This is the Pre-Published Version.

This is the accepted version of the work. The final published article is available at https://doi.org/10.1139/cgj-2024-0612.

—

10
11

12
13

Novel erosion law based on CFD-DEM simulations and its application

in hydromechanical modeling of gap-graded soils
Chuang ZHOU?®®, Jiangu QIAN? , Zhen-Yu YIN®", Jie YANG®

Affiliations

# Department of Geotechnical Engineering, College of Civil Engineering, Tongji University,
Shanghai 200092, China

®Department of Civil and Environmental Engineering, The Hong Kong Polytechnic University,
Hung Hom, Kowloon, Hong Kong 999077, China

¢ College of Civil and Transportation Engineering, Shenzhen University, Shenzhen 518060,
China

*Corresponding  author: Dr.  Zhen-Yu Yin, Tel:+852 3400 8470; Email:

zhenyu.yin@polyu.edu.hk



14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

Abstract: This paper develops a novel erosion law that incorporates the influence of stress
state into the mass exchange between the liquid and solid phases for suffusion, using the
coupled computational fluid dynamics and the discrete element method (CFD-DEM)
simulations. To achieve this, a series of CFD-DEM simulation tests are conducted on gap-
graded soil samples, followed by the derivation of a new erosion law that considers the
influence of seepage velocity and mechanical conditions. The proposed erosion law is then
integrated into a four-constituent framework to enable hydromechanical modeling.
Furthermore, a fines-dependent constitutive model based on the critical state concept is
implemented to account for the influence of suffusion on the mechanical behavior of the soil.
The new model is assessed through a series of laboratory hydromechanical tests, yielding
satisfactory estimation results. Subsequently, the model is utilized to investigate the influence
of soil initial state, including void ratio, friction angle, fine content, and size ratio, on the
evolution of erosion. Finally, the mechanical behavior of soils before and after suffusion is
modeled using the proposed framework. The results demonstrate that the CFD-DEM-based
erosion law, as well as the hydromechanical model, effectively capture the main characteristics
of soils subjected to suffusion.

Keywords: suffusion; CFD-DEM; hydromechanical modeling; erosion law; gap-graded soil
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1 Introduction

Suffusion refers to the migration and transportation of fine particles through the void
matrix formed by coarse particles in gap-graded or internally unstable soils, driven by the
seepage of water (Bendahmane et al. 2008, Wan and Fell 2008, Fell and Fry 2013). This
phenomenon leads to a redistribution of the soil's pore structure, which significantly impacts
both hydraulic and mechanical behavior, thereby influencing soil stability, leading to natural
hazards. The occurrence of suffusion has also been linked to numerous damages and failures
observed in hydraulic earth structures, making it an area of great academic interest (Xiong et
al. 2020, Qian et al. 2021, Wang et al. 2022a, Zhou et al. 2023b). However, achieving a
comprehensive understanding of suffusion poses significant challenges due to its involvement
of multiple phases (solid soils and liquid water) and fields (hydraulic and mechanical). To
address this, the development of a solid-liquid-hydro-mechanical model for suffusion is crucial.
Such a model would enable a thorough comprehension of suffusion, facilitating its mitigation
and prevention (Chen et al. 2021).

With the aid of advanced numerical techniques, the coupled Computational Fluid
Dynamics (CFD) and Discrete Element Method (DEM) have emerged as prominent approaches
extensively employed in suffusion research (Hu et al. 2019, Liu et al. 2020, Xiong et al. 2021,
Wang et al. 2022a). This coupled method allows for the consideration of discrete characteristics
inherent to sandy soils while explicitly accounting for solid-liquid interactions through
interphase forces. Moreover, DEM serves as a powerful tool for tracking individual particles,

providing insights into the microscopic interparticle contact forces that pose challenges in
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experimental quantification. For instance, Zhou et al. (Zhou et al. 2022, 2023b) employed
CFD-DEM to construct a comprehensive set of Representative Volume Element (RVE) samples.
Through systematic analysis, they investigated the impact of particle morphology and cyclic
loading on the progressive development of suffusion. While the CFD-DEM approach has made
significant advancements, it is important to note that existing studies have primarily focused
on small-scale specimens due to the high computational demands involved. Striking a balance
between the number of particles and fluid mesh size is crucial to ensure computational
feasibility, which may result in certain discrepancies from real-world conditions. For example,
in a validation test conducted by Liu et al. (Liu et al. 2021) using CFD-DEM, the simulated
results exhibited good agreement with experimental trends but displayed some discrepancies
in finer details, such as the critical hydraulic gradient. These discrepancies can be attributed to
simplifications in particle gradation, sample size, and simulation time within the numerical
model. To enable the study of suffusion in larger-scale scenarios, such as dams and tunnels,
researchers have developed the four-constituent model within a continuous medium framework
(de Boer 2000, Uzuoka and Borja 2012, Schaufler et al. 2013). This model conveniently
integrates with the finite element method for solving boundary value problems (BVP) (Yang et
al. 2020, Yin et al. 2020). In this approach, the loss of fine particles is accounted for through
solid and fluid mass exchange. The progression of suffusion is estimated by solving a series of
mass balance equations. However, to solve these governing equations, an erosion law that
describes the rate of mass exchange between different phases becomes necessary.

To date, considerable efforts have been dedicated to the development of appropriate
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erosion laws (Azadbakht et al. 2020, Deng et al. 2023). Many of these laws are derived from
empirical formulas based on experimental observations (Sterpi 2003, Cividini et al. 2009,
Uzuoka et al. 2012, Khalil et al. 2013). For example, Sterpi (Sterpi 2003) established a
relationship between the eroded fines and the hydraulic gradient, as well as erosion time. Liang
(Liang et al. 2019) applied this model to their experiments and found satisfactory results for
specific cases. However, the model failed to provide accurate predictions for different hydraulic
conditions when using constant material parameters. Uzuoka et al.(Uzuoka et al. 2012)
considered soil porosity and fine content, proposing a relationship between erosion rate and
fluid velocity. Nonetheless, this erosion law still exhibits a significant limitation as it does not
account for the influence of soil stress state on suffusion. Both numerical and experimental
studies have revealed that the development of fine particle erosion is governed by the stress
state of the soil. Chang et al. (Chang and Zhang 2013a) and Zhou et al. (Zhou et al. 2022)
reported that deviatoric stress can induce fabric anisotropy, exacerbating particle loss.
Furthermore, Liu et al. (Liu et al. 2020) discovered that the mass loss of samples under different
confining pressures (mean stress) varies. Unfortunately, there is currently no erosion model
that adequately considers the influence of soil stress conditions, which poses a hindrance to
hydro-mechanical modeling of suffusion. It is worth noting that Deng et al (Deng et al. 2023)
recently proposed an erosion law that incorporates surcharge pressure, but the inclusion of
mean stress and deviatoric stress, which are commonly encountered in soil testing, has not yet
been addressed. Therefore, there is an urgent need for further research to develop a new erosion

law that encompasses the soil stress state.
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This study aims to propose a novel erosion law that facilitates the hydro-mechanical
modeling of suffusion within the framework of the four-phase continuum theory. Notably, the
erosion law is derived from the results of CFD-DEM simulations rather than physical
experiments. This is because, the numerical method is efficient and can pay less effort in labour,
meanwhile it can achieve similar results to tests. In addition, it’s more convenient for CFD-
DEM to establish samples under different mean stress and the deviatoric stress, so that an
erosion law that considers both the complex stress state, as well as the fluid velocity can be
determined. The newly proposed model, as well as the hydro-mechanical framework is
validated by a series of laboratory experiments, demonstrating good agreement and indicating

their effectiveness in simulating suffusion in gap-graded soils.

2 CFD-DEM simulations and novel erosion law

The coupled CFD-DEM method is implemented through the integration of three modules,
i.e., DEM, CFD, and the CFD-DEM coupling packages (Kloss et al. 2012). The DEM package
is responsible for solving the governing equations of Newton's motion law, allowing for the
determination of particle velocities, positions, and contact forces (Cundall and Strack 1979).
On the other hand, the CFD package serves as the solver for the averaged Navier-Stokes
equations, providing fluid pressure and velocity values for each discretized cell in an Eulerian
manner. The interactions between the solid and fluid phases, such as drag forces and pressure
gradient forces, are obtained through the coupling of the CFD and DEM codes. For the sake of
simplicity, the respective governing equations (Zhao and Shan 2013, Hu et al. 2023) for the

different packages are summarized in Appendix A.
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2.1 Testing soils and schemes

The gap-graded soil used in this study is based on HK-CDG mixtures, consisting of
decomposed granite and sand, as employed in previous experiments (Chang and Zhang 2013a,
Xu et al. 2022). As is shown in Fig. 1, the fine content of HK-CDG is evaluated as 35%. The
particle sizes range from 0.09 to 0.15 mm for the fine particles and from 1.5 to 5 mm for the
coarse particles. To accommodate computational limitations, a narrower range of grain
diameters is selected and utilized in the CFD-DEM simulations. Following the approach of Liu
et al. (Liu et al. 2021), the simplified soil retains the same fine content, with a constant fine
particle size of 0.2 mm and coarse particle size of 1.2 mm, resulting in a gap ratio (defined as
the size ratio between coarse and fine particles) of 6. The numerical samples are represented as
cuboids composed of ideal spherical particles. To compensate for the discrepancies caused by
the shape simplification, a rolling resistance model is introduced (Ai et al. 2011, Wensrich and
Katterfeld 2012). As shown in Fig. 2, the sample is enclosed by six rigid walls. During suffusion,
the top wall is replaced by a filter with holes that only allows the passage of fine particles. The
seepage direction is set as upward to eliminate the influence of downward gravity (Xiong et al.
2020, Zhou et al. 2023a). The CFD domain has a larger length than the DEM domain to ensure
that all particles are covered by the fluid. Other key input parameters, such as friction
coefficient, Young's modulus, and timestep, are referenced from similar studies (Qian et al.

2021, Wang et al. 2022b, Xiong et al. 2022), as listed in Table 1.
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Table. 1 Summary of model parameters

Model parameters

DEM Young’s modules, £ 5x107
Poisson’s ratio, u 0.3
Friction coefficient, u, 0.3
Rolling friction coefficient, . 0.1

Time step (s) 2x1077

Density, p, (kg/m?) 2.65x10°
CFD Fluid viscosity, v (Pa-s) 1x107
Density, p, (kg/m®) 1x10°
Cells (mm) 1.2x1.2x1.2
Time step (s) 2x107°

The objective of this study is to investigate the influence of seepage velocity, confining
pressure (mean stress) and stress ratio on solid-liquid mass exchange. To achieve this, a total
of 11 samples are established with varying hydraulic gradients (i =2,3,4,6,8,12m/m ), mean
stresses ( p =50,100,150,200kPa ) and stress ratios (n=¢q/ p=0,0.3,0.5,0.75 ,where ¢q is
deviatoric stress) are established. The details of these samples are provided in Table. 2. The
simulation procedure involves initially compressing the samples to the predetermined pressure
using the wall. Subsequently, upward flow is induced by creating a pressure difference between
the inlet and outlet of the CFD domain. Throughout the suffusion process, the stress on the wall
remains constant. Fine particles are carried and migrate within the soil matrix, and once a
particle passes through the filter, it is removed from the simulation by the DEM domain to
simulate mass loss. The simulation time is determined based on the criterion that no further
loss of fines occurs. However, slight differences in simulation time may arise due to different

stress conditions, ranging from 8.5 to 12.5 seconds.
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Table. 2 Summary of model parameters

i p n Initial void Initial hydraulic Simulation
(m/m)  (kPa) (g/p) ratio e conductivity ko (cm/s) time (s)
1 2 50 0 8.5
2 3 50 0 8.5
3 4 50 0 . 8.5
A g s 0 0.335 2.10x10 85
5 12 50 0 8.5
6 4 100 0 0.332 2.11x107° 8.5
7 4 150 0 0.328 2.11x107° 8.5
8 4 200 0 0.326 2.16x107° 8.5
9 4 50 0.3 0.321 2.06x107° 8.5
10 4 50 0.5 0.325 2.05%x107 12
11 4 50 0.75 0.335 2.12x107° 12.5

2.2 Results of the fines mass loss

Fig. 3 shows the percentage of fines mass loss m,, which is given by the ratio of the
cumulative lost mass and the initial fines mass. Generally, the evolution of mass loss shows an
initial high rate, followed by a decrease with increasing suffusion time, and eventually reaching
a steady state where the loss of fine particles becomes negligible. These numerical results align
well with observations from physical experiments (Marot et al. 2012, Chang and Zhang 2013b,
Ke and Takahashi 2014a). As the hydraulic gradient (seepage velocity) increases, the fluid
exerts a stronger drag force on fines, facilitating particle transportation and resulting in
increased fines loss. It is noteworthy that the relationship between the maximum mass loss ratio
and seepage velocity exhibits significant nonlinearity. Specifically, when the hydraulic gradient
is below 2m/m, the specimen does not exhibit visible fines loss. As the hydraulic gradient
increases to 3m/m, the mass loss slightly increases. However, when the hydraulic gradient is
increased from 3 to 4m/m, the mass loss significantly increases. Subsequently, when the

hydraulic gradient is increased from 4 to 12m/m, the increase in mass loss becomes very limited.

10



174  Laboratory experiments (Chang and Zhang 2013a) have also confirmed such nonlinear
175  behavior. On the other hand, an increase in mean stress enhances particle connection, thereby
176  increasing erosion resistance and decreasing mass loss. Conversely, the presence of deviatoric
177  stress leads to an anisotropic distribution of contact forces, increasing the likelihood of particle

178  migration and resulting in more fines loss (Zhou et al. 2022, Liu et al. 2023).
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179 Fig. 3 Fine particle mass loss ratio for samples under different conditions: (a)confining pressure; (b)
180 hydraulic gradient; (c) stress ratio
181 2.3 Novel erosion model
182 To derive the erosion law in the following section, which describes the rate of volumetric

183  mass loss exchange from fine particles to the fluid, a cumulative mass equation is first
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introduced. Based on the observations from Fig. 3, it is evident that the evolution of the mass
loss ratio follows the patterns of exponential functions. Therefore, the following exponential
formula is proposed:

m, = m,[1—exp(~=Avi(p/ p,,)'1)] (1)
where m,is the mass loss ratio, and v, denotes the seepage velocity. p and p,, are the
mean stress and reference stress, respectively. In this study, the p,,, is uniformly specified as
50kPa. ¢ 1is the suffusion time. A,a,b are soil-related material parameters. m_ is the

maximum mass loss ratio when seepage erosion stabilizes. It is a function of seepage velocity,

mean stress and stress ratio, given as:

exp(k,p/ p,, +k,(n/M,))
I+exp(k; (v, —v,.))

moo(vf’pﬂ 77) = mO

(2)

where M, is the soil peak stress ratio (according to the DEM triaxial results, the peak stress
ratio for HK-CDG is determined as 0.35 in this study), and v, is a critical seepage velocity.
my,k,,k,,k,,c are fitting parameters. Eqn.(2) indicates that for a given confining pressure and

stress ratio, as the seepage velocity increases, m_ approaches m, , and the mass loss does not

increase infinitely. This is because, based on the tests conducted, there is always a portion of
fines that remains in the soil regardless of the level of hydraulic gradient. All the unknown
parameters in Eqn.(3) can be calibrated by fitting the data of the ultimate mass loss ratio m,,
under different test conditions. Fig. 4 presents the fitting results of Eqn.(2), and the calibrated
parameters are listed in Table.3. Once the Eqn (2) is determined, it can be substituted into Eqn

(1), allowing the unknown parameters in Eqn (1) to be calibrated using the time evolution curve

of the mass loss ratio obtained from CFD-DEM, as shown in Fig. 5. From the fitting curves in

12
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Fig. 4 and Fig. 5, it can be found that the proposed mass loss ratio formula can well correspond

to the results from CFD-DEM simualtions for most cases.
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209
210 Table. 3 Parameters of the mass loss ratio model.
v 4 pre
Soil yl a b ¢ m, k, k,  k g !
(cm/s) (kPa)
HK-CDG in this study 1785 0.75 02 1 187 -0.15 04 83 0.8 50
Liang et al. (Liang et
32 .5 -04 1 17 0.12 098 -20 0 20
al. 2017)
211
212 To further validate the effectiveness of the model, the calculated results are compared with

213 experiments conducted by Liang et al.(Liang et al. 2017) using gap-graded soils (as illustrated

214  in Fig. 6). The mean stress and deviatoric stress in the experiments were applied using
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confining and vertical loading systems, thus soil with different initial stress states could be
obtained. Subsequently, the samples were subjected to an upward seepage flow through a water
supply system. By adjusting the height of the upstream water tank, various hydraulic gradients
could be imposed. For the purpose of validation, three samples, featuring different hydraulic
gradients, mean stresses, and stress ratios were selected from the experiments. It’s noticed that
in Egs.(1)-(2), the seepage velocity of the specimen during suffusion is required. However,
Liang et al. (Liang et al. 2017) did not provide the complete variation of seepage velocity, but
only the final hydraulic gradient. Therefore, it is assumed that the flow velocity (v, ) remains
constant and satisfies Darcy's law to obtain the required velocity for calculations based on the
permeability coefficient provided in their study. Additionally, the model also requires the value
of the maximum stress ratio M ,, which was also not provided in their experiments. Hence, it
is assumed that its value is 1. It is important to note that these assumptions do not affect the
correctness of the model; they only impact the calibration of parameter magnitudes. If an
accurate value for M, is available for the specimen, only the magnitude of the parameter
needs to be adjusted accordingly.

Three groups of results with different hydraulic gradients, mean stresses, and stress ratios
were selected and plotted in Fig. 7, where the dashed lines represent the predicted results from
Egs (1)- (2). The parameter values used in the calculations are shown in Table. 3. It can be
observed that the proposed model successfully reproduces the main evolution of the

experiments, indicating its effectiveness in capturing the suffusion process in gap-graded soils.
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3 Hydromechanical framework for gap-graded soils

3.1 Four constituents model

The soil undergoing suffusion can be considered as a saturated soil. In previous studies,
saturated soil has often been treated as a two-phase medium consisting of fluid and soil skeleton.
However, erodible soils typically consist of coarse and fine particles. In this case, the fine
particles can migrate within the pores with infiltrating water flow, while the coarse particles,
serving as the soil skeleton, cannot be transported. Therefore, treating the soil as a two-phase

medium fails to distinguish between the various modes of particle movement during erosion,

16



247  specifically for coarse and fine particles. Recently, Schaufler et al. (Schaufler et al. 2013)
248  proposed a more detailed distinction within the solid phase of saturated soil, separating it into
249  the soil skeleton composed of coarse particles, fluid-like fines, and solid-like fines. As shown
250  in Fig. 8, in a representative elementary volume (REV) of saturated soil, the volume of solid
251  (dV) consists of four constituents: pure fluid (#” ), eroded fluidized fine particles (n”, fluid-
252  like), non-eroded erodible fine particles (#*, solid-like), and the coarse skeleton (#*). The
253  volume fraction of each constituent is determined as follows:

4
v

3)
254  where i={ff,se,ss, fp}, V' isthe volume of each corresponding constituent. Then the mass
255  balance equations for these four constituents can be derived, as shown in Eqs (4)-(7). The

256  detailed derivation can be found in the studies by Schaufler et al. (Schaufler et al. 2013) and

257  Yang et al. (Yang et al. 2019, 2020).

Fluidized fines
liquid nss nse
Erodible fines
Pure water |
e
Coarse skeleton [© solid
(@) (b) ©

258 Fig. 8 Simplified modeling of saturated soils: (a) Mesoscale REV; (b) two-constituents continuum model;

259 (c¢) four-constituents continuum model

260

—8—+div(vs)—div(¢vs)=ﬁ (4)
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o(f) o(/9)

o o +div(fv,)—div(fgv,)=n (5)
% +div(cq,, )+div(cpv,)=-n (6)
div(q,, )+div(v,)=0 (7)

where “div” is the divergence operator. ¢,c, and f, are the porosity, concentration of the
fluidized floating fines, and erodible fines content, respectively. 7 is the volume exchange
rate, describing the transformation from erodible fines to the fluidized fines, which is

introduced in the following section. v denotes the soil skeleton velocity. q,, is the total

discharge of the pore fluid. The porous flow is assumed to be governed by Darcy’s law,

therefore q, can be explicitly given by pore pressure p, :

k
q, =——=——grad(p,) (8)

where £k ( fos ¢) denotes the intrinsic permeability of the medium, 7, is is the kinematic
viscosity of the fluid, p(c) is the density of the mixture defined as:

p=cp,+(-c)p, )
where p and p, are the densities of solid and fluid, respectively. By specifying an appropriate
erosion rate model 7, the system of partial differential equations can be solved.

3.2 Implementation of erosion law

The volume exchange rate 7 in Eqs (4)-(7), also known as the erosion law, represents

the rate at which fine particles are eroded. It can be derived from the mass loss ratio m, . Taking
the derivative of Eqn.(1) yields:
om,

? = ﬂ’v}z' (p / prg/ )b moo exp(_ﬂ’v‘; (p / prf;/ )b t) = ﬂ’vl/l (p / pref)b (moo _me) (1 0)
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Then, based on the definition of the mass loss ratio, which is the ratio between the eroded

fines mass Am, and the initial fines massm ,,, m, can be rewritten as follows:

e

o, =Amf _ Am, _ Am,/p, AV,

. =
me mO c0 mOﬁO /ps I/Of‘cO

(11)

where my is the initial total mass of soil, f,,is the initial fine content. p,is the soil density.
AV, and ¥, denotes the cumulative volume of eroded fines and initial volume of soil,

respectively. Similarly, differentiating Eqn. (9) yields:

om, 1 OV, IV,)

o f, o (12)

A

oAV, 1V,
Submitting 7= u

into Eqn.(10), the volume exchange rate can be expressed

by:

=25 (p/ Py (m, ~m) [, (13)
where m_ is the final mass loss ratio, given by Eqn.(2). (m_, —m,) denotes the residual fraction
of the erodible fines.

Several researchers have proposed different erosion laws based on experimental results
(Vardoulakis et al. 1996, Reddi et al. 2000, Steeb et al. 2007, Schaufler et al. 2013, Yin et al.
2020). However, these criteria often only consider erosion in relation to hydraulic gradient or
seepage velocity. Nevertheless, both physical experiments (Chang and Zhang 2011, Chen and
Zhang 2021) and numerical results (Liu et al. 2023) have demonstrated that the erosion law is
also closely related to the stress state of the soil. In comparison to existing criteria, the newly
proposed law (Eqn.(11) and Eqn. (2)) not only takes into account the seepage velocity but also

incorporates the influence of mean stress p and stress ratio 17 (g/ p). Consequently, it
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provides a foundation for establishing a hydromechanical model that considers the suffusion
process.
3.3 Critical state-based and fines-dependent mechanical model

In order to realise the hydromechanical modeling for suffusion, an appropriate mechanical
constitutive model is of great importance. Yang et al.[19] pointed out that the influence of
erosion on mechanical responses includes two aspects: first, the decrease of particles reduces
the soil shear stiffness, leading to an increase in deformation of the granular assembly. Second,
soil friction properties, for example, sliding resistance, can be changed due to erosion.
Therefore, an exponential constitutive function proposed by Yin et al. [47,48], which integrates
the effect of nonlinear elasticity, nonlinear stress dilatancy, critical state concept and
interlocking effect is introduced in this study to characterize the mechanical properties of
granular materials. A brief introduction to this model is presented in Appendix B, and more
details can be found in (Jin et al. 2017, Yin et al. 2018, Wu 2019). The constitutive equations

under axisymmetric triaxial conditions can be written as:

op= K{é‘gv — 4, (Mpt —%] 5gd[1—exp(—dn)]} (14)
5q=3Goe,| 1-—L— |+ L sp (15)
pM, ) p

where K and G denote the bulk moduli and shear moduli, respectively. ds, and Jg, are

volumetric and shear strain. M _ is the slope of the phase transformation line. 4, and d are

the stress-dilatancy parameters.

It’s also worth noting that when fine particles within the soil are eroded, the porosity as
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well as fine content vary correspondingly. Studies have illustrated that the mechanical response
of gap-graded soils is highly dependent on fine content (Yin et al. 2014, 2016). In order to
correctly reflect the mechanical variation induced by erosion, the above model can further be
enhanced. Yin et al.(Yin et al. 2014) studied the behavior of sand-silt mixtures with varying
fines content, and pointed out that fines content induces the motion of critical state line (CSL)

in e—log p (Changand Yin 2011, Xiong et al. 2020) of the soil mixtures. They concluded the

critical model as:

4
ec = ecrO _g[ij (16)

€0 = [ehc,cro (1 - fc ) + mlfc] 1-tanh I:é/z(fc - fth ):I

-7 Y1+ tanh[ (£~ £,)] {17)
(R,)" :

where e, isthe critical state void ratio. p,, is atmospheric pressure. e, is the reference

€ cro {-fc +

critical void ratio at extremely low confining pressure. f, is the threshold fines content from
the coarse grains skeleton to the fine grains skeleton. ¢ and & are the material parameters
determining the non-linearity of the CSL.e¢, ., and e, ., are the reference critical void
ratios for the pure sand ( f, =0) and the pure silt ( f, =100), respectively. R, is the ratio of
the mean size of coarse particle and the mean size of fine particle. ¢ controls the transition
zone between the sandy silt and the silty sand. m, and m, are material constants.

Through the aforementioned model, it can be observed that, on one hand, the variations
in soil stiffness and strength are related to the changes in void ratio induced by particle loss

(see Appendix B). On the other hand, the soil critical state line can also shift with the fine
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content during erosion (see Egs. (16)-(17)).
3.4 Numerical scheme of hydromechanical modeling

It’s noticed that the framework in this study realizes the two-way full coupling between
erosion and mechanical response. On the one hand, the stress state of the soil is considered
through the proposed erosion law, which controls the erosion evolution. On the other hand, the
effect of erosion on mechanical behaviour is considered through two aspects. Firstly, the
erosion-induced f, variation is directly linked to the position of CSL in the constitutive model.
Secondly, erosion-induced void ratio increase also changes the soil's peak strength and stiffness.
Using the above framework, the hydromechanical modeling can be implemented for internal
erosion tests. Unlike the traditional triaxial experiments, the soil specimen during the erosion
test is normally subjected to constant boundary stresses. Therefore, the strain change is actually

induced by the variation of peak strength ratio and stiffness, as:

M M -nl. M [M-n].

0, =—(—=In| 7 ) +(—LZ1n| 2L " ) (18)
G’7 MP Gn Mp

S¢, =—%5K+Ad [Mpt—%Jé'gd[l—exp(—dn)] (19)

where the superscript (i) represents the current loading step and (i —1) is the previous loading
step. The incremental void ratio also includes two parts, e.g., the void ratio induced by the body
deformation and fine particle volume loss caused by erosion, given:

(Je)

=(0e) +0g,(1+e) (20)

total erosion

Through the given boundary conditions and erosion law 7, the aforementioned partial

differential equations are explicitly solved in time and by the FDM (i.e., finite difference
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method) in space. At the timestep i, the value of skeleton displacement u '~ (note that soil
solid velocity v, can be explicitly derived through u ™), the pore pressure p, ', the
porosity ¢, the fines content £, and the concentration of fluidized particles ¢~ of
timestep (i—1) are used to calculate p,',¢',f’ and ¢’ through Egs.(4)-(8). Afterwards,
p.), ¢',f and ¢ are incorporated into Eqs.(18)-(19) to update the soil strain increment
(0¢,/and OS¢, ) andu . Then, the obtained u/',p ', ¢',f' and c', as an initial condition,

can be used for the next loop until the end of the modeling.

4 Validation and discussion

The framework presented in Section 3 is highly suitable for conducting triaxial suffusion
tests, which involve subjecting soil to constant stress while observing erosion processes. It is
noticed that Chang et al. (Chang and Zhang 2011, 2013a) conducted suffusion tests using an
adapted stress-controlled erosion apparatus. The evolution of suffusion under complex stress
states, as well as the soil stress-strain response subjected to suffusion are presented in their
study, which can be used to validate the numerical model in this study.

4.1 Description of laboratory suffusion tests

Chang et al. (Chang and Zhang 2011, 2013a) carried out the suffusion tests on gap-graded
HK-CDG granular soil, with the GSD shown in Fig. 1. The samples, measuring 100mm in
height and 100mm in diameter, were initially subjected to isotropic compression to achieve a
predetermined confining pressure. Subsequently, the vertical stress was increased to induce an
anisotropic stress state. Upon completion of the loading phase, a seepage flow, parallel to the

principal stress of the sample, was introduced through a water supply system connected to the
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triaxial apparatus. The applied water pressure followed a non-uniformly varying pattern. As is
illustrated in Fig. 9, each stage of the hydraulic gradient within the sample lasts 10 mins, and
the increase magnitude is 0.15 m/m for i<1.0 m/m, 0.25 m/m for 1.0 m/m<i<2.0 m/m,
and 0.50 m/m for 7> 2.0 m/m. For each gradient level, the hydraulic pressure was increased
within the first 2 minutes and then kept constant for the following 8 minutes to ensure there
was no more soil loss. Throughout the suffusion process, the external stress remained constant,
while the weight of the eroded mass and the outflow rate were continuously monitored. Fig. 10
presents the deformation of the sample before and after suffusion. Detailed soil properties such
as density, initial void ratio, and hydraulic conductivity can be found in the works of Chang

and Zhang (Chang and Zhang 2011, 2013a).

10- T T T T

Hydraulic gradient (m/m)

0 1 1 1 1
0 100 200 300 400 500
Time(min)

Fig. 9 Hydraulic gradient applied during suffusion tests
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Fig. 10 Deformation of specimen before and after suffusion (Chang and Zhang (Chang and Zhang 2013a))

Prior to conducting hydromechanical calculations, it is essential to calibrate the
parameters involved in the model, which include soil physical parameters, mechanical
parameters ( K,,G,,n,d,A, , ¢, in Eqs.(B1)-(BS)), CSL-related parameters ( ¢.¢ ,
€ cr0 M5>8 s fin € oMy Ry in - Eqs.(16)-(17)), and  erosion-related  parameters
(A,a,b,¢,k;,ky,k;, v, in Egs.(1)-(2)). The soil physical parameters can be directly obtained
from the values provided in the experiments. The mechanical parameters can be determined by
fitting the stress-strain relationships reported in the triaxial tests conducted by Chang and
Zhang (Chang and Zhang 2013a) (the fitting results can be found in (Yang et al. 2020)).
However, the determination of CSL-related parameters is more complex due to limited
experimental data. Fortunately, Yin et al.(Yin et al. 2014) have conducted a series of
experiments on soil critical state for coarse-fine mixtures, which are similar to gap-graded soils,
aligning well with the objectives of this study. Therefore, the CSL-related parameters are fitted
using the results obtained by Yin et al. (Yin et al. 2014). For example, Fig. 11 illustrates the
fitting results compared to the experiments using Eqn. (17). Furthermore, some scholars (Jin et
al. 2018) have also developed optimization methods for the determination of the mechanical

parameters, and more information can be found in their related studies. For the erosion-related

25



394

395

396
397

398

399

400

401

402

403

404

405

406

407

408

409

parameters, they can be determined by fitting the mass loss results reported in the experiments

(Chang and Zhang 2013a). All the parameters used in the model are summarized in Table.4.
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f,, =0.281
0.0 0.2 0.4 0.6 0.8 1.0

Fine content, f;

Fig. 11 Determination of CSL related parameters

4.2 Comparison between simulations and experiments

According to the previous calculation scheme and determined parameters, the simulation
results are obtained and compared with the results from experimental samples
GS-C-1, GS-C-5, GS-C-6 (Chang 2012), as shown in Fig. 12. The erosion tests for these
samples were conducted with a confining stress of 50 kPa and deviatoric stresses of 0, 100, and
150 kPa, corresponding to stress ratios of 7=0, 1.2 and 1.5, respectively. Fig. 12(a)
presents the cumulative eroded soil weights for these tests. It is clear that the eroded mass rises
with the stress ratio, highlighting the substantial impact of stress state on erosion. This trend
can be attributed to the loss of fine particles, which triggers a reconfiguration of the soil
microstructure. As a result, the soil transitions from an anisotropic state to an isotropic state

(Zhou et al. 2022, Liu et al. 2023). Therefore, a more pronounced initial stress anisotropy leads
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to a more intense particle adjustment, resulting in a greater amount of mass loss. The findings
indicate that the proposed model effectively replicates the overall erosion evolution process,
with the final eroded mass at the stable stage increasing in line with the stress ratio. Furthermore,
it should be noted that for sample GS-C-1 under isotropic stress, the mass loss exhibits a sharp
increase between Time=100-180 min, and the simulation results successfully capture this
significant rise during the same time period. However, there are also noticeable discrepancies
between the model and the experimental results for samples GS-C-5 and GS-C-6 under
anisotropic stress states. The model fails to accurately capture the turning point (i.e., critical
gradient) that corresponds to the abrupt change in eroded mass. Specifically, the mass loss of
sample GS-C-5 begins to increase rapidly around Time=200 min, whereas the model predicts
this increase at around Time=120 min. There are several possible reasons for these
discrepancies. Firstly, the erosion law adopted in the model is derived from CFD-DEM
simulations. However, it has been suggested by Cheng et al. (Cheng et al. 2021) that such
unresolved CFD-DEM simulations may not provide accurate results for determining the critical
gradient. Secondly, the numerical model utilizes the finite difference method, treating the soil
as a representative elementary volume, and does not consider the spatial inhomogeneity of the
soil. In contrast, soil samples in the experiments inherently possess variations in void ratio and

fine content, leading to deviations from the model predictions.
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434 Table. 4 Parameters used in the hydramechanical model

Density of fluid P 1.00g/cm?
Density of soil o, 2.65g/cm?
Physical . . .
) Kinematic viscosity of 6 o
properties of : up 5.0x10°m" /s
fluid
HK-CDG soil o
Initial fines content oo 0.35
Initial permeability k, 75%x107°m/ s
Initial void ratio e, 0.53
K, 50MPa
G, 16.7MPa
Elastic n 0.95
parameters
n, 4
n, 10
Dilatancy d 18
Mechanical
parameters A, 0.35
constants of
HK-CDG €he.cr0 0.776
mixture
e_ﬂ‘,cr‘O O . 87
CSL-related g 0.45
parameters
A 0.03
m, 0.751
m, 0.474
9. 40.5
A 1
Erosion rate
. 0.87
controlling parameters
b -1.5
m, 3.84
Erosion model c 8
parameters k, -0.05
Final mass loss
) k, 0.7
controlling parameters
k, -0.4
Ve 42cm/s
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Fig. 12(b) illustrates the evolution of hydraulic conductivity. It is observed that after
erosion occurs, the permeability of the soil increases as the particles decrease. Experimental
findings indicate that after reaching its peak, the permeability decreases during the later stages
of seepage erosion. When compared with numerical models, the proposed model in this study
accurately predicts the growth process of permeability and the peak values achieved by the
specimens under different stress conditions. However, unlike the experiments, the model-
calculated permeability maintains a nearly constant value after reaching the peak, without
exhibiting a decrease. This discrepancy can be attributed to the occurrence of local clogging
within the specimens. In actual seepage processes, fine particles can be lost through the pores
of the soil skeleton, but they can also undergo self-filtration, leading to the aggregation of fine
particles within the pores and reducing local permeability. Unfortunately, the numerical model
does not consider the heterogeneity of the specimens and thus is unable to account for local
clogging phenomena or accurately reflect the decrease in permeability observed during the later
stages of erosion.

Fig. 12 (¢)-(d) depicts the axial and radial strain induced by erosion. It is observed that
soil deformation becomes more pronounced with increasing stress ratio. In general, the
proposed model effectively captures both the rapid deformation phase and the subsequent
stable stage of soil. However, it should be noted that there are still discrepancies observed for
certain samples, such as sample GS-C-5. There are two main reasons for this discrepancy.
Firstly, the parameters related to mechanical behavior in the model were fitted from a similar

study, rather than directly from HK-CDG data, due to the lack of available data. This difference
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in parameter selection could affect the model's ability to accurately estimate the strains.

Secondly, in the erosion tests, the stress state was maintained constant throughout, implying

that the strains are solely influenced by the eroded particles. As mentioned earlier, there are

differences in the cumulative mass loss results between the model and experiments.

Consequently, the strains predicted by the model also exhibit slight variations compared to the

experimental data.
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12 Comparison between experiments and numerical simulations: (a) cumulative mass; (b) evolution

of hydraulic conductivity; (c) axial strain; (d) radial strain

It is worth mentioning that Yang et al.(Yang et al. 2020) have made an attempt to
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incorporate the influence of shear stress into the erosion law proposed by Uzuoka et al.(Uzuoka

et al. 2012). Therefore, Fig. 13 compares the erosion law proposed in this study with the one

proposed by Yang et al and Uzuoka et al. The results show that under zero stress ratio, both

models yield similar calculations. However, Uzuoka et al.'s model can not estimate the results

for anisotropic stress conditions, and the accuracy of Yang et al.'s model diminishes under high

stress ratios. It becomes challenging for their model to adequately capture the differences in

cumulative mass loss and variations in permeability coefficient between the two groups of

models,i.e., 7=1.2 and 7 =1.5. Furthermore, it can be observed that all these models suffer

from the same limitation of not considering particle clogging effects and non-uniformity.

Consequently, there are discrepancies between the model predictions and experimental data

regarding changes in the hydraulic permeability coefficient during the later stages of erosion.

This highlights the need for improvement in future models to better account for these factors.
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Fig. 13 Comparison of different erosion laws

4.3 Influence of soil initial state on suffusion response

model based on CFD-DEM, in conjunction with the hydromechanical framework presented in

The analysis conducted above provides compelling evidence for the efficacy of the erosion
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this study, to accurately capture the fundamental features of soil subjected to suffusion.
Consequently, a series of additional erosion simulations is carried out to explore the impact of
various influencing factors.

Fig. 14 (a) depicts the mass loss of soils with different void ratios ¢, , revealing that denser
samples exhibit lower mass loss under the same stress conditions. In the proposed model, the
direct incorporation of void ratio into the erosion law is not employed. Instead, void ratio is
considered in the calculation of CSL, mechanical stiffness, and hydraulic velocity. A higher
void ratio results in increased hydraulic conductivity and, consequently, a larger seepage
velocity under the same input gradient. Additionally, the influence of soil friction angle is
investigated and presented in Fig. 14(b). It is observed that a higher friction angle leads to
increased resistance to erosion. Furthermore, the mass loss gradually decreases with larger
friction angles, whereas at smaller friction angles, the soil sample undergoes more deformation
at the same stress level, resulting in a sudden surge in mass loss, for instance, at ¢, = 33" and
T =200min. Fig. 14(c) illustrates the impact of initial fines content f,, on erosion, revealing
that it not only affects the final mass loss but also the temporal progression of erosion. The
cumulative mass loss increases with higher fines content. Moreover, as fine content increases,
the soil transitions from an underfilled to an overfilled state, causing fine particles to participate
in more stress transfer and consequently exhibit greater erosion resistance. As a result, samples
with higher fines content initiate suffusion at a relatively later stage compared to those with
lower fines content, demonstrating that greater hydraulic gradients are required to induce

particle migration in overfilled soils. Fig. 14(d) investigates the influence of size ratio R,
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defined as the ratio of coarse to fine particle sizes, on the erosion process. This exploration is

motivated by the significant impact of the coarse-to-fine particle ratio on soil properties in gap-

graded mixtures. The results obtained demonstrate that the current hydromechanical coupling

model effectively captures the mass loss variations corresponding to different size ratios.

Specifically, as the size ratio increases, the mass loss also exhibits an increasing trend. Xie et

al. (Xie et al. 2023) also noted that the larger the size ratio, the less contribution is made by the

fine particles in bearing forces. Consequently,

higher mass loss.
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Fig. 14 Cumulative mass loss for samples with different (a) void ratio; (b) friction angle; (c) size ratio
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4.4 Soil mechanical response subjected to suffusion

Previous studies (Ke and Takahashi 2014b, Qian et al. 2021) have reported variations in
soil strength subsequent to erosion. In this section, drained triaxial tests are simulated on pre-
and post-suffusion samples to investigate the effect of soil strength by erosion using existing
models. Samples with different initial void ratios and fine contents were selected and subjected
to shear tests.

Fig. 15(a) presents the relationship between deviatoric stress and axial strain prior to
erosion, indicating a transition from a hardening to a softening stress-strain behavior with
decreasing initial void ratio. This shift corresponds to a transformation from dilative behavior
to contractive behavior, as demonstrated in Fig. 15(b). Upon erosion, a significant decrease in
the peak strength of the soil specimens is observed. Specifically, the stress-strain curves of
initially dense specimens (e, =0.43,0.45, and 0.47 ) shift from a softening-type behavior
prior to erosion to a hardening-type behavior, accompanied by a notable reduction in peak
strength. For instance, the specimen with an initial void ratio of 0.43 displays a peak strength
of approximately 330 kPa before erosion, which decreases to around 230 kPa after erosion.
Meanwhile, no shear dilative behavior is observed in the change of void ratios for these samples
subsequent to erosion. However, it is important to note that the initially loose specimen
(e, = 0.49) exhibits a slight increase in strength after erosion, along with a minor shear dilative
response in the change of void ratios. These observations can be attributed to two key factors
influencing the mechanical behavior of the soil post-erosion. Firstly, the loss of mass during

erosion leads to an enlargement of the void ratios, consequently resulting in a reduction in soil
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strength. Conversely, for gap-graded soils, when the fine content f, falls below a certain
threshold value (typically f.= 35%), a decrease in f, actually leads to an increase in soil
strength (Shire et al. 2014, Yin et al. 2014, Taha et al. 2019). As a result, initially dense
specimens are more susceptible to the increase in void ratios after erosion, which significantly
reduces their strength. In contrast, initially loose specimens are less affected by changes in void
ratios, and the decrease in f, enhances force transmission through the coarse skeleton,
thereby leading to an increase in soil strength. In order to validate the above findings, the
influence of the initial fine content f,, on the mechanical response is analyzed using the
framework. As is illustrated in Fig. 16, the soil strength decreases with an increase in £,
when f,,<35% prior to erosion, whereas it increases with an increasein f,, when £, ;>35%.
Such non-linear variation corresponds well with previous studies (Shire et al. 2014, Yin et al.
2014, Taha et al. 2019). Moreover, the samples with a fine content of 15%, 25% and 40% show
the shear dilatancy in void ratio, while the sample with a fine content of 35% shows the shear
contraction. Following erosion, the initially dense sample ( £, =15%, 25%, and 40% ) also
displays a reduction in strength, whereas the initially loose sample ( f,, = 35% ) exhibits a slight

increase in strength.
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Fig. 15 Results of drained triaxial tests for the sample with different void ratios before and after erosion:

(a,c) deviatoric stress versus axial strain; (b,d) void ratio versus axial strain.
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Fig. 16 Results of drained triaxial tests for sample with different fine contents before and after erosion:

(a,c) deviatoric stress versus axial strain; (b,d) void ratio versus axial strain.

5 Conclusion

In this study, a novel erosion law has been proposed based on simulation results obtained
from coupled CFD-DEM models. The erosion law takes into account both hydraulic conditions
and soil stress states. Subsequently, it was integrated into a four-constituent continuum model,
coupled with a critical state-based fines-dependent constitutive model, enabling the realization
of hydromechanical modeling of gap-graded soils with suffusion. To validate the proposed
erosion with the framework, a series of erosion tests was simulated and compared with
experimental data. Furthermore, the model was utilized to investigate the influence of
significant factors on erosion evolution and the subsequent variation in soil strength after
erosion. The key findings and conclusions are summarized as follows:

(1) According to the CFD-DEM simulations, an exponential model is found appropriate
to represent evolution of mass loss induced by erosion for samples under different seepage

velocities, mean stress and shear stress ratios. By a set of appropriate parameters, the
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experimental observation can be well captured using the proposed erosion model.

(2) The established hydromechanical model achieves a two-way coupling between erosion
and soil mechanical behavior. It incorporates the influence of stress on erosion through the
erosion rate, while also accounting for the impact of erosion on stress through the fine content-
related critical state theory. As a result, this framework effectively captures the essential
characteristics of suffusion specimens subjected to various stress states and hydraulic
conditions.

(3) The current framework effectively showcases the influence of multiple factors on
suffusion phenomena, underscoring its wide applicability in the field of suffusion analysis.
Moreover, it successfully captures the variations in soil mechanical response resulting from
suffusion. Drained triaxial tests reveal that erosion has a detrimental impact on the initial dense
soil sample, leading to a reduction in soil strength. Conversely, for the initial loose sample,
erosion exhibits a subtle enhancement in peak strength.

(4) The findings of this study demonstrate the successful utilization of the CFD-DEM
simulations-based erosion law in hydromechanical modeling. Remarkably, the developed
model is incorporated within the continuum medium framework, indicating the feasibility of
solving governing equations through various numerical methods, such as finite difference or
element methods.

Although the overall results demonstrate a reasonably satisfactory agreement, it is
important to acknowledge that the absence of considering sample inhomogeneity may

introduce certain discrepancies. This highlights the need for future studies to explore and
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address this aspect to further enhance the model's accuracy and applicability.
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Appendix A. Methodology of coupled CFD-DEM

Governing equations

The CFD-DEM calculations are realized by the following governing equations, where Egs.

A1-A2 describe the particle motion according to Newton's motion laws, and Eqs. A3-A4
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describe the fluid velocity and pressure according to the averaged Navier—Stokes equation:

N
m e D it (A1)
dt  “H
N
I, do, _ > M/ +M/7 (A2)
dt j=1
op,a,
#W-(pfafuf):o (A3)
ola,pu,
—( f@if /)+V~(afpfufuf)=—apr+V~(afrf)+f’Hf (A4)

where m;, is the mass of particle i, and /, denotes the moment of inertia. v, is translational
velocity, and @, is the angular velocity. f/and MY represent the contact force and torque
between particle i and j. N is the total contact number. f/~” is the interaction force exerted on
particle by the flow. M/~” is torque from the fluid velocity gradient. « 1s the fluid volume
fraction for each fluid cell. p is the averaged pressure, and u , is the averaged velocity of the

fluid. p,and 7, are fluid density and shear stress tensor of the fluid, respectively. f” >/ is the

N f‘
p_—l

v

c

interaction force exerted on flow by the particles, which is given by 7~/ =— , and

V_1s the cell volume.

Appendix B. Critical state-based constitutive model

The constitutive model is developed based on an exponential frictional model by
implementing the nonlinear elasticity, nonlinear stress dilatancy and critical state concept (Yin

et al. 2018, Wu et al. 2019). The elasticity is given:
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The yield function is
Gy,
fS:p/q'—Mp[l—e Mo J (B4)
The nonlinear stress dilatancy is
og?
58; =4, [Mpt —%]é'gd[l—exp(—dn)] (BS)
The critical state line and interlocking effect are
4
ec = ecrO - g [ij (B6)
Pu
tang, = (e, /e)” tang,; tang, =(e/e )" tang, (B7)
M, =6sing,/(3-sing,); M, =6sing, /3-sing, (B8)

where p'is is the mean effective stress. G, is reference bulk moduli, and K is
reference shear moduli. e denotes the current void ratio. p, is the is the atmospheric
pressure. 7 represents a nonlinear elastic constant. M, is peak stress ratio. k, represents
plastic modulus. 4, and d is a constant controlling the magnitude of the stress-dilatancy.
e, 1s the critical state void ratio. e, is the reference critical void ratio at extremely low

confining pressure. ¢ and & are the material parameters determining the non-linearity of

the CSL. ¢, and ¢, are peak friction angle and phase transition angle. ¢, is friction angle.
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n, and n, are model interlocking parameters.
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