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ABSTRACT

Shell lattices are promising candidates for lightweight multifunctional applications for their geometric uniqueness and distinct
mechanical properties. However, due to the transition from yielding-to-buckling failure mode, shell lattices exhibit notably
reduced strength at low relative densities (RDs), making the design and optimization of ultralight and ultra-strong shell lattices
challenging. Herein, a novel design of rib-reinforced shell lattices, namely ribbed shell lattices, is proposed to enhance the strength
of ultralight triply periodic minimal surface (TPMS) shell lattices. By revealing the intrinsic relations between the curvature and
stress directions of TPMS thin shell lattices, two groups of ribs are orchestrated along the representative curvature directions: the
line of asymptotes (LOA) and the line of principal curvatures (LOC). Through physical realization and numerical simulations,
incorporating ribs along the LOAs and LOCs that pass through the shell umbilical points is shown to enhance the strength by
112.3%, with an RD around 1.28%. Incorporating ribs can redistribute the stress and selectively strengthen thin shells to suppress
their buckling deformation, especially at the umbilical region. The continuous ribs also provide additional load paths, resulting in
improved load-bearing efficiency. These findings provide a practical design method for rib-reinforced ultralight and ultra-strong
shell lattices against micro-architecture buckling failure.

notable decrease in strength [9-12]. Existing studies on TPMS
shell lattices have mainly focused on enhancing their stiffness

1 | Introduction

The growing demand for lightweight structural applications has
drawn considerable attention to lattice materials that are known
for their low densities and superior mechanical properties [1-
4]. Triply periodic minimal surface (TPMS) shell lattices are
a special class of lattice materials that can achieve a balance
among open-cell features, exceptional mechanical properties,
and superior multifunctionality [5-8]. However, lattice materials
typically undergo a transition in failure mode from material
yielding to micro-architecture buckling as slenderness ratios
increase and relative densities (RDs) decrease, resulting in a

and yield strength, while the buckling-strength-driven design and
optimization of ultralight shell lattices remain challenging due to
their unique failure behavior.

Designing hierarchical micro-architectures is an effective method
to achieve superior buckling and compressive strength of ultra-
light lattices, since the hierarchical distribution of materials can
enhance their effective bending stiffness and thus improve the
buckling resistance [13]. The buckling strength of hierarchical
lattices can be efficiently enhanced via a topology optimization
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framework to minimize the maximum of the first few most
critical eigenvalues [14, 15] and through an integrated opti-
mization workflow that concurrently considers global buckling
instability and local buckling constraints [16]. However, these
studies are typically based on the linear buckling analysis
of hierarchical lattices, rather than enhancing their nonlinear
compressive strength directly. In comparison, the compressive
strength of hierarchical TPMS shell lattices can be directly
improved by tuning the RDs and cell length ratios of their
micro-architectures to enhance the buckling stability, thus signif-
icantly outperforming their single-scale counterparts at ultra-low
RDs [17]. The strength of hierarchical shell lattices can be
further enhanced via the incorporation of conformal micro-
architectures [18] and the introduction of biometric bending-
and stretching-dominated micro-architectures [19]. However, the
additive manufacturability of hierarchical lattices tends to be
significantly complicated by the different length scales of their
micro-architectures, which may differ by one to two orders of
magnitude [17, 18].

In comparison, single-scale shell structures generally possess
superior additive manufacturability to their hierarchical counter-
parts and are gaining more attention [20-22]. In particular, the
incorporation of ribs is an effective way to reinforce single-scale
shell structures. For instance, by incorporating ribs along the
principal stress directions to enhance the load-bearing efficiency,
the stiffness and yield strength of thin-walled shell structures
can be significantly improved [23, 24]. To further enlarge the
design space of rib-reinforced shell structures, structural shape
and topology optimization serves as a more generic design
method, in which the ribs can be represented by a discrete
geometric model [25, 26], a moving morphable component-based
framework [27], and a voxel density-based method [28, 29]. These
studies focused on the design of macroscopic shell structures
under a single load case; however, shell lattices may be subjected
to multiple load cases and their periodicity requires geometric
smoothness between adjacent unit cells, both complicating the
rib reinforcement design of shell lattices. Due to the lack of design
guidelines, existing rib-reinforced shell lattices are primarily
based on rational design methods, such as the empirical [30] and
bionic [31] design of ribbed Primitive (P)-type TPMS shell lattices
to achieve enhanced stiffness, strength, and crashworthiness.
However, the optimal layouts and sizes of ribs, as well as the
effects of ribs on the strength and failure behaviors of shell
lattices, remain an open question.

In this study, we present our proposed novel rib reinforcement
design for ultralight and ultra-strong shell lattices, namely ribbed
shell lattices. To find the optimal rib layouts, we revealed the
intrinsic relations between the geometric curvature and stress
directions of TPMS thin shell lattices through a novel B-spline
parameterized Monge patch geometric model and finite element
analysis (FEA). The findings suggest generating ribs along the
representative curvature directions of TPMSs: the line of asymp-
totes (LOA) and the line of principal curvatures (LOC). Through
a systematic nonlinear FEA study on rib parameters, including
the locations, thicknesses, and heights, we demonstrated that
incorporating LOA and LOC ribs that pass through the umbilical
region with maximum buckling deformation can enable the
most significant strength enhancement of TPMS shell lattices. In
particular, the strength of P-type ribbed lattices can be enhanced

by 70.2%~112.3% at 1.18%~1.28% RDs, and Neovius (N)-type
ribbed lattices can achieve 69.5%~82.3% strength enhancement
at 1.20%~1.36% RDs. We demonstrated through numerical sim-
ulations that the incorporation of ribs can re-distribute the
stresses of lattices and selectively strengthen thin shells, espe-
cially at the umbilical region, which can effectively suppress their
buckling deformation. Besides, the continuous ribs also provide
additional load paths, thereby improving load-bearing efficiency
and enhancing the strength. Furthermore, a novel single-track
scanning strategy was utilized to fabricate the selected P-type
shell lattices by high-resolution micro laser powder bed fusion
(ULPBF), which enables the fabrication of ultralight metallic
lattices with an RD around or lower than 2.0%, lower than those
in most existing studies. Based on the compressive tests on high-
fidelity stainless steel 316 L (SS316L) samples fabricated, the
LOA and LOC ribbed P-type shell lattices were shown to exhibit
101.18% and 50.89% higher strength than that of the unribbed
samples with an equal RD of 2.03%, respectively. Overall, these
findings provide insights into the curvature and stress direc-
tions of TPMS thin shell lattices, offering a practical design
method for buckling-resistant ultralight and ultra-strong shell
lattices.

2 | Results

2.1 | Relations Between the Curvature and Stress
Directions of TPMS Thin Shell Lattices

To determine the optimal rib locations, it is essential to find the
intrinsic relationship between the geometric curvature and the
mechanical responses of shell lattices. Here, we correlated the
representative curvature directions, i.e., LOA and LOC, with the
principal stress directions according to the membrane theory of
thin shells. To accurately compute the geometric curvatures of
TPMSs, a versatile B-spline parameterized Monge patch model
was developed (Figure la). Utilizing the cubic symmetry of
lattices, the unit cell was simplified to a fundamental tetrahedral
domain (1/48-unit cell). For the P-type TPMS, the basic patch was
parameterized as in Figure la. By solving a second-order partial
differential equation in its weak form that pursues a constant zero
mean curvature, namely V, - n = 0, where V, is the surface
gradient operator and n is the surface normal, highly accurate
minimal surfaces can be obtained (elaborated in the “Methods”
section). The Monge patch model enables highly accurate and
efficient computation of their geometric characteristics, such as
the LOA and LOC (Figure 1b-e; Figure S1b). The principal stress
directions of P-type TPMS shell lattices with an RD of 2.5% under
two representative load cases, namely macroscopic uniaxial strain
(Figure 1b,c) and pure shear (Figure 1d-e) loadings, are overlayed
and compared with the LOA and LOC directions. The comparison
shows that the principal stress directions mostly align with
the LOA directions, regardless of load cases. The quantitative
angular deviation computations show that the angular deviations
of 73.5% and 85.7% elements are lower than 15° under uniaxial
strain and pure shear stress states, respectively (Figure S2d). The
remaining deviations are due to the bending effects of shells and
the indeterminacy of the principal curvature directions at the
umbilical point, where the curvatures are equal (being zero) in
all directions. These findings are confirmed by the membrane
theory of thin shells for the special case of TPMS shell lattices [32],
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FIGURE 1 | Thegeometric model and the intrinsic relations between the curvature and stress directions of TPMS thin shell lattices. (a) The B-spline
parameterized Monge patch model of P-type TPMS and the correlations between the principal stress directions and the (b) LOA and (c) LOC directions

under macroscopic uniaxial strain loading, and (d, e) pure shear loading. Representative designs of P-type (f) LOA and (g) LOC ribbed shell lattices, and

N-type (h) LOA and (i) LOC ribbed shell lattices.

indicating that the normal stresses in LOA coordinates are along
the principal stress directions, with vanishing shear stresses. In
addition, the LOC directions differ from the LOA directions by an
angle of 45°, implying a state of maximum shear stress (with equal
normal stresses) in LOC coordinates (Figure S2). The intrinsic
relationship between the geometric curvature and the principal
stress directions provides theoretical guidelines for designing ribs
aligned with the LOA and LOC directions.

Based on the computed curvature directions together with the
normal vector, ribs were orchestrated along the LOA and LOC
directions of TPMS shell lattices. The LOA and LOC are rep-
resentative features of surfaces, in which the normal curvature
vanishes along the LOA direction, and the torsion vanishes along
the LOC direction. For minimal surfaces, in particular, the two
groups of LOAs (denoted as 4, and 4,) are perpendicular to each
other except for the umbilics (Figure 1b,c), and so are the two
groups of LOCs (Figure 1d,e, denoted as 4, and 4,). The unit

cells of P-type TPMSs with LOA and LOC ribs are depicted in
Figure 1f,g and Figure S3a,b, showing that the ribs are smooth
within the unit cell and the cell boundaries due to the high
accuracy of the geometric model. To demonstrate the versatility
of the geometric model, the N-type TPMSs, as well as the corre-
sponding LOA and LOC ribs, are also orchestrated and shown in
Figure 1h,i and Figure S3c,d. The proposed geometric model can
be straight forwardly extended to other TPMSs according to their
space groups and the corresponding fundamental domains [33,
34].

2.2 | Rib-Reinforced Ultralight Shell Lattices by
Tuning Micro-Architecture Buckling Deformation

The P-type TPMS shell lattices undergo a failure mode transition
from material yielding to micro-architecture buckling in the
1.5%~2.0% RD range. The transition is manifested as a sudden
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FIGURE 2 | Rib-reinforced design of ultralight P-type TPMS shell lattices. (a) The yielding-to-buckling failure mode transition of P-type shell
lattices, (b) the unribbed P-type shell lattices and two representative layouts of LOA and LOC ribbed lattices, and (c) their critical buckling modes.
(d) The normalized strength (S/p/Sy) versus RD (p) plots of unribbed, LOA ribbed, and LOC ribbed lattices, and their (e) stress-strain curves and (f) von

Mises stress contours (under a macro stress of 1.0 MPa) with an RD of 1.75%.

change in the slope of the normalized strength (S/6/S,), which
is defined as the ratio of the strength (S) of the lattices to the
Voigt strength upper bound of anisotropic cellular materials (S, )
[6], versus RD (p) plot in logarithmic coordinates, and is further
validated by a significant difference in the deformation state and
stress distribution of the lattices with different RDs (Figure 2a;
Figure S4). Specifically, the edge of the lattice with 1.0% RD
undergoes distortional deformations, and the region near the
umbilical point bulges out or is dented significantly, matching
well with the critical buckling mode and implying a micro-
architecture buckling failure mode. In contrast, no significant
distortions occur in the edge of the lattice with 4.0% RD, and the
umbilical region exhibits a high level of stress that exceeds the
yield strength of the constitutive material, indicating a material
yielding failure mode (Figure 2a). Due to the yielding-to-buckling
failure mode transition, the buckling strength-driven design
method should be developed for ultralight shell lattices.

The LOA and LOC ribs were orchestrated and incorporated onto
P-type TPMS shell lattices to enhance the strength (Figure S3a,b).
Two representative layouts of LOA ribbed lattices, namely LOA-
I and LOA-II, are elaborated herein, representing the cases in
which incorporating ribs enhances and decreases the strength
of shell lattices, respectively; and so do the two layouts of LOC-
I and LOC-II ribbed lattices (Figure 2b). The incorporation of
ribs remarkably affects the buckling deformation, in which the
critical buckling modes of ribbed lattices can be categorized into
two classes. Specifically, the LOA-I and LOC-I ribs pass directly
through the umbilical point with maximum buckling deforma-

tion, thus suppressing the shell buckling deformation efficiently;
and the buckling deformation of the ribbed lattices mainly occurs
in the ribs (Figure 2c). In contrast, the incorporation of LOA-II
and LOC-II ribs that are located away from the umbilical region
cannot effectively suppress the buckling deformation of shell
lattices, and the buckling deformation still occurs in the umbilical
region of the shell primarily (Figure 2c). Therefore, the LOA-I and
LOC-Iribbed lattices can achieve superior strength enhancement
over the LOA-IT and LOC-II layouts.

The effects of rib layouts on the compressive strength of P-
type shell lattices are further elaborated for the representative
design of ribbed lattices (Figure 2d-f; Figures S5 and S6). The
strength can be enhanced by incorporating LOA-I and LOC-
I ribs, and the magnitude of enhancement shows an overall
increasing trend with the decrease of RD. In particular, the LOA-I
ribbed lattice achieves 62.0% strength enhancement at 1.36% RD,
and the LOC-I ribbed lattice gets 112.3% enhancement at 1.28%
RD. In contrast, the LOA-II and LOC-II ribbed lattices exhibit
lower strength than their unribbed counterparts with equal RDs
(Figure 2d,e). In fact, the incorporation of ribs can re-distribute
the stresses, which further explains the reason for the strength
enhancement or decrease of the lattices (Figure 2f). Specifically,
the maximum local stress of the shell of LOA-I and LOC-I ribbed
lattices is effectively reduced. The high stress state of the rib
indicates that the rib also bears loads efficiently, thus resulting
in enhanced strength (Figure 2f). In comparison, the weakening
effect of LOA-II and LOC-II ribbed lattices is demonstrated by
the low stress magnitudes of the ribs and a remarkable increase
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in the maximum local stress of the shell as compared to the
unribbed lattice. Thus, the two rib layouts cannot suppress the
shell buckling deformation effectively, leading to decreased load-
bearing efficiency and lower strength (Figure 2f). Moreover, the
LOC-I and LOC-II ribs can be regarded as two intuitive rib
layouts, especially the LOC-I, which serves as a more straightfor-
ward configuration of cross-shaped ribs aligned with the loading
direction. As a comparison, the LOA-I ribbed lattices can achieve
more exceptional strength than that of LOC-I ribbed lattices with
equal RDs (Figure 2d), since the LOA-I rib is approximately
aligned with the principal stress direction, and enables more
effective buckling suppression at ultra-low RDs (Figure 2f). In
this study, among all of the rib groups shown in Figure 1f-i, the
effect of each individual group of ribs is studied to identify the
rib group that contributes most to the strength enhancement,
respectively. Overall, ribs passing through the umbilical points
of TPMSs, which is also the region with maximum buckling
deformation, can effectively tune the shell buckling deformation
and hence enhance the compressive strength of ultralight shell
lattices. While the spacing of ribs within a specific group does
not show a clear correlation to the strength enhancement, it is
interesting to incorporate multiple rib groups into ultralight shell
lattices, and the spacing between different rib groups could be an
important design variable that affects the strength enhancement.
The coupling effects of different rib groups on the strength of
ultralight shell lattices remain an open question and will be
studied in detail in our future works.

2.3 | Optimization of Rib Height and Thickness
for Strength Maximization

The height and thickness of ribs were further optimized to
maximize the strength of LOA-I and LOC-I ribbed P-type shell
lattices (Figure 3a-d; Figures S5 and S6). Typically, the strength
of lattice materials depends on the interplay between geometric
and material nonlinearities, and finding the global optimum
is difficult. In this case, by considering the manufacturability
constraints of ribbed shell lattices, especially the rib-to-shell
feature size ratio, a sufficiently large parameter space for the
rib height and thickness was selected (Figure 3a,b). Given an
RD of 1.75%, the LOA ribbed lattices can all achieve enhanced
strength than their unribbed counterparts within the considered
structural parameter range (Figure 3a). The maximum strength
enhancement of LOA ribbed lattices occurs when the rib to shell
thickness ratio (R;) is nearly 4.0, and the rib height to unit cell
size ratio (h/D) is 0.07 (LOA-I-A). Under a macro compressive
strain of 0.01, the shell buckling deformation of LOA-I-A ribbed
lattices is effectively suppressed, and the rib is in a high stress
state to bear loads efficiently (Figure 3d), thereby resulting in
the highest magnitude of strength enhancement. However, as the
rib thickness decreases, the rib gradually undergoes significant
buckling deformations, leading to a lower magnitude of strength
enhancement (LOA-I-B, Figure 3c-d). In particular, the LOA-I
ribbed lattices can achieve 52.55% strength enhancement in maxi-
mum at 1.75% RD, achieving a greater magnitude of enhancement
than that in Figure 2d.

The optimization of rib height and thickness can also further
enhance the strength of LOC ribbed lattices. Specifically, the
maximum strength enhancement of LOC-I ribbed lattices occurs

when Rj is nearly 0.25, and h/D is 0.10 (LOC-I-A, Figure 3b).
The LOC-I-A ribbed lattices, although undergoing evident buck-
ling deformation in the rib, can achieve remarkably enhanced
strength via tuning the shell buckling deformation, manifested
as no significant deformity in the shell edge region (Figure 3d).
However, the LOC-I-B ribbed lattices, despite of possessing a
larger rib thickness and exhibiting no evident buckling defor-
mation in the rib, cannot effectively suppress the shell buckling
deformation (as illustrated by the distorted shell edge region),
thus leading to a significant decrease in strength (Figure 3c,d).
In particular, the LOC-I ribbed lattices can achieve up to 40.77%
strength enhancement at 1.75% RD, higher than that in Figure 2d.
Overall, the strength enhancement magnitude of both LOA and
LOC ribbed lattices can be further improved by optimizing the
rib height and thickness, resulting in a local optimum that is
manufacturable and can achieve significantly enhanced strength
than their unribbed counterparts.

The normalized strengths of LOA-I and LOC-I ribbed P-type
shell lattices with varying structural parameters (including rib
heights and thicknesses) are further compared to those of the
unribbed lattices with equal RDs (Figure 3e). Generally, the LOA
and LOC ribbed lattices significantly outperform their unribbed
counterparts in strength, especially in the ultra-low RD regime.
In particular, the LOA ribbed lattices can achieve 11.97%~52.55%
strength enhancement at 1.75%~4.23% RDs; the LOC ribbed
lattices can achieve a maximum of 40.77% strength enhancement
at 1.75% RD, and exhibit a minimum of 14.32% lower strength
at 3.20% RD. Overall, the comparison further demonstrates the
superior strength of the rib-reinforced ultralight shell lattices to
their unribbed counterparts.

2.4 | Experimental Validation of the Rib
Reinforcement Effect

In this study, the P-type TPMS shell lattices were selected for man-
ufacturing further to validate the LOA/LOC rib reinforcement
design strategy. In contrast, the N-type shell lattices encounter
challenges in the printing efficiency and are mainly explored via
numerical simulations, since the N-type TPMS possesses a much
larger specific surface area and requires additional rotational
operations to overcome the overhang constraints. The unribbed,
LOA ribbed, and LOC ribbed P-type shell lattices with an RD
of 2.03% were fabricated via high-resolution uLPBF processes
[35, 36] in SS316L. Based on the high-fidelity metallic samples
fabricated (Figure 4a), the mechanical properties of the lattices
were measured by quasi-static compression tests, as illustrated in
Figure 4b,c. The experimentally measured average RDs of LOA
ribbed, LOC ribbed, and the unribbed samples are 2.86%+ 0.03%,
2.58%=+ 0.03%, and 2.39%=+ 0.04%, respectively, which are higher
than the as-designed RD (2.03%). The discrepancy is primarily
attributed to the larger wall thicknesses of the fabricated sam-
ples than those of the designed geometries, and the thickness
deviations of ribs are generally greater than those of shells. The
micro-CT characterized wall thickness (8) distributions of the as-
fabricated samples demonstrate that the average thicknesses of
the LOA ribbed, LOC ribbed, and unribbed samples are 106.53,
96.20, and 85.83 pm, respectively (Figure 4a). Compared to the
as-designed average thicknesses of 75.39, 75.57, and 70 um, the
thickness deviations between the as-fabricated samples and the
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FIGURE 3 | Optimization of the rib height and thickness to maximize the strength of P-type ribbed TPMS shell lattices. The normalized strength of
(a) LOA-I and (b) LOC-Iribbed P-type shell lattices with varying rib heights and thicknesses, (c) the stress-strain curves, and (d) von Mises stress contours

(under a macro compressive strain of 0.01) of four representative layouts of ribbed lattices with an equal RD of 1.75%. (e) The normalized strength versus
RD plots of LOA-I and LOC-I ribbed lattices with varying rib heights and thicknesses, and those of their unribbed counterparts with equal RDs.

as-designed geometries are within an acceptable range (Section
S12, Supporting Information).

The experimental stress-strain curves reveal that incorporating
LOA and LOC ribs can both significantly enhance the strength
of P-type TPMS shell lattices. The experimentally measured
normalized strengths (S/p/S,) of the LOA and LOC ribbed
samples are 0.136+ 0.006 and 0.104+ 0.003, which are 94.29%
and 48.57% higher than that of the unribbed samples (0.070+
0.003), respectively. The LOA ribbed samples exhibit a higher
magnitude of strength enhancement than that of the LOC
ribbed samples (Figure 4b), matching well with the numerical
results. The LOA and LOC ribs are able to selectively enhance
the local bending stiffness and strength of thin shell lattices,
especially at the low-curvature and free edge regions, which can
effectively suppress the shell buckling deformation and enhance
the buckling and compressive strength of thin shell lattices.
Specifically, the unribbed shell lattices experienced buckling
deformation under a compressive strain of 0.05, characterized
by significant distortional deformations at the free edge regions
and the dents at the cell connection regions (Figure 4c). In
comparison, the LOC ribs pass through the edges and can
efficiently tune the deformations from distortion to bending.
However, the connecting regions between adjacent unit cells
remained dented, implying that the LOC ribs cannot effec-
tively suppress the shell buckling deformation at these regions

(Figure 4c). As for the LOA ribbed samples, no significant
distortions were observed at the free edge regions under the same
compressive strain, and the connecting regions between adjacent
unit cells were no longer dented. Therefore, the incorporation
of LOA ribs was shown to be capable of suppressing the shell
buckling deformation in more regions, thereby achieving higher
strength enhancement than that of the LOC ribbed samples
(Figure 4c). Moreover, the experimentally observed post-buckling
deformation patterns (Figure 4c) exhibit clear consistency to
the numerically predicted critical buckling modes (Figure 2c)
of the lattices, which further demonstrates the rib-enabled
strength enhancement of ultralight shell lattices via buckling
suppression.

In addition, the digital image correlation (DIC) analysis reveals
that the unribbed samples exhibit prominent local buckling
deformations at the low curvature umbilic regions, as illustrated
by the red and green regions in Figure 4d, which leads to
distortions at the free edge regions, agreeing with the numerical
simulations reasonably. When the LOC ribs are introduced, the
localized deformations at the umbilic regions are defused. The
deformation magnitude is significantly reduced, as shown in the
wide range of green regions in Figure 4d. For the LOA ribbed
samples, the local buckling deformations at the umbilic and free
edge regions are further suppressed and the von Mises strain
distributions become more uniform (Figure 4d). Therefore, the
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FIGURE 4 | Compression test results of the high-fidelity SS316L samples of LOA ribbed, LOC ribbed, and unribbed P-type TPMS shell lattices. (a)
The high-fidelity samples of LOA ribbed, LOC ribbed, and the unribbed P-type shell lattices and the micro-CT characterization of their wall thickness (8)
distributions, in which the arrow denotes the building direction (BD), the experimentally measured (b) stress-strain curves and (c) deformation patterns
under 0 and 0.05 compressive strains, and (d) the von Mises strain distributions evaluated through the DIC analysis.
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FIGURE 5 | Rib-reinforced design of ultralight N-type TPMS shell lattices. (a) The yielding-to-buckling failure mode transition of N-type shell
lattices, (b) the unribbed N-type shell lattices and two representative layouts of LOA and LOC ribbed lattices, and (c) their critical buckling modes. (d)
The normalized strength versus RD plots of unribbed, LOA ribbed, and LOC ribbed lattices, and their (e) stress-strain curves and (f) von Mises stress

contours (under a macro stress of 1.0 MPa) with an RD of 1.75%.

DIC analysis results further validate that the suppression of local
buckling deformation by LOA and LOC ribs results in significant
strength enhancement of ultralight shell lattices. Additionally,
the normalized plateau stresses (NPSs, 0,,) and specific energy
absorption (SEA, ) of the samples were evaluated based on
the experimental stress-strain curves. The LOA ribbed samples
exhibit 46.84% and 83.45% higher NPS and SEA than the unribbed
samples, while the NPS and SEA of LOC ribbed samples do
not change too much as compared to the unribbed samples
(Figure S15). The mechanical properties of the three repetitive
samples within each group exhibit a low magnitude of relative
standard deviation, validating the repeatability of experimental
data based on the uLPBF-fabricated high-fidelity samples. Over-
all, the experimental results demonstrated that the strength of
ultralight P-type shell lattices can be significantly improved by
incorporating LOA and LOC ribs to suppress the shell buckling
deformation, validating the proposed design guideline of rib-
reinforced buckling-resistant ultralight and ultra-strong shell
lattices.

2.5 | Extension to Other Types of TPMS Shell
Lattices

The rib-reinforced design of ultralight N-type TPMS shell lattices
is further explored to illustrate the method’s generality. Through
nonlinear FEA simulations, N-type shell lattices are shown to
undergo the yielding-to-buckling failure mode transition in the

1.5%~2.0% RD range (Figure 5a and Figure S11). Accordingly, the
LOA and LOC ribs were incorporated to seek the enhancement
in strength (Figure S3c~d), in which four representative layouts
are elaborated in Figure 5b, and the other layouts are illustrated
in Figure S12. The N-type TPMSs are found to possess more
umbilical points than those of P-type TPMSs, and the critical
buckling mode of unribbed N-type shell lattices reveals that the
umbilical regions, which are also flat, undergo severe out-of-
plane deformations. Accordingly, incorporating LOA-I and LOC-I
ribs that pass directly through the umbilical points can efficiently
tune the shell buckling deformation by suppressing their out-
of-plane deformations. However, the shell buckling deformation
cannot be effectively suppressed by LOA-II and LOC-II ribs,
which are located away from the umbilical regions (Figure 5c).
Therefore, the LOA-I and LOC-I ribbed lattices can achieve
enhanced strength compared to their unribbed counterparts,
especially at lower RDs, while incorporating LOA-II and LOC-
II ribs tends to decrease the strength (Figure 5d-e). Specifically,
incorporating LOA-I and LOC-I ribs can effectively reduce the
maximum local stress in the shell, and the ribs also bear
loads efficiently, resulting in improved load-bearing efficiency.
However, the incorporation of LOA-II and LOC-II ribs has an
opposite effect and leads to decreased strength (Figure 5f). In
particular, N-type ribbed lattices can achieve up to 69.5%~82.3%
strength enhancement at 1.20%~1.36% RDs. Overall, the results
of N-type ribbed shell lattices validate again the proposed rib
reinforcement design method of buckling-resistant ultralight and
ultra-strong shell lattices.
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3 | Discussion

To summarize, we proposed a novel rib reinforcement design of
ultralight shell lattices, namely ribbed shell lattices, to locally
strengthen thin shells and enhance their buckling and com-
pressive strength. Two representative groups of ribs, namely
LOA and LOC ribs, were orchestrated based on the intrinsic
relations between the curvature and stress directions of TPMS
thin shell lattices. Based on the membrane theory of thin shells,
the principal stress direction is found to be aligned with the
LOA, while a state of maximum shear stress (with equal normal
stresses) is observed along the LOC, regardless of load cases. By
incorporating LOA and LOC ribs that pass through the umbilical
points, the strength of TPMS shell lattices can be significantly
enhanced. The incorporation of LOA ribs generally poses a
higher chance of resulting in greater strength enhancement than
that of LOC ribs. The strength enhancement arises from the
capability of incorporating appropriate rib layouts to re-distribute
the stresses of lattices and selectively strengthen thin shells to
suppress their buckling deformation, especially at the umbilical
region. The continuous ribs also provide additional load paths,
thereby improving the load-bearing efficiency and enhancing
the strength. The magnitude of strength enhancement can be
further improved by optimizing the rib thickness and height.
In particular, P-type ribbed lattices can achieve 70.2%~112.3%
strength enhancement at 1.18%~1.28% RDs, and the strength
of N-type ribbed lattices can be enhanced by 69.5%~82.3% at
1.20%~1.36% RDs. The compression tests on high-fidelity SS316L
samples of P-type shell lattices further demonstrated that the LOA
and LOC ribbed samples outperform their unribbed counterparts
in strength by 101.18% and 50.89%, respectively. Overall, these
findings offer an effective design method for buckling-resistant
ultralight and ultra-strong shell lattices, and can serve as a design
guideline for ultralight engineering materials with enhanced
strength. Compared to hierarchical TPMS shell lattices [17],
the proposed rib-reinforced ultralight shell lattices share the
same underlying principle of buckling suppression for strength
enhancement. Typically, the rib-reinforced designs exhibit supe-
rior additive manufacturability to their hierarchical counterparts
[17,18], and can achieve a greater degree of strength enhancement
due to the more effective buckling suppression effect (Figure S13).
Moreover, the membrane thin shell theory is demonstrated to
hold in most regions of TPMS thin shell lattices, regardless of load
cases, making the LOA/LOC rib-reinforcement method a generic
design strategy across different load cases.

The rib-reinforced ultralight and ultra-strong shell lattices
demonstrate broad application prospects across aerospace, auto-
motive, thermal control, and healthcare. In particular, these
lattices satisfy the requirements for lightweight aerospace com-
ponents, significantly reducing raw material costs and enhancing
their strength and load-bearing capacity. The incorporation of
appropriate rib layouts can also enhance the fracture toughness
and fatigue life of ultralight shell lattices by inhibiting fatigue
crack propagation under repetitive or cyclic loading, thereby
improving their long-term service capability [37, 38]. This aspect
necessitates the establishment of a multiscale analysis frame-
work to evaluate the fracture and fatigue behaviors of lattice
materials and to reveal the effects of rib layouts on the fracture
toughness and fatigue life of ribbed shell lattices. Moreover, the
application of rib-reinforced ultralight shell lattices necessitates

scalable additive manufacturing, in which a reasonable balance
must be struck between the fabrication quality and efficiency,
especially for the mass production of large-scale engineering
structures. In this case, the stereolithography (STL)-free additive
manufacturing procedure can play a significant role, in which
the implicit solid modelling and direct slicing processes can be
seamlessly integrated, thereby avoiding the STL mesh-related
intermediate steps [39]. The STL-free workflow can save the
memory and storage related to STL files for over 90% and ensure
the fabrication quality simultaneously. The fabrication quality
can be further improved by integrating the STL-free workflow
with an optimized laser scanning strategy, with the energy
deposition trajectories precisely regulated to enhance the surface
quality of ultralight shell lattices and enable the satisfaction of
manufacturing tolerance limits [40]. These aspects will be studied
in detail in our upcoming works.

Thus far, existing studies on TPMS shell lattices have mainly
focused on the design to enhance their stiffness and yield
strength, which typically follows the conventional ‘stretching-
domination’ design principle [41, 42]. However, lattice materials
tend to undergo the yielding-to-buckling failure mode transition
with increasing slenderness ratios and decreasing RDs [9-12],
while the buckling strength-driven design and optimization of
ultralight shell lattices remain less explored. In this study, we
revealed the critical role of enhancing the buckling stability
for improving the strength of ultralight shell lattices through
the proposed rib reinforcement design strategy. Although this
study focuses on the relatively symmetric P- and N-type TPMSs,
the design strategy can be readily extended to other families of
surfaces with the Monge patch model representation. In contrast,
the Monge patch models of less symmetric geometries, such as
Gyroid-family surfaces, are not readily available. In this case,
the implicit periodic nodal surface approximation can be utilized
for the LOA/LOC rib reinforcement design strategy, in which
the higher-order terms should be incorporated to ensure the
geometric accuracy. The rib reinforcement design strategy can
also be applied for other constitutive materials (Figure S10),
such as ceramic [3, 43] and pyrolytic carbon [44], which possess
higher strength to Young’s modulus ratios (S,/E;). Typically,
these brittle lattices undergo the failure mode transition from
material fracture to micro-architecture buckling at larger RDs,
leading to a more pronounced strength reduction than that of
metallic lattices. For example, SiOC ceramic lattices (S,/E; ~
0.1) tend to undergo the failure mode transition at an RD near
27.0% [3, 43], and pyrolytic carbon plate lattices (S,/E, =~ 0.04)
may undergo the transition with the RD around 37.5% [44].
In this case, the rib reinforcement design strategy can enable
more effective buckling suppression and strength enhancement
within a wider range of RDs. However, the rib reinforcement
effect no longer holds at moderate RDs (Figures 2d and 5d), in
which material yielding takes over as the dominant failure mode
of the lattices, and the strengthening strategy should in turn
follow the conventional ‘stretching-domination’ design principle.
Accordingly, based on the curvature-stress relation revealed in
this study, the curvature and local stress of shell lattices can
be re-distributed via structural shape and topology optimization
approaches to achieve a more stretching-dominated deformation
state for strength enhancement. These studies will be thoroughly
conducted in our future endeavors to enlarge the design space of
shell lattices to further enhance their strength.

Advanced Science, 2026
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4 | Methods

4.1 | Modeling Method: B-spline Parameterized
Monge Patch Model

The proposed geometric model of TPMSs was developed on
an irreducible fundamental domain. The fundamental domains
of P- and N-type TPMSs are identical: the quadrirectangular
tetrahedron, i.e., the 1/48-unit cell (Figure Sla). Subsequently, the
unit cell of TPMSs was created from the fundamental domain
via mirror operations [33]. A 2D parametric domain (u, v)€[0,
1]* was defined for the surface according to its topology. The
surface model was referred to as a Monge patch model, as the
parametrization defines the surface by its height on a flat 2D
parametric domain. To guarantee the smoothness and differen-
tiability, an implicit B-spline surface model was established. The
B-spline parameterized Monge patch model of P-family surfaces
is defined as [33]:

r=r(u,v,w)=@+ww

Uu+w-—uw w vw
=(—— =, = 172,
(2 F) o e01k, @
in which w is a B-spline function of the other two parameters u
and v:

n

w=w (u,v) = Z ZNIUP wM;, (v)Cy, (u,v) € 0,1, (2)
&

i=1

where Cj; are unknown control coefficients, and n and m are
the numbers of control coefficients along u and v directions,
respectively. Besides, N;,(u) and M;,(v) are the B-spline basis
functions, and p and q are the polynomial degrees (p = g = 3 was
used in this study). For N-family surfaces, the Monge patch model
in Equation (1) should be replaced by [34]:

r=r(u,v,w)=ﬁ+wﬁ

(u +w—uw u—uw+vw vw
2 ’ 2 > 2

3

To obtain a minimal surface, the second-order partial differential
equation (PDE) V, - n + 2H = 0 was solved to determine the
unknown control coefficients, where H is the prescribed mean

curvature (being zero). Using the Galerkin method, the weak
form of the governing equation is stated as [34]:

//¢,-J-(Vs~n+2H)dA=0,(i=1,..n; j=1,.,m), (4)
s

where ¢; = N, , (u)M; ,(v), and V; is the surface gradient operator.
The second-order PDE can be converted to a first-order PDE using
the surface divergence theorem [34]:

[[5. s
S

=/ m~Fijds—//2Hn~F,.jdA,(i=1,..n; j=1,.,m),
as S
©)

),(u, v) € [0,1]%

where the test function is chosen as F; = ;—r ¢y, m =t X n with
w
t being the unit tangent vector of the boundary curve, and n =

% is the unit normal vector. According to the periodicity
ryXry

and symmetry of TPMSs, the surface should be orthogonal to the
mirror planes at the boundary 95, i.e., m - F; = 0. Therefore,
the governing equation in Equation (5) can be solved by a
minimization problem of the residuals R;; [34]:

Rij=//(VS-FU+2Hn-Fij)dA,(i=1,..n; j=1,..m). (6)
S

Through computing the derivative of the residuals with respect
to the control coefficients Cj;, the optimization problem in Equa-
tion (6) was solved via Newton’s iteration method, generating
highly accurate minimal surfaces compared to the conventional
nodal approximation method. Using the Monge patch model, the
principal curvatures and asymptotic directions can be efficiently
calculated. The normal curvature of the parameterized surface
states [45]:

L+2MA+NA?

*D=FiFivcr

@)
where 4 = dv/du denotes the direction in the 2D parametric
domain,E=r,-r,,F=r,-r,, G=r,-r,are the first fundamental
forms,and L=vr,, -n,M=r,, - n, N=r, - n are the second
fundamental forms. The asymptotic direction is defined as the
direction along which the normal curvature is zero, namely x (1)
= 0, computed as:

-M ++/M?—-LN

Aiop = ——m——— . 8
oa - ®)
Based on the definition of the principal curvature direction that
the normal curvature reaches the extreme, the LOC direction is

computed by dx/dA = 0 as:

ALOC

—(EN - GL)+ \/ (EN - GL)’ — 4(FN — GM) (EM - FL)

2(FN — GM)
9

Based on the B-spline parameterized Monge patch model, the
LOA and LOC directions are generated using the finite difference
method from the prescribed starting points in the parametric
domain (u, v)€[0, 1]*. The initial points are uniformly distributed
in the u and v axes, and the successive points of the LOA
and LOC are computed using Equations (8)~(9) via the Runge-
Kutta method, until reaching the opposite domain boundaries.
Due to the spatial distortion of the parametric mapping, the
ribs that are spatially too close in the 3D physical domain are
deleted. Given the same rib spacing, the number of deleted ribs is
different for P- and N-type shell lattices, which arises from their
different degrees of spatial distortion, resulting in 11 and 7 rib
groups remained, respectively. Since the LOA and LOC ribs are
exhaustively explored in the entire design space, changing the
number of rib groups is not expected to affect the conclusions of
this study. The computed LOA and LOC of P- and N-type TPMSs
in the 2D parametric and 3D fundamental domains are shown in
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Figure S1b, and those in the unit cell and 1/8-unit are shown in
Figure 1. In finite element models, the meshes of shells and ribs
are directly generated from the parametric surface models, which
is an additional advantage as the proposed geometric model
generates high-quality quadrilateral meshes.

The locations and sizes (including the thickness and height) of
ribs, as well as the shell thickness provide a large design space,
complicating the design and optimization of ribbed shell lattices.
In this study, we systematically investigated the effects of these
design parameters on the strength and failure behavior of ribbed
shell lattices. Specifically, low RDs ranging 1.0%~4.0% were
selected to explore the failure modes of TPMS thin shell lattices.
The LOA and LOC ribs with varying heights and thicknesses
were incorporated onto the unribbed lattices with varying RDs
to seek enhancement in strength. The compressive strengths of
LOA and LOC ribbed P- and N-type TPMS shell lattices were
evaluated by nonlinear FEA simulations and compared to those
of the unribbed lattices with equal RDs.

4.2 | Numerical Method

The nonlinear static FEA was performed under the uniaxial
stress state to evaluate the strength of ribbed and unribbed shell
lattices, using the commercial software ABAQUS 2024. Given the
reflectional symmetry of the lattices regarding the three mid-
planes of the unit cell, the 1/8-unit cell was utilized for analysis to
save computational cost while maintaining numerical accuracy
(Figures S8 and S9). The symmetric boundary conditions were
imposed on the three mid-planes, based on which periodic
boundary conditions were simplified and applied to the other
three end planes [7, 46]. For the clarity of illustration, the von
Mises stress contour is shown in the unit cell of the lattices in the
main text. The S4R shell element, a Reissner-Mindlin plate/shell
theory-based four-node quadrilateral shell element, was utilized
for simulation. Specifically, for the analysis of ribbed lattices,
the mid-surface of the rib and that of the shell were defined as
two separate parts, and the middle nodes of the rib mid-surface
were strictly tied to the mid-surface of the shell to prevent any
relative slippage in the simulation process. The tie constraints
are mathematically enforced through constraint equations that
modify the global stiffness matrix of the system and may thus
introduce some sort of artificial stiffness, while this influence
can be effectively mitigated by refining the FEA mesh. For the
simulation of ribbed and unribbed P-type shell lattices, a total
number of 2 400~5 500 quadrilateral elements were generated
within the 1/8-unit cell, in which the ratio of the average side
length (4) of each element to the unit cell size (D), namely 4/D,
ranges between 4.34 x 1073 and 1.25 x 1072, with a mean value
of 1.14 x 1072, In comparison, a total number of 10 000~20 000
quadrilateral elements in the 1/8-unit cell were utilized for the
simulation of N-type shell lattices, in which the ratio of average
side length to unit cell size (4/D) ranges between 7.15 x 107
and 3.58 x 1072, with a mean value of 1.21 X 10~2. The FEA
mesh is sufficiently precise to obtain accurate numerical results,
as validated by a detailed mesh convergence analysis (Figure
S7), and the 0.2% offset strength is defined as the compressive
strength of the lattices. The uniaxial tensile test of standard
tensile samples made by uLPBF was conducted to determine the
stress-strain curve of the SS316L constitutive materials, based on

the ASTM E8/E8M standard, under a constant nominal strain
rate of 0.001 s [22]. The test reveals the Young’s modulus (E;
= 189310.0 MPa), Poisson’s ratio (v, = 0.3), and uniaxial yield
strength (S, = 520.0 MPa) of the SS316L materials, which, together
with their true stress versus plastic strain curve (Figure S14), were
utilized in the nonlinear simulation of the ribbed and unribbed
shell lattices.

4.3 | Fabrication Method

The P-type TPMS shell lattices, including unribbed, LOA ribbed,
and LOC ribbed lattices with an RD of 2.03%, were manufac-
tured to validate the rib reinforcement effect via quasi-static
compression tests. Traditional manufacturing techniques, such
as casting, forging, welding, injection molding, and CNC milling,
face significant challenges due to the complexity of micro-
architectures. Accordingly, additive manufacturing is selected as
the fabrication method to ensure both the fabrication quality
and efficiency. The samples were fabricated by an in-house
Hans’ Laser M100 machine, a high-precision pLPBF platform
equipped with a Ytterbium laser source whose beam diameter
and wavelength are 25 and 1.07 um, respectively. The samples
were made in austenitic SS316L materials whose powder size
ranges from 5 to 25 um, with a median particle size (Ds,) of
16.27 um. The unribbed, LOA ribbed, and LOC ribbed lattices with
a 3 x 3 x 3 array of unit cells were fabricated along the [001]
direction, and three samples were made for each lattice to validate
the experimental repeatability. To ensure the fabrication quality,
the rib thickness was initially set to match the shell thickness.
The hanging ribs beneath the shell surface were then removed to
prevent printing failure, and the thickness of the remaining ribs
was appropriately increased to ensure an identical total mass of
the samples. A novel single-track scanning strategy was adopted
in the fabrication process [22, 40], in which the shell thickness
was fixed at 70 um, and the unit cell size was adjusted to achieve
the target RD. This strategy enables to fabricate ultralight metallic
lattices with an RD around or lower than 2.0% [22, 40], lower than
those in most existing studies, within which the rib reinforcement
effect of ultralight shell lattices via buckling suppression can be
validated experimentally. The hatch distance, scanning speed,
layer thickness, and laser power were taken as 50 pm, 1000 mm/s,
10 um, and 50 W, respectively, and the patterns between successive
layers were rotated by a hatch angle of 67° to reduce the thermal
stress. These parameters were optimized in our prior study,
revealing dense and pore-free internal micro-architectures for the
as-printed samples [35]. Following the completion of fabrication,
the samples were removed from the building plate using electrical
discharge machining, and the ultrasonic vibration was used to
clean the samples in ethanol. Moreover, as the SS316L samples
exhibit superior strength and ductility for the solidification-
enabled micro-architectures of dislocations [35, 47, 48], and the
heat treatment procedure tends to decrease their mechanical
properties [49], the as-fabricated samples were not heat-treated
in this study.

4.4 | Characterization Method

The RD of the sample was evaluated based on its actually
measured mass, the bounding box size, and the density of SS316L
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(o, = 7.98 g/cm®). The Scanco Medical uCT-35, a micro-CT
equipped with a 70 kV X-ray source, was used to characterize
the manufacturing fidelity of the samples. Afterwards, quasi-
static compression tests were conducted on an MTS Model 370.10
machine to evaluate the Young’s moduli, strengths, NPS, SEA,
stress-strain curves, and compressive deformation behaviors of
the samples. The Young’s moduli were evaluated as the average
slope of the linear stage of 3 unload curves from the load-unload
repetitive compression tests, and the effect of machine stiffness
was eliminated to avoid underestimating the Young’s moduli of
the samples [7]. The 0.2% offset strength was evaluated as the
compressive strength of samples in large-strain compression tests
under a nominal strain rate of 0.001 s~ [6, 22]. The NPS and SEA
were calculated based on the experimentally measured stress-
strain curves of the samples [7]. Three repeated test samples were
used to validate the experimental repeatability, and the error bars
in the experimental data were utilized to illustrate the variation
in mechanical performances. In addition, the von Mises strain
distributions of the samples were further evaluated based on the
experimentally captured deformation patterns, using the 2D DIC
software VIC-2D (Correlated Solutions, US).
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