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System-theoretic Framework for Intent Sharing
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Abstract—The vast majority of protocols for connected auto-
mated vehicles are based on status sharing, i.e., communication
of the current vehicle state among neighboring vehicles. Only
recently the idea of intent sharing has been put forward, where
not only the current state, but also the vehicle intention in the
near future can be communicated. In the context of Cooperative
Adaptive Cruise Control (CACC), this work provides a system-
theoretic framework for intent sharing through the lens of output
regulation. We present analytical results showing two fundamen-
tal aspects of CACC with intent sharing: a) when vehicle-to-
vehicle communication is reliable, intent sharing provides no
benefits over status sharing, as both sharing paradigms result
in the same protocol; b) intent sharing becomes beneficial when
vehicle-to-vehicle communication is unreliable, in which case
the latest communicated intent can be used to reconstruct the
missing information of the neighboring vehicle in the near future.
Together with theoretical analysis, numerical validations with
synthetic and real-world data are provided, where the benefits of
CACC with the proposed implementation of intent sharing are
shown against several state-of-the-art CACC protocols.

Index Terms—Connected Automated Vehicles (CAVs), Coop-
erative Adaptive Cruise Control (CACC), unreliable communi-
cation, intent sharing, status sharing, output regulation.

I. INTRODUCTION

THE progress of information and communication tech-
nology is behind several innovations in the field of

Connected Automated Vehicles (CAVs) [1]–[3]. A key inno-
vation is the evolution from Adaptive Cruise Control (ACC)
to Cooperative Adaptive Cruise Control (CACC), where the
on-board sensing of ACC is enhanced with vehicle-to-vehicle
(V2V) communication. As compared to ACC, a CACC proto-
col better exploits the connectivity of CAVs. Several studies
have shown that CACC-equipped vehicles provide several
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advantages over ACC-equipped vehicles, such as smaller inter-
vehicle gaps, improved stability of the vehicle string, prompt
collision avoidance, among others [4]–[7]. However, because
of the reliance on V2V communication, any CACC protocol
is inherently subject to unreliability of the wireless commu-
nication channel [8]–[10], requiring proper methods to handle
such communication constraints.

A. Related work on communication constraints in CACC
The capacity and reliability of the wireless communication

channel can be at stake if a large number of CAVs is deployed
on the road. As a result, any CACC protocol needs a module
aiming to recover a good level of performance in case of com-
munication failures [11]–[13]. There are two main approaches
with which CACC protocols can deal with communication
failures. The first approach is to switch from the CACC mode
to the ACC mode, which only relies on on-board sensing: an
example is the gracefully degraded CACC [13], among other
solutions inspired by this idea. A second approach is to design
an observer to reconstruct the missing V2V information, with
representative examples being [14], [15].

No matter which of the two approaches is used, a cer-
tain level of performance degradation of CACC should be
accepted in case of unreliable communication. A good design
should reduce such degradation as much as possible. For the
approaches based on switching between CACC and ACC,
the ACC mode can still be designed to achieve desirable
properties like string stability and collision avoidance [16],
[17], but the missing V2V information will inevitably reduce
the ideal performance of CACC with perfect communication.
In addition, the switching should be carefully managed to
ensure a seamless transition between the two modes [18].
Meanwhile, the approaches based on observers are bound to
degrade or fail if the assumptions used to design the observer
are not met. Such assumptions include parametric structure of
the missing information, homogeneity of the vehicle dynamics,
small measurement noises, known upper bounds on the uncer-
tainties. For example, estimating the predecessor acceleration
via numerical differentiation from on-board sensors of the
follower vehicle [19] assumes small measurement noises,
whereas methods based on bounds for the inter-vehicle gap
[20] assume a priori known bounds for the acceleration of the
predecessor vehicle. In summary, reducing the performance
degradation in case of unreliable communication remains an
open problem in several V2V protocols for CAVs.

B. Related work on status-sharing and intent-sharing
Most V2V protocols including the aforementioned CACC

protocols are based on status sharing, i.e., communication of
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the current vehicle state among neighboring vehicles. Recently,
an enhanced V2V paradigm has been proposed based on intent
sharing [21]–[23], where not only the current state, but also
the intention in the near future can be communicated among
neighboring vehicles. As this paradigm currently does not
involve CACC, it is worth studying how intent sharing can
be implemented in a CACC protocol. The intent should not
be confused with the prediction over a short horizon used
in predictive CACC [24]–[29]. The prediction in predictive
CACC protocols is calculated on-board by the follower vehicle
via observers [24]–[26] or via neural networks [27]–[29]. On
the other hand, the intent is provided to the follower by the
predecessor vehicle.

(a) CACC protocol with status sharing

(b) CACC protocol with intent sharing (proposed)

Fig. 1: CACC protocol under unreliable communication: (a) with
status sharing, lost communication inevitably leads to perfor-
mance degradation; (b) with intent sharing, the latest communi-
cated intent can be used to reconstruct the missing information
during lost communication periods.

A genuine intent-sharing framework should be based on a
prediction calculated by the predecessor vehicle and commu-
nicated to the follower. Most importantly, the follower vehicle
should make use of the intent information in a way that can
be seamlessly integrated with the status information. All these
points provide open problems in the field, which are addressed
in this study.

C. Contributions of this study

The main contribution of this work is designing the first
intent-sharing framework for CACC vehicle platooning, from
the system-theoretic perspective of output regulation. Output
regulation is a fundamental problem in control theory, referring
to the problem of making a regulated output track the signals

generated by an exosystem model [30]–[32]. In the context of
CACC, the output to be regulated is the spacing error, while
the behavior of the predecessor vehicle (namely, its accelera-
tion) is regarded as generated by an exosystem. By looking at
such exosystem as a model for the intent of the predecessor,
the goal of output regulation is to make the follower vehicle
track the signals generated by such intent model. Under this
perspective, the framework in this work provides three major
new insights into intent sharing, summarized below.

• Is intent sharing always beneficial? One may think that,
thanks to the additional future information, intent shar-
ing is always beneficial over status sharing. The output
regulation perspective allows to show that when commu-
nication is reliable, CACC with intent sharing provides no
benefits over CACC with status sharing: in fact, Theorem
1 in this work states that, with reliable communication,
the CACC intent-sharing protocol takes the same form
of a well-known CACC status-sharing protocol in the
literature. This is because reliable communication allows
to reconstruct the intent from the status information.

• When is intent sharing beneficial? Intent sharing becomes
advantageous when communication is unreliable. In this
case, the result presented in Theorem 2 of this work uses
the latest communicated intent to recover the missing
information in the near future (refer to Fig. 1). This is
intrinsically different from predictive CACC only using
on-board sensing: the reconstruction of the missing infor-
mation we propose is based on previously communicated
intent signals along with on-board sensing.

• How to communicate the intent? With the proposed out-
put regulation perspective, the intent takes the form of a
state matrix internally calculated by the predecessor. The
fact that the predecessor generates its own intent marks
a difference with standard output regulation literature
where the exosystem model is a priori known, either to
all or to some agent [33]–[35]. In our case, even the
predecessor vehicle does not know a priori its intent
model and must generate it. Theorem 3 of this work
provides a design allowing the predecessor vehicle to
generate its own intent.

Along with the system-theoretic aspects, two additional
practical aspects of the proposed design are worth being
remarked. First, the proposed intent-sharing framework is de-
signed to be seamlessly integrated with status sharing: namely,
the intent-sharing CACC protocol is designed to have the
same structure as the CACC status-sharing protocol. Second,
the proposed intent-sharing framework is communication-
efficient, as it just uses a state matrix to encode the intent
over several seconds. We aim to avoid communication at every
time of an entire intent trajectory, as this could overload the
communication channel.

The remainder of this paper is structured as follows. In
Section II, we develop the dynamic models of the predecessor-
follower configuration and define the intent-based output reg-
ulation problem. In Section III, we present solutions to intent-
based output regulation in a full information scenario and
a partial information scenario. In Section IV, we design a
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mechanism for each vehicle to autonomously construct its own
intent. In Section V, we validate the proposed ideas with both
synthetic and real-world data. In Section VI, we conclude the
paper and discuss future research opportunities.

Notation: The following notation will be adopted: we use
x ∈ L2 and x ∈ L∞ to indicate that a vector-valued signal
x(·) ∈ Rn is bounded in the L2 and L∞ norm. The H∞ norm
of a stable transfer function H(q) is defined by ∥H(q)∥∞ :=
supw≥0 σmax(H(jw)), where q is the Laplace operator and
σmax(·) is the maximum singular value.

II. PROBLEM FORMULATION

Let us consider two vehicles in predecessor-follower con-
figuration, as depicted in Fig. 1(a). For each vehicle i, its
longitudinal dynamics can be represented as

ṡi(t) = vi(t)

v̇i(t) = ai(t),
(1)

where si, vi, ai denote the longitudinal position, velocity,
and acceleration of vehicle i. We model the engine/powertrain
dynamics of each vehicle i as in the literature [36]–[38]

τiȧi(t) = −ai(t) + ui(t), (2)

where ui denotes the desired acceleration input provided via
the vehicle pedals, and τi > 0 is the time constant of vehicle i,
representing the time necessary to reach a desired acceleration
due to the engine/powertrain dynamics. After indexing the
predecessor as vehicle i+1, we consider an inter-vehicle time-
headway spacing error commonly adopted in the literature [39]

ei(t) = si+1(t)− si(t)− hvi(t)− r, (3)

where si+1 − si is the relative distance between the two
vehicles, h is the time headway (h > 0 implies that the desired
inter-vehicle spacing increases as the velocity increases), and
r > 0 is a standstill safety distance which may include the
vehicle length, so as to get the bumper-to-bumper distance.
Let us further define the relative velocity as νi = vi+1 − vi.
Then, the dynamics of the predecessor-follower system can be
written as:ėi(t)ν̇i(t)
ȧi(t)

 =

0 1 −h
0 0 −1
0 0 − 1

τi

ei(t)νi(t)
ai(t)

+
 0
0
1
τi

ui(t)+

01
0

 ai+1(t),

(4)
with xi =

[
ei νi ai

]⊤
being the state vector of the

predecessor-follower pair. In (4), ui is the control input of
the follower vehicle to be designed, and ai+1 is the accel-
eration of the predecessor vehicle acting as an exogenous
disturbance to the predecessor-follower system. Note that the
state components ei, νi, ai of the predecessor-follower pair
can be measured by the follower vehicle with standard on-
board sensors (radar, tachometer, accelerometer), commonly
available on ACC-equipped or CACC-equipped vehicles. Such
sensors cannot measure the predecessor acceleration ai+1,
which requires the predecessor vehicle to share it with its
follower via wireless communication. In the rest of the work,
we follow a continuous-time formulation to better align to
the vast majority of CACC and output regulation literature.

Nevertheless, the proposed ideas are amenable to digital im-
plementation, as verified in the numerical validation part.

A. Ideal status-sharing formulation

The control problem is how to design ui: to introduce this
control problem, let us consider the status-sharing1 controller
ui from the literature [40], [41]

ui(t) = θ1ei(t)+θ2νi(t)+(1−τh−1−hθ2)ai(t)+τh−1ai+1(t),
(5)

with arbitrary θ1 > 0, θ2 > 0. The literature has shown
that (5) guarantees disturbance decoupling and string stability
properties, defined as follows.

Definition 1 (Status-sharing CACC). For the predecessor-
follower system (4) with spacing policy (3), the status-sharing
controller ui in (5) guarantees

1) output regulation with disturbance decoupling: for any
bounded signal ai+1(·), we have

lim
t→∞

ei(t) = 0. (6)

2) string stability: for any bounded signal ai+1(·) and any
∆t > 0, we have∫ t+∆t

t

(a2i (ℓ)− a2i+1(ℓ))dℓ ≤ 0. (7)

Disturbance decoupling CACC frameworks have been rig-
orously demonstrated in prior literature [42] to simultaneously
accommodate heterogeneous parameters τi while maintaining
formal collision avoidance guarantees. Thus, Definition 1
ensures a wide set of desirable properties for status-sharing
CACC. The controller (5) is regarded as ideal because it
relies on perfect wireless communication of ai+1(t) at each
time t (to be interpreted as the predecessor vehicle sharing its
status with the follower). However, wireless communication is
unreliable [10], [14], so that the ideal properties in Definition 1
would be lost during communication failures.

B. Proposed intent-sharing formulation

Let us now introduce an ‘intent’ of the predecessor vehicle,
shared to the follower vehicle through wireless communication
in a similar way as the status. Such intent can be interpreted
as the behavior of the predecessor vehicle in the near future:
by this, even when the current status of the predecessor
is unavailable during communication failures, the follower
vehicle can still rely on the latest communicated intent to
reconstruct the missing status and recover desirable properties,
cf. Fig. 1(b). Inspired by the exosystem in output regulation
[32], [43], the intent of the predecessor vehicle is taken as

ẇi+1(t) = Swi+1(t), S =

 0 1 0
−Ω2 0 0
0 0 0

 ,

ai+1(t) = Hwi+1(t), H =
[
1 0 1

]
,

(8)

1We refer to (5) as status-sharing controller because it uses the current
state of the predecessor-follower pair in (4) and the current acceleration of
the predecessor vehicle.
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where wi+1 denotes the exosystem state (or intent state),
so that ai+1 is a linear combination of the intent state.
To highlight the meaning of (8), recall that the solution to
dynamics (8) is in the form ai+1(t) = α sin(Ωt + ϕ) + β,
where α, ϕ, β are the amplitude, phase and bias depending on
the initial condition ωi+1(0). While more complex behaviors
(e.g., multi-modal) can be considered, the behavior encoded in
(8) works in practice (as verified in the numerical validation
part) and is simple enough to present the control design in an
easy way.

The intent sharing control problem can be formally stated
as follows.

Intent-sharing CACC Problem: For the predecessor-
follower system (4) with spacing policy (3) and intent (8),
design a controller ui that guarantees

1) intent-sharing output regulation: for any bounded signal
ai+1(·) solution to the intent dynamics (8), we have

lim
t→∞

ei(t) = 0. (9)

2) intent-sharing string stability: for any bounded signal
ai+1(·) solution to the intent dynamics (8), we have∫ t+∆t

t

(a2i (ℓ)− a2i+1(ℓ))dℓ ≤ 0. (10)

The main difference between the Intent-sharing CACC
Problem and the ideal properties in Definition 1 is that output
regulation and string stability are not defined for arbitrary
ai+1(·), but only for a class of ai+1(·) compatible with
the intent of the predecessor vehicle, i.e., a solution to the
dynamics (8). The next section provides an answer to the
proposed intent-sharing formulation. Note that under reliable
communication, ai+1(·) would be available at all times. In
this full information scenario, the intent-sharing controller
reduces to the status-sharing controller through direct use
of the measured signal, bypassing intent reconstruction. This
recovery of the classical design under full information scenario
is formally established in the next section.

III. PROPOSED INTENT-SHARING SOLUTION

The main idea of the intent-sharing control design is to
replace the ideal controller (5) with

ui(t) = θ1êi(t)+θ2ν̂i(t)+(1−τih
−1−hθ2)âi(t)+τih

−1âi+1(t)
(11)

where the signals êi, ν̂i, âi, âi+1 are reconstructed versions
of the signals ei, νi, ai, ai+1 in (5). Note that (11) has the
same structure as (5), with signals that have the same physical
interpretation (spacing error, relative velocity, acceleration) as
the signals in (5). Such a structure allows for a seamless
integration of status sharing and intent sharing. The signals
êi, ν̂i, âi will be reconstructed by an observer while on-board
sensors measure the states ei, νi, ai. The fact that the states
remain available during communication failures, allows the
observer to form a set of observation errors ei − êi, νi − ν̂i,
ai−âi, used to reconstruct the exosystem state ŵi+1 and âi+1.
Consequently, an observer-based control structure is adopted,
in which the observed signals replace the actual signals in
the control law. Closed-loop stability analysis will prove the
convergence of the observation errors to zero.

A. Full information intent-sharing scenario

Before introducing the main design of (5), we present the
ideal case with full information, i.e., perfect communication.
We show that the controller structure in (5) already embeds
the intent, as formalized in the following result.

Theorem 1 (Full information intent-sharing protocol). Con-
sider the predecessor-follower system (4) with spacing policy
(3) and intent (8). When all signals ei, νi, ai, ai+1 are
available at time t, the same controller (5) used for status-
sharing CACC also solves the intent-sharing CACC Problem.

Proof. The main idea of the proof is to show that the controller
(5) solves a regulation problem with the predecessor intent
playing the role of an exosystem. To this purpose, let us
compactly write the predecessor-follower system (4) as

ẋi = Axi +Bui + Pwi+1

ei = Cxi,
(12)

with matrices

A =

0 1 −h
0 0 −1
0 0 − 1

τi

 , B =

 0
0
1
τi

 ,

P =

01
0

 [1 0 1
]
, C =

[
1 0 0

]
.

(13)

It is straightforward to show that (A,B) is stabilizable. Be-
cause S in (8) is antistable, we know from output regulation
theory [31], [32], [44], [45] that output regulation is solvable
if and only if the following linear matrix equations

ΠS = AΠ+ P +BΓ

0 = CΠ,
(14)

have a solution pair (Π,Γ). Before finding such a solution,
let us recall why (14) allows to solve an output regulation
problem. Let K be a matrix such that A+BK is stable (such
K can always be found because (A,B) is stabilizable). We
now show that a controller in the form

ui = K(xi −Πwi+1) + Γwi+1, (15)

achieves output regulation. Substituting such controller in (12)
gives the closed-loop system

ẋi = (A+BK)xi + (P −BKΠ+BΓ)wi+1

ẇi+1 = Swi+1

ei = Cxi.

(16)

Let us define the state transformation x̄i = xi − Πwi+1,
whose dynamics are

˙̄xi = (A+BK)xi+(P−BKΠ+BΓ)wi+1−ΠSwi+1

= (A+BK)xi−AΠwi+1−BKΠwi+1

= A(xi −Πwi+1) +BK(xi −Πwi+1)

= (A+BK)x̄i,

(17)

where we have used the first of the linear matrix equations in
(14). With a proper design of K, the matrix A+BK can be
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made stable, so that all the trajectories of (17) converge to the
equilibrium x̄i = 0. Furthermore, we have

ei = Cxi − CΠwi+1 = Cx̄i, (18)

where we have used the second of the linear matrix equations
in (14). We conclude that if the two linear matrix equations
in (14) hold, then ei converges to zero.

As a next step, we choose K so that the controller (15)
boils down to the controller (5). Such a choice for K is

K =
[
θ1 θ2 1− τih

−1 − hθ2
]
, (19)

leading to

Γ−KΠ = τih
−1H =

[
τih

−1 0 τih
−1
]
, (20)

where we have used the fact that ui = K(xi−Πwi+1)+Γwi+1

is equivalently written as

ui =
[
θ1 θ2 1−τih

−1−hθ2
]
xi + τih

−1
[
1 0 1

]
wi+1

= Kxi + Ewi+1,
(21)

with E = Γ−KΠ. Next, let us calculate a solution (Π,Γ) to
(14) for the predecessor-follower system (4). Decompose the
solution as

Π =

π11 π12 π13

π21 π22 π23

π31 π32 π33

 , Γ =
[
γ1 γ2 γ3

]
. (22)

From CΠ = 0, we can derive the following[
π11 π12 π13

]
= 0.

Meanwhile, from ΠS = AΠ+BΓ + P , we can get

AΠ+BΓ + P =

π21 − hπ31 π22 − hπ32 π23 − hπ33

1− π31 −π32 1− π33
γ1−π31

τ
γ2−Π32

τ
γ3−π33

τ


 0 0 0
−Ω2π22 π21 0
−Ω2π32 π31 0

=
π21 − hπ31 π22 − hπ32 π23 − hπ33

1− π31 −π32 1− π33
γ1−π31

τ
γ2−π32

τ
γ3−π33

τ

 .

Hence, the solution (Π,Γ) to (14) exists and takes the form

Π =

 0 0 0
hγ2

τ−h
−h2γ2

τ−h h
γ2

τ−h
−hγ2

τ−h 1

 , Γ =
[
γ1 γ2 1

]
, (23)

with

γ1 =
Ω2hτ + 1

Ω2h2 + 1
, γ2 =

τ − h

Ω2h2 + 1
. (24)

To show string stability in the sense of (10), we calculate
the transfer function from ai+1 to ai of the closed loop formed
by (12) and (15). Since ai = C̃xi, with C̃ =

[
0 0 1

]
, the

transfer function from ai+1 to ai is given by

G(q)= C̃(qI−A−BK)
−1
(
Bτih

−1+

01
0

)= 1

hq + 1
, (25)

where q is the Laplace operator. Let q = jω and calculate the
magnitude of the transfer function

|G(jω)| =

√
1

(hω)2 + 1
≤ 1, ∀ω ≥ 0. (26)

The H∞ norm of G is ∥G∥∞ = maxω≥0 |G(jω)| = 1.
Because the H∞ norm of the system is equivalent to its
induced L2 gain, we have

inf
∆t>0

∫ t+∆t

t

(∥G∥2∞(a2i+1(ℓ)− a2i (ℓ)))dℓ ≤ 0, (27)

implying that condition (10) holds for any h > 0. This
concludes the proof.

Remark 1. Theorem 1 implies that the same CACC protocol
used in a status sharing situation (with communication of the
current ai+1 only) is also valid for an intent sharing situation.
This means that, as long as communication of the current ai+1

is possible, there is no additional benefit in communicating
extra intent variables.

B. Partial information intent-sharing scenario

We now further look at the partial information scenario,
i.e., with information not fully available due to communication
failures. The following result shows that if ai+1 is missing, it
can be reconstructed as a properly designed âi+1.

Theorem 2 (Partial information intent-sharing protocol). Con-
sider the predecessor-follower system (4) with spacing policy
(3) and intent (8). The controller

ui = Kx̂i + Eŵi+1 (28)

with K, E as in (19)-(21), along with the state estimator and
exosystem estimator

˙̂xi = Ax̂i + Pŵi+1 + L1(Cx̂i − ei) +Bui

˙̂wi+1 = Sŵi+1 + L2(Cx̂i − ei)
(29)

with A, B, C, P as in (12)-(13), and L1, L2 observer gains
(cf. their design after (32)), solves the intent-sharing CACC
Problem. With x̂i =

[
êi ν̂i âi

]
, the controller (28) can be

equivalently written in the form (11), where the reconstructed
version of ai+1 is obtained as

âi+1 = Hŵi+1. (30)

Proof. In line with the proof of Theorem 1, the goal is to show
that ei converges to zero. To this purpose, let us define the
system state observation error x̃i := x̂i−xi and the exosystem
state observation error w̃i+1 := ŵi+1−wi+1. Then, we rewrite
the closed-loop system formed by (4) and (29) as

ẋi = (A+BK)xi + Pwi+1−BKΠwi+1

+BΓwi+1 +BKx̃i +B(Γ−KΠ)w̃i+1

(31)

leading to the observation error dynamics[
˙̃xi

˙̃wi+1

]
=

[
A+ L1C P
L2C S

] [
x̃i

w̃i+1

]
, (32)

Because the pair (A,C) is detectable, an observer gain L1 can
always be found such that A + L1C is stable. Analogously,
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along standard reasoning for observer design, an observer gain
L2 can always be found such that the state matrix of the
observation error dynamics in (32) is stable [32]. This implies
that the errors xi+1− x̂i+1 and wi+1− ŵi+1 converge to zero.
As a result, the controller (11) using feedback from x̂i+1 and
ŵi+1 will converge to the controller (28) using feedback from
xi+1 and wi+1, that is, the following convergence holds

θ1êi(t) + θ2ν̂i(t) + (1−τih−1−hθ2)âi(t) + τih
−1âi+1(t) →

θ1ei(t) + θ2νi(t) + (1−τih−1−hθ2)ai(t) + τih
−1ai+1(t).

(33)

Thus, a similar reasoning as in the proof of Theorem 1 applies,
meaning that the output ei is regulated to zero asymptotically
for any signal ai+1(·) compatible with the intent (8).

Thanks to (33), the partial information design achieves
the same steady-state behavior as the full information design
and thereby inherits its desirable properties including string
stability. Such steady-state analysis is consistent with the
standard treatment of string stability in CACC, as transfer
function methods inherently characterize system behavior un-
der steady-state conditions [7]. To the best of the authors’
knowledge, transient analysis of CACC properties remains
largely unexplored and represents a promising direction for
future research.

Remark 2. Theorem 2 implies that ai+1 − âi+1 converge
to zero under the intent condition (8), i.e., ai+1 can be
reconstructed as âi+1 even during communication failures. We
emphasize that the controller (28)-(29) operates exclusively
using on-board sensors, without inter-vehicle communication.

The controller (28)-(29) relies on the availability of S,
encoding the intent of the predecessor vehicle. The final step is
to allow the predecessor to internally construct its own intent
in the form (8). This is achieved using a suitable estimator.

IV. GENERATION OF THE EXOSYSTEM

The predecessor vehicle can autonomously generate its
intent model in real-time through online processing, as demon-
strated by the following results.

Theorem 3. Consider the predecessor vehicle model

ṡi+1(t) = vi+1(t)

v̇i+1(t) = ai+1(t) = Hwi+1(t),
(34)

where wi+1(t) obeys the intent ẇi+1(t) = S∗wi+1(t) with

S∗ =

 0 1 0
−Ω∗2 0 0
0 0 0

 , (35)

but the intent state matrix S∗ is a priori unknown to the
predecessor vehicle. The predecessor vehicle can generate an
estimate S(t) of S∗, namely

S(t) =

 0 1 0
−Ω2(t) 0 0

0 0 0

 , (36)

from on-board measurements of ai+1, using the estimator

Θ̇(t) = Fε(t)Φ(t),

ε(t) =
z(t)− ẑ(t)

m2
s(t)

=
z(t)−Θ⊤(t)Φ(t)

m2
s(t)

,
(37)

where F = F⊤ > 0 is an adaptive gain, m2
s(t) = 1 +

Φ⊤(t)Φ(t) is a normalizing signal, and

Θ(t) =
[
−Ω2(t) ŵ3(t)Ω

2(t)
]

Φ(t) =

[
λ0

q2+λ1q+λ0
ai+1(t)

λ0

q2+λ1q+λ0

]

z(t) =
λ0q

2

q2 + λ1q + λ0
ai+1(t),

(38)

with λ0, λ1 > 0. Then, the estimator (37) guarantees that
S(t) converges to S∗ exponentially, i.e., the estimated intent
converges to a priori unknown intent of the predecessor.

Proof. Refer to the Appendix.

Remark 3. Theorem 3 allows the predecessor vehicle to
generate its own intent model from on-board measurements
(Φ and z in (38) are available to vehicle i+1 from on-board
sensing of ai+1). Such generation can be performed by the
predecessor vehicle online, regardless of the communication
status between the predecessor and the follower vehicle.
When communication is available, the generated intent can be
readily communicated to the follower; when communication
fails, the follower vehicle can use the latest communicated
intent to reconstruct the missing status of the predecessor in
the near future, in accordance with the result of Theorem 2.

Exponential convergence of S(t) to S∗ makes the properties
in Theorem 1 and Theorem 2 be attained exponentially fast at
steady state. We emphasize that, instead of communicating the
entire matrix S(t), a lighter communication approach is that
the predecessor communicates only the scalar Ω(t), letting the
follower construct S(t) using (36).

V. VALIDATION STUDIES

We validate the proposed theory using synthetic and real-
world scenarios. To simulate unreliability of the wireless
channel, we consider V2V communication to be initially
available, followed by a period where communication fails
for a few seconds, and finally normal V2V communication
is restored. To validate the fact that the proposed exosystem
model can encode the intent over several seconds, we consider
communication failures up to 6 seconds. To the purpose of
comparisons, we consider two state-of-the-art ways to deal
with communication failures [13], [14]:

i) Switch to ACC: when communication fails, the follower
vehicle will switch from CACC to ACC, by only using
on-board sensing without any ai+1. In view of (5), this is
equivalent to assuming that the predecessor vehicle keeps
zero ai+1 until communication is restored.

ii) Constant intent: when communication fails, the follower
vehicle will use the latest communicated status ai+1 in
the CACC protocol. This is equivalent to assuming that
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the predecessor vehicle constantly keeps the last commu-
nicated status ai+1 until communication is restored.

To numerically compare the performance, two types of
energy (for spacing error and for follower acceleration) are
calculated and used as performance indicators.

Energy of spacing error in the time interval [t1, t2]:∫ t2

t1

e2i (ℓ)dℓ (39)

Energy of follower acceleration in the time interval [t1, t2]:∫ t2

t1

a2i (ℓ)dℓ (40)

where the interval [t1, t2] is taken as the period when com-
munication fails. The rationale is the following. The energy
of the spacing error measures the capability of the protocol to
stick to the desired inter-vehicle spacing: it is desirable for the
spacing error to have low energy. The energy of the follower
acceleration measures the capability of the protocol to avoid
amplification of the energy of the predecessor acceleration: it
is desirable for the follower acceleration to have low energy
in order to damp the energy of the predecessor acceleration.

Based on the above performance indicators, we validate
the different implementations of CACC on both synthetic
and real-world data, as explained hereafter. The integrals
(39)-(40) are formulated in continuous time for consistency
with the formulation we adopted. Nevertheless, the numerical
implementation of all protocols is digital.

A. Validation with synthetic data

In this validation scenario, the acceleration of the predeces-
sor vehicle is defined as a multi-modal sine wave ai+1(t) =
sin(Ω1t) + sin(Ω2t) with Ω1 = 0.75,Ω2 = 0.1. The meaning
of such a multi-modal form is to include both a slowly time-
varying and a faster time-varying intent. One may regard the
slowly time-varying intent as described by a slowly time-
varying bias β, and the faster time-varying intent as described
by Ω in the exosystem model (8). As such, the multi-modal
sine wave is more general than the behavior in the theoretical
analysis, and can be used to validate the effectiveness of the
proposed method beyond the hypotheses made for stability
analysis. To further relax the theoretical hypotheses and obtain
a more naturalistic behavior, we have also included Brownian
noise in the communication channel.

As it can be seen from the results in Fig. 2 and Table I,
the proposed intent-sharing implementation outperforms the
other comparative methods, especially in terms of energy
of the spacing error. A large energy of the spacing error
means that the follower vehicle would largely deviate from

TABLE I: Energy of spacing error and of follower acceleration
with synthetic data, during communication loss period∫

e2i dℓ
∫
a2i dℓ

Proposed 0.28 9.97
Switch to ACC 3.53 13.78
Constant intent 5.73 14.52

(a) Spacing error ei

(b) Follower acceleration ai

(c) Predecessor acceleration ai+1 as used by vehicle i

Fig. 2: Comparative experiments with synthetic data.

the desired inter-vehicle distance. For example, if the spacing
error is positive and far from zero, the follower vehicle is
losing cohesiveness with the predecessor; if the spacing error
is negative and far from zero, it indicates that the follower
vehicle is approaching the predecessor too much, leading to
possible rear-end collision. The small energy of the spacing
error in Table I validates the capability of the proposed
protocol to stick to the desired inter-vehicle distance even
during communication loss.

B. Robustness to different parameters

Reliability and low latency of the communication channel
are critical requirements for Intelligent Transportation Sys-
tems, refer to [46] for a comprehensive review on communi-
cation in vehicular networks. This and other studies quantify
a maximum of 100 ms latency for safety services, which can
be extended to 500 ms for non-safety services [47]–[49].

In a CACC scenario, safety is crucial: when the communi-
cation conditions exceed the maximum latency, it is expected
that the protocol activates some resilience mechanism. In this
validation scenario, we aim to show the robustness to different
loss periods of the proposed implementation of intent sharing.
As illustrated by Figure 3 and Table II, the proposed approach
is robust across all the tested intervals, as the performance indi-
cators remain close to the ideal communication (∆tfail = 0 s).
Let us mention that, in order to have a fair comparison across
all intervals, the performance indexes are calculated over the
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TABLE II: Energy of spacing error and of follower acceleration with synthetic data, for different duration of the communication loss

∆tfail 0s 1s 2s 3s 4s 5s 6s∫
e2i dℓ 0 0.03 0.07 0.13 0.18 0.23 0.28∫
a2i dℓ 9.47 9.74 9.43 9.63 9.86 9.99 9.97

(a) Spacing error ei

(b) Follower acceleration ai

Fig. 3: Comparisons with different duration of the
communication loss.

same integration interval, corresponding to the scenario with
longest communication loss (∆tfail = 6 s).

This validation scenario supports the fact that the exosystem
matrix used to describe the intent can encode the behavior
of the predecessor vehicle over several seconds of communi-
cation failure. Indeed, in the tests of Figure 3 and Table II,
communication is lost at the same time instant, meaning that
the same exosystem matrix (received by the follower vehicle
before the communication is lost) can be used for up to 6 s
without evident performance loss.

To show the robustness of the proposed approach to the
choice of the observer gain, refer to the results in Fig. 4.
In order to have a systematic way to design the gains, we
make use of the Riccati equation for optimal filtering, applied
to system (32),which yields two tunable weights, Q and R,
representing the noise covariance. In Fig. 4, we fix Q and
vary R = 10−2/γ according to γ ∈ {0.5, 1, 5, 10}. As
expected from the proof of Theorem 2, the choice of the
observer gain only affects the initial transient: after that,
convergence to the same steady state behavior is observed.
Note that the observer dynamics (29) can run independently
of whether communication is active or not: this allows the

TABLE III: Energy of spacing error and of follower acceleration
with real-world highD data, during communication loss period∫

e2i dℓ
∫
a2i dℓ

Proposed 1.42 20.61
Switch to ACC 5.21 21.10
Constant intent 3.44 20.70

Fig. 4: Spacing error performance under different LQR gain
settings.

dynamics to converge to their steady-state behavior even when
communication is active.

C. Validation with real-world data

In this validation scenario, the vehicle data for the prede-
cessor vehicle (position, velocity, acceleration) are obtained
from the publicly available highD dataset [50]. The highD
dataset is a dataset of naturalistic vehicle trajectories recorded
on German highways, as shown in Fig. 5. The main advantage
of highD data is to exhibit more realistic behavior and more
realistic measurement noise as compared to idealized synthetic
data. On the other hand, because the highD dataset was
recorded using a camera-equipped drone, the limited field of
view of the camera limits the length of the trajectories and their
time-varying behavior. For this reason, synthetic data and real-
world data are complementary and provide a holistic validation
of the proposed protocol. The acceleration of the predecessor
vehicle in the trajectories of the highD dataset is fitted via
online estimation along the scheme in Theorem 3, so as to
estimate online the corresponding Ω used in the intent model.

Fig. 6 presents the results for one of the trajectories ex-
tracted from the highD dataset, where the capability of the
proposed protocol in keeping the spacing error small during
communication failure is confirmed. We remind that, before
communication failure occurs, all tested strategies behave in
the same way because they make use of the same protocol:
what changes is the protocol used during communication
failure. Note that both Fig. 2 and Fig. 6 show that the
two strategies used for comparisons (switch to ACC and
constant intent) exhibit a ripple in the follower acceleration
after communication is recovered: this ripple is caused by
the discontinuity in predecessor acceleration at the time in-
stant when communication is recovered. The proposed intent-
sharing protocol does not exhibit such ripple, which validates
the seamless integration between status sharing and intent
sharing. Table III collects the average performance for several
trajectories extracted from highD dataset, confirming that
the proposed intent sharing implementation outperforms the
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Fig. 5: Example scenario in highD dataset

comparative methods both in terms of energy of the spacing
error and energy of the follower acceleration.

D. Calculation of communication overhead

From a communication point of view, encoding the intent
of a vehicle in the form of an exosystem state matrix is much
lighter than encoding it as a predicted trajectory. To explain
this point, let us assume that status sharing of ai+1 is part of
the nominal 25 Mbps bit rate and 10 Hz frequency reported for
the most common communication protocols for CAVs (IEEE
802.11p and C-V2X protocols [51], [52]). Meanwhile:

• If the intent of a vehicle is encoded in the form of
a predicted trajectory, one would need to communicate
ai+1 for a prediction horizon. A prediction horizon of,
let us say, 1 second would require to communicate 10
future values of ai+1, resulting in a communication rate
potentially up to ten times larger (250 Mbps) as compared
to status sharing.

• However, if the intent of a vehicle is encoded in the form
of an exosystem state matrix as we propose, communi-

(a) Spacing error ei

(b) Follower acceleration ai

(c) Predecessor acceleration ai+1 as used by vehicle i

Fig. 6: Comparative experiments with real-world highD data.

Fig. 7: Vehicle E-class configuration in CarSim.

Fig. 8: Initial configuration of the predecessor-follower system.

cation of the intent simply requires communication of
the current Ω, meaning that intent sharing would require
at most double rate (50 Mbps) as compared to status
sharing.

As the reported maximum data rate for IEEE 802.11p
and C-V2X protocols is around 1 Gbps, a trajectory-based
implementation of intent sharing would more easily congest
the communication channel. Meanwhile, considering that the
exosystem was shown able to encode the intent of a vehicle
over a few seconds, the proposed implementation of intent
sharing would be lighter in terms of communication overhead.

E. Further validation with CarSim

In this validation scenario, the vehicle dynamics for both
the predecessor and the follower vehicle are simulated with

TABLE IV: Energy of spacing error and of follower acceleration
in CarSim for smooth and abrupt profiles, during communication
loss period

Smooth profile Abrupt profile∫
e2i dℓ

∫
a2i dℓ

∫
e2i dℓ

∫
a2i dℓ

Proposed 0.27 10.79 1.46 37.83
Switched to ACC 3.34 13.34 7.92 40.23
Constant intent 5.40 14.05 60.70 53.53
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the aid of CarSim. CarSim is software that can simulate and
animate dynamic tests for cars using mathematical models
based on 30+ years of research in vehicle dynamics. Fig. 7
and Fig. 8 show the E-class used to simulate the predecessor
and the follower vehicle in the CarSim software, as well as the
vehicle-following scenario on a straight road. Using CarSim,
we can simulate braking, acceleration, and vehicle stability
dynamics with high fidelity, thereby testing the applicability
of our CACC implementation especially in the presence of
ummodeled vehicle dynamics. We consider a smooth acceler-
ation profile and an abrupt acceleration profile with two events
of emergency braking.

(a) Spacing error ei

(b) Follower acceleration ai

(c) Predecessor acceleration ai+1 as used by vehicle i

Fig. 9: CarSim-based comparative experiments.

For the smooth profile, the left side of Table IV and Fig.
9 illustrate that, despite the more complex CarSim vehicle
dynamics going beyond linear engine/powertrain dynamics,
the proposed strategy keeps behaving consistently with the
previous results, and continues to outperform the strategies
based on switching to ACC and based on constant intent.
This confirms some robustness of the proposed framework
to modeling errors. Let us mention that Fig. 9(c) (similar
consideration holds for Fig. 2(c) and Fig. 6(c)) do not report
the actual predecessor acceleration ai+1, but the predecessor
acceleration used by vehicle i in its own platooning strategy.

The abrupt profile with two events of emergency braking
allows to further assess the robustness to modeling errors: in
fact, the previous scenarios including the real-world highD
dataset do not capture severe driving conditions. Evaluating
performance under such safety-critical scenarios is essential

(a) Spacing error ei

(b) Follower acceleration ai

(c) Predecessor acceleration ai+1 as used by vehicle i

Fig. 10: CarSim-based emergency braking comparative
experiments.

for safety assessment. The two events of emergency braking
occur in the intervals 5.2–6.2 s and 7.2–8.2 s. Note that the
first emergency braking starts during the active communica-
tion period, but ends during the communication loss period.
Meanwhile, the second emergency braking is fully during the
communication loss period. As shown in the right side of
Table IV and Fig. 10, maintaining the last received predecessor
acceleration during communication failures leads to signifi-
cantly higher energy in both spacing error and acceleration.
The constant intent approach fails to account for driving
transitions, such as the recovery phase following emergency
braking. For a similar reason, switching to ACC and assuming
zero acceleration for the follower vehicle may also make its
estimated behavior become progressively inaccurate. In con-
trast, the proposed method achieves the lowest energy levels in
both criteria. Although no method can receive information of
the second braking during communication loss, the proposed
method is better able to capture the recovery phase, even in
the absence of V2V communication updates of the intent.

VI. CONCLUSIONS AND FUTURE WORK

In the context of Cooperative Adaptive Cruise Control
(CACC), this work has provided a system-theoretic implemen-
tation of intent sharing in the perspective of output regulation.
We presented analytical results showing two fundamental
aspects of intent sharing: first, when vehicle-to-vehicle com-
munication is reliable, intent sharing provides no benefit over
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status sharing, as both paradigms result in the same protocol;
second, intent sharing becomes advantageous when vehicle-to-
vehicle communication is unreliable, in which case the latest
communicated intent can be used to reconstruct the missing
vehicle information in the near future. Along with theoretical
analysis, numerical validations with both synthetic and real-
world data have been given, where the benefits of CACC based
on the proposed implementation of intent sharing have been
shown against several state-of-the-art CACC protocols.

The results of this work provide several insights for future
research directions. For example, it is of interest to consider
more complex communication topologies, such as k-nearest-
neighbors communication [53]. However, because on-board
radar sensing can only be adopted between adjacent vehicles,
non-adjacent neighbors would necessarily require to commu-
nicate not only acceleration, but also velocity and position,
which would increase the communication overhead. Indeed,
balancing between performance due to intent information and
channel constraints due to communication overhead is another
interesting venue for future research. Extensions of interest
may include optimal design of the observers to handle mod-
eling errors, discontinuous adaptation mechanisms to handle
abrupt intent changes, and methods to guarantee transient
performance [54]–[56].

APPENDIX

PROOF OF THEOREM 3

The proof is organized into three parts: in the first part,
we provide the parametric model useful for estimation; in the
second part we prove boundedness of the estimate; in the third
part we prove convergence of the estimation error.

1) Parametric model: Due to the intent (35), it is straightfor-
ward to obtain that the following dynamics hold (here and in
the following, let us omit time dependence whenever obvious)

ai+1 = w1 + w3

ẅ1 = −Ω∗2w1, ẇ3 = 0
(41)

where w1 and w3 indicate the first and third component of
wi+1 =

[
w1 w2 w3

]
. From (41), and applying a second-

order stable filter, we get the parametric model

äi+1 = −Ω∗2(ai+1 − w3) (42)

λ0q
2

q2 + λ1q + λ0
ai+1 =

−Ω∗2λ0

q2 + λ1q + λ0
ai+1 +

w3Ω
∗2λ0

q2 + λ1q + λ0

=
[
−Ω∗2 w3Ω

∗2] [ λ0

q2+λ1q+λ0
ai+1

λ0

q2+λ1q+λ0

]
.

The parametric model is in the form z = Θ∗⊤Φ with

Θ∗ =
[
−Ω∗2 w3Ω

∗2] (43)

and z, Φ as in (38).
2) Boundedness: Define the parameter error Θ̃ = Θ − Θ∗

and consider the Lyapunov-like function

V (Θ̃) =
Θ̃⊤F−1Θ̃

2
. (44)

Using the dynamics of the parameter error

˙̃Θ = F
z − ẑ

m2
s

Φ = − FΦΦ⊤Θ̃

1 + Φ⊤Φ
, (45)

we can calculate the Lyapunov time derivative (44) along the
solution of (45), resulting in

V̇ = Θ̃⊤Φε = −ε2m2
s ≤ 0, (46)

where the second equality is obtained by substituting Θ̃⊤Φ =
−ε from (37). Since V > 0 and V̇ ≤ 0, it follows that V (t)
has a limit, i.e.,

lim
t→∞

V (Θ̃(t)) = V∞ < ∞. (47)

The fact that V, Θ̃ ∈ L∞, together with (37), imply that
ε, εms ∈ L∞. In addition, it follows from (46) that

∞∫
0

ε2m2
sdℓ ≤ V (Θ̃(0))− V∞, (48)

from which we establish that εms ∈ L2 and hence ε ∈ L2.
From (44), we have

| ˙̃Θ| = |Θ̇| ≤ ∥F∥|εms|
|Φ|
ms

, (49)

which, together with |Φ|
ms

∈ L∞ and |εms| ∈ L2, imply that
Θ̇ ∈ L2

⋂
L∞. Thus, boundedness of all signals of interest

has been derived.
3) Convergence: The dynamics of ai+1 derived in (41)

shows that the acceleration of the predecessor vehicle contains
a sinusoidal signal with bias, thus providing persistence of
excitation for the estimation of the two components of Θ∗

[57], [58]. Namely, for a bounded ai+1, we have that Φ,ms

are bounded and

t+T0∫
t

ΦΦ⊤

m2
s

dτ ≥ 1

m0

t+T0∫
t

ΦΦ⊤dτ ≥ α0

m0
T0I, ∀t ≥ 0 (50)

for some α0, T0 > 0, where m0 = supℓm
2
s(ℓ), which implies

that Φ
ms

is persistently exciting. From (46), we have

V (t+T ) = V (t)−
t+T∫
t

ε2m2
sdℓ = V (t)−

t+T∫
t

(
Θ̃ (ℓ) Φ (ℓ)

)2
m2

s(ℓ)
dℓ

(51)
for any t, T > 0. Consider the identity

Θ̃⊤(ℓ)
|Φ (ℓ) |
ms (ℓ)

= Θ̃⊤(t)
|Φ (ℓ) |
ms (ℓ)

+
(
Θ̃ (ℓ)− Θ̃ (t)

)⊤|Φ (ℓ) |
ms (ℓ)

.

(52)
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Using the inequality (x+ y)2 ≥ 1
2x

2 − y2, we have

t+T∫
t

(
Θ̃⊤(ℓ)

|Φ (ℓ) |
ms (ℓ)

)2

dℓ

=

t+T∫
t

(
Θ̃⊤(t)

|Φ (ℓ) |
ms (ℓ)

+
(
Θ̃ (ℓ)−Θ̃ (t)

)⊤ |Φ (ℓ) |
ms (ℓ)

)2

dℓ

≥ 1

2

t+T∫
t

(
Θ̃⊤(t)

|Φ (ℓ) |
ms (ℓ)

)2

dℓ−
t+T∫
t

((
Θ̃ (ℓ)−Θ̃ (t)

)⊤ |Φ (ℓ) |
ms (ℓ)

)2

dℓ.

(53)

Let us take T = T0 in (51), (53) and consider each term in
(53) separately. The first term satisfies

1

2

t+T0∫
t

(
Θ̃⊤(t)

|Φ (ℓ) |
ms (ℓ)

)2

dℓ

=
1

2
Θ̃⊤(t)

 t+T0∫
t

|Φ (ℓ) |
ms (ℓ)

(
|Φ (ℓ) |
ms (ℓ)

)⊤

dℓ

 Θ̃ (t)

≥ α0

2
T0Θ̃

⊤(t) Θ̃ (t) ≥ α0T0λmin (F )V (t).

(54)

For the second term on the right-hand side of (53), we use

Θ̃ (ℓ)− Θ̃ (t) =

ℓ∫
t

˙̃Θ (σ) dσ =

ℓ∫
t

FεΦdσ

= −
ℓ∫

t

F Θ̃⊤(σ)
|Φ(σ) |
ms(σ)

|Φ(σ) |
ms(σ)

dσ.

(55)

Then[
Θ̃ (ℓ)−Θ̃ (t)

]⊤ |Φ (ℓ) |
ms (ℓ)

=−
ℓ∫

t

Θ̃⊤(σ)
|Φ (σ) |
ms (σ)

(
|Φ (ℓ) |
ms (ℓ)

)⊤

F
|Φ (σ) |
ms (σ)

dσ.

(56)

Using Schwarz inequality, the second term in (53) with T =
T0 satisfies

t+T0∫
t

([
Θ̃ (ℓ)−Θ̃ (t)

]⊤ |Φ (ℓ) |
ms (ℓ)

)2

dℓ

=

t+T0∫
t

 ℓ∫
t

Θ̃⊤(σ)
|Φ (σ) |
ms (σ)

|Φ⊤(ℓ) |
ms (ℓ)

F
|Φ (σ) |
ms (σ)

dσ

2

dℓ

≤
t+T0∫
t

 ℓ∫
t

(
|Φ⊤(σ) |
ms (σ)

F
|Φ (σ) |
ms (σ)

)2

dσ

ℓ∫
t

(
Θ̃⊤(σ)

|Φ (σ) |
ms (σ)

)2

dσ

 dℓ.

(57)

As |Φ|
ms

∈ L∞, define the constant β = supℓ≥0|
|Φ(ℓ)|
ms(ℓ)

|. We get

t+T0∫
t

((
Θ̃ (ℓ)−Θ̃ (t)

)⊤ |Φ (ℓ) |
ms (ℓ)

)2

dℓ

≤ β4λ2
max (F )

t+T0∫
t

(ℓ−t)

ℓ∫
t

(
Θ̃⊤(σ)

|Φ (σ) |
ms (σ)

)2

dσdℓ

= β4λ2
max (F )

t+T0∫
t

(
Θ̃⊤(σ)

|Φ (σ) |
ms (σ)

)2
t+T0∫
t

(ℓ−t) dℓdσ

= β4λ2
max (F )

t+T0∫
t

(
Θ̃⊤(σ)

|Φ (σ) |
ms (σ)

)2
(
T 2
0 −(σ−t)

2

2

)
dσ

≤ β4λ2
max (F )

T 2
0

2

t+T0∫
t

(
Θ̃⊤(σ)

|Φ (σ) |
ms (σ)

)2

dσ.

(58)

Using (54), (58) in (53) with T = T0 we have
t+T0∫
t

(
Θ̃⊤(ℓ)

|Φ (ℓ) |
ms (ℓ)

)2

dℓ ≥

α0T0λmin (F )V(t)−β4λ2
max (F )

T 2
0

2

t+T0∫
t

(
Θ̃⊤(ℓ)

|Φ (ℓ) |
ms (ℓ)

)2

dℓ,

(59)

which implies
t+T0∫
t

(
Θ̃⊤|Φ (ℓ) |

ms (ℓ)

)2

dℓ ≥ 2α0T0λmin (F )

2 + β4λ2
max (F )T 2

0

V (t)

= γ1V (t) ,

(60)

where γ1 = 2α0T0λmin(F )
2+β4λ2

max(F )T 2
0

. Using (60) in (51) with T = T0,
we have

V (t+ T0) ≤ V (t)− γ1V (t) = (1− γ1)V (t) . (61)

Since γ1 > 0 and V (t+ T0) ≥ 0 it follows that 0 < γ1 < 1.
Since (61) holds for all t ≥ 0 we can take t = (n− 1)T0,
where n = 0, 1, 2, 3, . . . , to obtain

V (t)≤ V (nT0) ≤(1− γ1)V ((n− 1)T0)

≤ . . .≤(1−γ1)
n
V (0)

(62)

∀t ≥ nT0. Hence V (t) → 0 as t → ∞ exponentially, which
implies that Θ(t) → Θ∗ exponentially. This concludes the
proof.
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