
Submitted to Management Science
manuscript (Please, provide the manuscript number!)

Authors are encouraged to submit new papers to INFORMS journals by means of
a style file template, which includes the journal title. However, use of a template
does not certify that the paper has been accepted for publication in the named jour-
nal. INFORMS journal templates are for the exclusive purpose of submitting to an
INFORMS journal and should not be used to distribute the papers in print or online
or to submit the papers to another publication.

Context-Based Dynamic Pricing with Separable
Demand Models

Jinzhi Bu
Department of Logistics and Maritime Studies, Faculty of Business, The Hong Kong Polytechnic University, Hung Hom,

Kowloon, HongKong, jinzhi.bu@polyu.edu.hk

David Simchi-Levi
Institute for Data, Systems, and Society, Department of Civil and Environmental Engineering, and Operations Research

Center, Massachusetts Institute of Technology, Cambridge, MA 02139, dslevi@mit.edu

Chonghuan Wang
Center for Computational Science and Engineering and Department of Civil and Environmental Engineering, Massachusetts

Institute of Technology, Cambridge, MA 02139, chwang9@mit.edu

Motivated by the empirical evidence observed from the real-world dataset, this paper studies context-based

dynamic pricing with separable demand models. Consider a seller selling a product over a finite horizon of

T periods and facing an unknown expected demand function that admits a separable structure f(p)+ g(x),

where p ∈ R and x ∈ Rd denote the product’s price and features respectively. The seller does not know the

exact expression of f(p) or g(x), but can dynamically adjust prices in each period based on the observed

features and demands to learn their forms. The seller’s objective is to maximize the T -period expected

revenue. We systematically characterize the statistical complexity of the online learning problem under three

configurations of demand models with different structures of f(p) and g(x). For each model, we design an

efficient online learning algorithm with a provable regret upper bound. We also show that the upper bound

is generally unimprovable by proving a matching regret lower bound in certain parameter regimes. Our

results reveal fundamental differences in the optimal regret rates when f(p) and g(x) are endowed with

different structures. The numerical results demonstrate that our learning algorithms are more effective than

benchmark algorithms for all the three models, and also show the effects of the parameters associated with

f(p) and g(x) on the algorithm’s empirical regret.

Key words : separable model, dynamic pricing, contextual information, online learning

1. Introduction

The recent success of online retailers has provided an unprecedented data-rich environment for

firms to take better advantage of the observable contextual information (or features, covariates)

and thereby dynamically improve their pricing strategies. Examples of such contextual informa-
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tion include products’ characteristics, seasonality, festival information, economic indicators, etc. A

fundamental question stemming from the presence of contextual information in dynamic pricing is

how to select a predictive model to capture the dependency of demands on prices and contexts.

The model studied in this work is inspired by our collaboration with the industry partner (Li

et al. 2023), one of the leading retailers of consumer electronics in Middle East. As a typical practice

of this company, the prices for its products being sold, e.g., mobile phones, laptops, and electronics,

are updated every shopping cycle, usually spanning two days. These updates are based on the past

sales data and exogenous feature information. Our focus is on a specific product group of mobile

phones for which we collect data from 2000 SKUs spanning the last three years. We note that

approximately 83% of these SKUs have an average sales volume of less than 5 units per shopping

cycle. The prevalence of the low-sales products limits the amount of information that can be distilled

from the data of each single SKU, especially in terms of the price elasticity. Therefore, as pre-

processing, we employ the traditional K-Means clustering technique to categorize products based

on various historical attributes such as the discounted prices charged by the company, competitor

prices, time since release, color, storage, brand, and sales volumes. The clustering allows us to

assume that products within the same cluster share the same demand model.

After the above pre-processing step, we hope to identify a suitable predictive demand model

for each cluster. One of the most widely used approaches is the non-parametric regression-tree-

based model. We conducte experiments employing various standard techniques, including random

forest regressor, LightGBM regressor (see, e.g., Ke et al. 2017) and Catboost regressor (see, e.g.,

Prokhorenkova et al. 2018). Nevertheless, even after clustering, the price elasticity derived by

these methods tends to hover around zero, and the resulting price-demand curves for numerous

SKUs exhibit near-flat trends. One potential pitfall of the non-parametric regression-tree-based

model is that it may overlook different roles of the endogenous pricing decision and exogenous

context information and simply regards them as homogeneous features in the predictive model.

This underlines the necessity for differentiating the impacts of price and context in the demand

model. More concretely, it drives us towards adopting a demand function with a separable structure,

represented by f(p)+ g(x), where p∈R and x∈Rd denote the price and context respectively.

To implement the separable model f(p)+g(x), we applied a piece-wise linear function to approx-

imate f(p) and Catboost regressor to estimate g(x). We partition the dataset into a training set

and a testing set, 80% and 20% chronologically ordered in the full dataset respectively. In industrial

applications, gaining a deep understanding into the price elasticity is always emphasized. We then

first compare the price-demand curve generated by our separable model against the non-parametric

Catboost model. Figure 1 shows the result for one SKU in one testing period. Clearly seen from

this figure, the separable model produces a price-demand curve that exhibits a declining trend (in
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Figure 1 Comparison of the price elasticity under

Catboost model and separable model
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Figure 2 Comparison of the predicted sales under

three models versus the actual sales

Separable Model Catboost Model Linear Model
Avg. of squared errors 24.520 25.232 31.699
Std. of squared errors 225.192 238.185 269.583

Avg. of r2 scores 0.644 0.642 0.544

Table 1 Comparison of the prediction accuracy under three models for 678 SKUs

the red curve), offering more insights into the price elasticity compared with the non-parametric

Catboost model (in the blue curve). We also compare the predictive accuracy of this separable

model with the parametric linear model and Catboost model in the testing dataset. For one repre-

sentative cluster with 678 SKUs, Table 1 shows the average squared errors, the standard deviation

of squared errors, and the average r2 scores. The average r2 scores are computed across the testing

periods. That is, for every model in Table 1 and for each testing period, we calculate an r2 score

and then determine the overall average across all testing periods. We see that beyond an improved

price elasticity curve, the separable model also outperforms the other two models slightly in all

three metrics. In Figure 2, we also plot the predicted sales averaged over these 678 SKUs under

the three models, alongside the actual average sales. While the average sales tend to be underes-

timated, the pattern under the separable model over the testing periods better aligns with that of

the true one. More detailed empirical evidences can be found in Li et al. (2023).

Beyond the empirical evidence, the separable demand model also complements the existing stud-

ies on context-based dynamic pricing by preserving the advantages of two predominant modeling

approaches in the literature. The first approach is to assume a parametric form to elucidate the

relationship between demand and (price, context) pair. Among these models, the linear demand

model, i.e., bp+ a⊤x, is arguably the most fundamental one. It separates the effects of the price

and context into an additive form, as our separable model does, but treats both effects in a linear

manner. The parametric assumption usually brings much convenience to practical implementation,

and encourages many efficient learning algorithms based on the well-developed regression theory.

However, it may also lead to a serious issue of model mis-specification, as discussed in Nambiar
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et al. (2019). The second approach is to employ a fully non-parametric model i.e., d(p,x) for some

unknown function d(·) without any specific parametric assumption. This model can be quite robust

to different scenarios and application contexts. However, it fails to capitalize on the structural

characteristics inherent to the problem itself. Compared to the parametric model, the separable

model is still simple to interpret, but can alleviate the issue of model mis-specification. Compared

to the non-parametric model, the separable model takes advantage of the separability structure

that is validated from the real-world dataset, without sacrificing the robustness since f(p) and g(x)

can be general functions.

1.1. Model and Research Questions

In this paper, we study a context-based dynamic pricing problem with separable demand mod-

els and online learning. Consider a seller selling one product over a horizon of T periods. At the

beginning of each period t, the seller observes a context vector xt ∈ [0,1] ∈Rd encoding the prod-

uct’s characteristics and other exogenous information in period t, e.g., economic indicator, weather,

competitors’ prices. We assume that {xt}t≥1 are independently and identically distributed (i.i.d.)

random variables (r.v.’s) drawn from some unknown distribution P. The seller then chooses a

price pt from the feasible price range [p, p] and customers observe the posted price pt. The ran-

dom demand Dt in period t is generated according to the following demand function: Dt(pt) =

f(pt) + g(xt) + εt, where f(·) and g(·) are unknown functions, and {εt}t≥1 are i.i.d. mean-zero

σ2-sub-Gaussian r.v.’s, i.e., E[eλεt ] ≤ e
λ2σ2

2 for any λ ∈ R. The expected revenue under price p

and context xt is denoted as r(p,xt) := p(f(p) + g(xt)). The optimal price for period t is p∗t :=

argmaxp∈[p,p] r(p,xt). After observing the demand realization Dt in period t, the seller collects the

revenue ptDt. An admissible pricing policy π is defined as a sequence of functions {πt}t≥1, where

each πt(·) maps the historical information observed up to the beginning of period t, denoted by

vector Ht = (x1, p1,D1, . . . , xt−1, pt−1,Dt−1, xt), and possibly some external randomness to a feasible

price in [p, p]. The performance of a pricing policy π is measured by regret Rπ(T ), defined as the

difference between the T -period expected revenue generated by the clairvoyant optimal policy and

the pricing policy π. That is, Rπ(T ) =
∑T

t=1E[r(p∗t , xt)− r(pt, xt)].

Intuitively, if no “smoothness” assumption is made on f(p) and g(x), the values of the two func-

tions can change arbitrarily when p and x change, making the learning task virtually impossible.

Thus, one needs appropriate structural assumptions on f(p) and g(x) so that the problem is learn-

able. As will be seen later, we systematically study three separable demand models under different

structures of f(p) and g(x). Our central research question is: what is the statistical complexity of

the learning problem for each model considered? To address this question, we first need to design

an efficient online learning algorithm with a provable regret upper bound. One key challenge is
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that although the underlying demand model has a separable structure, the seller can only observe

the total demand, without knowing the exact contributions of f(p) and g(x). In order to maximize

the expected revenue, the algorithm needs to identify both f(p) and g(x). Moreover, we also need

to establish regret lower bounds for any admissible policies. As to this task, the key challenge

lies in different structural properties of f(p) and of g(x) in each model. Accordingly, one needs to

construct different hard instances satisfying the structure properties of f(p) and of g(x), and these

instances should also adapt to some smoothness parameters for the function class of interest.

1.2. Main Results and Contributions

The main contributions of this paper lie in systematically characterizing and understanding the

statistical complexity of the context-based dynamic pricing problem with separable demand models.

Specifically, we consider three configurations of demand models under different structural properties

of f(p) and g(x). Table 2 provides a summary for our main results and the comparison to the

most relevant literature. Throughout this paper, the notations O(·), Ω(·) and Θ(·) are used to hide

constant factors, and Õ(·), Ω̃(·) and Θ̃(·) are used to hide both constant and logarithmic factors.

We next discuss our results in more details.

Separable model with linear pricing effect (SMLPE). In this model, we assume f(p) is

linear and g(x) is kgth-order smooth with smoothness constant L. We develop a learning algorithm

that melds the ideas of pricing with random shock borrowed from Nambiar et al. (2019) and

contextual space binning and local polynomial approximation. For any kg > 0, we prove a regret

upper bound Õ(
√
T ∨ (L2T )

d
d+2kg ) for this algorithm. For 0<kg ≤ 1, we establish a matching regret

lower bound that must be incurred by any algorithm. This guarantees the rate-optimality of our

algorithm in terms of the dependence on both L and T in the regime of 0<kg ≤ 1, which is exactly

the class of commonly assumed Hölder continuous functions.

Separable model with linear contextual effect (SMLCE). In this model, we assume f(p)

is kf th-order smooth with smoothness constant δ and g(x) is linear. We devise a learning algorithm

based on a local polynomial approximation borrowed from Wang et al. (2021b) and a new idea of

optimism over OFU (Optimism in the Face of Uncertainty) for biased linear contextual bandit. For

any kf > 0, we prove that this algorithm attains a regret upper bound Õ(
√
T ∨ (δT kf+1)

1
2kf+1 ), and

also establish a matching lower bound Ω(
√
T ∨ (δT kf+1)

1
2kf+1 ). This guarantees the rate-optimality

of our algorithm in terms of the dependence on both δ and T .

Separable model with non-parametric effects (SMNPE). In this model, we assume f(p)

is kf th-order smooth with smoothness constant δ and g(x) is kgth-order smooth with smoothness

constant L. Our algorithm hybrids the ideas of exploration-then-exploitation and local polyno-

mial approximation. For any kg > 0, we prove that the algorithm has the regret upper bound
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Õ(T 3
4 ∨(LdT d+kg)

1
d+2kg ). We also establish the regret lower bound Ω((LdT d+kg)

1
d+2kg ) for 0<kg ≤ 1.

Therefore, our algorithm almost attains the best-achievable regret rate in the regime of 0<kg ≤ 1.

Highlights of technical contributions. The technical contributions of this work are summa-

rized in two aspects: (i) designing efficient learning algorithms with provable regret upper bounds,

and (ii) constructing hard instances that adapt to different structural properties of f(p) and g(x)

in the analysis of regret lower bounds. We give the highlights in the next two paragraphs.

Similar to many online learning problems, designing an efficient learning algorithm requires

carefully balancing the exploration-exploitation trade-off. Morever, our problem faces an additional

challenge – the seller can only observe the aggregate demand Dt(pt), but has no access to the

exact contributions f(pt) and g(xt) make respectively to Dt(pt). Furthermore, the estimation errors

of f(p) and g(x) are coupled, making it more difficult to analyze the regret upper bound. In

SMLPE, we adopt the random shock pricing, an idea borrowed from Nambiar et al. (2019), which

enables a direct estimation for f(p) without knowing or accurately estimating g(x). In SMNPE, in

the exploration phase, we conduct randomized price experiments to directly estimate f(p). Since

SMLPE and SMNPE share the same structure of a high-order smooth function g(x), they also

apply the same technique of a local polynomial approximation. However, we can only obtain a

biased observation of g(x), because we only possess an estimator of f(p) rather than its exact value.

To address this challenge, we introduce a novel bridging optimization problem and a carefully

designed clean event analysis to control the impact of the estimation error of f(p) on the local high-

order polynomial approximation of g(x). In SMLCE, we take a different route than SMLPE and

SMNPE by simultaneously estimating f(p) and g(x). This is achieved by leveraging the parametric

property of g(x). To chase the context-dependent optimal price in each period, we also propose a

new idea of optimism over OFU for biased linear contextual bandit. This represents an additional

layer of complexity compared with Wang et al. (2021b) where the authors study a dynamic pricing

problem with a similar assumption on f(p) but without contexts.

The analysis of the regret lower bound in each model involves constructing a series of hard

problem instances so that any algorithm “performing well” in some problem instances would incur

“high” regret in others. Although the existing studies, e.g., Rigollet and Zeevi (2010), Chen and

Gallego (2021), Hu et al. (2022) and Wang et al. (2021b), also face a similar task, the construction

of the hard instances in our setting is non-trivial due to two reasons: (i) the smoothness parameters

kg and kf are not necessarily integer numbers, and (ii) in all three models, we hope to tightly

characterize the impacts of constants L and δ in the regret bounds, which appears to be new in

the dynamic pricing literature.
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Table 2 Summary of the main results in this work and existing results in literature

Paper Demand model Regret upper bound Regret lower bound Key assumption

Dynamic pricing without context

Besbes and Zeevi (2012) f(p) Õ(T
2k+1
3k+1 ) N/A

kth-order smoothness,

concave revenue function

Keskin and Zeevi (2014) bp+ a Õ(
√
T ) Ω(

√
T ) Linear demands

Wang et al. (2021b) f(p) Õ(T
k+1
2k+1 ) Ω(T

k+1
2k+1 ) kth-order smooth

Dynamic pricing with context

Qiang and Bayati (2016) bp+ a⊤x O(logT ) Ω(logT ) Known incumbent price

Nambiar et al. (2019) bp+ g(x) O(
√
T ) Ω(

√
T )

The benchmark is

the best linear model

Slivkins (2011) f(p,x) O(T
d+2
d+3 ) Ω(T

d+2
d+3 ) f : Lipschitz continuous

Chen and Gallego (2021) f(p,x) O((logT )2T
d+2
d+4 ) Ω(T

d+2
d+4 )

f : Lipschitz continuous,

smooth and locally concave

revenue function

This work
bp+ g(x) Õ(

√
T ∨ (L2T )

d
d+2kg ) Ω(

√
T ∨ (L2T )

d
d+2kg )† g: kgth-order smooth in [0,1]d,

(Sec. 2 to 4)
f(p)+ a⊤x Õ(

√
T ∨ (δT kf+1)

1
2kf+1 ) Ω(

√
T ∨ (δT kf+1)

1
2kf+1 ) f : kf th-order smooth,

f(p)+ g(x) Õ(T 3
4 ∨ (LdT d+kg)

1
d+2kg ) Ω((LdT d+kg)

1
d+2kg )† where kg, kf > 0

† In this lower bound, we assume that 0<kg ≤ 1.

1.3. Literature Review

Li et al. (2023), together with their industrial practices, is the main motivation for us to consider

the separable structure in revenue management. However, Li et al. (2023) mainly focus on the

offline learning regime, where the data has been collected and the decision maker has no control

over what kind of data they can see. Our paper lies in the regime of online learning, where the

decision maker does not have any reliable historical data and need to learn on the fly. Thus, this

paper is related to two streams of literature: dynamic pricing with demand learning, and bandits

with contextual information. We next review the relevant works in each stream.

Dynamic pricing with demand learning. There is a vast literature on dynamic pricing with

online demand learning, see two recent reviews, Chen et al. (2022) and Chen and Hu (2023). Earlier

studies in this area consider the setting without contextual information. These works can be clas-

sified into two categories according to parametric models (see, e.g., Broder and Rusmevichientong

2012, Keskin and Zeevi 2014, Keskin et al. 2022a) and non-parametric models (see, e.g., Besbes

and Zeevi 2009, Besbes and Zeevi 2012, Wang et al. 2014, Miao and Wang 2021, Wang et al. 2021b,
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Li and Zheng 2023). We refer the reader to den Boer (2015) for a comprehensive review on this

stream of literature.

Among the aforementioned studies, Wang et al. (2021b) is closely related to this work. Specif-

ically, Wang et al. (2021b) consider a dynamic pricing problem without context, and assume the

expected demand is (k− 1)-times differentiable in the price, with the (k− 1)-th derivative being

Lipschtiz continuous. The authors design a learning algorithm by applying the OFU principle from

linear contextual bandit, and prove that the optimal regret rate is Θ̃(T
k+1
2k+1 ). The algorithmic

design and regret upper bound analysis of our SMLCE are inspired by their work, but there are

two important differences. First, the optimal price is stationary in Wang et al. (2021b) in the

absence of context, but can change over time in our contextual setting. Therefore, the multi-armed

bandit protocol proposed in Wang et al. (2021b) to learn the fixed optimal price cannot be directly

applied. To overcome this difficulty, we propose a novel idea of being more optimistic over OFU

in price selection to chase the context-dependent optimal price. Second, the notion of kf th-order

smoothness in our work is a generalization to that in Wang et al. (2021b), where we allow kf to

be any real value while they assume k is an integer. Moreover, we study the effect of a smoothness

parameter δ associated with f(·) on the regret bound, whereas Wang et al. (2021b) treat δ as a

constant and ignores this effect. The general values of kf and δ require a more careful selection of

the parameters used by the algorithm, and a more sophisticated construction for the hard instances

in the lower bound analysis.

There is a growing body of literature on context-based dynamic pricing with demand learning

(e.g., Qiang and Bayati 2016, Javanmard and Nazerzadeh 2019, Miao et al. 2019, Cohen et al.

2020, Ban and Keskin 2021, Wang et al. 2021a, Keskin et al. 2022b). We refer to Ban and Keskin

(2021) for a recent review, and next focus on the papers that are more related to ours. Qiang and

Bayati (2016) consider the demand model bp+a⊤x in an incumbent-price setting, i.e., the expected

demand for some incumbent price is exactly known, and show that the greedy algorithm achieves

the regret upper bound O(logT ). Nambiar et al. (2019) study the demand model bp+ g(x) and

propose a random price shock (RPS) algorithm that generates randomized price shocks to estimate

price elasticity. They prove that the regret of the RPS algorithm compared with the clairvoyant who

knows the best linear approximation to g(x) is in the order of O(
√
T ). In this paper, we borrow

the idea of RPS to construct a learning algorithm for our SMLPE, but the regret we consider for

the algorithm is benchmarked against the clairvoyant that knows the true demand function. Ban

and Keskin (2021) consider personalized dynamic pricing where the price elasticity is affected by

each individual customer’s characteristics. Their demand model g(α⊤x+ β⊤xp) does not admit

a separable structure, since the price elasticity is context-dependent. By contrast, we focus on

pricing for the whole customer population in different periods with dynamic features relevant to



Bu, Simchi-Levi, and Wang: Context-Based Dynamic Pricing with Separable Demand Models

Article submitted to Management Science; manuscript no. (Please, provide the manuscript number!) 9

products. Chen and Gallego (2021) consider a non-parametric demand model in context-based

dynamic pricing. Assuming that the revenue function is Lipschitz continuous and locally concave,

the authors prove that the optimal regret is Θ̃(T
d+2
d+4 ). Without leveraging separability structure,

the algorithm in Chen and Gallego (2021) can lead to a sub-optimal regret in our setting. When

kg = 1, SMLPE becomes a special case of theirs, and the optimal regret in this case is improved to

Θ̃(
√
T ∨T

d
d+2 ) due to the separable structure.

There is another stream of literature in context-based dynamic pricing, where the demand is

formulated by a binary choice model (see, e.g., Javanmard and Nazerzadeh 2019, Mao et al. 2018,

Cohen et al. 2020, Shah et al. 2019, Xu and Wang 2021, Fan et al. 2021, Luo et al. 2023). Adopting

the different aggregate-demand modeling approach, our paper is very different from these works in

both the algorithm development and regret analysis.

Bandits with contextual information. Our paper is also closely related to the literature

studying bandits with contextual information. See Lattimore and Szepesvári (2018) and Slivkins

(2019) for comprehensive reviews. The most studied model in contextual bandit is the linear model

(see, e.g., Auer et al. 2002, Dani et al. 2008, Rusmevichientong and Tsitsiklis 2010, Chu et al. 2011,

Abbasi-Yadkori et al. 2011), where the expected reward is a linear combination of contexts. The

algorithms developed in these works are mostly built upon the celebrated idea of the OFU principle,

which effectively balances the exploration-exploitation tradeoff. In SMLCE, we borrow the OFU

idea to design a learning algorithm and apply the high-probability confidence bound constructed

by Abbasi-Yadkori et al. (2011) to analyze the regret upper bound. Later studies extend the linear

model to generalized linear model (see, e.g., Filippi et al. 2010, Li et al. 2012, Li et al. 2017). There

are also a substantial amount of literature considering contextual bandits with non-parametric

reward feedback under a general Hölder continuous assumption (see, e.g., Rigollet and Zeevi 2010,

Perchet and Rigollet 2013, Hu et al. 2022). Among the studies on non-parametric bandits, Slivkins

(2011) assuming a continuous action space is the most relevant to this work. For general Lipschitz

reward function f(x,p), where x is the context vector in Rd and p is the action vector in Rdp ,

Slivkins (2011) proves that the optimal regret is Θ̃(T
d+dp+1
d+dp+2 ). In particular, letting dp = 1 leads to

the optimal regret rate Θ̃(T
d+2
d+3 ) for a dynamic pricing problem. This rate is strictly higher than

the optimal regret Θ̃(T
d+1
d+2 ) in our SMNPE with kg = 1 and d≥ 2, which shows the benefit of the

separable demand structure in reducing the statistical complexity.

1.4. Structure and Notations

Throughout this paper, we define a ∧ b ≜ min{a, b} and a ∨ b ≜ max{a, b} for a, b ∈ R, and use

[n] to denote the set {1,2, · · · , n} for any positive integer n. We use “context” and “feature”

interchangeably. In Sec. 2 and Sec. 3, we study the semi-parametric model with linear pricing effect
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and linear contextual effect respectively. In Sec. 4, we consider the non-parametric model. In Sec. 5,

we provide further discussions on the comparison between the three models in Sec. 2, Sec. 3 and

Sec. 4. A numerical study will be conducted in Sec. 6. We conclude this paper in Sec. 7.

2. Separable Model with Linear Pricing Effect (SMLPE)

In this section, we study the following separable demand model with linear pricing effect:

Dt(p) = bp+ g(xt)+ εt, ∀p∈ [p, p], (1)

where b is an unknown parameter belonging to some known interval [b, b]⊆ (−∞,0). As a result, the

revenue function r(p,xt) = p(bp+g(xt)) considered in this section is strongly concave in p. Following

the literature, e.g., Ban and Keskin (2021), we assume that the optimal price p∗t =−
g(xt)

2b
∈ [p, p]

for any b∈ [b, b] and xt ∈ [0,1]d. We now introduce our assumption on g(·). First, we define b(k) :=

sup{i∈N : i < k} is the largest integer that is strictly less than k. For κ= (κ1, κ2, . . . , κd)∈Nd, we

define |κ| := κ1 + · · ·+κd, and ∂κg= ∂κ1
1 ∂κ2

2 · · ·∂
κd
d g := ∂|κ|g

∂x
κ1
1 ∂x

κ2
2 ···∂xκd

d

.

Assumption 1. The function g : [0,1]d→R is kgth-order smooth with constant L> 0, denoted

by g ∈ Gd(kg,L), if g(·) is b(kg)-times differentiable on [0,1]d and for any κ ∈ Nd with |κ|= b(kg)

and any x1, x2 ∈ [0,1]d,

|∂κg(x1)− ∂κg(x2)| ≤L∥x1−x2∥kg−b(kg) . (2)

We refer to kg and L as the smoothness degree and constant for g(·) respectively. Eq. (2) tells

that b(kg)th-order derivatives of g(·) are (kg − b(kg))-Hölder continuous. There are also some

other almost equivalent definitions of smooth functions, see, e.g., Hu et al. (2022). In the above

definition, kg can be any non-negative real number and does not need to be an integer. When

kg = 1, Gd(kg,L) is the class of Lipschitz continuous functions, which is often assumed in dynamic

pricing literature (see, e.g., Chen and Gallego 2021). When kg < 1, Gd(kg,L) is the class of Hölder

continuous functions. In this paper, we consider a general class of smooth functions to capture

the effect of context. This assumption implies that the volumes of demands are similar if the

contexts are similar. If this assumption fails, the historical sales data of one observed context is

not informative for that of a new similar context, and thus learning is virtually impossible. An

immediate property guaranteed by Assumption 1 is that there exists some constant ḡ ≥ 0 such

that |g(x)| ≤ ḡ for any x∈ [0,1]d. Note that we give a special emphasis on the smoothness constant

L for g(·), whose impact is usually overlooked in the regret analysis by the current literature.

Nevertheless, as L affects how effectively a non-parametric function g(·) can be approximated by

a polynomial function, we will study its impact on the regret bounds later.
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2.1. Algorithm and Regret Upper Bound

In this subsection, we propose an Algorithm for SMLPE (ASMLPE for short) in Algorithm 1. As

highlighted in Sec. 1.2, one key challenge in designing an algorithm for a separable demand model

is the task of estimating both functions of f(p) and g(x) by using only the aggregate demand

observations. For SMLPE, we combine two ideas: (i) pricing with random shock, and (ii) context

space binning and local polynomial approximation, to address this challenge. Below we illustrate

the details. For notation convenience, for any two vectors x = (x(1), x(2), . . . , x(d)) ∈ [0,1]d and

v= (v1, v2, . . . , vd)∈Nd, we denote v! = Πd
i=1vi! and xv =Πd

i=1(x(i))
vi . In Algorithm 1, we also adopt

the notation ϕMj
(x) = (1, · · · , (x−xj)

u, · · · ), where u takes all vectors in Nd satisfying |u| ≤ b(kg).

Pricing with random shock. Since g(x) is unknown and may not be linear, a naive linear

regression of dt against (pt, xt) causes the price endogeneity effect and introduces bias to the

estimation of price sensitivity b (see Nambiar et al. 2019). Even if g(x) is a known linear function,

directly applying the estimator to charge a myopic price suffers from a lack of exploration and

can lead to insufficient learning. The technique we apply is called pricing with random shock,

which is borrowed from Nambiar et al. (2019) and resolves the two drawbacks of linear regression

simultaneously. Instead of regressing dt against pt, we estimate b by regressing dt against the random

shock ∆t, which is an exogenous random variable with zero mean (see line 17 of Algorithm 1).

Since ∑t

s=1∆sds∑t

s=1∆
2
s

=

∑t

s=1∆s(bps + g(xs)+ εs)∑t

s=1 δ
2
s

= b+

∑t

s=1∆s(bp
g
s + g(xs)+ εs)∑t

s=1 δ
2
s

, (3)

∑t
s=1 ∆sds∑t
s=1 ∆2

s
is an unbiased estimate of b. Note that this step estimates b even without any knowledge

of g(x), and therefore decouples the estimation error of g(x) from that of b. Moreover, Eq. (3)

takes advantages of all the data collected to estimate b regardless of where xs lies, which leads to

a high data utilization efficiency. Based on the estimate b̂t and a local polynomial approximation

for g(x) to be explained later, the algorithm computes a greedy price pgt (see lines 11 and 12 of

Algorithm 1) and charges a price pt by adding the random shock ∆t (see line 13 of Algorithm 1).

A careful control of the magnitude of ∆t balances the fundamental tradeoff between exploration

and exploitation.

Context space binning and local polynomial approximation. Assumption 1 guarantees

that g(·) cannot change dramatically in a local area. This leads to a natural idea of dividing the

context space [0,1]d into different small bins and using a b(kg)th order polynomial function to

approximate g(·) in each bin. Specifically, we divide the context space [0,1]d into Md equal-sized

small bins. For each bin Mj, we choose a fixed point xj ∈Mj and approximate g(x) using its

b(kg)th order Taylor expansion at xj, which is denoted by PMj
(x) and defined as follows:

PMj
(x) =

b(kg)∑
i=0

∑
κ∈Nd:|κ|=i

∂κg(xj)

κ!
(x−xj)

κ.
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To estimate the unknown coefficients of PMj
(x) for each bin Mj, we apply the linear regression to

the residuals {ds−psb̂t : 1≤ s≤ t−1, xs ∈Mj} (see line 10 of Algorithm 1). However, there are two

notable challenges. First, there exists an important tradeoff for the choice of M . If M is too large,

the amount of data collected for each bin will be limited, discouraging the success of learning g(·).
If M is too small, a larger approximation error of g(·) using a polynomial function PMj

(x) will be

incurred, leading to a poor pricing strategy. In fact, one can easily verify the following equation

from Assumption 1:

∣∣g(x)−PMj
(x)
∣∣=
∣∣∣∣∣∣

∑
κ∈Nd:|κ|=b(kg)

(
∂κg(x′

j)

κ!
(x−xj)

κ− ∂κg(xj)

κ!
(x−xj)

κ

)∣∣∣∣∣∣=O
(

L

Mkg

)
. (4)

The choice of M is given in Theorem 1. Second, unlike the estimation process for b through random

shock which is not affected by the quality of the estimate for g(x), the estimation process for g(x)

from the local polynomial approximation and linear regression is subject to the estimation error for

b. In particular, the residual ds−psb̂t is a biased observation of g(xs) since b̂t ̸= b. The expectation

bound of (b̂t − b)2 established by Nambiar et al. (2019) does not suffice for our purpose, and we

establish a more powerful high probability bound of (b̂t − b)2 for every t. Building upon this, we

introduce a novel bridging optimization problem aiming at managing the impact of the propagation

of the estimation error of b to learning the function g(x).

Theorem 1. Suppose Assumption 1 holds for demand function (1) and let Algorithm 1 run with

M = ⌈(L2T )
1

d+2kg ⌉. Then the regret of Algorithm 1 is

Õ
(√

T ∨ (L2T )
d

d+2kg

)
. (5)

The upper bound in (5) consists of two parts Õ(
√
T ) and Õ((L2T )

d
d+2kg ). At a high level, Õ(

√
T )

arises from the complexity of learning the price sensitivity b. For the simplest linear demand model

without context, the squared estimation error of b under an asymptotically optimal policy exhibits a

t−1/2 order of magnitude (see, e.g., Keskin and Zeevi 2014). Therefore, a cumulative regretO(
√
T ) is

in general unavoidable. The second term Õ((L2T )
d

d+2kg ) captures the challenge of learning function

g(·) within a high dimensional context space. This bound is increasing in d, consistent with the

intuition that a higher dimension of context space leads to a more challenging task of learning

g(·). It’s also decreasing in kg, aligned with the intuition that a larger value of kg indicates a more

accurate approximation of g(·) by a local polynomial function. The smoothness constant L also

affects the order of the regret upper bound. If L=Θ(1) as assumed in the literature, the regret

bound is always Õ(T
d

d+2kg ) except d ≤ 2kg. However, if L =O(T
kg
2d− 1

4 ), which can be very small

when d is relatively large compared with kg, the regret bound becomes Õ(
√
T ). In this case, the

bottleneck becomes estimating b instead of g(·) because the latter can be very well approximated

by a polynomial function. The proof of Theorem 1 is deferred to Appendix A.1.
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Algorithm 1: Algorithm for Separable Model with Linear Pricing Effect (ASMLPE)

1 Input: price range [p, p], bounds on the price coefficient b and b, number of bins M , λ

2 Initialization:

3 Partition each dimension of the context [0,1] into M segments of equal length, denoted as

Mj for j = 1,2, · · · ,Md;

4 Select the center from every Mj, denoted by m1, · · · ,mMd ;

5 Initialize D1,j = ∅ for each j ∈ [Md] and b̂1 =
b+b

2
;

6 Main Steps:

7 for t= 1,2, · · · , T do

8 Set δt← t−
1
4 ;

9 Observe xt and find j ∈ [Md] such that xt ∈Mj;

10 θ̂t,j = (λI +
∑

(xs,ps,ds)∈Dt,j
ϕMj

(xs)ϕMj
(xs)

⊤)−1
∑

(xs,ps,ds)
(ds− psb̂t)ϕMj

(xs) ;

11 Set unconstrained greedy price: put ←−
θ̂⊤t,jϕMj

(xt)

2b̂t
;

12 Project greedy price: pgt ←Proj(put , [p+ δt, p− δt]);

13 Generate an independent random variable ∆t← δt w.p.
1
2
and ∆t←−δt w.p. 1

2
;

14 Set price pt← pgt +∆t;

15 Observe realized demand dt;

16 Update Dt+1,j←Dt,j ∪{(xt, pt, dt)} and Dt+1,i←Dt,i for i ̸= j;

17 Update b̂t+1←Proj(
∑t

s=1 ∆sds∑t
s=1(∆s)2

, [b, b]);

18 end for

2.2. Regret Lower Bound

We now establish a lower bound for SMLPE. We denote the regret of policy π as Rπ
g,b,P,Q(T ) under

the demand function bp+ g(x)+ ε, where g ∈ Gd(kg,L), and the distributions of x and ε are P and

Q respectively. We use E(σ) to denote the class of σ2-sub-Gaussian distributions.

Theorem 2. For Gd(kg,L) with 0< kg ≤ 1 and L> 0, [b, b]⊆ (−∞,0) and σ ≥ 0, there exists a

constant K1 > 0 independent of T and L, such that for any admissible policy π,

sup
g∈Gd(kg,L),

b∈[b,b],P,Q∈E(σ)

Rπ
g,b,P,Q(T )≥K1 ·

(√
T ∨ (L2T )

d
d+2kg

)
. (6)

Theorem 2 shows that the regret upper bound achieved by Algorithm 1 in Theorem 1 is unim-

provable in terms of the dependency on both T and L, for the case when 0 < kg ≤ 1. To our

knowledge, this is the first tight regret bound in the dynamic pricing literature in terms of the

dependence of both T and L.
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In Nambiar et al. (2019), a similar demand model is considered, but the performance of their

learning algorithm is benchmarked with the clairvoyant optimal policy for the “best” linear demand

function. Under such a setting, they show that the best achievable regret is Θ(
√
T ). By contrast,

our regret notion is defined against the optimal policy endowed with knowledge of the true demand

function. Consequently, our optimal regret encompasses an additional term Θ̃((L2T )
d

d+2kg ), captur-

ing the complexity for learning the function g(·). In Chen and Gallego (2021), the authors prove the

optimal regret Θ̃(T
d+2
d+4 ) for general Lipschitz continuous demand functions (in both context and

price) under a local concavity property. When kg = 1 and L=Θ(1), the demand functions we con-

sider here, represent a subset of their model. In this scenario, our optimal regret is Θ̃(
√
T ∨T

d
d+2 ),

which is strictly lower than theirs. This reduction benefits from the separability structure assumed

in our model. The improvement is more significant when d is small, but less significant as d increases.

In terms of the algorithmic design, without utilizing the separability structure, their algorithm

divides both the price space and context space into bins, and treats the learning problem in each

small bin as an independent one. In our setting, we leverage all the historical data to estimate the

price sensitivity to achieve information sharing among different bins in the context space.

We next sketch the proof of Theorem 2 and defer the detailed analysis to Appendix A.2. Note

that the first lower bound Ω(
√
T ) is directly implied from the existing results (e.g., Theorem 1

in Keskin 2014) by choosing g(x) to be a constant function. To show the second lower bound

Ω((L2T )
d

d+2kg ), we borrow the idea from Rigollet and Zeevi (2010) and Chen and Gallego (2021)

to construct a series of Hölder continuous functions that are “similar” to each other and difficult

to distinguish. Additionally, we also need to construct the instance with the consideration of L.

Specifically, we partition the context space [0,1]d into Md equally sized bins, denoted as Mj for

j ∈ [Md], by dividing each dimension into M intervals of equal length. We then construct a series

of functions {gw(·) : w ∈ {0,1}M
d}, each of which is indexed by a tuple w ∈ {0,1}Md

. The j-th

coordinate of w determines the value of gw(x) for x∈Mj as follows:

gw(x) =


|b| (p+ p) if wj = 0,

|b| (p+ p)+ L
2
(D(x,∂Mj))

kg if wj = 1 and D(x,∂Mj)≤ 1

41/kgM
,

|b| (p+ p)+ L

8Mkg
if wj = 1 and D(x,∂Mj)>

1

41/kgM
,

(7)

where ∂Mj denotes the boundary of the bin Mj, and D(x,Mj) := inf{∥x− y∥ : y ∈ ∂Mj} denotes

the Euclidean distance between x and ∂Mj. Lemma 1 shows gw(·) is kgth-order smooth if 0<kg ≤ 1,

whose proof will be given in Appendix A.3.

Lemma 1. For 0< kg ≤ 1 and L> 0, let M = ⌈(L2T )
1

d+2kg ⌉. Then for each w ∈ {0,1}Md
, gw(x)

defined in Eq. (7) belongs to Gd(kg,L).
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We then consider two demand functions g(w−j ,wj) for wj = 0,1, where we use (w−j,wj) to denote

an index w ∈ {0,1}Md
whose j-th coordinate is wj and the other coordinates are w−j. When x

falls into Mj with wj = 0, the optimal price is
p+p

2
. For wj = 1, the optimal price is

p+p

2
+ L

16Mkg |b|
.

Thus, if the price charged by an algorithm in period t is greater than
p+p

2
+ L

32Mkg |b|
, its gap with

the optimal price under demand function g(w−j ,0) is greater than
L

32Mkg |b|
; and if the price charged

by the algorithm is less than
p+p

2
+ L

32Mkg |b|
, its gap with the optimal price under the other function

g(w−j ,1) is still greater than L

32Mkg |b|
. Bretagnolle–Huber inequality (see Bretagnolle and Huber

1979) guarantees that the minimal error of making one type of the mistakes depends on how well

the algorithm can distinguish between the two demand functions. Then, by Kullback-Leibler (KL)

divergence arguments, we guarantee that the minimal error can be lower bounded.

3. Separable Model with Linear Contextual Effect (SMLCE)

In this section, we study the following separable demand model with linear contextual effect:

Dt(p) = f(p)+ a⊤xt + εt, ∀p∈ [p, p], (8)

where a ∈Rd is an unknown vector capturing the linear contextual effect whose norm is bounded

from above by a constant ā > 0, i.e., ∥a∥ ≤ a, and f : [p, p]→R is an unknown function capturing

the pricing effect. In this section, we impose the kf th-order smoothness assumption on f(·), which

is similar to Assumption 1 under d= 1. Recall that b(k) = sup{i ∈N : i < k} is the largest integer

that is strictly less than k.

Assumption 2. The function f(·) : [p, p]→R+ is kf th-order smooth with constant δ > 0, denoted

by f ∈F(kf , δ), if f(·) is b(k)-times differentiable on [p, p] and for any p, p′ ∈ [p, p],

∣∣f (b(kf ))(p)− f (b(kf ))(p′)
∣∣≤ δ |p− p′|kf−b(kf ) . (9)

Note that some commonly assumed smoothness conditions in the literature are covered by

Assumption 2. For example, when kf = 1, F(kf , δ) is the class of Lipschitz continuous functions,

as assumed in Besbes and Zeevi (2009) and Chen and Shi (2019). When k = 2, F(kf , δ) includes

all the functions with bounded second-order derivatives, as assumed in Wang et al. (2014), Besbes

and Zeevi (2015), and Lei et al. (2014). When kf is a general integer, Assumption 2 reduces to

Assumption 1 in Wang et al. (2021b). We also emphasize that different from a variety of literature

assuming concavity (see, e.g., Chen and Gallego 2021, Wang et al. 2014, Besbes and Zeevi 2015,

Chen and Shi 2019), we do not make this assumption in this section. Again, we emphasize the

dependency of this class of functions on the smoothness constant δ.
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Algorithm 2: Algorithm for Separable Model with Linear Contextual Effect (ASMLCE)

1 Input: time horizon T , price range [p, p], polynomial degree kf , smoothness parameter C0,

context dimension d, upper bound ā, number of price segments N , error control terms ∆,

noise variance proxy σ

2 Initialization:

3 Partition [p, p] into N segments of equal length, denoted as Ij for j = 1,2, · · · ,N ;

4 Initialize for all j ∈ [N ]: Dj = ∅.

5 Main Steps:

6 for t= 1,2, · · · , T do

7 Observe xt;

8 for i= 1,2, · · · ,N do

9 (θ̂t,i,ât,i, Vt,i) = RLC
(
b(kf ), d, Ii,Di,∆,1/T 2,C0, σ, ā

)
;

10 γt,i = σ

√
(d+ b(kf )) log

(
d+b(kf )+|Di|

d+b(kf )

)
+4 logT +λ

1
2 (C2

0b(kf )+ a2)
1
2 +∆

√
|Di|;

11 r̂t,i =maxp∈Ii p×
(
⟨θ̂t,i,φ(p)⟩+ ⟨ât,i, xt⟩+ γt,i

√
ϕ(p,xt)⊤V

−1
t,i ϕ(p,xt)+∆

)
;

12 p̂t,i = argmaxp∈Ii p×
(
⟨θ̂t,i,φ(p)⟩+ ⟨ât,i, xt⟩+ γt,i

√
ϕ(p,xt)⊤V

−1
t,i ϕ(p,xt)+∆

)
;

13 end for

14 Select it = argmaxi≤N r̂t,i and charge pt = p̂t,it ;

15 Observe realized demand dt;

16 Update Dit←Dit ∪{(xt, pt, dt)};

17 end for

3.1. Algorithm and Regret Upper Bound

We construct an Algorithm for SMLCE (ASMLCE for short) in Algorithm 2. When f(p) is kf th-order

smooth, we can naturally apply the idea of local polynomial approximation as what we did for g(x)

in Sec. 2. However, different from the context sequence {xt : t≥ 1} which is generated in an i.i.d.

manner, the price sequence {pt : t ≥ 1} is generated adaptively, posing more challenges in fitting

f(p) using a polynomial function. Moreover, the optimal price is context-dependent and changes

over time. Therefore, the idea of embedding the biased linear contextual bandit into a multi-armed

bandit protocol in Wang et al. (2021b) for dynamic pricing without context does not directly work.

Algorithm 2 combines two ideas: (i) local polynomial approximation, and (ii) optimism over OFU

for biased linear contextual bandit to address these challenges, which are illustrated below.

Local polynomial approximation. This idea is a one-dimensional-case implementation of the

context space binning and local polynomial approximation in ASMLPE. Wang et al. (2021b) has also

applied this idea to dynamic pricing without context. Specifically, we partition the price interval
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Algorithm 3: Regression with Linear Context (RLC)

1 Input: polynomial degree k, context dimension d, domain I= [l, u], history D, bias ∆,

probability ϵ, smoothness parameter C, noise variance proxy σ, upper bound ā

2 Compute λ= (u−l)2k−1

(u−l)2−1
+ d;

3 Compute V = λI(k+d)×(k+d) +
∑

(x,p,d)∈D ϕ(p,x)ϕ(p,x)⊤, where ϕ(p,x) = (φ(p)⊤, x⊤)⊤ and

φ(p) = (1, (p− l), · · · , (p− l)k−1)⊤;

4 Compute Ridge estimate (θ̂, â) = argmin
∑

(x,p,d)∈D (d−⟨θ,φ(p)⟩− ⟨a,x⟩)2 +λ(∥θ∥22 + ∥a∥
2

2);

5 Output: θ̂, â, V

[p, p] into N segments of equal size, denoted as I1, · · · , IN (see line 3 of Algorithm 2). For each price

segment Ij := [aj, bj), we use the following polynomial function of degree b(kf ):

PIj (p) :=

b(kf )∑
i=0

f (i)(aj)

i!
(p− aj)

i,

to locally approximate the true function f(p). Similar as Eq. (4), the approximation error |f(p)−

PIj (p)| is bounded by O(δ/Nkf ). Since the contextual effect is linear in this case, a polynomial

function PIj (p)+ a⊤xt is used as a whole to approximate f(p)+ a⊤xt in segment Ij.

Optimism over OFU for biased linear contextual bandit. Applying the above local poly-

nomial approximation, for each t≥ 1 and pt ∈ Ij, we rewrite Dt(p) as follows:

Dt(pt) = PIj (pt)+ a⊤xt +βt = θ⊤j φ(pt)+ a⊤xt +βt, (10)

where βt := f(pt) − PIj (pt) + εt, φ(pt) := (1, (pt − aj), · · · , (pt − aj)
b(kf )) and θj ∈ Rb(kf )+1 whose

i-th coordinate is f (i)(aj)/i! for 0 ≤ i ≤ b(kf ). Although the above model is quite similar to the

linear contextual bandit in the literature (see, e.g., Abbasi-Yadkori et al. 2011, Chu et al. 2011),

where the OFU idea is commonly adopted, there are two challenges in our problem. First, βt in

equation (10) contains a biased term f(pt)− PIj (pt) that is not mean-zero and depends on the

pricing decision. We address this issue by borrowing the idea in Wang et al. (2021b) that adds an

additional term ∆ when implementing the OFU principle to compute an optimistic price in each

segment. Second, as a unique challenge appearing in contextual dynamic pricing, the optimal price

depends on the random context revealed in each period and changes over time. This is different

from the setting in Wang et al. (2021b) where the optimal price remains a constant so that they

can treat each price segment as an arm and the segment containing the fixed optimal price as the

“best” arm. We overcome this by a new idea of the optimism over OFU, which proceeds as follows.

We first implement the OFU principle in each price segment Ii and compute an optimistic price

p̂t,i and optimistic revenue r̂t,i (see the for loop in lines 8 to 13 of Algorithm 2). Then we choose the
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most optimistic price from the N candidate prices p̂t,1, . . . , p̂t,N that achieves the highest optimistic

revenue (see line 14 of Algorithm 2). This idea helps to generate a price trajectory under which

the algorithm’s revenue in each period t is close to the true optimal revenue with high probability.

The following theorem presents the regret upper bound for Algorithm 2.

Theorem 3. Suppose Assumption 2 holds for demand function (8) and let Algorithm 2 run with

N = ⌈δ
2

2kf+1T
1

2kf+1 ⌉+1 and ∆= δ(p− p)kf /Nkf . Then the regret of Algorithm 2 is

Õ
(
d
(√

T ∨ (δT kf+1)
1

2kf+1

))
.

The proof of Theorem 3 is deferred to Appendix B.1. We next discuss this result. First, when

δ = Θ(1), the regret upper bound is Õ(dT (kf+1)/(2kf+1)), recovering Theorem 1 in Wang et al.

(2021b) for the setting without contexts. This demonstrates that the additional linear contextual

effect only brings a polynomial coefficient d to the regret bound. Similar to the impact of kg in

Theorem 5, this upper bound decreases in kf . When kf = 1, f(·) is Lipschitz and the regret bound is

Õ(dT 2
3 ), and when kf =∞, f(·) is infinitely differentiable and the regret bound becomes Õ(d

√
T ).

Second, when δ is not a constant, the regret bound behaves differently when δ belongs to different

regimes. When δ = Ω(T− 1
2 ), the regret bound is Õ(d((δT kf+1)

1
2kf+1 ), and when δ decreases to

O(T− 1
2 ), the regret bound is always Õ(d

√
T ). This shows that the smaller δ is, the lower the regret

bound will be. The explanation is similar to the effect of L in Theorem 1. Third, in comparison

to Theorem 1, the roles that dimension d plays are different in the regret bounds for SMLPE and

SMLCE. In Theorem 1, d appears in the exponent of T due to the non-parametric assumption on

g(x), while in Theorem 3, d serves as a multiplicative factor in the regret bound due to the linear

assumption on g(x). This demonstrates that non-parametric contextual effect brings much more

complexity to online learning than the parametric effect.

3.2. Regret Lower Bound

We now establish a regret lower bound for SMLCE. Similar to Theorem 2, we denote the regret

of policy π by Rπ
f,a,P,Q(T ) under the demand function f(p)+ a⊤x+ ε, where f ∈F(kf , δ), and the

distributions of x and ε are P and Q respectively.

Theorem 4. For F(kf , δ) with kf > 0 and δ > 0, ā≥ 0, and σ≥ 0, there exists a constant K2 > 0

independent of T and δ, such that for any admissible policy π,

sup
f∈F(kf ,δ),

∥a∥≤ā,P,Q∈E(σ)

Rπ
f,a,P,Q(T )≥K2 ·

(√
T ∨

(
δT kf+1

) 1
2kf+1

)
. (11)

Theorem 4 shows that the regret upper bound achieved by Algorithm 2 in Theorem 3 is unim-

provable in terms of its dependency on the learning horizon T and δ. Therefore, the optimal regret
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rate for SMLCE is Θ̃(
√
T ∨ (δT kf+1)

1
2kf+1 ). Note that the upper bound in Theorem 3 grows linearly

in d, but the lower bound in Theorem 4 is independent of d. This is because in the construction of

demand functions for the lower bound, we simple take a= 0. We leave the problems of analyzing

the more complicated dimension-dependent lower bound as future research.

To prove Theorem 4, the first lower bound Ω(
√
T ) is directly implied from Theorem 1 in Keskin

and Zeevi (2014) by letting a = 0 and f(p) = α + βp after appropriately choosing α and β. To

show the second lower bound Ω((δT kf+1)
1

2kf+1 ), we construct a series of demand functions that

are in the class of F(kf , δ) and use the KL divergence arguments to bound the regret. Note that

the smoothstep function constructed in Wang et al. (2021b) cannot be directly used here because

in our problem kf is not necessarily an integer. Besides, our analysis also requires the constructed

demand functions to be dependent on δ such that the established lower bound achieves a tight

dependency on δ, which is more complicated than that in Wang et al. (2021b).

We next describe how to construct the demand functions for our lower bound analysis. For sim-

plicity, we assume [p, p] = [1,2]. Similar to Hu et al. (2022), we introduce an infinitely differentiable

function u(x) = exp(− 1
x(1−x)

)1{x ∈ [0,1]}, and define function S(x) :=
(∫ 2

0
u(t)dt

)−1 ∫ x

−∞ u(t)dt.

Based on S(x), we define gkf (x) as follows:

gkf (x) =
1

Zkf

(S(x)1{x≤ 1}+S(2−x)1{x> 1}), ∀x∈ [0,2], (12)

where Zkf > 0 is a scaling parameter which guarantees that all the l-th derivatives of gkf (x) are

uniformly bounded on [0,2] for 0≤ l≤ b(kf ), and that g
(b(kf ))

kf
(x) is (kf −b(kf ))-Hölder continuous.

To construct a series of demand functions, we partition the price range [1,2] into J segments of

equal length, denoted by I1, I2, . . . , IJ . For each j = 0,1, . . . , J , we let

fj(p) :=


δ̂
2p

if p /∈ Ij,
1
2 δ̂+η·gkf (2J(p−aj))

p
if p∈ Ij,

(13)

where aj is the left-end point of interval Ij. We then establish the following lemma, whose proof is

given in Appendix B.3.

Lemma 2. Let δ̂= δ/((
∑b(kf )

i=0

b(kf )!

i!
)∨ (b(kf )+ 1)2b(kf )−1), J = ⌈4(b(kf )+ 1)2b(kf )δ̂

2
2kf+1T

1
2kf+1 ⌉

and η = ((2σ)∧ 1
23k+1 )

1

((b(kf )+1)2
b(kf )

)
kf
δ̂

1
2kf+1T

−
kf

2kf+1 in Eq. (13). Then for each 0≤ j ≤ J , fj(p) ∈

F(kf , δ).

Similar to Wang et al. (2021b), we establish the following inequalities: for each j ∈ [J ],

∣∣Eπ
j [Tj]−Eπ

0 [Tj]
∣∣≤ 1

2
T
√

KL(Pπ
0 (Tj)||Pπ

j (Tj))≤
1

4σ

√
Eπ

0 [Tj]Tη. (14)
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In Eq. (14), the first inequality is obtained by bounding
∣∣Eπ

j [Tj]−Eπ
0 [Tj]

∣∣ via the total variation

of Pπ
0 and Pπ

j and applying Pinsker’s inequality that relates the total variation of two probability

measures with the KL divergence, and the second inequality is due to our construction of rj.

Letting j∗ := argmin1≤j≤J Eπ
0 [Tj], we must have Eπ

0 [Tj∗ ] ≤ T
J
. Since we set η = Θ((δT−kf )

1
2kf+1 )

and J =Θ((δ2T )
1

2kf+1 ), Eq. (14) guarantees that Eπ
j∗ [Tj∗ ]≤ T

2
. This indicates that when the true

revenue function is rj∗ , there are at least T
2
times when the selected prices do not fall into the

“best” segment Ij∗ , leading to the regret loss Ω(Tη) =Ω((δT kf+1)
1

2kf+1 ).

4. Separable Model with Non-Parametric Effects (SMNPE)

In this section, we study the general case, the fully non-parametric demand model with a separable

structure. Specifically, the demand function is as follows:

Dt(p) = f(p)+ g(xt)+ εt, ∀p∈ [p, p]. (15)

We state the assumptions made throughout this section.

Assumption 3. f(·)∈F(kf , δ) and g(·)∈ Gd(kg,L).

Without loss of generality, we also assume E[g(x)] = 0 since if E[g(x)] ̸= 0, one can always absorb

the constant E[g(x)] into f(·). SMLPE and SMLCE are two special cases of SMNPE considered

here. When kf = 1 and kg = 1, SMNPE can be seen as a special case of Slivkins (2011) with an

additional separable structure. Thus, one can expect our regret bound will not exceed theirs and

will see how much benefit our separability structure will bring later in this section. Compared with

Chen and Gallego (2021), we make the additional separability assumption, but do not assume local

concavity of the revenue function as required in their paper.

4.1. Algorithm and Regret Upper Bound

In this section, we propose an Algorithm for SMNPE (ASMNPE for short) in Algorithm 4. The ideas

of ASMNPE include: (i) context space binning and local polynomial approximation; (ii) pricing space

discretization; and (iii) exploration then exploitation. The first idea is similar to that in Sec. 2 and

thus omitted for brevity. We next illustrate ideas (ii) and (iii) in details.

Price space discretization. Since f(·) is non-parametric with an unknown structure, to learn

this function, we adopt the idea of price space discretization to reduce our original pricing problem

with a continuous action set to the one with a finite action set. Specifically, we divide [p, p] into

N segments of equal length, and take the midpoint of each segment to constitute a candidate

price set
⋃N

i=1{p+
p−p

N
(i− 1

2
)}. Our algorithm then always selects the price from this candidate

set. Again, a tradeoff exists when choosing parameter N to balance the discretization error and

learning efficiency. The specific choice of N is given in Theorem 5.
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Algorithm 4: Algorithm for Separable Model with Non-Parametric Effects (ASMNPE)

1 Input: time horizon T , price range [p, p], context dimension d, number of bins for price N ,

parameter of bins for context M , exploration parameter n0.

2 Initialization:

3 Define P [i] = p+
p−p

N
(i− 1

2
) for each 1≤ i≤N ;

4 Initialize for all 1≤ i≤N : si = 0 and ni = 0;

5 Partition each dimension of context into M equal-length segments, denoted as Mj, j ∈ [Md];

6 Initialize for all j where j ≤Md: D1,j = ∅.

7 Main Steps:

8 for t= 1,2, · · · , n0N do // Exploration phase

9 Calculate i= (t mod N)+ 1 and charge price pt = P [i];

10 Observe realized demand dt;

11 si← si×ni+dt
ni+1

and ni← ni +1;

12 end for

13 for t= n0N +1, n0N +2, · · · , T do // Exploitation phase

14 Observe xt and find j ∈ [Md] such that xt ∈Mj;

15 θ̂t,j = (λI +
∑

(xs,ps,ds)∈Dt,j
ϕMj

(xs)ϕMj
(xs)

⊤)−1
∑

(xs,ps,ds)∈Dt,j

∑N

i=1(ds− si)I(ps =

P [i])ϕMj
(xs);

16 Select mt = argmax1≤i≤N P [i]× (si + θ̂⊤t,jϕMj
(xt)) and charge pt = P [mt];

17 Observe realized demand dt;

18 Update Dt+1,j←Dt,j ∪{(xt, pt, dt)} and Dt+1,j′←Dt,j′ for j
′ ̸= j;

19 end for

Exploration then exploitation. Our algorithm proceeds in an exploration-then-exploitation

manner. In the exploration phase, each price P [i] in the candidate set is charged for n0 times,

and f(P [i]) is estimated by taking the sample average of n0 demand observations under price

P [i], denoted as si. The estimates {si}1≤i≤N play two roles in the subsequent exploitation phase.

First, for each period t in the exploitation phase, after observing the context xt and the bin Mj it

belongs to, we estimate g(xt) by computing the average of the residuals {dk−sk : (xk, pk, dk)∈Dt,j},

and these residuals are obtained only from the exploitation phase for periods when the context

falls into the same bin Mj. Second, we compute the proxy expected revenue for each candidate

price P [i] by replacing f(P [i]) with si and g(xt) with θ̂⊤t,jϕMj
(xt), and search for the best price

in the candidate set that maximizes the proxy expected revenue (line 16). The exploration-then-

exploitation method is a standard technique in bandit (see, e.g., Lattimore and Szepesvári 2018). It
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also brings additional convenience in resolving our core challenge that only the aggregate demand

can be observed. During the exploration phase, the prices are charged independently of all the

contexts, which achieves fully randomized control and an estimation of f(·) without knowing g(·).

The following theorem shows the regret upper bound of Algorithm 4.

Theorem 5. Suppose Assumption 3 holds for demand function (15) and let Algorithm 4 run

with N = ⌈T 1
4 ⌉, n0 = ⌈T

1
2 ⌉ and M = ⌈(L2T )

1
d+2kg ⌉. Then the regret of Algorithm 4 is

Õ

(
T

3
4 ∨
(
LdT d+kg

) 1
d+2kg

)
.

Note that the upper bound in Theorem 5 does not depend on the smoothness parameter kf or δ

of function f(·). In the next subsection, we will show that in almost all the cases, the upper bound

in Theorem 5 is tight, meaning that even if f(·) becomes smoother, the regret bound cannot be

further reduced and the complexity is determined by that of learning the function g(·).

As we have mentioned, when kg = 1, our model reduces to a special case of Slivkins (2011)

with an extra separability structure. For this case, our regret upper bound Õ(T 3
4 ∨ T

d+1
d+2 ) is no

greater than the optimal regret rate Θ̃(T
d+2
d+3 ) in their paper, which is explained by our separability

structure. When d = 1, our upper bound Õ(T 3
4 ) with separability structure is the same as that

in Slivkins (2011) without separability structure. There are two possible reasons: our Algorithm 4

does not fully utilize the separability structure; or when contexts are univariate, the separability

structure essentially cannot help to reduce the learning complexity.

4.2. Regret Lower Bound

We next establish a regret lower bound for SMNPE. For brevity, we denote the regret of policy π

by Rπ
f,g,P,Q(T ) where f ∈ F(kf , δ), g ∈ Gd(kg,L), and distribution of context x and random shock

ε are P and Q respectively. Like before, E(σ) denotes the class of σ2-sub-Gaussian distributions.

Theorem 6. For Gd(kg,L) and F(kf , δ) with 0<kg ≤ 1, L> 0, kf > 0 and δ > 0, there exists a

constant K3 > 0 independent of T , such that for any admissible policy π,

sup
f∈F(kf ,δ),g∈Gd(kg,L),

P,Q∈E(σ)

Rπ
f,g,P,Q(T )≥K3 ·

(
LdT d+kg

) 1
d+2kg

. (16)

When L=Θ(1), the lower bound in Theorem 6 matches the upper bound in Theorem 5 as long

as d≥ 2 or kg ≤ 1
2
and the optimal regret rate in this case equals Θ̃(T

d+kg
d+2kg ). For the model studied

in Section 2, when L=Θ(1) and 0<kg ≤ 1, the optimal regret is Θ̃(T
d

d+2kg ), which is smaller than

Θ̃(T
d+kg
d+2kg ). This is due to the linear pricing effect and strong concavity of the revenue function

assumed for the model of Section 2. For the model studied in Section 3, when δ=Θ(1), the optimal

regret is Θ̃(T
kf+1

2kf+1 ), which is also smaller than Θ̃(T
d+kg
d+2kg ) when kf ≥ 1 and kg = 1. This is because
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the non-parametric form of g(·) in the model of this section usually governs the learning complexity.

If d= 1 and kg >
1
2
, there is a gap between the upper bound Õ(T 3

4 ) in Theorem 5 compared with

the lower bound Ω(T
1+kg
1+2kg ) in Theorem 6. Nevertheless, in the real-world business, the seller usually

has more than one feature to utilize and d= 1 is an extreme case that rarely happens in practice.

It’s also worth mentioning that when L=Ω(T
kg
2d− 1

4 ), the lower bound in Theorem 6 also matches

the upper bound in Theorem 5.

Now, we discuss the construction of the demand functions in the lower bound analysis and defer

the complete proof of Theorem 6 to Appendix C.2. For simplicity, as before, we assume [p, p] =

[1,2]. Define δ̂= δ/((
∑b(kf )

i=0

b(kf )!

i!
)∨ (b(kf )+1)2b(kf )−1), η=Θ(T

− kg
d+2kg ), J =Θ((T

kg
d+2kg )

1
kf ), M =

Θ((L2T )
1

d+2kg ). The exact definitions of η, J and M can be found in Appendix C.2. We can

construct an eligible f(p) as

f(p) :=


δ̂
2p

if p /∈ [ 3
2
− 1

2J
, 3
2
+ 1

2J
],

δ̂+η·gkf (2J(p−aj))

2p
if p∈ [ 3

2
− 1

2J
, 3
2
+ 1

2J
],

(17)

where gk(·) follows from the definition in Eq. (12). Lemma 2 guarantees that f(p) ∈Fkf ([p, p]; δ).

To construct function g(·), similar to Sec. 2, we partition the context space [0,1]d into Md equally

sized bins, denoted as Mj for j ∈ [Md]. For each w ∈ {0,1}Md
, we define gw(x) for x∈Mj:

gw(x) =


0 if wj = 0,
L
2
(D(x,∂Mj))

kg if wj = 1 and D(x,∂Mj)≤ (4η)
1
kg ,

4η if wj = 1 and D(x,∂Mj)> (4η)
1
kg ,

(18)

where η should be chosen such that ( 8η
L
)

1
kg ≤ 1

2M
, because otherwise, the third line of Eq. (18) is

not well defined. From Lemma 1, we know that gw(x)∈ Gd(kg,L) for kg ≤ 1.

Similar to Sec. 2, we consider two demand functions g(w−j ,wj) for wj = 0,1. By our constructions,

we can show that whenever xt falls in Mj, if wj = 0, the optimal price is 3
2
and otherwise, the

optimal price is 2. For any price that falls into [ 3
2
− 1

2J
, 3
2
+ 1

2J
], the regret under function g(w−j ,1)

will be large; and for any price that does not belong to [3
2
− 1

2J
, 3
2
+ 1

2J
], the regret under g(w−j ,0)

will not be negligible either. The remaining analysis is similar to that of Theorem 2 and we delay

the details to Appendix C.2.

5. Discussions

In this section, we provide further discussions on the commonalities and differences between the

three algorithms in Sections 2, 3 and 4 and their regret bounds. As we have previously discussed,

the separable demand model with contexts presents two main challenges: balancing the exploration-

exploitation trade-off in online learning and separately estimating f(p) and g(x) with only access
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to the aggregate demand observations. In Table 3 below, we summarize how the three algorithms

address these two challenges. In addition, one important aspect for understanding the performance

of the proposed algorithm is the data utilization rate, or more specifically, how much historical

data in each period are used to estimate f(p) and g(x). We also give a summary of this in Table

3. Since the first two models SMLPE and SMLCE are special cases of the third model SMNPE,

we next compare the algorithms ASMLPE and ASMLCE for the first two models with ASMNPE for the

third model respectively.

Table 3 Comparison of the three algorithms

How to balance the How to separately estimate To what degree the historical

exploration-exploitation trade-off? f(p) and g(x)? data are utilized?

Sec. 2: bp+ g(x) Random shock
Random shock allows for All the data are used to estimate b;

estimating b without estimating g(x) The data in each bin are used to locally estimate g(x)

Sec. 3: f(p)+ a⊤x
Optimism in the Face In each price segment, The data in each price segment

of Uncertainty estimate f(p) through polynomial approx. and a⊤x are used to locally estimate both f(p) and a⊤x

Sec. 4: f(p)+ g(x) Explore-then-exploit
Separately estimate f(p) in exploration phase Data in the exploration phase are used to estimate f(p);

and g(x) in exploitation phase Data in the exploitation phase are used to estimate g(x);

Comparing SMLPE with SMNPE, both models assume the function g(x) is non-parametric and

kgth-order smooth. Therefore, both ASMLPE and ASMNPE leverage the techniques of context space

binning and local polynomial approximation to estimate g(x) in each local bin. The key difference

of the two algorithms arises from different assumptions made on the pricing effect. In SMLPE, the

price is assumed to affect the demand linearly, which creates an opportunity for the algorithm to

more effectively estimate function f(p) and more sufficiently utilize the historical data. The random

shock adopted by ASMLPE guarantees that the price sensitivity b can be estimated independently,

preventing the estimation error of b from propagating due to poor estimation of g(x) in the initial

periods. Moreover, in each period t, the data collected from all historical periods 1,2, . . . , t− 1 can

be utilized to estimate b, regardless of which bin each xs falls into, leading to a high efficiency

of data utilization. Unfortunately, without the linear price assumption, the idea of random shock

does not work. For the model with non-parametric f(p), ASMNPE adopts a common strategy in

online learning called explore-then-exploit, by estimating f(p) purely in the exploration phase and

estimating g(x) in the exploitation phase. In the exploration phase, ASMNPE conducts a randomized

experiment on the discretized prices and uses the sample average approximation to estimate f(p)

under each discretized price p. The estimates for f(p) remain unchanged in the exploitation phase,

which may explain why an additional term T 3/4 appears in the regret upper bound.

Comparing SMLCE with SMNPE, both models assume the function f(p) is non-parametric and

kf th-order smooth. In SMLCE, the linearity assumption of g(x) greatly facilitates its estimation.
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ASMLCE adopts the simple linear regression together with a polynomial approximation of f(p) to

jointly estimate f(p) and a in each price segment. This is sufficient for achieving the optimal rate

for learning g(x). Moreover, the dimensionality d of the context space or the smoothness parameter

of g(·) does not bring additional statistical complexity in the exponent of T . However, in SMNPE,

one of the main challenges is to estimate the non-parametric function g(x). In order to achieve the

tight rate for learning the non-parametric function g(x), ASMNPE trades the estimation accuracy

of f(p) for that of g(x), by taking a more straightforward approach of splitting the exploitation

phase from the exploration phase. It remains an open question how to improve the framework of

ASMNPE and reduce the regret upper bound.

Finally, we compare the regret bounds for the three models. We mainly focus on the regime

with L=Θ(1), δ =Θ(1), 0< kg ≤ 1 and d≥ 2, where the optimal regrets for the three models are

characterized by Θ̃
(
T

d
d+2kg

)
, Θ̃
(
T

kf+1

2kf+1

)
, and Θ̃

(
T

d+kg
d+2kg

)
respectively. Comparing SMLPE and

SMLCE, we observe that their optimal regrets are both higher than Θ̃(
√
T ). Intuitively, despite

of the distinct demand structures, these two models include the fully parametric model bp+ a⊤x

as a special case, which inevitably incurs Θ̃(
√
T ) regret. Therefore, the complexity comes from

tackling with the non-parametric component g(x). When d = 1, the optimal regret for SMLPE

is characterized by Θ̃
(
T

1
1+2kg

)
, and the role of kg is different from that of kf in Θ̃

(
T

kf+1

2kf+1

)
for

SMLCE. This distinction arises due to the inherent asymmetry between p and x. Specifically, p

is an endogenous variable determined based on observed data, while x is an exogenous variable

unaffected by historical data. Comparing SMLPE and SMNPE, the optimal regret of SMLPE is

lower than that of SMNPE because of the concavity of the revenue function with respect to p in

the former. Moreover, the expected revenue p(f(p)+ g(x)) in SMNPE can even be a multi-modal

function of p, which creates a substantial challenge for learning and optimizing. Comparing SMLCE

and SMNPE, when kf ≥ 1, the optimal regret Θ̃
(
T

kf+1

2kf+1

)
of SMLCE is consistently lower than the

optimal regret Θ̃
(
T

d+kg
d+2kg

)
of SMNPE noting that

kf+1

2kf+1
≤ 2

3
<

d+kg
d+2kg

due to d≥ 2>kg. This reveals

that when f(p) becomes smoother, the primary complexity shifts from learning f(p) to learning

g(x) when transiting from a linear function a⊤x to a non-parametric function.

6. Numerical Study

In this section, we study the empirical performances of our algorithms. We measure the

performance of a learning algorithm π by the relative regret defined as follows:∑T

t=1E[p∗t (f(p∗t )+ g(xt))− pt(f(pt)+ g(xt))]∑T

t=1E[p∗t (f(p∗t )+ g(xt))]
× 100%,

where p∗t is the optimal price under context xt.
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For each of the three models SMLPE, SMLCE and SMNPE, we compare the relative regret of our

algorithms with the contextual zooming algorithm proposed by Slivkins (2011), which is designed

for general Lipschitz bandits. For the first model SMLPE, we also evaluate the performance of

RPS Algorithm proposed by Nambiar et al. (2019). As discussed, Nambiar et al. (2019) considers

the problem with the same demand structure as our SMLPE. RPS Algorithm has been proven to

converge to the best linear model asymptotically. However, when the true model is not linear, it

may suffer from model mis-specification as will be shown later. For the second and third models,

SMLCE and SMNPE, we also evaluate the performance of the linear greedy algorithm. It runs a

linear regression in each period to get an estimate of the demand function by a linear function

(see Algorithm 7 in Appendix E) and suggests a price that maximizes the proxy revenue function.

For each instance tested in this section, we repeat the experiments for 50 independent runs, and

compute the empirical relative regret by taking the average to approximate the true relative regret.

6.1. Numerical Results for SMLPE

In this subsection, we present the numerical results for SMLPE in two numerical settings below.

The first numerical setting. This setting comes from Nambiar et al. (2019) with a simple

re-scaling of the domain of context. The demand is given by the following function:

Dt(pt) =−0.9pt +1+
1

2(2xt +0.03)
+ εt, (19)

where xt is a one-dimensional random variable uniformly distributed over [0,1] and the noise εt is

normally distributed with mean 0 and standard deviation 0.1. The feasible price range is [p, p] =

[0.6,9.81], and the range of b is [b, b] = [−1.2,−0.5]. Figure 3(a) shows that the relative regret of

our ASMLPE keeps decreasing as t grows. By contrast, the RPS algorithm incurs an almost flat curve

as t increases, indicating that it fails to converge to the true optimal pricing policy. The relative

regret for contextual zooming can even increase as t increases. This may be caused by the reason

that in (19), xt has a certain probability near 0, so the derivative of g(x) can be large, indicating

that the Lipschitz constant L can be very large and identifying g(·) becomes more challenging. It’s

also worth noting that the contextual zooming algorithm in Slivkins (2011) is specifically designed

for (xt, pt)∈ [0,1]2, and it is not straightforward to select proper hyper-parameters to adapt to the

demand function in (19). In the second numerical setting, the assumptions in Slivkins (2011) are

well satisfied.

The second numerical setting. In this setting, we let f(p) =−p and g(x) as follows:

g(x) :=


(
D(x,∂([0,1]d))

)kg

+1, if D(x,∂([0,1]d))≤ 1
4
,

( 1
4
)kg − 1.4×

(
D(x,∂([0,1]d))− 1

4

)kg

+1, otherwise,
(20)
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(a) Comparison of three algorithms under Eq. (19)
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(b) Comparison of three algorithms under Eq. (20)

Figure 3 Empirical relative regret of three algorithms under SMLPE

where D(x,∂([0,1]d)) is the Euclidean distance between x and the boundary of [0,1]d. We assume

that ϵ is a Gaussian random variable with mean zero and standard deviation 0.1, and xt is uni-

formly distributed on [0,1]d, and set [b, b] = [−1.5,−0.5] and [p, p] = [0.1,1]. In Figure 3(b), we

compare the performances under our ASMLPE and the two benchmarks with d= 2 and kg = 1. Since

the assumptions in Slivkins (2011) are satisfied in this setting, the contextual zooming algorithm

gradually converges. However, the convergence speed is relatively slow compared with our ASMLPE,

which is the loss of not utilizing the separable structure. Although the RPS algorithm achieves a

relative small regret, the curve is still quite flat.

We then test the impacts of d and kg on the empirical performance of ASMLPE. In Figure 4(a), we

set d= 2,4,10 while fixing kg = 1 in Eq. (20). As shown in the figure, when t is sufficiently large,

the empirical relative regret increases with respect to d, which is consistent with our theoretical

results. Although d= 10 slightly outperforms d= 4 when t is small, the decaying of d= 4 seems

always faster than that of d= 10. In Figure 4(b), we set kg = 0.2,0.6,1 while fixing d= 1 in Eq.

(20). When kg is relatively small, a little bit increment of kg, i.e., from kg = 0.2 to kg = 0.6, will

lead to a significant speed-up of the convergence. When kg gets larger, e.g., from kg = 0.6 to kg = 1,

further increasing its value can only bring a limited improvement.

We also test the rate of the empirical regret and compare it with the theoretical regret upper

bound established in Theorem 1. We consider two instances under the demand function in Eq. (20):

d = 2, kg = 0.8 and d = 10, kg = 1, whose theoretical regret upper bounds are Õ(T
5
9 ) and Õ(T

5
6 ),

respectively. In Figure 5, we plot the scaled empirical regret, which is defined as the empirical

regret divided by t
5
9 and t

5
6 . We can see that the scaled regret gradually converges to a constant,

which means that the empirical regret is aligned with the theoretical rate.
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Figure 4 Empirical relative regret of ASMLPE under SMLPE
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Figure 5 Scaled empirical regret of ASMLPE under SMLPE

6.2. Numerical Results for SMLCE

In this subsection, we present the numerical results for SMLCE in the following numerical setting:

Dt(pt) =−
4

15
δp2.5t +30+

1

d
1d ·xt + εt,

where 1d := (1,1, · · · ,1)∈Rd, xt is uniformly distributed on [0,1]d and εt is i.i.d. zero-mean Gaus-

sian with standard deviation 0.1. The optimal price under context xt is (
15(30+ 1

d1d·xt)
14δ

)1/2.5. By

simple calculation, we know kf = 2.5 in this case.

In Figure 6(a), we fix δ = 3.75 and [p, p] = [2,3.5], and compare our ASMLCE with the contextual

zooming algorithm and the linear greedy algorithm. The empirical relative regrets of both our

ASMLCE and the contextual zooming algorithm decrease with respect to t. However, the latter

converges slower than the former, which illustrates the benefit of utilizing the separable structure.

The linear greedy algorithm has an almost flat empirical relative regret curve, indicating that this
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policy fails to approach the optimal pricing policy. In Figure 6(b), we show the impact of δ by

varying it in {3.75,2.5,1}. As δ becomes smaller, the empirical relative regret of ASMLCE decreases,

which is consistent with our theoretical results. Similar to the effect of kg in Figure 4(b), a small

decrement of δ from 3.75 to 2.5 leads to a notable decrement in the regret, whereas the improvement

is less significant by further decreasing the value of δ. In Figure 7, we plot the scaled empirical

regret of ASMLCE, i.e., the empirical regret divided by t7/12. We can see that the scaled regret

experiences a very mild decrement when t increases from 2,000 to 10,000.
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Figure 6 Empirical relative regret under SMLCE

2000 3000 4000 5000 6000 7000 8000 9000 10000
Period t

65

70

75

80

85

90

95

Em
pi

ric
al

 re
gr

et
 /t

7/
12

ASMLPE (this paper)

Figure 7 Scaled empirical regret of ASMLPE under

SMLPE
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6.3. Numerical Results for SMNPE

In this subsection, we present the numerical results for the model SMNPE in the following numerical

setting:

f(p) :=

−p if p≤ 0.625,

−0.44× p− 0.35 otherwise,
(21)

where p∈ [p, p] = [0.1,1]. By simple calculation, we can verify kf = δ= 1. In this subsection, we still

apply g(x) as Eq. (20) to test ASMNPE. We assume that x is uniformly distributed on [0,1]d and ε

is a zero-mean Gaussian r.v. with standard deviation 0.1.

In Figure 8, we fix kg = 1 and d= 2 and compare the performances of ASMNPE, the contextual

zooming algorithm and the linear greedy policy As t increases, the relative regret of ASMNPE keeps

decreasing, while remains almost a constant under the contextual zooming algorithm and the linear

greedy algorithm. Similar as Figure 5, we test the order of the empirical regret in Figure 9. We

still use the same two sets of parameters: d = 2, kg = 0.8 and d = 10, kg = 1 as in Figure 5, but

the theoretical regret upper bounds become Õ(T 7
9 ) and Õ(T 11

12 ) respectively. As we can see from

Figure 9, the scaled empirical regrets gradually converge to a constant, which verifies the theoretical

results.

2500 5000 7500 10000 12500 15000 17500 20000
Period t

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

Em
pi

ric
al

 re
gr

et
 /t

7/
9

ASMNPE (this paper)

(a) d= 2, kg = 0.8

2500 5000 7500 10000 12500 15000 17500 20000
Period t

0

1

2

3

4

5

Em
pi

ric
al

 re
gr

et
 /t

11
/1

2

1e 2
ASMNPE (this paper)

(b) d= 10, kg = 1

Figure 9 Scaled empirical regret of ASMNPE under SMNPE

We also study the impacts of d and kg on the performance of ASMNPE in Figures 10(a) and 10(b)

respectively. In Figure 10(a), we fix kg = 1 and let d= 2,4,10. As shown in the figure, the lower

dimension d is, the faster the algorithm ASMNPE converges. Figure 10(b) shows the impact of kg

on the performance of ASMNPE. Similar to Figure 4(b), when kg is relatively small, increasing the

value of kg a little bit can lead to a significant improvement of the performance of ASMNPE.
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Figure 10 Empirical relative regret of ASMNPE under SMNPE

6.4. Model Misspecification and Robustness

In this subsection, we shed some light on the robustness of our algorithm in a model-misspecified

setting. Specifically, we consider the following demand function for which the price and contextual

effects are not separable:

Dt(pt) =−(xt +0.5)pt + g(xt)+ εt. (22)

We assume pt ∈ [0.1,1], xt is a one-dimensional random variable uniformly distributed over [0,1],

g(xt) follows the definition of Eq. (20) and the noise εt is normally distributed with mean 0 and

standard deviation 0.1. We run our ASMLPE algorithm by letting b=−2 and b=−0.3, and plot its

empirical relative regret in Figure 11. We can see that even under this misspecified setting, ASMLPE

still exhibits a robust performance, with the empirical relative regret consistently below 4% when

t exceeds 10, 000. As t increases to 50,000, the empirical relative regret does not seem to exhibit

further reduction, which is unavoidable because of the model misspecification.
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Figure 11 The empirical relative regret of ASMLPE under Eq. (22)
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7. Concluding Remarks

In this work, we study context-based dynamic pricing with an unknown demand function. The

demand model is assumed to have a separable structure between the pricing effect and the contex-

tual effect. For each of the three models with different structural properties of the demand function,

we propose an efficient learning algorithm with a provable regret upper bound. We also show that

the upper bound is unimprovable by developing a matching regret lower bound in certain senses.

One interesting direction for future research is to validate and further utilize such separable struc-

tures in other applications from operations management with high-dimensional contexts. Potential

topics include context-based resource allocation, multi-product pricing, assortment optimization,

and joint inventory control and pricing problems.

We also emphasize that the algorithms we develop in this paper assume prior knowledge of

smoothness parameters kg and kf . In practice, such pre-knowledge cannot be available to the seller,

especially when launching new products. Although perfect estimations of kg and kf are hardly

possible, we can still infer their values or their ranges from similar products that have richer his-

torical sales data. Various practical approaches can be applied for determining suitable kg and kf .

Notably, among these approaches are criterion-based methods, such as Bayesian information crite-

rion (see, e.g., Neath and Cavanaugh 2012) and Akaike information criterion (see, e.g., Cavanaugh

and Neath 2019), both of which are widely embraced in the broader field of model selection. An

alternate strategy is to successively fit the models in an increasing order and test the significance of

regression coefficients at each step of model fitting. This iterative process continues until the t-test

for the highest-order term is no longer statistically significant, which is called a forward selection

procedure. On the other hand, we want to point out that Gur et al. (2022) highlights that devising

contextual bandit algorithms capable of adapting to unknown smoothness of the reward function

is a “nearly impossible” task. Conceptually, in our dynamic-pricing setting, pre-knowing kg and kf

is also almost inevitable for any algorithms. Furthermore, recent advancements within the broader

contextual bandit literature, notably within the context of similar smooth payoff functions studied

by Hu et al. (2022), also underscore the need for knowing continuity parameters. This implies the

inherent complexity of the problem when continuity parameters remain unknown.

Another crucial prior knowledge that we are assuming to be known is the separable structure

itself. In our collaboration with the Middle Eastern retailer, we found that the separable model

performed well on three years of historical data in a relatively heuristic way. Another possible

approach to identify the separable structure is to treat separability as a hyperparameter and use

empirical methods such as cross-validation to determine whether a separable model is preferable.

However, the main challenge lies in designing a statistically rigorous test for separability, partic-

ularly how many samples are required to confidently conclude whether a function is separable,
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particularly in the non-parametric and semi-parametric settings we consider. To the best of our

knowledge, the literature does not yet offer a straightforward solution. We leave this as another

important future work.
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Appendix A. Proofs for Statements in Section 2
A.1. Proof for Theorem 1

For each t ∈ [T ], let jt be the index of the bin that xt belongs and note that jt is also a random

variable. The total regret can be decomposed as follows:

T∑
t=1

rt =
T∑

t=1

−g(xt)

2b

(
b ·
(
− g(xt)

2b

)
+ g(xt)

)
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)2
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)2
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(
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regret from polynomial approximation of g(·)
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−
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regret from estimation error of b
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2b̂t
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︸ ︷︷ ︸
regret from regression

+
(
p0t − pt

)2︸ ︷︷ ︸
regret from random shock

, (EC.1)

where p0t := Proj(put , [p, p]), the first and the third inequalities follow from Cauchy-Schwarz inequal-

ity, and the second inequality is due to − g(xt)

2b
∈ [p, p].

The first term on the RHS of (EC.1) arises from approximating g(·) using a k-polynomial function

in each local bin, and can be further upper bounded as follows by Eq. (4):(−g(xt)+ θ∗jϕ(xt)

2b

)2

≤
maxx∈Mjt

(g(x)− θ∗jϕ(x))
2

4b
2 ≤ L2dkg+b(kg)

4b
2
M 2kg(b(kg)!)2

(EC.2)

The second term on the RHS of (EC.1) is due to the estimation error of price sensitivity b since(θ∗jϕ(xt)

2b
−

θ∗jϕ(xt)

2b̂t

)2

≤
maxx∈[0,1]d(g(x))

2

4b
4 (b̂t− b)2. (EC.3)

When t≥ 2,

E[(b− b̂t)
2] =

1

(
∑t

s=1 s
− 1

2 )2
E

[( t∑
s=1

∆s(bp
g
s + g(xs)+ εs)

)2
]
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=
1

(
∑t

s=1 s
− 1

2 )2
E

[
t∑

s=1

∆2
s(bp

g
s + g(xs)+ εs)

2

]

≤ 3

(
∑t

s=1 s
− 1

2 )2

t∑
s=1

E

[
t∑

s=1

s−
1
2
(
(bpgs)

2 +(g(xs))
2 + ε2s

)]

≤
3
(
b2p2 +maxx∈[0,1]d(g(x))

2 +σ2
)

√
t

, (EC.4)

where the first identity follows from Eq. (3), the second identity holds since δs = s−
1
2 by its def-

inition and when s ̸= k, ∆s is independent of ∆k(bp
g
s + g(xs) + εs)(bp

g
k + g(xk) + εk), and from

E[∆s] = 0, we have E[∆s∆k(bp
g
s +g(xs)+εs)(bp

g
k+g(xk)+εk)] = 0, the first inequality follows from

∆s ∈ {−s−
1
4 , s

1
4 } and Cauchy-Schwarz inequality, and the last inequality holds since when t ≥ 2,∑t

s=1 s
− 1

2 ≥
∫ t+1

1
s−

1
s ds= 2(

√
t+1− 1)≥

√
t. Therefore, we can have

T∑
t=1

E
[(θ∗jϕ(xt)

2b
−

θ∗jϕ(xt)

2b̂t

)2
]
=O(

√
T ). (EC.5)

The third term on the RHS of (EC.1) represents the estimation error of θ̂t,jt using the lasso

regression. For simplicity, we denote Vt,jt = λI +
∑

(xs,ps,ds)∈Dt,jt
ϕ(xi)ϕ(xi)

⊤. Note that

θ̂t,jt = V −1
t,jt

∑
(xs,ps,ds)∈Dt,jt

(psb+ g(xs)+ εs− psb̂t)ϕ(xs)

= V −1
t,jt

∑
(xs,ps,ds)∈Dt,jt

(psb+(θ∗j )
⊤ϕ(xs)+∆(s)+ εs− psb̂t)ϕ(xs)

= θ∗j −λV −1
t,jt

θ∗j I +V −1
t,jt

∑
(xs,ps,ds)∈Dt,jt

(∆(s)+ εs)ϕ(xs)+ (b− b̂t)V
−1
t,jt

∑
(xs,ps,ds)∈Dt,jt

psϕ(xs),

(EC.6)

where ∆(s) is the approximation error of the best polynomial function at xs. Note that by Assump-

tion 1, we can guarantee that |∆(s)| = O( L

Mkg
) := ∆. Then, based on Eq. (EC.6) and Cauchy-

Schwarz inequality, we have for any x

∣∣∣x⊤θ̂t,jt −x⊤θ∗j

∣∣∣≤ ∥x∥V −1
t,jt

λ
1
2 ∥θ∗∥2 +

∥∥∥∥∥∥
∑

(xs,ps,ds)∈Dt,jt

εsϕ(xs)

∥∥∥∥∥∥
V −1
t,jt


+

∣∣∣∣∣∣x⊤V −1
t,jt

∑
(xs,ps,ds)∈Dt,jt

∆(s)ϕ(xs)

∣∣∣∣∣∣+ |b− b̂t|

∣∣∣∣∣∣x⊤V −1
t,jt

∑
(xs,ps,ds)∈Dt,jt

psϕ(xs)

∣∣∣∣∣∣ ,
(EC.7)

where we adopt the notation ∥a∥V :=
√
a⊤V a for some positive definite matrix V . The second term

of Eq. (EC.7) can be further bounded as follows,∣∣∣∣∣∣x⊤V −1
t,jt

∑
(xs,ps,ds)∈Dt,jt

∆(s)ϕ(xs)

∣∣∣∣∣∣≤
√ ∑

(xs,ps,ds)∈Dt,jt

(x⊤V −1
t,jt

ϕ(xs))2
∑

(xs,ps,ds)∈Dt,jt

∆(s)2
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≤
√
|Dt,jt |∆

√ ∑
(xs,ps,ds)∈Dt,jt

(x⊤V −1
t,jt

ϕ(xs))2

=
√
|Dt,jt |∆

√√√√√x⊤V −1
t,jt

 ∑
(xs,ps,ds)∈Dt,jt

ϕ(xs)ϕ(xs)⊤

V −1
t,jt

x

≤
√
|Dt,jt |∆∥x∥V −1

t,jt

. (EC.8)

Similarly, the third term of Eq. (EC.7) can be controlled by

|b− b̂t|

∣∣∣∣∣∣x⊤V −1
t,jt

∑
(xs,ps,ds)∈Dt,jt

psϕ(xs)

∣∣∣∣∣∣≤ |b− b̂t|
√ ∑

(xs,ps,ds)∈Dt,jt

(x⊤V −1
t,jt

ϕ(xs))2
∑

(xs,ps,ds)∈Dt,jt

p2s

≤ |b− b̂t|
√
|Dt,jt |p∥x∥V −1

t,jt

. (EC.9)

By Theorem 1 in Abbasi-Yadkori et al. (2011), we have that for any ϵ > 0, with probability at

least 1− ϵ, ∀t≥ 0 such that xt ∈Mjt∥∥∥∥∥∥
∑

(xs,ps,ds)∈Dt,jt

εsϕ(xs)

∥∥∥∥∥∥
V −1
t,jt

≤ σ

√
2 log

(
det(Vt,jt)

1/2 det(λI)−1/2

ϵ

)
:= γt,jt . (EC.10)

Plugging Eqs. (EC.8), (EC.9), and (EC.10) into Eq. (EC.7), we can get∣∣∣x⊤θ̂t,jt −x⊤θ∗j

∣∣∣≤ ∥x∥V −1
t,jt

(
λ

1
2 ∥θ∗∥2 + γt,jt +

√
|Dt,jt |∆+

√
|Dt,jt ||b− b̂t|p

)
. (EC.11)

Therefore, we have the following upper bound on the third term of (EC.1) with high probability:(θ∗jϕ(xt)− θ̂t,jtϕ(xt)

2b̂t

)2

≤ 1

4b
2

(
θ∗jϕ(xt)− θ̂t,jtϕ(xt)

)2

≤ 1

b
2 ∥ϕ(xt)∥2V −1

t,jt

(
λ∥θ∗∥22 + γ2

t,jt
+ |Dt,jt |∆2 + |Dt,jt ||b− b̂t|2p2

)
.

Then, we have the following sum over t, with probability at least 1−Mdϵ,

T∑
t=1

(θ∗jϕ(xt)− θ̂t,jtϕ(xt)

2b̂t

)2

≤ 1

b
2

T∑
t=1

∥ϕ(xt)∥2V −1
t,jt

(
λ∥θ∗∥22 + γ2

t,jt
+ |Dt,jt |∆2 + |Dt,jt ||b− b̂t|2p2

)
=

1

b
2

Md∑
j=1

T∑
t=1

∥ϕ(xt)∥2V −1
t,j

(
λ∥θ∗∥22 + γ2

t,j + |Dt,j|∆2
)
1xt∈Mj

+
1

b
2

T∑
t=1

∥ϕ(xt)∥2V −1
t,jt

|Dt,jt ||b− b̂t|2p2. (EC.12)

The first term of Eq. (EC.12) can be bounded as follows,

1

b
2

Md∑
j=1

T∑
t=1

∥ϕ(xt)∥2V −1
t,j

(
λ∥θ∗∥22 + γ2

t,j + |Dt,j|∆2
)
1xt∈Mj
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≤ 1

b
2

Md∑
j=1

(
λ∥θ∗∥22 + γ2

T,j + |DT,j|∆2
) T∑

t=1

∥ϕ(xt)∥2V −1
t,j

1xt∈Mj

≤ 1

b
2

Md∑
j=1

2
(
λ∥θ∗∥22 + γ2

T,j + |DT,j|∆2
)
log

det(VT,j)

det(λI)

≤ 1

b
2

Md∑
j=1

2
(
λ∥θ∗∥22 + γ2

T,j + |DT,j|∆2
)
log

det(VT,j)

det(λI)

=O(Md log2 T +
Md∑
j=1

|DT,j|∆2 logT )

=O(Md log2 T +T∆2 logT ), (EC.13)

where the fourth inequality holds because det(VT,j)≤ (λ+ T )d
kg+1

for all j by determinant-trace

inequality (see, e.g., Abbasi-Yadkori et al. 2011) and γT,j ≤ σ
√

2dkg+1 log(λ+T )− 2 log ϵ, and the

last equality holds because of the fact that
∑Md

j=1 |DT,j|= T . Now we are going to bound the second

term of Eq. (EC.12). We have the following claim on the bound of (b− b̂t)
2. For a fixed t∈ [T ],

P
(
(b− b̂t)

2 ≥ ϵ
)
≤ 2exp(−ϵcb1t

1
2 ), (EC.14)

where cb1 = 1/(4(σ2+2b2p2+2g2)). The proof of Eq. (EC.14) is delayed to the last part of this proof.

Eq. (EC.14) indicates that P
(
(b− b̂t)

2 ≥ log 2
δ

cb1

√
t

)
≤ δ. Define an good event A := {∀t∈ [T ], (b− b̂t)

2 ≤
log 2

δ

cb1

√
t
}. By the union bound, we can claim that P(A)≥ 1−Tδ. Under event A, the second term of

Eq. (EC.12) can be written as

1

b
2

T∑
t=1

∥ϕ(xt)∥2V −1
t,jt

|Dt,jt ||b− b̂t|2p2 ≤
p2 log 2

δ

cb1b
2

T∑
t=1

∥ϕ(xt)∥2V −1
t,jt

||Dt,jt |
√
t

. (EC.15)

What remains to be tackled is the RHS of Eq. (EC.15). The first important observation is the

boundedness of
∑s

t=1 ∥ϕ(xt)∥2V −1
t,jt

||Dt,jt | for any s∈ [T ] and any realization of j1, · · · , jT as follows,

s∑
t=1

∥ϕ(xt)∥2V −1
t,jt

||Dt,jt |=
Md∑
j=1

s∑
t=1

∥ϕ(xt)∥2V −1
t,j
||Dt,j|1xt∈Mj

≤
Md∑
j=1

|Ds,j|
s∑

t=1

∥ϕ(xt)∥2V −1
t,j

1xt∈Mj

≤
Md∑
j=1

2|Ds,j| log
det(Vs,j)

det(λI)

≤ 2dkg+1 log(λ+ s)
Md∑
j=1

|Ds,j|

≤ 2dkg+1 log(λ+T )s.
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Therefore, we can bound the RHS of Eq. (EC.15) by the optimal value of the following optimization

problem,

max
v1,··· ,vT

T∑
t=1

vt√
t

(EC.16)

s.t.
s∑

t=1

vt ≤ 2dkg+1 log(λ+T )s ∀s∈ [T ]

vt ≥ 0 ∀t∈ [T ]

By the KKT conditions, the optimal solution to the optimization problem (EC.16) is v1 = · · · =
vT = 2dkg+1 log(λ+T ). Therefore, Eq. (EC.15) can be controlled by

1

b
2

T∑
t=1

∥ϕ(xt)∥2V −1
t,jt

|Dt,jt ||b− b̂t|2p2 ≤
2p2 log 2

δ

cb1
dkg+1 log(λ+T )

T∑
t=1

1√
t
≤ 4

p2 log 2
δ

cb1
dkg+1 log(λ+T )

√
T .

(EC.17)

Putting Eqs. (EC.12) (EC.13) and (EC.17) together, by choosing δ= ϵ= 1
T2 , we can transform the

high probability bound into the bound of the expectation as follows.

T∑
t=1

E

[(θ∗jϕ(xt)− θ̂t,jtϕ(xt)

2b̂t

)2
]
= Õ

(
Md +

L2T

M 2kg
+
√
T

)
(EC.18)

The last term on the RHS of (EC.1) comes from the regret of the random shock added to the

greedy policy for exploration, and can be bounded by O(t−1/2):

E[
(
p0t − pt

)2
]≤ 2E[(p0t − pgt )

2 +(pgt − pt)
2]≤ 4δ2t =

4√
t
. (EC.19)

Finally, putting Eqs. (EC.1), (EC.5), (EC.18) and (EC.19) together, we obtain the following

upper bound on the total expected regret:

T∑
t=1

E[rt] = Õ
(

L2T

M 2kg
+
√
T +Md

)
. (EC.20)

By setting M = ⌈(L2T )
1

d+2kg ⌉, we obtain the upper bound Õ(
√
T + (L2T )

d
d+2kg ) = Õ(

√
T ∨

(L2T )
d

d+2kg ) in Theorem 1.

What remains to be proved is Eq. (EC.14). By the definition of b̂t+1, we have

P
(
(b− b̂t+1)

2 ≥ ϵ
)
≤ P

(b− ∑t

s=1∆sds∑t

s=1(∆s)2

)2

≥ ϵ


= P

(∑t

s=1∆s(bp
g
s + g(xs)+ εs)∑t

s=1(∆s)2

)2

≥ ϵ


≤ P

(∑t

s=1∆s(bp
g
s + g(xs)+ εs)∑t

s=1(∆s)2
≥
√
ϵ

)
+P

(∑t

s=1∆s(bp
g
s + g(xs)+ εs)∑t

s=1(∆s)2
≤−
√
ϵ

)
(EC.21)
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Note that M b
t :=

∑t

s=1∆s(bp
g
s + g(xs)+ εs) is a martingale because

E[∆t(bp
g
t + g(xt)+ εt) |Ht] = (bpgt + g(xt))E[∆t |Ht] +E[∆tεt |Ht] = 0.

Then, by Markov inequality,

P

(∑t

s=1∆s(bp
g
s + g(xs)+ εs)∑t

s=1(∆s)2
≥
√
ϵ

)
≤ E[eη

∑t
s=1 ∆s(bp

g
s+g(xs)+εs)]

eη
√
ϵ
∑t

s=1 δ2s

≤
E[M b

t−1E[eη∆t(bp
g
t+g(xt)+εt) |Ht]]

eη
√
ϵ
∑t

s=1(∆s)2

=
E[M b

t−1E[eη∆t(bp
g
t+g(xt))E[eη∆tεt |Ht,∆t] |Ht]]

eη
√
ϵ
∑t

s=1 δ2s

≤
E[M b

t−1e
η2δ2t σ

2

2 E[eη∆t(bp
g
t+g(xt)) |Ht]]

eη
√
ϵ
∑t

s=1 δ2s

≤
E
[
M b

t−1e
η2δ2t σ

2

2 e
η2δ2t (bp

g
t +g(xt))

2

2

]
eη

√
ϵ
∑t

s=1 δ2s

≤
E
[
M b

t−1e
η2δ2t (σ

2+2b2p2+2g2)
2

]
eη

√
ϵ
∑t

s=1 δ2s

≤ e
∑t

s=1
η2δ2s (σ

2+2b2p2+2g2)
2

eη
√
ϵ
∑t

s=1 δ2s

≤ exp(−ϵcb1(t+1)1/2),

where cb1 :=
1

4(σ2+2b2p2+2g2)
, the third inequality holds because ∆t and εt are independent and εt

is sub-Gaussian, the fourth inequality is due to ∆t is sub-Gaussian with parameter δ2, the fifth

inequality adopts Cauthy-Schwarz inequality, and in the last inequality, we set η=
√
ϵ

σ2+2b2p2+2g
and

use the fact that
∑t

s=1 δ
2
s ≥ 1

2
(t+1)1−2α. Therefore, by symmetry, we can bound Eq. (EC.21) as

P
(
(b− b̂t)

2 ≥ ϵ
)
≤ 2exp(−ϵcb1t1/2).

We finish the proof. Q.E.D.

A.2. Proof for Theorem 2

We fix the price elasticity to be b, the distribution of contexts to be a uniform distribution on⋃Md

j=1{x ∈Mj :D(x,∂Mj)>
1

41/kgM
}, and the distribution of random noise to be normal distribu-

tion. For any policy π, we establish the following lower bound on its worst-case regret by restricting

to the functions gw(·) constructed in Eq. (7):

sup
g∈Gd(kg ,L)

Rπ
g (T )≥ sup

g∈{gw:w∈{0,1}Md}
Rπ

g (T )
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= |b| sup
g∈{gw:w∈{0,1}Md}

T∑
t=1

Eπ
g

[
(p∗(xt)− pt)

2
]

≥ |b|
2Md

∑
w∈{0,1}Md

T∑
t=1

Eπ
gw

[
(p∗(xt)− pt)

2
]

=
|b|
2Md

∑
w∈{0,1}Md

T∑
t=1

Md∑
j=1

Eπ
gw

[
(p∗(xt)− pt)

2I{xt∈Mj}
]

=
|b|

2MdMd

Md∑
j=1

∑
w−j∈{0,1}Md−1

∑
wj∈{0,1}

T∑
t=1

Eπ
g(w−j ,wj)

[
(p∗(xt)− pt)

2 | xt ∈Mj

]
,

(EC.22)

where in the second identity, we use (w−j,wj) to denote an index w whose j-th coordinate is wj and

the other coordinates are w−j, and the fact that Eπ
gw
[(p∗(xt)− pt)

2I{xt∈Mj}] = Eπ
gw
[(p∗(xt)− pt)

2 |

xt ∈Mj]Pu(xt ∈Mj) and Pu(xt ∈Mj) =
1

Md by our construction. Note that whenever x falls into

Mj, the optimal price p∗(x) associated with any function gw(·) is

p∗(x) =

{
p+p

2
wj = 0

p+p

2
+ L

16Mkg |b|
wj = 1.

(EC.23)

We have the following lower bound on Eπ
g(w−j ,wj)

[(p∗(xt)− pt)
2 | xt ∈Mj] in the RHS of (EC.22):

Eπ
g(w−j ,0)

[
(p∗(xt)− pt)

2

∣∣∣∣∣xt ∈Mj

]
≥
(

L

32Mkg |b|

)2

Pπ,t
g(w−j ,0)

({
pt ≥

p+ p

2
+

L

32Mkg |b|

}∣∣∣∣∣xt ∈Mj

)
,

(EC.24)

Eπ
g(w−j ,1)

[
(p∗(xt)− pt)

2

∣∣∣∣∣xt ∈Mj

]
≥
(

L

32Mkg |b|

)2

Pπ,t
g(w−j ,1)

({
pt ≤

p+ p

2
+

L

32Mkg |b|

}∣∣∣∣∣xt ∈Mj

)
,

(EC.25)

where Pπ,t
g(w−j ,wj)

denotes the probability measure for history under policy π and demand g(w−j ,wj).

Bretagnolle–Huber inequality (see Bretagnolle and Huber 1979) guarantees that

Pπ,t
g(w−j ,0)

(
pt ≥

p+ p

2
+

L

32Mkg |b|

∣∣∣∣xt ∈Mj

)
+Pπ,t

g(w−j ,1)

(
pt <

p+ p

2
+

L

32Mkg |b|

∣∣∣∣xt ∈Mj

)
≥ 1

2
exp

(
−KL

(
Pπ,t
g(w−j ,0)

,Pπ,t
g(w−j ,1)

))
. (EC.26)

We next focus on analyzing the KL-divergence between the two probability measures Pπ,t
g(w−j ,0)

(· |

xt ∈Mj) and Pπ,t
g(w−j ,1)

(· | xt ∈Mj). Noting the following identity

Pπ,t
g(w−j ,wj)

(X1, P1, d1, · · · ,Xt, Pt | xt ∈Mj)

= Pπ,t−1
g(w−j ,0)

(X1, P1, d1, · · · ,Xt−1, Pt−1, dt−1)×π(Xt, Pt | xt ∈Mj,X1, P1, d1, · · · ,Xt−1, Pt−1, dt−1),
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and denoting π(Xt, Pt | xt ∈Mj,X1, P1, d1, · · · ,Xt−1, Pt−1, dt−1) as π
j
t , we obtain

KL
(
Pπ,t
g(w−j ,0)

(· | xt ∈Mj),Pπ
g(w−j ,1)

(· | xt ∈Mj)
)
=KL(Pπ,t−1

g(w−j ,0)
×πj

t ,Pπ,t−1
g(w−j ,1)

×πj
t )

=KL(Pπ,t−1
g(w−j ,0)

,Pπ,t−1
g(w−j ,1)

)+Eπ,t−1
g(w−j ,0)

[KL(πj
t , π

j
t )]

=KL(Pπ,t−1
g(w−j ,0)

,Pπ,t−1
g(w−j ,1)

), (EC.27)

where the second identity follows from the chain rule of the KL divergence. Moreover, Pπ,t
g(w−j ,wj)

can be further decomposed as follows:

Pπ,t−1
g(w−j ,wj)

(X1, P1, d1, · · · ,Xt−1, Pt−1, dt−1)

= Pπ,t−2
g(w−j ,wj)

(X1, P1, d1, · · · ,Xt−2, Pt−2, dt−2)×Pu(Xt−1)

×π(Pt−1 |X1, P1, d1, · · · ,Xt−2, Pt−2, dt−2,Xt−1)×µg(w−j ,wj)
(dt−1|Pt−1,Xt−1). (EC.28)

Denoting π(Pt−1 |X1, P1, d1, · · · ,Xt−2, Pt−2, dt−2,Xt−1) by πFt−2,xt−1
, we get

KL(Pπ,t−1
g(w−j ,0)

,Pπ,t−1
g(w−j ,1)

)

=KL(Pπ,t−2
g(w−j ,0)

,Pπ,t−2
g(w−j ,1)

)+Eπ,t−2
gw−j ,0

[KL(Pu×πFt−2,xt−1
×µg(w−j ,0)

,Pu×πFt−2,xt−1
×µg(w−j ,1)

)]

=KL(Pπ,t−2
g(w−j ,0)

,Pπ,t−2
g(w−j ,1)

)+Eπ,t−2
g(w−j ,0)

[KL(Pu×πFt−2,xt−1
,Pu×πFt−2,xt−1

)]

+Eπ,t−2
g(w−j ,0)

[EPu×πFt−2,xt−1
[KL(µg(w−j ,0)

, µg(w−j ,1)
)]

=KL(Pπ,t−2
g(w−j ,0)

,Pπ,t−2
g(w−j ,1)

)+Eπ,t−2
g(w−j ,0)

[EPu×πFt−2,xt−1
[KL(µg(w−j ,0)

, µg(w−j ,1)
)], (EC.29)

where the first and second identities follow from the chain rule of KL divergence. Since we have

assumed that ε follows a normal distribution with variance σ2, the following equations hold:

KL(µg(w−j ,0)
(· | pt−1, xt−1), µg(w−j ,1)

(· | pt−1, xt−1)) =
1

2σ2

(
bpt−1 + g(w−j ,0)(xt−1)− bpt−1− g(w−j ,1)(xt−1)

)2
=

1

2σ2

(
g(w−j ,0)(xt−1)− g(w−j ,1)(xt−1)

)2
≤ 1

2σ2

(
L

8Mkg

)2

I{xt−1∈Mj},

where the last inequality holds because g(w−j ,0) and g(w−j ,1) only differ in Mj. Plugging the above

equation into Eq. (EC.29), we obtain

KL(Pπ,t
g(w−j ,0)

,Pπ,t
g(w−j ,1)

) =KL(Pπ,t−1
g(w−j ,0)

,Pπ,t−1
g(w−j ,1)

)+
1

2σ2Md

(
L

8Mkg

)2

=
L2

128σ2Md+2kg
t. (EC.30)

where the first identity is holds since EPu×πFt−2,xt−1
[I{xt−1∈Mj}] =

1
Md , and the second identity

follows by repeatedly applying the first identity.
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Combining Eqs. (EC.22), (EC.24), (EC.26), (EC.27) and (EC.30), we have

sup
g∈Gd(kg ,L)

Rπ
g (T )≥

|b|
2MdMd

Md∑
j=1

∑
w−j∈{0,1}Md−1

T∑
t=1

1

2

(
1

16Mkg |b|

)2

exp

(
− L2

128σ2Md+2kg
t

)

≥ |b|
4
T

(
L

32Mkg |b|

)2

exp

(
− L2

128σ2Md+2kg
T

)
.

Since M = ⌈(L2T )
1

d+2kg ⌉, we obtain the lower bound Ω((L2T )
d

d+2kg ) from the above inequality.

Q.E.D.

A.3. Proof for Lemma 1

We prove that for any x, y ∈ [0,1]d, |gw(x)− gw(y)| ≤ L||x− y||kg by considering two cases: x and

y fall into the same bin in case 1, and x and y fall into different bins in case 2.

Case 1: x, y ∈Mj for some j ∈ [Md]. When x and y fall into the same bin Mj, we divide the

proof into four subcases.

Subcase 1.1: wj = 0, or wj = 1, D(x,∂Mj)>
1

41/kgM
and D(y, ∂Mj)>

1

41/kgM
. In this subcase, we

have gw(x) = gw(y), and the result is trivial.

Subcase 1.2: wj = 1, D(x,∂Mj)≤ 1

41/kgM
and D(y, ∂Mj)≤ 1

41/kgM
. Without loss of generality,

we assume that gw(x)≤ gw(y). Then we have the following equation:

L

2
||x− y||kg + gw(x) =

L

2
||x− y||kg + L

2
(D(x,∂Mj))

kg + |b|(p+ p)

=
L

2
||x− y||kg + L

2
min

z∈∂Mj

||z−x||kg + |b|(p+ p)

=
L

2
min

z∈∂Mj

(||x− y||kg + ||z−x||kg)+ |b|(p+ p). (EC.31)

If the following inequality holds: for 0<kg ≤ 1,

||a+ b||kg ≤ ||a||kg + ||b||kg , ∀a, b∈Rd, (EC.32)

then we have from (EC.31) that

L

2
||x− y||kg + gw(x)≥

L

2
min

z∈∂Mj

||z− y||kg + |b|(p+ p) =
L

2
(D(y, ∂Mj))

kg + |b|(p+ p) = gw(y),

(EC.33)

which then implies |gw(x)− gw(y)| ≤ L
2
||x− y||kg .

We now show (EC.32). Note that (EC.32) is simply the triangle inequality when kg = 1. When

0<kg < 1, let kg
′ ∈R+ be such that 1

kg
+ 1

kg ′
= 1. By applying Hölder’s inequality, we have for any

a, b∈R+,

(a+ b)kg ≤
(
(akg + bkg)

1
kg (1kg

′
+1kg

′
)

1
kg ′
)kg

= 2kg−1(akg + bkg)<akg + bkg , (EC.34)
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Applying (EC.34) and the triangle inequality, we have for any a, b∈Rd,

||a+ b||kg ≤ (||a||+ ||b||)kg < ||a||kg + ||b||kg ,

which finishes the proof of (EC.32).

Subcase 1.3: wj = 1, D(x,∂Mj)≤ 1

41/kgM
and D(y, ∂Mj)>

1

41/kgM
. Let M̂j := {z ∈ Mj :

D(z, ∂Mj) >
1

41/kgM
}. Since Proj(x,M̂j) ∈ ∂M̂j, then we have gw(y) = gw(Proj(x,M̂j)) = |b|(p+

p)+ L

8Mkg
and

|gw(x)− gw(y)|= |gw(x)− gw(Proj(x,M̂j))|. (EC.35)

Since ∂M̂j = {z ∈ Mj : D(z, ∂Mj) = 1

41/kgM
} and Proj(x,M̂j) ∈ ∂M̂j, it then follows that

D(Proj(x,M̂j), ∂Mj) =
1

41/kgM
. Since D(x,∂Mj) ≤ 1

41/kgM
from the assumption, by applying the

result in subcase 1.2, we obtain

|gw(x)− gw(Proj(x,M̂j))| ≤
L

2
||x−Proj(x,M̂j)||kg =

L

2
min
z∈M̂j

||x− z||kg ≤ L

2
||x− y||kg , (EC.36)

where the last inequality holds due to y ∈ M̂j. Combining (EC.35) with (EC.36), we obtain |gw(x)−

gw(y)| ≤ L
2
||x− y||kg .

Subcase 1.4: wj = 1, D(x,∂Mj)>
1

41/kgM
and D(y, ∂Mj)≤ 1

41/kgM
. The proof of this subcase is

similar to subcase 1.3, and is omitted for brevity.

Case 2: x∈Mi and y ∈Mj for i ̸= j. When x and y fall into different bins, we divide the proof

into five subcases.

Subcase 2.1: wi =wj = 0, or if wi =wj = 1, D(x,∂Mi)>
1

41/kgM
and D(y, ∂Mj)>

1

41/kgM
. In

this subcase, we have gw(x) = gw(y) and the result is trivial.

Subcase 2.2: wi = 0 and wj = 1. In this subcase, we have

|gw(x)− gw(y)| ≤
L

2
(D(y, ∂Mj))

kg (EC.37)

≤ L

2
||Proj(x,∂Mj)− y||kg (EC.38)

≤ L

2
||Proj(x,∂Mj)−x||kg + L

2
||x− y||kg (EC.39)

=
L

2
||Proj(x,Mj)−x||kg + L

2
||x− y||kg (EC.40)

≤L||x− y||kg . (EC.41)

In the above equations, Eq. (EC.37) holds since under the assumption wi = 0 and wj = 1, if

D(y, ∂Mj) ≤ 1

41/kgM
, |gw(x) − gw(y)| = L

2
(D(y, ∂Mj))

kg , and if D(y, ∂Mj) >
1

41/kgM
, |gw(x) −

gw(y)| = L

8Mkg
≤ L

2
(D(y, ∂Mj))

kg . Eq. (EC.38) follows from the definition of D(y, ∂Mj) and

Proj(x,∂Mj) ∈ ∂Mj. Eq. (EC.39) follows from (EC.32). Eq. (EC.40) holds since if Proj(x,Mj)
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is an interior point of Mj, since Mj is a cubic, one can always construct a ball inside Mj with

the center Proj(x,Mj), and the intersected point between the ball and the line connecting x and

Proj(x,Mj) has a strictly shorter distance to x than Proj(x,Mj), leading to contradiction with

the fact that Proj(x,Mj) is the closest point in the bin Mj to x. Thus, Proj(x,Mj) must be at

the boundary ∂Mj and Proj(x,Mj) = Proj(x,∂Mj). Eq. (EC.41) follows from y ∈Mj and the

definition of D(x,∂Mj).

Subcase 2.3: wi = 1 and wj = 0. The proof of this subcase is similar to subcase 2.2 and is omitted.

Subcase 2.4: wi =wj = 1, D(x,∂Mi)≤ 1

41/kgM
and D(y, ∂Mj)≤ 1

41/kgM
. Without loss of general-

ity, we assume gw(y)≥ gw(x). Then we have

L

2
||x− y||kg + gw(x) =

L

2
min

z∈∂Mi

(||x− y||kg + ||z−x||kg)+ |b|(p+ p)≥ L

2
min

z∈∂Mi

||z− y||kg + |b|(p+ p),

(EC.42)

where the inequality follows from (EC.32).

On the other hand, when K is sufficiently large, we have

gw(y) =
L

2
min

z∈∂Mj

||z− y||kg + |b|(p+ p)

=
L

2
min

z∈∂([−K,K]d\int(Mj))
||z− y||kg + |b|(p+ p) (EC.43)

=
L

2
min

z∈[−K,K]d\int(Mj)
||z− y||kg + |b|(p+ p) (EC.44)

≤ L

2
min

z∈∂Mi

||z− y||kg + |b|(p+ p). (EC.45)

In the above equations, Eq. (EC.43) holds since ∂([−K,K]d \ int(Mj)) = ∂([−K,K]d) ∪
∂Mj, and when K is sufficiently large, D(y, ∂Mj) < D(y, ∂([−K,K]d)) and Proj(y, ∂(Mj)) =

Proj(y, ∂([−K,K]d) ∪ ∂Mj). Eq. (EC.44) holds due to the same reason as (EC.40). Eq. (EC.45)

holds since ∂(Mi)⊂ [−K,K]d and ∂(Mi)∩ int(Mj) = ∅ imply that ∂(Mi)⊂ [−K,K]d \ int(Mj).

Combining Eqs. (EC.42) and (EC.45), we obtain |gw(x)− gw(x)| ≤ L
2
||x− y||kg .

Subcase 2.5: wi =wj = 1, D(x,∂Mj)≤ 1

41/kgM
and D(y, ∂Mj)>

1

41/kgM
. In this subcase, we have

|gw(x)− gw(y)|=
∣∣∣∣L2 (D(x,∂Mj))

kg − L

8Mkg

∣∣∣∣= L

8Mkg
− L

2
(D(x,∂Mj))

kg

<
L

2
(D(y, ∂Mj))

kg − L

2
(D(x,∂Mj))

kg .

The remaining analysis is similar to subcase 2.4, and is omitted for brevity. Q.E.D.

Appendix B. Proofs for Statements in Section 3
B.1. Proof for Theorem 3

As preparations, we establish the following lemma showing that the true demand function f(p)+

a⊤x can be well-approximated by the linear function θ̂⊤t,jφ(p)+ â⊤
t,jx within price segment Ij after
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running Algorithm 3. This result is quite standard and can be obtained easily by modifying the

analysis in Abbasi-Yadkori et al. (2011), and thus we omit the proof.

Lemma EC.1. For each j ∈ [N ], with probability at least 1− ϵ, the following event holds: for any

t∈ [T ], p∈ I and x∈ [0,1]d,∣∣∣f(p)+ a⊤x−
(
θ̂⊤t,jφ(p)+ â⊤

t,jx
)∣∣∣≤ γt,j

√
ϕ(p,x)⊤V −1

t,j ϕ(p,x)+∆. (EC.46)

Let p∗t := argmaxp∈[p,p] p(f(p) + a⊤xt) be the optimal price for period t and i∗t ∈ [N ] denote the

index for the price segment p∗t belongs to. Conditioning on the events guaranteed by Lemma EC.1

for each price segment i∈ [N ], we have

rt = p∗t
(
f(p∗t )+ a⊤xt

)
− pt

(
f(pt)+ a⊤xt

)
≤max

p∈Ii∗t

p
(
⟨θ̂t,i∗t ,φ(p)⟩+ ⟨ât,i∗t

, xt⟩+ γt,i∗t

√
ϕ(p,xt)⊤V

−1
t,i∗t

ϕ(p,xt)+∆
)
− pt

(
f(pt)+ a⊤xt

)
≤max

i∈[N ]
max
p∈Ii

p

(
⟨θ̂t,i,φ(p)⟩+ ⟨ât,i, xt⟩+ γt,i

√
ϕ(p,xt)⊤V

−1
t,i ϕ(p,xt)+∆

)
− pt

(
f(pt)+ a⊤xt

)
= pt

(
⟨θ̂t,it ,φ(pt)⟩+ ⟨ât,it , xt⟩+ γt,it

√
ϕ(pt, xt)⊤V

−1
t,it

ϕ(pt, xt)+∆

)
− pt

(
f(pt)+ a⊤xt

)
≤ pt

∣∣∣⟨θ̂t,it ,φ(pt)⟩+ ⟨ât,it , xt⟩−
(
f(pt)+ a⊤xt

)∣∣∣+ pt

(
γt,it

√
ϕ(pt, xt)⊤V

−1
t,it

ϕ(pt, xt)+∆

)
≤ 2p

(
γt,it

√
ϕ(pt, xt)⊤V

−1
t,it

ϕ(pt, xt)+∆

)
, (EC.47)

where the first inequality follows from Eq. (EC.46) in Lemma EC.1 and p∗t ∈ I∗t by definition, the

second equality is based on the design of our Algorithm 2 (line 13), and the last inequality again

follows from Eq. (EC.46) in Lemma EC.1. We now need to bound
√
ϕ(pt, xt)⊤V

−1
t,it

ϕ(pt, xt).

Let nT,j :=
∑T

t=1 Ipt∈Ij be the number of times for which prices p1, p2, . . . , pT selected by our

algorithm fall into Ij, and A denote the event that Eq. (EC.47) in Lemma EC.1 holds for any

t∈ [T ] and i∈ [N ]. When A holds, from Eq. (EC.47), the total regret can be bounded as follows:

T∑
t=1

rt ≤ 2p
T∑

t=1

γt,it ∥ϕ(pt, xt)∥V −1
t,it

+2p∆T

≤ 2p
N∑
j=1

γT,j

T∑
t=1

∥ϕ(pt, xt)∥V −1
t,j

Ipt∈Ij +2p∆T

≤ 2p
N∑
j=1

γT,j
√
nT,j

√√√√ T∑
t=1

∥ϕ(pt, xt)∥2V −1
t,j

Ipt∈Ij +2p∆T

≤ 2p
N∑
j=1

γT,j
√
nT,j

√
2(b(k)+ d+1) log

(
1+

nT,j

b(k)+ d+1

)
+2p∆T, (EC.48)
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where the second inequality holds since {γt,j : 1≤ t≤ T} is an increasing sequence for each j ∈ [N ],

the third inequality follows from Cauchy-Schwarz inequality, and the last inequality holds due to∑T

t=1 ∥ϕ(pt, xt)∥2V −1
t,j

Ipt∈Ij ≤ 2 logdet(VT,j)/ log(λI) from the elliptical potential lemma (see, e.g.,

Lemma 11 in Abbasi-Yadkori et al. (2011)) and logdet(VT,j)≤ (b(k)+ d+1) log(λ(1+
nT,j

b(k)+d+1
)).

Since ϵ= T−2, we then have

γT,j = σ

√
(b(k)+ d+1) log

(
b(k)+ d+1+nT,j

b(k)+ d+1

)
− 2 log ϵ+λ

1
2 (C2

0 (b(k)+ 1)+ a2)
1
2 +∆

√
nT,j

≤ σ
√

2(b(k)+ d+1) log(T +1)+λ
1
2 (C2

0 (b(k)+ 1)+ a2)
1
2 +∆

√
nT,j,

and the first term in the RHS of (EC.48) is bounded by

N∑
j=1

γT,j
√
nT,j

√
2(b(k)+ d+1) log

(
1+

nT,j

b(k)+ d+1

)

≤ 2
√

(b(k)+ d+1) log(T +1)

(
max

{
σ
√
(b(k)+ d+1) log(T +1), λ

1
2 (C2

0k+ a2)
1
2

}
·

N∑
j=1

√
nT,j +∆T

)
≤ 2
√
(b(k)+ d+1) log(T +1)

·

max
{
σ
√
(b(k)+ d+1) log(T +1), λ

1
2 (C2

0 (b(k)+ 1)+ a2)
1
2

}
·

√√√√ N∑
j=1

nT,j ·

√√√√ N∑
j=1

12 +∆T


= 2
√

(b(k)+ d+1) log(T +1)
(
max

{
σ
√

(b(k)+ d+1) log(T +1), λ
1
2 (C2

0 (b(k)+ 1)+ a2)
1
2

}
·
√
TN +∆T

)
.

This, together with ∆=Θ( δ
Nk ) and (EC.48), implies

T∑
t=1

rt =O
(√

(b(k)+ d+1) logT
)
· O
(√

(b(k)+ d+1)NT logT +
δT

Nk

)
.

To balance the two terms
√
(b(k)+ d+1)NT logT and δT

Nk , we let N = ⌈(Tδ2)
1

2k+1 ⌉+ 1. When

δ =O(T− 1
2 ), N =Θ(1) and thus we obtain

√
(b(k)+ d+1)NT =Θ(

√
(b(k)+ d+1)T ) and δT

Nk =

O(
√
T ). In this case, we get

∑T

t=1 rt = O((b(k) + d + 1)
√
T logT ). When δ = Ω(T− 1

2 ), N =

Θ((Tδ2)
1

2k+1 ) and we obtain
∑T

t=1 rt = O((b(k) + d + 1)δ
1

2k+1T
k+1
2k+1 logT ). Combining these two

cases, we have
∑T

t=1 rt =O((b(k)+ d+1)((δT k+1)
1

2k+1 ∨
√
T ) logT ).

Therefore, the total expected regret is upper bounded by

T∑
t=1

E[rt] =
T∑

t=1

E[rt|A] ·P(A)+
T∑

t=1

E[rt|Ac] ·P(Ac)

= Õ
(
(b(k)+ d+1)

(
(δT k+1)

1
2k+1 ∨

√
T
))

+O
(
N

T

)
, (EC.49)

where the second identity holds since from the union bound, P(Ac) ≤ N
ϵ
= N

T2 . Since O(N
T
) =

O(T− 2k
2k+1 δ

2
2k+1 ) and δ=O(1), the first term in the RHS of (EC.49) dominates. Q.E.D.
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B.2. Proof for Theorem 4

As discussed in Sec. 3.2, it suffices to prove the lower bound Ω((δT kf+1)
1

2kf+1 ). Note that we

also only need to consider the case δ ≥ T− 1
2 , since otherwise, (δT kf+1)

1
2kf+1 <

√
T , and the

desired lower bound in (11) becomes Ω(
√
T ), which is again obtained. Recall from Lemma 2 that

δ̂ = δ/((
∑b(kf )

i=0

b(kf )!

i!
) ∨ (b(kf ) + 1)2b(kf )−1), J = ⌈4(b(kf ) + 1)2b(kf )δ̂

2
2kf+1T

1
2kf+1 ⌉ and η = ((2σ) ∧

1

2
3kf+1 )

1

((b(kf )+1)2
b(kf )

)
kf
δ̂

1
2kf+1T

−
kf

2kf+1 .

For each j = 0,1,2 . . . , J and p ∈ [p, p], we define rj(p) = p× fj(p). Note that for each j ∈ [J ],

the induced optimal price of rj(p) belongs to Ij and rj(p) differs from r0(p) only in Ij, with the

maximum difference characterized by parameter η. For any policy π, consider the random variable

Tj denoting the number of times the prices selected by π fall into segment Ij. We first claim the

following inequality for any 1≤ j ≤ J :∣∣Eπ
0 [Tj]−Eπ

j [Tj]
∣∣≤ 1

4σ

√
Eπ

0 [Tj]Tη, (EC.50)

where Eπ
0 [·] and Eπ

j [·] denote the expectation associated with the probability measure induced by

policy π under demand model r0 and rj respectively. The proof of (EC.50) is deferred to the last

part. Consider the index j∗ ∈ [J ] that minimizes Eπ
0 [Tj] over j ∈ [J ]. By Pigeonhole principle, we

have Eπ
0 [Tj∗ ]≤ T/J . From (EC.50), we further have

Eπ
j∗ [Tj∗ ]≤

1

4σ

√
Eπ

0 [Tj∗ ]Tη+Eπ
0 [Tj∗ ]≤

1

4σ

√
T

J
Tη+

T

J
≤ T

2
, (EC.51)

where the first inequality follows from (EC.50), the second inequality follows from the choice of

j, and the last inequality holds since η2 ≤ (2σδ̂
1

2kf+1T
−

kf
2kf+1 )2 = 4σ2δ̂

2
2kf+1T

−
2kf

2kf+1 ≤ σ2 J
T

implies

1
4σ

√
T
J
Tη ≤ 1

4
T and δ̂ ≥ T− 1

2 implies T
J
= 1

4
δ̂
− 2

2kf+1T
2kf

2kf+1 ≤ 1
4
T . Note that when the true demand

function is fj∗(·), in any period when policy π charges a price out of Ij, a revenue loss η will be

incurred by the definition of rj(·). Hence, we have

sup
f∈{f1,f2,...,fJ}

Rπ
fj
(T,kf , δ)≥Rπ

fj∗
(T,kf , δ)≥ (T −Eπ

j∗ [Tj∗ ])η≥
1

2
Tη=Ω

((
δT kf+1

) 1
2kf+1

)
.

Finally, we complete the proof of Theorem 4 by proving (EC.50). For the sake of rigor, we

define a probability space as follows. Let Ω= ([1,2]×R)T ×{0,1,2, . . . , T} and B(Ω) be the Borel

algebra on Ω. For any t ∈ [T ], let Pt and Dt be measurable functions on (Ω,B(Ω)) that map

each ω = (p1, d1, p2, d2, . . . , pT , dT ) ∈ Ω to pt and dt respectively. For any j ∈ {0} ∪ [J ], let Tj be a

measurable function on (Ω,B(Ω)) that maps ω = (p1, d1, p2, d2, . . . , pT , dT ) ∈ Ω to the cardinality

of the set {1 ≤ t ≤ T : pt ∈ Ij}. We also define two functions µπ
i : ([1,2] × R)T → R+ and νπ

i :

([1,2]×R)T ×{0,1,2, . . . , T}→R+ as follows:

νπ
j (p1, d1, p2, d2, . . . , pT , dT ) =

T∏
t=1

(
µπ(pt|p1, d1, . . . , pt−1, dt−1) ·

1√
2πσ

e
−

(dt−fj(pt))
2

2σ2

)
,

µπ
j (p1, d1, p2, d2, . . . , pT , dT , tj) = νπ

j (p1, d1, p2, d2, . . . , pT , dT ) ·1{tj=|1≤t≤T :pt∈Ij |},
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where µπ(pt|p1, d1, . . . , pt−1, dt−1) is the p.d.f. for pt given (p1, d1, . . . , pt−1, dt−1). Let Pπ
j (·) be

the following probability measure on (Ω,B(Ω)): for any B ∈ B(Ω), Pπ
j (B) =

∫
B
µπ
j (w)dw. Thus,

(Ω,B(Ω),Pπ
j ) constitute a probability space, and from the chain rule, νπ

j (·) and µπ
j (·) are the

p.d.f. for (P1,D1, P2,D2, . . . , PT ,DT ) and (P1,D1, P2,D2, . . . , PT ,DT , Tj) respectively. With a slight

abuse of notation, we denote the distributions of Tj and (P1,D1, P2,D2, . . . , PT ,DT ) by Pπ
i (Tj)

and Pπ
i (P1,D1, P2,D2, . . . , PT ,DT ) respectively, and the conditional probability distribution of Tj

given (P1,D1, P2,D2, . . . , PT ,DT ) by Pπ
i (Tj|P1,D1, P2,D2, . . . , PT ,DT ). For any given 0≤ i≤ J and

0≤ j ≤ J , Eπ
i [Tj] is then the expectation of Tj under Pπ

i . Then we note that

∣∣Eπ
0 [Tj]−Eπ

j [Tj]
∣∣≤ T∑

t=0

t×
∣∣Pπ

0 (t)−Pπ
j (t)

∣∣≤ T ×
T∑

t=0

∣∣Pπ
0 (t)−Pπ

j (t)
∣∣

=
1

2
T ||Pπ

0 (Tj)−Pπ
j (Tj)||TV ≤

1

2
T

√
1

2
KL(Pπ

0 (Tj)||Pπ
j (Tj)), (EC.52)

where the first identity follows from the property of the total variation distance for discrete random

variables, see, e.g., Proposition 4.2 in Levin and Peres (2017), and the last inequality follows from

Pinsker’s inequality.

To further bound KL(Pπ
0 (Tj)||Pπ

j (Tj)), we note that

KL
(
Pπ
0 (Tj) ||Pπ

j (Tj)
)
=KL

(
Pπ
0 (P1,D1, P2,D2, . . . , PT ,DT , Tj) ||Pπ

j (P1,D1, P2,D2, . . . , PT ,DT , Tj)
)

−KL
(
Pπ
0 (P1,D1, P2,D2, . . . , PT ,DT |Tj) ||Pπ

j (P1,D1, P2,D2, . . . , pT ,DT |Tj)
)

≤KL
(
Pπ
0 (P1,D1, P2,D2, . . . , PT ,DT , Tj) ||Pπ

j (P1,D1, P2,D2, . . . , PT ,DT , Tj)
)

=Eπ
0

[
Eπ

0

[
log

µπ
0 (P1,D1, P2,D2, . . . , PT ,DT , Tj)

µπ
j (P1,D1, P2,D2, . . . , PT ,DT , Tj)

∣∣∣(P1,D1, . . . , PT ,DT )

]]
=Eπ

0

[
log

νπ
0 (P1,D1, P2,D2, . . . , PT ,DT )

νπ
j (P1,D1, P2,D2, . . . , PT ,DT )

]
=

1

2σ2

T∑
t=1

Eπ
0

[
(Dt− fj(Pt))

2− (Dt− f0(Pt))
2
]

=
1

2σ2

T∑
t=1

Eπ
0

[
(f0(Pt)− fj(Pt))

2
]

=
1

2σ2

T∑
t=1

Eπ
0

[
1{Pt∈Ij}(f0(Pt)− fj(Pt))

2
]

≤ 1

2σ2
Eπ

0 [Tj] ·max
p∈Ij

(f0(p)− fj(p))
2

=
1

2σ2
Eπ

0 [Tj]η
2, (EC.53)

where the first identity follows from the chain rule for KL divergence, the first inequality follows

from the fact that the KL divergence between any two probability distributions is non-negative, the
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second identity holds due to the definition of KL divergence and the law of total expectation, the

third identity holds since given (P1,D1, P2,D2, . . . , PT ,DT ), Tj takes the value |{1≤ t≤ T : Pt ∈ Ij}|

with probability one, and when Ti = |{1 ≤ t ≤ T : Pt ∈ Ij}|, µπ
i (P1,D2, P2,D2, . . . , PT ,DT , Tj) =

νπ
i (P1,D2, P2,D2, . . . , PT ,DT ), the fifth identity holds since Dt = f0(Pt) + εt, Eπ

0 [εt] = 0 and Pt is

independent of εt, and the sixth identity holds since f0 and fj are only different in Ij. Then (EC.50)

is obtained by combining (EC.52) with (EC.53). Q.E.D.

B.3. Proof for Lemma 2

Recall that δ̂ = δ/((
∑b(kf )

i=0

b(kf )!

i!
) ∨ (b(kf ) + 1)2b(kf )−1), J = ⌈4(b(kf ) + 1)2b(kf )δ̂

2
2kf+1T

1
2kf+1 ⌉ and

η = ((2σ)∧ 1

2
3kf+1 )

1

((b(kf )+1)2
b(kf )

)
kf
δ̂

1
2kf+1T

−
kf

2kf+1 . The result for j = 0 is trivial. When 1≤ j ≤ J ,

from the properties (1) and (2) of S(x), gkf (x) is infinitely differentiable. Now we check the property

of f
(b(kf ))

j (p).

∣∣∣fb(kf )

j (p1)− f
b(kf )

j (p2)
∣∣∣= ∣∣∣∣∣

(
rj(p1)

p1

)(b(kf ))

−
(
rj(p2)

p2

)(b(kf ))
∣∣∣∣∣

=

∣∣∣∣∣∣
b(kf )∑
i=0

(
b(kf )

i

)(
1

p1

)(b(kf )−i)

r
(i)
j (p1)−

b(kf )∑
i=0

(
b(kf )

i

)(
1

p2

)(b(kf )−i)

r
(i)
j (p2)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
b(kf )∑
i=0

(
b(kf )

i

)
(−1)(b(kf )−i)(b(kf )− i)!

(
r
(i)
j (p1)

p
b(kf )−i+1

1

−
r
(i)
j (p2)

p
b(kf )−i+1

2

)∣∣∣∣∣∣
≤

b(kf )∑
i=0

b(kf )!

i!

 max
0≤i≤b(kf )

∣∣∣∣∣ r
(i)
j (p1)

p
b(kf )−i+1

1

−
r
(i)
j (p2)

p
b(kf )−i+1

2

∣∣∣∣∣ , (EC.54)

where the second identity follows the general Leibniz rule. Now we turn to the RHS of Eq. (EC.54).

In the following, we discuss in three cases: (1) p1, p2 ∈ Ij, (2) p1 ∈ Ij and p2 /∈ Ij, and (3) p1, p2 /∈ Ij.

Case 1: p1 ∈ Ij and p2 ∈ Ij.

If 0≤ i≤ b(kf )− 1, we have∣∣∣∣∣ r
(i)
j (p1)

p
b(kf )−i+1

1

−
r
(i)
j (p2)

p
b(kf )−i+1

2

∣∣∣∣∣≤
∣∣∣∣∣ r

(i)
j (p1)

p
b(kf )−i+1

1

−
r
(i)
j (p2)

p
b(kf )−i+1

1

∣∣∣∣∣+
∣∣∣∣∣ r

(i)
j (p2)

p
b(kf )−i+1

1

−
r
(i)
j (p2)

p
b(kf )−i+1

2

∣∣∣∣∣
≤
∣∣∣r(i)j (p1)− r

(i)
j (p2)

∣∣∣+ max
p∈[1,2]

∣∣∣r(i)j (p)
∣∣∣ ∣∣∣∣∣p

b(kf )−i+1

1 − p
b(kf )−i+1

2

p
b(kf )−i+1

1 p
b(kf )−i+1

2

∣∣∣∣∣
≤ max

p∈[1,2]

∣∣∣r(i+1)
j (p)

∣∣∣ |p1− p2|+ max
p∈[1,2]

∣∣∣r(i)j (p)
∣∣∣ |p1− p2|

∣∣∣∣∣∣
b(kf )−i∑

q=0

pq1p
b(kf )−i−q

2

∣∣∣∣∣∣
≤ η(2J)i+1 max

x∈[0,2]

∣∣∣g(i+1)
kf

(x)
∣∣∣ |p1− p2|

+ η(2J)i max
x∈[0,2]

∣∣∣g(i)kf
(x)
∣∣∣ |p1− p2| (b(kf )− i+1)2b(kf )−i

≤
(
η(2J)i+1 +(b(kf )− i+1)η(2J)i2b(kf )−i

)
|p1− p2|
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≤ 2η(2J)i+1|p1− p2|, (EC.55)

where the third inequality follows from mean value theorem, the existence of the (i+1)-th deriva-

tives, p1 ≥ 1, p2 ≥ 1 and the fact that p
b(kf )−i

1 − p
b(kf )−i+1

2 = (p1− p2)(
∑b(kf )−i+1

q=0 pq1p
b(kf )−i−q

2 ), the

fourth inequality holds due to p1 ≤ 2 and p2 ≤ 2, the fifth inequality holds by our construction that

maxx∈[0,2]

∣∣∣g(i)kf
(x)
∣∣∣≤ 1, the last inequality follows from (b(kf )+ 1)2b(kf ) ≤ 2J . Then, for i= b(kf ),∣∣∣∣∣r

(b(kf ))

j (p1)

p1
−

r
(b(kf ))

j (p2)

p2

∣∣∣∣∣≤
∣∣∣∣∣r

(b(kf ))

j (p1)

p1
−

r
(b(kf ))

j (p2)

p1

∣∣∣∣∣+
∣∣∣∣∣r

(b(kf ))

j (p2)

p1
−

r
(b(kf ))

j (p2)

p2

∣∣∣∣∣
≤ η(2J)b(kf )

∣∣∣g(b(kf )) (2J(p1− aj))− g(b(kf ))(2J(p2− aj))
∣∣∣

+ |p1− p2| max
p∈[1,2]

∣∣∣rb(kf )j (p)
∣∣∣

≤ η(2J)b(kf ) |2J(p1− p2))|kf−b(kf ) + η(2J)b(kf ) |p1− p2|

≤ (η(2J)kf + η(2J)b(kf )) |p1− p2|kf−b(kf )

≤ 2η(2J)kf |p1− p2|kf−b(kf ) , (EC.56)

where the second inequality is because

∣∣∣∣∣ r(b(kf ))

j (p2)

p1
−

r
(b(kf ))

j (p2)

p2

∣∣∣∣∣≤ ∣∣∣ 1
p1
− 1

p2

∣∣∣maxp∈[1,2]

∣∣∣r(b(kf ))j (p)
∣∣∣≤

|p1 − p2|maxp∈[1,2]

∣∣∣r(b(kf ))j (p)
∣∣∣, the third inequality follows that g(b(kf ))(·) is (kf − b(kf ))-Hölder

continuous, the fourth inequality holds because of |p1 − p2| ≤ 1 and kf − b(kf ) ≤ 1. Then, Eq.

(EC.54) can be simplified

∣∣∣fb(kf )

j (p1)− f
b(kf )

j (p2)
∣∣∣≤
b(kf )∑

i=0

b(kf )!

i!

max

{
max

0≤i≤b(kf )−1
2η(2J)i+1 |p1− p2| ,2η(2J)kf |p1− p2|kf−b(kf )

}

≤

b(kf )∑
i=0

b(kf )!

i!

max
{
2η(2J)b(kf ) |p1− p2| ,2η(2J)kf |p1− p2|kf−b(kf )

}

=

b(kf )∑
i=0

b(kf )!

i!

(2η(2J)kf |p1− p2|kf−b(kf )
)

≤ δ |p1− p2|kf−b(kf ) , (EC.57)

where the last inequality holds due to 2η(2J)kf ≤ 2 1

2
3kf+1

1

((b(kf )+1)2
b(kf )

)
kf
δ̂

1
2kf+1T

−
kf

2kf+1 (8(b(kf )+

1)2b(kf )δ̂
2

2kf+1T
1

2kf+1 )kf = δ̂.

Case 2: p1 ∈ Ij and p2 /∈ Ij.

Note that Eq. (EC.55) still hold in this case. What we need to derive is the bound for |
r
(b(kf ))

j (p1)

p1
−

r
(b(kf ))

j (p2)

p2
| (i.e., Eq. (EC.56) can not be directly applied here). Define p′2 := Proj(p2, Ij). Note that
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p′2 is either aj or bj, rj(aj) = rj(bj) =
1
2
δ̂ and r

(i)
j (aj) = r

(i)
j (bj) = 0 for all 1≤ i≤ b(kf ). Thus, we

can have∣∣∣∣∣r
(b(kf ))

j (p1)

p1
−

r
(b(kf ))

j (p2)

p2

∣∣∣∣∣=
∣∣∣∣∣r

(b(kf ))

j (p1)

p1
−

r
(b(kf ))

j (p′2)

p′2

∣∣∣∣∣≤ 2η(2J)kf |p1− p′2|kf−b(kf )

≤ 2η(2J)kf |p1− p2|kf−b(kf ), (EC.58)

where the first equality holds due to r
(b(kf ))

j (p2) = r
(b(kf ))

j (p′2) = 0, the first inequality follows from

Eq. (EC.56) because p1 and p′2 are both in Ij, and the second inequality holds due to the projection

process. Together with Eqs. (EC.54), (EC.55) and (EC.58), by the same calculation of Eq. (EC.57),

we can know |fb(kf )

j (p1)− f
b(kf )

j (p2)| ≤ δ |p1− p2|kf−b(kf ).

Case 3: p1 /∈ Ij and p2 /∈ Ij.
When p1 and p2 are not in Ij, r

(i)
j (p1) = r

(i)
j (p2) = 0, for all 1≤ i≤ b(kf ). From the first two lines

of Eq. (EC.54), we can have∣∣∣fb(kf )

j (p1)− f
b(kf )

j (p2)
∣∣∣= ∣∣∣∣∣ rj(p1)p

b(kf )+1

1

− rj(p2)

p
b(kf )+1

2

∣∣∣∣∣
≤ 1

2
δ̂
∣∣∣pb(kf )+1

1 − p
b(kf )+1

2

∣∣∣
≤ 1

2
δ̂|p1− p2|

∣∣∣∣∣∣
b(kf )∑
q=0

pq1p
b(kf )−q

2

∣∣∣∣∣∣
≤ 1

2
δ̂(b(kf )+ 1)2b(kf )|p1− p2|

≤ δ|p1− p2|kf−b(kf ),

where the third inequality holds due to p1 ≤ 2 and p2 ≤ 2, and the last inequality follows from

δ̂≤ δ/((b(kf )+ 1)2b(kf )− 1).

Together with the above three cases, we draw the conclusion that for any p1, p2 ∈ [1,2], we have

|fb(kf )

j (p1)− f
b(kf )

j (p2)| ≤ δ |p1− p2|kf−b(kf ). We finish the proof. Q.E.D.

Appendix C. Proofs for Statements in Section 4
C.1. Proof for Theorem 5

For notation convenience, in this proof, we denote p∗t = argmaxp∈[p,p] p(f(p) + g(xt)), it =

argmin0≤i≤N−1 |p∗t −P [i]|, i∗t = max0≤i≤N−1P [i] × (f(P [i]) + g(xt)) and î∗t = max0≤i≤N−1P [i] ×
(f(P [i]) + (θ∗jt)

⊤ϕ(xt)). Algorithm 4 operates in an exploration-then-exploitation manner. In the

exploration phase, since g(·) and f(·) are bounded, the total regret is O(n0N). We now turn to

bound the regret in the exploitation phase. For each t≥ [T ], let jt be the index of the bin that xt

falls into, which itself is a random variable. The regret can be decomposed as follows:

T∑
t=n0N

rt =
T∑

t=n0N

max
p∈[p,p]

p(f(p)+ g(xt))− pt(f(pt)+ g(xt))
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=
T∑

t=n0N

max
p∈[p,p]

p(f(p)+ g(xt))− max
0≤i≤N−1

P [i]× (f(P [i])+ (θ∗jt)
⊤ϕ(xt))︸ ︷︷ ︸

regret from discretization error of price and context spaces

+ max
0≤i≤N−1

P [i]× (f(P [i])+ (θ∗jt)
⊤ϕ(xt))− pt(f(pt)+ (θ∗jt)

⊤ϕ(xt))︸ ︷︷ ︸
regret from failure of identifying the best discretized price

+ pt(f(pt)+ (θ∗jt)
⊤ϕ(xt))− pt(f(pt)+ g(xt))︸ ︷︷ ︸

regret from discretization error of context space

. (EC.59)

The first term of Eq. (EC.59) comes from the discretization error of the price and context spaces.

With Assumption 3, we establish the following inequalities:

max
p∈[p,p]

p(f(p)+ g(xt))− max
0≤i≤N−1

P [i]× (f(P [i])+ (θ∗jt)
⊤ϕ(xt))

= max
p∈[p,p]

p(f(p)+ g(xt))− max
0≤i≤N−1

P [i]× (f(P [i])+ g(xt))

+max
i∈[N ]

P [i]× (f(P [i])+ g(xt))− max
0≤i≤N−1

P [i]× (f(P [i])+ (θ∗jt)
⊤ϕ(xt))

≤ p∗t (f(p
∗
t )+ g(xt))−P [it]× (f(P [it])+ g(xt))

+P [i∗t ]× (f(P [i∗t ])+ g(xt))−P [i∗t ]× (f(P [i∗t ])+ (θ∗jt)
⊤ϕ(xt))

= p∗tf(p
∗
t )−P [it]f(P [it])+ (p∗t −P [it])g(xt)+P [i∗t ](g(xt)− (θ∗jt)

⊤ϕ(xt))

≤ p∗tf(p
∗
t )−P [it]f(P [it])+

p− p

2N
max

x∈[0,1]d
|g(x)|+ pLd

kg+b(kg)
2

Mkgb(kg)!
. (EC.60)

In the first inequality of (EC.60), we apply the following inequalities:

max
0≤i≤N−1

P [i]× (f(P [i])+ g(xt)) | jt ≥ P [it]× (f(P [it])+ g(xt)),

max
0≤i≤N−1

P [i]× (f(P [i])+ (θ∗jt)
⊤ϕ(xt))≥ P [i∗t ]× (f(P [i∗t ])+ (θ∗jt)

⊤ϕ(xt)).

In the second inequality of (EC.60), we use the fact that p∗t and P [it] both belong to the it-th

price segment from the definition of it, and since the length of each price segment is no more than

(p− p)/N and P [it] is the midpoint of the it-th price segment, the distance between p∗t and P [it]

is no more than (p− p)/(2N).

The first term in the RHS of (EC.60) can be further upper bounded as follows:

p∗tf(p
∗
t )−P [it]f(P [it]) = p∗tf(p

∗
t )−P [it]f(p

∗
t )+P [it]f(p

∗
t )−P [it]f(P [it])

≤
p− p

2N
max
p∈[p,p]

|f(p)|+ p|f(p∗t )− f(P [it])|

≤
p− p

2N
max
p∈[p,p]

|f(p)|+ p(C0 ∨ δ)|p∗t −P [it]|

≤
p− p

2N

(
max
p∈[p,p]

|f(p)|+ p(C0 ∨ δ)
)
. (EC.61)
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In the second inequality of (EC.61), from our assumption on f , if kf = 1, f is Lipschitz continuous

with Lipschitz constant δ, and if kf > 1, since supp∈[p,p] |f ′(p)| ≤C0, from the mean value theorem,

we have |f(p)− f(p′)|= |f ′(ξ)(p− p′)| ≤C0|p− p′|. In both cases, |f(p)− f(p′)| ≤ (C0 ∨ δ)|p− p′|.

Combining Eqs. (EC.60) and (EC.61), we have the upper bound on the first term of Eq. (EC.59):

max
p∈[p,p]

p(f(p)+ g(xt))− max
0≤i≤N−1

P [i]× (f(P [i])+E[g(x)|x∈Mjt ])

≤
p− p

2N

(
max
p∈[p,p]

|f(p)|+ p(C0 ∨ δ)+ max
x∈[0,1]d

|g(x)|
)
+

pLd
kg+b(kg)

2

Mkgb(kg)!
(EC.62)

The second term in Eq. (EC.59) captures the regret due to the failure of identifying the best

discretized price. We have the following the upper bound with probability at least 1− (N +M)dϵ,

whose proof is delayed to the last part of this proof:

T∑
t=n0N

max
i∈[N ]

P [i]× (f(P [i])+ (θ∗jt)
⊤ϕ(xt))− pt(f(pt)+ (θ∗jt)

⊤ϕ(xt))

= Õ

(
T
√
n0

√
log

1

ϵ
+
√
MdT

√
log

1

ϵ
+∆T

)
. (EC.63)

The third term in Eq. (EC.59) is due to the discretization error of the context space and is easily

shown to have the following upper bound from our assumption g ∈ Gd(kg,L) and definition of Mjt :

E
[
pt(f(pt)+ (θ∗jt)

⊤ϕ(xt))− pt(f(pt)+ g(xt))
]
≤ pLd

kg+b(kg)
2

Mkgb(kg)!
(EC.64)

Putting Eqs. (EC.59) to (EC.64) together, we can have

T∑
t=n0N+1

E[rt]

=O
(
T

N

)
+O

(
LT

Mkg

)
+O

(
T
√
n0

√
log

1

ϵ

)
+O

(√
TMd log

1

ϵ

)
+O((N +Md)Tϵ). (EC.65)

After adding the regret in the first n0N periods, we obtain the upper bound on the total expected

regret:

T∑
t=1

E[rt] =O(n0N)+O
(
T

N

)
+O

(
LT

Mkg

)
+O

(
T
√
n0

√
log

1

ϵ

)
+O

(√
TMd log

1

ϵ

)
+O((N +Md)Tϵ)

=O(T 3
4 )+O(L

d
d+2kg T

d+kg
d+2kg )+O(T 3

4 )+O(T 3
4

√
logT )+O(L

d
d+2kg T

d+kg
d+2kg

√
logT )+O(T−( 34∧

2kg
d+2kg

)
)

= Õ(T 3
4 ∨L

d
d+2kg T

d+kg
d+2kg ),

where in the second identity, we let N = ⌈T 1
4 ⌉, n0 = ⌈T

1
2 ⌉, M = ⌈(L2T )

1
d+2kg ⌉ and ϵ= T−2. This

completes the proof of Theorem 5.
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Proof of Eq. (EC.63). To bound the second term in Eq. (EC.59), we note that

max
0≤i≤N−1

P [i]× (f(P [i])+ (θ∗jt)
⊤ϕ(xt))− pt×

(
f(pt)+ (θ∗jt)

⊤ϕ(xt)
)

=

(
max

0≤i≤N−1
P [i]× (f(P [i])+ (θ∗jt)

⊤ϕ(xt))− max
0≤i≤N−1

P [i]×
(
si +(θ̂t,jt)

⊤ϕ(xt)
))

+

(
max

0≤i≤N−1
P [i]×

(
si +(θ̂t,jt)

⊤ϕ(xt)
)
− pt×

(
f(pt)+ (θ∗jt)

⊤ϕ(xt)
))

≤
(
P [̂i∗t ]× (f(P [̂i∗t ])+ (θ∗jt)

⊤ϕ(xt))−P [̂i∗t ]×
(
sî∗t +(θ̂t,jt)

⊤ϕ(xt)
))

+
(
pt×

(
smt +(θ̂t,jt)

⊤ϕ(xt)
)
− pt×

(
f(pt)+ (θ∗jt)

⊤ϕ(xt)
))

≤ 2p max
0≤i≤N−1

|f(P [i])− si|+2p|(θ̂t,jt)⊤ϕ(xt)− (θ∗jt)
⊤ϕ(xt)|. (EC.66)

To bound the first term 2pmax0≤i≤N−1 |f(P [i])− si| in (EC.66), recall that n0 is the number of

times each price P [i] is explored and si records the average demand observed under price P [i] in

the exploration phase. Denote P [0] = P [N ]. For each 1≤ i≤N , we have

f(P [i])− si = f(P [i])−
∑n0−1

k=0 dkN+i

n0

= f(P [i])−
∑n0−1

k=0 (f(P [i])+ g(xkN+i)+ εkN+i)

n0

=−
∑n0−1

k=0 (g(xi+kN)+ εi+kN)

n0

. (EC.67)

Since g is bounded on [0,1]d and E[g(x)] = 0, from Hoffding’s lemma, g(xi+kN) is sub-Gaussian with

variance proxy 1
4
maxx1,x2∈[0,1]d(g(x1)−g(x2))

2. Since {xt : t≥ 1} and {εt : t≥ 1} are independent, we

have g(xi+kN)+εi+kN is sub-Gaussian with variance proxy σ′2
1 := 1

4
maxx1,x2∈[0,1]d(g(x1)−g(x2))

2+

σ2. For any ϵ > 0, denote A := {max0≤i≤N−1 |f(P [i])− si| ≤ σ′
1

√
2
n0

log 2
ϵ
}. From the union bound

and Chernoff inequality, we have

P (A)≥ 1−
N∑
i=1

P
(
|f(P [i])− si|>σ′

1

√
2

n0

log
2

ϵ

)
≥ 1−Nϵ. (EC.68)

To bound the second term 2p|ât,jt −E[g(x)|x ∈Mjt ]| in (EC.66), similar to Eq. (EC.6), we can

have

θ̂t,jt = V −1
t,jt

∑
(xs,ps,ds)∈Dt,jt

(f(ps)+ g(xs)+ εs− sms)ϕ(xs)

= V −1
t,jt

∑
(xs,ps,ds)∈Dt,jt

(f(ps)+ (θ∗jt)
⊤ϕ(xs)+∆(s)+ εs− sms)ϕ(xs)

= θ∗j −λV −1
t,jt

θ∗j I +V −1
t,jt

∑
(xs,ps,ds)∈Dt,jt

(∆(s)+ εs)ϕ(xs)+V −1
t,jt

∑
(xs,ps,ds)∈Dt,jt

(f(ps)− sms)ϕ(xs).

(EC.69)
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Moreover, we have the following observation under the event A,∣∣∣∣∣∣x⊤V −1
t,jt

∑
(xs,ps,ds)∈Dt,jt

(f(ps)− sms)ϕ(xs)

∣∣∣∣∣∣≤
√ ∑

(xs,ps,ds)∈Dt,jt

(x⊤V −1
t,jt

ϕ(xs))2
∑

(xs,ps,ds)∈Dt,jt

∆(s)2

≤
√ ∑

(xs,ps,ds)∈Dt,jt

(f(ps)− sms)
2

√ ∑
(xs,ps,ds)∈Dt,jt

(x⊤V −1
t,jt

ϕ(xs))2

= σ′
1

√
|Dt,jt |
n0

log
2

ϵ

√√√√√x⊤V −1
t,jt

 ∑
(xs,ps,ds)∈Dt,jt

ϕ(xs)ϕ(xs)⊤

V −1
t,jt

x

≤ σ′
1

√
|Dt,jt |
n0

log
2

ϵ
∥x∥V −1

t,jt

. (EC.70)

Then, following the procedure of Eqs. (EC.8), (EC.9), and (EC.10), we can get the following event

of high probability which we denote as event Bj, with a fixed j, for any t≥ 1 such that xt ∈Mj∣∣∣x⊤θ̂t,j −x⊤θ∗j

∣∣∣≤ ∥x∥V −1
t,j

λ
1
2 ∥θ∗∥2 + γt,j +

√
|Dt,j|∆+σ′

1

√
|Dt,j|
n0

log
2

ϵ

 . (EC.71)

Moreover, we define B=∩j∈[Md]Bj, and we can know P(A,B)≥ 1− (N +Md)ϵ.

Therefore, we have the following inequality under events A and B,
T∑

t=n0N

max
0≤i≤N−1

P [i]× (f(P [i])+ (θ∗jt)
⊤ϕ(xt))− pt×

(
f(pt)+ (θ∗jt)

⊤ϕ(xt)
)

≤ 2pσ′
1T

√
2

n0

log
2

ϵ
+2p

T∑
t=1

|(θ̂t,jt)⊤ϕ(xt)− (θ∗jt)
⊤ϕ(xt)|

≤ 2pσ′
1T

√
2

n0

log
2

ϵ
+2p

T∑
t=1

∥ϕ(xt)∥V −1
t,jt

λ
1
2 ∥θ∗∥2 + γt,jt +

√
|Dt,jt |∆+σ′

1

√
|Dt,jt |
n0

log
2

ϵ


= 2pσ′

1T

√
2

n0

log
2

ϵ
+2p

T∑
t=1

Md∑
j=1

∥ϕ(xt)∥V −1
t,j

λ
1
2 ∥θ∗∥2 + γt,j +

√
|Dt,j|∆+σ′

1

√
|Dt,j|
n0

log
2

ϵ

1xt∈Mj

≤ 2pσ′
1T

√
2

n0

log
2

ϵ
+2p

Md∑
j=1

λ
1
2 ∥θ∗∥2 + γT,j +

√
|DT,j|∆+σ′

1

√
|DT,j|
n0

log
2

ϵ

 T∑
t=1

∥ϕ(xt)∥V −1
t,j

1xt∈Mj
.

Note that
∑T

t=1 ∥ϕ(xt)∥V −1
t,j

1xt∈Mj
≤
√
|DT,j|

∑T

t=1 ∥ϕ(xt)∥2V −1
t,j

1xt∈Mj
≤
√
2|DT,j| log

det(VT,j)

det(λI)
≤√

2|DT,j| log(λ+T ), and thus,

T∑
t=n0N

max
0≤i≤N−1

P [i]× (f(P [i])+ (θ∗jt)
⊤ϕ(xt))− pt×

(
f(pt)+ (θ∗jt)

⊤ϕ(xt)
)

≤ 2pσ′
1T

√
2

n0

log
2

ϵ
+2p

Md∑
j=1

λ
1
2 ∥θ∗∥2 + γT,j +

√
|DT,j|∆+σ′

1

√
|DT,j|
n0

log
2

ϵ

√2|DT,j| log(λ+T )
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≤ 2pσ′
1T

√
2

n0

log
2

ϵ
+2p(λ

1
2 ∥θ∗∥2 + γT,1)

√
2MdT log(λ+T )

+
Md∑
j=1

|DT,j|∆
√
2 log(λ+T )+σ′

1|DT,j|

√
2 log(λ+T )

n0

log
2

ϵ


= Õ

(
T
√
n0

√
log

1

ϵ
+

√
log

1

ϵ

√
MdT +∆T

)
. (EC.72)

Moreover, by a simple application of the union bound, we can have the P(A,B)≥ 1− (N +Md)ϵ.

Thus, Eq. (EC.63) holds.

We complete the proof. Q.E.D.

C.2. Proof for Theorem 6

Recall that we have constructed a function f(p) ∈ F(kf , δ) and s series of functions {gw : w ∈

{0,1}Md}. Also, we fix the distribution of contexts to be a uniform distribution on
⋃Md

j=1{x∈Mj :

D(x,∂Mj) > (4η)
1
kg }, and the distribution of contexts to be standard normal. For the ease of

presentation, we omit the dependency of the regret and the expectation on these terms. Define

δ̂ = δ/((
∑b(kf )

i=0

b(kf )!

i!
) ∨ (b(kf ) + 1)2b(kf )−1), η = 2−3kf−2L

d
d+2kg δ̂T

− kg
d+2kg , J = 4⌈(T

kg
d+2kg )

1
kf ⌉, and

M = ⌈2
3kf−1−kg

kg δ̂
− 1

kg L
2

d+2kg T
1

d+2kg ⌉. For convenience, we also define Ie := [3
2
− 1

2J
, 3
2
+ 1

2J
].

For any policy π, we establish the following lower bound on the worst-case regret by restricting

the functions f(·) and gw(·) to what we have constructed:

sup
f∈F(kf ,δ),g∈Gd(kg ,L)

Rπ
f,g(T )≥ sup

g∈{gw:w∈{0,1}Md}
Rπ

f,g(T )

≥ 1

2Md

∑
w

Eπ
f,gw

[
T∑

t=1

p∗(xt)(f(p
∗(xt))+ gw(xt))− pt(f(pt)+ gw(xt))]

=
1

2Md

∑
w

Md∑
j=1

Eπ
f,gw

[(
T∑

t=1

p∗(xt)(f(p
∗(xt))+ gw(xt))− pt(f(pt)+ gw(xt))Ixt∈Mj

)]

=
1

2MdMd

Md∑
j=1

∑
wj∈{0,1}Md−1

∑
wj∈{0,1}

T∑
t=1

Eπ
f,gw

[p∗(xt)(f(p
∗(xt))+ gw(xt))− pt(f(pt)+ gw(xt)) | xt ∈Mj]

=
1

2MdMd

Md∑
j=1

∑
wj∈{0,1}Md−1

T∑
t=1

Eπ
f,g(w−j ,0)

[p∗(xt)(f(p
∗(xt))+ gw(xt))− pt(f(pt)+ gw(xt)) | xt ∈Mj]

+Eπ
f,g(w−j ,1)

[p∗(xt)(f(p
∗(xt))+ gw(xt))− pt(f(pt)+ gw(xt)) | xt ∈Mj]

=
1

2MdMd

Md∑
j=1

∑
wj∈{0,1}Md−1

T∑
t=1

Eπ
f,g(w−j ,0)

[p∗(xt)f(p
∗(xt))− ptf(pt) | xt ∈Mj]
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+Eπ
f,g(w−j ,1)

[p∗(xt)(f(p
∗(xt))+ gw(xt))− pt(f(pt)+ gw(xt)) | xt ∈Mj] .

By the definition of f(·), we can easily have

Eπ
f,g(w−j ,0)

[p∗(xt)f(p
∗(xt))− ptf(pt) | xt ∈Mj]≥

η

Zkf

Pπ,t
f,g(w−j ,0)

(pt ̸∈ Ie | xt ∈Mj), (EC.73)

where Zkf is the constant in the definition of the function gkf (·) in Eq. (12). Eq. (EC.73)

can be interpreted as whenever pt is not in Ie, a regret of η
Zkf

will occur. As for

Ef,g(w−j ,1)
[p∗(xt)(f(p

∗(xt))+ gw(xt))− pt(f(pt)+ gw(xt)) | xt ∈Mj], when pt falls into Ie and xt ∈

Mj, pt(f(pt) + gw(xt))≤ 1
2
δ̂+ η

Zk
+4η( 3

2
+ 1

2J
)≤ 1

2
δ̂+ 15

2
η. Besides, the value of p∗(xt)(f(p

∗(xt)) +

g(xt)) is 1
2
δ̂+8η and p∗(xt) = 2. This means that when pt falls into Ie, a regret of at least η

2
will

occur. Mathematically, we have

Eπ
f,g(w−j ,1)

[p∗(xt)(f(p
∗(xt))+ gw(xt))− pt(f(pt)+ gw(xt)) | xt ∈Mj]≥

η

2
Pπ,t
f,g(w−j ,1)

(pt ∈ Ie | xt ∈Mj).

(EC.74)

The following route is similar to what we have derived in Appendix A.2. Again, we apply Bre-

tagnolle–Huber inequality (see Bretagnolle and Huber 1979) to get: given xt ∈Mj,

Pπ,t
f,g(w−j ,0)

(pt /∈ Ie)+Pπ,t
f,g(w−j ,1)

(pt ∈ Ie)≥
1

2
exp

(
−KL

(
Pπ,t
f,g(w−j ,0)

,Pπ,t
f,g(w−j ,1)

))
, (EC.75)

where Pπ,t
f,g(w−j ,wj)

denotes the probability measure under policy π up to period t when the true

demand function is made up of f and g(w−j ,wj). With the chain rule of KL divergence, we have

KL(Pπ,t
f,g(w−j ,0)

,Pπ,t
f,g(w−j ,1)

)≤ 1

2σ2Md
(4η)2t. (EC.76)

Hence, together with Eqs. (EC.75) and (EC.76), we can have

sup
f∈F(kf ,δ),g∈Gd(kg ,L)

Rπ
P,f,g(T )≥

η

2(Zkf ∨ 2)
T exp

(
− 1

2σ2Md
(4η)2T

)
. (EC.77)

By plugging the value of M and η, we can get the desired Ω(L
d

d+2kg T
d+kg
d+2kg ) lower bound. Q.E.D.

Appendix D. Extensions to Separable Contextual Effect

In practice, a decision maker may have some prior knowledge about the relationship among features.

For example, in time series analysis, a common operator is to decompose the demand into secular

trends, seasonal variations, cyclical variations and irregular variations (see, e.g., Hamilton 2020),

and consider these four components as independent ones. In this case, for example, the seasonal

features and the cyclical features can be placed into two independent groups. This motivates us

to consider the extension to separable contextual effect. Specifically, we express the context vector
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x∈Rd as [x(1), x(2), · · · , x(n)], where each vector x(i)∈Rdi represents a separate group for context.

Moreover, we consider the following form of function g(·):

g(x) = g0 +
n∑

i=1

gi(x(i)), (EC.78)

where g0 is an unknown constant, and E[gi(x(i))] = 0 for all i ∈ [n]. In Eq. (EC.78), each group

of features influences the expected demand independently, and changing one or several features

in one group does not affect the other groups’ contribution to the demand. When di = 1 for any

i ∈ [n] (i.e., each feature itself is a group), Eq. (EC.78) reduces to the well-known additive model

in non-parametric regression literature (see, e.g., Buja et al. 1989).

Throughout this section, we make the following assumptions.

Assumption EC.1. (a) For each i∈ [n], gi(·)∈ Gdi(kgi,Li) for some 0<kgi ≤ 1;

(b) {x(i)}ni=1 are jointly independent random vectors.

D.1. SMLPE with Separable Contextual Effect

In this subsection, we consider the extension of Sec. 2 and assume the following demand function:

Dt(p) = bp+ g0 +
n∑

i=1

gi(xt(i))+ εt, ∀p∈ [p, p]. (EC.79)

All the assumptions on the boundness of b, the distributions of context x and random noise ε

remain the same as those in Sec. 2. We have the following theorem showing the optimal regret for

the learning problem under model (EC.79).

Theorem EC.1. The optimal regret of the learning problem under model (EC.79) under

Assumption EC.1 is

inf
π

sup
gi∈Gdi (kgi,Li)∀i∈[n],

b∈[b,b],P,Q∈E(σ)

Rπ
g,b,P,D(T ) = Θ̃

(√
T ∨max

i∈[n]
(L2

iT )
di

di+2kgi

)
. (EC.80)

Theorem EC.1 tells that the learning complexity is decided by the group of features that achieves

maxi∈[n] (L
2
iT )

di
di+2kgi . From Theorems 1 and 2, we know that if g(x) is kgith-order smooth with

respect to each x(i) and Li =Θ(1) but does not have the separable structure, the optimal regret

is Θ̃(
√
T ∨ T

d
d+2mini∈[n] kgi ), which is no less than the bound in Eq. (EC.80) since di ≤ d and kgi ≥

mini∈[k] kgi. To further see the benefit of the separable structure, if all kgi(·)’s share the same

smoothness parameters kgi and Li for all i∈ [n], maxi∈[n] (L
2
iT )

di
di+2kgi is decided by the largest di.

Thus, if each di is relatively small compared with the total dimension d, the separable structure will

greatly reduce the learning complexity. If all the Li’s and di’s are the same, the bottleneck becomes

the one with the smallest kgi. The intuition is that the least smooth function is the hardest part of
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the learning problem. Another special case is that when Li =Θ(1), di = 1 and kgi ≥ 1
2
for all i∈ [d],

the demand function is completely decomposed into n+ 1 separate functions in p,x(1), . . . , x(n),

and the optimal regret reduces to Θ̃(
√
T ).

In Appendix D.1, we design Algorithm 5 for the demand model in (EC.79) and prove its regret

upper bound in Theorem EC.3. The main ideas of Algorithm 5 are similar to Algorithm 1. The

difference lies in that instead of partitioning [0,1]d into Md bins, we separate the space [0,1]di of

each context subgroup into Mdi
i bins. The intuition of why we get a better regret upper bound

compared with SMLPE under the demand function in (EC.79) is that the total number of bins∑n

i=1M
di
i can be greatly smaller than Md since d=

∑n

i=1 di, meaning that the parameters we need

to estimate in the local approximation can be significantly reduced.

The lower bound can be directly implied from Theorem 4 due to the following reason. When

constructing g(·), we set gi(·) for each subgroup i ∈ [n] to 0, except the subgroup imax :=

maxi∈[n] (L
2
iT )

di
di+2kgi . We consider a simpler scenario, where the decision maker is informed that

all gi(·)’s are zero except gimax(·), and thus the only function that need to be learned is gimax(·).

Then the demand model is reduced to bp+ gimax(x(imax))+ ε, which is the exact model studied in

Sec. 2. For this simpler scenario, we have obtained the desired lower bound from Theorem 4, which

naturally serves as the lower bound for the original problem.

D.2. SMNPE with Separable Contextual Effect

In this subsection, we consider the extension of Sec. 4 and assume the following demand function:

Dt(p) = f(p)+
n∑

i=1

gi(xt(i))+ εt, ∀p∈ [p, p]. (EC.81)

Note that in Eq. (EC.81), compared with Eq. (EC.78), we absorb the constant g0 into f(p). The

other assumptions on the price function f(·), the context distribution and the distribution of the

random noise remain the same as those in Sec. 4. We have the following theorem in this subsection.

Theorem EC.2. If maxi∈[n]
di+kgi
di+2kgi

≥ 3
4
and Li =Θ(1), the optimal regret of the learning problem

under (EC.81) is

inf
π

sup
gi∈Gdi (kgi,Li)∀i∈[k],

f∈F(kf ,δ),P,Q∈E(σ)

Rπ
g,f,P,D(T ) = Θ̃

(
T

maxi∈[n]
di+kgi
di+2kgi

)
. (EC.82)

Comparing Theorem EC.2 with the regret bounds derived in Sec. 4, when maxi∈[n]
di+kgi
di+2kgi

≥ 3
4
,

the learning complexity is decided by the group of features that achieves maxi∈[n]
di+kgi
di+2kgi

, smaller

than maxi∈[n]
d+kgi
d+2kgi

. When all the kgi’s are the same, the complexity is decided by the largest

dimension di. Similar to the observation with Sec. 7, when the largest dimension di is greatly

smaller than the total dimension d, the learning complexity can be significantly reduced. When

all the dimension di is the same, then the bottleneck of the learning problem is the smallest kgi
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since
di+kgi
di+2kgi

increases when kgi decreases. The only case that the condition maxi∈[n]
di+kgi
di+2kgi

≥ 3
4

does not hold is that di = 1 and kgi >
1
2
for all i ∈ [n], which requires that all the features’ effects

are separated from each other and all the functions gi’s are smooth enough. When there exists at

least one group of features whose dimension is larger than 1, maxi∈[n]
di+kgi
di+2kgi

≥ 3
4
is satisfied.

Following similar ideas in Sec. 4.1, we design Algorithm 6 in Appendix D.2 and prove its regret

upper bound Õ(T 3
4 ∨Tmaxi∈[n]

di+kgi
di+2kgi ) in Theorem EC.4. To see the regret lower bound, similar to

Sec. 7, we consider an easier case by setting all gj(·)’s to zero except the one with index imax =

argmaxi∈[n]

di+kgi
di+2kgi

, for which we construct a similar function to that in the proof of Theorem 6.

Knowing that gj(·) = 0 for all j ̸= imax, the decision maker faces the same learning problem as

Sec. 4. From Theorem 6, we obtain the regret lower bound Ω(T
dimax+kgimax
dimax+2kgimax ) =Ω(T

maxi∈[n]
di+kgi
di+2kgi ).

D.3. Algorithm and Regret Upper Bound for Appendix D.1

Theorem EC.3. Suppose Algorithm 5 runs with Mi = ⌈(L2
iT )

1
di+2kgi ⌉. The regret of Algorithm

5 is upper bounded by

Õ
(√

T ∨max
i∈[n]

(L2
iT )

di
di+2kgi

)
. (EC.83)

Proof. For notation convenience, we denote g0 +
∑n

i=1 gi(xt(i)) as
∑n

i=0 gi(xt(i)). The total

regret is upper bounded as follows:

T∑
t=1

E[rt]

= |b|
T∑

t=1

E

[(
−
∑n

i=0 gi(xt(i))

2b
− pt

)2
]

≤ 2|b|
T∑

t=1

E

[(
−
∑n

i=0 gi(xt(i))

2b
− p0t

)2

+
(
p0t − pt

)2]

≤ 2|b|
T∑

t=1

E

[(
−
∑n

i=0 gi(xt(i))

2b
− put

)2

+
(
p0t − pt

)2]

= 2|b|
T∑

t=1

E

[(
−
∑n

i=0 gi(xt(i))

2b
+

ĝ0,t +
∑n

i=1 ât,i,jt(i)

2b̂t

)2

+
(
p0t − pt

)2]

≤ 6|b|
T∑

t=1

E

[(
−
∑n

i=0 gi(xt(i))+ g0 +
∑n

i=1E[gi(x(i))|x(i)∈Mi
jt(i)

]

2b

)2

+

(
g0 +

∑n

i=1E[gi(x(i))|x(i)∈Mi
jt(i)

]

2b
−

g0 +
∑n

i=1E[gi(x(i))|x(i)∈Mi
jt(i)

]

2b̂t

)2

+

(
g0 +

∑n

i=1E[gi(x(i))|x(i)∈Mi
jt(i)

]− ĝ0,t−
∑n

i=1 ât,i,jt(i)

2b̂t

)2

+
(
p0t − pt

)2 ]
. (EC.84)
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Algorithm 5: Algorithm for SMLPE with Separable Context (ASMLPE-SC)

1 Input: price range [p, p], number of context groups n, bounds on the price coefficient b and

b, dimensions of each context group d1, · · · , dn, parameters of bins M1, · · · ,Mn.

2 Initialization:

3 for i= 1,2, · · · , n do:

4 Partition [0,1]di into Mdi
i cubes of equal size, denoted as Mi

j for j = 1,2, · · · ,Mdi
i ;

5 Initialize Di,j = ∅ for each j ∈ [Mdi
i ];

6 end for

7 Initialize b̂1 =
b+b

2
and ĝ0,1 = 0;

8 Main Steps:

9 for t= 1,2, · · · , T do

10 Set δt← t−
1
4 ;

11 for i= 1,2, · · · , n do:

12 Observe xt(i)∈Mi
jt(i)

for some jt(i)∈ [Mdi
i ];

13 If Dt,i,jt(i) = ∅, set ât,i,jt(i)← 0; otherwise, set ât,i,jt(i)←
∑

(xk,pk,dk)∈Dt,i,jt(i)
(dk−pk b̂t−ĝ0,t)

|Dt,i,jt(i)|
;

14 end for

15 Set unconstrained greedy price: put ←−
ĝ0,t+

∑n
i=1 ât,i,jt(i)

2b̂t
;

16 Project greedy price: pgt ←Proj(put , [p+ δt, p− δt]);

17 Generate an independent random variable ∆t← δt w.p.
1
2
and ∆t←−δt w.p. 1

2
;

18 Set price pt← pgt +∆t;

19 Observe realized demand dt;

20 for i= 1,2, · · · , n do:

21 Update Dt+1,i,jt(i)←Dt,i,jt(i) ∪{(xt, pt, dt)} and Dt+1,i,j←Dt,i,j for j ̸= jt(i);

22 end for

23 Update b̂t+1←Proj(
∑t

s=1 ∆sds∑t
s=1(∆s)2

, [b, b]);

24 Set ĝ0,t+1←
∑t

l=1(dl−b̂t+1pl)

t
;

25 end for

Bound the first term of Eq. (EC.84). From Cauchy-Schwarz inequality, similar to Eq.

(EC.2), we have(
−
∑n

i=1 gi(xt(i))+
∑n

i=1E[gi(x(i))|x(i)∈Mi
jt(i)

]

2b

)2

≤ n

4b2

n∑
i=1

(
E[gi(x(i))|x(i)∈Mi

jt(i)
]− gi(xt(i))

)2
≤ n

4b2

n∑
i=1

L2
id

kgi
i

M
2kgi
i

. (EC.85)
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Bound the second term of Eq. (EC.84). For the second term on the RHS of Eq. (EC.84),

we have(
g0 +

∑n

i=1E[gi(x(i))|x(i)∈Mi
jt(i)

]

2b
−

g0 +
∑n

i=1E[gi(x(i))|x(i)∈Mi
jt(i)

]

2b̂t

)2

≤
maxx∈[0,1]d(g(x))

2

4b
4 (b̂t− b)2.

Note that the following inequality continues to hold from the same arguments to Eq. (EC.4):

E[(b̂t− b)2]≤
3(b2p2 +maxx∈[0,1]d(g(x))

2 +σ2)
√
t

:= ce,1/
√
t. (EC.86)

Thus, the second term is upper bounded by O(t− 1
2 ).

Bound the third term of Eq. (EC.84). To bound the third term on the RHS of Eq. (EC.84),

we first apply Cauchy-Schwarz inequality and obtain(
g0 +

∑n

i=1E[gi(x(i))|x(i)∈Mi
jt(i)

]− ĝ0,t−
∑n

i=1 ât,i,jt(i)

2b̂t

)2

≤ n+1

4b
2

(
(g0− ĝ0,t)

2 +
n∑

i=1

(E[gi(x(i))|x(i)∈Mi
jt(i)

]− ât,i,jt(i))
2

)
, (EC.87)

Note that for each t≥ 2, the first term (g0− ĝ0,t)
2 in the RHS of Eq. (EC.87) is upper bounded

as follows:

E
[
(g0− ĝ0,t)

2
]
=E

(g0−∑t−1

l=1(dl− b̂tpl)

t− 1

)2


=E

(g0−∑t−1

l=1(bpl + g0 +
∑n

i=1 gi(xl(i))+ εl− b̂tpl)

t− 1

)2


≤ 3E

(∑t−1

l=1(bpl− b̂tpl)

t− 1

)2

+

(∑t−1

l=1(g(xl)− g0)

t− 1

)2

+

(∑t−1

l=1 εl
t− 1

)2


≤ 3

[
p2E

[
(b̂t− b)2

]
+

maxx,y∈[0,1]d(g(x)− g(y))2

4(t− 1)
+

σ2

t− 1

]
≤ 3

[
p2E

[
(b̂t− b)2

]
+

n
∑n

i=1L
2
id

kgi
i

4(t− 1)
+

σ2

t− 1

]
, (EC.88)

where in the first inequality, we use the Cauchy-Schwarz inequality and
∑n

i=1 gi(xl(i)) = g(xl)−g0,

and the second inequality follows from Hoeffding lemma and the fact that {g(xl)−g0 : 1≤ l≤ t−1}

are i.i.d. bounded r.v.’s with zero mean.

For the second term
∑n

i=1

(
E[gi(x(i))|x(i)∈Mi

jt(i)
]− ât,i,jt(i)

)2
in the RHS of Eq. (EC.87), since

the analysis is similar for i= 1,2, . . . , n, we next focus on the case of i= 1. Denote the time indices
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when the first group of context (i.e., x(i)) falls into M1
jt(1)

by 1≤ s1 < s2 < · · ·< s|Dt,1,jt(1)
| ≤ t− 1.

If Dt,1,jt(1) ̸= ∅, we have

E
[(
E[g1(x(1))|x(1)∈M1

jt(1)
]− ât,1,jt(1)

)2]
=E

E[g1(x(1))|x(1)∈M1
jt(1)

]−

∑
(xk,pk,dk)∈Dt,1,jt(1)

(dk− pkb̂t− ĝ0,t)∣∣Dt,1,jt(1)

∣∣
2

=E

E[g1(x(1))|x(1)∈M1
jt(1)

]−

∑
(xk,pk,dk)∈Dt,1,jt(1)

(pkb+
∑k

i=0 gi(xk(i))+ εk− pkb̂t− ĝ0,t)∣∣Dt,1,jt(1)

∣∣
2

≤ 5E

[(
E[g1(x(1))|x(1)∈M1

jt(1)
]−

∑
(xk,pk,dk)∈Dt,1,jt(1)

g1(xk(1))

|Dt,1,jt(1)|

)2

+ p2(b− b̂t)
2 +(g0− ĝ0,t)

2

+

(∑
(xk,pk,dk)∈Dt,1,jt(1)

∑n

i=2 gi(xk(i))

|Dt,1,jt(1)|

)2

+

(∑
(xk,pk,dk)∈Dt,1,jt(1)

εk

|Dt,1,jt(1)|

)2 ]
. (EC.89)

The first term on the RHS of Eq. (EC.89) can be bounded as follows:

E

(E[g1(x(1))|x(1)∈M1
jt(1)

]−

∑
(xk,pk,dk)∈Dt,1,jt(1)

g1(xk(1))

|Dt,1,jt(1)|

)2


=E

E
(E[g1(x(1))|x(1)∈M1

jt(1)
]−

∑
(xk,pk,dk)∈Dt,1,jt(1)

g1(xk(1))

|Dt,1,jt(1)|

)2 ∣∣∣∣∣s1, · · · , s|Dt,1,jt(1)
|, |Dt,1,jt(1)|, jt(1)


=E

E
(E[g1(x(1))|x(1)∈M1

jt(1)
]−

∑
l∈[|Dt,1,jt(1)

|] g1(xsl(1))

|Dt,1,jt(1)|

)2 ∣∣∣∣∣s1, · · · , s|Dt,1,jt(1)
|, |Dt,1,jt(1)|, jt(1)


≤E

E

(
maxx,y∈M1

jt(1)
(g1(x)− g1(y))

)2

4

1

|Dt,1,jt(1)|

∣∣∣∣∣|Dt,1,jt(1)|, jt(1)


≤

(
maxx,y∈[0,1]d1 (g1(x)− g1(y))

)2

4
E
[

1

|Dt,1,jt(1)|

]
≤ L2

1d
kg1
1

4
E
[

1

|Dt,1,jt(1)|

]
, (EC.90)

where the first equality holds due to the law of tower property, and the last inequality holds since

max
x,y∈[0,1]d1

(g1(x(1))− g1(y(1)))≤ max
x1,y1∈[0,1]d1

(g1(x1)− g1(y1))+ max
x,y∈[0,1]d−d1

(
n∑

i=2

gi(x(i))−
n∑

i=2

gi(y(i)))

= max
x,y∈[0,1]d

(g(x)− g(y)).

The second and the third terms of Eq. (EC.89) have already been bounded in (EC.86) and (EC.88)

respectively. We now work on the fourth term.

E

(∑(xk,pk,dk)∈Dt,1,jt(1)

∑n

i=2 gi(xk(i))

|Dt,1,jt(1)|

)2

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=E

E
(∑l∈[|Dt,1,jt(1)

|]
∑n

i=2 gi(xsl(i))

|Dt,1,jt(1)|

)2 ∣∣∣∣∣s1, · · · , s|Dt,1,jt(1)
|, |Dt,1,jt(1)|, jt(1)


≤E

E
 1

4|Dt,1,jt(1)|

(
max

x,y∈[0,1]d−d1

( n∑
i=2

gi(x(i))−
n∑

i=2

gi(y(i))
))2 ∣∣∣∣∣|Dt,1,jt(1)|, jt(1)


≤E

[
n
∑n

i=1L
2
id

kgi
i

4|Dt,1,jt(1)|

]
, (EC.91)

where the equation holds due to the tower property, the first inequality follows from the facts that

x(i) is independent from x(1) for all i ̸= 1. Plugging Eqs. (EC.90) and (EC.91) into Eq. (EC.89),

we can get

E
[(
E[g1(x(1))|x(1)∈M1

jt(1)
]− ât,1,jt(1)

)2
1{|Dt,1,jt(1)

|≥1}

]
≤ 5E

[(
1
2
n
∑n

i=1L
2
id

kgi
i +σ2

|Dt,1,jt(1)|
+4

p2ce,1√
t

+
3
4
n
∑n

i=1L
2
id

kgi
i +3σ2

t

)
1{|Dt,1,jt(1)

|≥1}

]

≤ 5E

[(
5
4
n
∑n

i=1L
2
id

kgi
i +4σ2

|Dt,1,jt(1)|
+4

p2ce,1√
t

)
1{|Dt,1,jt(1)

|≥1}

]
,

where in the first inequality we discard the indicator function, and the second inequality follows

from t > |Dt,1,jt(1)|. For convenience, we define maxx,y∈[0,1]d(g(x)− g(y))2 ≤ n
∑n

i=1L
2
id

kgi
i := ce,2. If

Dt,1,jt(1) = ∅, ât,1,jt(1) = 0 and we have

E
[(
E[g1(x(1))|x(1)∈M1

jt(1)
]− ât,1,jt(1)

)2
1{|Dt,1,jt(1)

|=0}

]
≤ max

x∈[0,1]d1
(g1(x))

2E
[
1{|Dt,1,jt(1)

|=0}

]
.

Therefore, the expectation of Eq. (EC.87) is bounded as

E

(g0 +
∑n

i=1E[gi(x(i))|x(i)∈Mi
jt(i)

]− ĝ0,t−
∑n

i=1 ât,i,jt(i)

2b̂t

)2


≤ n+1

4b
2 E

[
3p2ce,1√

t
+

3
4
ce,2 +3σ2

t
+5

n∑
i=1

( 5
4
ce,2 +4σ2

|Dt,i,jt(i)|
+

4p2ce,1√
t

)
1{|Dt,i,jt(i)

|≥1} + max
x∈[0,1]di

(gi(x))
21{|Dt,i,jt(i)

|=0}

]

≤ n+1

4b
2 E

[
(20n+3)p2ce,1√

t
+

3
4
ce,2 +3σ2

t
+

n∑
i=1

25
4
ce,2 +20σ2

|Dt,i,jt(i)|
1{|Dt,i,jt(i)

|≥1} + max
x∈[0,1]di

(gi(x))
21{|Dt,i,jt(i)

|=0}

]
.

Bound the fourth term of Eq. (EC.84). The fourth term is exactly the same as Eq. (EC.19)

and E[(p0t − pt)
2|j1, j2, . . . , jt]≤ 4√

t
.

Bound total regret. Based on what we have derived above, we now bound the total regret.

T∑
t=1

E[rt]

≤ 6|b|
T∑

t=1

E

[
n

4b2

n∑
i=1

L2
id

kgi
i

M
2kgi
i

+
maxx∈[0,1]d(g(x))

2

4b
4

ce,1√
t
+

n+1

4b
2

(
(20n+3)p2ce,1√

t
+

3
4
ce,2 +3σ2

t
+
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n∑
i=1

25
4
ce,2 +20σ2

|Dt,i,jt(i)|
1{|Dt,i,jt(i)

|≥1} + max
x∈[0,1]di

(gi(x))
21{|Dt,i,jt(i)

|=0}

)]

≤ 6|b|

(
n

4b2

n∑
i=1

L2
id

kgi
i

M
2kgi
i

T

)
+

(
maxx∈[0,1]d(g(x))

2ce,1

4b
4 +

(n+1)(20n+3)p2ce,1

4b
2

)
(2
√
T − 1)+

(n+1)( 3
4
ce,2 +3σ2)

4b
2 ·

(logT +1)+
n∑

i=1

E

[(
25

4
ce,2 +20σ2

) T∑
t=1

1

|Dt,i,jt(i)|
1{|Dt,i,jt(i)

|≥1} + max
x∈[0,1]di

(gi(x))
21{|Dt,i,jt(i)

|=0}

]

=
n∑

i=1

O

(
L2

iT

M
2kgi
i

)
+O(

√
T )+O(logT )+

n∑
i=1

Õ
(
Mdi

i

)
.

The equation holds due to
∑T

t=1 1{|Dt,i,jt(i)
|=0} ≤Mdi

i . After taking Mi = ⌈(L2
iT )

1
di+2kgi ⌉, we obtain

the regret upper bound Õ(
√
T +

∑n

i=1(L
2T )

di
di+2kgi ). Q.E.D.

D.4. Algorithm and Regret Upper Bound for Appendix D.2

Theorem EC.4. Suppose for all i ∈ [n], Li = Θ(1), kgi ∈ (0,1], and Algorithm 6 runs with

N = ⌈T 1
4 ⌉, n0 = ⌈T

1
2 ⌉ and Mi = ⌈T

1
di+2kgi ⌉. The regret of Algorithm 6 is upper bounded by

Õ
(
T

3
4 ∨Tmaxi∈[n]

di+kgi
di+2kgi

)
.

Proof. Note that the exploration phase of Algorithm 6 is exactly the same as Algo-

rithm 4. Therefore, the analysis on the estimation accuracy of si and the regret in this

phase remain the same. For the analysis in the exploration phase, the main ideas are sim-

ilar, and for completeness, we provide all the necessary details. Similar to the proof of

Theorem 5, for notation convenience, we denote p∗t = argmaxp∈[p,p] p(f(p) +
∑n

j=1 gj(xt(j))),

it = argmin0≤i≤N−1 |p∗t −P [i]|, i∗t = max0≤i≤N−1P [i] × (f(P [i]) +
∑n

j=1 gj(xt(j))) and î∗t =

max0≤i≤N−1P [i]× (f(P [i])+
∑n

j=1E[gj(x(j))|x(j)∈M
j
jt(j)

]).

In the exploration phase, since gi(·) and f(·) are all bounded, the total regret is O(n0N). Similar

to Eq. (EC.59), we decompose the regret as follows:

E

[
T∑

t=n0N+1

rt

]

=
T∑

t=n0N+1

E

[
max
p∈[p,p]

p
(
f(p)+

n∑
j=1

gj(xt(j))
)
− pt

(
f(pt)+

n∑
j=1

gj(xt(j))
)]

=
T∑

t=n0N+1

E

[
max
p∈[p,p]

p

(
f(p)+

n∑
j=1

gj(xt(j))

)
− max

0≤i≤N−1
P [i]×

(
f(P [i])+

n∑
i=0

E[gj(x(j))|x(j)∈Mj
jt(j)

]

)

+ max
0≤j≤N−1

P [i]×

(
f(P [i])+

n∑
j=1

E[gj(x(j))|x(j)∈Mj
jt(j)

]

)
− pt

(
f(pt)+

n∑
j=1

E[gj(x(j))|x(j)∈Mj
jt(j)

]

)

+ pt

(
f(pt)+

n∑
j=1

E[gj(x(j))|x(j)∈Mj
jt(j)

]

)
− pt

(
f(pt)+

n∑
j=1

gj(xt(j))

)]
. (EC.92)
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Algorithm 6: Algorithm for SMNPE with Separable Context (ASMNPE-SC)

1 Input: time horizon T , price range [p, p], context dimension d, number of context groups n,

numbers of discretized prices N , exploration parameter n0, dimensions of each context

group d1, · · · , dn, parameters of bins M1, · · · ,Mn.

2 Initialization:

3 Define P [i] = p+
p−p

N
(i+ 1

2
) for each 0≤ i≤N − 1;

4 Initialize for all 0≤ i≤N − 1: si = 0 and ni = 0;

5 for j = 1,2, · · · , n do:

6 Partition [0,1]dj into M
dj
j cubes of equal size, denoted as Mj

j′ for j
′ = 1,2, · · · ,Mdj

j ;

7 Initialize Dn0N+1,j,j′ = ∅ for each j′ ∈ [Mdj
j ];

8 end for

9 Main Steps:

10 for t= 1,2, · · · , n0N do // Exploration phase

11 Calculate i= (t mod N) and charge price pt = P [i];

12 Observe realized demand dt;

13 si← si×ni+dt
ni+1

and ni← ni +1;

14 end for

15 for t= n0N +1, · · · , T do // Exploitation phase

16 for j = 1,2, · · · , n do:

17 Observe xt(j)∈Mj
jt(j)

for some jt(j)∈ [M
dj
j ];

18 If Dt,j,jt(i) = ∅, ât,j,jt(j)← 0; otherwise, ât,j,jt(j)←
∑

(xk,pk,dk)∈Dt,j,jt(j)

∑N−1
i=0 (dk−si)I(pk=P [i])

|Dt,j,jt(j)|
;

19 end for

20 Select mt = argmax0≤i≤N−1P [i]× (si +
∑n

j=1 ât,j,jt(j)) and charge pt = P [mt];

21 Observe realized demand dt;

22 for j = 1,2, · · · , n do:

23 Update Dt+1,j,jt(j)←Dt,j,jt(j) ∪{(xt, pt, dt)} and Dt+1,j,j′←Dt,j,j′ for j
′ ̸= jt(j);

24 end for

25 end for

Bound the first term in Eq. (EC.92). Following Eq. (EC.60), we have

E

[
max
p∈[p,p]

p

(
f(p)+

n∑
j=1

gj(xt(j))

)
− max

0≤i≤N−1
P [i]×

(
f(P [i])+

n∑
j=1

E[gj(x(j))|x(j)∈Mj
jt(j)

]

)]

≤E

[
p∗t

(
f(p∗t )+

n∑
j=1

gj(xt(j))

)
−P [it]×

(
f(P [it])+

n∑
j=1

gj(xt(j))

)]
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+E

[
P [i∗t ]×

(
f(P [i∗t ])+

n∑
j=1

gj(xt(j))

)
−P [i∗t ]×

(
f(P [i∗t ])+

n∑
j=1

E[gj(x(j))|x(j)∈Mj
jt(j)

]

)]

=E
[
p∗tf(p

∗
t )−P [it]f(P [it])

]
+E

[
(p∗t −P [it])g(xt)

]
+E

[
P [i∗t ]

(
n∑

j=1

gj(xt(j))−
n∑

j=1

E[gj(x(j))|x(j)∈Mj
jt(j)

]

)]

≤E
[
p∗tf(p

∗
t )−P [it]f(P [it])

]
+

p− p

2N
max

x∈[0,1]d
|g(x)|+

n∑
j=1

pLjd
kgj
2

j

M
kgj
j

≤
p− p

2N

(
max
p∈[p,p]

|f(p)|+ p(C0 ∨ δ)+ max
x∈[0,1]d

|g(x)|
)
+

n∑
j=1

pLjd
kgj
2

j

M
kgj
j

, (EC.93)

where the last inequality holds due to Eq. (EC.61).

Bound the second term in Eq. (EC.92). We note that

max
0≤i≤N−1

P [i]×

(
f(P [i])+

n∑
j=1

E[gj(x(j))|x(j)∈Mj
jt(j)

]

)
− pt

(
f(pt)+

n∑
j=1

E[gj(x(j))|x(j)∈Mj
jt(j)

]

)

=

(
max

0≤i≤N−1
P [i]×

(
f(P [i])+

n∑
j=1

E[gj(x(j))|x(j)∈Mj
jt(j)

]

)
− max

0≤1≤N−1
P [i]×

(
si +

n∑
j=1

ât,j,jt(j)

))

+

(
max

0≤1≤N−1
P [i]×

(
si +

n∑
j=1

ât,j,jt(j)

)
− pt

(
f(pt)+

n∑
j=1

E[gj(x(j))|x(j)∈Mj
jt(i)

]

))

≤ 2p max
0≤i≤N−1

|f(P [i])− si|+2p
n∑

j=1

∣∣∣ât,j,jt(j)−E[gj(x(j))|x(j)∈Mj
jt(j)

]
∣∣∣ . (EC.94)

To bound the second term in Eq. (EC.94), we focus on the case of j = 1 and the analysis for

2≤ j ≤ n can be obtained similarly. If |Dt,1,jt(1)| ≥ 1, by the definition of ât,1,jt(1), we have

∣∣ât,1,jt(1)
−E[g1(x(1))|x(1)∈M1

jt(1)
]
∣∣

≤ max
0≤i≤N−1

|f(P [i])− si|+

∣∣∣∣∣
∑

(xk,pk,dk)∈Dt,1,jt(1)
(
∑n

j=1 gj(xk(j))−E[g1(x(1))|x(1)∈M1
jt(1)

] + εk)

|Dt,1,jt(1)|

∣∣∣∣∣
≤ max

0≤i≤N−1
|f(P [i])− si|+

∣∣∣∣∣
∑

(xk,pk,dk)∈Dt,1,jt(1)
(g1(xk(1))−E[g1(x(1))|x(1)∈M1

jt(1)
])

|Dt,1,jt(1)|

∣∣∣∣∣
+

∣∣∣∣∣
∑

(xk,pk,dk)∈Dt,1,jt(1)

∑n

j=2 gj(xk(j))+ εk

|Dt,1,jt(1)|

∣∣∣∣∣ . (EC.95)

For the second term in the RHS of Eq. (EC.95), we bound its expectation as follows:

E

[∣∣∣∣∣
∑

(xk,pk,dk)∈Dt,1,jt(1)
(g1(xk(1))−E[g1(x(1))|x(1)∈M1

jt(1)
])

|Dt,1,jt(1)|

∣∣∣∣∣
]

=E

[
E

[∣∣∣∣∣
∑

(xk,pk,dk)∈Dt,1,jt(1)
(g1(xk(1))−E[g1(x(1))|x(1)∈M1

jt(1)
])

|Dt,1,jt(1)|

∣∣∣∣∣ ∣∣∣jn0N+1(1), · · · , jt(1)

]]
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≤E

[∫ ∞

0

2exp

(
−

8|Dt,1,jt(1)|ϵ2

maxx1,x2∈[0,1]d1 (g1(x1)− g1(x2))2

)
dϵ

]

=E

[√
πmaxx1,x2∈[0,1]d1 |g1(x1)− g1(x2)|

2
√
2|Dt,1,jt(1)|

]

≤E

[√
πσ′2

1

2|Dt,1,jt(1)|

]
. (EC.96)

In the above equations, the first inequality holds since conditional on jn0N+1(1), · · · , jt(1),

{g1(xk(1)) − E[g1(x(1))|x(1) ∈M1
jt(1)

] : (xk, pk, dk) ∈ Dt,1,jt(1)} are i.i.d. sub-Gaussian r.v.’s with

variance proxy
max

x1,x2∈[0,1]d1
(g1(x1)−g1(x2))

2

4
, and from Hoeffding’s inequality, we have

P

(∣∣∣∣∣
∑

(xk,pk,dk)∈Dt,1,jt(1)
(g1(xk(1))−E[g1(x(1))|x(1)∈M1

jt(1)
])

|Dt,1,jt(1)|

∣∣∣∣∣> ϵ
∣∣∣jn0N+1(1), · · · , jt(1)

)

≤ 2exp

(
−

8|Dt,1,jt(1)|ϵ2

maxx1,x2∈[0,1]d1 (g1(x1)− g1(x2))2

)
.

The second inequality of (EC.96) holds due to maxx1,x2∈[0,1]d1 |g1(x1) − g1(x2)| ≤

maxx1,x2∈[0,1]d |g(x1)−g(x2)| ≤ 2σ′
1 (recall the definition of σ′2

1 = 1
4
maxx1,x2∈[0,1]d(g(x1)−g(x2))

2+σ2

from Appendix C.1.).

For the third term of Eq. (EC.95), we bound its expectation as follows:

E

[∣∣∣∣∣
∑

(xk,pk,dk)∈Dt,1,jt(1)

∑n

j=2 gj(xk(j))+ εk

|Dt,1,jt(1)|

∣∣∣∣∣
]

=E

[
E

[∣∣∣∣∣
∑

(xk,pk,dk)∈Dt,1,jt(1)

∑n

j=2 gj(xk(j))+ εk

|Dt,1,jt(1)|

∣∣∣∣∣ ∣∣∣jn0N+1(1), · · · , jt(1)

]]

≤E
[∫ ∞

0

2exp

(
−
2|Dt,1,jt(1)|µ2

σ′2
1

)
dµ

]
=E

[√
πσ′2

1

2|Dt,1,jt(1)|

]
. (EC.97)

The inequality in Eq. (EC.97) holds because x(j) is independent of x(1) for all j ̸= 1,

and thus given jn0N+1(1), · · · , jt(1), the distributions of x(j) for j ̸= 1 are not influenced,

and
∑n

j=2 gj(xk(j)) + εk is zero-mean sub-Gaussian random variable with variance proxy
max

x1,x2∈[0,1]d
(
∑n

j=2 gj(x1(j))−
∑n

j=2 gj(x2(j)))
2

4
+σ2 ≤ σ′2

1 .

Therefore, plugging in Eqs. (EC.96) and (EC.97) into (EC.95), the expectation of the second

term of Eq. (EC.94) can be bounded as

2p
n∑

j=1

E
[∣∣∣ât,j,jt(j)−E[gj(x(j))|x(j)∈Mj

jt(i)
]
∣∣∣]
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= 2p
n∑

j=1

E
[∣∣∣ât,j,jt(j)

−E[gj(x(j))|x(j)∈Mj
jt(i)

]
∣∣∣1|Dt,1,jt(1)|≥1 +

∣∣∣ât,j,jt(j)
−E[gj(x(j))|x(j)∈Mj

jt(i)
]
∣∣∣1|Dt,1,jt(1)|=0

]
≤ 2p

n∑
j=1

E

[(
max

0≤i≤N−1
|f(P [i])− si|+2

√
πσ′2

1

2|Dt,j,jt(j)|

)
1|Dt,j,jt(j)|≥1 + max

x∈[0,1]
dj

|gj(x)|1|Dt,j,jt(j)|=0

]

≤ 2pnE
[

max
0≤i≤N−1

|f(P [i])− si|
]
+2p

n∑
j=1

E

[
2

√
πσ′2

1

2|Dt,j,jt(j)|
1|Dt,j,jt(j)|≥1

]

+2p max
j∈[n],x∈[0,1]

dj

|gj(x)|
n∑

j=1

E[1|Dt,j,jt(j)|=0]. (EC.98)

It only remains to bound E [max0≤i≤N−1 |f(P [i])− si|]. Similar to Appendix C.1, for any ϵ > 0,

denote A := {max0≤i≤N−1 |f(P [i])− si| ≤ σ′
1

√
2
n0

log 2
ϵ
}. Eq. (EC.68) still holds here, and then we

have P (A)≥ 1−Nϵ. Hence,

E
[

max
0≤i≤N−1

|f(P [i])− si|
]
=E

[
max

0≤i≤N−1
|f(P [i])− si|

∣∣∣A]P(A)+O(1)P(Ac)

≤ σ′
1

√
2

n0

log
2

ϵ
+O(Nϵ). (EC.99)

Bound the third term in Eq. (EC.92). For this term, we have

pt

(
f(pt)+

n∑
j=1

E[gj(x(j))|x(j)∈Mj
jt(j)

]

)
− pt

(
f(pt)+

n∑
j=1

gj(xt(j)

)
≤ p

n∑
j=1

pLjd
kgj
2

j

M
kgj
j

. (EC.100)

Bound the total regret. Combining Eqs. (EC.92), (EC.93), (EC.98), (EC.100) and (EC.99),

we have

E

[
T∑

t=1

rt

]
=E

[
n0N∑
t=1

rt

]
+E

[
T∑

t=n0N+1

rt

]

≤O(n0N)
p− p

2

(
max
p∈[p,p]

|f(p)|+ p(C0 ∨ δ)+ max
x∈[0,1]d

|g(x)|
)
T −n0N

N
+2

n∑
j=1

pLjd
kgj
2

j

M
kgj
j

(T −n0N)

+ 2pnσ′
1

√
2

n0

log
2

ϵ
(T −n0N)+ 2p

n∑
j=1

T∑
t=n0N+1

E

[
2

√
πσ′2

1

2|Dt,j,jt(j)|
1|Dt,j,jt(j)|≥1

]
+O(TNϵ)

+ 2p max
j∈[n],x∈[0,1]

dj

|gj(x)|
n∑

j=1

T∑
t=n0N+1

E[1|Dt,j,jt(j)|=0]

=O(n0N)+O
(
T

N

)
+

n∑
j=1

O

(
T

M
kgj
j

)
+O

(
T
√
n0

√
log

2

ϵ

)
+

n∑
j=1

O
(√

TM
dj
j

)
+

n∑
j=1

O
(
M

dj
j

)
+O(TNϵ)

= Õ(T 3
4 )+

n∑
j=1

Õ
(
T

dj+kgj
dj+2kgj

)
. (EC.101)
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The first identity of Eq. (EC.101) follows from that

T∑
t=n0N+1

1√
|Dt,j,jt(j)|

1|Dt,j,jt(j)|≥1 =

M
dj
j∑

s=1

T∑
t=n0N+1

1√
|Dt,j,s|

1{|Dt,j,s|≥1,jt(j)=s}

=

M
dj
j∑

s=1

|Dt,j,s|∑
s=1

1√
s
≤ 2

M
dj
j∑

s=1

√
|Dt,j,s| ≤ 2

√
TM

dj
j ,

where the last inequality follows Cauchy-Schwarz inequality and
∑M

dj
j

s=1 |Dt,j,s| ≤ T , and

T∑
t=n0N+1

1{|Dt,j,jt(j)|=0} =

M
dj
j∑

s=1

T∑
t=n0N+1

1{|Dt,j,s|=0,jt(j)=s} ≤M
dj
j .

In the second identity of Eq. (EC.101), we let N = ⌈T 1
4 ⌉, n0 = ⌈T

1
2 ⌉, and Mi = ⌈T

1
di+2kgj ⌉ and

ϵ= T−2. This completes the proof of Theorem EC.4. Q.E.D.

Appendix E. Linear Greedy Algorithm in Section 6

Algorithm 7: Linear Greedy Algorithm

1 Input: price range [p, p], bounds on the price coefficient b and b

2 Initialization:

3 Initialize â1 = 0, b̂1 =
b+b

2
, ĉ1 = 0;

4 Main Steps:

5 for t= 1,2, · · · , T do

6 Observe xt;

7 Set unconstrained greedy price: put ←−
ât+ĉ⊤t xt

2b̂t
;

8 Project greedy price: pgt ←Proj(put , [p, p]);

9 Set price pt← pgt ;

10 Observe realized demand dt;

11 Update (ât+1, b̂t+1, ĉt+1)← argminα,β∈[b,b],γ

∑T

s=1(ds−α−βps− γ⊤xs)
2;

12 end for
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