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Abstract

Delayed resonator (DR) is an active vibration absorber that can enable complete vibration suppression through proper
tuning of the actuation forces based on delayed (past) system states. However, the tuning requires exact knowledge of system
parameters, thus causing residual vibrations which are sensitive to parametric inaccuracies/uncertainties. To eliminate such
residual vibrations, we generalize an adaptation strategy to online correct the parameters of a classical control law by equating
the effects of the force output at the vibration frequency to the alteration of the absorber’s stiffness and damping, thereby
alleviating the problems caused by the inaccurate estimations of all parameters involved in the tuning process. Furthermore,
the equivalent model also allows the resulting adaptive DR to compensate for the inaccurate realization of the control
parameters arising from the inaccurate knowledge of hardware parameters. Simulations and experiments both verify the
effectiveness and the efficacy of the general adaptation strategy, which significantly reduces the accuracy requirement for
system parameter identifications and modeling for tuning DRs to achieve complete vibration suppression, while maintaining
the simplicity of the delayed control logic.
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1. Introduction

Delayed resonator (DR) is an active vibration absorber, which was proposed in the early work of Olgac and Holm-Hansen
[1] by introducing proper time delays into the control loop to completely suppress the vibrations at a given frequency. Compared
with the non-delayed control logic, e.g., the PD control [2], DR models involve inevitable loop delays, whose manipulation can
directly alter the phase of the actuation force without increasing control terms. So the DR scheme can be achieved by
incorporating displacement [1], velocity [3], or acceleration [4] to simplify sensor implementation and enhance control
robustness. The DR, through harnessing delay as a control parameter, has made itself a typical counter-intuitive example that
larger loop delays can enhance system performance. The patent [5] gave some typical engineering applications of the DR, e.g.,
vibration control of the helicopter fuselage, the gearbox, and the machining chatter.

DRs have been widely investigated. For instance, Nia and Sipahi [6] designed a delay-independent-stable DR against delay
perturbations. Sun and Xu [7, 8] identified the loop delay, which was then prolonged to enhance vibration suppression. Zhang et
al. [9] modeled the friction effects. To reduce the effects of the measurement noise, Pilbauer et al. [10] and Kucera et al. [11]
reported a distributed-delayed control logic to process all absorber states within a designated past time interval. Liu et al. [12]
later evaluated the effects of the loop delay on this control logic, showing that the loop delay, albeit small, can result in no
vibration suppression. Besides, Eris et al. [ 13] expedited system responses by actuating a DR with both non-delayed and delayed
control terms. Yan et al. [14] and Wu et al. [15] enhanced active vehicle suspensions by optimizing the delayed control. Wang et
al. [16] and Mohanty et al. [17] deployed DRs to settle nonlinear primary structures, see also [18]. Vyhlidal et al. [19] compared
the tuning, stability, and energy issues of the DR subsystem when incorporating different absorber states. Cai et al. [20] further
established a tuning framework using fractional-order operators. Meanwhile, the DR concept has also been extended to multiple-
degree-of-freedom (MDOF) structures, yielding the so-called noncollected complete vibration suppression [21-24] to
simultaneously confine the vibrations on the primary structure and the absorber. Moreover, Sika et al. [25] realized complete
vibration suppression in multiple directions for robotic applications. In addition to complete vibration suppression, the strength
of the delayed control is also reflected in various vibration control setups to enhance vibration reduction [26-30].

Tuning a DR for complete vibration suppression requires two sets of parametric information: 1). parameters of the absorber
substructure, and ii). vibration frequency. These parameters are usually regarded as accurately known in existing works. However,
in many practical applications, their a priori exact knowledge may not be available, or they may change during operation without
being noticed, thus yielding inaccurately tuned control parameters and so residual vibration. To tackle the problem, Pilbauer et
al. [31] used a polynomial-distributed-delayed control law to handle the mismatch between the actual vibration frequency and
its detection. In this case, DR allowed small residual vibrations within a small frequency band around the tuning frequency rather
than achieving complete vibration suppression at that frequency, aiming to lower the sensitivity of residual vibrations. Later,
Kufe et al. [32] assigned multiplicity to the imaginary roots of the DR subsystem, which lowered the sensitivity without affecting
the complete vibration suppression at the tuning frequency. However, additional control forces need to be independently exerted
on the primary to cope with the resulting more severe stability issues. Note that the efforts in [31, 32] are ‘indirect’ solutions as
they do not address the essential parametric mismatch, but rather reduce the resulting residual vibrations, see also [33, 34], where
a lever-type DR was included.

The direct solution to the problem of interest to eliminate residual vibrations caused by parametric mismatch or inaccuracy
dates back to 1999 when Renzulli et al. [35] first pointed out that the stiffness and damping of an absorber could undergo
variations. The resulting mismatch between the real and nominal values of these structural parameters can yield an inaccurately
tuned DR and subsequently residual vibrations. To address this, a gradient-based adaptive correction method for the control
parameters of the DR prototype [3], including a gain plus a delay, was proposed under the prerequisite that the mismatch should
yield limited deviations of the effective tuned pair from the theoretical one. As a further step, Hosek and Olgac [36] later broke
the small-deviation limitation by proposing a single-step correction method, which online identified the real values of the
absorber’s stiffness and damping based on system responses. Notably, different from [31-34], the solutions in [35, 36] are
adaptive and do not alter the control laws and system structure, thus simplifying practical implementations.

From the above, we notice that existing works only deal with the mismatch or inaccuracies in partial nominal parameters
required for tuning, e.g., the frequency mismatch [31-34] and deviations of absorber stiffness and damping [35, 36]. To further
enhance the robustness of the DR, this work considers a more general case where all nominal parameters needed for DR tuning
are assumed inaccurate a priori, including the vibration frequency, absorber mass, stiffness, and damping, with the final task of
eliminating residual vibrations. The idea follows [35, 36] to correct the control parameters of the DR prototype [3], rather than
designing a more complex control law and absorber structure, in order to maintain the simplicity of the DR scheme. The method
generalizes the single-step method reported in [36], given the core finding that the effects of all parametric inaccuracies on
deviating the tuned actuation force can be equated to an imperfect alteration of the absorber’s stiffness and damping. Based on
the equivalent model, we show that the resulting adaptive DR can additionally cope with the mismatch between the real output
of the actuation force and the one designed in the controller, a less-exploited but important topic related to hardware performance.
Furthermore, the previous work [36], which only handled inaccuracies in the absorber’s stiffness and damping, requires the
number of equations to be equal to the number of inaccurate parameters to be identified. This work breaks this limitation by
conducting the adaptive correction without the need to identify the real system parameters, so the adaptive DR can fit more
complex systems.
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In the following, Section 2 introduces the DR concept. Section 3 summarizes the previous work [36] and the general adaptive
problems to be handled. Section 4 introduces the design procedure of the adaptive correction strategy. Section 5 numerically and
experimentally verifies the effectiveness of the adaptive DR. Main conclusions are drawn in Section 6.

2. Preliminaries

The operating mode of the DR under investigation is shown in Fig. 1. The primary structure is harmonically excited by a
force f.,and w is the actuation force following a delayed control law for active vibration suppression. The task of the DR is
to achieve |z,|=0 when |f,|#0 by tuning u, yielding the so-called complete vibration suppression.

The model is built upon the one in [36] by adding grounded components (k,,c,) to the DR, aiming to show that our
generalized adaptive DR design, to be introduced later, can handle more inaccurate parameters involved in the force tuning. Note
that, in the context of complete vibration suppression, the primary does not have to be SDOF to conduct the force tuning and
adaptation. An MDOF case is handled in Appendix B as an extension to illustrate the applicability of our results.
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Fig. 1. Operating mode of the DR under investigation to settle the vibration of a force-excited primary structure.

2.1. Dynamical modeling
The dynamics of the 2DOF coupled system shown in Fig. 1 follow

{ MoZy+ ¢y, + kyzo + ¢, (&, — 2,) + ko (2, — z,) = u,

1
mPi‘P+CPip+kp$p+ca(i‘p7-’ta>+ka(xp7$a):fe7u’ ( )

where z(y, m(,, ¢, and kg, represent the absolute displacement, mass, damping, and stiffness, respectively; (z,,z,,u, f.)
are functions of time ¢ . Following the DR prototype [1], we consider the classical displacement-based delayed control law

u(®)= gz, (t—1), 2
where ¢ isthe gain and 7 is a delay, which are the two control parameters. Substituting (2) into (1) and applying Laplace

|: ] |: p] |: e]’ ( )
Zo1 292 )( F

where X,=%(z,), X,=%(z,),and F,=2(f.),inwhich £(-) denotes the Laplace transform. Besides, one has

2z =m, s>+ (c, + Cg)'s +k,t+k,—ge ™,
212 = (CaS + ka))

2z = — (a5 + ko) + ge ™,

200 =m,s°+(c, +c)s+k,+ ki,

“

where s isthe Laplace variable. The active force u makes sense only if the system is stable, i.e., the characteristic equation
CE(s,9,T)= 211222 — 212221 =0 A

has all its characteristic roots on the left half of the complex plane. When 7+ 0, Eq. (5) has infinite characteristic roots, the
distribution of which is numerically checked by the QPmR algorithm [37] in this work.

2.2. Tuning rules of (g,7) for complete vibration suppression

Substituting the condition for complete vibration suppression, i.e., |z,|=0, into the first equation of (1) yields
'll,(t) - mai’a + (ca + Cg) j:a + (ka + kg) wa? (6)

which depicts the SDOF absorber dynamics, where the frequency of z, concurs with that of the excitation f,. Eq. (6) gives
the necessary condition for tuning « . With the control law (2), the Laplace transform of (6) is

m.s*+(c.+c,)s+k,+k,—ge ™=0. (7)

Substituting s = jw, in which j=4/-1,and w is the frequency of f., into (7) and balancing the real and imaginary parts
of the resulting complex equation yield the tuned pair of (g,7) denoted as

5w =% /(b +k, —maw?) > +[(ca+c)w]?,

. 1 —(c.tcw B
Tip(w)= o [atan2<ka Tk, maw2>+27r(b 1)+ pﬂ'],

U, —

®)
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where the subscript (-), means ‘tuned’, b€ Z* denotes the branch number, the mechanism of which is left to [1, 19]; p=0
and p=1 correspondto g, >0 and §, <O, respectively. Note from (8) that only the structural parameters of the absorber,
ie., (mg,kq,k,, cq,c,), are needed to determine the desired tuned active force 1, in addition to the excitation frequency w.
3. Adaptation problem: review and generalization

From (8), the accuracy of the tuned force u, depends on the prior knowledge of the structural parameters (my,,k,,k,,Ca,¢,)
and the frequency w. Hence, inaccurate knowledge of (w,m,,k,,k,,c,,c,) can lead to residual vibrations. This section first
reviews the existing means for handling this problem, serving as a benchmark for the subsequent analyses, and then introduces
the more general case to be tackled in this work. To facilitate discussions, the following symbolic definitions are used.

Definition 1. Real system parameters or effective values are denoted as (w,m,,k,,k,,c,,¢,,9,7). Nominal values of such
parameters are denoted as (&), ﬁla,ka,kg,éa,ég,g,?). |

Definition 2. Real and nominal actuation forces are denoted by u and #, respectively. That is, u and % correspond to
(g,7) and (§,?), respectively. Note that u #+u is allowed in this work, as to be demonstrated. Besides, the nominal tuned

force 4, corresponds to (@,?t), which are the tuned pair resulting from substituting (&,ﬁza,ka,fcg,éa,ég) into (8). |

3.1. Review of the single-step adaptation method

When (k,,7,)=(0,0), Hosek and Olgac [36] proposed a single-step adaptation method to handle the case where only the
knowledge of (k,,c,) isinaccurate, i.e., (ka,Ea # (k,,c,). The method is based on the transfer function from z, to z,

X,  m.s"+(catc)s+(katk,)—ge ™ ©)

X, c.s+k, ’

which can be obtained by applying the Laplace transform to the first equation of (1). Substituting s = jw into (9) leads to

k.+k,—m,w?+ j(c. +c,)w—ge ™
k, + jcow ’

G (s)=

G? (jw) =

(10)

Comparing the forms of (7) and (10), one can find that G¢(jw)=0 holds in the ideal case where (g,7)=1(g:,7,) = (g, 7).

If (IQ‘,,EG) are inaccurate, (g;,7)% (g;,7:), and thus G2 (jw)+ 0, so resulting in residual vibrations |z,|== 0. In this case,

we reconstruct (10) based on the actual responses of (z,,z,), leading to

ka+kgfmaw2+j(ca+cy)wf§tefﬁtw an
k., + jcaw ’

in which éf (jw) is a complex value, and (?]t,?t) are known but inaccurate. Taking (k,,c,) in (11) as two variables,

balancing the real and imaginary parts on the two sides of (11) yields two algebraic equations so the exact values (k,,c,) can

be obtained. :l"hen, the desired condition (gt,%t) = (ﬁt, ?’t) can be achieved by performing another tuning mechanism (8) after
correcting (ka,Ea) to the obtained (k,,c,), thus eliminating residual vibrations and completing the single-step adaptation.

G? (jw)=

3.2. General adaptation problem

Since the single-step correction method needs to solve the complex equation (11), it can only handle the inaccuracies in two
variables requiring all the other variables to be known, i.e., nominal values concur with the real ones. As a further step, we handle
the general case where the knowledge of all variables in (11) can be inaccurate. The said inaccuracies can stem from two aspects:

a). ((D, Mg, Kq, k_,,,Ea,a(,) # (W, Mg, ko, kg, Cayc,). This case indicates that errors exist in identifying or measuring the vibration
frequency and the parameters of the absorber substructure, or their variations are not detected.

b). (§,?) #(g,7). This case indicates that a mismatch exists between the nominal and the real force output, which can be
attributed to the uncalibrated actuators and the inherent loop delays. That is, even if (§t, ?t) = (ﬁt, 5“',5) ,one has u, * 4,.

Note that the involved variables cover all parameters needed for tuning % so that the solution to the adaptation problem can
lower the requirement for system identification and measurements, thus extending the applicability of the DR in practice.

Remark 1. Different from the single-step method, the considered adaptation problem does not identify the real system parameters.
Since we can alter system dynamics only by manipulating (§, ?) in the control loop, the task is to correct the nominal values of
the tuned pair (!Alt,?t) to eliminate or neutralize the effects of the parametric inaccuracies on complete vibration suppression.
Besides, the inaccuracy by itself means that the differences between the nominal and the real values, if they exist, are small, so
system stability still holds, and the consequences are residual rather than amplified vibrations. |

Remark 2. One may not exactly know all the required parameters of a determinative system when tuning the DR. That is, during
the correction process, although (w,m,,k,,k,,cq,c,) are (partly) unknown, they are constant or vary sufficiently slowly,
thereby making the transient process negligible. In case b) above, although (g,7)+ (§, ?) , the relationship governing the
differences between such two pairs is linear and fixed (e.g., constant scaling, shifting, or the combination). The above guarantees
the linearity, causality, and controllability of the complete vibration suppression and the adaptation. |

4. Adaptive correction strategy
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The proposed adaptive correction strategy generalizes the single-step method by harnessing the effects of the tuned actuation
force u; on altering the equivalent stiffness and damping of the absorber. The analysis is still based on the transfer function
(10) and therefore requires the online monitoring of the system responses (z,,,).

4.1. Effects of the tuned actuation force u, and equivalent model

Revisiting (7) or the numerator of the right-hand-side term of (10), to achieve |z,|=0, it necessitates that

{(ka+kg —m,w?)—k,=0, { k,= gcos(tw),

(ca+ec)w+e,=0, ¢, = gsin(1w), (12

which holds only when (g,7)= (?}t, ﬁ). That is, the ideally tuned force i, for complete vibration suppression can be regarded
as an alternation of the equivalent stiffness and damping of the absorber at w, i.e., ¢, eliminates the damping effect, and k&,
moves the equivalent natural frequency of the absorber to w by having \/ (k, +k,—k,) /m,=w. When actually achieving
U, as u,,i.e., nominal values (?)tﬁt) are achieved as (g,,7,), we can conclude from the inverse of (12) that

g.cos (T,@0) = o, g,cos (T, @) = oy (lga + E(, — ’ﬁla@z),
g:sin (Tt‘:’) = B1g;sin (?t@) =04 ((Eu + Ey) @)7

where (ay,3,)€ R? signify the inaccurate realization of (g,,7;) as per case b) in Section 3.2. Clearly, when (au,8)#(1,1),
u, deviates from u,. We next incorporate the inaccuracies of the nominal values (@,ma, k,,¢,) into (k,,c,) by enforcing

(13)

g.cos(T,w) = ok, + k, —m,w?,

gisin(r,w) =—(B:¢, +¢,)w, o

where (g, 8,) € R? are two balancing coefficients, and (s, 85) # (au,81) . From the perspective of (14), when actually
achieving ,, or equivalently, (@,7}), we ‘mathematically’ reduce the general case where @,gt,%t,ma,%a,l?:g,ea,eg) are
inaccurate into the case where only the knowledge of the absorber stiffness and damping respectively governed by a 12,1 and
(Bs¢, are inaccurate. In this case, if (azka, B2 Ej # (k,,c,), the real force output u, governed by (g;,7,) cannot achieve the
desired alternation of the equivalent stiffness and damping of the real absorber, so residual vibrations appear.

4.2. Correction strategy
Based on the equivalent model (14) for actually achieving @, as w,, we substitute (g,7)=(g;,7,) into (10), yielding

ko+k,—m,w?+ j(c, +c,)w— g,[cos (T,w) — jsin(T,w)]

o
Gi (jw) k., + je,w
. . (15)
_ Ak, + jAc,w _ Ak, + jAc,w
k,+ je.w Aka+oz212a+j(Aca+ﬂZEa)w’
where G? (jw) is real-time constructed as per the actual responses (z,,z,), and
Ak, =k, — ask,, 16)

Aca =Cq— /6200,)

which are the errors of altering the equivalent stiffness and damping. Note that the right-hand-side terms in (15) govern the
actual frequency responses when the actuation force is tuned according to the nominal values (&, Moy kaskyyCas Eg) while taking
into account the inaccurate realization of (§,,, ?t). Besides, the desired complete vibration suppression |z,| =0 corresponds to

|éf (jw)|: 0, or
(Ak,,Ac,)=(0,0),

17)

in which the former condition is the causal result of the latter one. Since Eq. (15) is indeterminate (i.e., the number of variables
exceeds that of the equations), to achieve (Ak,,Ac,)=(0,0), we update the nominal values (ka,Ea) following

B =Fe 0+ Ak,

em =g 4 Al (18)
where (-)™ denotes the n updating step, and the to-be-designed step (AIE;"’,AE;")) must satisfy
lim (AR, Ae) = (Ak,, Ac,)=(0,0), (19)

n— oo

in which (Ak,,Ac,) are defined in (16). In this process, (Qt, ?t) at each updating step are corrected in the controller as
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3 (B 27 = A (R + b, —m,?) [ +2,)3)",

()
Uy — (A (20)
R 1 (em+¢ )w
(n) (n) ~(n) g o
(ka ,Co ) 5 [atan2 (k(”) - )+ 2r(b—1)+ pw]

Where IE(O),C(O) :(IEG,EQ) are used for initial values, and nominal values (&J M, 12 ,C ) are fixed in the correction process.
(Aki ) Ae )= (Ak,,Ac,), i.e., as= =1, we retreat to the reduced case of the single-step correction method. When
recursively executing (15), (16), (18) and (20), Eq. (14) has the generalized form of

g cos (1" w) = af” (122"71) + A]Efz")) +k, —m,w?
=V [ka +(1— ozé”’”)l%’“l)] +k, —m,w?,

2D
gWsin (" w) =B (&Y 4+ Ae) + c,)w
=657 e+ (1 — 82+ e
Under the prerequisite (19), implying that each correction transfers the effects of the nonzero (AIEE(LM,AE“‘)) to (g™, 7"),

we have (|a$”],|85”]) — (1,1) as n increases, ic., (9.”,7”) governing the real force output u, converge to the desired
pair (gt,Tt) as per (21), thus eliminating residual vibrations. The updating step (Ak(”) Ac(")) is determined next.

Remark 3. Since the recursive correction process (20) is based on the equivalent model (14) of wu,, the final convergence
(le™1,185”]) — (1,1) or (Aka,Ac )—(0 0), does not yield (k(") A<"))*(ka,ca) since (kfl")ﬁi")) now also take into
account the inaccuracies of (w Maykys Cy ) and in achieving (gt,Tt) see also Remark 1.

Remark 4. Inaccuracies of all nominal values in (14) are incorporated into (l::a,Ea) , which is reasonable given the form of (15).
More specifically, if we replace (ka, c ) with (w ma,kg, cg), the number of variables of the denominator on the right side of
(15) will be increased, thus complicating the correction process. |

4.3. Updating step

To achieve the correction process (20), we need to determine (Alzé"), AE&")) in (18) under the prerequisite (19). Note that
(Ak,g"), AEi")) are the approximations of (Ak,,Ac,). Let us then start with investigating the form of (Ak,, Ac,). Letting

L Fx,0)
GHU9)= G )

where Z(-) denotes the Fourier transform, (o,¢)< R?, and (x,,x,) denote the time-domain datasets of (z,,z,), we can
solve (Ak,,Ac,) from (15) as

=0+ o, (22)

Oég];'a (0'2 +(P2)+,B2WSOE“ - agcr]::a

Ak, =— o+ p*—20+1 ’ 23)
Ne — = Brtaw(o? + %)+ Bywoe, + angk,
‘ (62 +¢p*—20+1)w ’
in which the exact values of (aw,35,w) are unknown. Next, we reconstruct (Ak,,Ac,) as
Aka :Aku,M+0k (a2’1827w)7 (24)
Aca - n[ACa,M + Oc (0(2,,82,(4})],
where n=w/w~1,and (Ak, y,Ac, ) are defined as main terms, which are independent of (av,, 35,w), satisfying
Ab = ko (0% 4 %) + e, — ok,
a,M — 02+¢2720’+1 ) (25)
Ao o —C@(@®+9*)+ot,b+ ok,
oM (c*+¢?*—20+ 1w
Besides, remainders (0,,0.) in (24) are functions of (ay,82,w) following
k(0?49 (e — D+ 92, (Bow — ) — ok, (azfl)
Ok(a2’/82aw)* 2+§0 720-+1 (26)
_ 2 2 _ o~ 7. -1
0. (. fa.0) = —Co (0 +¢%) (Bow—0) + 0t (Brw — &) + pha(p—1)

(62 +¢?>—20+1w
When

Gr (jw) ‘ =0, ie., (o,90) = (0,0), the main terms (Ak, »;,Ac, ) dictate the values of (Ak,,Ac,) given that
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hmok(a2)/827w) Uﬁg %07 limOc(aZHBQ,w) gﬁg %05
(s 0
27)
AkaM AcaM (
————— o0 —0, —————|s—0—0.
Ok(a2762aw) cpﬂg O (a27/627w) cpﬂg

Hence, in the correction process (18) and (20) to eliminate residual vibrations governed by |CN¥ ? (jw) | =|z,|/|z.|~ 0., we
have (Ak, 1, Aca ) > (O, 0.). Given also that the effects of enforcing =1 in (24) can be incorporated into 5, of (16)
similar to (14) and that 7 takes no effect when Ac, — 0, we design (Ak(") Ac(")) as per main terms (25), yielding

E((anl)[(o.(n))Q+(<p(n))2]+90(n)6‘5n*1)@7o(n)%énfl)
™) (™) —20™ 11 ’

"(n 1)~ [(o.(n)) +(30(n>) ]+o.(n)a5nfl)®+(p(n)£én—1)
@)+ ()~ 207 1113 |

Ak = —
(28)

A=

in which all variables are known. Clearly, the remainders (O,,,0,) ignoredin (28) should impose no significant effects on the
differences between (g§”>,T(”)) and (g(") (">) so residual vibrations can be reduced as n increases. Note also from (27)
that (Oy,0.) — (0,0) as |z,|/|z.] = 0. Therefore, the effects of (Oy,0,) do not affect the arrival at the final convergence
to the complete vibration suppression |z,|=0. That is, |z,/=0 and (O,,0.)=(0,0) are achieved simultaneously,
satisfying the prerequisite (19). Now, by online activating the adaptive correction strategy governed by (18), (20), and (28),
we can tune the DR to achieve |z,|=0 or (g,,7,)=(§,,7,) without needing to know the real values of (w,m,,kq,kq,Cq;C,)

and the exact relationship between (g,,7;) and (g,,7;,) to confront the general adaptation problem proposed in Section 3.2.

Remark 5. Each correction step n assumes (O;,0.)=(0,0), ie., (ap,8,w)=(1,) asper (26). Combining with (15), it
assumes that (Aké"), AE(E")) = (Ak,,Ac,) exactly holds at each n . From this perspective, the above recursive adaptation, with
convergence proved, can be regarded as recursively executing single-step corrections to handle inaccurate (ki"),éé’”) . |

4.4. Complementary conditions in practical context

In light of [36], since the adaptive correction is based on the transfer function (9) or (15), which governs system responses
in steady states, every two consecutive correction steps should be separated by a certain time elapse, denoted as T', for settling
system dynamics, for collecting the data (z,,z,) used in constructing (22), and for reducing computational loads. We then let

T>t,+ ta, (29)
where ¢, is the settling time of the coupled system and ¢, is the time taken for data collection of (zp,xa) in steady states,
e.g., if we collect three cycles of data, then ¢, =3 /&, with @ in Hz. For t,, it can be estimated by the real part, say ogg, of
the rightmost pair of characteristic roots of Eq. (5). Given that the transient responses being reduced by more than 98% can
be represented as exp (o¢gt,) < 2%, we let t,=—4/o¢g, where gz <0 must hold for a stable system.

Considering that the time-based criterion (29) to determine the steady state may not be robust enough in practice due to
possible perturbations, as an additional and direct insurance, we can check if

RMSE (xp,N7xp,Nfl)%Oa (30)

where RMSE (+) calculates the root mean square error, and X, 5 and X, y_; denote the datasets of z, for the most recent
cycle and the preceding one, respectively. Besides, to meet the condition |Gf (jw) | ~ 0, in (28) before each step of executing
the correction, we can check if

RMS(x,) <., 31
in addition to (30), where RMS(-) is the root mean square, §,, is a user-defined threshold value, and x,, is the dataset of
z, dynamically sampled over at least one past cycle. On the other hand, a lower threshold value should be set, i.e.,

RMS (x,) > 610w, (32)

where 0, < 6, < 8,,, given that measurement noise becomes dominant as |wp| — 0 in practical implementation. Otherwise,
the resulting errors in constructing (0,¢) in (22) or (g,,7;) can amplify residual vibrations and even lead to destabilization.

Remark 6. By manipulating (T',6,,,) defined in (29) and (32), one can determine the rate and sensitivity of the correction,
which together determine the computational resource consumption of the adaptive correction. |

4.5. Correction flow

The main steps of the overall adaptive correction process are recapped in Fig. 2, where (x,,x,) have the same fixed length
as per t,., and the operation Holder means maintaining the output (gf”) , Tt”)) until their values are changed. Note that Remark

2 holds for a complete correction process from START to END. The effectiveness of the correction process is tested next.
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Fig. 2. Flow chart of the adaptive correction process. nan meaning ‘not a number’ signifies that correction is inoperable.

5. Case studies

Numerical and experimental tests are performed for demonstration. Particularly, based on the experimental setup, the possible
sources causing the inaccuracies/uncertainties in achieving the nominal values (g,7) are discussed. When tuning (g,7), the
positive gain and the smallest branch rendering a positive tuned delay are considered without loss of generality, so
(p,b)=(0,2). The SIMULINK -based simulation models and video recordings of the experiments can be found in Appendix C.

5.1. Numerical simulation

5.1.1. Parameter settings

In simulation, the real structural parameters of the coupled system in Fig. 1 are detailed in the first two rows of Table 1, and
the nominal values of the absorber, which deviate from the exact values for tuning the DR, are shown in the last row, where
I;g =2k, is considered given the small value of k, compared with k,. The corresponding experimental setup is to be
introduced later. A harmonic excitation f, of amplitude |f.|=4N at the frequency w=6Hz is considered in the test. Egs.
(30)-(32) are not considered, given the ideal simulation environment.

Table 1. Real structural parameters of the coupled system in Fig. 1 and the nominal values of the absorber substructure.

Mass [kg] Stiffness [N/m] Damping [Ns/m]
Primary structure m,=0.965 k, =1465 ¢, =95.0
Absorber m,=0.51 (ka,k,)=(753,11) (Carc,)=1(4.3,1.8)
i, =1.02m, (ka,k,)=(1.05k,, 2k,) (€1,¢,)=(0.92c,,1.06¢,)

Given the real values (w,m,,ka,,k,,cq,c,), the desired tuned pair for complete vibration suppression can be obtained from
(8) as (ﬁt,é"t) =(233.2N/m, 129.5ms). When tuning u as per the inaccurate nominal values (@,ﬁza,l;a,lzg,aa,ﬁg), where
the excitation frequency is detected as & =0.98 X w, we have (§\”,7(”)=(239.7N/m, 139.5ms). To additionally evaluate
the effects of inaccurately realizing control parameters due to the uncalibrated actuator and loop delays, the effective tuned pair
follows (g,,7,)=(, 8,7, + B.), where (ay,3,)=(1.04,6ms). Before activating the tuned DR, we estimate the spectrum
of the characteristic Eq. (5) using nominal values ((m,,k,,c,) are used here), leading to the blue squares in Fig. 3(a).

(a) 60 | ; (b) 4 ‘ ‘ .
O'GE:—O.G?) ]12_71;"( | u:ut(gtaTt) _U:ﬁt(éfﬁ'z”
307 lj[ | 1 2 Complete vibration suppression
w 01 CS(5) with (§,,7,) ide"‘amed g J l
ERU DR (7) with (g;,7,) | =R (oo
= X DR(7) with (gt,Tt) | N
30 - 1 : | 8 5| Residualvibrations_
) - ir»:( i Control ON
i >
-60 ' . 4 . ‘ ; :
-1 -0.5 0 0.2 0 2 4 6 8 10
Re(s) Time ¢ [s]

Fig. 3. (a). Spectra of the coupled system (5) and the DR subsystem (7) for different pairs of (g,7). (a). Dynamics of z,
when the DR tuned with (g,,7,) and the desired pair (§,,¥,) is activated at t=2s.

From Fig. 3(a), the rightmost root of Eq. (5) is far enough from the imaginary axis, and thus it is reasonable to assume that
correcting %, does notinduce stability issues. However, if destabilization occurs, which can be captured by the divergent system
responses, a supervisory control routine should interfere, which is not considered in this work. On the other hand, the spectra of
the DR subsystem (7) actuated by the desired tuned pair (§,7;) and the effective one (g,,7,) are superposed as red crosses

25-TIE-3673.R1 Page: 8 / 16



Y. Liu and L. Cheng Manuscript Submitted to IEEE TIE (2025)

and cyan circles, respectively. Clearly, the desired pair (ﬁt, ?t) places the rightmost root of (7) on the imaginary axis concurring
with the excitation frequency w for resonance, while the effective one (g,,7.) leads to spectral deviations and thus residual
vibrations. The corresponding numerical responses for verification are shown in Fig. 3(b).

5.1.2. Adaptive correction

Given ooz =—0.63 in Fig. 3(a) and @~ 6Hz, the adaptive correction is executed every T =7Ts as per (29) starting
from ¢t=10s. The resulting responses (z,,z,) are shown in Fig. 4(a), and the root mean square of the dataset x, over the
past three cycles is depicted in Fig. 4(b), where residual vibrations are reduced each time executing the correction, before finally
reaching |z,| — 0 as expected. Accordingly, Fig. 4(c-i) detail the correction process. The variables (o,¢) defined in (22) are
depicted in Fig. 4(c), showing that sufficient time is required for settling (™, ™), and T following (29) gives a good
prediction. Besides, (Ak,ﬁ"’,AE,ﬁ")) in Fig. 4(d, e) converging to zero as|z,| —0 concur with (15). The resulting updated
nominal values (ké”),E(")) as per (18) are depicted in Fig. 4(f, g), where the convergence is not achieved at the real values
(k,,c,), in agreement with Remark 3. Furthermore, the nominal tuned pair ( . f")) is corrected following Fig. 4(h, 1), where
convergence is achieved at (gt,Tt) (gt /ozg,'rt ﬂT) to complement the 1naccurate realization of the control parameters. At
last, we point out that the recursive correction procedure is efficient so residual vibrations can be significantly reduced within
three steps, which also verifies the dominance of the main terms (Ak, 5, Ac, ») in (27). Note that the parametric inaccuracies
considered here are constant and satisfy the prerequisites outlined in Remark 2. Additional tests to show the limitations of the
adaptive correction when handling the time-varying inaccuracies are given in Appendix A.

Remark 7. According to Remark 5, n =1 corresponds to the single-step correction. One can then find, from the time interval
t€[10s,17s] in Fig. 4(a, b), that residual vibrations persist so the single-step correction cannot handle the case with multiple

inaccurate parameters. Similar results can also be observed in the experimental tests later and thus are not discussed. |
(a) 8 { QEP 004 (c)04
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é 0 L) x&l 0 et ~" 0
& Ry 2431 38 45 52| \E
T4 B P — 02
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P 17 24 31 38 45 52 2 17 24 31 38 45 52 2 17 24 31 38 45 52
Control ON Control ON Control ON
(d) ; ontro ~ (f) ro2 ontro ~ (h)2_8 o2 ontro ~
= — o || R =1.05E, — 0 —23947N/m
= 0 || E e b=TsNm| E26] ]
Iz z i Zooallly go=2 o L =224.3N/m
gc -10 ~ 7 k¥ =654.6N/m — |
2 =g .22 N
4 2 e ] ) G =261.6N/m
P 17 24 31 38 45 52 2 17 24 31 38 45 52 2 17 24 31 38 45 52
(e) Correction ON (g) Correction ON (1) Correction ON
e e
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El = #°1=139.5
Y. Es 140 f| £ e
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2 | z c,—4.3Ns/m| =130 1 e
= IR | 0] N e S
%507 l 4 A o120 T
q 14 «© eP=0.92¢, ¢ =4.09Ns/m 110 70 =125.9ms
"2 10 17 24 31 38 45 52 2 10 17 24 31 38 45 52 2 10 17 24 31 38 45 52
Time ¢ [s] Time ¢ [s] Time ¢ [s]

Fig. 4. Simulation test of the adaptive correction process with (w, |f.|)=(6Hz,4N). (a, b). System responses. (c-i). Time
history of the intermediate variables in the recursive correction process. The tuned actuation force is applied from ¢ =2s and
the adaptive correction with 7'="7s is applied from ¢ =10s.

5.2. Experimental conditions

5.2.1. Experimental setup

The main mechanical body of the experimental setup related to Fig. 1 is shown in Fig. 5(a, b), where the upper and lower
platforms constitute the primary structure and absorber, respectively. The absolute displacements (z,,z,) are online monitored
by two laser sensors (linearity error: +0.2% , maximum measurement error: 0.05mm ) fixed on the frame. Through
measurement and identification, the structural parameters are estimated and tabulated in the first two rows of Table 1. Note that
no specific dampers are used and that the coupling dynamics between the absorber and the frame are the contacts between the
bearings fixed on the absorber and the slides fixed on frame, so (k,,c,) are relatively small.
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Fig. 5. Experimental setup. (a). Front view. (b). Back view. (c). Hardware loop for controlling VCM2 and monitoring z,,. (d).
data exchange among different stages when executing the adaptation.

Table 2. Key parameters for driving VCM1 and VCM2.

pr [N/A] pv [A/V] P, [V/mm] Stroke [mm]
VCM1 6.4 0.25 1/6 +12.5
VCM2 8.0 0.20 1/6 +17.5

To generate the excitation force f, and the actuation force u, two voice coil motors (VCMs) are used. Each VCM is
constituted by a stator (magnet) and a mover (coil). By manipulating the current in the coil, one can control the coupling force
between the mover and the stator. Taking VCM2, used for generating u, as an example, whose hardware loop is shown in Fig.
5(c). The dSPACE MicroLabBox as the controller online processes the displacement signal (z,,z,) and outputs control signals
in analog voltage V' tothe VCM driver (SDS01-A010CA). The driver then outputs current I proportional to the control signal
to drive VCM2. Hence, the nominal delayed force (2) governed by (§, ?) is practically realized as

U(t): pII(t *7'1)7
t—uwk I®)=p, V(t—my), (33)
V(t): ﬁngxa (t 7’/7\-)7

where (p;,pv,p,) are three conversion coefficients performed in VCM2, in VCM driver, and in laser sensors, respectively;
n= (pz D1 pV) ' is a customized conversion coefficient depending on the nominal values of (p;,py,p,) and is performed in
the controller; (7;,7y) are two inherent delays related to the tracking performance of the driver and the VCM. Figure 5(d)
shows the relationship of (33) and the data exchange among different sections when executing the adaptation as per Fig. 2.

5.2.2. Inaccurate realization of control parameters

From (33), the actual gain output g depends on the knowledge of (p;,pv,p.), and the actual delay 7 is affected by
(7;,7v) . More specifically, one has
_ PzPvPr ~
37— (g0 O PP o, (34)

T=T+71+ 7.

When actually realizing g, py is defined by users as per the rated current of the VCM, p, is inherent in the laser sensor, and
pr signifies the thrust constant of the VCM, which depends on the electromagnetic coupling between the stator and the mover.
In practice, (py,p,) can be accurately known, so (py,p,)=(py,p.). However, p; usually needs to be calibrated or
identified before use to specify 7) in the controller, and the inaccuracy p; # p; leadsto g+ g.The key parameters for driving
the two VCMs are listed in Table 2. Similarly, we have 77 for realizing the delay 7 due to the loop delays (7;,7v).

For a linear system, the relationship between (§, ?) and (g,7) as (34) should be fixed or slightly fluctuate around constant
levels, as aforementioned in Remark 1. With the adaptive correction method, (p;,pv,p,) and (7;,7,) for VCM2 in addition
to (w, My, kq,k,,Cayc,) all do not need to be exactly identified for tuning the DR to achieve complete vibration suppression,
which can help significantly reduce the complexities and enhance the robustness for practically deploying the DR.

5.3. Experiment verifications

5.3.1. Parametric test
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We start with testing the effectiveness of the parameters identified in Tables 1 and 2 using a frequency sweeping test. Given
the operational space of the experimental setup and the VCM performance, the excitation of amplitude |f.|=2.8N sweeps
from 4Hz to 10Hz, with a sufficiently low sweeping rate adopted to minimize the interferences at adjacent frequencies. As
per Table 2, it corresponds to the amplitude |V |=|f.|/(p"pi?)=1.75V ((-)™ denotes VCM1) of the control signal in
analog voltage to drive VCM1. The results are shown in Fig. 6, where theoretical results are obtained by solving (1).

0
4 5 6 7 8 9 10
—— Experimental responses
(b)lS ——Theoretical envelope with m,,,lg,ulgy,c ,C,
o ===:Theoretical envelope with (7,,k,,k,,Cq,C,
g 10
i Forward Frequency Sweep
—
$ 5
0 iy
4 5 6 7 8 9 10
w [Hz]

Fig. 6. Frequency sweeping test to verify the structural parameters identified in Table 1 and the VCM parameters in Table 2.

The red solid curves in Fig. 6 correspond to theoretical envelopes based on real values (M4, ka,ky,cayrc,), and the blue
dashed curves correspond to nominal values (ﬁ%a,ka,kg,ﬁa,Eg). Clearly, the real values better predict experimental responses.
Note that even if we use such real values, which are obtained by fitting the envelopes of experimental responses, a small mismatch
still appears within w €[5, 8]Hz. That is, system dynamics predicted by a constant parameter composition can fail within a
specific frequency band, which is also the case for tuning the DR to achieve complete vibration suppression. This again indicates
the necessity of developing a general adaptation method to reduce the reliance on exact system modeling.

5.3.2. Adaptive correction

Following Fig. 4, the experimental tests are performed under (w, | fel) =(6Hz, 4N), and nominal values (ma,l%a, lzg,Ea, Eg)
in Table 1 with ©=0.98w are considered for tuning the DR. Additionally, we consider two cases where g, is deviated by
either +4% (a,=1.04) or —4% (a,=0.96), which can be achieved by manipulating 7) in (33), to mimic the cases
where p; of VCM2 is inaccurately estimated. Given that the two inevitable loop delays (7;,7,) in (33) can be small, the
output of 7, follows 7,4+ 2ms to increase deviations while not amplifying vibrations in the passive case, i.e., to satisfy (30).
The adaptive correction is still performed every 7T'=7s once activated. The experimental results are shown in Fig. 7.
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Fig. 7. Experimental tests of the adaptive DR with (w, |f.|,T)=(6Hz,4N, 7s). (a, b). Responses z, when experimentally
testing the adaptive correction for o, =[0.96,1.04] and 7,=7,+ 2ms. (c). Evaluation of (a, b) by the root square root of
the last three cycles of z,. (d-g). Parametric variations in the correction process. The tuned actuation force is applied from
t = 2s and the adaptive correction is applied from ¢ =10s.
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From the time interval ¢t €[2,10]s of Fig. 7(a, b), the inaccurately tuned DR suppresses vibrations in the passive case while
residual vibrations appear as expected. Once the adaptive correction is activated, residual vibrations are significantly suppressed
within three correction steps. The root mean squares dynamically calculated following the last three cycles of z, shown in Fig.
7(c) depict the enhanced performance. The adaptive DR reduces the residual vibration by 88.06% (—18.46dB). Compared
with the passive absorber within ¢ &€ [0, 2s], the vibration is finally suppressed by up to 93.4% (—23.15dB). Note that this
percentage number is rather high since the test frequency w =6Hz is around the natural frequency of the absorber, see also
the antiresonance peak in Fig. 6(a). Besides, in this process, RMS (xp) =0.08mm is set as the lower threshold value 6,,, of
activating the correction as per (32) to reduce the risks of correction deviations given the increasing noise effects in z,,.

Fig. 7(d-e) detail the parametric variations during the correction process. Different from Fig. 4(h, 1), the final convergences
at (9,7), as shown in Fig. 7(g, f), do not match (§,/a,,7, —2ms) since inaccuracies exist in the identified
(ma,ka,kyycayc,) and since the ideal complete vibration suppression |z,|=0 is not achieved at last. However, one should
notice that g\ when a,=0.96 is larger than that when o, =1.04, which is desired to complement the scaled gain
deviations in the two cases. On the other hand, 7” in the two cases tend to converge to the same value since the delay deviations
in the two cases are the same.

At last, to show the general nature of the adaptation method, an additional test is performed at w="7Hz following the same
procedure of Fig. 7 while only changing 7" to T'=5s based on the spectral analysis similar to Fig. 4(a) and maintaining the
inaccurate deviations of other nominal parameters. The resulting responses z, are shown in Fig. §. One can see that the
adaptation correction is still effective and efficient so that residual vibrations resulting from the inaccurate DR can be suppressed
by more than 89% within four steps, finally yielding up to 94% vibration reduction compared with the passive absorber.

@) Mt ) o

4 — 30 31 32 33 34 35 4 30 31 32 33 34 35
= 7 yg———|| _______Passive Absorber/X — 7} ________Passive Absorber,
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Fig. 8. Experimental tests of the adaptive with (w, |f.|,T)=(7Hz, 4N, 5s). (a, b). The case a, =0.96. (c, d). The case
o, =1.04 . The tuned actuation force is applied from ¢=2s and the adaptive correction is applied from ¢ =10s.Parametric
settings resulting in the inaccurate DR follow Fig. 7.

6. Conclusions

This work aims to eliminate the residual vibrations caused by an inaccurately tuned DR arising from the inaccurate
knowledge of the parameters needed to calculate the nominal tuned pair (Zytﬁ't) in the controller, including all structural
parameters of the absorber, (m,, Ea,@g,éa,ég ), the detected vibration frequency, &, and the relationship between the effective
(g,7) and nominal (?],?) control parameters. To this end, an online recursive adaptive correction strategy is proposed by
equating the effects of the inaccurately tuned actuation force wu, to the inappropriate alteration of (k,,¢,). Based on the
equivalent model, the resulting adaptive DR can directly correct (§t,?t) as per real-time system responses without needing to
identify the real values of all parameters involved in force tuning, which is conducive to implementation.

The effectiveness and efficiency of the adaptive DR are validated both numerically and experimentally. Simulations show
that residual vibrations by an inaccurately tuned DR can be significant. Alternatively, the adaptive DR can theoretically eliminate
the residual vibration and reach convergence within very limited correction steps. In experiments, residual vibrations caused by
the inaccurately tuned DR can be suppressed by more than 88%, finally settling the primary structure by up to 93.4%
compared with the passive case, even if the test frequency is around the absorber’s natural frequency. Besides, based on the
sample experimental setup, the mechanism of the inaccurate realization (57,?) is also discussed.

Inspired by and generalizing from the previous work [36], which mainly focuses on the inaccuracies in (/;a,a,) , the adaptive
DR can now be more easily deployed to maximize its capacity for complete vibration suppression thanks to the reduced accuracy
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requirements on parameter identification and stronger robustness against parametric variations. Our future work would address
MDOF absorbers, which have been recently demonstrated to offer significant advantages in specific scenarios [21-24]. Besides,
more specific conditions are needed to guide the design of §,, in (32), and a more general adaptation method capable of
handling time-varying parametric inaccuracies beyond the prerequisites in Remark 2 is also worthy of investigation.
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Appendix A. Limitations when handling time-varying parametric inaccuracies

We here test the limitations of the recursive adaptive correction when the parametric inaccuracies are time-varying. For
demonstration, we consider a time-varying frequency w . Based on the test conditions in Fig. 4, we first let w increase at the
rate of 4+0.015Hz/s from 6Hz during ¢€[10,52]s. To mimic a possible practical case where such frequency variations
are not detected due to a poor sensor or calculation errors, the nominal frequency @ =0.98 X 6Hz is fixed in the controller.
The variations of w and the resulting system responses in simulation are shown in Fig. 9(a).
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Fig. 9. Simulation test of the recursive adaptive correction in the case with time-varying frequencies, with w linearly increasing
from 6Hz during t€[10,52]s. (a). Sweeping rate is +0.015Hz/s . (a). Sweeping rate is + 0.003Hz/s. The remaining
test conditions are identical to those specified in Fig. 4.

From the interval ¢t€[10,31]s in Fig. 9(a), each execution of the correction with T'=7s can confine residual vibrations.
However, the vibration suppression is far from complete even after multiple steps, since the correction is transfer function-based
as per (15). More specifically, the steady-state data of (z,,z,) are required when constructing (22) to ensure accuracy since a
transfer function evaluated with s = jw governs steady-state responses, while such data are unavailable here due to the time-
varying w . On the other hand, since the vibration can be effectively controlled by and large as w varies, we can naturally infer
that the residual vibrations can be theoretically eliminated if w varies more slowly than a complete correction process, or the
varying rate of w during the correction process is sufficiently low to yield a negligible transient process. To test the latter
condition, we reduce the frequency-sweeping rate to +0.003Hz/s (the lower the smaller residual vibrations), thus yielding
Fig. 9(b). In this case, the residual vibrations can be suppressed to a sufficiently low level, see also the frequency response
prediction in Fig. 6. The above analysis again verifies the prerequisite of the adaptive correction given in Remark 3.

Particularly, we add that even with a good estimation of w when starting the correction and if w varies sufficiently slowly,
frequency detection is still required since the stability estimation and the selection of T as done in Fig. 3(a) may lose
effectiveness due to the increased mismatch between @ and w, as verified by the instability that occurs when ¢>31s in Fig.
9(a). The above conclusions also apply to the case where (m,,k,,c,,c,,g,7) are time-varying, albeit slowly. The SIMULINK-
based simulation model and the results corresponding to Fig. 9 are provided in Appendix C.
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Appendix B. Applicability of the adaptive correction for MDOF primary structures

Given that the primary structure can have multiple internal degrees of freedom, we here show that the adaptive correction
procedure proposed in Fig. 2 can be directly applied. We consider a 2DOF primary structure for demonstration, leading to Fig.
10, where (m,,c,,k,) are newly introduced compared to Fig. 1.

Fixed frame

W— k,
O
_cEfe —[q

Primary structure
Fig. 10. A possible operating condition where the primary structure has an inherent degree of freedom.

The increased degree of freedom leads to the following governing equations

MoZy + T + ko + ¢, (2, — T,) + ko (z, — ,) = 1,
m, i, +c,z, + k,z, + ¢, (&, — .) + ko (z, — z.) + ¢, (2, — 2,) + k,(z, — z,) = f. — u, (35)
m,%, +¢,(z,— z,) + k,(z, — z,)=0.

Note that the first equation of (35) is identical to that of (1), so the tuning mechanism (8) still holds without modifications.
This is a natural result of the fact that the dynamics of m, take no effect when |z,|=0,i.e., z, is essentially the excitation
of m,. On the other hand, revisiting (9) and (15), the adaptive correction needs to construct the transfer function from z, to
T, , which is still determined by the first equation of (35), where the dynamics of m, take no effect. This aligns with the fact
that the inherent dynamics of the primary structure do not affect the force transmission relationship between m, and m,.
Hence, compared to Fig. 1, no modifications to the correction calculations are required either when handling the present 2DOF
primary structure. The only parameter being affected is the time gap 7' between the two consecutive correction steps. As shown
in (29), the lower bound of T depends on the system settling time ¢, and thus the spectrum of the characteristic equations.
We consider (m,,c,,k,) =(0.4kg, 2Ns/m,900N/m) for verifications. The test conditions, including the settings of the
remaining structural parameters, the excitation, and the parametric inaccuracies (nominal tuned pair (gf“’, ?fo))) follow those in
Section 5.1. Similar to Fig. 3, the real part of the rightmost characteristic roots can be obtained as gop = —1.33 (the
characteristic equation related to (35) is omitted), so we let T'=>5s as per (29). The simulation results are given in Fig. 11.

T
|

GomplEts setleman:

0 2 6 A) 15 2

) 0 25
Correction ON

(@) s
ji 4
<0
Hn
§
(b

'E' . ;
k) lm |
e .
5 0.5 [Inagcurate DR \ Adaptive DR !

= [ i

R -

0 2 6 10 15 20 25
Time ¢ [s]

Fig. 11. Simulation test of the adaptive correction when the primary structure is 2DOF following Fig. 10, where (m,,c,,k,) =
(0.4kg, 2Ns/m, 900N/m). (a). Time history of the system responses. (b). The dynamical evaluations of the RMS of z,,. The
tuned actuation force is applied from ¢ =2s and the adaptive correction with T'=25s is applied from ¢=10s.

Comparing Fig. 4 and Fig. 11, one can see from the time interval ¢€[2,10]s that the additional structure m, inherent in
m, can amplify the residual vibrations caused by the inaccurately tuned DR (with the same nominal tuned pair) so that the
vibration level can unfavorably exceed that in the passive case (i.e., t <2s). Even so, it does not affect the efficacy of the
adaptive DR, which eliminates the residual vibration (99% reduction) within three steps since the activation at ¢ =10s.

Based on the above, one can conclude that increasing the number of the substructures inherent in m,,, i.e., the primary
structure has multiple inherent degrees of freedom, does not affect the direct applicability of the correction procedure following
Fig. 2, as long as the tuning mechanism (8) and the transfer function (9) are still effective. This test with an MDOF primary
structure also signifies possible wider applications of the DR technique, which is less-reported in the open literature. The used
SIMULINK-based simulation model and results corresponding to Fig. 11 are provided in Appendix C.
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Appendix C. Open-source materials

The SIMULINK-based simulation models related to Fig. 4, Fig. 9, and Fig. 11, as well as the video recordings of the
experiments related to Fig. 7 and Fig. 8 are available at https:/bit.ly/4nJOVDY.
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