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Abstract—This article investigates the topic of adaptive track-
ing consensus for a family of nonlinear multi-agent systems
modeled by random differential equations, which are different
from well-known stochastic differential equations. This paper
provides some primitive results on random nonlinear multi-agent
systems. An improved backstepping method named command
filtered control is adopted to derive the adaptive control law,
where the convergence of the filtering error is guaranteed. To
tackle the serious nonlinearities and uncertainties, a series of
dynamic gains are introduced in the design process. The tracking
errors for each follower concerning the output of the leader can
be regulated arbitrarily to a small enough value by choosing
appropriate tuning parameters. All signals of the closed-loop
system are analyzed to have bounds almost surely. Moreover,
the feasibility of the theory developed in this paper is validated
by an example of numerical simulation.

Note to Practitioners: Inspired by all kinds of biological
clustering or grouping behaviors in our natural world, the
research on multi-agent systems has long been popular in both
theoretical and engineering scenarios. In addition, colored noises
are ubiquitous and negligible when dealing with control problems
of different engineering plants. Based on the above observation,
this paper was motivated to realize the tracking consensus control
of a class of nonlinear multi-agent systems disturbed by colored
noise, which is also called random nonlinear systems, with the
help of an enhanced adaptive backstepping approach called
command filtered control. Although there exist nonlinearities
and random noises in each follower agent, the objective of
output consensus still could be achieved with the combination
of the methods of dynamic gains and command filtering. The
application potential of this research is considerable, such as
drone formation performance and drone cruise. OQur future
research will further investigate control problems of random
nonlinear multi-agent systems under some practical obstacles
such as actuator failures.

Index Terms—Random differential equations (RDEs), non-
linear multi-agent systems (NMASs), command filtered control
(CFC), tracking consensus

I. INTRODUCTION

N recent decades, multi-agent systems (MASs) have gained
great popularity from extensive researchers [1]-[8]. While,
due to their complexity compared with single systems, the
research on MASs becomes much harder. As known to all,
nonlinearities and uncertainties are ubiquitous in the natural
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world [9], thus the study on nonlinear MASs (NMASs) is
quite meaningful and necessary. Nevertheless, not like that
the results on linear MASs are abundant and well developed
[2]-[4], the outcomes of NMASs are somewhat inadequate
and their theoretical framework is incomplete. It is gratifying
that there have emerged a lot of excellent papers working on
NMAS:Ss so far, such as [10]-[12]. Consensus is a fundamental
issue of MASs, whose control purpose is to drive the output or
state of each agent to arrive at a consistent value when stability
is achieved. Thus it can be classified into state consensus
[1] and output (tracking) consensus [10]-[12]. From another
perspective, consensus problems are cast into leader-following
consensus [10], [12], and leaderless consensus [11]. The
function of a leader is to provide followers with a reference
signal. Following these existing results, this article further
concentrates on tracking consensus issues of a category of
leader-following NMASs using adaptive techniques.

As known to all control scientists and engineers, backstep-
ping is a widespread and effective tool to deal with nonlinear
adaptive control problems [13]. However, the cumbersome
derivation process always causes trouble when designing
controllers for high-dimensional systems. To surmount the
dilemma, the method of dynamic surface control (DSC) was
put forward in [14], where a series of filters are used to
estimate derivatives of virtual control laws. DSC can be
regarded as an improved version of backstepping control and it
effectively decreases the computation burden. Further, a novel
enhanced method named command filtered control (CFC)
was established in [15], where the effect of the command
filtering (CF) is analyzed and a compensated tracking error
is introduced. CFC retains the intrinsic design philosophy of
the backstepping approach and it significantly simplifies the
backstepping implementation [16]-[19]. CFC is also adopted
in this paper to achieve the aim of adaptive tracking.

In applications, stochastic characteristics of control systems
can not be overlooked [20]-[22]. Thus the study on stochastic
nonlinear MASs (SNMASs) has arisen in recent years [6],
[23]. The model of a single agent in SNMASs is described
by a stochastic differential equation (SDE): dx = r(x,t)dt +
s(x,t)dW:, where r, s are nonlinear functions, and W; is a
Winner process, whose formal derivative is deemed to be white
noise. While the strict derivative of a Brownian motion does
not exist. Besides, viewing that the real existing noise is always
colored noise, SDEs may fail to be the most suitable model
for practical significance. A few years ago, a different model
characterized by the following random differential equation
(RDE) was developed in [24]: &(t) = r(z,t) + s(z,t)&(t),
where £(t) is a wide stationary process, representing the
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colored noise in most cases. Some primitive theories of RDEs
can be referred to [25] and [26]. Recently, the investigation
of random nonlinear systems (RNSs) has grown prominently
[27]-[32]. The criterion of noise-to-state stability for RNSs
was established in [27] and [28]. The stability results for
a category of switched RNSs were analyzed in [29]. For
RNSs with time delay and impulse, their stability criteria
were developed in [30] and [31], respectively. Beyond practical
stability and asymptotic stability, [32] further achieved finite-
time stabilization of random nonlinear systems. [33] and [34]
investigated the event-triggered control subject for RNSs via
the LMI technique and backstepping method, respectively.
[35] investigated the issue of tracking control for a family
of RNSs with techniques of high-gain observer and neural
approximation. Besides, [36], [37], and [38] concentrated on
adaptive command filtered control design of RNSs with differ-
ent dynamics. To get a more exhaustive observation of stability
analysis and control design of RNSs, readers may refer to the
survey article [39] for details. Nevertheless, there are only
a few academic papers concentrating on control design for
random nonlinear MASs (RNMASs). The recently published
work [40] investigated the tracking consensus problem of
networked RNMASs with intermittent communications, where
an intermittent communication mechanism was proposed by
introducing a series of distributed auxiliary linear systems.
Compared with [40], the highlights of this paper are twofold.
Firstly, CFC method was introduced as an improvement of the
normal backstepping method adopted in [40], aiming to reduce
the computation and design burden. Secondly, the systems
considered in this paper involve severe nonlinearities that
cannot be transformed into the strict feedback form as studied
in [40], which greatly increases the design difficulty.

The contributions of this paper are concluded as below:
(1) Viewing that control problems of RNMASs have gotten
rare attention so far, this paper aims to provide some related
results and try to enrich this theoretical realm. Compared with
the well-researched deterministic NMASs, RNMASs are more
challenging in control design and stability analysis.

(2) To avoid the overwhelming computation burden caused by
“the curse of dimension”, a series of delicately designed com-
mand filters with compensation mechanisms are introduced in
this paper. This work provides the possibility and feasibility of
applying the control scheme developed in this paper to high-
dimensional RNMASs even with complex dynamics.

(3) Although nonlinear systems in strict feedback form are
extensively considered in all kinds of control problems, some-
times it becomes extremely difficult or even impossible to
transform an engineering model into this form. So, it is
imperative to develop different control schemes to tackle this
situation. This paper gives a solution for tracking control of
this kind of system with severe nonlinearities that cannot
presented as strict feedback. Inspired by [41], some dynamic
gains are introduced to offset the undesired influence of the
nonlinearities and uncertainties.

The remnant of this article is constructed as below. In
Section II, some preliminaries about RNMASs are given.
In Section III, the main body is developed, where the CFC
technique is utilized to derive the adaptive controller, and the

tracking performance is evaluated. In the simulation Section
IV, a numerical example validates the effectiveness of the main
results. The conclusions are drawn in Section V.

Notations: In this article, let R™ be the Euclidean space
with n—dimension; Let RT be the set of all positive real
numbers. Denote |[v|| to be the Euclidean norm of vector
v. For a list of variables x1, o, ...,x;, the vector Z; is the
abbreviation for [z, zg, ..., 2;]7. V is the disjunctive operator.
And E{-} represents the expectation operator concerning its
corresponding probability measure P. The term almost surely
is abbreviated as a.s.. The operator lim means taking limit
superior. sgn(-) denotes the sign function, that is, sgn(z) = 1,
if © > 0; sgn(x) =0, if z = 0; sgn(z) < 0, and if z < 0.
diag{-} presents a diagonal matrix with - being its diagonal
elements.

II. PROBLEM FORMULATION AND PRELIMINARIES

To begin with, some preliminaries about graph theory need
to be reviewed. The topology of communication among fol-
lowers is supposed to be undirected. The topology graph is de-
scribed by a triple as G = (V,E, &), where V = {vy,...,un}
is the nonempty set of vertices, E C {(v;,v;)|v;,v; € V,i #
j} is the set of edges, and & = [a;;] € RV*Y s the
adjacency matrix, where a;; € RT. If there exists an edge
between vertices ¢ and j, then (v;,v;),(v;,v;) € E and
a;; = aj; = 1, otherwise a;; = a;; = 0. We define that
a;; = 0 for ¢ = 1,..., N. Define the degree matrix as ¥ =

N

diag{d,...,dn} € RN*N where d; = Y a;5, i = 1,...,N

=1
is the degree of the ith follower. The Laglacian matrix of the
graph G is defined as & = [l;;] = 2 — o/ € RV*V. Let
% = diag{by,...,bx+ € RVN*N be the pinning matrix of the
MASs, where b; € R for i = 1,..., N is the pinning gain of
the leader to the ith follower. b; = 1 if the leader can contact
the ith follower directly, otherwise it is zero.
Consider the following RNMAS which includes N follower
agents and one leader agent, the dynamics of the /th (1 <1 <
N) follower is described as:

E1,i=00,i(Z13, ) Trip1+ fri(2r, w, 1)+ 91, (Zr6, £) &0 (E),

i=1,2,.,m — 1,
By = 01,y (20, V)t fion (0,8, 1)+ G1,m, (21, 0) 81, (1),
Y=,
(1)
where z; = %, € R™ is the state of the Ilth follower;
and w;,y; € R denote the control input and the output

of the system, respectively; §;; # 0 are known (virtual)
control coefficients; f;; represent system nonlinearities and
g1,; are known intensity coefficients of the colored noise & ;,
which both satisfy local Lipschitz condition and |f; ;(0, 0, )|V
|g1,:(0,t)| < do with dy being a positive constant, 1 <[ < N
and 1 < ¢ < n;. The leader dynamics are presented as:

1= ].,2, ey N — 1,
Yo = Xo,1,

2

jf'O,ng = fO(x(% t)7

where z¢ = To ,, € R is the state of the leader; and yo €
R is the output of the leader; f; is a Lipschitz continuous
nonlinear function satisfying fo(0,¢) = 0.

{ T0,i = T0,i+1,



To ensure controllability, the following assumptions need to
be clarified:

Assumption 1: The control coefficients are bounded, that is
to say, for Il = 1,..., N and ¢ = 1, ..., n;, there exists a series
of constants 0;; > §;; > 0 such that

8y < 01 < O

Assumption 2: The vectors of random processes & (t) =
(611,825 -, &y ], 1 <1< N are F,—adapted and piecewise
continuous, and there is a constants M > 0 such that their
2-nd moments satisfy

sup  B{l&(s)|*} < M.

to<s<t,1<I<N

Remark 1: According to the Lemma 4 in [24], the unique
existence of closed-loop solution on the maximal existence
interval [0, ¢,,) follows straightforwardly from the local Lips-
chitz properties of f;; and |f;.;(0,0,t)|V]91:(0,t)] < dp, and
Assumption 2.

Assumption 3: It is assumed that the output of the leader
and its derivative are bounded, that is

sup(lyo(t)] + [o(t)]) < P,

where 72 > 0 is an unknown constant.
Assumption 4: The nonlinear functions f; ; satisfy

| fri(x, u, t)] < 0yl + €,

for 1 <! < N and 1 <i < ng where 0;; and €;; are positive
unknown constants.

Remark 2: 1t is the growth condition of nonlinearities that
should be especially noticed. The domination takes a form
which is affine of ||z;|| instead of the simple ||Z; ;| in strict-
feedback form. Moreover, an unknown parameter ¢; ; is multi-
plied ahead of ||z;||. These mean that f; ; may not dominated
by an upper bound which is precisely known. This feature
increases the difficulty of dealing with the nonlinearities,
which are more severe than other nonlinearities appearing in
most existing results.

Lemma 1: [36] Let V() be a positive function that has a
continuous derivative. If V'(¢) satisfies the following inequal-
ity:

E{V(1)} < —aB{V ()} +b,
where a,b > 0 are two terms, then

b — b

BV} < Vito) + 2, T BV} < -,
Assumption 5: The topology graph G of the RNMAS (1) is
fixed and connected, and it has a spanning tree with the leader

as its root.

The tracking consensus error for the /th (1 < | < N)
follower is defined as p; = y; —yo for 1 < 1 < N, and

the corresponding relative tracking error is defined as

er ="y alp—p;)+bipr. 3)
JEN;

Then it is easy to have e = (£ +%)p in compact form, where
e=ler,....,ex]T and p = [p1,..., pn]7.

The control objective in this paper is to design a series of
command filters (CFs) and further design the corresponding
adaptive control protocols for each follower agent, so that
outputs of the followers can track the output of the leader
as precisely as possible and other closed-loop signals of the
RNMAS (1) are all bounded almost surely.

III. MAIN RESULTS

Firstly, a series of dynamic gains H;(t) are introduced to
repress the poor effect of system uncertainties and nonlinear-
ities:

Hi(t) = max{le;| —wy, 0}, Hi(0) =1, )

where w; := Kk; 4+ 01,1, x1 and 9,1 are positive constants to be
specified later. It is apparent that

Hi(t)>1, Vt>0.

Inspired by [16] and [19], the following CFs are introduced
to estimate the derivatives of virtual controllers:

010y,; = —wer; — sgn(eridu,i)ou,, (5)
where o;, @ > 0 are design constants and
gli=0; —ap;

for 1 < i < n; — 1 are filtering errors with a; 0 := yo and
Qimy = Oy = UG )

Remark 3: In (5), oy, &y and &g represent the input,
the state and the output of the filter, respectively. Via Laplace
transformation, (5) in time domain is identical to

i\ @t sgn(eidni)w/o

A(s)

As) — sgn(er,icu,qi)
oS+ w o]

A(s)

in the form of frequency domain, which is a proportional
segment plus an integral segment (inertia segment) concerning
the input A(s). Thus &;; can be interpreted as a filtered
version of ay ;.

Perform the following coordinate transformation to the
system (1):

Gi=e, Ci=a1;—0,-1, 2<i<ng. (6)

Remark 4: 1t should be noted that in the coordinate trans-
formation (6), estimated values of virtual control laws are
used. In most existing cases, original values are used directly,
which causes great effort in the design process because of the
tedious derivation process. The CFC method used in this paper
helpfully provides these estimated values, which alleviates lots
of computation burden.

The following error-compensating signals are introduced to
compensate for the influence of filtering errors:

o1=—Ti1011+hio;1(012+€1)+misgn(or),
O1,2=—T12012+01,2(01,3+€1,2) —hid 10,1 +mii59n(01,2),
01,i=—T1,i01,i +01,i (01,i+1F+€1,:) —01,i—101,i—1+mui5gn(01,),

3 S 1 S ny — 17
@l,m = _fl,m Ol,n, _5l,le,m—1 +ml,m$gn(gl,m )7

(7



where 7 ; > 2,2 = 1,...,n; are design constant parameters.
They further lead to the compensated tracking errors as below:

Mi=Ci— 01, 1<i<ng. ()

Define positive functions as

R Vi (Gu; — ay)?
la; — f)

Lmi — 9’
for 1 <i<ny and
é?
Vo = —L
(S] 277

where 4 > 0 is a design constant and define ©; will be
specified later. With (5) it is not hard to obtain

Vie, < —w(ay; —a;;)? <0. )

Remark 5: According to the Lyapunov stability theory,
inequality (9) implies that the filtering errors ¢; ; converge and
they are bounded almost surely.

A. Design Process

For the Ith (1 <[ < N) follower, we will adopt backstep-
ping technique to design adaptive control protocols for the
tracking consensus purpose.

Step 1: From (1), (3), (6) and (8) it holds that

Vi =ma(é1—o11) = —m.a| Z ayj(0j,1252+ fj.1+95,185,1)

JEN,
+ o — (di + b)) (212 + fia + gia&n) + 001
=—m,1{ Z 13051752 + bigo + 61,1 — (di + by)-
JEN;
[O11(m2+ o2 +ary+ern) + Fia+ G},

where Fi1 = fi1 — (Y2 ayf;1)/(di + b)), and GE,; =
JEN;
gi1&1 — (X aginé&)/(di +by).

JEN
By Assumptlons 3 and 4 and using Young inequality, it is

easy to see

(10)

Hlbfnfl h2
N,101Y0 = B 2H,’

—(di +b)madiime < —ma Z aij051%;5.2

JEN:
H 2 2 2 di
§7 Z an;1051%50 + o,
JEN;

and

ma(di+b)Fri < (di +by)

(dz+bz)\m,1|(9z71||$z||+6171)+|m,1| Z aij (05,1 (|2l +€51)
JEN;
x>+ 32 ayjllz;|*+di+1
JEN;
2H,

H,
< l;” L(dy+b)>+di]©

max {07, + ¢;} being an unknown

with @ =
1<i<ng,1<I<N
parameter, and

o (dy + b)GEy < (di + bmm 1GE | <

(di +bi)g}, aig;
et 4](; Pltangiit ) wieig

n
l,l[ 4Cl 1 , y
’ JEN; ’ JEN;

with ¢;1 and c¢; ; being positive design constants.
Therefore, (10) can be further arranged as

. ) H,
Vi < 771,1[hl5z,1(gz,2+az,1+€z,1)*Ql,1]+m271{?[b12+
2

2 : 2 2 2 A hi 952,1 aljggz,1
alj6j71xj72+(hl +dl)®l]+ de + g dc. }
JEN; bl jen, 0001

Hl7712,1
2

+

(B} + d))O1 + hdiamama+ Y wjciné&y
JEN
lzll®+ 32 ayllasll® + 2di + 1+ 2
JEN

+ ekl + (11)

2H,; ’

where h; := d; + b;, and é)l is the estimate of the unknown
parameter © produced by /th agent with ©; = © — 6, being
the estimation error.

Choose the Lyapunov function candidate as

W,l = ‘/l,nl + W,Oél + V@7
then we have

Vi < mualhidia (o2 +ain +€l,1)—Ql,1]+nil{7l[blz+

.. hig ai;9;

> ayd 2l o+ (B +d)O )+ e+ Y

: ’ R 4cjq

JEN; JEN;
@l ﬂm A

i+ Y @&l + — 5 (hi +di) — O
ol 2

JEN;
a4+ 32yl +-2d+14-h
N,
+ = +hidamam,e.  (12)

2H,

Take the first virtual control law for the /th follower agent as

H,
oy =~ (B2 ayy62 225+ (hE+d))6)]
hidi1
]GNZ
higi, a g3, 71161
s + _JI7,1 + 5 5 , (13)
dcr jeZN A 901(771 1)}= 7hl5l,1

where ¢; is a bounded continuous positive function to be used
in the last step. Bringing (7) and (13) into (12), we obtain

: _ 9 2 2
Vian <—Tiama aiéiat g aiiciné&iy + hidiim a2

JEN;
@l 17771 A
+ 7[ 5 —— (W} + dy) — O] — mymsgn(on)
lzilP+ > agllz;*+2di+1417°
j€N|
+ — — e (14)

2H,;



Step 2: From (1), (6) and (8), we know that

Mo =%10 — g1 — 01,2 = 012(M3 + 01,3

torpte2) + fiz + giobia —aun — 012 (15)
nz
Define Vi, = 2,

V},mz

then it follows from (15) that

=m,2[01,2(m 3+ 01,3+ 2+¢12)
+ fio + 912812 — Gu — 01,2]

<mabio(ma+ois+uaters)—maldu+oi2)
Hl77l 2 |z + 1

| 771 291 2
]
+ + 2Hl + 4617

where the last inequality above is derived by using Assumption
4 and Young inequality.
Choose the Lyapunov function candidate as

‘/1,2 = W,l + ‘/2,772 + W,agv
then from (9), (14) and (16) we have
Vl,z <

+c 12512» (16)

myansgn(on,1) =17 1
2

+771,25z,2(771,3+91,3+az,2+€l,2)+z Cl,kfl%k‘f'z ag;c; 1 ?,1
k=1 JEN,
2|zlP+ X ayllzg|?42di 42472
n JEN; T +7712,2912,2+Hl7712,2@
2H, 401,2 2 :

AN —m2(bua+012)—

O, H,
L2 l l’Y[
v o2
Take the second virtual control law for the /th follower agent

as

(h2+dz)+77z2] él}+hl5l,177l7177l,2- (17)

P2,
) — a1 +hidr1Cal,

(18)

1
2 =", [T1,2C2+m, 2(

)2

4

Bringing (7) and (18) into (17), we obtain

2 2 2

' I 2

Vieg < — g TRk — § ml,knl,kSQn(Ql,k)‘f'E k€l g
k=1 k=1 k=1

20|z |2+ S agjllzil|?+2d;+24h?
JEN;

2
+ E it
JEN;

O Hiy,
2

2H,

7712,1(h12+dl)+7712,2]—él}+5z,27n,2771,3—7712,1801-
(19)
Step i (2 < i <n;—1): From (1), (5), (6) and (8), we have

My =T — Qri—1 — 01, = 01,s(Mit1 + OLi+1

+ o ens) + fui i — i1 — o1 (20)

Define V; ,,, = m :

Vlmm = 11,4 [00,i (M,i41 + 0141+ 005 4¢€1)
+ fri + guini — Qi1 — 00
<M1,i00,(Mir1+ 01541+ iter) —

Hlnlzi llzi)| + 1 7712,i9l2,i

~0
+ 2 + 2Hl + 46171'

, then it follows from (20) that

i (i1 +004)

+ iy, 1)

where the last inequality above is derived by using Young
inequality and Assumption 4.
Choose the Lyapunov function candidate as

Vii=Vii-1+Vig +Via,,

and assume that

i—1 i—1

- Z ﬂ,kmg,k - Z M,k 3gN 01,k )

k=1 k=1

Vii-1 <

im1
+ Zchkgl%k + Z ai;Ci ]2,1 + 01— 1Mi—1M
k=1 JEN
(i —Dlzl® + X allag|* +2d +i — 1+ h?
JEN

2H,
i—1

(h2+dl +Z771k
k=2

+

O, H, A
+ O} —niror (22)

then from (9), (21), (22) and by using Young inequality, we
have

—Z LR R =i L+ OLi 1M 17
k=

+771 i01 z(nl i+1+ 01410y, z+5l z) i (i1 +004)

+ch RER Y acia&l, ZmlmlkSQn o1k)

JEN
l|\ﬂfl\|2+ > alj||17j||2+2dz+l+ﬁ2 2 9
n JEN n N:91,
2H; 4Cl,i
; . )
@l I{é’y[ (h2—|—dl —|—k2277lk él}-l—HlZm’lél.
(23)

Take the ith virtual control law for the /th follower agent as

2
1 9, I A :
az,iZ—E[Tz,iﬁ,iﬂn,i(zlcl; -5 )—&u,i—1+01,i—1C1i—1]-

(24)

Bringing (7) and (24) into (23), we obtain

7 7
Vii < — Z'T_'l,km%k - Z kM6 S9N 01k ) +01,iM1,i M i+1

k=1 k=1

ilzl®+ X ayllzgl?+2di+i+h?

eN,
+ T +D aciaés
! JEN;
6 Hry - ;
+Z arél k+ 9 i 12,1(h12+dl)+z Mokl —O} =i o1
k=1 k=2
(25)
M
Step n;: Define Vlmn, = —5+, and

‘/l = anl_l + ‘/lannl + ‘/lyanl .



The actual control input for the [th follower agent is designed
as

~ ['T_l,m Cl,nl +

+7l®l)_al,m—1+5l,m—1<l,nl—1]- (26)

Let the function ¢; introduced in Step 1 satisfy the following
inequality:
m—1 2 )
—nprect (el + 32 agllegl®)/(2H) < = 32 =5~

]GNZ k=1
Following the same idea of Step i, define 7; ,,,+1 := 0 and

we can finally obtain
& i
DRIRL IR
k=1
+ ZCZ kL + Z aijcj i€

nlfl

2d; + ny + h?
2H,

ng
Z nl,kml,kSQn(Ql,k)

JEN; k=1
O Hiy A
o [ (b +di) +ka O1}. 27)
k=2
Consider the following adaptive updating law for o
A Hyy 5 09 S
O = T[ pi(hi +di) + 2771 K = 710(61 —69). (28)

Taking (28) into (27), also noting that H; > 1, with the help
of Young inequality we have

~ A @2 (@ _ @0)2
! <120, O =9)"
001(0; — ©q) < o[ L+ o ’
and
ny ny 5 )
i, mi,
= mamisgn(on) < 3(HE + 28,
k=1 pary

Based above observation, we thus can obtain

m
Vi < —ZTl kM k"‘Z e kE] k+z ar;cy, 153 1"‘2 L
JEN;
L 20tk (0 -60)° 1007 ”f &7 29
2H, 2 — ’

where 71, =Ty ) — 1 for 1 <k <mn,.
Define f3; := <mk1n {27k, 7 ¢, 1}. Denote ¥ := E{V(t)}

and take expectation on both 51de of (29), then by the definition
of V; we can finally acquire

. A
E{Vi} < -8B + le + Q, (30)
l

where Al :* dl + [nl + h? + lo(@ @0) }/2 QO = (1 =+

dl)CM + 1<k<m 1<l<N{ ! k}
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Fig. 1. Algorithmic diagram of control design

B. Performance Analysis

Based on the laborious design derived above, we are ready
to present the main body of this paper which is condensed to
a theorem as below.

Theorem 1: Under the adaptive control protocols (26) and
(28), the following conclusions hold:

a. The RNMAS (1) has a unique solution globally;

b. The outputs of N agents in the form of (1) can follow the
output of the leader agent (2), and the tracking errors can be
made arbitrarily tiny by regulating involved tuning parameters;

. 25 _
< P
. h+m E{le]} < \/ ) + 01,1,

where Z; := A; + ) are defined in (30) and g;; is the upper
bound for E{g;1};

c. All the closed-loop signals are bounded a.s. on [0, +00).
Proof. Because of the Lipschitz property of H(t) and follow-
ing the progressive analysis similar with [41], it is concluded
that there exists a unique closed-loop solution for each fol-
lower system, that is (x;(¢), H;(t)),1 <1 < N on [0,+400),
with its initial value x;(0) € R™. This proves the part a. in
Theorem.

Define V; =

€1y

i=1

then by (7) and h; > 1 we have

n

_ 9
= g (=T1,i07 s+ 01,0110+

Zlele
i=1

ny
(i = Doradiaciy <Y _[=Trior; + (hidricri +mui)|ensl]

i)+

i=1
ng —
hi0; &1 +my ,-)2 -
< o 2‘ ( 50,0 X < —FV; 1I
_Z;[ T1,i00 T 9 | <=7V +11L,
(32)
ny

where 7~—l = 12}2}(”{7177;} and Hl = %izl(hl&’igl’i + ml’i)2.
By lemma 1,

1T,
lim E{V(t — as.,
Jm Bt} < = as
which implies that % isiuniformly bounded a.s., Then accord-
ing to the definition of Vj it can be concluded that F{g; ;} are
bounded a.s. on [0, +00).



N
Define V = > V; and denote ¥ := E{V ()}, then from
=1
(30) and H; > 1 it holds that

N
E{V}=E{d_ Vi} < -8V +E,

=1

(33)

N

min {5}, 2 := A+ Q, A := Y A, and

where § :=
1<I<N =

[

N
Q= Z Ql.
=1
Recalling V is continuously differentiable, by using Fubini’s

theorem and Dynkin’s formula, it then becomes that

/t B{V(s)}ds = E{/t Vdsy = ¥ (8) — ¥ (t).

Let t —¢; — 0, and by mean value theorem of integrals we
obtain
t

V)=V () = | E{V(s)tds~ E{V(t)}(t—t),
t1
thus we get
S o Y@ =V ()
BV} = lim —4—5— =7
Then (33) becomes
¥ < -BY +E.
From lemma 1, we have
Y <V(0)+ 3 and tl}lﬁ@%(t) < 3 as., (34

which implies that V' is uniformly bounded a.s.. According
to the definition of V' we can conclude that 7 ;(t), &, ,(¢) for
1<I<N,1<i<n and (:)l(t) are all bounded a.s. on
[0, +-00). Therefore, ©;(t) is also bounded. According to (30)
and following the same idea from (33) to (34), we have

T El
where =; := A; 4+ Q;. Then by (6), (8) and the definition of

V;, we have

2=
lei| = lov1] < ler — oi1] = Il < \/ﬁ-

Further, it obtains that

2= 2=
E{le}| < \/ ﬁizl + o] < \/;-F 01,1,

where ;1 is the upper bound for E{|g;1|}. which proves the
part b. in Theorem 1.

Next, we prove the dynamic gains H;(t) are bounded
using reduction to absurdity. Suppose H;(¢) are unbounded
on [0,+00). From (6), we know H;(t) are non-decreasing,
then H;(t) — +oo as t — +oo. Therefore, there exists a
finite time 7" such that

4N

H(t) > ————
l()_ ﬁl:‘{?—élQl

NVt > T,

which together with (30) yields

. 2 _ 40 2
Vi< g+ PN g o gy BT

According to the comparison lemma in [43] it follows that

Vit > T.

I€2 52
<+ VAT) = flem T > T

which indicates that for a sufficiently large T >T,

HQ ’
%gé, Vt>T .

Based on the above analysis, recalling (4) and the definition
of V, we obtain

E{lel|} = E{[Gal} <E{|mal} + E{lora[}
S\/2%+@l,1§wl, Vt>T/.

Therefore, from (4) we get Hl(t) =0, forVt> T/, which
implies sup H;(t) = H;(T ) < 400, a contradiction. Thus,
t>0

H,(t) is actually bounded on [0, +00).

From (8), since 7;; and g;; are bounded, then (;; are
bounded. From (5) we know that when &;; are extremely
large, its derivative becomes negative enough to decrease the
value of é&;;, so é&;; are bounded, then from (6) and the
boundedness of (; ; we know that x; ; are bounded. Since «; ;
and wu; are continuous functions about x;;, (;; and él which
are all bounded, oy ; and u; are also bounded. Until now, the
part ¢. of Theorem 1 has been proved. The proof is completed.

Remark 6: From the expression given in (31), the upper
bounds of the tracking errors are mainly dominated by =;
and ;. Recalling Z; = A; 4+ €; and the definitions of
B, Ay and € specified around formula (30), the parameter
tuning methodology to obtain a better control performance is
summarized as follows. If we want smaller upper bounds for
the tracking errors, smaller values of 3;, A;, and larger values
of Q; are preferred. To be precise, we can achieve this by
increasing the values of 7;1,7,lo, or decreasing the values
of di, h, lo, ci 1, my . Of course, parameter tuning should be
done carefully, without destroying the stability of the system.

IV. SIMULATION

Consider an RNMAS in the form of (1) which includes a
leader agent and three follower agents and each follower has
second-order dynamics. The configuration and parameters of
the system are given in the following.

The topology of the RNMAS is depicted in figure 2, from
which we know that a12 = ao1 = 0,a03 = ags = a13 =
asy = 1 and bl :b2 = 1,b3 =0.

The nonlinear functions and system parameters involved in
(1) are chosen as follows. Nonlinearities are presented as

fi1 = 1.2z11 +sinxqq,
fi2 = —2.4co0s0.5x12 — 0.9211,
fo1 = —2.9cosxa; — 0.9291 — 1.4,

_ —0.5x2
faa = —3xwa2e7"0"21 — g9,
2
fz1 = —3e70%%,
f3a = —1.2x35 — sinx3o.



Noise intensities are given as

gi1 = —1.1$11 - 15,
gi2 = 3.8I11$12 — 13,

go1 = —1.3x91,
g22 = —SINX21 — X22,
g31 = —sInx3q,

gzo = —1.1x3; + 1.8.
Control coefficients are

611 = 0.62,
012 = 1,
Sa1 = 0.52,
S92 = 0.9,
851 = —0.8,
532 =1.2.

Other main design parameters are chosen as follows. Pa-
rameters in CFs (5) are
01 — 09 = 03 = 0.5,
w = 0.5.
Parameters in the filtering error compensating system (7)
are
Ti1 = Ti2 =T31 = T2 = 1,
To1 = 0.1, T =0.9,
myip = mgy = 0.2,
miz = Moz = mgy = 0.1.
The tuning parameter in the Lyapunov function is v = 0.5;
tuning parameters in the adaptive law are [y = ©¢ = 1; and
tuning parameters involved in the backstepping design are

Cl1 = C12 = C21 = C2 = €31 = €32 = L.

Random noises are produced by the dynamics of

{ En(t) = 0.3sin(t + x),
Eia(t) = 0.05cos(t + x),

where ¢ = 1,2, 3, y is a random variable uniformly distributed
on the region [0, 27], which could be easily generated via in-
structions of Matlab. The referenced tracking signal outputted
by the leader is

yo(t) = —0.4in 500¢.
And the initial states of the system are set as
[£1(0); 22(0); 23(0)]" = [0.5, —0.3;1.3,0.5; 1.3,0.2] .

Within the design frame of this article, the response curves
of the closed-loop signals in the simulation are shown in
figures 3-6. It is apparently observed in the results of simu-
lation that the object of command filtered adaptive tracking
consensus for the RNMAS described above has been well
achieved.

Remark 7: It can be drawn from the figures of simulation
results that all closed-loop signals are bounded and the system
is stable. Nevertheless, irregular jumping appears in the state
response curves, which can be observed in the first sub-
figure of Figure 5. This phenomenon is not strange under
the influence of random noises. Within the control framework
proposed in this paper, the system states can still flow stably
regardless of some small abrupt jumping caused by random
disturbances.

Fig. 2. The topological sketch of the RNMAS (0 denotes the leader and 1-3
denote followers; Arrows indicate the direction of information transmission)
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Fig. 4. Response curves of outputs and tracking errors

V. CONCLUSION

This research solves the problem of the adaptive tracking
consensus for leader-following RNMASs. This paper serves
as a pioneering result of the control design of RNMASs. The
CFC method is adopted to reduce the computation burden,
where the convergence of filtering errors is guaranteed. With
the help of a series of dynamic gains, tracking errors for
each follower could be regulated to an arbitrarily small value
by appropriately choosing design parameters. And all the
closed-loop signals are guaranteed to be bounded almost
surely. Moreover, the feasibility of the theory developed in
this paper is validated by a simulation example. Our future
research direction will focus on control problems of RNMASs

Another states
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X0
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) 0.1 0.2 0.3 04 0 0.1 0.2 0.3 04
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Fig. 5. The response curves of other states and estimates of the unknown
parameter
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Fig. 6. Response curves of virtual and actual control inputs

with uncertainties, such as unknown control parameters or
parametric uncertainties. Moreover, we will try to extend the
proposed control scheme to RNMASs within the environment
of a more general directed graph.
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