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ARTICLE INFO ABSTRACT

Keywords: Clay's solid-fluid phase transition, a key cause of geohazards like landslides and debris flows, remains notoriously
Constitutive model difficult to model due to its coupled frictional yielding and strain-rate-dependent fluidization. Its complexity
Clay

poses a substantial challenge to constitutive modeling. For the first time, this study proposes a novel critical-state
hydrodynamic model (CSHM), which efficiently captures clay's nonlinear solid-fluid phase transition by inte-
grating quasi-static and viscous stress components in a unified framework. The quasi-static stress is described by
a critical-state-based elastoplastic model, representing the solid-like behavior. In contrast, the viscous stress is
described using a novel hydrodynamics-based rheological model that captures the fluid-like behavior by intro-
ducing a state variable termed “clay temperature”. The quasi-static component captures key aspects including
nonlinear elasticity, stress dilatancy, and critical state, whereas the proposed viscous component describes shear-
heating or shear-cooling rheology. Subsequently, extensive element simulations are employed to evaluate the
new CSHM. Finally, validation against experimental data demonstrates that the CSHM accurately captures the
clay's solid-to-fluid phase transition. The analyses reveal that: (i) While sand undergoes a shear-induced heating
phase transition and is well described by the existing kinetic theory, clay exhibits shear-cooling, which our novel
model accurately captures. (ii) Clay's phase transition is characterized by two transitional points (critical-state
point and viscous-stress-dominant point) and three different regimes (solid-like, transitional, and fluid-like). (iii)
Unlike the traditional HB model, a 2D model describing stress in the fluid-like state, the CSHM is a 3D full-range
phase transition model that captures evolution from initial to critical state, and eventually fluid-like state.

Quasi-static stress
Viscous stress
Rheology
Elastoplasticity

1. Introduction

The phase transition phenomena have been observed in many nat-
ural systems, including ice melting (Fig. 1a), flow-like landslides, and
debris flows (Fig. 1b). Ice melting, a well-studied phase transition of
water in thermodynamics, occurs when the solid structure of ice breaks
down into a fluid phase as thermal energy (temperature) increase. In
contrast, debris flows, among the most dangerous geological events (Li
et al., 2019), exhibit nonlinear solid-to-fluid transitions where soils
transition from a solid-like state to a fluid-like state (Wang et al., 2024).
A representative case is the landslide on the Meida Highway in Meizhou
City, China, on May 1, 2024. Initially, the soil exhibited solid-like
behavior, supporting the highway. However, the yielding of effective
stress triggered a transition to fluid-like flow, ultimately causing the
catastrophic failure that resulted in 48 fatalities and 30 injuries (Xue
et al., 2025) (Fig. 1b). In addition, numerous flow-like landslides that
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pose a big threat to man-made structures have been reported (e.g., Liu
et al., 2022; Shen et al., 2024; Su et al., 2024). These events underscore
the vital need to accurately model the solid-fluid phase transition in soils
for the analysis of landslides in engineering geology.

Accurately describing the soil's phase transition remains a significant
challenge due to its inherent multidiscipline complexity. In physics,
Nobel Laureate De Gennes (1992) first classified materials similar to
soils, behaving both solid- and fluid-like behavior, as soft matter. Liu and
Nagel (1998) introduced a possible phase transition space, suggesting
that the phase transition of the soft matter is governed by factors such as
concentration, stress, or “temperature” (an analog of thermal tempera-
ture) (see Fig. 1c). Subsequent studies attempted to complete this phase
transition space. Many studies on granular media defined “granular
temperature” via shear strain rate and demonstrated that the increasing
“granular temperature” (i.e., shear strain rate) can induce the transition
of soils from solid- to fluid-like states (Goldhirsch, 2003; Jiang and Liu,
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2009; Luding et al., 2021). However, a rational phase transition space
for clays is still unclear.

The engineering field usually examines the macroscopic stress evo-
lution from different disciplines: (i) Soil mechanics: Traditional soil
mechanics usually employs solid mechanics principles under small-
strain and small-strain-rate regimes (typically<1 s~!), characterized
complex elastoplasticity (e.g., nonlinear elasticity and friction-yielding
characteristics). The critical state theory (Wood, 1990) states that soils
under sustained shearing will reach the critical state, where the shear
stress, mean stress, and volume will no longer increase under continued
deformation. However, this theory ignores the strain-rate effect (i.e., a
term that may be related to “soil temperature™). While rate-dependent
phenomena like creep and stress relaxation have been incorporated in
Elastic Visco-Plastic (EVP) models (e.g., Yin et al., 2020; Cheng and Yin,
2024), these models remain limited to strain rates <1 s’l, failing to
capture fluid-like responses at higher rates (see Fig. 2(a)). Consequently,
classical soil mechanics only describes behavior from the initial state to
the critical state, effectively addressing solid-like responses. (ii) Fluid
mechanics: Traditional fluid mechanics addresses the large-strain-rate
regime (typically>10 s~1), where viscous rheological properties such
as shear-thinning or shear-thickening dominate (Meshkati et al., 2021).
Forterre and Pouliquen (2008) systematically characterized granular
behavior in this regime (Fig. 2b), revealing that the ratio of shear stress
to mean stress deviates from a constant with increasing strain rates,
approaching a fluid-like value. However, fluid mechanics frameworks
fail to describe solid-like responses at small strains, such as elastoplas-
ticity or frictional yielding. Consequently, classical fluid mechanics only
captures behavior at the fluid-like regime, neglecting behavior between
the initial and critical states.

The above complexity has resulted in a critical challenge of estab-
lishing a unified solid-fluid phase transition model across the full range
of strain rates. Accordingly, this study focuses on developing the solid-
fluid phase transition model across small to large strain-shear-rate re-
gimes, distinct from “soil liquefaction” in geotechnics. Traditional
liquefaction, a special solid-like response, describes the reduction of
rate-independent solid-like effective stress to zero (e.g., due to the void
ratio change of sands or the destruction of clays). Note that the time-
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dependent soil behaviors at solid-like state (e.g., creep, stress relaxa-
tion) are ignored in this study.

Developing robust solid-fluid phase transition constitutive models
must satisfy two main requirements: (i) capturing the multifaceted re-
sponses from both soil mechanics and fluid dynamics within a unified
framework; and (ii) seamlessly bridging solid-like and fluid-like be-
haviors across different strain-rate regimes (Feng et al., 2025).

To satisfy these requirements, various models have been developed,
including two main types: sands and clays. Among these models, the
critical-state-based stress superposition framework (i.e., decomposing
the total effective stress into rate-independent solid-like and rate-
dependent fluid-like stresses) is particularly favored for its conceptual
simplicity, mechanistic transparency, and ability to seamlessly integrate
solid- and fluid-like behaviors. In this framework, the critical state point
in soil mechanics, analogous to the jamming point in jamming transi-
tion, serves as a criterion for distinguishing solid-like and fluid-like
states during the intricate phase transition (see Fig. 2 (b)) (see Feng
et al., 2025). This study will explore this framework in detail.

Compared to clays, models for the phase transition of sands have
been extensively developed (e.g., Vescovi et al., 2013; Baumgarten and
Kamrin, 2019). In these models, total stress comprises a rate-
independent frictional component (quasi-static, solid-like) and a rate-
dependent collisional component (viscous, fluid-like), as shown in
Fig. 3. When quasi-static stress predominates, the material exhibits a
solid-like state, whereas the dominance of viscous stress indicates a
fluid-like state. Specifically, quasi-static stress is described with an
elastoplastic relation with the critical state, while viscous stress uses a
kinetic theory (Garzo and Dufty, 1999). The critical state in the quasi-
static component represents the failure of solid-like stress and marks
the initiation of the phase transition (Feng et al., 2025). Kinetic theory
quantifies sand's viscous stress via granular temperature, a parameter
analogous to thermodynamic temperature observed in water phase
transitions, thereby enabling a continuous shift between solid-like and
fluid-like states (Goldhirsch, 2003) (see Fig. 1c).

For the phase transition of clays, only a limited number of studies
have attempted to establish effective models (Prime et al., 2014a,
2014b; Chen, 2020). Prime et al. (2014a, 2014b) introduced a model
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Fig. 1. Phase transition phenomena. (a) Phase transition of water. (b) Phase transition of soils in debris flows (Xue et al., 2025). (c) Possible solid-fluid phase

transition mechanism for soils in analog with water (Raz and Levine, 2023).
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Fig. 3. Basic framework for the solid-to-fluid phase transition model of soils.

that combines elastoplasticity with Bingham-type rheology, where the
change from solid- to fluid-like characteristics is governed by the loss of
second-order work stability (Hill, 1958). Although innovative, this
approach treats clays as either fully solid-like or fluid-like throughout
the whole process and overlooks the coexistence of these behaviors.
Furthermore, the abrupt activation of viscous stress upon the violation
of second-order work introduces stress discontinuity, resulting in a non-
smooth transition between solid-like and fluid-like states. Chen (2020)
proposed a model for clay's phase transition via the stress superposition
framework, i.e., decomposing total stress into inter-aggregate (solid-
dominated) and intra-aggregate (fluid-dominated) components. While
conceptually novel, this model lacks explicit equations. To the authors'
knowledge, a phase transition model for clays that seamlessly bridges
solid-like and fluid-like behaviors has yet to be developed.

To address these gaps, this study builds on a framework analogous to
Feng et al. (2025)’s sand model to propose a Critical-State-based Hy-
drodynamic Model (CSHM) for capturing the phase transition dynamics
of clay, a phenomenon previously unexplored. The model decomposes
the total effective stress into quasi-static and viscous components. The
quasi-static component is described using a critical-state-based elasto-
plastic clay model, while the viscous component is governed by a new
phenomenological hydrodynamic model introducing “clay tempera-
ture” as a key state variable. The proposed CSHM is also extensively
evaluated using element simulations and rigorously validated through
comparisons with comprehensive experimental data. The proposed
model is designed to facilitate the precise analysis and prediction of
geohazards, particularly flow-like landslides in the field of engineering
geology (e.g., Yang et al., 2024; Ye et al., 2024; Urmi et al., 2024).

The paper is organized as follows: Section 2 discusses the funda-
mental behaviors of clays observed in laboratory element tests, from soil
mechanics to fluid mechanics. Section 3 presents the proposed CSHM,
while Section 4 discusses the model parameters and implementation.
The evaluation of CSHM is provided in Section 5. Section 6 further
validates the model through simulations of experimental data, followed
by a discussion of the model in Section 7. Finally, Section 8 summarizes

the main conclusions.
2. Behaviors of clays: from soil mechanics to fluid mechanics
2.1. Solid-like behaviors in soil mechanics

Common element tests in soil mechanics include the triaxial test,
oedometer compression test, plane strain test, and simple shear test.
Except for the simple shear test, these tests are constrained by limited
deformation. Nevertheless, they have provided extensive data for
describing solid-like responses and developing effective constitutive
models in soil mechanics (Wood, 1990; Lade, 2005; Yin et al., 2020). In
particular, key features of clay in soil mechanics are revealed: (i)
compressive characteristics, e.g., the stiffness of clay increases with
pressure during the isotropic compression test; (ii) frictional character-
istics, e.g., shear stress rises with increasing pressure until the failure
stage during the triaxial test and simple shear test; and (iii) shear-
dilatancy, where volumetric strain is influenced by shear stress. Other
observed features include small strain stiffness, anisotropy, cyclic
loading, rate effects, and temperature effects. Given the strain rate in the
geotechnical experiments (e.g., creep) is no more than 1 s™!, smaller
than strain rates in fluid mechanics, this study specifically focuses on the
three basic rate-independent features during the solid-like state. Other
features can be incorporated into the proposed model in future research
(see discussion in Section 7).

2.2. Fluid-like behaviors in fluid mechanics

To investigate the fluid-like behavior of clays under large de-
formations, laboratory tests such as viscometers and rheometers are
commonly used to measure clay rheology (see Fig. 4). The rotational
viscometer (Fig. 4(a)) in fluid mechanics is similar to the vane shear test
in geotechnics, which evaluates the undrained shear strength of clays.
However, the vane shear cannot measure shear rate, and the viscometer
is limited to constant viscosity measurements, unable to consider vary-
ing viscosity (Boukpeti et al., 2012). Thus, neither the vane shear nor the
viscometer qualifies as an element test.

In contrast, the rheometer, including the concentric cylinder, plate-
plate, and cone-plate types, effectively addresses the limitations of vis-
cometers. The widely used plate-plate rheometer serves as an example
for a brief discussion (see Fig. 4(b)). In this test, the material is placed
between a stationary lower plate and a rotating upper plate. The
shearing process in a rheometer involves several key conditions: (i) The
sample is confined to a small size, with a height of 1-5 mm and a
diameter of 25-50 mm, effectively approximating laminar flow and
uniform deformation. (ii) Force analysis indicates that the sample can be
described using the simple shear test (see Fig. 4(c)). (iii) With a constant
distance between the plates and rapid test duration, the constant volume
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Fig. 4. Experiments in fluid mechanics. (a) The viscometer; (b) The rheometer; (c) Simple shear test.

condition is maintained, akin to the undrained test in soil mechanics.
(iv) Measuring vertical stress in the rheometer is challenging. (v) The
sample is prepared using saturated remolded mud, allowing it to be
considered as normally consolidated clay. Thus, the rheometer test can
be approximated as a simple shear test of normally consolidated clay
under constant volume conditions, which cannot provide the vertical
stress. To obtain results for vertical stress, one should measure vertical
stress in the rheometer or use numerical simulations such as discrete
element modeling (DEM). However, to the present author's knowledge,
these approaches have not yet been employed to investigate the simple
shear condition of clay at large shear rates.

Using the rheometers, many studies have measured the shear rate-
shear stress curves of clay (e.g., Yi et al., 2018; Liu et al., 2023; Wei
et al., 2025). Fig. 5 shows the experimental data from Yi et al. (2018)
and Wei et al. (2025), which were obtained using plate-plate rheome-
ters. Yi et al. (2018) tested Malaysian kaolin clay across shear rates of
107! to 10? at water contents of 72%, 83%, and 87%. In contrast, Wei
et al. (2025) investigated natural kaolin clay over a narrower shear rate
range from 10~ to 10" and lower water contents at 40%, 49%, and 59%.
As shown in Fig. 5, the shear stress-shear strain rate curves exhibit two
distinct stages demarcated by the critical shear stress 75 (yielding stress).
Below a threshold shear rate regime (i.e., 10°-10' s in Fig. 5(a) and
1071105 'in Fig. 5(b)), the shear stress plateaus at zs. This stage can
be seen as a typical solid-like behavior. Beyond this critical state, shear
stress increases significantly with shear rate, dominated by fluid-like
rheological behavior. Notably, the yielding stress exhibits significant
variation across clay types. Fig. 5 also demonstrates the reduction in
shear stress with increasing water content. This behavior can be
explained by two mechanisms: (i) Lower water content correlates with
smaller initial mean stress under simple shear conditions, thereby
lowering the yield stress. (ii) The increase of water content progressively
transitions the clay from a solid to semi-solid, plastic, and ultimately
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fluid-like states. In this study, distinct water contents are assumed to
map to specific mean stresses derived from isotropic compressive curves,
providing a mechanistic basis for studying solid-fluid transitions.

Fig. 6 presents a re-interpretation of the data from Fig. 5, showing
viscous stress (total shear stress minus solid-like stress 75) plotted against
the shear rate. Both datasets exhibit a linear relationship between
viscous stress and shear rate in logarithmic plane. Fig.6(a) shows the
water content does not influence this relation while the water content
can influence Fig.6(b). The qualitative discrepancies between Fig. 6(a)
and 6(b) could be described as the different types of clays employed.
Fig. 6(a) features Malaysian kaolin tested at water contents near its
liquid limit (W, = 80%), displaying water content-independent
behavior. Fig. 6(b) employs natural kaolin with a liquid limit of
39.5%, where two samples near Wy, exhibit similar independence, while
a sample largely exceeding W; shows water content dependence. These
observations suggest the liquid limit may emerge as a critical factor
governing state-dependent rheological behavior. Specifically, samples
near the liquid limit may display invariant viscous stress responses,
whereas deviations above W, may introduce water content sensitivity.
This mechanistic distinction warrants further investigation to under-
stand the influence of water content.

3. Critical-state hydrodynamic model (CSHM)

This section attempts to establish a simple but robust model seam-
lessly bridges solid- and fluid-like responses discussed in Section 2. It
commences with an overview of the basic assumptions and theoretical
structure, followed by a description of the critical-state-based quasi-
static stress and the hydrodynamics-based viscous stress. The summary
of the CSHM is finally given.
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Fig. 5. The shear stress and shear rate from the rheometer test. (a) Experimental results with a large shear rate range from 107! to 10% s~1 (Vi et al., 2018). (b)
Experimental results with a small shear rate range from 107! to 10! 7t (Wei et al., 2025).
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3.1. Basic assumptions and framework

Prior to introducing the specific formulations, we first clarify the
underlying assumptions:

AS-1: The clay is modeled as a homogeneous saturated medium
governed by Terzaghi's effective stress principle.

AS-2: Analogous to the behavior of sand (Prime et al., 2014b;
Redaelli et al., 2016; Wu et al., 2020), the stress superposition frame-
work is also applicable to clay, wherein the mechanical response is
governed by both solid-like and fluid-like stress components. The former
is modeled using elastoplastic theory to capture friction-induced
yielding, and the latter with a strain-rate-dependent hydrodynamic
model. Note that this assumption is supported by the deformation
mechanisms of clay outlined in Appendix A and has also been adopted in
previous studies (Prime et al., 2014a, 2014b; Chen, 2020). It is
acknowledged that a clear physical mechanism governing clay's phase
transition remains to be fully revealed in existing literature. Conse-
quently, the stress decomposition concept is necessarily treated as a
theoretical assumption in this study. This assumption, however, allows
us to construct a robust constitutive framework that effectively models
the complex phase transition behavior of clay.

AS-3: This study assumes that the clay exhibits incompressible
behavior upon transitioning to the fluid-like state, i.e., the clay keeps the
constant volume once reaching the critical state. Note that this
assumption is also employed by the widely-used the u(I) rheology model
(GDR-MiDi, 2004; Jop et al., 2006; Forterre and Pouliquen, 2008), and
other models (Baumgarten and Kamrin, 2019).

AS-4: This study does not consider traditional soil liquefaction, a
special solid-like response that involves the reduction of rate-
independent effective stress to zero, which may occur from the
destruction of clay fabrics.

AS-5: This study assumes that the solid-like stress is rate-
independent. Accordingly, the model excludes time-dependent solid-
like behaviors such as creep and stress relaxation, and the critical state
line (CSL) is considered invariant with strain rate. The justification for
this simplification is provided in Section 7.

Based on the above assumptions, we can now establish the frame-
work for the phase transition of clays. First, in accordance with Terza-
ghi's effective stress principle (i.e., AS-1), we decompose the total
Cauchy stress tensor o for saturated clay into effective solid-phase stress
6 and fluid-phase stress oy (see Eq. (1)). The fluid stress is expressed via
o5 = sy + psI (where s; is the deviatoric stress tensor, representing the
fluid's viscous effect; pI is the isotropic stress tensor, controlled by the
pore pressure). Considering that the shear resistance provided by the
fluid is orders of magnitude smaller than that of the soil skeleton during
undrained shear, we ignore the deviatoric component of the fluid stress.

@

Second, based on the stress superposition concept (i.e., AS-2), the
effective solid-phase stress of saturated clay is decomposed into two
components (see Eq. (2)): the quasi-static stress 6gs and viscous stress 6,

(2

6 =06, +of

05 =04 +0,

where 64 is the quasi-static stress, which is described by a rate-
independent critical-state elastoplastic model; 6, is the viscous stress,
which is described by a proposed hydrodynamic model using “clay
temperature”, mirroring “granular temperature” in the kinetic theory, to
quantify fluid-like responses. Details are in Sections 3.2 and 3.3.

3.2. Elastoplastic critical-state-based model for quasi-static stress

Following the framework and assumptions (i.e., AS-5), a rate-
independent elastoplastic constitutive relation grounded in the critical
state concept is applied to describe the solid-like behavior of clays. Using
classical critical state theory (Schofield and Wroth, 1968), clays at
critical state attain time-invariant quasi-static stress and volume under
prolonged shear strain, indicating clays change from a solid state to a
fluid state. While various advanced critical-state-based elastoplastic
models exist that capture intricate soil behaviors (e.g., anisotropy, small-
strain stiffness), this study focuses on establishing a simplified yet robust
phase transition model. To this end, the framework of the Modified Cam
Clay (MCC) model is selected for its balance of theoretical clarity and
practical applicability.

Following the elastoplastic theory, the strain increment has two
parts: an elastic part de® and a plastic part de?, given as follows:

de = de® + de? 3
where de® and de? are the elastic and plastic strain increments, respec-
tively. The elastic and plastic responses are described as follows:

i) Nonlinear elastic behavior.

The quasi-static stress increment is calculated using the elastic strain
increment de®:

dog; = Dy : de* (©))
where D denotes the fourth-order elastic stiffness tensor, formulated as
a function of the volumetric elastic modulus Ky and Poisson's ratio v.
The modulus Ky is derived experimentally from the compressive curve
of laboratory tests, given as follows:

1+eo
qs — qu

)

where e is the initial void ratio; x is the swelling index in the
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compressive curve; py, is the quasi-static isotropic stress.
ii) Plastic behavior (stress dilatancy and critical state concept).
The plastic behavior can be determined by the yield criterion,
hardening rule, and flow rule.
In our model, the associated flow rule is assumed, i.e., the flow rule is
the same as the yield criterion. The yield function is given as follows:
qz,

f = M 3 +pés — DgsDc (6)

where M, is the slope of the CSL; pys and qg4s are the isotropic and
deviatoric stresses, respectively. p. is the hardening parameter,
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6, =p1- 21, (¢~ (Tt ) - (T ©

where ¢ represents the strain rate tensor; I is the identity tensor; p, 7,,
and y, stand for the viscous mean stress, shear viscosity, and bulk vis-
cosity, respectively.

In the kinetic theory, the granular temperature Ty, shear viscosity #g,
and viscous shear stress 7, in the simple shear test conditions are
expressed as follows (the derivation process refer to Feng and Yin
(2025)):

2,2
controlled by the hardening rule: T~ d an
dp, = p (1 ”")deﬂ @) Ml od v
c ¢ l—x v
7y ~ pd?7? 12)

where deb is the volumetric plastic strain increment.

The above three-dimensional equations can generate the corre-
sponding isotropic stress (pgs) and deviatoric stress (qq) components.
Under simple shear conditions (see Appendix B), the simplified quasi-
static stress can be subsequently obtained. As shown in Eq. (8), the
vertical and shear stresses are related to pgs and qq. Meanwhile, key
parameters governing the quasi-static stress are presented in Table 1.

""ﬂ - | ®)

o =
2 { Tgs Qe V'3

where pgs and qgs are the quasi-static isotropic stress and quasi-static
deviatoric stress, respectively; oap ¢ is the simplified quasi-static stress
vector under simple shear test; 6,4, and 74 are the quasi-static vertical
stress and quasi-static shear stress under simple shear test, respectively.

3.3. Phenomenological hydrodynamics-based model for viscous stress

This section develops a hydrodynamic framework for viscous stress
of clayey soils. First, we briefly discuss the well-established kinetic-
theory-based hydrodynamics model for viscous stress of sands. Then,
based on this model, we propose a new hydrodynamic formulation for
clayed soils.

The rheological behavior of sands has been extensively studied since
Bagnold's pioneering work (Bagnold, 1954). Subsequent research efforts
have advanced two primary types: (i) theoretical frameworks, such as
kinetic-theory-based hydrodynamic models (Jenkins and Savage, 1983;
Savage, 1998; Garzo and Dufty, 1999; Lun, 2000; Goldhirsch, 2003),
and (ii) phenomenological frameworks, including the u(I) model
established via experimental investigations (Forterre and Pouliquen,
2008). In the former model, the viscous stress is obtained by considering
the collisional mechanism, which is expressed as follows:

where y is the shear rate under simple shear conditions.

Remark 1. Can the kinetic-theory-based hydrodynamic model pre-
sented above accurately describe the fluid-like viscous stress behavior of
clay? To address this question, we compare experimental viscosity data
of clay (e.g., as provided in Subsection 2.2 of Vi et al., 2018) with nu-
merical results obtained from the kinetic-theory-based model. A com-
parison of these data is presented in Fig. 7. The results indicate that the
viscosity of clay decreases with increasing shear rate, whereas the
granular viscosity predicted by the kinetic-theory-based hydrodynamic
model increases with shear rate, a trend explicitly captured by the
positive correlation described in Eq. (12). Therefore, based on this
comparison, it can be concluded that the current kinetic-theory-based
hydrodynamic model is not suitable for characterizing the fluid-like
stress of clay.

Based on the discussion in Remark 1, a novel hydrodynamic stress
model tailored for clay should be developed, and the existing kinetic-
theory-based framework originally proposed for sand requires signifi-
cant modification. While a model for clay could, in principle, be derived
directly from the energy balance framework, this approach yields a
stress equation structurally similar to that of sand (Eq. (11) and (12)).
Consequently, we propose an alternative strategy: we adapt the theo-
retical hydrodynamic framework into a phenomenological model for
clay through three key modifications:

i) 3D hydrodynamic-based stress equation.

First, we retain the core constitutive structure (i.e., Eq. (9)) but
replace the “granular temperature” with a newly defined “clay tem-
perature”. This concept provides a physical description of the viscous
stress in clay systems, effectively describing the Liu-Nagel phase tran-
sition space and enabling the development of a three-dimensional
constitutive model. Accordingly, the viscous stress tensor of clay is
expressed through a hydrodynamic formulation given by Eq. (13). The

Table 1
Parameters in the proposed CSHM.
Stress Parameters Definition Values
Simulation Montmorillonite Natural kaolin Malaysian kaolin
e Initial void ratio 0.60 - 1.79, 1.54, 1.28 1.87, 2.16, 2.26
v Poisson's ratio 0.20 - 0.33 0.33
Quasi-static K Swelling index 0.02 - 0.053 0.053
2 Compression index 0.08 - 0.244 0.244
M, The slope of CSL 1.20 - 0.90 0.90
n Viscous coefficient —0.30, 0.00, 0.30 -0.5 -0.30 —0.51
m Viscous coefficient 0.005, 0.025, 0.100 0.007, 0.0065, 0.004 0.003, 0.325, 0.044 0.0275, 0.0225, 0.021
Viscous p Dry density (kg/m®) 1000 2000 2000 2000
d Representative diameter (m) 1.00 1.00 1.00 1.00
Hy Viscous friction coefficient 1.00 - - -
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Fig. 7. Comparison between experimental clay's viscosity and numerical sand's viscosity. (a) Experimental clay's viscosity from Yi et al. (2018); (b) Numerical sand's
viscosity from the kinetic-theory-based hydrodynamic model (parameter from Feng et al., 2025).

current formulation deviates from the model in Eq. (9) by deliberately
omitting the bulk viscosity term. While the original kinetic-theory model
(Eq. (9)) accounts for compressibility, the proposed model for clay (Eq.
(13)) assumes incompressibility (i.e., AS-3 in Section 3.1).

6, =pJI—2n¢ 13)

where ¢ represents the strain rate tensor; p, and 7, are the viscous mean
stress and shear viscosity, respectively.

In the kinetic-theory-based hydrodynamic model (see Appendix C),
both the viscous hydrostatic stress and shear viscosity are governed by
the granular temperature T,. Given that the classical granular temper-
ature Tg is fundamentally unsuitable for clay (see Remark 1), the pro-
posed model for clay should introduces another variable, clay
temperature T, as defined in Eqgs. (14)-(15). Analogous to granular
temperature, the concept of “clay temperature” is introduced here as a
state variable that represents the average kinetic energy associated with
meso-scale structural energy fluctuations of clays. This concept is
fundamentally linked to the structures and conditions of both clays and
sands (see Appendix A). Notably, the proposed “clay temperature”
corresponds directly to the meso-structural temperature of clays estab-
lished by Wiebicke and Einav (2024).

py = g(Te) a4

1y =f(Te) (15)

ii) Clay temperature.

To close the above equation system, a constitutive formulation for
the clay temperature must be introduced, a challenge in the existing
literature. In the original kinetic theory, the concept of granular tem-
perature is well-established by a balance equation derived from fluctu-
ating kinetic energy. However, this study refrains from constructing a
complete thermodynamic framework for two primary reasons: (i)
applying this theory to clay yields incorrect viscosity predictions, as
demonstrated in Fig. 7; and (ii) the calculation of granular temperature
evolution necessitates numerous complex auxiliary equations, more
than 10 in standard formulations (see Redaelli et al., 2016). Conse-
quently, we introduce a “clay temperature” to directly replace the
“granular temperature”, thereby establishing a robust phenomenolog-
ical model. This approach maintains physical interpretability while
significantly enhancing computational efficiency, making it better
suited for practical engineering applications.

We begin by considering the simple shear condition. Based on Eq.
(10), which indicates that the granular temperature scales with the
square of the shear rate and the particle diameter, a polynomial function

of the shear rate is adopted to represent this relationship.

T. = mcdn]}n (16)

where m; and n are viscous coefficients to describe the clay temperature.
Analogous to Eq. (11), the shear viscosity of clay is proposed:

N = pdT, = mepd™7" a7)
Analogous to Eq. (12), the viscous shear stress of clay is proposed:
T, =17 = mepd™ 17" (18)

Compared to the equations in Appendix C, the shear rate y is not
neglected but is implicitly incorporated through the evolution of the
parameter T.. Although the solid concentration ¢ is not explicitly
included in the equations, its influence on the viscous stress is captured
via the parameter m.. A more precise quantitative relationship between
¢ and m, can be established in the future using available experimental
data.

iii) Clay's viscous mean stress.

To close the above equation system, a constitutive relation for the
clay's viscous mean stress also must be introduced. Both the kinetic
theory and experimental observations in granular flows suggest a con-
stant ratio between viscous hydrostatic and shear stress during the fluid-
like state (see Fig.2 (b) and Feng and Yin, 2025). By analogy, we extend
this principle to clay, defining the viscous mean stress as:

Ony = i (19)

v

where y, is the viscous friction coefficient of the fluid-like state.
In summary, the viscous stress under simple shear test can be
expressed as follows:

Gn.v
O2py = L_ } =
4

where 6p , is the simplified viscous stress vector under simple shear test;
ony and 7, are the viscous vertical stress, viscous shear stress under
simple shear test, respectively.

Based the stress at the simple shear condition, the 3D stress tensor
can be developed using the clay viscosity and viscous mean stress, which
is given as follows:

mcpdn+1j-/n+1
mcpdnﬂ }'/n+1

3. = pdT. = mepd* 7" @n
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Dv = mcpdnJrl MHH/MV (22)

where |7| is the equivalent shear rate, i.e., the second invariant of the
deviatoric strain rate tensor, calculated via [y| = /7 : 7.

Remark 2. As discussed above, the proposed hydrodynamics-based
model is based on the incompressibility assumption for clay's fluid-like
state, similar to the widely-used pu(I) rheology (GDR-MiDi, 2004; Jop
et al., 2006; Forterre and Pouliquen, 2008). Future work may consider a
modified hydrodynamics-based model that incorporates rate-induced
dilatancy for clay to give a broader application.

3.4. CSHM formulation

Following the framework discussed, the CSHM is formulated through
the combination of quasi-static and viscous contributions. In this model,
the rate-independent critical-state-based model is used for modeling
quasi-static stress, while the proposed rate-dependent hydrodynamic
model addresses the viscous stress. During the transition from solid-like
to fluid-like states, the primary stress governing clay behavior shifts
from quasi-static to viscous. This model replicates solid-like behaviors,
including nonlinear elasticity, stress dilatancy, and critical state, while
also simulating non-Newtonian fluid-like characteristics.

In summary, the unified effective stress is expressed as follows:

ot =6l + o4 =6l +dol, + 6, + do, (23)

s

where o7} ! and 65! are quasi-static and viscous stress at the ¢ + 1 step,
L ¢ . . .

respectively; 6y, and 6}, are quasi-static and viscous stress at the t step,

respectively; dog; and do,, are quasi-static and viscous stress increments

at the t step, respectively.
The quasi-static stress increment tensor doy, is expressed as follows:

dol, =D, : (de —de?) = D2 : de 4

where DZ is the fourth-order tensor of the elastoplastic modulus,
expressed as follows:

T
e g o ¢
D50 (aaqs) Dy

T
af g
<aT> D%

where D, denotes the fourth-order elastic stiffness tensor, f and g are the

D2 =D, - (25)

yield function and flow rule, respectively.
The incremental viscous stress tensor do’, is expressed as follows:

dot =P il < dr

n+1

dt

Stn n ot db' .
p a _ ‘yrl +1 )IZmed +1|7[‘ +1 <7 et) (26)

where de and dy are the strain and deviatoric strain increments,
respectively; |[]| denotes the norm; &' and 7" are the strain rate tensor
and deviatoric strain rate tensor at the t step, respectively, expressed as
follow:

.1 T

é=3 (Vw+(Vu') 27)
y=¢é—tr(e)l (28)

4. Model parameters and implementation

Table 1 lists the eight parameters of the proposed critical-state-based
hydrodynamic model, which will be divided into two groups:
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(i) The first group is related to the parameters of the critical-state-
based model: Poisson's ratio v and swelling index « describe the
elastic behavior; the slope of critical state line M, and compres-
sion index 4 describe the plastic behaviors. All seven parameters
can be determined by a standard calibration process from triaxial
and oedometer tests.

(i) The second group is related to the parameters of the
hydrodynamic-based rheology model: p is the dry density, rep-
resenting the density of solid skeleton; d is the representative
diameter, which can take the value of 1 m. The viscous co-
efficients m, and n can be obtained from the rheometer test. The
viscous friction coefficient u, should be determined via the
rheometer test results. The viscous coefficients m. and n in this
new hydrodynamic-based model basically govern the viscous
property of the clay, and will be detailly discussed in Section 5.

In this study, the undrained simple shear test is utilized for the
implementation of the CSHM. It is selected because it is the only avail-
able element test for clay that can capture large deformation charac-
teristics and exhibit both solid-like and fluid-like behaviors
concurrently, as discussed in Section 2. To achieve such a purpose, a
forward Eulerian explicit integration algorithm is employed to obtain
the effective stress (see Eq. (29)). A small time step dt = 107% s is
employed to guarantee the numerical convergence.

t+1  _ t41 1 _ ot t t t
03pqs = Oapgs T Oopy = Oapgs + dGZD.qs + 65, +doyp, (29)

where do%;, ;; and do%y, , are the quasi-static stress increment tensor and

quasi-static stress increment tensor, can be obtained from Egs. (24)-
(26).

Remark 3. A dimensional analysis of the parameters is as follows: the
viscous coefficient n and viscous friction coefficient y, are unitless. The
viscous consistency coefficient m;, however, is a dimensional parameter
whose units must balance the entire stress equation. The fundamental
dimensions of m, are LA"™PT™ D, In SI units, this is equivalent to (m/s)""
™ which represents the velocity-dependent part of this unit. This in-
dicates that the numerical value of m, is effectively normalized by a
characteristic velocity, (1 m/s)(l'").

5. Model evaluation

A series of element simulations, employing a constant-volume simple
shear test under the forward Euler explicit integration scheme, is con-
ducted to evaluate the performance of the proposed Critical-State-based
Hydrodynamic Model (CSHM). The evaluation systematically assesses
the CSHM across three distinct regimes: (i) a pure quasi-static stress
component at the small strain rate regime, (ii) a pure viscous stress
component at the large strain rate regime (iii) the unified CSHM
framework at the whole strain rate regime (see Table 2). Specifically, the
influence of the initial vertical stress is examined for the quasi-static
stress component, while viscous coefficients (m, and n) are analyzed
for the viscous stress component. The CSHM analysis incorporated all

Table 2
Summary of element simulation examples with specific purposes in this study.
Aspects Specific evaluation Influencing factors Reference
purpose
Qua51: Performance at the solid- " . Section
static ) Initial vertical stress
like state 5.1
stress
Viscous Performance at the fluid- Viscous coefficients n Section
stress like state and m, 5.2
Ability to describe the Initial vertical stress, Section
CSHM solid-to-fluid phase viscous coefficients n 5.737
transition and m,
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influencing factors.

5.1. Simulation using pure quasi-static stress part

This subsection first investigates the quasi-static solid-like stress
model's performance at the solid-like state. In order to integrate the
quasi-static stress, a forward Eulerian explicit integration procedure
with a small time step of dt = 10™* s is used. Given the solid-like stress
model's strain rate-independence, only the shear strain, 0.20, is given.
Table. 1 gives the parameters required. Different initial vertical stress
on,0 = 100, 500, and 1000 kPa are considered. During this study, on gs
and 74 are employed to describe the effective vertical stress and shear
stress in the undrained simple shear test, respectively.

Fig. 8 shows the simulation results of solid-like stress using constant-
volume simple shear tests with varying initial vertical stresses. As shown
in Fig. 8(a), all specimens converge toward the critical-state line, with
higher initial vertical stresses correlating to greater residual shear
stresses. Fig. 8(b) highlights shear-induced contractive behavior under
undrained conditions, where mean vertical stress progressively in-
creases until stabilizing at the critical-state residual stress. These simu-
lations focus on the normally consolidated (NC) clay, as the rheometer
tests, only capable of phase transition analysis, are conducted under NC
conditions. Over-consolidated (OC) clays, which display shear-induced
dilation, are ignored due to the absence of OC experimental data.

These results show that the clay's quasi-static stress stabilizes at the
critical value at the small strain around 0.05 and remains invariant with
further strain accumulation. These observations align with a critical-
state elastoplastic model for granular phase transitions, as observed in
the previous study (Feng et al., 2025), suggesting the solid-like stress
model is effective to capture the clay's phase transition.

5.2. Simulation using pure viscous stress part

This subsection evaluates the phenomenological hydrodynamics-
based model through constant-volume simple shear test simulations.
Key input parameters are provided in Table 1, where different values of
the viscous coefficient n = —0.3, 0.0, and 0.3 are considered. The viscous
coefficient m, considers different values of 0.005, 0.025, and 0.100. Dry
density p takes a value of 1000 kg/m®. Representative diameter d takes
the value of 1 m.

Fig. 9 illustrates the simulation results using the phenomenological
hydrodynamics-based rheology model with different values of viscous
parameter n. As is shown the Fig. 9(a) and 9(b), at lower shear rates, the
system exhibits negligible viscous stress, consistent with a solid-like
dominated behavior. As the shear rate increases, the viscous stress
rises, marking a transition to a fluid-like regime where rate-dependent
viscous flow becomes dominant. This transition from a solid-like to a
fluid-like state highlights the dominance of viscous stress,
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demonstrating that the proposed hydrodynamics-based model effec-
tively captures the fluid-like behavior of clay. Additionally, Fig. 9(a)
shows that the viscous coefficient n significantly influences the magni-
tude of the viscous stress. Specifically, an increase in n leads to a cor-
responding rise in viscous stress. This highlights the critical role of the
viscous coefficient n in modulating the stress response within the
hydrodynamics-based model. Fig. 9(b) further illustrates the evolution
of viscosity under varying viscous coefficients n. A negative n results in a
gradual decrease in viscosity, indicating shear-cooling (thinning)
behavior. Conversely, a positive n leads to an increase in viscosity,
characteristic of shear-heating (thickening) behavior. Notably, when n is
zero, the viscosity remains constant. This symmetry in the proposed
hydrodynamics-based rheology model effectively captures the diverse
rheological responses based on the sign and magnitude of n.

We further obtain the evolution of clay temperature T, under varying
viscous coefficients n (see Fig.10(a)). The symmetry in the clay
temperature-shear rate curves arises from the viscous coefficient n:
positive n induces the activation of clay temperature (heating), pro-
moting shear-thickening behavior, whereas negative n suppresses the
activation of clay temperature (cooling), consistent with shear-thinning.
When n = 0, T, remains constant, indicating no soil temperature
coupling to shear rate. Furthermore, Fig.10(a) reveals the physical
meaning of coefficients m, and n. Coefficient m.d physically represents
the referenced clay temperature at the shear rate y of 1 s~!, while n
governs the slope of the clay temperature-shear rate relationship. These
interpretations can also be derived from the Eq.(16).

Extensive experiment indicates the clay exhibits shear-thinning
behavior (e.g., Yi et al., 2018; Liu et al., 2023; Wei et al., 2025), indi-
cating that a negative n is required in the proposed hydrodynamics-
based model for clay. With an interesting comparison between the
clay and granular temperature, we obtain the evolution of granular
temperature based on our prior study (Feng et al., 2025), shown in
Fig. 10(b). It shows that granular media undergo continuous heating
under shear, leading to shear-thickening behavior. This aligns with
Bagnoldian rheology (Bagnold, 1954), where viscous stress scales
quadratically with shear rate (r,7%), and viscosity increases linearly
with shear rate (y, = 7,/yxy) (Fall et al.,, 2010). In contrast, clay's
viscous response is shear-thinning (i.e., cooling). This divergence un-
derscores that the phase transition in sand is a shear-heating process,
adequately described by existing kinetic theory, and viscous stress
models developed for granular media are inadequate for capturing clay's
viscous stress. Note that future work can establish a relation of granular
and clay temperatures, using reliable experimental data.

We further evaluate the phenomenological hydrodynamics-based
model with different viscous coefficient m. of 0.005, 0.025, and 0.100.
The viscous coefficient n is set as —0.3. Dry density p takes a value of
1000 kg/m3. Representative diameter d takes the value of 1 m.

Fig. 11 illustrates the simulation results with different viscous

1000 : :
— 0,,=100 kPa
800l —— 0, ¢=500 kPa
— 05,1000 kPa
600 ‘ ‘
400
200 ;
Critical state line
0 - -
0.00 0.10 0.15 0.20
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Fig. 8. Simulation of solid-like stress with various initial vertical stresses. (a) The vertical and shear stresses. (b) The shear strain and shear stress.
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Fig. 9. Simulation results of the hydrodynamics-based fluid-like stress model with different values of the viscous coefficient n. (a) Development of viscous shear
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(parameter from Feng et al., 2025).

coefficient m.. In Fig. 11(a), the viscous stress is negligible at shear rates
below approximately 10~! s7!, indicating a solid-like regime. Beyond
this threshold, the viscous stress increases significantly, indicating the
clay system gradually transitions into a fluid-like state. Fig. 11 (b)
demonstrates that smaller viscous parameter m, can generate smaller
viscosity. Furthermore, Fig. 11(c) reveals the mathematical interpreta-
tion of m: it corresponds to the value of the clay temperature at a
reference shear rate of 1 s~! and reference diameter of 1 m in loga-
rithmic coordinates.

5.3. Simulation using CSHM

Constant-volume simple shear test simulations using CSHM are
performed in this section. The input parameters for the model are
summarized in Table. 1, where different values of initial mean stress (i.
e., on,0 = 100, 300, and 500 Pa) and different values of the viscous pa-
rameters (i.e., n = 0.3, 0.0, and — 0.3; m. = 0.005, 0.025, and 0.100) are
considered. A small time step (dt = 10~*s) is used to ensure numerical
stability, with total simulation durations of 100 s.

5.3.1. Phase transition mechanism

This subsection first evaluates the efficiency of CSHM in capturing
the phase transition of clay. Specifically, we compare the quasi-static
stress part, the viscous stress part, and the total stress using CSHM. An
initial mean stress 6,0 = 500 Pa is considered. To characterize the shear-
thinning behavior of clay, a negative viscous parameter n = —0.3 is
employed. The viscous parameter m. = 0.025 is considered. The strain

10

rate path follows a similar approach to that in Feng et al. (2025). At the
beginning, a shear rate of 10 s~* and zero strain acceleration are given in
55, then a strain rate acceleration of 100 s~ 2 is applied from 5 s to 20 s.

Figs. 12 and 13 compare the simulation results for vertical stress and
shear stress, respectively. The total stress predicted by the CSHM is
represented by a black line, the quasi-static stress component by a red
line, and the viscous stress component by a blue line. The total stress
undergoes a dynamic evolution. Specifically, the vertical stress initially
decreases, then increases slowly, and finally undergoes a rapid increase
(Fig. 12). Similarly, the shear stress first increases rapidly, then at a
slower rate, and finally accelerates again. This complex evolution is
primarily attributed to the dynamic evolution of the clay's quasi-static
and viscous stress components: at low shear rates (e.g., shear rate
from 0 to 107! s71), quasi-static stress governs, reflecting solid-like
behavior. At high shear rates (shear rate higher than 10% s1), viscous
stress dominates, indicating fluid-like states. This confirms the model's
effectiveness in capturing both solid and fluid response during the clay
flows. These observations are also revealed by exiting sand's phase
transition model (refer to Feng and Yin, 2025).

To quantitatively describe the phase transition of clay, distinguishing
between its solid-like and fluid-like behaviors, two distinct transitional
points are defined based on the proposed CSHM (see Figs. 12 and 13):

Transitional point A is defined as the critical state point, which
occurs when the quasi-static stress component attains its critical value.
Reaching this point signifies that the clay has entered the critical state,
transitioning from solid-like behavior to a state of continuous defor-
mation under constant stress and volume. This transition is
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Fig. 12. Comparison of the vertical stress from the quasi-static stress part,
viscous stress part, and total stress CSHM.

fundamentally governed by the critical state theory embedded within
the quasi-static component of the CSHM.

Transitional point B is defined as the point where the contribution
of quasi-static stress to the total stress becomes negligible (i.e.,

% ~ 0), indicating the dominance of the viscous stress component.
as|+lov

At this point, the clay transitions from a transitional state to a fluid-like
state, a regime now governed almost entirely by the viscous stress. This
transition is basically controlled by the state variable, clay temperature,
as defined within the viscous stress component of the CSHM.

Based on the above two transitional points, three different regimes
can be divided (see Figs. 12 and 13):

11

Solid-like ~ Transitional ~ Fluid-like
107 : : — .
®) Total stress 7,

—~ 105} | Quasi-static part 7,
) —— Viscous part z,
[
@ B m  Solid-like regime
<] 103 ,,,,,,,,,,,,,,,,,,,,, . .
2 A 1 Transitional regime
- et
§ m  Fluid-like regime
wn

10'

107! ! !

102 10° 107 10

Shear rate (s™)

Fig. 13. Comparison of the shear stress from the quasi-static stress part, viscous
stress part, and total stress CSHM.

(i) Solid-like regime at the small strain rate range (i.e., from the
the initial state to point A): Within this regime, the total stress is
predominantly governed by the quasi-static component, while
the viscous stress contribution is negligible, i.e., satisfying the

condition ~ 0. Note that the quasi-static stress component

|oy|
[6gs|+lov]
in the proposed CSHM is intrinsically rate-independent, the
apparent rate-dependent behavior observed in Figs. 12 and 13
arises from strain-hardening. Specifically, a higher applied strain
rate induces the accumulation of strain, which consequently el-
evates the rate-independent quasi-static stress.
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(ii) Transitional regime at the large strain rate range (i.e., from
point A to point B): Within this regime, the clay's mechanical
response is governed by a combination of quasi-static and viscous
stresses. The quasi-static stress component maintains the residual
strength characteristic of the critical state, whereas the viscous
stress component increases with the applied strain rate via the
clay temperature.

Fluid-like regime at very large strain rate regime (i.e., state
after point B):Within this regime, the clay's behavior is predom-
inantly governed by viscous stress, while the contribution of
quasi-static stress becomes negligible. This signifies that the
material has fully transitioned into a fluid-like state.

(iii)

Remark 4. Note that the proposed model describes a transition from a
solid-like to a fluid-like state, rather than a transition between a purely
solid and a purely fluid phase. In our formulation, the vertical
(confining) pressure remains finite throughout the solid-like to fluid-like
transition. By contrast, a pure solid-fluid transition would require the
pressure to vanish, corresponding to an unjamming transition. Our
model can, in principle, represent this unjamming behavior: as the
confining pressure decreases, the solid-like elastoplastic pressure tends
to zero. In this limit, the solid-like shear stress also degrades to zero. The
material response is governed solely by the non-Newtonian fluid-like
relation in our model, corresponding to a fully unjammed regime.

5.3.2. Influencing factors analysis

In this study, we further examine the influence of initial vertical
stress on the clay flow behavior. An initial mean stress ¢, 0 = 100, 300,
500 Pa is considered. To characterize the shear-thinning behavior of
clay, a negative viscous parameter n = —0.3 is employed. The viscous
parameter m, = 0.025 is considered.

Fig. 14 shows the variations in vertical and shear stress under
different initial vertical stresses. The findings reveal that initial vertical
stress has a pronounced impact on clay flow, especially at low strain
rates. Conversely, at elevated strain rates, both vertical and shear
stresses tend to converge regardless of the initial vertical stress. This
indicates that the initial condition of the clay exerts little influence in the
high strain rate regime. These observations are consistent with the phase
transition model for sand proposed by Feng et al. (2025), demonstrating
the validity of the critical-state-based hydrodynamic model.

This study further evaluates the proposed CSHM's ability to replicate
strain rate-dependent rheological behaviors, including shear-thinning
and shear-thickening responses. Simulations were conducted with
viscous parameter n set to 0.3, 0.0, and — 0.3. An initial mean stress op o
= 500 Pa is considered. The viscous parameter m; = 0.025 is considered.

As illustrated in Fig. 15, higher values of the viscous parameter n
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result in increased viscous stresses; however, they do not affect the solid-
like responses, which are governed by the critical-state-based elasto-
plastic model. This finding confirms that the proposed model can not
only describe the phase transition of clay but also apply to other material
with different rheological behaviors, governed by parameter n.

We further evaluate the proposed CSHM by considering different
viscous coefficicent m,. Simulations were conducted with viscous
parameter m, set to 0.005, 0.025, and 0.100. An initial mean stress o,
= 500 Pa is considered. The viscous parameter n = —0.3 is considered.

As illustrated in Fig. 16, higher values of m, result in significantly
increased viscous stresses at high strain rates. Conversely, the solid-like
response at low strain rates remains unaffected, as it is governed solely
by the critical-state-based quasi-static component of the model. This
finding confirms that the viscous parameter m, predominantly in-
fluences the clay's fluid-like behavior, while the solid-like response is
controlled independently by the critical state mechanics.

6. Experimental validation

A series of element tests are simulated to validate the effectiveness of
the proposed CSHM in capturing the solid-fluid phase transition of clay.
The validation addresses three key aspects: the pure quasi-static stress
component, the pure viscous stress component, and the integrated
CSHM (see Table 3). Since the reliability of the quasi-static stress
component has been extensively established in prior literature
(Schofield and Wroth, 1968; Yin et al., 2020), its validation is not
repeated here. Instead, this study focuses on validating the proposed
pure viscous stress component and the unified CSHM. Table 3 summa-
rizes all test cases and their corresponding validation objectives. All
simulations employed a constant-volume simple shear test under a for-
ward Euler explicit integration scheme, as discussed in previous
sections.

6.1. Montmorillonite clay

Wei et al. (2025) conducted the rheometer test to investigate the
viscous characteristics of montmorillonite clay with different water
content at Wy = 252%, 216%, 180%, and 144%. Due to unreported
solid-state parameters (i.e., critical-state-based parameters), validation
focuses on the prposed hydrodynamics-based viscous stress model. Dry
density p takes a value of 2000 kg/m>. Representative diameter d takes
the value of 1 m. Different values of parameter m. = 0.004, 0.0065, and
0.007 are considered, with the viscous parameter n setting as —0.5 (see
Table. 1).

Using the integration algorithm described in Section 4, viscosity-
strain rate curves and viscous shear stress-shear rate curves are ob-
tained, as shown in Fig. 17. The figure also includes corresponding
experimental measurements from the rheometer tests. The agreement
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Fig. 14. Simulation results of the critical-state-based hydrodynamic model under various initial vertical stresses. (a) The total vertical stress; (b) The toal shear stress.
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Fig. 15. Simulation results of the critical-state-based hydrodynamic model with different values of the viscous parameter n. (a) The total vertical stress; (b) The total
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Table 3
Summary of validation examples with specific purposes in other studies or this
study.

Validation purpose Employed soils Reference

Pure quasi-static stress model - Yin et al., 2020
Proposed viscous stress model Montmorillonite clay Section 6.1
Proposed CSHM Malaysian kaolin clay Section 6.2
Proposed CSHM Natural kaolin clay Section 6.3

between simulations and measurements underscores the ability of the
proposed hydrodynamics-based viscous stress model to reasonably
approximate experimental behavior. Furthermore, the comparison
confirms the model's capacity to replicate shear-thinning behavior (with
n = —0.5). Furthermore, the validation demonstrates two key trends: (i)
the viscous exponent n remains invariant (n = —0.5) across water con-
tents, and (ii) the viscous coefficient m. decreases systematically with
increasing water content.

6.2. Malaysian kaolin clay

To further validate the proposed CSHM for the phase transition of
clay, we utilize experimental results from Malaysian kaolin clay as re-
ported by Vi et al. (2018). A preliminary discussion of these results is
provided in Section 2.2. Using the reported parameters for quasi-static
stress, the CSHM is applied to simulate the total shear stress. Initially,
viscous shear stress-shear rate curves are used to determine the viscous
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parameters m, and n. Subsequently, these parameters, along with the
critical-state-based parameters from Vi et al. (2018), are used in the
simulation. These parameters are detailed in Table 1.

Fig. 18 presents the simulation results from the proposed CSHM
alongside experimental data from Yi et al. (2018). This comparison
underscores the model's ability to accurately approximate laboratory
element tests, and demonstrates the effectiveness of the proposed CSHM
in describing the phase transition of clay. The model effectively captures
the stress evolution in clay as it transitions from a solid-like to a fluid-
like state. During the transition, the total shear stress initially in-
creases at low strain rates until reaching the critical state, as indicated by
the flat curve in Fig. 18. It then continues to increase at high strain rates,
reflecting a shift in dominant stress from quasi-static to viscous. This
observation can be well explained by the phase transition mechanism
detailed in Section 5.3. For brevity, a repeated discussion is omitted
here.

In addition, Fig.18 also shows that varying the water content in our
model simultaneously influences the solid-like elastoplastic response
(via Egs. (4)-(7)) and the fluid-like viscous response (via Egs. (16)-
(18)), such that lower water content leads to a higher total stress.

6.3. Natural kaolin clay

This section further validates the CSHM's effectivenes in capturing
the clay's phase transition via the experimental data for natural kaolin
from Wei et al. (2025) (details see Section 2.2). Although critical-state-
related parameters are not reported in the original study, the kaolin
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Fig. 17. Comparison between numerical and experimental results for montmorillonite clay. (a) Comparison of the viscosity; (b) Comparison of the viscous

shear stress.
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Fig. 18. Comparison between numerical and experimental results for Malaysian kaolin clay. (a) The viscosity; (b) The viscous shear stress; (c) The total shear stress.

clay's properties from Section 6.2 are adopted here as a representative
analog. Accordingly, the quasi-static stress parameters from Section 6.2
are employed in this subsection. Viscous parameters are assigned as
follows: m; = 0.003, 0.325, and 0.044, corresponding to water contents
of 59%, 49%, and 40%, respectively, while the exponent n = —0.3 is held
constant across all samples.

Fig. 19 (a) and Fig. 19 (b) compares experimental viscosity-shear rate
and viscous stress-shear rate curves for natural kaolin clay from
rheometer tests with predictions from the proposed CSHM. The model
closely approximates experimental results, particularly in the fluid-like
regime where viscosity decreases linearly with shear rate (shear-thin-
ning behavior), while viscous stress increases linearly with shear rate,
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consistent with the discussion in Section 5. This alignment confirms the
model's efficacy for fluid-like states. Similar to the observation in Section
6.1, two key trends are also observed: (i) the viscous exponent n remains
invariant (n = —0.3) across water contents, and (ii) the viscous coeffi-
cient m, decreases systematically with increasing water content.

Fig. 19 (c) compares total shear stress predicted using the CSHM and
experimental values. The numerical results from the CSHM closely
match experimental data, demonstrating the CSHM's effectiveness in
bridging solid and fluid states through the critical-state concept and clay
temperature evolution.
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Fig. 19. Comparison between numerical and experimental results for natural kaolin clay. (a) The viscosity; (b) The viscous shear stress; (c) The total shear stress.

7. Discussion
7.1. Comparative discussion

To evaluate the performance of our CSHM relative to classic fluid-
like viscous models, such as the Herschel-Bulkley (HB) and Bingham
models, it is appropriate to compare the simulation results of the pro-
posed CSHM with those of these established models. However, the
Bingham model is a specific case of the more general HB model, corre-
sponding to a flow index of nyg = 1 in Eq. (30). Therefore, comparison
with the general HB model alone is sufficient to demonstrate the effec-
tiveness of our CSHM against a class of fluid-like viscous models.

-

where 7y is the yield stress, myp and nyp are the viscous parameters of
the HB model, corresponding to the viscous coefficients m; and n + 1 in
the hydrodynamic model.

We derive the relationship between total shear stress and shear rate
from the HB model and compare it with the proposed CSHM. As shown
in Fig. 20, the HB model and the proposed CSHM differ in the solid-like
state but converge in the fluid-like state. The detailed discussion follows:

NHB

if |7¢] > 70

To + Myg ‘ }'|
y otherwise

I (30)

(i) In the solid-like state (the shear rate from 10 2s ! to 10° s ! in
Fig. 20), the HB model treats clay as a rigid solid, maintaining
constant stress at zero shear rates, which limits its ability to
describe solid-like responses. Therefore, it cannot be considered a
full-range solid-fluid phase transition model but rather a fluid-
like stress model, describing stress in the fluid-like state. In
contrast, the proposed CSHM can be seen as a full-range phase
transition model, effectively capturing evolution of stress from
the initial to the critical state, and eventually the fluid-like state.

10° r r r r r
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Fig. 20. Comparison of simulation results between proposed CSHM and
HB model.

(ii) In the fluid-like state (the shear rate from 10°s7! to 10* s in
Fig. 20), Both the HB model and the proposed CSHM account for
complex rheological properties, including shear-thinning and
shear-thickening behaviors. However, the proposed CSHM offers
greater physical insight by incorporating the state variable “clay
temperature”, aligning with the phase transition framework used
for sands. Additionally, it includes an evolution equation for
viscous hydrostatic stress, a feature not present in the HB model.
Finally, it's worth noting that the HB model is a 2D stress model,
whereas the proposed CSHM is a 3D stress model.

(iii)

Furthermore, while techniques (e.g., Roy et al., 2017) exist to modify
the HB model to describe the small strain-rate regime, these models still
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fail to accurately capture the volumetric stress, a capability demon-
strated by our CSHM.

7.2. Discussion of perspectives

Despite these advancements discussed, four points must be addressed
to enhance the accuracy of the proposed CSHM in future research:

(i) Consideration of time-dependent behaviors in the solid-like
state. The proposed CSHM employs the phase transition frame-
work for sands, combining rate-independent elastoplastic stress
(solid-like) with rate-dependent viscous stress (fluid-like), effec-
tively capturing clay's phase transition. Unlike sands, clay in the
solid-like state exhibits time-dependent behaviors, e.g., creep,
stress relaxation, and strain-rate dependency at small strains, as
described by Elastic Visco-Plastic (EVP) theory (Yin et al., 2020).
These behaviors may differ from the time-dependent rheology of
the fluid-like state at large strains. To reconcile these regimes,
targeted experimental studies are needed to quantify the inter-
play between rate dependency in soil and fluid mechanics. Future
work should aim to develop a unified description of time-
dependent behavior across all states, potentially by integrating
EVP principles into the proposed model.

(ii) Consideration of complex time-independent behaviors in the
solid-like state. The proposed CSHM employs an elastoplastic
MCC model for the solid-like stress, a simplified representation
that does not capture advanced features such as principal stress
rotation or fabric anisotropy. These factors may affect the stress
path and yielding behavior in the solid-like regime, thereby
influencing phase transition. Future work will incorporate
anisotropic or rotational hardening laws into the elastoplastic
component of the CSHM to enhance its general applicability.
Consideration of over-consolidated clay. The available
experimental data used for validation derive from rheometer tests
approximating simple shear of normally consolidated (NC, OCR
= 1) clay. Hence, the current model is validated for NC condi-
tions. However, the CSHM framework is formulated to allow the
incorporation of OCR with a sub-loading or bounding surface
approach in the MCC elastoplastic stress component. Note that
the MCC model may be inaccurate for low stress levels due to
curved NCL and CSL. Hence, extension of the model to over-
consolidated clay with low stress levels will be pursued in
future work with appropriate experimental data.
Consideration of the hydrostatic stress in the fluid-like state.
To address the gap in defining viscous hydrostatic stress, this
study proposes a formulation based on observations from gran-
ular flows, which suggests a constant viscous vertical-shear stress
ratio (Feng et al., 2025). Despite this novel formulation, the
evolution of hydrostatic stress remains undetermined under
current experimental conditions, highlighting the need for
further validation of this assumption through targeted studies.

(iii)

(iv)

Additionally, the focus of this study on the undrained condition
stems from the high shear rate during the simple shear test (e.g., from
0 to 103 s71). At these rates, the loading time is substantially shorter than
the characteristic time for pore-pressure dissipation in clay, justifying an
undrained interpretation. Under the drained condition, where loading is
sufficiently slow to allow complete pore-pressure diffusion, the viscous
stress component of the model becomes negligible. The response in this
regime is governed by the elastoplastic Modified Cam-Clay (MCC) model
of the proposed framework, which is well-established for simulating
drained clay behavior.

8. Conclusions

This study has proposed a novel critical-state hydrodynamic model
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(CSHM) that is both simple and robust, effectively capturing the
nonlinear solid-to-fluid transition of clay. In specific, the model in-
tegrates quasi-static and viscous stresses to account for solid-like and
fluid-like responses in clay, respectively. The quasi-static stress is
modeled using a critical-state-based model, while the viscous stress is
described through a new hydrodynamic model governed by the state
variable “clay temperature”. The model's performance has been initially
assessed through simple shear test simulations and further validated
against experimental data. The following key observations have been
made:

(i) Simulations indicate that the critical-state-based quasi-static
stress component effectively captures clay's solid-like responses.
Meanwhile, the inferred hydrodynamics-based viscous stress
component not only reproduces the shear-thinning behavior of
clay in its fluid-like state but also captures shear-thickening re-
sponses in other materials, depending on the viscosity parameters
within the model.

The numerical results from the CSHM closely match experimental

data, demonstrating the CSHM's effectiveness in bridging solid-

like and fluid-like states through the critical-state concept and
clay temperature evolution.

Element simulation using the CSHM reveals the clay's phase

transition: when the clay is in a solid-like state, the quasi-static

stress is predominant, while the viscous stress plays a signifi-
cant role for clay in a fluid-like state. This transition is charac-
terized by two transitional points (i.e., critical-state point and

viscous-stress-dominant point) and three different regimes (i.e.,

solid-like, transitional, and fluid-like).

(iv) While sand undergoes a shear-induced heating phase transition
and is well described by the existing kinetic theory, clay exhibits
shear-cooling, which our novel model accurately captures. The
distinct viscous behavior between granular media and clay war-
rants further investigation.

(v) Unlike the traditional HB model, a 2D model describing stress in
the fluid-like state, the CSHM is a 3D full-range phase transition
model that captures evolution from initial to critical state, and
eventually fluid-like state.

(i)

(iii)

The developed CSHM effectively describes the intricate solid-to-fluid
phase transition of clays across a wide strain rate range. This robust
constitutive model provides a foundation for developing more accurate
early numerical models and effective disaster assessment systems for
geohazards, such as landslides and debris flows. Furthermore, these
comprehensive findings significantly enhance the mechanistic under-
standing of large deformation dynamics in clay.
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Appendix A. Structure and deformation of sands and clays

This appendix describes the structures and deformation mechanisms of sands and clays:

(i) Structure: As shown in Fig. A1, the structure of sand is simple, comprising primarily discrete particles. In contrast, clay possesses a complex,
multi-scale structure: its fundamental units are mineral sheets, which assemble into clay particles, and further into clay aggregates (Graham et al.,
1983). Furthermore, the small size of these mineral sheets gives rise to significant electrochemical interactions, which dominate clay's mechanical
behavior and distinguish it fundamentally from sand (Mitchell and Soga, 2005).
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: | ® Sand particle ‘

‘ .. = ==
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. =
7/ = % —  Mineral sheet

(a) Sand structure (b) Clay structure

Fig. Al. The structure in sand and clay: (b) Sand structure; (c) Clay structure.

(ii) Deformation mechanism: During loading, clay deformation is complex and involves: (a) The collapse, expansion, and rearrangement of large
pores between clay aggregates; (b) The movement of clay particles; (c) The breakdown of clay aggregates into individual platelets, a process me-
chanically analogous to particle crushing in granular media (Wiebicke and Einav, 2024).

These structures and deformation mechanisms suggest that clay aggregates or particles undergo sliding and collisions, exhibiting energy dissi-
pation pathways similar to sands, including frictional and collisional interactions (Jaeger et al., 1996). Consequently, total effective stress can be
conceptualized as the sum of frictional and collisional components. In this context, “clay temperature” is proposed as a representation of the average
kinetic energy of these meso-scale structural fluctuations.

Notably, the proposed “clay temperature” corresponds to the meso-structural temperature of clay introduced by Wiebicke and Einav (2024).
Furthermore, the above deformation mechanism is supported by experimental observations of clay from Hicher et al. (2000), Cotecchia et al. (2019),
and Guglielmi et al. (2024).
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(a) Sand stress decomposition (b) Clay stress decomposition

Fig. A2. The stress mechanism in sand and clay: (b) Sand stress decomposition; (c) Clay stress decomposition.

(iii) Granular temperature and clay temperature: The concept of granular temperature originates from the kinetic theory (Jenkins and Savage,
1983; Garzo and Dufty, 1999): (a) it is calculated by a balance equation derived from fluctuating kinetic energy; (b) it possesses a clear physical
interpretation as particle velocity fluctuations and the level of agitation within the granular system; (c) it serves as an independent state variable and
scales with the square of the shear rate under steady simple shearing. The granular temperature concept is also employed by the Granular Solid
Hydrodynamics (GSH) framework (Jiang and Liu, 2009), it is defined at the mesoscopic particle scale, distinct from the conventional thermal tem-
perature at the atomic scale. Note that the granular temperature from the GSH has a different structure compared to the kinetic theory (Luding et al.,
2021).

By analogy, Wiebicke and Einav (2024) recently proposed a “clay temperature” to similarly characterize the kinetic energy of mesoscopic fluc-
tuations in clay, extending this conceptual framework to fine-grained soils.

Appendix B. Stress and strain conditions in the simple shear test

Under the simple shear test, the second-order stress tensor is expressed as follows:

Oxx Txy 0 On T 0
6=|7y 05 O|=|7 060 O (B1)
0 0 Ogy O 0 On

where o, is the vertical stress; 7 is the shear stress.
Under the simple shear test, the second-order strain tensor is expressed as follows:

n = 0
Ex €y O 2
e=|ex &y 0| =|1 . (B2)
0 0 ¢, 2
0 0 ¢
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where ¢, is the vertical strain; y is the shear strain, defined as the ratio of the horizontal displacement to sample height, i.e., y = %,.

Based on Eq.(B1), the hydrostatic and deviatoric stresses are express as:

P =o0n (B3)
q=3r (B4)
Based on Eq.(B2), the mean and deviatoric strains are express as:
£, = &y (B5)
&4 = I (B6)
V3

In the undrained simple test, the volumetric strain is zero, i.e., &, = ¢, = 0.
Appendix C. Formulations in kinetic-theory-based hydrodynamic model

1. Auxiliary functions for viscous mean stress p,, shear viscosity 7,, and bulk viscosity y,

Py = 4G(®)F(®, &,)pT, (€1
8
n =5 ZG@I(@, en)pdTy® (€2
_ 4 5
Y= TﬁG(‘I’)Q(Q en)pdTy (€3

where @ is the volume fraction; p is the density; T, is the granular temperature; d is the particle diameter; ¢, is the restitution coefficient; G, F, J, and Q
are auxiliary functions related to the volume fraction (refer to Jenkins and Savage, 1983; Garzo and Dufty, 1999).

2. Stress equation under simple shear condition

Under simple shear conditions, the granular system reaches a steady state. By neglecting the divergence of the energy flux and assuming that all
energy input from the work of the collisional stress is entirely dissipated through collisional mechanisms, the granular temperature can be derived. The
granular temperature Tg is related to the square of the equivalent strain rate and particle diameter (see Feng and Yin (2025), for a detailed derivation),
which is expressed as follows:

Ty ~ d*7 (c4)

where 7 is the shear rate under simple shear conditions.

Based on the granular temperature, the shear viscosity and the viscous shear stress can be derived. For simplicity, only the primary scaling
relationship is presented (see Egs. (C5) and (C6)). These equations indicate that the viscosity of the sand increases with the shear rate under simple
shear conditions, reflecting a shear-thickening behavior. Furthermore, the viscous shear stress is proportional to the square of the equivalent strain
rate and the particle diameter.

ng ~ pdTo® ~ pd®y (C5)

7y ~ pd?7? (C6)
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