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Abstract— This paper focuses on achieving exact convex re-
laxation of optimal control problems characterized by nonconvex
control constraints and convex state constraints. By employing the
convex hull of the original nonconvex control constraint set, the
constraints are relaxed, thereby transforming the original problem
into a convex problem. The paper introduces two unified sufficient
conditions to ensure the relaxation’s exactness, guaranteeing that
the solution derived from the relaxed problem remains globally
optimal for the original nonconvex problem. Although one of the
proposed sufficient conditions is abstract and nontrivial, we prove
that it can be transformed into standard controllability, normality,
and strong observability conditions proposed by the previous work
about exact convex relaxation, if the control and state constraint
sets have certain properties. Furthermore, approximation methods
are developed to modify the cost function, control constraints, and
system dynamics to ensure that the sufficient conditions are satisfied
in certain scenarios. The results of this paper are applied to Mars
landing problems, demonstrating that under glide-slope constraints,
the exact convex can be realized.

Index Terms— Optimal control, Convex relaxation, Convex
optimization, Mars landing

Notation

Ik k × k identity matrix.
(·)⊤ Transpose of a vector or matrix.
ai:j Subvector of the vector a from index i to

j.
Aij (i, j)-entry of the matrix A.
rankA Rank of the matrix A.
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∥ · ∥ Euclidean norm.
∥ · ∥L∞ L∞ norm.
bdΩ Boundary of the set Ω.
intΩ Interior of the set Ω.
coΩ Convex hull of the set Ω.
affΩ Affine hull of the set Ω.
Ω′ Complement of the set Ω.
aff0Ω Subspace corresponding to the affΩ, de-

fined as aff0Ω = aff{x− y : x, y ∈ Ω}.
V ⊥ Orthogonal complement of a vector sub-

space V .
riC Relative interior of the convex set C.
extC Extreme points of the convex set C.
NC(x̄) Normal cone to a convex set C at x̄ ∈ C,

defined as NC(x̄) = {v : v⊤(x − x̄) ≤
0, ∀ x ∈ C}.

Bϵ(x) Open ball centered at x with radius ϵ > 0
in a metric space X .

d(x,Ω) Euclidean distance between a point x and
a closed set Ω, defined as d(x,Ω) =
miny∈Ω ∥x− y∥.

a.e. Almost everywhere.

I. Introduction

This paper investigates exact convex relaxation for op-
timal control problems (OCPs) governed by linear dynam-
ical systems with general nonconvex control constraints
and convex state constraints. The control constraints are
defined by a nonconvex and compact set. Such nonconvex
control constraints frequently arises in aerospace engi-
neering, such as the planetary powered descent landing
problems [1], [2], the rendezvous problems [3], the rocket
landing problem [4], [5], the trajectory optimization prob-
lems of UAVs [6], etc.

The motivation for this work is to enable guidance
based on real-time optimization. Historically, analytical
guidance laws were widely used. These laws are among
the simplest guidance approaches, which include the
effective proportional navigation law and its variants for
missiles [7], the Apollo lunar descent guidance [8] and
the gravity-turn guidance [9] for planetary landers, and
the iterative guidance for launch vehicles [10]. With
significant advancements in onboard computing capabili-
ties and the increasing complexity of tasks incorporating
various constraints, the computational guidance [11], par-
ticularly the real-time optimization [2], [3], [12]–[15], has
gained popularity. Real-time optimization demands the
efficient and reliable solution of optimal control problems
(OCPs) subject to diverse constraints. Since these OCPs
are inherently nonconvex, they are commonly addressed
using nonlinear programming (NLP) approaches [16]–
[18]. However, NLP methods face inherent limitations:
their convergence guarantees are restricted to local optima
(and with a suitable initial guess), and even sometimes
they fail to obtain feasible solutions. These challenges
render NLP-based approaches inadequate for real-time
resolution of nonconvex OCPs.
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Given that convex optimization problems admit com-
putationally efficient solutions via off-the-shelf interior-
point methods with guaranteed polynomial-time conver-
gence [19], [20], a promising strategy for nonconvex
optimal control problems lies in their transformation
into convex formulations. This is achieved through exact
convex relaxation or lossless convexification technique,
which preserves the global optimality of the original
problem while enabling tractable computation. In the area
of guidance, the exact convex relaxation was introduced
in 2007 for the Mars powered descent landing [1]. Over
the past decade, exact convex relaxation has attracted
significant attention, with substantial research devoted to
applying it to OCPs with various constraints [12], [21]–
[30].

The existing works on exact convex relaxation have
primarily focused on three cases related to the state
constraints: 1) the state constraints are inactive, 2) the
state constraints are active only at discrete points, and
3) the state constraints are consistently active (formulate
the state constraints as equality constraints). In these
scenarios, the achievement of exact convex relaxation
mainly depends on two classes of conditions [12], [21]–
[23], [25]. The first class comprises final-point conditions
involving the gradient of the optimal trajectory’s final
state, while the second class is controllability-related con-
ditions. The second class of conditions includes the sys-
tem controllability [12], [21], strong controllability [22],
strong observability of the adjoint system [23], [26], and
the normality conditions [25]. However, the final-point
condition is nontrivial and cannot generally be verified
a priori due to its dependence on the optimal solution.
To circumvent this limitation, the works [24], [28], [29]
have developed alternative approaches that decompose the
original nonconvex problem into either two or a sequence
of convex subproblems. However, these existing condi-
tions remain insufficient for more general cases where
state constraints may be active over some subintervals,
leaving an important gap in the theory of exact convex
relaxation.

The root of this theoretical gap lies in the inapplica-
bility of traditional proof techniques when general state
constraints are present. The traditional approach for prov-
ing exactness relies on applying the maximum principle
and deriving a contradiction to its non-triviality condition.
However, the maximum principle under state constraints
is structurally different, involving multipliers of bounded
variation and a more complex non-triviality condition.
This fundamental change prevents the standard proof
method from guaranteeing a contradiction, rendering it
infeasible for this broader and more challenging class
of problems. A novel analytical approach is therefore
required.

This paper first proposes two unified sufficient condi-
tions to achieve the exact convex relaxation of nonconvex
OCPs, applicable to both active and inactive state con-
straints. Then, based on the unified sufficient conditions, a
novel proof technique is proposed to show the realization

of the exact convex relaxation. Unlike the traditional proof
that applies the maximum principle [31], [32] directly to
the relaxed problem, we utilize the maximum principle
under state constraints [33], [34] for a newly-constructed
subproblem. While one of the proposed sufficient con-
ditions is somewhat abstract, we demonstrate that it
can be reduced to the previously used controllability-
related conditions when control and state constraints have
some certain forms. Furthermore, we develop systematic
approximation techniques to reformulate the cost func-
tion, control constraints, and system dynamics. These
modifications ensure guaranteed satisfaction of both suf-
ficient conditions in well-defined operational scenarios
while enabling arbitrarily small approximation errors. The
practical utility of this framework is demonstrated through
its application to the Mars landing problem. The proposed
method makes exact convex relaxation achievable even
for complex trajectories where the glide-slope constraint
is active for a continuous period. This capability, not
guaranteed by previous methods [1], [2], [35], enhances
the reliability of real-time trajectory optimization for
challenging landing scenarios. The principal contributions
of this work are summarized as follows:

1) Establishment of two unified sufficient conditions
for the realization of exact convex relaxation (cf.
Condition 1-2 and Theorem 1).

2) Demonstration that Condition 2 can be reduced to
the controllability-related conditions under specific
control and state constraint set forms (cf. Theorem 2-
3).

3) Introduction of approximation methods to ensure
the satisfaction of sufficient conditions in specific
scenarios (cf. Theorem 4-6).

The remainder of this paper is organized as follows.
In Sec. II, we formally present the nonconvex OCP under
investigation along with its convex relaxation. The unified
sufficient conditions for the exact convex relaxation are
presented in Sec. III. The transformation of one of the
conditions is discussed in Sec. IV. Section V covers the
approximation methods for satisfying the sufficient con-
ditions. To validate our theoretical developments, Sec. VI
presents a numerical case study of the Mars landing
problem. Finally, this paper is concluded in Sec. VII.

II. Problem Formulation and Relaxation

This section formally presents the optimal control
problem (OCP) under investigation and derives its convex
relaxation.

A. Nonconvex Optimal Control Problem

In this paper, we consider the following nonconvex
OCP.
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Original Problem (OP)

min ϕ(x(tf )) + α

∫ tf

t0

a(t)⊤x(t) + b(t)⊤u(t)dt

s.t. ẋ(t) = A(t)x(t) +B(t)u(t) + c(t)

u(t) ∈ U
x(t) ∈ X
x(t0) = x0, x(tf ) ∈ E

(1)

where the state x : [t0, tf ] → Rn is absolutely continuous,
the control u : [t0, tf ] → Rm is assumed to be piecewise
continuous, ϕ : Rn → R is convex, A : [t0, tf ] → Rn×n,
a : [t0, tf ] → Rn, B : [t0, tf ] → Rn×m, and b : [t0, tf ] →
Rm are smooth, c : R → Rn is continuous, the control
constraint set U ⊂ Rm is nonconvex and compact, the
state constraint set X ⊂ Rn is convex and closed, t0 and
tf denote the fixed initial and final time, respectively, x0
is the fixed initial state, and the terminal set E ⊂ Rn

is closed and convex. In addition, we assume that both
the feasible control constraint set U and state constraint
set X can be expressed by a system of inequalities. The
nonconvexity of the set U renders OP nonconvex, whose
optimal value we denote by J∗

o .

REMARK 1 This paper focuses exclusively on the fixed-
final-time problem. In practice, when using convex op-
timization, free-final-time problems are typically trans-
formed into fixed-final-time problems, which are then
solved iteratively to get the optimal final time [1], [2].
Hence, it suffices to consider the exact convex relaxation
of the fixed-final-time problems.

B. Convex Relaxation

In this subsection, we first construct the relaxed
problem (RP) with convex constraints. Subsequently, we
review the conventional proof technique establishes the
equivalence between the RP and OP solutions, while high-
lighting its limitations in handling the state-constrained
OCP considered in this paper.

The OP is nonconvex due to the nonconvex constraints
u(t) ∈ U . To obtain a convex relaxation, we replace
U with its convex hull coU , transforming the control
constraints to u(t) ∈ coU . This convexification yields the
following relaxed problem:
Relaxed Problem (RP)

min ϕ(x(tf )) + α

∫ tf

t0

a(t)⊤x(t) + b(t)⊤u(t)dt

s.t. ẋ(t) = A(t)x(t) +B(t)u(t) + c(t)

u(t) ∈ coU
x(t) ∈ X
x(t0) = x0, x(tf ) ∈ E

(2)

Let (x∗, u∗) denote the global optimal solution of the RP,
with J∗

r representing its optimal cost. We say the convex
relaxation is exact when this solution is also globally
optimal for the OP.

Next, we review the standard proof technique for the
exact convex relaxation of the RP in the absence of
state constraints. The maximum principle [31], [32] is
typically applied to analyze the solution of the RP. In
the maximum principle without state constraints, the non-
triviality condition is: for each t, (λ0, λ(t)) ̸= 0 where λ
is the costates, and the costate equations are linear and
homogeneous with respect to (λ0, λ), i.e.,

λ̇ = −A(t)⊤λ− αa(t)λ0

λ̇0 = 0
(3)

Generally, the proof proceeds through three steps to es-
tablish (λ0, λ(t)) = 0 which contradicts the non-triviality
condition:

1) Supposition: Assume an interval or a set of positive
measure where u∗(t) /∈ U ;

2) Deriving λ = 0: Apply the pointwise maximum
condition (or the stationary condition) and normality
conditions [25], [26], [29] to the costate equations to
derive λ(t) = 0 for each t;

3) Deriving λ0 = 0: Given that λ(tf ) = 0, use transver-
sality and final-point conditions to prove λ0 = 0.

For cases where X is a submanifold (equality con-
straints only), the proof structure remains valid when
replacing normality conditions with strong observability
conditions [22], [26].

However, The introduction of general state constraints
fundamentally alters this analysis. The maximum princi-
ple with state constraints significantly differs from that
without state constraints.

For the maximum principle with state constraints pro-
posed provided in [33], [34], the non-triviality condition
is: (λ0, λ, φ) ̸= 0 holds in the norm of functions where φ
is a normalized bounded variation related to the activeness
of state constraints, and the costate equations include
terms related to φ. If we follow the above steps, we
encounter two main challenges. First, in Step 2, we may
only derive λ(t) = 0 over the interval on which u∗(t) /∈ U .
Second, even if we establish (λ0, λ) = 0, it may still be
insufficient to reach a contradiction, as we cannot further
deduce φ ̸= 0.

For the maximum principle with state constraints
provided in [36], the non-triviality condition is:
(λ0, λ(t), ν(t), η1, η2, . . . ) ̸= 0 for each t where ν is the
multiplier related to state constraints and ηi are vectors
related to each discontinuity of the costates, and the
costate equations include terms related to ν. Likewise,
if we use the standard steps, we encounter two main
challenges. First, in Step 2, we may only derive λ(t) = 0
over the interval on which u∗(t) /∈ U . Second, even if we
establish (λ0, λ(t), ν(t)) = 0 on some t, it may still be
insufficient to reach a contradiction, as we cannot further
deduce (η1, η2, . . . ) ̸= 0. In summary, the presence of
state constraints renders the traditional proof technique
infeasible.

In this paper, we will handle this issue and propose
a novel proof procedure with the unified sufficient con-
ditions presented in the following section to show the
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realization of the exact convex relaxation for the OCP
with state constraints.

III. Sufficient Conditions

In this section, we propose two unified sufficient
conditions, and provide a novel proof technique of exact
convex relaxation for the state-constrained optimal control
problem.

The first sufficient condition requires the cost function
to have an integral term as follows

CONDITION 1 The parameter α in the cost function is
nonzero.

Before presenting the second sufficient condition, we
first characterize the geometric structure of the relaxation
gap coU\U and the state constraint set X . Any convex set
can be expressed as the disjoint union of relative interiors
of its non-empty faces1 (cf. Theorem 18.2 of [37]). This
yields the covering coU \ U ⊂ ∪γriMγ , where each
Mγ is a face of coU with riMγ ∩ (coU \ U) ̸= ∅.
While this union may be infinite and even uncountable,
we construct a finite partition {Γi}ku

i=1, where each Γi

is a finite or infinite union of {riMγ}, and {Γi}ku

i=1 are
mutually disjoint. Thus, coU \U can also be expressed by

coU \ U ⊂ ∪ku

i=1Γi (4)

Similarly, for the convex set X , we can also define a finite
collection {Ξj}kx

j=0 such that

X = ∪kx

j=0Ξj , Ξ0 = intX (5)

REMARK 2 The partitions of coU \U and X can be con-
structed straightforwardly in practice. For instance, since
the control and state constraint sets can be expressed by
a system of inequalities, suppose that the sets U , coU , and
X have the forms as follows

U = {u : r(u) = 0, hi(u) ≤ 0, i = 1, . . . , l} (6)
coU = {u : r(u) ≤ 0, hi(u) ≤ 0, i = 1, . . . , l} (7)
X = {x : gj(u) ≤ 0, j = 1, . . . , s} (8)

The exact convex relaxation requires that the inequality
constraint r(u(t)) ≤ 0 remains consistently active. To
prove this, it is necessary to verify whether r(u(t)) ≤ 0
is active under various combinations where some of the
constraints hi(u(t)) ≤ 0 are active while others are
inactive. Thus, the collection can be constructed based
on these combinations, i.e.,

Γi = {u : r(u) < 0, hI(u) = 0, hI′(u) < 0} (9)

where I ⊂ {1, . . . , l}. Likewise, based on the form of state
constraint set (8), the collection can be constructed based
on the combinations, i.e.,

Ξj = {x : gJ(u) = 0, gJ′(u) < 0} (10)

where J ⊂ {1, . . . , s}.

1A face of a convex set Ω is a convex subset Ω′ ⊂ Ω containing all
line segments that pass through its relative interior [37].

Based on the partitions {Γi}ku

i=1 and {Ξj}kx

j=0, the
second sufficient condition is as follows

CONDITION 2 For each pair (Γi,Ξj) and for each subin-
terval [t1, t2] ⊂ [t0, tf ] on which x∗(t) ∈ Ξj , we consider
the linear input-output system:

ṗ(t) = −Â(t)⊤p(t)− Â(t)⊤ψ(t)

y(t) = B̂(t)⊤(p(t) + ψ(t))
(11)

where p : [t1, t2] → Rn+1 is the absolutely continuous
state, y : [t1, t2] → Rm is the output,

Â =

[
A(t) 0
αa(t)⊤ 0

]
, B̂ =

[
B(t)
αb(t)⊤

]
(12)

The input ψ : [t1, t2] → Rn+1 is a normalized function of
bounded variation defined through the Lebesgue-Stieltjes
integral:

ψ(t) =

∫
[t1,t]

ν(τ)dµ(τ) (13)

ν1:n(t) ∈ NX (x∗(t)) ∩B1(0)
νn+1(t) = 0

µ− a.e. [t1, t2] (14)

where µ is a Radon measure on [t1, t2] and ν : [t1, t2] →
Rn+1 is a Borel measurable function. For each t ∈ [t1, t2]
the output y(t) orthogonal to aff0M of a face with riM ⊂
Γi implies that the pair (p, ψ) is identically zero.

While Condition 2 may appear abstract at first glance,
it actually serves as a natural generalization of the well-
known controllability-related conditions. In the following
section, we will demonstrate that when the constraint
sets X and U possess certain specific properties, the
classical controllability-related conditions are sufficient to
guarantee Condition 2.

Furthermore, we establish the following fundamental
result connecting the RP to the OP:

THEOREM 1 Under Condition 1-2, any solution (x∗, u∗)
of the RP is also an optimal solution of the OP.

Proof:
We proceed by contradiction. Assume there exists a subset
E ⊂ [t0, tf ] of positive measure on which u∗(t) /∈ U . By
construction, u∗ ∈ coU \U . From Eq. (4), coU \U can be
covered by finitely many disjoint {Γi}ku

i=1. Given that u∗

is piecewise continuous, there exists an interval I ⊂ E
and a certain Γi such that u∗(t) ∈ Γi. In addition, since
x is continuous, there exists an interval [t1, t2] ⊂ I ⊂ E
and a certain Ξj such that x∗(t) ∈ Ξj . Given that α ̸= 0
(Condition 1), we then construct a subproblem on this
interval as follows

min α

∫ t2

t1

a(t)⊤x(t) + b(t)⊤u(t)dt

s.t. ẋ(t) = A(t)x(t) +B(t)u(t) + c(t)

u(t) ∈ coU
x(t) ∈ X
x(t1) = x∗(t1), x(tf ) = x∗(t2)

(15)
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First, we show that the solution (x∗, u∗) on [t1, t2] is
optimal to the subproblem by contradiction. Suppose that
(x+, u+) solves the subproblem with

α

∫ t2

t1

a(t)⊤x+(t) + b(t)⊤u+(t)dt

< α

∫ t2

t1

a(t)⊤x∗(t) + b(t)⊤u∗(t)dt

(16)

Then, we construct a solution pair (x̄, ū) as follows

x̄(t) =

{
x∗(t) [t0, tf ] \ [t1, t2]
x+(t) (t1, t2)

ū(t) =

{
u∗(t) [t0, tf ] \ [t1, t2]
u+(t) (t1, t2)

(17)

Obviously, the solution (x̄, ū) is a feasible solution of the
RP, and its cost satisfies

ϕ(x̄(tf )) + α

∫ tf

t0

a(t)⊤x̄(t) + b(t)⊤ū(t)dt

=ϕ(x∗(tf )) + α

∫
[t0,t1]∪[t2,tf ]

a(t)⊤x∗(t) + b(t)⊤u∗(t)dt

+α

∫ t2

t1

a(t)⊤x+(t) + b(t)⊤u+(t)dt

<ϕ(x∗(tf )) + α

∫ tf

t0

a(t)⊤x∗(t) + b(t)⊤u∗(t)dt

(18)
where the last inequality follows from Eq. (16). This
contradicts the optimality of (x∗, u∗) for the RP.

Since (x∗, u∗) is optimal to the subproblem, it must
satisfy the first-order optimality conditions. According to
the maximum principle with state constraints [33], [34],
there exist λ0 ∈ {0, 1}, an absolutely continuous function
λ : [t1, t2] → Rn, and φ : [t1, t2] → Rn of normalized
bounded variation defined by

φ(t) =

∫
[t1,t]

υ(τ)dµ(τ) (19)

υ(t) ∈ NX (x∗(t)) ∩B1(0), µ− a.e. [t1, t2] (20)

not vanishing simultaneously such that
(i) costate equations:

λ̇(t) = −A(t)⊤λ(t)−A(t)⊤φ(t) + λ0αa(t) (21)

(ii) pointwise maximum condition:

u∗(t) = arg max
z∈coU

[
(q(t) + φ(t))⊤B(t) + αb(t)⊤

]
z (22)

Define p := [λ⊤ λ0]
⊤ and ψ := [φ⊤ 0]⊤. It follows

from Eq. (11) that the costate equations and the pointwise
maximum condition become

ṗ(t) = −Â(t)⊤p(t)− Â(t)⊤ψ(t) (23)

u∗(t) = arg max
z∈coU

y(t)⊤z (24)

Since u∗(t) ∈ Γi, for each t ∈ [t1, t2] u
∗(t) lies on

riM of a face with riM ∈ Γi. Based on the pointwise
maximum condition (24), the supremum of the convex
function y(t)⊤z attains its supremum relative to the face
M at a point of riM, so y(t)⊤z is constant through

M (cf. Theorem 32.1 of [37]). Therefore, y(t)⊤z = 0
for each z ∈ {z1 − z2 : z1, z2 ∈ M}. Given that each
point of aff0M is a linear combination of the points in
{z1− z2 : z1, z2 ∈ M}, y(t)⊤z = 0 also holds on aff0M,
which implies that y(t) is orthogonal to aff0M. It follows
from Condition 2 that (p, ψ) = 0, which implies that λ0,
q, and φ vanish simultaneously. This is a contradiction.
Therefore, u∗(t) ∈ U a.e. on [t0, tf ].

Since u∗(t) ∈ U a.e. on [t0, tf ], (x∗, u∗) is feasible to
the OP, which implies J∗

r ≥ J∗
o . The RP is a relaxation

of the OP, so J∗
r ≤ J∗

o . Therefore, J∗
r = J∗

o , which means
(x∗, u∗) is an optimal solution of the OP.

REMARK 3 The proof methodology developed for The-
orem 1 represents a significant departure from conven-
tional approaches reviewed in Sec. II. Instead of directly
applying the maximum principle to the RP, our approach
focuses on constructing a local subproblem based on
Condition 1 and leveraging Condition 2 to reach a
contradiction as the maximum principle is applied to the
subproblem.

When Condition 1-2 are satisfied, the exact convex
relaxation can be achieved. However, Condition 1-2 are
nontrivial, and especially Condition 2 may not be veri-
fiable a priori. In the next section, we will discuss how
to transform this condition into some more straightfor-
ward conditions if the sets X and U have some certain
properties.

IV. Condition Transformation

In this section, by confining the forms of U and
X , we show that Condition 2 can reduce to various
controllability-related conditions. The discussion will be
developed based on two different classes of subintervals
[t1, t2] ⊂ [t0, tf ], i.e., the subintervals on which x∗(t) ∈
intX = Ξ0 and x∗ ∈ bdX = ∪kx

j=1Ξj .
In addition, we focus on two specific types of U :

1) Type 1: U satisfies bd(coU) ⊂ U , such as an annular
set in R2 or a spherical set in R3;

2) Type 2: there are finitely many of faces {Mi}ku

i=1 in
coU such that coU \ U ⊂ ∪ku

i=1riMi, such as a finite
discrete set or a star-shaped set.

For Type 1, it is evident that coU \ U is contained
in the relative interior of coU . For Type 2, coU \ U is
contained in the relative interiors of finitely many faces.
Thus, for both types, we construct the collection {Γi}ku

i=1

[cf. Eq. (4)] as {riMi}ku

i=1.

A. Inactive State Constraints

Since state constraints are inactive on the subinterval
[t1, t2], i.e., x∗(t) ∈ intX , Eq. (14) implies that ν(t) = 0,
µ-a.e. on [t1, t2], and consequently ψ = 0. Therefore, the
linear system (11) reduces to

ṗ(t) = −Â(t)⊤p(t)
y(t) = B̂(t)⊤p(t)

(25)
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First, for U of Type 1, we have

LEMMA 1 Suppose x∗(t) ∈ intX on [t1, t2] and U
belongs to Type 1. If y(t) orthogonal to aff0(coU) for
each t ∈ [t1, t2], then (p, ψ) = 0 provided that (Â, B̂) is
controllable.

Proof:
From x∗(t) ∈ intX , we have ψ = 0. Since y(t) is
orthogonal to aff0(coU) = Rm for each t ∈ [t1, t2], the
output of the system (25) is zero. Due to the controllability
of (Â, B̂), (−Â⊤, B̂⊤) is observable thus resulting in
p = 0.

Second, for U of Type 2, we can construct a fi-
nite collection W of nonzero test vectors, such that
W ∩ aff0Mi ̸= ∅ holds for each face Mi. Based on the
set W , we give the definition of the normality as follows

DEFINITION 1 ( [25], [28], [29]) The system (Â, B̂) with
the set W , denoted by (Â, B̂,W), is said to be normal if
for each w ∈ W , the matrix

W (t) = [B̂1(t)w B̂2(t)w · · · B̂n+1(t)w] (26)

is nonsingular a.e. on [t1, t2], where the matrix-valued
functions B̂i(t) are defined recursively by:

B̂1(t) = B̂(t)

B̂i(t) = −Â(t)B̂i−1(t) +
˙̂
Bi−1(t), i = 2, . . . , n+ 1

(27)

With the definition of the normality, we have

LEMMA 2 Suppose x∗(t) ∈ intX on [t1, t2] and U
belongs to Type 2. For each Mi, if y(t) orthogonal to
aff0Mi for each t ∈ [t1, t2], then (p, ψ) = 0 provided
that (Â, B̂,W) is normal.

Proof:
From x∗(t) ∈ intX , we have ψ = 0. Since for each
t ∈ [t1, t2], y(t) is orthogonal to a specific aff0Mi.
By the form of W , there exist w ∈ W such that
w ∈ aff0Mi. Hence, on [t1, t2], w⊤B̂(t)⊤p(t) = 0.
Utilizing Eq. (27) and differentiating both sides of the
equation w⊤B̂(t)⊤p(t) = 0 sequentially n times yields

p(t)⊤[B̂1(t)w B̂2(t)w · · · B̂n+1(t)w] = 0 (28)

This implies that W (t)⊤p(t) = 0. Since W (t) is nonsin-
gular a.e. on [t1, t2] and p is continuous, p = 0.

B. Active State Constraints

On a subinterval where state constraints are active,
the situation becomes significantly more complex due to
the existence of the normalized bounded variation ψ. The
complexity arises because ψ can be highly irregular and
have an infinite number of jumps [38]. To ensure that
ψ has a specific degree of smoothness, we impose the
following regularity conditions [33]

ASSUMPTION 1 ( [33]) (i) The set X can be expressed by
X = ∩k

j=1Xj for some closed sets Xj with bdXj being a

C1,1-manifold with a positive reach2. Additionally, 0 does
not belong to co{nj(x) : j ∈ J (x)} where J (x) = {j ∈
{1, . . . , k} : x ∈ bdXj} is the active index set at x and
nj(x) is the outward unit normal to Xj at x;

(ii) The optimal Hamiltonian

H(t, x∗(t), p) = sup
z∈U

[p⊤f(t, x∗(t), z)− l(t, x∗(t), z)]p⊤

(29)
where t ∈ [t1, t2], f represents the right side of the system
and l is the integrand of the cost function in the RP, is
continuous, ∂pH is locally Lipschitz, and ∂pH satisfies a
coercivity condition (details can be found in [33]).

In Assumption 1, condition (i) pertains to state con-
straints and can be readily verified, whereas condition (ii)
is more challenging to confirm and is assumed to hold
throughout this subsection. If Assumption 1 is satisfied,
ψ is absolutely continuous on (t1, t2) [33], which implies
that ψ̇ exists a.e. on (t1, t2). From Eq. (13), we have
ψ̇(t) = ν(t). Defining q := p + ψ, Eq. (14) implies that
the system (11) can be transformed into

q̇(t) ∈ −Â(t)⊤q(t) + {[ν⊤ 0]⊤ : ν ∈ NX (x∗(t))}
y(t) = B̂(t)⊤q(t)

(30)

We focus on n-dimensional linear state constraints in
this subsection

X = {x : Gx ≤ g} (31)

where G ∈ Rs×n. The set can be written as

X = ∩s
j=1Xj = ∩s

j=1{x : Gjx ≤ gj} (32)

where Gj is the j-th row of G and gj is the j-th
element of g. The set Xj is a closed half-space, and its
boundary is a hyperplane, which implies that bdXi is a
smooth manifold with infinite reach. At any point x, the
outward unit normal vector to Xi is simply nj(x) = Gj .
Then, we show that for each x, there do not exist
j1, j2 ∈ J (x) such that Gj1 = −Gj2 . Otherwise, this
would imply that Gj,1x = gj,1 and Gj,2x = gj,2, which
lead to gj,1 = −gj,2. Therefore, {x : Gj,1x ≤ gj,1}
and {x : Gj,1x ≥ gj,1} exist in the set X at the same
time. This contradicts the fact that X is n-dimensional.
Therefore, Gj1 ̸= −Gj2 for any j1, j2 ∈ J (x), which
implies that 0 /∈ co{nj(x) : j ∈ J (x)}. Thus, condi-
tion (i) of Assumption 1 is satisfied. Furthermore, each
Ξj corresponds to {x : GJx = gJ , GgJ′x < gJ′} for
some J ⊂ {1, . . . , s}. If we define Dj = GJ , then for
x∗(t) ∈ Ξj , there exists a measurable function θ such
that ψ̇ = D̂jθ where D̂j = [Dj 0]⊤ and Eq. (30) becomes

q̇(t) = −Â(t)⊤q(t) + D̂jθ(t)

y(t) = B̂(t)⊤q(t)
(33)

First, for U of Type 1, we have

2The reach τM of a manifold M ⊂ Rn is the largest r ≥ 0 such
that every point y ∈ Rn with d(y,M) < r has a unique closest point
projection onto M [39]. Specifically, if τM = ∞, then every point in
Rn has a unique projection onto M .
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LEMMA 3 Suppose that x∗(t) ∈ Ξj on [t1, t2] and U
belongs to Type 1. Under Assumption 1, if y(t) orthogonal
to aff0(coU) for each t ∈ [t1, t2], then (p, ψ) = 0
provided that (−Â⊤, D̂j , B̂

⊤, 0) is strongly observable
(the definition of strong observability can be found in
Appendix).

Proof:
Since for each t ∈ [t1, t2], the output y(t) is orthogonal
to aff0(coU) = Rm, the output of the system (33) is zero.
The strong observability of (−Â⊤, D̂j , B̂

⊤, 0) implies that
q is identically zero, leading to ψ̇ = D̂jθ also being
identically zero [cf. Eq. (33)]. Based on the integral
ψ(t) = ψ(t1) +

∫ t

t1
ψ̇(τ)dτ , we get ψ is identically zero

(the value of a normalized bounded variation at the initial
point is zero [33]). Therefore, p = q−ψ is also identically
zero, implying (p, ψ) = 0.

Second, for U of Type 2, the orthogonal complement
(aff0Mi)

⊥ of each face Mi is a subspace of Rm. We
use ri to denote the dimension of this subspace. For each
subspace (aff0Mi)

⊥, a set of basis is defined by a matrix
Ci ∈ Rm×ri , which indicates that z ∈ (aff0Mi)

⊥ can be
expressed by z = Civ for some v ∈ Rri . Then, if we
define D̂0

j := [D̂j 0] and 0Ci := [0 Ci], we have

LEMMA 4 Suppose that x∗(t) ∈ Ξj on [t1, t2] and
U belongs to Type 2. Under Assumption 1, for each
Mi, if y(t) orthogonal to aff0Mi for each t ∈ [t1, t2],
then (p, ψ) = 0 provided that (−Â⊤, D̂0

j , B̂
⊤,−0Ci) is

strongly observable for each i = 1, . . . , ku.

Proof:
Since for each t ∈ [t1, t2], the output y(t) remains
orthogonal to a certain aff0Mi. This implies that there
exists a measurable function v : [t1, t2] → Rri such that
y(t) = Civ(t). Therefore, the system (33) admits the
following reformulation

q̇(t) = −Â(t)⊤q(t) + [D̂j 0]

[
θ(t)
v(t)

]
0 = B̂(t)⊤q(t)− [0 Ci]

[
θ(t)
v(t)

] (34)

The strong observability of (−Â⊤, D̂0
j , B̂

⊤,−0Ci) implies
that q is identically zero, so ψ̇ = D̂jθ is also identically
zero [cf. Eq. (34)]. Based on the integral ψ(t) = ψ(t1) +∫ t

t1
ψ̇(τ)dτ , we get ψ is identically zero. Therefore, p =

q − ψ is also identically zero, implying (p, ψ) = 0.
For the control constraint set of Type 1 and the linear

state constraints, we can directly derive the following
theorem based on Lemma 1 and 3

THEOREM 2 Suppose that U belongs to Type 1. Under
Assumption 1, Condition 2 holds if (Â, B̂) is controllable
and (−Â⊤, D̂j , B̂

⊤, 0) is strongly observable for each j =
1, . . . , kx.

For the control constraint set of Type 2 and the linear
state constraints, we can directly derive the following
theorem based on Lemma 2 and 4

THEOREM 3 Suppose that U belongs to Type 2. Under
Assumption 1, Condition 2 holds if (Â, B̂,W) is normal
and (−Â⊤, D̂0

j , B̂
⊤,−0Ci) is strongly observable for each

i = 1, . . . , ku and j = 1, . . . , kx.

In sum, if the control and state constraint sets have
specific forms, Condition 2 can be reduced to different
controllability, normality, and strong observability condi-
tions.

REMARK 4 If the state constraints are convex but nonlin-
ear, we can utilize the polyhedral approximation methods
of convex sets to transform the original convex state
constraints into linear ones [40], [41]. Therefore, the
results in Theorem 2 and 3 can also be used for the cases
with general convex state constraints.

V. Condition Approximation

While Condition 1-2 serve as fundamental require-
ments for exact convex relaxation, practical scenarios may
arise where these conditions are not inherently satisfied.
To address such cases, this section develops systematic
approximation techniques that enable the fulfillment of
these conditions in specific operational contexts. Cru-
cially, these approximation methods maintain theoretical
rigor by ensuring that the introduced errors can be re-
duced to negligible levels through appropriate parameter
selection.

A. Cost Function Approximation

If the cost function of the OP is in Mayer form (α =
0), we can construct a regularized version by introducing
a small perturbation parameter α > 0. This perturbation
incorporates an integral term through selected vectors a
and b, yielding the modified cost function

Jα = ϕ(x(tf )) + α

∫ tf

t0

a⊤x(t) + b⊤u(t)dt (35)

Note that the original cost function is simply J0 =
ϕ(x(tf )).

Next, we prove that the approximation error (i.e., the
increase in the optimal cost) introduced by adding an
integral term to the cost function can be made arbitrarily
small. Let (xα∗ , u

α
∗ ) denote the optimal solution of per-

turbed problem, and define ϕα∗ := ϕ(xα∗ (tf )). For the
original Mayer problem (OP), the optimal cost is denoted
by J0

∗ .

THEOREM 4 For any desired accuracy ε > 0, there exists
a perturbation parameter α > 0 such that ϕα∗ satisfies that
0 ≤ ϕα∗ − J0

∗ ≤ ε.

Proof:
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First, we consider the constrained linear system

ẋ(t) = A(t)x(t) +B(t)u(t) + c(t)

ξ̇(t) = a⊤x(t) + b⊤u(t)

u(t) ∈ U
x(t0) = x0, ξ(t0) = 0

(36)

where it is evident that ξ(tf ) =
∫ tf
t0
a⊤x(t) + b⊤u(t)dt.

It follows from Theorem 1A on p.164 of [42] and com-
pactness of U that the attainable set R(tf ), i.e., the set
of all endpoints [x(tf )

⊤ ξ(tf )]
⊤ in Rn+1, is compact. If

the constraints x(t) ∈ X and x(tf ) ∈ E are considered
in system (36), the corresponding attainable set will be a
subset of R(tf ) and remains bounded. Thus, there exists
a ζ ≥ 0 such that |ξ(tf )| ≤ ζ.

If ζ = 0, it indicates that the integral term in the
perturbed cost function (35) is identically zero, implying
Jα = J0, and hence ϕα∗ = J0

∗ . If ζ > 0, we set α =
ε/(2ζ). It is clear that the solution (xα∗ , u

α
∗ ) of the OP

with the perturbed cost function is feasible to the OP
with the original one. Thus, J0

∗ ≤ ϕα∗ , i.e., ϕα∗ − J0
∗ ≥

0. Additionally, the solution (x0∗, u
0
∗) of the OP with the

original cost function is also feasible to the OP with the
perturbed one, which implies

ϕα∗ + αξα∗ (tf ) ≤ ϕ(x0∗(tf )) + αξ0∗(tf ) (37)

where ξi∗(tf ) =
∫ tf
t0
a⊤xi∗(t) + b⊤ui∗(t)dt, i = α, 0. Since

J0
∗ = ϕ(x∗(tf )), Eq. (37) can yield

ϕα∗ − J0
∗ ≤ α

[
ξ0∗(tf )− ξα∗ (tf )

]
≤ α [ζ − (−ζ)] = ε (38)

where the second inequality follows from |ξ(tf )| ≤ ζ and
the first equality follows from α = ε/(2ζ).

REMARK 5 While Theorem 4 guarantees that the ap-
proximation error can be made arbitrarily small from a
theoretical standpoint, the practical choice of α involves
a numerical trade-off. It must be large enough to be
numerically significant for the solver but small enough to
ensure the perturbed solution remains close to the origi-
nal. An excessively small α could lead to ill-conditioning,
where the integral term has a negligible effect on the
optimization compared to solver tolerances.

In sum, for a Mayer problem, introducing an integral
term into the cost function ensures the satisfaction of
Condition 1. According to Theorem 4, the loss of the
optimality resulting from the approximation can be made
arbitrarily small.

B. Control Set and System Approximation

Condition 2 is nontrivial, making it generally diffi-
cult to directly satisfy it for an OP. In this subsection,
we provide approximation methods tailored for specific
scenarios.

As discussed in Sec. IV, the common controllability,
normality, and strong observability conditions can imply
Condition 2 if the control constraint set belongs to Type 2
(with Type 1 as a special case of Type 2). Therefore, it is

desirable for the control constraint set to belong to Type
2. The following theorem offers a suitable approximation
method for a control constraint set that does not belong
to Type 2.

THEOREM 5 ( [29]) For any control constraint set U not
belonging to Type 2 and for every ϵ > 0, there exists
a Type 2 approximating set Uϵ such that dH(U ,Uϵ) < ϵ
where dH(·, ·) is the Hausdorff distance3.

Based on Theorem 5, we can approximate any control
constraint set that does not belong to Type 2 into a Type 2
set, with the approximation error made arbitrarily small.

For the OP with the control constraint set of Type
2, the controllability, normality, and strong observability
conditions can be utilized to check Condition 2. However,
apart from normality, it is still challenging to approximate
a system that does not meet these conditions into one
that does. We address the normality condition specifically
through the following result

THEOREM 6 Given the system (A,B) and the pair (a, b)
in the cost function, for any ϵ > 0, there exists an
approximate (Aϵ, Bϵ) and (aϵ, bϵ) such that the corre-
sponding (Âϵ, B̂ϵ,W) is normal [see Eq. (12) for the
definition of (Âϵ, B̂ϵ)], with ∥Â(t) − Âϵ(t)∥L∞ < ϵ and
∥B̂(t)− B̂ϵ(t)∥L∞ < ϵ.

Proof:
The proof is almost the same as Proposition 2 of [28]
which considers the case b(t) = 0.

If the optimal solution of the RP makes x∗(t) ∈ bdX
on a discrete set of t, then we only need to consider
the subintervals [t1, t2] where x∗(t) ∈ intX for verifying
Condition 2. Therefore, Theorem 5-6 ensure that any
OP can be approximated to satisfy Condition 2 with the
approximation error being made arbitrarily small.

VI. Application Example

This section presents a Mars landing case study to
validate the proposed theoretical framework. While prior
work [1], [2], [28], [35] has established exact convex
relaxation methods for scenarios with the glide-slope
constraint inactive or only active on a point, our results
extend these capabilities to more complex cases where the
glide-slope constraint may remain active over continuous
time intervals.

3The Hausdorff distance of two compact sets X and Y is defined by
dH(X,Y ) = max {maxa∈X d(a, Y ),maxb∈Y d(b,X)}.
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A. Problem Formulation and Transformation

The fuel-optimal Mars landing problem is formulated
as [1], [2], [28]

min

∫ tf

t0

∥u(t)∥dt

s.t. ẋ(t) = Ax(t) +B
u(t)

m(t)
+ c

ṁ(t) = −∥u(t)∥/vex
ρ1 ≤ ∥u(t)∥ ≤ ρ2, u1(t) ≥ ∥u(t)∥ cos θmax

∥x2:3(t)∥ ≤ x1(t)/ tan γmin

x(t0) = x0, m(t0) = m0, x(tf ) = 0

(39)

The state vector x(t) = [r(t)⊤ ṙ(t)⊤]⊤ represents position
and velocity, with r(t) = [r1(t) r2(t) r3(t)]

⊤ ∈ R3

denoting the 3-D position (where r1(t) is the altitude).
The control input u(t) ∈ R3 is the thrust vector subject to
magnitude constraints between ρ1 and ρ2, and a maximum
tilt angle θmax defined through θ := cos−1(u1/∥u∥).
The glide slope constraint ensures the vehicle main-
tains a minimum approach angle γmin, defined as γ :=
tan−1(x3/∥x1:2∥). The mass of the vehicle is denoted by
m(t), which decreases over time due to fuel consumption
with an exhaust velocity vex. The system dynamics are
governed by the matrices A and B defined as [2]

A =

[
0 I3

−S(ω)2 −2S(ω)

]
, B =

[
0
I3

]
(40)

where ω ∈ R3 represents the Mars angular velocity
and S(ω) is the corresponding skew-symmetric matrix as
follows

S(ω) =

 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

 (41)

The vector c is defined as c = [0 0 0 − g0 0 0]⊤ where
g0 is the constant gravitational acceleration.

While the original fuel-optimal problem (39) falls
outside the scope of the general optimal control problem
considered in this paper [see the form of the OP in
Eq. (1)], we employ the relaxation technique developed
in [28] to transform it. The relaxed formulation introduces
a slack variable σ(t) ∈ R, yielding the following problem

min

∫ tf

t0

σ(t)dt

s.t. ẋ(t) = Ax(t) +B
u(t)

m(t)
+ c

ṁ(t) = −σ(t)/vex
∥u(t)∥ ≤ σ(t)

ρ1 ≤ σ(t) ≤ ρ2, u1(t) ≥ σ(t) cos θmax

∥x2:3(t)∥ ≤ x1(t)/ tan γmin

x(t0) = x0, m(t0) = m0, x(tf ) = 0

(42)

This problem can easily be solved by transforming it into
a convex problem (see Appendix of [28]). We use σ∗ and
m∗ to denote the optimal σ and m of the problem (42),
respectively.

The relationship between the original fuel-optimal
problem (39) and its relaxed version (42) can be under-
stood through the following analysis. While any optimal
solution of the original problem naturally provides a
feasible solution to the relaxed problem, the converse
requires the additional condition that the relaxed solution
must satisfy the constraint ∥u(t)∥ = σ(t). Building
upon the theoretical framework established in [28], we
recognize that when a solution pair (x, u) is found such
that (x, u,m∗, σ∗) satisfies the dynamics, the constraint
∥u(t)∥ = σ∗(t), and all other constraints in the relaxed
problem (42), (x,m∗, u) necessarily constitutes an opti-
mal solution to the original problem (39). This insight
motivates the construction of the following auxiliary prob-
lem, which is designed to explicitly enforce the critical
thrust magnitude constraint through appropriate variable
transformations.

min

∫ tf

t0

a⊤x(t)dt

s.t. ẋ(t) = Ax(t) + B̃(t)ũ(t) + c

∥ũ(t)∥ = 1, ũ1(t) ≥ cos θmax

∥x2:3(t)∥ ≤ x1(t)/ tan γmin

x(t0) = x0, x(tf ) = 0

(43)

where a ∈ R6 is nonzero, ũ(t) = u(t)/σ∗(t), and B̃(t) =
Bσ∗(t)/m∗(t). The problem maintains the standard OP
structure. Let (x∗, ũ∗) denote the optimal solution of
the problem (43). Through the inverse transformation
u∗ := σ∗ũ∗, we obtain a control profile that inherently sat-
isfies the thrust magnitude constraint ∥u∗(t)∥ = σ∗(t) by
construction. Thus, the transformed solution (x∗,m∗, u∗)
is the optimal solution of the original problem (39).

REMARK 6 While any nonzero a is theoretically sufficient
to satisfy Condition 1, its practical significance lies in its
direct influence on the system matrix Â which is crucial
for verifying Condition 2. Although no formal systematic
procedure for selecting a exists, its choice is guided by
the need to satisfy Condition 2.

Next, we will apply the theoretical results of this paper
to the problem (43), and obtain an optimal solution of the
original problem (39).

B. Numerical Results

For the problem (43), Condition 1 is automatically
satisfied as the cost functional is a nonzero integral.
Consequently, the exactness of the convex relaxation
depends solely on verifying Condition 2. Our verification
considers two distinct scenarios:

Discrete activeness case: When the glide-slope con-
straint is active only at isolated points, we establish
Condition 2 by examining the system’s normality.

Continuous activeness case: When the glide-slope
constraint is active over continuous subintervals, we verify
Condition 2 by checking the controllability and strong
observability of the system. In this case, we remove
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the constraint ũ1(t) ≥ cos θmax to satisfy Condition 2.
It is important to note that if the glide-slope constraint
is active over continuous subintervals and the constraint
ũ1(t) ≥ cos θmax is retained, Condition 2 will not hold.

The parameters used for numerical computation can
be seen in Table I. The RP corresponding to the prob-
lem (43) will be discretized by Euler method with 51
uniform nodes, resulting in a second-order cone program-
ming (SOCP) problem. The SOCP is solved using the
MOSEK solver [19] on a laptop with an Intel Core Ultra
9 285H 2.90 GHz CPU.

TABLE I
The parameters used for numerical computation.

Parameter Value Unit
a [0 0 1 0 0 0]⊤ -
ω [2.53× 10−5 0 6.62× 10−5]⊤ rad/s
g0 3.7114 m/s2

vex 2549.8 m/s
ρ1 13 kN
ρ2 19 kN
θmax 45 deg
γmin 30 deg
m0 2110 kg
t0 0 s
tf 72 s

1. Discrete activeness case
We first examine the case where the glide-slope con-

straint activates only at discrete time points. The initial
position and velocity are set as Table II. The control
constraint set is U = {ũ : ∥ũ∥ = 1, ũ1 ≥ cos θmax}, and
its convex hull is coU = {ũ : ∥ũ∥ ≤ 1, ũ1 ≥ cos θmax}.
The set difference coU \ U decomposes into two distinct
relative interiors:

riM1 =int(coU)
riM2 ={ũ : ∥ũ∥ < 1, ũ1 = cos θmax}

(44)

This structure classifies U as Type 2. The corresponding
test vector set is constructed as W = {[0 1 0]⊤}, chosen
to verify the normality.

TABLE II
The initial position and velocity for the discrete activeness case.

Parameter Value Unit
r0 [4 − 2.5 1.8]⊤ km
ṙ0 [−90 − 30 45]⊤ m/s

The sufficient conditions for exact convex relaxation
are verified as follows. Condition 1 is satisfied since the
cost functional is a nonzero integral. For Condition 2,
the discrete activeness of glide-slope constraints implies
verification reduces to checking system normality ac-
cording to Theorem 3. The original (Â, B̂,W) fails to
meet the normality. Therefore, based on Theorem 6, we
approximate the matrix Â into Âϵ by introducing a small
perturbation ϵ = 1 × 10−5 to the (42)-th entry of the
matrix Â while preserving all other entries. This yields

a perturbed system (Â, B̂,W) that satisfies the normality
condition.

It takes about 30 ms to get the optimal solution by
solving the problem (42) and the relaxed version of the
problem (43) in sequence. The numerical results demon-
strate successful implementation of the proposed convex
relaxation approach. The blue solid line of Fig. 1 presents
the three-dimensional trajectory, revealing that the glide-
slope constraint becomes active at only one discrete
point, as further corroborated by the blue solid line of
Fig. 2(a). The blue solid line of Fig. 2(b) displays the tilt
angle profile, showing full compliance with the prescribed
maximum tilt angle. Most critically, Fig. 2(c) confirms
that the relaxed thrust magnitude constraint ∥ũ(t)∥ ≤ 1
(equivalent to ∥u(t)∥ ≤ σ∗(t)) remains active for the
entire time horizon, with the optimal solution consistently
achieving equality. Therefore, the exact convex relaxation
is achieved which is consistent with Theorem 1.

To rigorously evaluate the accuracy of the approxi-
mation, we compared the solution against a benchmark
obtained by solving the problem (43) directly via the non-
linear optimization solver IPOPT [18]. The true solution
(the red dashed lines in Figs. 1 and 2) almost coincides
with the solution obtained by our method. This confirms
that the error introduced by the approximation of matrix
Â is negligible.

Fig. 1. The 3-D trajectory, the thrust dirction, and the boundary of
the glide-slope constraint for the discrete activeness case.

2. Continuous activeness case
We now examine the case where the glide-slope con-

straint remains active over continuous time subintervals.
The initial position and velocity are set as Table III. In this
mission, we remove the tilt constraint ũ1(t) ≥ cos θmax

for the satisfaction of Condition 2. Thus, the control
constraint set is U = {ũ : ∥ũ∥ = 1}, and its convex hull
is coU = {ũ : ∥ũ∥ ≤ 1}. The set U belongs to Type 1
because bd(coU) ⊂ U . It is worth noting that simplifying
the problem by omitting the tilt constraint is a common
approach in the literature on Mars landing guidance [1],
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(c) The status of the relaxed constraint ∥ũ(t)∥ ≤ 1.

Fig. 2. The glide-slope angle profile, the tilt angle profile, and the
status of the relaxed constraint ∥ũ(t)∥ ≤ 1 for the discrete activeness

case.

[35], [43], [44], which allows for a focused analysis on
other complex aspects of the problem.

TABLE III
The initial position and velocity for the continuous activeness case.

Parameter Value Unit
r0 [5.2 − 2.5 − 2]⊤ km
ṙ0 [−120 − 50 0]⊤ m/s

In addition, we approximate the glide-slope constraint
into a linear constraint in order to apply the results in
Sec. IV to verify Condition 2. The original glide-slope
constraint {x : ∥x2:3∥ ≤ x1/ tan γmin} is a second-
order cone constraint, which is shown in the left plot of
Fig. 3. We approximate it into linear constraints, which
is illustrated as a pyramid in the right plot of Fig. 3.
The pyramid is composed of 30 planes, and each normal
vector of the planes can be expressed as

n̂i = [− cos γmin − sin γmin cosβi − sin γmin sinβi]
⊤

(45)
where βi = 2πi/30 for i = 1, . . . , 30. Therefore, the ap-
proximated linear glide-slope constraint can be expressed
as {x : Gx ≤ 0} where

G =

n̂
⊤
1 0
...

...
n̂⊤30 0

 (46)

We proceed to verify whether the sufficient conditions
for optimality are satisfied in our problem formulation.
First, we observe that Condition 1 is clearly satisfied
by construction. Regarding Condition 2, since we allow

Fig. 3. The original glide-slope constraint set (left) and the
approximated linear glide-slope constraint set (right).

the glide-slope constraint to be active on arbitrary subin-
tervals, it follows from Theorem 2 that we can verify
Condition 2 by checking the controllability of (Â, B̂)
and the strong observability of (−Â⊤, D̂j , B̂

⊤, 0) for each
j = 1, . . . , 60, where D̂j = [Dj 0]⊤ and

Dj =



[n̂⊤
j 0] j = 1, . . . , 30[
n̂⊤j−30 0

n̂⊤j−29 0

]
j = 31, . . . , 59[

n̂⊤1 0

n̂⊤30 0

]
j = 60

(47)

It can be seen that the system (Â, B̂) is controllable and
the system (−Â⊤, D̂j , B̂

⊤, 0) is strongly observable for
each j = 1, . . . , 60 (see Theorem 7 for the approach
to check strong observability). Therefore, Condition 2 is
satisfied.

Fig. 4. The 3-D trajectory, the thrust dirction, and the boundary of
the glide-slope constraint for the continuous activeness case.

It takes about 30 ms to get the optimal solution by
solving the problem (42) and the relaxed version of the
problem (43) in sequence. The results are illustrated in
Figs. 4 and 5. The blue solid line of Fig. 4 presents the
3-D trajectory of the lander, which in conjunction with the
blue solid line of Fig. 5(a), clearly shows the activeness of
the glide-slope constraint over a continuous subinterval.
The tilt angle θ is shown in the blue solid line of
Fig. 5(b). Most significantly, Fig. 5(c) demonstrates that
the thrust magnitude constraint ∥ũ(t)∥ ≤ 1 (equivalent to
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Fig. 5. The glide-slope angle profile, the tilt angle profile, and the
status of the relaxed constraint ∥ũ(t)∥ ≤ 1 for the continuous

activeness case.

∥u(t)∥ ≤ σ∗(t)) remains active for the entire duration
of the trajectory. This implies that the exact convex
relaxation is achieved which is consistent with Theorem 1.

To rigorously evaluate the accuracy of the approxi-
mation of the glide-slope constraint, we compared the
solution obtained by our method against a benchmark
solution obtained by solving the problem (43) directly
via the IPOPT [18]. The true solution (the red dashed
lines in Figs. 4 and 5) also almost coincides with our
solution. This validates that the error introduced by the
approximation of the glide-slope constraint is negligible.

VII. Conclusion

This paper addresses the challenge of achieving exact
convex relaxation for general nonconvex OCPs. Two
unified sufficient conditions—Condition 1 and 2—are
proposed to ensure the exactness of the relaxation, and
a novel proof technique based on a locally constructed
subproblem is introduced. For control and state constraint
sets of some specific forms, we show how one of the
proposed sufficient conditions can be transformed into the
classical controllability, normality, and strong observabil-
ity conditions. Additionally, we provide approximation
methods to ensure that these sufficient conditions are met
in some specific scenarios. The numerical example of the
Mars landing problem confirms our theoretical results,
demonstrating that nonconvex problems can be converted
into convex problems using the proposed sufficient con-
ditions.

APPENDIX

Consider the linear time-varying system on a time
interval I as follows

ẋ(t) = A(t)x(t) +B(t)u(t)

y(t) = C(t)x(t) +D(t)u(t)
(48)

where x(t) ∈ Rn, u(t) ∈ Rm, and y(t) ∈ Rp denotes the
state, the control input, and the output, respectively. The
coefficient matrices A, B, C, and D are assumed to be
smooth. The definition of strong observability is given as
follows.

DEFINITION 2 ( [26], [45]) The system (A,B,C,D) is
strongly observable if zero output y(t) ≡ 0 implies zero
state x(t) ≡ 0 for any input u(t).

Next, we introduce a method to check the strong
observability of the system (A,B,C,D). First, we define
the matrices Q and T as follows [45]

Q(t) = [C⊤
0 · · · C⊤

n−1]
⊤ (49)

T (t) =


T0,0(t) 0 · · · 0
T1,0(t) T1,1(t) · · · 0

...
...

. . .
...

Tn−1,0(t) Tn−1,1(t) · · · Tn−1,n−1(t)


(50)

where

C0(t) = C(t) (51)

Ci(t) = Ci−1(t)A(t) + Ċi−1(t), i = 1, . . . , n− 1 (52)
Ti,i(t) = D(t), 0 ≤ i ≤ n− 1 (53)

Ti,0(t) = Ci−1(t)B(t) + Ṫi−1,0(t), 1 ≤ i ≤ n− 1 (54)

Ti,j(t) = Ti−1,j−1(t) + Ṫi−1,j(t), 1 ≤ j < i ≤ n− 1
(55)

With the matrices Q and T , we can check the strong
observability by the following theorem.

THEOREM 7 ( [45]) The system (A,B,C,D) is strongly
observable if and only if

rank[Q(t) T (t)]− rankT (t) = n, ∀t ∈ I \ E (56)

where E is a nowhere dense set of I .
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