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Abstract
This paper presents a novel West Nile virus model that has more extensive free bound-
ary conditions and also takes into account the impact of infectedmosquitoes on the free
boundary, both of which are firsts in West Nile virus modeling. Specifically, the free
boundary conditions independent of the dispersal kernel functions in the equations,
bring new challenges to the dynamical analysis of spreading-vanishing, especially for
the case where the basic reproduction numberR0 ≤ 1, which involves new ideas and
techniques for dynamics analysis. Moreover, due to the consideration of the impact
of infected mosquitoes in the free boundary conditions, new conclusions have been
obtained. Numerical schemes have been developed, which not only verify qualitative
theoretical results, but also provide novel quantitative insights into the effects of vari-
ous factors on transmission dynamics. Overall, our results not only differ significantly
from the local diffusion version presented in Lin and Zhu (2017) but also extend all
the conclusions from the nonlocal diffusion version in Du and Ni (2020), with some
conclusions obtained under more general conditions.
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1 Introduction

West Nile virus (WNv) is amosquito-borne virus of the Flaviviridae family, whichwas
first isolated from the blood of a febrile woman in theWest Nile province of Uganda in
1937 (Abdelrazec et al. 2014; Bowman et al. 2005), and first brought a major outbreak
in New York City in late summer of 1999 and spread rapidly across North America
(Thomas and Urena 2001; Lin and Zhu 2017; Moschini et al. 2017; Ben-Nathan et al.
2006; Abdelrazec et al. 2014; Wonham et al. 2004). The transmission of the virus
circulates between mosquitoes and birds, with humans and other vertebrates being
incidental hosts (Ben-Nathan et al. 2006; Abdelrazec et al. 2014;Wonham et al. 2004).
It’s worth noting that the virus is transmitted to humans by mosquitoes, but cannot
be transmitted back to mosquitoes (Thomas and Urena 2001; Abdelrazec et al. 2014).
Therefore, humans are a dead-end host in the life cycle of the virus. Unfortunately,
humans exhibit adverse effects from the virus (Bowman et al. 2005). The virus can
cause inflammation of the brain and usually results in flu-like symptoms such as
fever, vomiting, and stiffness of the neck (Ceausu et al. 1997; Bowman et al. 2005).
The disease can lead to severe symptoms, including altered consciousness, extremity
tremors, paralysis, and death (Tsai et al. 1998; Bowman et al. 2005). Since 1999, there
have been more than 18,698 reported cases of WNv in humans, with more than 715
deaths (Ben-Nathan et al. 2006). There is no specific treatment available for the virus
and therefore, control of the disease depends on breaking the transmission cycle of
the virus (Thomas and Urena 2001; Bowman et al. 2005). These findings underscore
the importance of understanding the transmission mechanisms of WNv (Lin and Zhu
2017; Thomas and Urena 2001).

To the best of our knowledge, the first model of WNv was proposed in Thomas and
Urena (2001), which is a difference equation model. Subsequently, studies (Wonham
et al. 2004; Bowman et al. 2005; Abdelrazec et al. 2014) used systems of ordinary
differential equations (ODEs) to model the spread of WNv in mosquito and bird
populations. To describe the spatio-temporal transmission dynamics, random diffu-
sion terms are included in the models to approximate the movement of birds and
mosquitoes. For instance, the study in Lewis et al. (2006) proposed the following
simplified model for WNv:

Bt = d1Bxx + a1(e1 − B)M − b1B, x ∈ R, t > 0,

Mt = d2Mxx + a2(e2 − M)B − b2M, x ∈ R, t > 0,
(1)

where

a1 = αBβR

e1
and a2 = αMβR

e1
, (2)

B(x, t) and M(x, t) are the densities of the infected bird (host) and mosquito (vector)
populations at position x and time t , respectively. The parameters are all positive
constants: d1 and d2 are the diffusion rates of birds and mosquitoes respectively;
b1 is the combination of two rates, reversion rate from infectivity to susceptibility
and natural death rate of birds; b2 is the mosquito death rate; e1 is the total number
of susceptible and infected birds, e2 is the total number of susceptible and infected
mosquitoes; αB , αM respectively stand for the WNv transmission probability per bite
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to birds and mosquitoes; βR is the per-capita biting rate of mosquitoes on birds. The
model is based on ideal assumptions such as that infection does not confer immunity
to birds, we refer to Lewis et al. (2006) and Lin and Zhu (2017) for further details for
model formulation.

Please note that the ODE version of (1) is widely known as the classical
Ross-Macdonald model (Wang et al. 2020), which was formulated to describe the
transmission of malaria, and is widely used to describe many other mosquito-borne
diseases. Therefore, mathematical results for (1) and its variations discussed in this
study are also applicable to the spread of other mosquito borne infections. A key index
to characterize the transmission dynamics of (1) is the basic reproduction number,
given by

R0 =
√
a1a2e1e2
b1b2

. (3)

It is well known that (1) admits the trivial equilibrium (0, 0), and ifR0 > 1, then (1)
has a unique positive constant equilibrium

(B∗, M∗) :=
(
a1a2e1e2 − b1b2
a1a2e2 + b1a2

,
a1a2e1e2 − b1b2
a1a2e1 + a1b2

)
. (4)

Moreover, when the nonnegative initial function pair (B0, M0) ∈ C(R) × C(R) has
nonempty compact supports and satisfies B0 ≤ e1 and M0 ≤ e2, (1) has a unique
positive solution (B(t, x), M(t, x)) defined for all t > 0. The main results of Lewis
et al. (2006) state that

{
if R0 ≤ 1, then (B, M) → (0, 0) as t → ∞;
if R0 > 1, then (B, M) → (B∗, M∗) as t → ∞.

WhenR0 > 1, the convergence can be characterised by a traveling wave solution with
minimal speed c∗ > 0, indicating that the virus spreads with speed c∗.

Although the asymptotic wave speed can approximately estimate the progressive
spreading speed of the virus transmission, it does not truly reflect the spread of the
virus in the early stage of the infection’s spatial expansion to a larger area. Using a free
boundary to model the spatial spread of the virus can better reflect this situation. That
is to say, at the forefront of the boundary of the infected area, the virus expands and
moves forward, thereby triggering further spatial propagation, until the entire region
or area becomes endemic. Recently, Lin and Zhu (2017), inspired by the work in
Du and Lin (2010), studied the following WNv model with local diffusion and free
boundaries:
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Bt = d1Bxx + a1(e1 − B)M − b1B, g(t) < x < h(t), t > 0,

Mt = d2Mxx + a2(e2 − M)B − b2M, g(t) < x < h(t), t > 0,

B(x, t) = M(x, t) = 0, x ∈ {g(t), h(t)}, t > 0,

h(0) = h0, h′(t) = −μBx (h(t), t), t > 0,

g(0) = −h0, g′(t) = −μBx (g(t), t), t > 0,

B(x, 0) = B0(x), M(x, 0) = M0(x), −h0 ≤ x ≤ h0,

(5)

where x = h(t) and x = g(t) are the moving boundaries; μ is a positive constant, and
the initial functions satisfy

{
B0 ∈ C2[−h0, h0], B0(−h0) = B0(h0) = 0, 0 < B0(x) ≤ e1 in (−h0, h0),

M0 ∈ C2[−h0, h0], M0(−h0) = M0(h0) = 0, 0 < M0(x) ≤ e2 in (−h0, h0).

In (5), they assume that the population range of infected birds and mosquitoes is a
moving interval (g(t), h(t)) and

B(t, x) = M(t, x) = 0 for x ∈ R \ [g(t), h(t)]. (6)

The expansion rate of the range boundary is proportional to the gradient of the
infected bird population density at the range boundary, i.e., h′(t) = −μBx (h(t), t)
and g′(t) = −μBx (g(t), t). This assumption originates from the classical Stefan con-
dition (Caffarelli and Salsa 2005; Du and Lin 2010). It is proved in Lin and Zhu (2017)
that (5) has a unique solution which is defined for all t > 0, and

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ifR0 ≤ 1, then Vanishing happens:
h∞ − g∞ < ∞ and lim

t→∞(‖B(·, t)‖C([g(t),h(t)]) + ‖M(·, t)‖C([g(t),h(t)])) = 0;
ifRF

0 (t0) ≥ 1 for some t0 ≥ 0, then Spreading happens:
h∞ = −g∞ = ∞ and lim

t→∞(B(x, t), M(x, t)) = (B∗, M∗) uniformly

in any bounded set of R;
ifR0 > 1 ≥ RF

0 (0), then either Spreading happens or Vanishing happens,

whereRF
0 (t) is the spatial-temporal risk index, h∞ := lim

t→∞ h(t) and g∞ := lim
t→∞ g(t).

Furthermore, whenR0 > 1 ≥ RF
0 (0), the spreading or vanishing of the virus depends

on the initial number of infected individuals, the area of the infected region, the diffu-
sion rate and other factors. Recently, Wang et al. (2019) estimated the spreading speed
of (5) when spreading happens.

Noting that in both (1) and (5), the spatial movement of individuals is described
by the local diffusion term duxx , which fails to account for nonlocal factors such as
long-distance dispersal that are commonly observed in many real-world propagation
processes (Clobert et al. 2012; Nathan et al. 2012). To incorporate such nonlocal

effects, one approach is to replace duxx with d
[ ∫

R

J (x − y)u(t, y)dy − u(t, x)
]
.
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This modification implies that an individual located at x can migrate to any other
location y with a probability given by J (x − y), and the migration frequency is d
per unit time. In recent years, nonlocal counterparts of (1) have attracted extensive
attention (see Bao et al. (2016); Bao and Shen (2017); Berestycki et al. (2016a, b);
Garnier (2011); Hutson et al. (2003); Li et al. (2010) and references therein). In Du
and Ni (2020), a nonlocal version of the free boundary model with nonlocal diffusion
was proposed and analyzed:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Bt = d1

∫ h(t)

g(t)
J1(x − y)B(t, y)dy − d1B(t, x)

+ a1(e1 − B(t, x))M(t, x) − b1B(t, x), x ∈ (g(t), h(t)), t > 0,

Mt = d2

∫ h(t)

g(t)
J2(x − y)M(t, y)dy − d2M(t, x)

+ a2(e2 − M(t, x))B(t, x) − b2M(t, x), x ∈ (g(t), h(t)), t > 0,

B(t, x) = M(t, x) = 0, t > 0, x ∈ {g(t), h(t)},
g′(t) = −μ

∫ h(t)

g(t)

∫ g(t)

−∞
J1(x − y)B(t, x)dydx, t > 0,

h′(t) = μ

∫ h(t)

g(t)

∫ ∞

h(t)
J1(x − y)B(t, x)dydx, t > 0,

B(0, x) = u10(x), M(0, x) = u20(x), x ∈ [−h0, h0],

(7)

where ∫ h(t)

g(t)
J1(x − y)B(t, y)dy =

∫
R

J1(x − y)B(t, y)dy,

and
∫ h(t)

g(t)
J2(x − y)M(t, y)dy =

∫
R

J2(x − y)M(t, y)dy

since they also assume (6) holds, and the initial functions ui0(x) (i = 1, 2) satisfy

ui0 ∈ C([−h0, h0]), ui0(−h0) = ui0(h0) = 0,

0 < ui0(x) ≤ ei for x ∈ (−h0, h0), i = 1, 2. (8)

The kernel functions Ji : R → R (i = 1, 2) satisfy

(J): Ji ∈ C(R) ∩ L∞(R) is nonnegative, symmetric, Ji (0) > 0,
∫
R

Ji (x)dx = 1,

i=1,2.
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The results in Du and Ni (2020) show that if (J) and (8) hold, then problem (7) admits
a unique positive solution (B, M, g, h) defined for all t > 0 and

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

if R0 ≤ 1, then Vanishing happens:
h∞ − g∞ < ∞ and lim

t→∞(‖B(·, t)‖C([g(t),h(t)]) + ‖M(·, t)‖C([g(t),h(t)])) = 0;
if R0 > 1, then either Vanishing happens or Spreading happens:

h∞ = −g∞ = ∞ and lim
t→∞(B(x, t), M(x, t)) = (B∗, M∗) uniformly

in any bounded set of R.

Moreover, they also provided specific criteria for the case where R0 > 1, which
depends on ui0, h0, and other parameters. Different from random diffusion model (5),
the nonlocal diffusion variation (7) leads to the emergence of accelerated diffusion
phenomenon. In addition, Du and Ni (2022) also presented the estimation of the finite
propagation speed.

It is not difficult to find that if we define

KJ1(x) :=
∫ +∞

x
J1(y)dy, (9)

then the free boundary conditions in (7) can be written equivalently as

⎧⎪⎪⎨
⎪⎪⎩
h′(t) = μFh,KJ1

:= μ

∫ h(t)

g(t)
B(t, x)KJ1(h(t) − x)dx,

g′(t) = −μFg,KJ1
:= −μ

∫ h(t)

g(t)
B(t, x)KJ1(x − g(t))dx .

(10)

As shown in Cao et al. (2019), Fh,KJ1
is the outward flux of a population at free

boundary h(t), that is, the total population mass moved out of the range [g(t), h(t)] at
time t through its right boundary x = h(t) per unit time. Furthermore, h′(t) = μFh,KJ1
can be interpreted as assuming that the expanding rate of the front is proportional to the
outward flux. And Fg,KJ1

can also be explained in a similar manner. Obviously, (10)
indicates that the outward flux is closely dependent on the diffusion kernel function
J1, and the pushing of the free boundary is only influenced by infected birds.

A natural question arises: what happens when the outward flux is determined by a
general function K instead of KJ1? In fact, a recent study (Long et al. 2024) considered
this issue and proposed the following new free boundary conditions:

⎧⎪⎪⎨
⎪⎪⎩
h′(t) = μFh,K := μ

∫ h(t)

g(t)
B(t, x)K (h(t) − x)dx,

g′(t) = −μFg,K := −μ

∫ h(t)

g(t)
B(t, x)K (x − g(t))dx,

(11)

which indicates that the contribution of each point in [g(t), h(t)] to the outward flux at
h(t) is closely related to a general weighting function K of the distance from that point
to the boundary h(t). This represents a very different assumption that the movement
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of species boundaries can be independent of their dispersal strategies. Such a function
K (h(t)−x) has also been applied in bird flightmodels to describe that themovement of
individuals within a population is restricted by their distance from the boundary (Nagy
et al. 2010). For example, K may be chosen as a combination of certain exponential
functions (Feng et al. 2022). In general, we can find that the free boundary conditions
in some existing studies (Cao et al. (2019); Du et al. (2021, 2022); Lin and Zhu (2017);
Wang et al. (2019); Du and Ni (2020, 2022); Du et al. (2024)) are a special case of
(11), which represents a more extensive free boundary condition.

On the other hand, both (5) and (7) assume that the expansion speed of the infection
boundary front is only driven by the infected birds (Du andNi 2020; Lin andZhu2017).
This is because they assumed the impact of mosquitoes on the progression of the
infection boundary front to be negligible. However, since the number of mosquitoes
far exceeds that of birds and mosquitoes move freely, they may have a significant
capacity to spread viruses and push the free boundary. Therefore, it would be more
reasonable to consider that both infectedmosquitoes and birds play a role in advancing
the infection frontier.

Inspired by the above discussion, in this paper, we study the following model:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Bt = d1

∫ h(t)

g(t)
J1(x − y)B(t, y)dy − d1B(t, x)

+ a1(e1 − B(t, x))M(t, x) − b1B(t, x), t > 0, x ∈ (g(t), h(t)),

Mt = d2

∫ h(t)

g(t)
J2(x − y)M(t, y)dy − d2M(t, x)

+ a2(e2 − M(t, x))B(t, x) − b2M(t, x), t > 0, x ∈ (g(t), h(t)),

g′(t) = −μ1

∫ h(t)

g(t)
K1(x − g(t))B(t, x)dx

− μ2

∫ h(t)

g(t)
K2(x − g(t))M(t, x)dx, t > 0,

h′(t) = μ1

∫ h(t)

g(t)
K1(h(t) − x)B(t, x)dx

+ μ2

∫ h(t)

g(t)
K2(h(t) − x)M(t, x)dx, t > 0,

B(t, x) = M(t, x) = 0, t > 0, x ∈ {g(t), h(t)},
B(0, x) = u10(x), M(0, x) = u20(x), x ∈ [−h0, h0],

(12)
where constants μ1, μ2 > 0 and the initial functions ui0(x) (i = 1, 2) satisfy (8). We
assume infection does not confer immunity to birds, the kernel functions Ji : R → R

(i = 1, 2) satisfy (J), and Ki (i = 1, 2) satisfy the following basic condition

(K) Ki (x) are nonnegative and locally Lipschitz continuous in [0,∞), and Ki (0) > 0.

Sometimes we also require Ki to satisfy the additional condition

(K1) For any y ∈ [0,∞), there exist constants κi > 0 such that
∫ ∞

y
Ji (x)dx ≥

κi Ki (y), i = 1, 2.
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The main results in this study can be summarized in the following three theorems.

Theorem 1.1 (Existence and uniqueness) Assume that (J) and (K) hold. Then for any
given h0 > 0 and (u10, u20) satisfy (8), problem (12) admits a unique positive solution
(B, M, g, h) defined for all t > 0.

Theorem 1.2 (Spreading-vanishing dichotomy) Assume (J), (K) and (K1) hold, and
the initial functions satisfy (8). Let (B, M, g, h) be the solution of (12), and denote

g∞ := lim
t→∞ g(t) and h∞ := lim

t→∞ h(t). (13)

Then one of the following alternatives must occur:

(i) Spreading: −g∞ = h∞ = ∞ and

lim
t→∞(B(t, x), M(t, x)) = (B∗, M∗) locally uniformly in R;

(ii) Vanishing: h∞ − g∞ < ∞ and

lim
t→∞(B(t, x), M(t, x)) = (0, 0) uniformly for x ∈ [g(t), h(t)].

Theorem 1.3 (Spreading-vanishing criteria) Assume (J) and (K) hold, and the initial
functions satisfy (8). Let (B, M, g, h) be the solution of (12), andR0 be given by (3).

(i) IfR0 < 1 and lim sup
y→∞

∫ y
0 Ki (x)dx

y < ∞ (i = 1, 2), then vanishing always happens.

(ii) IfR0 = 1 and (K1) holds, then vanishing always happens.
(iii) IfR0 > 1 and one of the following conditions holds

1.
a1a2e1e2

(b1 + d1)(b2 + d2)
≥ 1,

2.
a1a2e1e2

(b1 + d1)(b2 + d2)
< 1, h0 ≥ L∗,

then spreading always happens, where L∗ is a fixed constant depending on
(ai , bi , di , ei , Ji ) (i = 1, 2).

(iv) IfR0 > 1 and

a1a2e1e2
(b1 + d1)(b2 + d2)

< 1, h0 < L∗,

then the following conclusions hold:

(a) For any fixed μ1 + μ2 > 0 and sufficient small initial datum (u10, u20),
vanishing happens.

(b) For any fixed μ2 > 0 and any given initial function pair (u10, u20) satisfying
(8), there exists μ∗ := μ∗(u10, u20) > 0 such that vanishing happens for
0 < μ1 + μ2 ≤ μ∗ and spreading happens for μ1 + μ2 > μ∗.
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(c) For any fixed μ1 > 0 and any given initial function pair (u10, u20) satisfying
(8), there exists μ∗ := μ∗(u10, u20) > 0 such that vanishing happens for
0 < μ1 + μ2 ≤ μ∗ and spreading happens for μ1 + μ2 > μ∗.

Remark 1.4 In fact, for the existing free boundary conditions considered in Cao et al.
(2019) and Du and Ni (2020), condition (K1) is automatically satisfied, as in these
models the boundary kernel is given by Ki (x) = ∫ +∞

x Ji (y) dy. This observation
indicates that condition (K1) serves as a natural generalization of the assumption
adopted in the earlier models.

From a biological perspective, the boundary kernel function Ki characterizes the
capacity of a population to expand outward at the moving boundary. In addition to
the dispersal strategy within the habitat, as described by the kernel Ji , this expansion
capacity is also modulated by external factors such as environmental resistance and
natural predation. Condition (K1) thus imposes a biologically reasonable constraint
that links the mechanism of boundary expansion to the internal dispersal process:
although the expansion capacity at the boundary may differ from the dispersal strategy
within the habitat, it remains regulated by the latter and cannot exceed the dispersal
kernel functions Ji by an unreasonable margin.

Before moving to the theoretical proofs for these results in the next section, we
would like to briefly highlight main contributions of the current study.

Remark 1.5 Some remarks on the current study:

(i) [Model formulation:] Model (12) incorporates more extensive free boundary
conditions independent of dispersal kernel functions and includes the impact of
infected mosquitoes on boundary expansion. To our knowledge, these aspects
are novel in the WNv modeling.

(ii) [Theoretical challenges:] The introduction of new free boundary conditions,
independent of the dispersal kernel Ji , involves novel ideas and techniques for
dynamics analysis. For instance, we construct a new upper solution for the case
R0 < 1.

(iii) [Extending existing results:] By selecting appropriate Ki (i = 1, 2), (7)
becomes a special case of model (12). Our conclusions extend those in Du and
Ni (2020), as shown in Theorem 1.3-(i,iii,iv), to general conditions of Ki . The
introduction of the parameter μ2 also leads to new findings.

(iv) [Distinct results:] Compared to the local diffusion model (5), the nonlocal dif-
fusion model (12) yields distinct results. For example, Theorem 1.3-(iii) shows
that spreading occurs regardless of h0 and μ when R0 > 1 and d1, d2 � 1,
contrasting sharply with (5) (see Lin and Zhu 2017, Theorem 5.5).

(v) [Numerical schemes:]We developed numerical schemes to solve this nonlocal
diffusion model with free boundaries defined by nonlocal integrals. Simulations
verify the reliability of our conclusions and provide quantitative insights. To our
knowledge, this appears to be the first numerical work for such extensive free
boundary conditions, where Ki (i = 1, 2) is merely a general non negative locally
Lipschitz continuous function.

As in some existing studies (Du et al. (2021); Du andNi (2022);Wang et al. (2019)),
when propagation occurs, one naturally wonders what would be the spreading speed.
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This questionwill be explored in a subsequent paper. The rest of this paper is organised
as follows. Section 2 introduces some notations and presents preliminary results on
the comparison principle, the associated eigenvalue problem, and the fixed boundary
problem, which are crucial for our later analysis. Section 3 establishes the global
existence and uniqueness of solutions for a more general system, of which both (7)
and (12) are a special case. The conditions needed are weaker than those in Du et al.
(2022). Section 4 is dedicated to proving Theorems 1.2 and 1.3, which extensively
utilizes the results from Sect. 2, and requires new ideas and techniques to address
the challenges posed by the new free boundary conditions independent of J . This
is particularly evident in addressing the scenario where R0 ≤ 1 and managing the
introduction of the new parameter μ2. Sect. 5 focuses on numerical simulations to
verify theoretical results and provide additional quantitative insights.

2 Some preparations

This section is going to introduce some notations and establish basic results for the
convenience of later use and reference. For given −g0, h0, T > 0, we define

GT = Gg0,T := {g ∈ C([0, T ]) : g(0) = g0, sup
0≤t1<t2≤T

g(t2) − g(t1)

t2 − t1
< 0},

HT = Hh0,T := {h ∈ C([0, T ]) : h(0) = h0, inf
0≤t1<t2≤T

h(t2) − h(t1)

t2 − t1
> 0}.

For any given g ∈ GT , h ∈ HT and

ui0 ∈ C([g0, h0]), ui0(g0) = ui0(h0) = 0, ui0(x) > 0 in (g0, h0), i = 1, 2,
(14)

set

�T = �
g,h
T := {(t, x) : t ∈ (0, T ], g(t) < x < h(t))},

XT = X
g,h
T := {(φ1, φ2) : φi ∈ C(�T ), φi ≥ 0, φi (0, x) = ui0(x) in [g0, h0],

and φi (t, g(t)) = φi (t, h(t)) = 0 in [0, T ], i = 1, 2}.

Thanks to Lemma 3.1 in Du and Ni (2020), we can directly obtain the following
results.
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Lemma 2.1 (Maximum principle) Assume that (J) holds and (g, h) ∈ GT × HT for
given −g0, h0, T > 0. If φi , ∂tφi ∈ C(�T ), di , ci j ∈ L∞(�T ), di ≥ 0, i = 1, 2, and

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂tφi ≥ di

∫ h(t)

g(t)
Ji (x − y)φi (t, y)dy − diφi (t, x) +

n∑
j=1

ci jφ j , (t, x) ∈ �T ,

φi (t, g(t)) ≥ 0, φi (t, h(t)) ≥ 0, t ∈ (0, T ],
φi (0, x) ≥ 0, x ∈ [g0, h0].

(15)
Then the following conclusions hold:

(i) If ci j ≥ 0 on �T for i, j ∈ {1, · · · , n} and i �= j , then φi ≥ 0 on �T for
i ∈ {1, · · · , n}.

(ii) If in addition di0 > 0 in �T , φi0(0, x) �≡ 0 in [g0, h0], then φi0 > 0 in �T .

Remark 2.2 When g(t) and h(t) are constants, the conclusion of Lemma 2.1 still holds
without requiring the second line of (15). For details, see Lemma 3.1 in Du and Ni
(2020).

For any L > 0, the following results hold for the associated eigenvalue problem:

⎧⎪⎪⎨
⎪⎪⎩

−d1

∫ L

−L
J1(x − y)φ(y)dy − d1φ(x) = a1e1ψ − b1φ + λφ, x ∈ [−L, L],

−d2

∫ L

−L
J2(x − y)ψ(y)dy − d2ψ(x) = a2e2φ − b2ψ + λψ, x ∈ [−L, L].

(16)

Proposition 2.3 (Bao and Shen, 2017, Theorems 2.2 and 2.3) Assume (J) holds. Then
(16) has a principal eigenvalue λ = λ1(−L, L) with a positive eigenfunction pair
(φ,ψ) = (φ1, ψ1) ∈ C([−L, L]) × C([−L, L]). Moreover, λ1(−L, L) is an alge-
braically simple eigenvalue.

Proposition 2.4 (Du and Ni, 2020, Corollary 2.5) Assume (J) holds. Let l1 < l2, and
λ1(l1, l2) be the principal eigenvalue of (16) with [−L, L] replaced by [l1, l2]. Then
(i) λ1(l1, l2) is strictly decreasing with respect to l2 − l1, and is continuous in l1 and

l2.
(ii) IfR0 ≤ 1, then λ1(l1, l2) > 0 for any l1 and l2.
(iii) IfR0 > 1 and

a1a2e1e2
(d1 + b1)(d2 + b2)

≥ 1,

then λ1(l1, l2) < 0 for any l1 and l2.
(iv) IfR0 > 1 and

a1a2e1e2
(d1 + b1)(d2 + b2)

< 1,

then there exists L∗ > 0 such that λ1(l1, l2) = 0 for l2 − l1 = 2L∗, and

λ1(l1, l2) > 0 (resp. < 0) for l2 − l1 < 2L∗ (resp. l2 − l1 > 2L∗).
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For any L > 0, we define QL = (0,∞)× (−L, L) and consider the corresponding
fixed boundary problem of (12):

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Bt = d1

∫ L

−L
J1(x − y)B(t, y)dy − d1B(t, x) + a1(e1 − B)M − b1B, (t, x) ∈ QL ,

Mt = d2

∫ L

−L
J2(x − y)M(t, y)dy − d2M(t, x) + a2(e2 − M)B − b2M, (t, x) ∈ QL ,

B(0, x) = B0(x), M(0, x) = M0(x), x ∈ [−L, L],
(17)

where B0, M0 ∈ C([−L, L])\ {0}, and 0 ≤ B0 ≤ e1, 0 ≤ M0 ≤ e2. It is well-known
that (17) has a unique positive solution which is defined for all t > 0. Clearly, the
corresponding steady state problem of (17) is

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
d1

∫ L

−L
J1(x − y)B̃(y)dy − d1 B̃(x)+a1(e1 − B̃)M̃ − b1 B̃=0, x ∈ [−L, L],

d2

∫ L

−L
J2(x − y)M̃(y)dy − d2M̃(x)+a2(e2 − M̃)B̃ − b2M̃=0, x ∈ [−L, L].

(18)

Proposition 2.5 (Du and Ni, 2020, Proposition 3.4 and 3.5) Assume (J) holds and
(B, M) is the unique positive solution of (17). Thenwe have the following conclusions.

(i) The problem (17) has a unique positive steady state (B̃, M̃) ∈ C([−L, L]) ×
C([−L, L]) satisfying 0 < B̃ ≤ e1, 0 < M̃ ≤ e2 if λ1(−L, L) < 0, and (0, 0)
is the only nonnegative steady-state when λ1(−L, L) ≥ 0, where λ1(−L, L) is
the principal eigenvalue of (16).

(ii) If λ1(−L, L) ≥ 0, then (B, M) converges to (0, 0) as t → ∞ uniformly for
x ∈ [−L, L].

(iii) If λ1(−L, L) < 0, then (B, M) converges to (B̃, M̃) as t → ∞ uniformly for
x ∈ [−L, L].

(iv) If R0 > 1, then λ1(−L, L) < 0 for all large L, and lim
L→∞(B̃L(x), M̃L(x)) =

(B∗, M∗) locally uniformly in R, where (B∗, M∗) is defined by (4) and
(B̃L , M̃L) := (B̃, M̃) in order to stress its dependence on L.
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3 Global existence and uniqueness of solutions

This section establishes the global existence and uniqueness of the solutions for the
problem (12). We will directly consider a more general model as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂t ui=di

∫ h(t)

g(t)
Ji (x − y)ui (t, y)dy−di ui+ fi (t, x, u1, u2), t ∈ (0, T ], x ∈ (g(t), h(t)),

ui (t, g(t)) = ui (t, h(t)) = 0, t ∈ (0, T ],

g′(t) = −
2∑

i=1

μi

∫ h(t)

g(t)
Ki (x − g(t))ui (t, x)dx, t ∈ (0, T ],

h′(t) =
2∑

i=1

μi

∫ h(t)

g(t)
Ki (h(t) − x)ui (t, x)dx, t ∈ (0, T ],

ui (0, x) = ui0(x), i = 1, 2, x ∈ [g0, h0],
(19)

where constants−g0, h0 > 0,μ1 ≥ 0,μ2 ≥ 0withμ1+μ2 > 0, and the initial values
satisfy (14). LetR+ := [0,∞), and assume that functions fi : R+×R×R

+×R
+ → R

(i = 1, 2) satisfy

(F) f1(t, x, 0, u2) ≥ 0, f2(t, x, u1, 0) ≥ 0 and for i ∈ {1, 2}, fi (t, x, 0, 0) ≡ 0,
fi (t, x, u1, u2) ∈ C(R+ × R × R

+ × R
+) and is locally Lipschitz continuous

in (u1, u2) uniformly in (t, x), i.e., for any ρ1, ρ2 > 0, there is a constant
L(ρ1, ρ2) > 0 such that

| fi (t, x, u1, u2) − fi (t, x, v1, v2)| ≤ L(ρ1, ρ2)(|u1 − v1| + |u2 − v2|), i = 1, 2,

for u1, v1 ∈ [0, ρ1], u2, v2 ∈ [0, ρ2] and (t, x) ∈ R
+ × R. If ρ1 = ρ2, then

L(ρ1) := L(ρ1, ρ2).
(F1) There exists k0 > 0 such that

f1(t, x, u1, u2) < 0 for (t, x, u1, u2) ∈ R
+ × R × [k0,∞) × (0,∞).

(F2) For any given l > 0, there exists θ(l) > 0 such that

f2(t, x, u1, u2) < 0 for (t, x, u1, u2) ∈ R
+ × R × (0, l] × [θ(l),∞).

By (F), we have

| fi (t, x, u1, u2)| ≤ L(ρ1, ρ2)(u1 + u2) for (t, x, u1, u2) ∈ R
+

×R × [0, ρ1] × [0, ρ2], i = 1, 2.

Moreover, due to f1(t, x, 0, u2) ≥ 0, we can see that

f1(t, x, u1, u2) ≥ f1(t, x, u1, u2) − f1(t, x, 0, u2)

≥ − | f1(t, x, u1, u2) − f1(t, x, 0, u2)|
≥ − L(ρ1, ρ2)u1.

(20)
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Similarly,

f2(t, x, u1, u2) ≥ −| f2(t, x, u1, u2) − f2(t, x, u1, 0)| ≥ −L(ρ1, ρ2)u2 (21)

for (t, x, u1, u2) ∈ R
+ ×R×[0, ρ1]×[0, ρ2]. It is easy to see that nonlinear functions

in (12) are given by

f1(u1, u2) = a1(e1 − u1)u2 − b1u1, f2(u1, u2) = a2(e2 − u2)u1 − b2u2,

which satisfy the conditions (F), (F1) and (F2). In light of the inequalities
f1(t, x, 0, u2) > 0 and f2(t, x, u1, 0) > 0 for u1, u2 > 0, it is evident that these
functions do not satisfy the condition (f) in Du et al. (2022). Consequently, the con-
ditions considered in this study are less restrictive than those presented in Du et al.
(2022).

In view of Lemma 4.2 in Du and Ni (2020), we can directly obtain the following
conclusions, which will be used in the proof of Theorem 1.1.

Lemma 3.1 Assume (F), (F1), (F2), (J) hold and u10, u20 satisfy (14). Then, for any
(g, h) ∈ GT × HT , the following problem for variables vi (t, x) with i = 1, 2

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂tvi = di

∫ h(t)

g(t)
Ji (x − y)vi (t, y)dy − divi (t, x) + fi (t, x, v1, v2), (t, x) ∈ �T ,

vi (t, g(t)) = vi (t, h(t)) = 0, t ∈ (0, T ],
vi (0, x) = ui0(x), x ∈ [g0, h0],

has a unique solution V = (v
g,h
1 , v

g,h
2 ) ∈ C(�T ) × C(�T ), and

0 < v
g,h
1 ≤ max{||u10||∞, k0} =: M1

0 in �T ,

0 < v
g,h
2 ≤ max{||u20||∞, θ(k0)} =: M2

0 in �T ,

where k0, θ(k0) are defined in the assumptions (F1) and (F2).

Now, for (g, h) ∈ GT × HT , we define a mapping �(g, h)(t) :=
(
g̃(t), h̃(t)

)
by

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

g̃(t) := g0 −
2∑

i=1

μi

∫ t

0

∫ h(τ )

g(τ )

v
g,h
i (τ, x)Ki (x − g(τ ))dxdτ, t ∈ (0, T ],

h̃(t) := h0 +
2∑

i=1

μi

∫ t

0

∫ h(τ )

g(τ )

v
g,h
i (τ, x)Ki (h(τ ) − x)dxdτ, t ∈ (0, T ].

(22)
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For any positive constants c, s, ε, denote

�c,s,ε :=
{
(g, h) ∈ Gs × Hs : sup

0≤t1<t2≤s

g(t2) − g(t1)

t2 − t1
≤ −c,

inf
0≤t1<t2≤s

h(t2) − h(t1)

t2 − t1
≥ c, h(t) − g(t) ≤ h0 − g0 + ε for t ∈ [0, s]

}
.

Then, (�c,s,ε, d) is a complete metric space, where

d ((h1, g1), (h2, g2)) := ‖h1−h2‖C([0,s])+‖g1−g2‖C([0,s]) for (g1, h1), (g2, h2) ∈ �c,s,ε .

Obviously, if (g, h) ∈ �c,s,ε , then

h(t)−g(t) ≤ h0−g0+ε, h(t) ∈ [h0, h0+ε], g(t) ∈ [g0−ε, g] for t ∈ [0, s]. (23)

The rest of this section is devoted to proving the global existence and uniqueness of
the solution to the problem (19). We will always assume that (F), (F1), (F2), (J), (K)

hold, and the initial function pair (u10, u20) satisfies (14).

Lemma 3.2 There exist positive constants ε0, T0, c0 such that

�( �
c0,s,ε0

) ⊆ �
c0,s,ε0

for s ∈ (0, T0].

Proof Thanks to (K), there exists ε0 ∈ (0, h0
4 ) such that

∫ 3ε0
2ε0

Ki (x)dx > 0, i = 1, 2.
Define

T0 := ε0

4K0(μ1 + μ2)(M1
0 + M2

0 )(h0 − g0 + ε0)
> 0,

c0 :=
2∑

i=1

μi e
−(di+L(M1

0 ,M2
0 ))T0

∫ 3ε0

2ε0
Ki (x)dx min

x∈[g0+ε0,h0−ε0]
ui0(x) > 0,

where L(M1
0 , M

2
0 ) is the Lipschitz constant of fi (t, x, ·, ·) over [0, M1

0 ] × [0, M2
0 ],

and
K0 = max{ max

x∈[0,2h0−g0]
K1(x), max

x∈[0,2h0−g0]
K2(x)}. (24)

Fix s ∈ (0, T0] and (g, h) ∈ �c0,s,ε0 , we next show (g̃, h̃) ∈ �c0,s,ε0 .
It follows from (22) that (g̃, h̃) ∈ C1([0, s]) × C1([0, s]), g̃(0) = g0, h̃(0) = h0

and ⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

g̃′(t) = −
2∑

i=1

μi

∫ h(t)

g(t)
v
g,h
i (t, x)Ki (x − g(t))dx, t ∈ (0, s],

h̃′(t) =
2∑

i=1

μi

∫ h(t)

g(t)
v
g,h
i (t, x)Ki (h(t) − x)dx, t ∈ (0, s].

(25)
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In view of (20)-(21) and Lemma 3.1, we can see that

fi (t, x, v
g,h
1 , v

g,h
2 ) ≥ −L(M1

0 , M
2
0 )v

g,h
i

and

⎧⎨
⎩

∂tv
g,h
i (t, x) ≥ −div

g,h
i (t, x) − L(M1

0 , M2
0 )v

g,h
i (t, x), 0 < t ≤ s, x ∈ (g(t), h(t)),

v
g,h
i (0, x) = ui0(x), x ∈ [g0, h0],

which implies, for x ∈ [g0, h0], t ∈ [0, s],

v
g,h
i (t, x) ≥ e−(di+L(M1

0 ,M2
0 ))t ui0(x) ≥ e−(di+L(M1

0 ,M2
0 ))T0ui0(x). (26)

This, combined with (14), (23), (25) and (26), implies that for t ∈ [0, s],

h̃′(t) ≥
2∑

i=1

μi e
−(di+L(M1

0 ,M2
0 ))T0

∫ h0

g0
Ki (h(t) − x)ui0(x)dx

≥
2∑

i=1

μi e
−(di+L(M1

0 ,M2
0 ))T0

∫ h0−ε0

h0−3ε0
Ki (h(t) − x)dx min

x∈[h0−3ε0,h0−ε0]
ui0(x)

=
2∑

i=1

μi e
−(di+L(M1

0 ,M2
0 ))T0

∫ h(t)−h0+3ε0

h(t)−h0+ε0

Ki (x)dx min
x∈[h0−3ε0,h0−ε0]

ui0(x)

≥
2∑

i=1

μi e
−(di+L(M1

0 ,M2
0 ))T0

∫ 3ε0

2ε0
Ki (x)dx min

x∈[h0−3ε0,h0−ε0]
ui0(x)

≥
2∑

i=1

μi e
−(di+L(M1

0 ,M2
0 ))T0

∫ 3ε0

2ε0
Ki (x)dx min

x∈[g0+ε0,h0−ε0]
ui0(x) = c0.

Similarly, g̃′(t) ≤ −c0 for t ∈ [0, s].
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Finally, by (23), (25) and Lemma 3.1,

[h̃(t) − g̃(t)]′ =
2∑

i=1

μi

∫ h(t)

g(t)
v
g,h
i (t, x)Ki (h(t) − x)dx

+
2∑

i=1

μi

∫ h(t)

g(t)
v
g,h
i (t, x)Ki (x − g(t))dx

≤ (μ1 + μ2)(M
1
0 + M2

0 )

2∑
i=1

∫ h(t)

g(t)
[Ki (h(t) − x) + Ki (x − g(t))]dx

≤ 2(μ1 + μ2)(M
1
0 + M2

0 )

∫ h(t)−g(t)

0
[K1(y) + K2(y)]dy

≤ 2(μ1 + μ2)(M
1
0 + M2

0 ) max
x∈[0,2h0−g0]

[K1(x) + K2(x)][h(t) − g(t)]
≤ 4K0(μ1 + μ2)(M

1
0 + M2

0 )(h0 − g0 + ε0) for t ∈ [0, s].

Combining with the definition of T0, we deduce, for t ∈ [0, s]

h̃(t)− g̃(t) ≤ h0 − g0 + 4T0K0(μ1 +μ2)(M
1
0 + M2

0 )(h0 − g0 + ε0) = h0 − g0 + ε0.

This completes the proof.
��

Lemma 3.3 There exists T∗ ∈ (0, T0] such that � is a contraction mapping on�c0,s,ε0
for s ∈ (0, T∗], where constants ε0, T0, c0 are defined in Lemma 3.2.

Proof For (g j , h j ) ∈ �c0,s,ε0 , j = 1, 2, we set

v
j
i (t, x) = v

h j ,g j
i (t, x),

(
h̃ j , g̃ j

)
= �

(
h j , g j

)
, �∗

s = �
g1,h1
s ∪ �

g2,h2
s , i = 1, 2.

Then, by (23), we have

max{h2(t)− g1(t), h1(t)− g1(t), h1(t)− g2(t), h2(t)− g2(t)} ≤ h0 − g0 + 2ε0 < 2h0 − g0.
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Without loss of generality, we define Ki (x) = Ki (−x) for x < 0. It follows from (24)
and (K) that

∣∣∣h̃1(t) − h̃2(t)
∣∣∣

≤
2∑

i=1

μi

∫ t

0

∣∣∣∣∣
∫ h1(τ )

g1(τ )
Ki (h1(τ ) − x)v1i (τ, x)dx −

∫ h2(τ )

g2(τ )
Ki (h2(τ ) − x)v2i (τ, x)dx

∣∣∣∣∣ dτ

≤
2∑

i=1

μi

( ∫ t

0

∫ h1(τ )

g1(τ )
Ki (h1(τ ) − x)

∣∣∣v1i (τ, x)dx − v2i (τ, x)
∣∣∣ dxdτ

+
∫ t

0

∣∣∣∣∣
∫ g2(τ )

g1(τ )
Ki (h1(τ ) − x)v2i (τ, x)dx

∣∣∣∣∣ +
∣∣∣∣∣
∫ h1(τ )

h2(τ )
Ki (h1(τ ) − x)v2i (τ, x)dx

∣∣∣∣∣ dτ

+
∫ t

0

∫ h2(τ )

g2(τ )
|Ki (h1(τ ) − x) − Ki (h2(τ ) − x)| v2i (τ, x)dxdτ

)

≤
2∑

i=1

μi

(
sK0(2h0 − g0)‖v1i − v2i ‖C(�

∗
s )

+ sMi
0K0‖g1 − g2‖C([0,s])

+ sMi
0K0‖h1 − h2‖C([0,s]) + sMi

0(2h0 − g0)L̂i (2h0 − g0)‖h1 − h2‖C([0,s])
)

≤ C0s
[ 2∑
i=1

‖v1i − v2i ‖C(�
∗
s )

+ ‖h1 − h2‖C([0,s]) + ‖g1 − g2‖C([0,s])
]
,

where C0 = C0(μ1, μ2, K0, g0, h0, M1
0 , M

2
0 ), and L̂i (2h0 − g0) is the Lipschitz

constant of Ki (·) over [0, 2h0 − g0]. Similarly,

∣∣∣g̃1(t) − g̃2(t)
∣∣∣ ≤ C̃0s

[ 2∑
i=1

‖v1i − v2i ‖C(�
∗
s )

+ ‖h1 − h2‖C([0,s])

+ ‖g1 − g2‖C([0,s])
]
for t ∈ [0, s].

Hence,

‖h̃1 − h̃2‖C([0,s]) + ‖g̃1 − g̃2‖C([0,s])

≤ (C0 + C̃0)s
[ 2∑
i=1

‖v1i − v2i ‖C(�
∗
s )

+ ‖h1 − h2‖C([0,s]) + ‖g1 − g2‖C([0,s])
]
.

(27)
As in the proof of the second step of Theorem 2.1 in Du et al. (2022), by making

use of (27) and the basic assumptions that f1 and f2 are locally Lipschitz con-
tinuous in (v1i , v

2
i ) uniformly in (t, x), we know that, for any 0 < s ≤ T∗ :=

T∗(C0, C̃0, d1, d2, u10, u20, ε0, J1, J2, f1, f2) ≤ T0,

‖h̃1 − h̃2‖C([0,s]) + ‖g̃1 − g̃2‖C([0,s]) ≤ 1

2

[‖h1 − h2‖C([0,s]) + ‖g1 − g2‖C([0,s])
]
.
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The proof is now completed. ��

Next, we prove the following result, which implies Theorem 1.1 since fi in (12)
satisfy the general assumption (F), (F1), (F2) and the initial conditions u10, u20 in
(14) can satisfy (8) by taking g0 = −h0.

Theorem 3.4 Assume (F), (F1), (F2), (J) and (K) hold. Then for any given −g0,
h0 > 0 and u10, u20 satisfying (14), problem (19) has a unique solution (u1, u2, g, h)

defined for all t > 0. Moreover, for any T > 0, g ∈ GT , h ∈ HT , (u1, u2) ∈ XT and

0 < u1 ≤ max{||u10||∞, k0}, 0 < u2 ≤ max{||u20||∞, θ(k0)} in �T ,

where k0, θ(k0) are defined in the assumptions (F1) and (F2).

Proof Thanks toLemmas 3.2 and 3.3,we obtain that� has a unique fixed point (g∗, h∗)
in �c0,s,ε0 for s ∈ (0, T∗] by using the contraction mapping theorem, where c0, T∗, ε0
come from Lemmas 3.2 and 3.3. Therefore, it follows from (22) and Lemma 3.1 that
(19) has a unique solution (u1∗, u2∗, g∗, h∗) for t ∈ [0, T∗]. By using the extension
arguments, we can show that the solution (u1∗, u2∗, g∗, h∗) on [0, T∗] can be extended
to (0,∞). We omit the details here due to the proof is almost identical to the fourth
step of Theorem 2.1 in Du et al. (2022). ��

3.1 Comparison principle

Lemma 3.5 (Comparison principle) Assume (J), (K) hold, and (B, M, g, h) is the

solution of (12). Let g ∈ Gg(0),T , h ∈ Hh(0),T and B, Bt , M, Mt ∈ C(�
g,h
T ). If

(B, M) satisfies

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Bt ≥ d1

∫ h(t)

g(t)
J1(x − y)B(t, y)dy − d1B + a1(e1 − B)M − b1B, (t, x) ∈ �

g,h
T ,

Mt ≥ d2

∫ h(t)

g(t)
J2(x − y)M(t, y)dy − d2M + a2(e2 − M)B − b2M, (t, x) ∈ �

g,h
T ,

B(t, g(t)), B(t, h(t)) ∈ [0, e1], M(t, g(t)), M(t, h(t)) ∈ [0, e2], t > 0,

g′(t) ≤ −μ1

∫ h(t)

g(t)
K1(x − g(t))B(t, x)dx − μ2

∫ h(t)

g(t)
K2(x − g(t))M(t, x)dx, t > 0,

h
′
(t) ≥ μ1

∫ h(t)

g(t)
K1(h(t) − x)B(t, x)dx + μ2

∫ h(t)

g(t)
K2(h(t) − x)M(t, x)dx, t > 0,

e1 ≥B(0, x) ≥ u10(x), e2 ≥M(0, x) ≥ u20(x), g(0) ≤ −h0, h(0) ≥ h0, x ∈ [−h0, h0].
(28)

Then [g(t), h(t)] ⊂ [g(t), h(t)] and

B(t, x) ≤ B(t, x), M(t, x) ≤ M(t, x) for t ∈ (0, T ], x ∈ [g(t), h(t)].
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Proof For small ε > 0 and i = 1, 2, let (Bε, Mε, gε, hε) denote the unique solution
of (12) with h0 replaced by hε

0 := (1− ε)h0, μ replaced by με
i := (1− ε)μi and ui0

replaced by uε
i0 ∈ C([−hε

0, h
ε
0]) with

0 < uε
i0(x) ≤ ui0(x) for x ∈ (−hε

0, h
ε
0), uε

0(±hε
0) = 0, lim

ε→0
‖uε

i0 − ui0‖C([−hε
0,h

ε
0]) = 0.

We claim that g(t) < gε(t), h(t) > hε(t) for t ∈ (0, T ]. Otherwise, it follows from
g(0) ≤ −h0 < −hε

0, h(0) ≥ h0 > hε
0 that there exists 0 < t∗ ≤ T such that

hε(t) < h̄(t), gε(t) > g(t) for t ∈ (0, t∗) and [hε(t∗) − h(t∗)][gε(t∗) − g(t∗)] = 0.

Without loss of generality, we may assume that hε(t∗) = h(t∗) and gε(t∗) ≥ g(t∗). It
follows that

h′
ε(t∗) ≥ h

′
(t∗). (29)

On the other hand, thanks to (8), (28) and Lemma 2.1, we know

B(t, x) ∈ (0, e1], M(t, x) ∈ (0, e2] for 0 < t ≤ T , g(t) < x < h(t).

This, together with Lemma 2.1 and the fact that

(B − Bε)t ≥ d1

∫ hε (t)

gε (t)
J1(x − y)[B − Bε]dy − d1(B − Bε)

+a1(e1 − B)(M − Mε) − (a1Mε + b1)(B − Bε),

(M − Mε)t ≥ d2

∫ hε (t)

gε (t)
J2(x − y)[M − Mε]dy − d2(M − Mε)

+a2(e2 − M)(B − Bε) − (a2Bε + b2)(M − Mε)

for 0 < t ≤ t∗, gε(t) < x < hε(t), shows

B(t, x)−Bε(t, x) > 0, M(t, x)−Mε(t, x) > 0 for 0 < t ≤ t∗, gε(t) < x < hε(t).

Therefore,

h
′
(t∗) − h′

ε(t∗)

≥ μ1

∫ h(t∗)

g(t∗)
K1(h(t∗) − x)B(t∗, x)dx + μ2

∫ h(t∗)

g(t∗)
K2(h(t∗) − x)M(t∗, x)dx

−με
1

∫ hε (t∗)

gε (t∗)
K1(hε(t∗) − x)Bε(t∗, x)dx − με

2

∫ hε (t∗)

gε (t∗)
K2(hε(t∗) − x)Mε(t∗, x)dx

> με
1

∫ hε (t∗)

gε (t∗)
K1(hε(t∗) − x)[B(t∗, x) − Bε(t∗, x)]dx

+με
2

∫ hε (t∗)

g(t∗)
K2(hε(t∗) − x)[M(t∗, x) − Mε(t∗, x)]dx > 0,
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which is a contradiction to (29). This proves our claim and B(t, x) > Bε(t, x),
M(t, x) > Mε(t, x) for t ∈ (0, T ], x ∈ [gε(t), hε(t)]. Since the unique solution
of (12) depends continuously on the parameters in (12), the desired result then follows
by letting ε → 0. ��

To emphasize the dependence on the parameters μ1 and μ2, we denote the solution
of problem (12) as

(
Bμ1,μ2 , Mμ1,μ2 , gμ1,μ2 , hμ1,μ2

)
. The following result directly

follows from Lemma 3.5.

Corollary 3.6 Suppose that (J) and (K) hold. If μ1 ≤ μ3 and μ2 ≤ μ4, then
hμ1,μ2(t) ≤ hμ3,μ4(t) and gμ1,μ2(t) ≥ gμ3,μ4(t) for t > 0. Moreover, Bμ1,μ2(t, x) ≤
Bμ3,μ4(t, x), Mμ1,μ2(t, x) ≤ Mμ3,μ4(t, x) for all t > 0 and gμ1,μ2(t) < x <

hμ1,μ2(t).

4 Spreading-vanishing dichotomy and criteria

We will prove Theorems 1.2 and 1.3 in this section. Throughout this section, we
always assume (J) and (K) hold, the initial function pair (u10, u20) satisfies (8),
denote (B, M, g, h) as the unique positive solution of (12), and g∞, h∞ are given by
(13).

Lemma 4.1 (i) If h∞−g∞ < ∞, thenλ1(g∞, h∞) ≥ 0, whereλ1(g∞, h∞) represents
the principal eigenvalue obtained by substituting [−L, L] with [g∞, h∞] in equation
(16). Moreover,

lim
t→∞ ||M ||C[g(t),h(t)] = lim

t→∞ ||B||C[g(t),h(t)] = 0. (30)

(ii) If h∞ − g∞ < ∞ and R0 > 1, then h∞ − g∞ ≤ 2L∗, where L∗ comes from
Proposition 2.4.

Proof (i) Firstly, we show λ1(g∞, h∞) ≥ 0. Suppose, by contradiction, that
λ1(g∞, h∞) < 0. By (K) and Proposition 2.4, there exist ε ∈ (0, h0

4 ) and T � 1 such
that

∫ 2h0−2ε

ε

K1(x)dx > 0, h(t) > h∞ − ε,

g(t) < g∞ + ε, λ1(g(t), h(t)) < 0 for t ≥ T . (31)

Let (B1(t, x), M1(t, x)) be the solution of (17) with QL replaced by (0,∞) ×
(g(T ), h(T )) and initial functions (B(T , x), M(T , x)). It follows from Lemma 2.1
and Remark 2.2 that

B1(t, x) ≤ B(t + T , x), M1(t, x) ≤ M(t + T , x) for (t, x) ∈ [0, ∞) × [g(T ), h(T )].
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By Proposition 2.5-(iii), we deduce

0 < B̃1(x) := lim
t→∞ B1(t, x) ≤ lim inf

t→∞ B(t, x),

0 < M̃1(x) := lim
t→∞ M1(t, x) ≤ lim inf

t→∞ M(t, x),

hold uniformly on [g(T ), h(T )]. Thus, there exists T1 ≥ T such that

0 <
1

2
B̃1(x) < B(t, x) for t ≥ T1, x ∈ [g(T ), h(T )].

This, together with (12) and (31), implies that for t ≥ T1,

h′(t) = μ1

∫ h(t)

g(t)
K1(h(t) − x)B(t, x)dx + μ2

∫ h(t)

g(t)
K2(h(t) − x)M(t, x)dx

≥ μ1

∫ h∞−ε

g∞+ε

K1(h(t) − x)
1

2
B̃1(x)dx

≥ c1μ1

2

∫ h∞−ε

g∞+ε

K1(h(t) − x)dx = c1μ1

2

∫ h(t)−g∞−ε

h(t)−h∞+ε

K1(x)dx

≥ c1μ1

2

∫ 2h0−2ε

ε

K1(x)dx > 0,

where c1 = min
x∈[g(T ),h(T )] B̃1(x) > 0. However, this contradicts to the fact h∞ < ∞.

Let (B2(t, x), M2(t, x)) be the solution of (17) with QL replaced by (0,∞) ×
(g∞, h∞) through the initial functions (e1, e2). It follows from Lemma 2.1 that

0 ≤ B(t, x) ≤ B2(t, x), 0 ≤ M(t, x) ≤ M2(t, x) for t > 0, x ∈ [g(t), h(t)].

Since λ1(g∞, h∞) ≥ 0, by Proposition 2.5-(ii), we have lim
t→∞(B2, M2) = (0, 0) uni-

formly for x ∈ [g∞, h∞]. Therefore lim
t→∞ ||M ||C[g(t),h(t)] = lim

t→∞ ||B||C[g(t),h(t)] = 0.

(ii) The conclusion then follows directly from λ1(g∞, h∞) ≥ 0 and Proposition
2.4-(iii, iv). ��

Lemma 4.2 If R0 < 1 and lim sup
y→∞

∫ y
0 Ki (x)dx

y < ∞ (i = 1, 2), then

h∞ − g∞ < ∞ and vanishing occurs.

Proof It follows from R0 =
√

a1a2e1e2
b1b2

< 1 that b2
a2e2

> a1e1
b1

. Then there exists

constant 0 < ε � 1 such that b2−ε
a2e2

> a1e1
b1−ε

. Thus, there is δ := δ(ε) > 0 such that

b2 − ε

a2e2
≥ δ ≥ a1e1

b1 − ε
. (32)
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For t ≥ 0 and x ∈ R, define

B(t, x) := σδe−εt , M(t, x) := σe−εt ,

where

σ = max{ max
x∈[−h0,h0]

B(0, x)

δ
, max

x∈[−h0,h0]
M(0, x)}.

Let
φ1(t, x) := B(t, x) − B(t, x), φ2(t, x) := M(t, x) − M(t, x).

Then for t ≥ 0 and −h0 ≤ x ≤ h0, we have

φ1(0, x) ≥ 0, φ2(0, x) ≥ 0, φ1(t, h(t)) ≥ 0, φ2(t, h(t)) ≥ 0. (33)

Next, we claim that

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂tφ1(t, x) ≥ d1

∫ h(t)

g(t)
J1(x − y)φ1(t, y)dy − d1φ1(t, x) − b1φ1(t, x) + a1e1φ2(t, x),

∂tφ2(t, x) ≥ d2

∫ h(t)

g(t)
J2(x − y)φ2(t, y)dy − d2φ2(t, x) + a2e2φ1(t, x) − b2φ2(t, x)

(34)
for (t, x) ∈ (0,∞) × (g(t), h(t)). In fact, it follows from (12) and (32) that

∂tφ1 − d1

∫ h(t)

g(t)
J1(x − y)φ1(t, y)dy + d1φ1 + b1φ1 − a1e1φ2

= Bt − Bt − d1

∫ h(t)

g(t)
J1(x − y)B(t, y)dy + d1

∫ h(t)

g(t)
J1(x − y)B(t, y)dy

+ d1B − d1B + b1B − b1B − a1e1M + a1e1M

= Bt − d1

∫ h(t)

g(t)
J1(x − y)B(t, y)dy + d1B − a1(e1 − B)M + b1B

− d1

∫ h(t)

g(t)
J1(x − y)B(t, y)dy + d1

∫ h(t)

g(t)
J1(x − y)B(t, y)dy + d1B

− d1B + b1B − b1B − a1e1M + a1e1M

= −εB − d1

∫ h(t)

g(t)
J1(x − y)B(t, y)dy + d1B + b1B − a1e1M + a1BM

≥ (b1 − ε)B − a1e1M

= (b1 − ε)σδe−εt − a1e1σe
−εt = [δ(b1 − ε) − a1e1]σe−εt ≥ 0.

Similarly,

∂tφ2 − d2

∫ h(t)

g(t)
J2(x − y)φ2(t, y)dy + d2φ2 − a2e2φ1 + b2φ2
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= Mt − Mt − d2

∫ h(t)

g(t)
J2(x − y)M(t, y)dy + d2

∫ h(t)

g(t)
J2(x − y)M(t, y)dy

+ d2M − d2M − a2e2B + a2e2B + b2M − b2M

= −εM − d2

∫ h(t)

g(t)
J2(x − y)M(t, y)dy + d2M + b2M − a2e2B + a2BM

≥ (b2 − ε)M − a2e2B

= (b2 − ε)σe−εt − a2e2σδe−εt = [(b2 − ε) − a2e2δ]σe−εt ≥ 0.

Hence, by (33)–(34) and Lemma 2.1, we obtain

B(t, x) ≤ σδe−εt , M(t, x) ≤ σe−εt for (t, x) ∈ (0,∞) × (g(t), h(t)).

This, together with lim sup
y→∞

∫ y
0 Ki (x)dx

y < ∞ (i = 1, 2), indicates there exists c0 > 0

such that

h′(t) = μ1

∫ h(t)

g(t)
K1(h(t) − x)B(t, x)dx + μ2

∫ h(t)

g(t)
K2(h(t) − x)M(t, x)dx

≤ μ1σδe−εt
∫ h(t)

g(t)
K1(h(t) − x)dx + μ2σe

−εt
∫ h(t)

g(t)
K2(h(t) − x)dx

= μ1σδe−εt
∫ h(t)−g(t)

0
K1(x)dx + μ2σe

−εt
∫ h(t)−g(t)

0
K2(x)dx

≤ μ1σδe−εt c0[h(t) − g(t)] + μ2σe
−εt c0[h(t) − g(t)]

= (μ1δ + μ2)σc0e
−εt [h(t) − g(t)] := Ce−εt [h(t) − g(t)] for t ≥ 0.

Similarly

−g′(t) ≤ (μ1δ + μ2)σc0e
−εt [h(t) − g(t)] = Ce−εt [h(t) − g(t)] for t ≥ 0.

Therefore
(h(t) − g(t))′ ≤ 2Ce−εt (h(t) − g(t)) for t ≥ 0,

which implies h∞ − g∞ < ∞. ��

Lemma 4.3 If R0 = 1 and (K1) holds, then h∞ − g∞ < ∞ and vanishing occurs.
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Proof We only need to show h∞ − g∞ < ∞ due to Lemma 4.1. It follows from (J)
and (K1) that

∫ h(t)

g(t)

[∫ h(t)

g(t)
J1(x − y)B(t, y)dy − B(t, x)

]
dx

=
∫ h(t)

g(t)

∫ h(t)

g(t)
J1(x − y)[B(t, y) − B(t, x)]dydx

−
∫ h(t)

g(t)

∫ ∞

h(t)
J1(x − y)B(t, x)dydx −

∫ h(t)

g(t)

∫ g(t)

−∞
J1(x − y)B(t, x)dydx

= −
∫ h(t)

g(t)
B(t, x)

[∫ ∞

h(t)−x
J1(y)dy +

∫ ∞

x−g(t)
J1(y)dy

]
dx

≤ −κ1

∫ h(t)

g(t)
B(t, x)

[
K1(h(t) − x) + K1(x − g(t))

]
dx .

Similarly,

∫ h(t)

g(t)

[∫ h(t)

g(t)
J2(x − y)M(t, y)dy − M(t, x)

]
dx

= −
∫ h(t)

g(t)

∫ ∞

h(t)
J2(x − y)M(t, x)dydx −

∫ h(t)

g(t)

∫ g(t)

−∞
J2(x − y)M(t, x)dydx

= −
∫ h(t)

g(t)
M(t, x)

[ ∫ ∞

h(t)−x
J2(y)dy +

∫ ∞

x−g(t)
J2(y)dy

]
dx

≤ −κ2

∫ h(t)

g(t)
M(t, x)

[
K2(h(t) − x) + K2(x − g(t))

]
dx .

123



   46 Page 26 of 41 X. Long et al.

Thus,

∫ h(t)

g(t)
d1

[∫ h(t)

g(t)
J1(x − y)B(t, y)dy − B(t, x)

]

+ a1e1d2
b2

[∫ h(t)

g(t)
J2(x − y)M(t, y)dy − M(t, x)

]
dx

≤ −d1κ1

∫ h(t)

g(t)
B(t, x)

[
K1(h(t) − x) + K1(x − g(t))

]
dx

− a1e1κ2d2
b2

∫ h(t)

g(t)
M(t, x)

[
K2(h(t) − x) + K2(x − g(t))

]
dx

= −d1κ1
μ1

μ1

∫ h(t)

g(t)
B(t, x)K1(h(t) − x)dx − a1e1κ2d2

b2μ2
μ2

∫ h(t)

g(t)
M(t, x)K2(h(t) − x)dx

− d1κ1
μ1

μ1

∫ h(t)

g(t)
B(t, x)K1(x − g(t))dx − a1e1κ2d2

b2μ2
μ2

∫ h(t)

g(t)
M(t, x)K2(x − g(t))dx

≤ σ
[

− μ1

∫ h(t)

g(t)
B(t, x)K1(h(t) − x)dx − μ2

∫ h(t)

g(t)
M(t, x)K2(h(t) − x)dx

]

+ σ
[

− μ1

∫ h(t)

g(t)
B(t, x)K1(x − g(t))dx − μ2

∫ h(t)

g(t)
M(t, x)K2(x − g(t))dx

]

= −σ [h′(t) − g′(t)],

where σ := min{ d1κ1
μ1

, a1e1κ2d2
b2μ2

} > 0. Therefore, by making use of (12) andR0 = 1,
we obtain

d

dt

∫ h(t)

g(t)

[
B(t, x) + a1e1

b2
M(t, x)

]
dx

=
∫ h(t)

g(t)

[
Bt (t, x) + a1e1

b2
Mt (t, x)

]
dx

=
∫ h(t)

g(t)
d1

[∫ h(t)

g(t)
J1(x − y)B(t, y)dy − B(t, x)

]
+ a1(e1 − B)M − b1B

+ a1e1
b2

{
d2

[∫ h(t)

g(t)
J2(x − y)M(t, y)dy − M(t, x)

]
+ a2(e2 − M)B − b2M

}
dx

≤ − σ [h′(t) − g′(t)] +
∫ h(t)

g(t)

[
a1(e1 − B)M − b1B + a1e1

b2

(
a2(e2 − M)B − b2M

)]
dx

= − σ [h′(t) − g′(t)] +
∫ h(t)

g(t)

[
b1(R0 − 1)B − (a1a2e1

b2
+ a1

)
HV

]
dx

≤ − σ [h′(t) − g′(t)].

As a result, for all t > 0 we have
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σ [h(t) − g(t)] ≤
∫ h(t)

g(t)

(
B(t, x) + a1e1

b2
M(t, x)

)
dx + σ [h(t) − g(t)]

≤
∫ h(0)

g(0)

(
B(0, x) + a1e1

b2
M(0, x)

)
dx + σ [h(0) − g(0)],

which clearly implies h∞ − g∞ < ∞. ��
Remark 4.4 It is not difficult to find that the proof of Lemma 4.3 is also valid for the
caseR0 < 1. Moreover, if Ki (i = 1, 2) satisfy condition (K1), then by (J) it follows

that Ki ∈ L∞([0,∞)), which implies lim sup
y→∞

∫ y
0 Ki (x)dx

y < ∞ (i = 1, 2). Therefore,

ifR0 ≤ 1 and (K1) holds, then h∞ − g∞ < ∞ and vanishing occurs.

Remark 4.5 To address the difficulty arising from the independence of the boundary
kernel function Ki and the dispersal kernel function Ji , we adopt some new ideas
and techniques in our analysis. In particular, under the assumption R0 < 1 (see
Lemma 4.2), a new pair of upper solutions is constructed, which differs substantially
from the approaches used in Lin and Zhu (2017) and Du and Ni (2020). For the critical
case R0 = 1, condition (K1) is imposed in Lemma 4.3, revealing a subtle interplay
between the dispersal condition and the free boundary condition.

Lemma 4.6 Let λ1(−h0, h0) be the principal eigenvalue of (16) with L = h0. If
λ1(−h0, h0) > 0 and ||u10||C[−h0,h0] + ||u20||C[−h0,h0] is sufficiently small, then

lim
t→∞ ||M ||C[g(t),h(t)] = lim

t→∞ ||B||C[g(t),h(t)] = 0.

Proof To prove this result, according to Lemma 4.1, we only need to show h∞−g∞ <

∞. Note that λ1(−h0, h0) > 0 and λ1(−L, L) is continuous for L ∈ (0,∞) by
Proposition 2.4-(i), then there exists constant h1 > h0 such that λ1(−h1, h1) > 0. Let
(φ,ψ) be a positive eigenfunction pair corresponding to λ1(−h1, h1).

Now, for t ∈ [0,∞), x ∈ [−h1, h1], we define
h(t) := h0 + (h1 − h0)[1 − e−δt ], g(t) := −h(t),

B(t, x) := ce−δtφ(x), M(t, x) := ce−δtψ(x),

where δ = λ1(−h1, h1),

c =min
{ e1
max|x |≤h1

φ(x)
,

e2
max|x |≤h1

ψ(x)
,

δ(h1 − h0)

μ1 max
x∈[0,2h1]

K1(x)
∫ h1
−h1

φ(x)dx + μ2 max
x∈[0,2h1]

K2(x)
∫ h1
−h1

ψ(x)dx

}
.

Then, for t ∈ [0,∞) and x ∈ [−h0, h0], we obtain h(t) ∈ [h0, h1),
B(0, x) = cφ(x) ≤ c max|x |≤h1

φ(x) ≤ e1, M(0, x) = cψ(x) ≤ c max|x |≤h1
ψ(x) ≤ e2,
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and

0 ≤ B(t, g(t)) = ce−δtφ(−h(t)) ≤ c max|x |≤h1
φ(x) ≤ e1,

0 ≤ B(t, h(t)) ≤ c max|x |≤h1
φ(x) ≤ e1,

0 ≤ M(t, g(t)) = ce−δtψ(−h(t)) ≤ c max|x |≤h1
ψ(x) ≤ e2,

0 ≤ M(t, h(t)) ≤ c max|x |≤h1
ψ(x) ≤ e2.

Next, we will show that (M, B, g, h) is an upper solution of (12). Thanks to (16),
we deduce

Bt − d1

∫ h(t)

g(t)
J1(x − y)B(t, y)dy + d1B(t, x) − a1(e1 − B)M + b1B

≥ Bt − d1

∫ h1

−h1
J1(x − y)B(t, y)dy + d1B(t, x) − a1e1M + b1B

= −δB + λ1(−h1, h1)B = 0 for t > 0, x ∈ (g(t), h(t)).

Similarly,

Mt − d2

∫ h(t)

g(t)
J2(x − y)M(t, y)dy − d2M(t, x) − a2(e2 − M)B + b2M ≥ 0.

Note that [g(t), h(t)] ⊂ (−h1, h1) and h(t) − g(t) ≤ 2h1 for all t ≥ 0, we have

μ1

∫ h(t)

g(t)
K1(h(t) − x)B(t, x)dx + μ2

∫ h(t)

g(t)
K2(h(t) − x)M(t, x)dx

≤ μ1 max
x∈[0,2h1]

K1(x)
∫ h(t)

g(t)
B(t, x)dx + μ2 max

x∈[0,2h1]
K2(x)

∫ h(t)

g(t)
M(t, x)dx

≤ μ1 max
x∈[0,2h1]

K1(x)
∫ h1

−h1
ce−δtφ(x)dx + μ2 max

x∈[0,2h1]
K2(x)

∫ h1

−h1
ce−δtψ(x)dx

≤ δ(h1 − h0)e
−δt = h

′
(t), t > 0,

and similarly,

−μ1

∫ h(t)

g(t)
K1(x − g(t))B(t, x)dx − μ2

∫ h(t)

g(t)
K2(x − g(t))M(t, x)dx ≥ g′(t), t > 0.

Clearly we also have

u10(x) ≤ cφ(x) = B(0, x), u20(x) ≤ cψ(x) = M(0, x) for x ∈ [−h0, h0],
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provided that

||u10||C[−h0,h0] ≤ c min
x∈[−h0,h0]

φ(x), ||u20||C[−h0,h0] ≤ c min
x∈[−h0,h0]

ψ(x).

We are now ready to apply Lemma 3.5 to conclude that

[g(t), h(t)] ⊂ [g(t), h(t)] and hence h∞ − g∞ ≤ h(∞) − g(∞) = 2h1.

The proof is now complete. ��
Remark 4.7 From the definition of c in Lemma 4.6, it follows that for given initial
function pair (u10, u20) satisfying (8), there exists μ := μ(u10, u20) > 0 such that
vanishing happens for (12) when μ1 + μ2 ∈ (0, μ] and λ1(−h0, h0) > 0.

Lemma 4.8 If λ1(g(t0), h(t0)) < 0 for some t0 ≥ 0, then−g∞ = h∞ = +∞. Further
assuming that (K1) holds or R0 > 1, we can obtain

lim
t→∞ M(t, x) = M∗, lim

t→∞ B(t, x) = B∗ locally uniformly in R, (35)

whereλ1(g(t0), h(t0)) is the eigenvalueof (16)with [−L, L] replacedby [g(t0), h(t0)].
Proof We first claim that h∞ − g∞ = ∞. Suppose, on the contrary, h∞ − g∞ < ∞.
Then, by Lemma 4.1, we deduce

λ1(g∞, h∞) ≥ 0,

which together with Proposition 2.4-(i) yields that

λ1(g(t), h(t)) ≥ 0 for t ≥ 0.

However, this leads to a contradiction to λ1(g(t0), h(t0)) < 0 for some t0 ≥ 0.
Next, we prove that −g∞ = h∞ = +∞. Without loss of generality, we assume

that h∞ < +∞ and g∞ = −∞. Hence, as in the proof of Lemma 4.1, by making use
of h∞ < +∞ and λ1(g(t0), h(t0)) < 0 for some t0 ≥ 0, we can find some constants
δ > 0 and T1 > t0 such that

h′(t) = μ1

∫ h(t)

g(t)
K1(h(t) − x)B(t, x)dx + μ2

∫ h(t)

g(t)
K2(h(t) − x)M(t, x)dx ≥ δ > 0

for t > T1. However, this leads to a contradiction to the fact h∞ < ∞.
Finally, we show (35) holds. Let (B(t), M(t)) be the unique positive solution of

the following ordinary differential equations:

⎧⎪⎨
⎪⎩
Bt = a1(e1 − B)M − b1B, t > 0,

Mt = a2(e2 − M)B − b2M, t > 0,

B(0) = e1, M(0) = e2.
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Then, by Lemma 2.1, we have

M(t, x) ≤ M(t), B(t, x) ≤ B(t) for t > 0, x ∈ [g(t), h(t)].

Note that h∞ − g∞ = ∞ and (K1) holds. Based on Remark 4.4, we obtain that
R0 > 1. Hence,

lim
t→∞ B(t) = B∗, lim

t→∞ M(t) = M∗,

which implies

B∗ ≥ lim sup
t→∞

B(t, x), M∗ ≥ lim sup
t→∞

M(t, x) locally uniformly in R. (36)

On the other hand, for fixed s ≥ t0, we define (Bs(t, x), Ms(t, x)) to be a solution
of (17) with QL replaced by (0,∞) × [g(s), h(s)], and initial functions Bs(0, x) =
B(s, x) andMs(0, x) = M(s, x). Noting that λ1(g(s), h(s)) < 0, by applying Lemma
2.1 and Proposition 2.5-(iii), we have

0 < M̃s(x) := lim
t→∞ Ms(t, x) ≤ lim inf

t→∞ M(t + s, x) uniformly in [g(s), h(s)],
0 < B̃s(x) := lim

t→∞ Bs(t, x) ≤ lim inf
t→∞ B(t + s, x) uniformly in [g(s), h(s)],

where (M̃s(x), B̃s(x)) is the positive solution of (18) with [−L, L] replaced by
[g(s), h(s)]. This, combined with Proposition 2.5 and (g(s), h(s)) → (−∞,∞) as
s → ∞, shows that

B∗ ≤ lim inf
t→∞ B(t + s, x) = lim inf

t→∞ B(t, x) locally uniformly in R,

M∗ ≤ lim inf
t→∞ M(t + s, x) = lim inf

t→∞ M(t, x) locally uniformly in R,

which together with (36) proves (35). ��
Now we are ready to present the proofs of two main theorems.

Proof of Theorem 1.2 : If h∞ − g∞ < ∞, then (30) holds by Lemma 4.1-(i). If
h∞ − g∞ = ∞, then by Remark 4.4, we must have R0 > 1. These, combined with
Proposition 2.4-(iii, iv), imply that there exists t0 � 1 such that λ1(g(t0), h(t0)) < 0.
Therefore, −g∞ = h∞ = ∞ and (35) holds by Lemma 4.8. ��
Proof of Theorem 1.3 : We provide arguments for each item individually:

(i) It follows directly from Lemma 4.2.
(ii) This item follows directly from Lemma 4.3.
(iii) Thanks to Proposition 2.4-(iii, iv), we obtain λ1(−h0, h0) < 0. Then spreading

happens by Lemma 4.8.
(iv) In view of Proposition 2.4-(iv), we know that λ1(−h0, h0) > 0.
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(a) The statement holds due to Lemma 4.6.
(b) Similar to Corollary (3.6), we use (Bμ1,μ2 , Mμ1,μ2 , gμ1,μ2 , hμ1,μ2) to stress the

dependence of the unique positive solution (B, M, g, h) of (12) on μ1 and μ2.
Based on Remark 4.7, there exists constant μ > 0 such that vanishing happens
for μ1 + μ2 ∈ (0, μ].
Next, we claim that there exists constant μ > 0 such that spreading happens for
μ1 + μ2 ∈ (μ,+∞). Otherwise, for any μ1 + μ2 ∈ (0,∞), we have

h∞
μ1,μ2

− g∞
μ1,μ2

:= lim
t→+∞ hμ1,μ2(t) − lim

t→+∞ gμ1,μ2(t) < +∞.

ByLemma4.1-(ii) andR0 > 1,we have h∞
μ1,μ2

−g∞
μ1,μ2

≤ 2L∗. This, combined
with Corollary 3.6, implies

H∞ − G∞ := lim
μ1,μ2→+∞ h∞

μ1,μ2
− lim

μ1,μ2→+∞ g∞
μ1,μ2

≤ 2L∗.

In view of (K), there exists ε0 ∈ (0, h0
4 ) such that

δ0 := min
{ ∫ 2h0−ε0

2ε0
K1(x)dx,

∫ 2h0−ε0

2ε0
K2(x)dx

}
> 0.

For such ε0, there exist μ0, t0 > 0 such that

0 ≤ H∞−h∞
μ1,μ2

≤ ε0

2
, 0 ≤ h∞

μ1,μ2
−hμ1,μ2(t) ≤ ε0

2
forμ1, μ2 ≥ μ0, t ≥ t0,

and thus H∞ − hμ0,μ0(t) ≤ ε0 for t ≥ t0. As a result, for μ1, μ2 ≥ μ0 and
t ≥ t0,

h′
μ1,μ2

(t)

= μ1

∫ hμ1,μ2 (t)

gμ1,μ2 (t)
K1(hμ1,μ2 (t) − x)Bμ1,μ2 (t, x)dx

+μ2

∫ hμ1,μ2 (t)

gμ1,μ2 (t)
K2(hμ1,μ2 (t) − x)Mμ1,μ2 (t, x)dx

≥ μ1

∫ hμ0 ,μ0 (t)

gμ0 ,μ0 (t)
K1(hμ1,μ2 (t) − x)Bμ0,μ0 (t, x)dx

+μ2

∫ hμ0 ,μ0 (t)

gμ0 ,μ0 (t)
K2(hμ1,μ2 (t) − x)Mμ0,μ0 (t, x)dx

≥ μ1

∫ hμ0 ,μ0 (t)−ε0

gμ0 ,μ0 (t)+ε0

K1(hμ1,μ2 (t) − x)dx inf
x∈[gμ0,μ0 (t)+ε0,hμ0 ,μ0 (t)−ε0]

Bμ0,μ0 (t, x)

+μ2

∫ hμ0 ,μ0 (t)−ε0

gμ0 ,μ0 (t)+ε0

K2(hμ1,μ2 (t) − x)dx inf
x∈[gμ0 ,μ0 (t)+ε0,hμ0 ,μ0 (t)−ε0]

Mμ0,μ0 (t, x)

= μ1

∫ hμ1,μ2 (t)−gμ0 ,μ0 (t)−ε0

hμ1,μ2 (t)−hμ0 ,μ0 (t)+ε0

K1(x)dx inf
x∈[gμ0,μ0 (t)+ε0,hμ0 ,μ0 (t)−ε0]

Bμ0,μ0 (t, x)
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+μ2

∫ hμ1,μ2 (t)−gμ0 ,μ0 (t)−ε0

hμ1,μ2 (t)−hμ0 ,μ0 (t)+ε0

K2(x)dx inf
x∈[gμ0 ,μ0 (t)+ε0,hμ0 ,μ0 (t)−ε0]

Mμ0,μ0 (t, x)

≥ μ1

∫ 2h0−ε0

H∞−hμ0 ,μ0 (t)+ε0

K1(x)dx inf
x∈[gμ0,μ0 (t)+ε0,hμ0 ,μ0 (t)−ε0]

Bμ0,μ0 (t, x)

+μ2

∫ 2h0−ε0

H∞−hμ0 ,μ0 (t)+ε0

K2(x)dx inf
x∈[gμ0 ,μ0 (t)+ε0,hμ0 ,μ0 (t)−ε0]

Mμ0,μ0 (t, x)

≥ μ1

∫ 2h0−ε0

2ε0
K1(x)dx inf

x∈[gμ0 ,μ0 (t)+ε0,hμ0 ,μ0 (t)−ε0]
Bμ0,μ0 (t, x)

+μ2

∫ 2h0−ε0

2ε0
K2(x)dx inf

x∈[gμ0,μ0 (t)+ε0,hμ0 ,μ0 (t)−ε0]
Mμ0,μ0 (t, x)

≥ μ1δ0 inf
x∈[gμ0 ,μ0 (t)+ε0,hμ0 ,μ0 (t)−ε0]

Bμ0,μ0 (t, x)

+μ2δ0 inf
x∈[gμ0 ,μ0 (t)+ε0,hμ0 ,μ0 (t)−ε0]

Mμ0,μ0 (t, x)

:= μ1δ0m̂1(t) + μ2δ0m̂2(t) ≥ δ0 min{m̂1(t), m̂2(t)}(μ1 + μ2),

which implies that

μ1 + μ2 ≤ hμ1,μ2(t0 + 1) − hμ1,μ2(t0)

δ0 min{∫ t0+1
t0

m̂1(t)dt,
∫ t0+1
t0

m̂2(t)dt}
≤ 2L∗

δ0 min{∫ t0+1
t0

m̂1(t)dt,
∫ t0+1
t0

m̂2(t)dt}
.

However, this leads to a contradiction due to the arbitrariness of μ1 + μ2.
Therefore, there existsμ > 0 such that spreadinghappens to (12) ifμ1+μ2 > μ.
Finally, we show that for fix μ2, there exists μ∗ such that vanishing happens for
0 < μ1 + μ2 ≤ μ∗ and spreading happens for μ1 + μ2 > μ∗. For any fixed
μ2 > 0, we define

μ∗ := sup� = sup{μ0 > 0 : vanishing happens for μ1 + μ2 ∈ (0, μ0]}.

Then, by Remark 4.7 and the above claim, we see that 0 < μ∗ < +∞. Accord-
ing to Corollary 3.6, (Bμ1,μ2 , Mμ1,μ2 , gμ1,μ2 , hμ1,μ2) are increasing inμ1 > 0.
This immediately gives that if μ1 ∈ �, then μ ∈ � for any μ < μ1 and if
μ1 /∈ �, then μ /∈ � for any μ > μ1. Hence it follows that

(0, μ∗) ⊆ �, (μ∗,+∞) ∩ � = ∅.

To complete the proof, it remains to show that μ∗ ∈ �. Suppose that μ∗ /∈ �.
Then it follows from Theorem 1.2 that h∞

μ∗−μ2,μ2
= −g∞

μ∗−μ2,μ2
= +∞.

Thus there exists T > 0 such that hμ∗−μ2,μ2(t) − gμ∗−μ2,μ2(t) > 2L∗ for
t ≥ T . Hence there exists ε > 0 such that hμ1,μ2(t) − gμ1,μ2(t) > 2L∗ for
0 < μ∗ − μ2 − μ1 < ε. Therefore,

h∞
μ1,μ2

− g∞
μ1,μ2

≥ hμ1,μ2(t) − gμ1,μ2(t) > 2L∗.
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However, it follows from μ1 + μ2 < μ∗ and the definition of μ∗ that h∞
μ1,μ2

−
g∞
μ1,μ2

< ∞. This, combinedwithR0 > 1 andLemma4.1, implies that h∞
μ1,μ2

−
g∞
μ1,μ2

≤ 2L∗, which is a contradiction. Thus, μ∗ ∈ �.
(c) Similarly, for givenμ1, we can also prove the existence ofμ∗ such that vanishing

happens for 0 < μ1 + μ2 ≤ μ∗ and spreading happens for μ1 + μ2 > μ∗.

��

5 Numerical simulation and discussion

This section presents numerical simulations to verify the reliability of our theoretical
results and to provide quantitative insights. To the best of our knowledge, there has been
few numerical simulation studies on the classical nonlocal free boundary condition (as
shown in the fourth and fifth lines of (7)). This paper appears to be the first to conduct
numerical simulations on the more general free boundary condition (as shown in the
fourth and fifth lines of (12)). Since the classical nonlocal free boundary condition
is a special case of the more general condition, we hope that the numerical schemes
presented here will inspire further research. The python codes for simulations are
publicly available at https://github.com/ylou-polyu/main.git.

Based on the existing literature (Wonham et al. 2004; Moschini et al. 2017; Feng
et al. 2022; Thomas and Urena 2001; Maidana and Yang 2009), we summarize ranges
for parameters in Table 1. For simplicity, we choose g0 = −h0. As shown in (2) and

Table 1 Range of model parameters.

Parameters Description Range

d1 the diffusion rate of birds (0.1, 100)

d2 the diffusion rate of mosquitoes (0.01, 0.1)

b1 the sum of the infectivity-to-susceptibility
reversion rate and the natural mortality rate
in birds

(0.1, 0.5)

b2 the mosquito death rate (0.016, 0.07)

e1 the total number of birds (102, 103)

e2 the total number of mosquitoes (104, 106)

αM the WNv transmission probability per bite to
mosquitoes

(0.5, 1.00)

αB the WNv transmission probability per bite to
birds

(0.02, 0.24)

βR the biting rate of mosquitoes on birds (0.03, 0.16)

μ1 parameter of free boundary movement speed
in birds

(0.001, 1)

μ2 parameter of free boundary movement speed
in mosquitoes

(0.001, 1)
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Table 2 Parameter values for different scenarios (A), (B) and (C).

Parameter (A) (B) (C)

αM 0.5005 0.88 0.55

αB 0.091 0.16 0.1

βR 0.15824 0.09 0.036

a1 1.44 × 10−5 1.44 × 10−5 1.44 × 10−5

a2 7.92 × 10−5 7.92 × 10−5 7.92 × 10−5

b1 0.2 0.2 0.2

b2 0.029 0.029 0.029

d1 1 1 1

d2 0.02 0.02 0.02

e1 102 103 0.25 × 103

e2 104 105 0.25 × 105

μ1 0.2 0.2 0.01

μ2 0.1 0.1 0.005

h0 5 5 1

R0 < 1 > 1 > 1

R∗ – > 1 < 1

Longtime dynamics Vanishing Spreading Vanishing

(3), we have

a1 = αBβR

e1
, a2 = αMβR

e1
, R0 =

√
a1a2e1e2
b1b2

.

Let
R∗ = a1a2e1e2

(b1 + d1)(b2 + d2)
.

For illustrative purpose, we choose the dispersal kernel functions J1, J2 and the bound-
ary kernel functions K1, K2 to be:

J1(x) = J2(x) = 1

2
e−|x | and K1(x) = K2(x) =

{
1, |x | ≤ 1,

|x |−2, |x | > 1.

Clearly, Ji satisfy the condition (J), Ki satisfy the condition (K) and Ki ∈
L∞([0,∞)), which implies lim sup

y→∞

∫ y
0 Ki (x)dx

y < ∞ (i = 1, 2).

We first numerically validate the vanishing and spreading dynamics under various
scenarios for Theorem 1.3, using the specific parameter sets (A), (B), (C) in Table 2.

Example 5.1 (Vanishing dynamics for Theorem 1.3-(i))Based on the parameter set (A)
in Table 2, we find R0 < 1. According to Theorem 1.3-(i), vanishing phenomenon
occurs for (12). Numerical simulations confirm this theoretical prediction, with results
for the free boundaries shown inFig. 1c, and solutions for bird andmosquito population
densities depicted in Figs. 1a and 1b.
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Fig. 1 Solution evolution for scenario (A)

Example 5.2 (Spreading dynamics for Theorem 1.3-(iii))When we choose the param-
eter set (B) in Table 2, we haveR0 > 1 and R∗ > 1. According to Theorem 1.3-(iii),
spreading phenomenonwill occur for (12). This is confirmed by numerical simulations
in Fig. 2.

Example 5.3 (Vanishing dynamics for Theorem 1.3-(iv)) Using the specific values of
the parameter set (C) in Table 2, it can be seen thatR0 > 1, R∗ < 1, and bothμ1+μ2
and the initial value of h0 are sufficiently small. These conditions, combined with
Theorem 1.3-(iv), show that the vanishing phenomenon will occur for (12). Numerical
simulations fully support this theoretical inference, as shown in Figs. 3.

Next, we evaluate the impact of the initial boundary value h0 and the efficacy of
mosquitoes in pushing the boundary, represented by μ2, on the dynamics of (12).
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Fig. 2 Solution evolution for scenario (B).

Using baseline parameter values from set (C) as follows:

a1 = 1.44 × 10−5, a2 = 7.92 × 10−5, b1 = 0.2, b2 = 0.029,

d1 = 1, d2 = 0.02, e1 = 0.25 × 103, e2 = 0.25 × 105,

we vary h0 and μ2 as outlined in Table 3 to observe changes in the dynamic behavior
of the numerical simulations. We also examine whether these results align with our
theoretical findings in Theorem 1.3.

Example 5.4 (Effect of initial boundary h0)From the given parameter values, we verify
that R0 > 1 and R∗ < 1, corresponding to Theorem 1.3-(iv). As shown in the
second, third, and fourth rows of Table 3, we set the initial value h0 to 2, 10, and
20, respectively. The numerical simulations reveal dynamic behaviors of vanishing,
spreading, and spreading phenomena (see Fig. 4a), strongly supporting the conclusion

123



A nonlocal West Nile virus model with nonlocal free… Page 37 of 41    46 

Fig. 3 Solution evolution for scenario (C)

Table 3 Parameter values of h0,
μ1, μ2, with varying h0 and μ2
values.

h0 μ1 μ2 Longtime dynamics

2 0.01 0.005 Vanishing

10 Spreading

20 Spreading

1 0.01 0.005 Vanishing

0.025 Spreading

0.05 Spreading
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Fig. 4 Effect of h0 and μ2 on the evolution of free boundaries

of Theorem 1.3-(iv)-(a). Specifically, for fixed μ1 and μ2, vanishing occurs when the
initial value h0 is sufficiently small.

This phenomenon aligns with the spatial constraint effect in population ecology:
when the initial habitat area is extremely limited, the population’s resource acquisi-
tion capacity is insufficient to meet basic survival requirements, posing significant
challenges to species persistence.

Example 5.5 (Effect of μ2) For given μ1 = 0.01, as shown in the fifth, sixth, and sev-
enth rows of Table 3, we set μ2 to 0.005, 0.025, and 0.05, respectively. The numerical
simulations demonstrate vanishing, spreading, and spreading behaviors (see Fig. 4b).
This supports Theorem 1.3-(iv)-(c), which states that for a fixed μ1, vanishing occurs
whenμ2 is small, while spreading occurs asμ2 increases. Additionally, this highlights
the significant impact of the infected mosquito term and its parameter μ2 on the free
boundary conditions, which fully supports the plausibility of our modeling.
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Although the global dynamics of the model system have been thoroughly estab-
lished, the currentmodel formulation remains highly simplified. Amore realisticWNv
model would incorporate additional important factors, such as seasonality and time
delays, both of which are critical for determining transmission dynamics. Seasonal
variations in temperature, precipitation, and other environmental conditions strongly
influence the population dynamics of mosquito vectors and avian hosts, thereby affect-
ing WNv transmission. Incorporating seasonality, typically through time-dependent
and periodic parameters for mosquito birth, mortality, or biting rates, can substantially
enhance the biological realism of the model. Time delays, resulting from biological
processes such as the incubation period within mosquitoes, mosquito maturation, and
the latent period in birds, are also important in the various processes of the transmission
cycle. Recent studies on free-boundary problems with periodic parameters (Du et al.
2013), time delays (Sun and Fang 2019), and related research provide valuable frame-
works for addressing these complexities. Extending our model to include seasonality
and time-delay effects represents a promising direction for future investigation.
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