-learning solutions, where j = SAA, Re-Var, Re-Std, OrS, SC1-Emp, or HI-Emp stands for the
sample-average approximation, regularization with variance, regularization with standard deviation, order statistics, scaled operational statistic
with empirical distribution, or homogeneous operational statistic with empirical distribution, respectively. The result is generated by computing

the average, standard deviation, and minimum of the actual profit ¥; out of 100, 000 randomly generated instances.

but also the individual performance. To achieve that, we recognize that for systems described

by Assumptions 1-2, the best data-integrated solution (i.e., the parametric ODA solution of the
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homogeneous class, yf;;) does not depend on the different scale parameters across the systems, but
only on the distribution of the common random factor Z, as discussed in Section 3.1. In particular,
our discussion of the parametric ODA solution (recall Equation (6)) suggests that the optimal base
operational statistic, {ygs (2B),zp € B" '}, is independent of the unknown scale parameter § and
the observed sample (when we know Fz). This property is essential for combining the data across
the systems to derive the co-learning solution.

The random variable involved in a system is of the form X = ©Z. We have data from k
systems denoted as X = {X; : j = 1,2,...,k}, where X; = (Xj.1,Xj2,...,X; ) consists of n
ii.d. observations from system j. Because we do not know the © value of any system, each Xj.;
is a realization of X. However, we know that (X, : i € {1,2,...,n}) share the same © value. To
distinguish, we denote this value by ©;, a random copy of ©, and denote Z; = X ;/©;. Then, Z;
consists of n i.i.d. copies of F.

For any n-element vector a, let ap = (a; : i = 1,2,...,n;i # £) denote the subvector excluding
the /th element. Note that X ., and X, are independent. Thus, we can use the subvector X ..,
to define the statistics and Xj., to validate. Specifically, consider implementing an operational

statistic y € Hrfr_l(L, 7). Then by Equation (3), the expected profit collected from system j is

E[0[y(Xj0), Fx]|© = ©;] = E[¢(y(X ji0), X;:0)|© = ©;] = OFE[W(Y(Z ), Zji)]- (34)

Though the value of © is different across different systems, by Equation (6), the optimal base
operational statistic {y9%(zp),zp € B" 1}, is the same regardless of the value of ©. Thus, if
y is an efficient solution for some system, then the base operational statistic is yp(X_.1/fix,) =
y(X_1)/(fux_,)" for any observed sample X_; corresponding to any ©. Thus, when data X ;._; are
observed in system j, one can simply implement (fix, ,)ys(X;.1/fix, ) = y(X;.1). In other
words, given the common data structure X = ©Z, the functional form of the decisions for all
systems should be the same.
When choosing a y € Hﬁfl(L, ), we can empirically approximate the average expected profit
obtained from k systems as
A 1 kK n
Sy().X) = > > Wy Xje). (35)

n
j=14=1

In the above calculation, we randomly pick one element from the data X; from each system
to validate an (n — 1)-dimensional operational statistic. Our goal is to identify an appropriate

operational statistic y to maximize the overall empirical profit calculated in (35). Given the limited
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data in individual systems, implementing a candidate policy y¢ (discussed in Section 4.1) for each
system can be inefficient. We look to expand the candidate policy to a class of operational statistics,
and formulate an appropriate validating model that utilizes all the available data. Two solution
approaches are discussed in the next subsections.

We note that while we assume the same sample size across all systems, our analysis can be
easily extended to scenarios where the sample size n; varies across systems. When (max;<j<pn; —
min1<j<k n;) is small, we choose ng = min{n; : j = 1,2,...,k} — 1. Define S; = {(i1,...,0n; n,) :

o ey < U2 i} ny 2 i} = 0} as the collection of all (n; — ng)-element subsets of indices
{1, 2,...,n;},and X9 = (Xj:1 € Uiojzl{io}\S) as the subset of X; excluding the elements in
S € §;. Then the empirical approximation of the expected profit from system j can be computed
as

B0 X)) = oy 30 3 (X s X))

(nj —no SES tes

Then the average profit across all systems becomes ¢(y(-), X) = z Z?Zl (;AS]- (y(+), X ;).

When (max;<;<pnj—minj<j<g n;) is large, we may choose a threshold ng and apply co-learning
only to systems with sample size above ng, while applying cross learning to those with small sample
size.

Unlike in the situation of cross learning where one can generate as many generic systems as
needed to capture the stochastic nature of the decision-making, the number of available systems k
for co-learning is fixed and limited in reality. It is thus reasonable to resort to boosting a candidate

solution.

6.1 Co-Learning with Constant Boosting from a Candidate Solution

Suppose that we are given a candidate solution y¢ € Hi_l(L, 7) (e.g., any oracle solution described
in Section 4.1). We would like to expand from this solution to a class of operational statistics, while

keeping the homogeneous property. An immediate way is constant boosting:

VegosW) ={y: R = Ry, y(@) = v(x),y € Ry } € HL ' (1,m). (36)

Because y¢ belongs to the homogeneous class, so does any element in ygg}os(yC).
Based on our discussion of the parametric ODA solution in Section 3.1, if we know Fz, then we

can solve the validation model for the constant-boosting class:
max {E[Y(vy*(X.1), X1)] : v € Ry },
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where X is a vector of ni.i.d. draws of X = ©Z for some specific draw of © = ©;. Because the form
of the optimal operational statistic is independent of individual ©;, we use (35) to approximate the

expected profit of any system. Then, the boosting constant can be computed as
YCol-CB:c = argmax {GB(VyC('),X) ty > 0} .
In this case, the co-learning operational statistic is
YCoL-CB:c(T) = YooL-cBcy’(T), T € RI.

Theorem 6 (Co-Learning Solution with Constant Boosting) Under Assumptions 1, 2 and

3, for any € > 0,

S(vy°(+), X) — E[O"|E[(vy*(Z), Z1)]| > e} < (f)<exp ( _ M))

Pr{sup b~ a?

vyel

Moreover, if E[{(vy“(Z-1), Z1)] has a unique mazimizer on~y € I, denoted by v¢,1,_op.. = argmax, g

{E[v(vy°(Z.1), Z1)]}, then
yCOL—CB:C(m) £> ’YEOL—CB:CyC(m)’ \V/l' c ]R’Zl_il, as k — oo.

Furthermore, if the maximizer of E[)(yy®(Z_1), Z1)] is unique and interior on T, ¢ (-,x) is contin-
wously differentiable with Lipschitz continuous and bounded Vi) (-,z) over I' a.s., and E[¢(-, X)] s

strongly concave, then for any e > 0,

pe{

Theorem 6 suggests that the co-learning solution with constant boosting is asymptotically

YCoL-CB:c(T) — VCoL-cB:cY (T)

=)

optimal within the class yg];}os(yC) provided that the candidate solution y¢ comes from the homo-
geneous class. We underscore that this solution achieves optimality for both the combined systems
and individual systems. This is because the way we pool the data to construct the operational
statistics accounts for the fact that parametric ODA solutions are related to the same base point,
and the base operational statistic is the same across all systems. The constant-boosting solution
utilizes the data from different systems to mimic the uncertain environment faced by any individual
system, which determines the appropriate choice of the operational statistic.

A candidate solution that is not consistent is the sample average, i.e., y°(x) = ﬁ Z?;ll z;. In

this case, the co-learning solution with constant boosting converges to the optimal scaled operational

statistic, ydq ().
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We should remark that, though the observed data contain n samples, the co-learning solution
constructed is an (n — 1)-dimensional function. For system j with sample x; € R’, we may
implement the above solution by randomly splitting the vector  into x;.., U 7., and making a
decision ycor-cB:c(€j-¢). One drawback of this approach is that when n is small, the boosting
parameter Yoor-cB:c depends heavily on n as the solution may be sensitive to how the vector is

split. Alternatively, we may compute the decision y; for system j through the equation

1 o 1< .
- Z Yy, Xj) = - ZWV@L-CB:&/ (Xje), Xjip)-
n=1 n=1

In other words, we look for a decision that leads to a sample-average profit that is equal to the
average profit derived from implementing the constant-boosting solution for the (n — 1)-element
subvectors. It is easy to see that this solution is asymptotically optimal based on Theorem 6.

The constant-boosting solution adjusts the candidate solution uniformly across all systems
through a common boosting parameter ycor-cB.c, Without exploring the differences across the
systems that may be reflected in the data X. To address such possibility, we introduce co-learning

with targeted boosting.

6.2 Co-Learning with Targeted Boosting from a Candidate Solution

The given candidate solution y¢ € Hi_l(L, 7) may not be sensitive to the distinctions among the
involved systems. In this case, forming a class of operational statistics that allows the flexibility
to distinguish the systems based on the observed data can adjust the candidate solution for better
performance. For that purpose, we can apply the targeted boosting to adjust the candidate solution
based on the sample x; observed for the individual focal system. Specifically, the boosting pa-
rameter should be an order-zero homogeneous function () so that the targeted-boosting solution
v(x;)y°(z;) is order-« homogeneous; recall the targeted-boosting class Vg og..(y¢) defined in (24).
This means that every system has its own boosting parameter v and thus a total of k£ parameters
need to be determined. As a result, the best v value is chosen for the observed sample of each indi-
vidual system, and there is no value of pooling the data. To avoid such overfitting, we cluster the
samples using the distance measure defined in (25) with a distance threshold > 0. The estimated

pooled profit for a base point zp € Rﬁfl becomes

351 21 M X, e, )<y (W (X jt), Xe)

k n
2 =1 2t=1 Vd(zp. X st /ix,, ) <n)

QECOL—TB(’% yc(')a ZB,1, X) =

9
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provided that there exists some j € {1,2,...,k} and £ € {1,2,...,n} such that d(zp, X;.¢/fix,_,) <

1. The validating model is

max {QZA)COL-TB(’%?JC('); ZB,1, X)’ry € ]R-i-} :

The co-learning operational statistic is

yCOL-TB:C(w) = ’YCOL-TB:C(aj)yC(w)a T c Rﬁ-_la

where Yoor-TB.c () = arg max{qﬁcoL (v, y°(+), ®/fiz,n,X),v € Ry }. As the operational statistic
derived is an (n — 1)-dimensional function, we can adopt the same treatment as that for constant
boosting to derive the decision for an observed sample of each system. The empirical implementa-

tion of clustering and boosting is discussed in detail in Online Appendix D.

Theorem 7 (Co-Learning Solution with Targeted Boosting) Under Assumptions 1, 2 and
3, ifn — 0 and kn"2 — o0 as k — oo (e.g., n x k_ﬁ), given any base point zg € B"!, then

for any € > 0 and a sufficiently large k,

Pr { sup dcoL-Bie(V,Y°(+), 28,71, X) — E[0"65 vy (28), 28, Fz]| > 6}
ye
2k 22 — AC\/kn"2e
< of en (- G

Moreover, if ¢plvy°(2B), 2B, Fz] has a unique mazimizer on v € T', denoted by V¢ 1p.c =

argmax,~o{6p[vy°(2B), 2B, Fz|}, then
yCOL—TBIC(m) £> VEOL—TB:cyC(w% Ve € Ri_17 as k — oo.

Furthermore, if the mazimizer of ¢p[vy(2B), zB, Fz] is unique and interior on T, (-, x) is con-
tinuously differentiable with Lipschitz continuity and bounded Vi (-,x) over I' a.s., and E[1)(-, X)]

is strongly concave, then for any € > 0 and a sufficiently large k,
2kn"2e? — AC k2
Pr{ e}g(’)(exp( Cvkn 6)), VcceRi_l.

(b—a)?
To ensure the asymptotic optimality of the co-learning solution with targeted boosting, we need

YCoL-TB:c(T) — VCoL-TB:c¥ (%) | >

to appropriately choose the clustering threshold. One way is to set n =1/ kﬁ, with which n — 0
and k:n”‘Q = k:ﬁ — 00. With this n value, the targeted-boosting statistic ycoL-TB:.c achieves
asymptotic optimality for the combined systems and the individual systems.

We demonstrate the empirical performance of the co-learning solutions in Table 2. It is clear

that co-learning can significantly improve the profit compared with directly training individual
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Table 2: Performance of Co-Learning Solutions Against Directly Trained Solutions

Directly Trained Solutions Constant-Boosting Solutions Targeted-Boosting Solutions
Ave Stdev  Min Ave Stdev  Min Ave Stdev  Min
n=>5 Benchmark Wy 0.076 0.03 -0.3
k=20 Wsaa -0.608 0.80 -15.8 W ColL-CB:SAA 0.012 0.15 -7.3 W CoL-TB:SAA 0.010 0.14 -7.3

URevar <0181 0.61 -155  UooLcBRevar  -0.012 020 -80  WeoLtBRevar  -0.006  0.19 -8.0
Upesa  -0284 066 -152  VeoLcpmesa 0001 013 71 UeopTmresa  0.004 012 -7.1
Vons S1461 162 -29.9 Voo cmons 0.036 007 -33  UcoLTB:OrS 0.031 007 -3.3
UsorEmp -0.689 088 -154  WeoropsciEmp 0018 011 -54  WourTRsoLEmp 0.016 011 -5.4
Uipmp <0824 101 -21.0  Weorcpmimmp 0016 013 6.6  Ueorrtmmipmp 0013 012 -5.8

W oL-CBSC1 0.057  0.06 -1.6  WoeLrpm 0.051  0.06 -1.6

Benchmark Wy 0.076 0.01 0.1
k =500 Usaa -0.616  0.17 -1.8 W CoL-CB:SAA 0.045 0.01 0.0 W CoL-TB:SAA 0.045 0.01 0.0

URevar  -0.184 012  -14  WeorcBRevar 0022 001 -0.1  WoTBRevar  0.026 001 -0.1
UResta  -0290 014 -1.6  WeoncpResta 0020 0.00 0.0  WeuTmResa  0.024  0.00 0.0
Vons 21473 033 3.7 Uoenomors 0.049 001 00 Voo TB:0rS 0.050  0.01 0.0
Uscrpmp -0.698 021 20  Weorcmsorgmp 0045 001 0.0  Weormmsciemp 0.047 001 0.0
Unipmp <0834 021 22 WeopopmiEmp 0045 001 0.0 Vo TmmLEmp 0.047 001 0.0

W oL-CBSC1 0075 001 00 Yoot 0.075 001 0.0

n =10 Benchmark Wy 0.105 0.03 -0.1

k=20 Tgan 0216 041 83  Ueol.cBSAA 0037 008 -38  UgoL.TBSAA 0.040 007 -38
URevar  -0.109 036 -84  WeolcBRevar 0026 010 -40  WeoltmRevar  0.031 009 -3.2

Upesa 0158 038 -84  WUeoLcmmesea 0015 010 -49  WeonTpresa 0018  0.09 -4.9

Tors 0582 0.66 -104  Teol-cpiors 0049 008 -26  VeoLTB:OS 0.052 007 -26

UsorEmp -0.258 042 <75  Ueorcmscipmp 0.043 007 22  Uconrpsormmp 0046 007 -22

Uimmp 0275 046 -85  UeoLcpmipmp 0.040  0.07 -3.2  Ueourpmimmp 0043 007 -32

VoL CBSCI 0093 004 -07  VeoLrpan 0089 004 -0.7

Benchmark Wy 0.105 0.01 0.1

k =500 Usaa -0.216  0.08 -0.9 W(Col-CB:SAA 0.052 0.01 0.0 Vol TB:SAA 0.055 0.01 0.0
URe-Var -0.108  0.07  -0.7 W (oL-CB:Re-Var 0.044 0.01 0.0 W CoL-TB:Re-Var 0.048 0.01 0.0
VRe-Std -0.158  0.08 -0.8 W (CoL-CB:Re-Std 0.036 0.01 0.0 W CoL-TB:Re-Std 0.038 0.01 0.0
Yors -0.582  0.13 -1.4 W CoL-CB:OrS 0.068 0.01 0.0 W CoL-TB:OrS 0.070 0.01 0.0
UsC1-Emp -0.258  0.10  -0.9 U OoL-CB:SC1-Emp ~ 0.059 0.01 0.0 U CoL-TB:SC1-Emp  0.061 0.01 0.0
UHiEmp -0.274  0.09 -1.0 YeoL-CB:HI-Emp ~ 0.056 0.01 0.0 YeoL-TB:HI-Emp  0.059 0.01 0.0

VY OoL-CB:SC1 0.105 0.01 0.1 VU oL-TBHI 0.104 0.01 0.1

Notes. Z ~ Gamma(0.1,10) (implying Cv[Z] = 3.16), © ~ 1.5 X Ezp(1), and n = {5,10}. The profit function is ¥ (y,z) = 10 min{y,z} — 3y.
The average profits over k systems Wcoop-TB:; and YooL-cB:; are derived from, respectively, constant-boosting and targeted-boosting candidate
solution j, where j = SAA, Re-Var, Re-Std, OrS, SC1-Emp, or HI-Emp stands for the sample-average approximation, regularization with variance,
regularization with standard deviation, order statistics, scaled operational statistic with empirical distribution, or homogeneous operational statistic
with empirical distribution, respectively. The result is generated by computing the average, standard deviation, and minimum of W; out of 30, 000

randomly generated problem instances.

systems with their own data, even when the number of systems is small (i.e., k& = 20). Moreover,
with the same candidate solution, constant boosting may outperform targeted boosting with a
small k. When pooling a large number of systems (i.e., & = 500), however, targeted boosting

may improve the solution quality over constant boosting. This is because only a single parameter
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YCoL-CB:c 18 optimized in constant boosting, while the boosting parameter voor, B¢ (+) is a function
of the base point Zp in targeted boosting. Constant boosting avoids overfitting with a small k,
while targeted boosting offers additional flexibility with a large k. This observation underscores
the balance between data integration (specifying the class of operational statistics) and solution
validation (using the available data) in designing the ODA framework. Similar observations are
obtained in systems with a beta distribution as shown in Online Appendix D. Overall, to maximize
average profit, co-learning constant-boosting solution with sample average could outperform other
solutions when k£ is small, while co-learning targeted boosting solution with sample average could

outperform others when k is large except for gamma distributions.

7 Concluding Remarks

We design solutions to facilitate learning across systems under the Operational Data Analytics
(ODA) framework. As an essential departure from the existing transfer learning and data pooling
approaches, the ODA learning solutions developed in this paper utilize the structural relationship
between the data and the theoretically optimal solution for the focal system, and reduces the
optimality gap by appropriately using the data from other related systems. Specifically, when
a well-trained model is available from a relevant system, the traditional transfer learning would
directly fine-tune the pre-trained solution to fit the focal system with the limited data utilizing the
similarity of the data from the systems. The ODA cross-learning approach we propose, in contrast,
would mimic the environment of the focal system using the data from the related system, so that
we can better understand how the focal system should react to the uncertainties faced in deriving
a solution. The traditional data pooling approach would focus on exploring the common statistical
features of different systems to improve the aggregate system performance when combining the
data sets across the systems. The ODA co-learning approach we propose, in distinction, would
identify the common structure of the solution-to-data mapping across the systems to maximize not
only the aggregate system performance but also the individual system performance. All in all, the
development of ODA learning solutions rely heavily on our understanding of the parametric ODA
solutions, and aims toward supplementing the lack of statistical characterization with the data from
related systems to approach the parametric ODA solutions. We establish asymptotic optimality of
the developed solutions and demonstrate their superior performance when the sample size of the

focal system is extremely small.
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In this study, we explore systems whose uncertainties are represented through scaling a common
random parameter. One may deploy the development here to explore other common structures
among related systems. For example, Feng et al. (2025) derive the parametric ODA solution
for distribution families with unknown shift. Our analysis can be directly adapted to develop
the cross-learning and co-learning solutions for the corresponding nonparametric setting when the
demands across systems vary by their shifts. Further developments are needed to extend the
learning solutions to discontinuous demand functions (den Boer and Keskin 2020). In addition,
the design of solutions for dynamic decision-making requires careful evaluation to avoid the risks
associated with incomplete learning (Keskin and Zeevi 2018). Recognizing the connection of the
homogeneous property to Euler’s equation, one may extend the analysis for systems involving
multiple decisions (Feng and Shanthikumar 2023).

Our analysis establishes the theoretical foundation for cross learning and co-learning within
a common distribution family, thereby providing a stepping stone toward extending such learn-
ing to similar but non-identical distribution families. However, quantifying “similarity” between
distributions is nontrivial. The appropriate metric and clustering technique (e.g., Keskin et al.
2024) should be selected in accordance with the specific learning approach applied to the pooled
data. Further theoretical development is needed to characterize the trade-off between the benefits
of data pooling and the potential noise or bias introduced by combining data from heterogeneous

distribution families.
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