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Motivated by the empirical evidence observed from the real-world dataset, this paper studies context-based
dynamic pricing with separable demand models. Consider a seller selling a product over a finite horizon of
T periods and facing an unknown expected demand function that admits a separable structure f(p) + g(z),
where p € R and 2 € R? denote the product’s price and features respectively. The seller does not know the
exact expression of f(p) or g(z), but can dynamically adjust prices in each period based on the observed
features and demands to learn their forms. The seller’s objective is to maximize the T-period expected
revenue. We systematically characterize the statistical complexity of the online learning problem under three
configurations of demand models with different structures of f(p) and g(z). For each model, we design an
efficient online learning algorithm with a provable regret upper bound. We also show that the upper bound
is generally unimprovable by proving a matching regret lower bound in certain parameter regimes. Our
results reveal fundamental differences in the optimal regret rates when f(p) and g(x) are endowed with
different structures. The numerical results demonstrate that our learning algorithms are more effective than
benchmark algorithms for all the three models, and also show the effects of the parameters associated with

f(p) and g(z) on the algorithm’s empirical regret.
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1. Introduction
The recent success of online retailers has provided an unprecedented data-rich environment for
firms to take better advantage of the observable contextual information (or features, covariates)

and thereby dynamically improve their pricing strategies. Examples of such contextual informa-
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tion include products’ characteristics, seasonality, festival information, economic indicators, etc. A
fundamental question stemming from the presence of contextual information in dynamic pricing is
how to select a predictive model to capture the dependency of demands on prices and contexts.

The model studied in this work is inspired by our collaboration with the industry partner (Li
et al. 2023), one of the leading retailers of consumer electronics in Middle East. As a typical practice
of this company, the prices for its products being sold, e.g., mobile phones, laptops, and electronics,
are updated every shopping cycle, usually spanning two days. These updates are based on the past
sales data and exogenous feature information. Our focus is on a specific product group of mobile
phones for which we collect data from 2000 SKUs spanning the last three years. We note that
approximately 83% of these SKUs have an average sales volume of less than 5 units per shopping
cycle. The prevalence of the low-sales products limits the amount of information that can be distilled
from the data of each single SKU, especially in terms of the price elasticity. Therefore, as pre-
processing, we employ the traditional K-Means clustering technique to categorize products based
on various historical attributes such as the discounted prices charged by the company, competitor
prices, time since release, color, storage, brand, and sales volumes. The clustering allows us to
assume that products within the same cluster share the same demand model.

After the above pre-processing step, we hope to identify a suitable predictive demand model
for each cluster. One of the most widely used approaches is the non-parametric regression-tree-
based model. We conducte experiments employing various standard techniques, including random
forest regressor, Light GBM regressor (see, e.g., Ke et al. 2017) and Catboost regressor (see, e.g.,
Prokhorenkova et al. 2018). Nevertheless, even after clustering, the price elasticity derived by
these methods tends to hover around zero, and the resulting price-demand curves for numerous
SKUs exhibit near-flat trends. One potential pitfall of the non-parametric regression-tree-based
model is that it may overlook different roles of the endogenous pricing decision and exogenous
context information and simply regards them as homogeneous features in the predictive model.
This underlines the necessity for differentiating the impacts of price and context in the demand
model. More concretely, it drives us towards adopting a demand function with a separable structure,
represented by f(p) + g(z), where p € R and x € R? denote the price and context respectively.

To implement the separable model f(p)+ g(x), we applied a piece-wise linear function to approx-
imate f(p) and Catboost regressor to estimate g(z). We partition the dataset into a training set
and a testing set, 80% and 20% chronologically ordered in the full dataset respectively. In industrial
applications, gaining a deep understanding into the price elasticity is always emphasized. We then
first compare the price-demand curve generated by our separable model against the non-parametric
Catboost model. Figure 1 shows the result for one SKU in one testing period. Clearly seen from

this figure, the separable model produces a price-demand curve that exhibits a declining trend (in
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Figure 1 Comparison of the price elasticity under Figure 2 Comparison of the predicted sales under
Catboost model and separable model three models versus the actual sales
Separable Model | Catboost Model | Linear Model
Avg. of squared errors 24.520 25.232 31.699
Std. of squared errors 225.192 238.185 269.583
Avg. of 7 scores 0.644 0.642 0.544

Table 1 Comparison of the prediction accuracy under three models for 678 SKUs

the red curve), offering more insights into the price elasticity compared with the non-parametric
Catboost model (in the blue curve). We also compare the predictive accuracy of this separable
model with the parametric linear model and Catboost model in the testing dataset. For one repre-
sentative cluster with 678 SKUs, Table 1 shows the average squared errors, the standard deviation
of squared errors, and the average r? scores. The average 7 scores are computed across the testing
periods. That is, for every model in Table 1 and for each testing period, we calculate an r? score
and then determine the overall average across all testing periods. We see that beyond an improved
price elasticity curve, the separable model also outperforms the other two models slightly in all
three metrics. In Figure 2, we also plot the predicted sales averaged over these 678 SKUs under
the three models, alongside the actual average sales. While the average sales tend to be underes-
timated, the pattern under the separable model over the testing periods better aligns with that of
the true one. More detailed empirical evidences can be found in Li et al. (2023).

Beyond the empirical evidence, the separable demand model also complements the existing stud-
ies on context-based dynamic pricing by preserving the advantages of two predominant modeling
approaches in the literature. The first approach is to assume a parametric form to elucidate the
relationship between demand and (price, context) pair. Among these models, the linear demand
model, i.e., bp+ a'x, is arguably the most fundamental one. It separates the effects of the price
and context into an additive form, as our separable model does, but treats both effects in a linear
manner. The parametric assumption usually brings much convenience to practical implementation,
and encourages many efficient learning algorithms based on the well-developed regression theory.

However, it may also lead to a serious issue of model mis-specification, as discussed in Nambiar
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et al. (2019). The second approach is to employ a fully non-parametric model i.e., d(p,x) for some
unknown function d(-) without any specific parametric assumption. This model can be quite robust
to different scenarios and application contexts. However, it fails to capitalize on the structural
characteristics inherent to the problem itself. Compared to the parametric model, the separable
model is still simple to interpret, but can alleviate the issue of model mis-specification. Compared
to the non-parametric model, the separable model takes advantage of the separability structure
that is validated from the real-world dataset, without sacrificing the robustness since f(p) and g(z)

can be general functions.

1.1. Model and Research Questions

In this paper, we study a context-based dynamic pricing problem with separable demand mod-
els and online learning. Consider a seller selling one product over a horizon of T periods. At the
beginning of each period ¢, the seller observes a context vector xz; € [0,1] € R? encoding the prod-
uct’s characteristics and other exogenous information in period ¢, e.g., economic indicator, weather,
competitors’ prices. We assume that {z,};>; are independently and identically distributed (i.i.d.)
random variables (r.v.’s) drawn from some unknown distribution P. The seller then chooses a
price p; from the feasible price range [p,p] and customers observe the posted price p;. The ran-
dom demand D, in period ¢ is generated according to the following demand function: D,(p,) =
f(pe) + g(xt) + &4, where f(-) and g¢(-) are unknown functions, and {e;};>; are i.i.d. mean-zero
o2-sub-Gaussian r.v.’s, i.e., E[e*t] < e# for any A € R. The expected revenue under price p
and context z; is denoted as r(p,x;) := p(f(p) + g(x;)). The optimal price for period ¢ is p; :=
arg max,c, r(p,z;). After observing the demand realization D, in period ¢, the seller collects the
revenue p;D;. An admissible pricing policy 7 is defined as a sequence of functions {m;},>;, where
each 7;(-) maps the historical information observed up to the beginning of period ¢, denoted by
vector Hy = (x1,p1, D1,...,x_1,pi—1,Dy_1,2;), and possibly some external randomness to a feasible
price in [p,p]. The performance of a pricing policy 7 is measured by regret R™(T'), defined as the
difference between the T-period expected revenue generated by the clairvoyant optimal policy and
the pricing policy 7. That is, R™(T) = Zthl E[r(p;,x:) — r(pe, x,)]-

Intuitively, if no “smoothness” assumption is made on f(p) and g(z), the values of the two func-
tions can change arbitrarily when p and x change, making the learning task virtually impossible.
Thus, one needs appropriate structural assumptions on f(p) and g(z) so that the problem is learn-
able. As will be seen later, we systematically study three separable demand models under different
structures of f(p) and g(x). Our central research question is: what is the statistical complexity of
the learning problem for each model considered? To address this question, we first need to design

an efficient online learning algorithm with a provable regret upper bound. One key challenge is
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that although the underlying demand model has a separable structure, the seller can only observe
the total demand, without knowing the exact contributions of f(p) and g(z). In order to maximize
the expected revenue, the algorithm needs to identify both f(p) and g(x). Moreover, we also need
to establish regret lower bounds for any admissible policies. As to this task, the key challenge
lies in different structural properties of f(p) and of g(z) in each model. Accordingly, one needs to
construct different hard instances satisfying the structure properties of f(p) and of g(z), and these

instances should also adapt to some smoothness parameters for the function class of interest.

1.2. Main Results and Contributions

The main contributions of this paper lie in systematically characterizing and understanding the
statistical complexity of the context-based dynamic pricing problem with separable demand models.
Specifically, we consider three configurations of demand models under different structural properties
of f(p) and g(z). Table 2 provides a summary for our main results and the comparison to the
most relevant literature. Throughout this paper, the notations O(-), £2(-) and O(-) are used to hide
constant factors, and O(-), Q(-) and ©(-) are used to hide both constant and logarithmic factors.
We next discuss our results in more details.

Separable model with linear pricing effect (SMLPE). In this model, we assume f(p) is
linear and g(x) is k,th-order smooth with smoothness constant L. We develop a learning algorithm
that melds the ideas of pricing with random shock borrowed from Nambiar et al. (2019) and
contextual space binning and local polynomial approximation. For any k, > 0, we prove a regret
upper bound O(v/T'V (LQT)W) for this algorithm. For 0 < k, <1, we establish a matching regret
lower bound that must be incurred by any algorithm. This guarantees the rate-optimality of our
algorithm in terms of the dependence on both L and 7" in the regime of 0 < k, <1, which is exactly
the class of commonly assumed Holder continuous functions.

Separable model with linear contextual effect (SMLCE). In this model, we assume f(p)
is ksth-order smooth with smoothness constant § and g(x) is linear. We devise a learning algorithm
based on a local polynomial approximation borrowed from Wang et al. (2021b) and a new idea of
optimism over OFU (Optimism in the Face of Uncertainty) for biased linear contextual bandit. For
any k; > 0, we prove that this algorithm attains a regret upper bound (5(\/?\/ (5ka+1)W1“), and
also establish a matching lower bound Q(v/T'V (6T kf“)ﬁl'“). This guarantees the rate-optimality
of our algorithm in terms of the dependence on both § and T

Separable model with non-parametric effects (SMNPE). In this model, we assume f(p)
is ksth-order smooth with smoothness constant ¢ and g(z) is k,th-order smooth with smoothness
constant L. Our algorithm hybrids the ideas of exploration-then-exploitation and local polyno-

mial approximation. For any k, > 0, we prove that the algorithm has the regret upper bound
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O(T3 v (LT ko) TR ). We also establish the regret lower bound Q((LAT%+*a)d%2%¢ ) for 0 < k, < 1.

Therefore, our algorithm almost attains the best-achievable regret rate in the regime of 0 < k, <1.

Highlights of technical contributions. The technical contributions of this work are summa-
rized in two aspects: (i) designing efficient learning algorithms with provable regret upper bounds,
and (ii) constructing hard instances that adapt to different structural properties of f(p) and g(z)
in the analysis of regret lower bounds. We give the highlights in the next two paragraphs.

Similar to many online learning problems, designing an efficient learning algorithm requires
carefully balancing the exploration-exploitation trade-off. Morever, our problem faces an additional
challenge — the seller can only observe the aggregate demand D;(p;), but has no access to the
exact contributions f(p;) and g(x;) make respectively to D;(p;). Furthermore, the estimation errors
of f(p) and g(z) are coupled, making it more difficult to analyze the regret upper bound. In
SMLPE, we adopt the random shock pricing, an idea borrowed from Nambiar et al. (2019), which
enables a direct estimation for f(p) without knowing or accurately estimating g(z). In SMNPE, in
the exploration phase, we conduct randomized price experiments to directly estimate f(p). Since
SMLPE and SMNPE share the same structure of a high-order smooth function g(z), they also
apply the same technique of a local polynomial approximation. However, we can only obtain a
biased observation of g(z), because we only possess an estimator of f(p) rather than its exact value.
To address this challenge, we introduce a novel bridging optimization problem and a carefully
designed clean event analysis to control the impact of the estimation error of f(p) on the local high-
order polynomial approximation of g(x). In SMLCE, we take a different route than SMLPE and
SMNPE by simultaneously estimating f(p) and g(x). This is achieved by leveraging the parametric
property of g(z). To chase the context-dependent optimal price in each period, we also propose a
new idea of optimism over OFU for biased linear contextual bandit. This represents an additional
layer of complexity compared with Wang et al. (2021b) where the authors study a dynamic pricing
problem with a similar assumption on f(p) but without contexts.

The analysis of the regret lower bound in each model involves constructing a series of hard
problem instances so that any algorithm “performing well” in some problem instances would incur
“high” regret in others. Although the existing studies, e.g., Rigollet and Zeevi (2010), Chen and
Gallego (2021), Hu et al. (2022) and Wang et al. (2021b), also face a similar task, the construction
of the hard instances in our setting is non-trivial due to two reasons: (i) the smoothness parameters
k, and k; are not necessarily integer numbers, and (ii) in all three models, we hope to tightly
characterize the impacts of constants L and § in the regret bounds, which appears to be new in

the dynamic pricing literature.
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Table 2 Summary of the main results in this work and existing results in literature
Paper Demand model | Regret upper bound Regret lower bound Key assumption
Dynamic pricing without context
~ e kth-order smoothness,
Besbes and Zeevi (2012) f(p) O(T3k+1) N/A
concave revenue function
Keskin and Zeevi (2014) bp+a O(WT) QWT) Linear demands
Wang et al. (2021Db) f(p) 6(T2kk%11) Q(T;TTI) kth-order smooth
Dynamic pricing with context
Qiang and Bayati (2016) bp+a'x O(logT) QlogT) Known incumbent price
The benchmark is
Nambiar et al. (2019) bp+g(z) OWT) Q(W/T)
the best linear model
2 e
Slivkins (2011) f(p,z) O(T #+3) Q(T#+3) f: Lipschitz continuous
f: Lipschitz continuous,
Chen and Gallego (2021) f(p.x) O((log T)QTgLZI) Q(T%) smooth and locally concave
revenue function
bp+g(x) OWTV (L*T) ‘“g"'s) QWT vV (L*T) T )T | gt kyth-order smooth in [0, 1]9,
This work B N L
(Sec. 2 to 4) f)+aTz | ONTV (STH+)Fr) | Q(VT v (§Tkr+1) %571 f+ kyth-order smooth,
ec. 2 to
F) +9(x) | OTR v (LATa+e) 75 ) | Q((LAT s ) 7755 )1 where kg, ky >0

t In this lower bound, we assume that 0 < kg < 1.

1.3. Literature Review

Li et al. (2023), together with their industrial practices, is the main motivation for us to consider
the separable structure in revenue management. However, Li et al. (2023) mainly focus on the
offline learning regime, where the data has been collected and the decision maker has no control
over what kind of data they can see. Our paper lies in the regime of online learning, where the
decision maker does not have any reliable historical data and need to learn on the fly. Thus, this
paper is related to two streams of literature: dynamic pricing with demand learning, and bandits
with contextual information. We next review the relevant works in each stream.

Dynamic pricing with demand learning. There is a vast literature on dynamic pricing with
online demand learning, see two recent reviews, Chen et al. (2022) and Chen and Hu (2023). Earlier
studies in this area consider the setting without contextual information. These works can be clas-
sified into two categories according to parametric models (see, e.g., Broder and Rusmevichientong
2012, Keskin and Zeevi 2014, Keskin et al. 2022a) and non-parametric models (see, e.g., Besbes
and Zeevi 2009, Besbes and Zeevi 2012, Wang et al. 2014, Miao and Wang 2021, Wang et al. 2021b,
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Li and Zheng 2023). We refer the reader to den Boer (2015) for a comprehensive review on this
stream of literature.

Among the aforementioned studies, Wang et al. (2021b) is closely related to this work. Specif-
ically, Wang et al. (2021b) consider a dynamic pricing problem without context, and assume the
expected demand is (k — 1)-times differentiable in the price, with the (k — 1)-th derivative being
Lipschtiz continuous. The authors design a learning algorithm by applying the OFU principle from
linear contextual bandit, and prove that the optimal regret rate is é(T%) The algorithmic
design and regret upper bound analysis of our SMLCE are inspired by their work, but there are
two important differences. First, the optimal price is stationary in Wang et al. (2021b) in the
absence of context, but can change over time in our contextual setting. Therefore, the multi-armed
bandit protocol proposed in Wang et al. (2021b) to learn the fixed optimal price cannot be directly
applied. To overcome this difficulty, we propose a novel idea of being more optimistic over OFU
in price selection to chase the context-dependent optimal price. Second, the notion of k;th-order
smoothness in our work is a generalization to that in Wang et al. (2021b), where we allow k; to
be any real value while they assume k is an integer. Moreover, we study the effect of a smoothness
parameter 0 associated with f(-) on the regret bound, whereas Wang et al. (2021b) treat J as a
constant and ignores this effect. The general values of k; and § require a more careful selection of
the parameters used by the algorithm, and a more sophisticated construction for the hard instances
in the lower bound analysis.

There is a growing body of literature on context-based dynamic pricing with demand learning
(e.g., Qiang and Bayati 2016, Javanmard and Nazerzadeh 2019, Miao et al. 2019, Cohen et al.
2020, Ban and Keskin 2021, Wang et al. 2021a, Keskin et al. 2022b). We refer to Ban and Keskin
(2021) for a recent review, and next focus on the papers that are more related to ours. Qiang and
Bayati (2016) consider the demand model bp+a "z in an incumbent-price setting, i.e., the expected
demand for some incumbent price is exactly known, and show that the greedy algorithm achieves
the regret upper bound O(logT). Nambiar et al. (2019) study the demand model bp + g(x) and
propose a random price shock (RPS) algorithm that generates randomized price shocks to estimate
price elasticity. They prove that the regret of the RPS algorithm compared with the clairvoyant who
knows the best linear approximation to g(z) is in the order of O(+/T). In this paper, we borrow
the idea of RPS to construct a learning algorithm for our SMLPE, but the regret we consider for
the algorithm is benchmarked against the clairvoyant that knows the true demand function. Ban
and Keskin (2021) consider personalized dynamic pricing where the price elasticity is affected by
each individual customer’s characteristics. Their demand model g(a'z + 8" xp) does not admit
a separable structure, since the price elasticity is context-dependent. By contrast, we focus on

pricing for the whole customer population in different periods with dynamic features relevant to
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products. Chen and Gallego (2021) consider a non-parametric demand model in context-based
dynamic pricing. Assuming that the revenue function is Lipschitz continuous and locally concave,
the authors prove that the optimal regret is é(T %). Without leveraging separability structure,
the algorithm in Chen and Gallego (2021) can lead to a sub-optimal regret in our setting. When
k, =1, SMLPE becomes a special case of theirs, and the optimal regret in this case is improved to
O(WTV TT%) due to the separable structure.

There is another stream of literature in context-based dynamic pricing, where the demand is
formulated by a binary choice model (see, e.g., Javanmard and Nazerzadeh 2019, Mao et al. 2018,
Cohen et al. 2020, Shah et al. 2019, Xu and Wang 2021, Fan et al. 2021, Luo et al. 2023). Adopting
the different aggregate-demand modeling approach, our paper is very different from these works in
both the algorithm development and regret analysis.

Bandits with contextual information. Our paper is also closely related to the literature
studying bandits with contextual information. See Lattimore and Szepesvéri (2018) and Slivkins
(2019) for comprehensive reviews. The most studied model in contextual bandit is the linear model
(see, e.g., Auer et al. 2002, Dani et al. 2008, Rusmevichientong and Tsitsiklis 2010, Chu et al. 2011,
Abbasi-Yadkori et al. 2011), where the expected reward is a linear combination of contexts. The
algorithms developed in these works are mostly built upon the celebrated idea of the OFU principle,
which effectively balances the exploration-exploitation tradeoff. In SMLCE, we borrow the OFU
idea to design a learning algorithm and apply the high-probability confidence bound constructed
by Abbasi-Yadkori et al. (2011) to analyze the regret upper bound. Later studies extend the linear
model to generalized linear model (see, e.g., Filippi et al. 2010, Li et al. 2012, Li et al. 2017). There
are also a substantial amount of literature considering contextual bandits with non-parametric
reward feedback under a general Holder continuous assumption (see, e.g., Rigollet and Zeevi 2010,
Perchet and Rigollet 2013, Hu et al. 2022). Among the studies on non-parametric bandits, Slivkins
(2011) assuming a continuous action space is the most relevant to this work. For general Lipschitz

reward function f(z,p), where x is the context vector in R? and p is the action vector in R,
d+dp+1

Slivkins (2011) proves that the optimal regret is é(T‘”dg“). In particular, letting d, =1 leads to
the optimal regret rate é(T%) for a dynamic pricing problem. This rate is strictly higher than
the optimal regret O(T %) in our SMNPE with k, =1 and d > 2, which shows the benefit of the

separable demand structure in reducing the statistical complexity.

1.4. Structure and Notations
Throughout this paper, we define a A b 2 min{a,b} and a V b = max{a,b} for a,b € R, and use
[n] to denote the set {1,2,---,n} for any positive integer n. We use “context” and “feature”

interchangeably. In Sec. 2 and Sec. 3, we study the semi-parametric model with linear pricing effect
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and linear contextual effect respectively. In Sec. 4, we consider the non-parametric model. In Sec. 5,
we provide further discussions on the comparison between the three models in Sec. 2, Sec. 3 and

Sec. 4. A numerical study will be conducted in Sec. 6. We conclude this paper in Sec. 7.

2. Separable Model with Linear Pricing Effect (SMLPE)

In this section, we study the following separable demand model with linear pricing effect:

Dy(p) =bp+g(z:) +e1,  YpE|[p,Dl, (1)

where b is an unknown parameter belonging to some known interval [b, b] C (—00,0). As a result, the
revenue function r(p, ;) = p(bp+ g(x;)) considered in this section is strongly concave in p. Following
the literature, e.g., Ban and Keskin (2021), we assume that the optimal price p} = —%ff) € [p, 7]
for any b € [b,b] and z, € [0,1]%. We now introduce our assumption on g(-). First, we define b(k) :=
sup{i € N:i <k} is the largest integer that is strictly less than k. For k = (K1, kg, .., kq) € N4, we
define k| :=r1 + - + Ky, and 9"g=07"0y% - 9;"g = alxlg

ASSUMPTION 1. The function g:[0,1]* = R is k,th-order smooth with constant L >0, denoted
by g € Galky, L), if g(-) is b(k,)-times differentiable on [0,1]* and for any x € N* with |k| = b(k,)
and any x,, 5 € [0, 1],

[0 g(@1) = 0"g(a2)| < Ll — ol =" (2)

We refer to k, and L as the smoothness degree and constant for g(-) respectively. Eq. (2) tells
that b(k,)th-order derivatives of g¢(-) are (k, — b(k,))-Holder continuous. There are also some
other almost equivalent definitions of smooth functions, see, e.g., Hu et al. (2022). In the above
definition, k, can be any non-negative real number and does not need to be an integer. When
k, =1, Gu(k,, L) is the class of Lipschitz continuous functions, which is often assumed in dynamic
pricing literature (see, e.g., Chen and Gallego 2021). When k, <1, G4(k,, L) is the class of Holder
continuous functions. In this paper, we consider a general class of smooth functions to capture
the effect of context. This assumption implies that the volumes of demands are similar if the
contexts are similar. If this assumption fails, the historical sales data of one observed context is
not informative for that of a new similar context, and thus learning is virtually impossible. An
immediate property guaranteed by Assumption 1 is that there exists some constant g > 0 such
that |g(z)| < g for any = € [0,1]%. Note that we give a special emphasis on the smoothness constant
L for g(-), whose impact is usually overlooked in the regret analysis by the current literature.
Nevertheless, as L affects how effectively a non-parametric function g(-) can be approximated by

a polynomial function, we will study its impact on the regret bounds later.
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2.1. Algorithm and Regret Upper Bound

In this subsection, we propose an Algorithm for SMLPE (ASMLPE for short) in Algorithm 1. As
highlighted in Sec. 1.2, one key challenge in designing an algorithm for a separable demand model
is the task of estimating both functions of f(p) and g(x) by using only the aggregate demand
observations. For SMLPE, we combine two ideas: (i) pricing with random shock, and (ii) context

space binning and local polynomial approximation, to address this challenge. Below we illustrate

the details. For notation convenience, for any two vectors = = (x(1),z(2),...,2z(d)) € [0,1]¢ and
v=(v1,02,...,v4) € N we denote v! =1L, v;! and 2¥ =TI, (2(7))". In Algorithm 1, we also adopt
the notation ¢n, () = (1,---, (v —x;)",---), where u takes all vectors in N“ satisfying |u| < b(k,).

Pricing with random shock. Since g(z) is unknown and may not be linear, a naive linear
regression of d; against (p;,x;) causes the price endogeneity effect and introduces bias to the
estimation of price sensitivity b (see Nambiar et al. 2019). Even if g(x) is a known linear function,
directly applying the estimator to charge a myopic price suffers from a lack of exploration and
can lead to insufficient learning. The technique we apply is called pricing with random shock,
which is borrowed from Nambiar et al. (2019) and resolves the two drawbacks of linear regression
simultaneously. Instead of regressing d; against p;, we estimate b by regressing d; against the random

shock A;, which is an exogenous random variable with zero mean (see line 17 of Algorithm 1).

Since
Y Ay _ S Albptg(e) ey Y Adbpt () +2) 5
Yo A2 e 02 > 02 ’
22?171535 is an unbiased estimate of b. Note that this step estimates b even without any knowledge
s=1=s

of g(z), and therefore decouples the estimation error of g(z) from that of b. Moreover, Eq. (3)
takes advantages of all the data collected to estimate b regardless of where x, lies, which leads to
a high data utilization efficiency. Based on the estimate b, and a local polynomial approximation
for g(z) to be explained later, the algorithm computes a greedy price pj (see lines 11 and 12 of
Algorithm 1) and charges a price p; by adding the random shock A; (see line 13 of Algorithm 1).
A careful control of the magnitude of A; balances the fundamental tradeoff between exploration
and exploitation.

Context space binning and local polynomial approximation. Assumption 1 guarantees
that ¢g(-) cannot change dramatically in a local area. This leads to a natural idea of dividing the
context space [0,1]% into different small bins and using a b(k,)th order polynomial function to
approximate g(-) in each bin. Specifically, we divide the context space [0,1]¢ into M? equal-sized
small bins. For each bin M;, we choose a fixed point xz; € M; and approximate g(z) using its

b(ky)th order Taylor expansion at x;, which is denoted by Py, (x) and defined as follows:

b(kg)

or xj .
Z Z J (x —z;)".

1=0 keNd:|x|=i
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To estimate the unknown coeflicients of P, (x) for each bin M;, we apply the linear regression to
the residuals {d, —p,b, : 1 <s<t—1,2z, € M;} (see line 10 of Algorithm 1). However, there are two
notable challenges. First, there exists an important tradeoff for the choice of M. If M is too large,
the amount of data collected for each bin will be limited, discouraging the success of learning g(-).
If M is too small, a larger approximation error of g(-) using a polynomial function Py, (z) will be
incurred, leading to a poor pricing strategy. In fact, one can easily verify the following equation

from Assumption 1:

s -Pul=| 3 (FL ey - T )~ (). @

K!
REND: |k |=b(kg)

The choice of M is given in Theorem 1. Second, unlike the estimation process for b through random
shock which is not affected by the quality of the estimate for g(x), the estimation process for g(z)
from the local polynomial approximation and linear regression is subject to the estimation error for
b. In particular, the residual d, — psl;t is a biased observation of g(z,) since b, #b. The expectation
bound of (b, — b)? established by Nambiar et al. (2019) does not suffice for our purpose, and we
establish a more powerful high probability bound of (Bt —b)? for every t. Building upon this, we
introduce a novel bridging optimization problem aiming at managing the impact of the propagation

of the estimation error of b to learning the function g(z).

THEOREM 1. Suppose Assumption 1 holds for demand function (1) and let Algorithm 1 run with
1

M = [(L*T)%%3 . Then the regret of Algorithm 1 is

O(VTv (L?T)ﬁ). (5)

The upper bound in (5) consists of two parts O(v/T) and O((L2T) T ). At a high level, O(V/T)
arises from the complexity of learning the price sensitivity b. For the simplest linear demand model
without context, the squared estimation error of b under an asymptotically optimal policy exhibits a
t=1/2 order of magnitude (see, e.g., Keskin and Zeevi 2014). Therefore, a cumulative regret O(v/T) is
in general unavoidable. The second term O ((LQT)ﬁ) captures the challenge of learning function
g(+) within a high dimensional context space. This bound is increasing in d, consistent with the
intuition that a higher dimension of context space leads to a more challenging task of learning
g(+). It’s also decreasing in k,, aligned with the intuition that a larger value of k, indicates a more
accurate approximation of g(-) by a local polynomial function. The smoothness constant L also
affects the order of the regret upper bound. If L = ©(1) as assumed in the literature, the regret
bound is always (5(Tﬁ) except d < 2k,. However, if L =O(T %*%), which can be very small
when d is relatively large compared with k,, the regret bound becomes 6(\/T ). In this case, the
bottleneck becomes estimating b instead of g(-) because the latter can be very well approximated

by a polynomial function. The proof of Theorem 1 is deferred to Appendix A.1.
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Algorithm 1: Algorithm for Separable Model with Linear Pricing Effect (ASMLPE)

1 Input: price range [p, p], bounds on the price coefficient b and b, number of bins M, A

2 Initialization:

3 Partition each dimension of the context [0,1] into M segments of equal length, denoted as
M, for j=1,2,--- , M%

4 Select the center from every M, denoted by my,---,my;4;

5 Initialize Dy ; = for each j € [M?] and by = %2

6 Main Steps:

7 fort=1,2,---,T do

8 Set 8, <t 1;

9  Observe z; and find j € [M?] such that x; € Mj;

10 0t7j = ()\I + Z(ms,ps,ds)GDt,J- (z)Mj (x3)¢Mj (CL’S)T)71 Z(xs,ps,ds)(ds _psbt)¢Mj (JZS) )
6] dn. (z

11 Set unconstrained greedy price: p} < _%:(t);
12 Project greedy price: p] <= Proj(py, [p+ 0¢, D — d¢));

13 Generate an independent random variable A; < §; w.p. % and A; < —d; w.p. %;

14 Set price p, < p] + Ay;

15 Observe realized demand d;;

16 Update Dy < Dy U{(x,pr,de)} and Dy < Dy, for i # j;
~ . t o Agds _

17 Update by, + PIOJ(%, [b,0]);

18 end for

2.2. Regret Lower Bound
We now establish a lower bound for SMLPE. We denote the regret of policy 7 as R , 5 o(T") under
the demand function bp + g(x) + ¢, where g € Gy4(k,, L), and the distributions of « and ¢ are P and

Q respectively. We use £(o) to denote the class of o?-sub-Gaussian distributions.

THEOREM 2. For Gu(k,, L) with 0 <k, <1 and L >0, [b,b] C (—00,0) and o >0, there exists a
constant Ky >0 independent of T and L, such that for any admissible policy =,
d
sup Ry, po(T) 2 K - (\/T\/ (L*T) d+2kg) : (6)

9€G4(kg,L),
be(b,b],P,Q€eE(a)

Theorem 2 shows that the regret upper bound achieved by Algorithm 1 in Theorem 1 is unim-
provable in terms of the dependency on both 7" and L, for the case when 0 < k;, < 1. To our
knowledge, this is the first tight regret bound in the dynamic pricing literature in terms of the

dependence of both T and L.
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In Nambiar et al. (2019), a similar demand model is considered, but the performance of their
learning algorithm is benchmarked with the clairvoyant optimal policy for the “best” linear demand
function. Under such a setting, they show that the best achievable regret is @(ﬁ ). By contrast,
our regret notion is defined against the optimal policy endowed with knowledge of the true demand
function. Consequently, our optimal regret encompasses an additional term é((LQT)ﬁ), captur-
ing the complexity for learning the function ¢(-). In Chen and Gallego (2021), the authors prove the
optimal regret é(T%) for general Lipschitz continuous demand functions (in both context and
price) under a local concavity property. When k, =1 and L =©(1), the demand functions we con-
sider here, represent a subset of their model. In this scenario, our optimal regret is é(\/T vT ﬁ),
which is strictly lower than theirs. This reduction benefits from the separability structure assumed
in our model. The improvement is more significant when d is small, but less significant as d increases.
In terms of the algorithmic design, without utilizing the separability structure, their algorithm
divides both the price space and context space into bins, and treats the learning problem in each
small bin as an independent one. In our setting, we leverage all the historical data to estimate the
price sensitivity to achieve information sharing among different bins in the context space.

We next sketch the proof of Theorem 2 and defer the detailed analysis to Appendix A.2. Note
that the first lower bound Q(v/T) is directly implied from the existing results (e.g., Theorem 1
in Keskin 2014) by choosing g(z) to be a constant function. To show the second lower bound
Q((L2T)ﬁ), we borrow the idea from Rigollet and Zeevi (2010) and Chen and Gallego (2021)
to construct a series of Holder continuous functions that are “similar” to each other and difficult
to distinguish. Additionally, we also need to construct the instance with the consideration of L.
Specifically, we partition the context space [0,1]? into M? equally sized bins, denoted as M; for
j € [M?], by dividing each dimension into M intervals of equal length. We then construct a series
of functions {gw(-) : w € {0,1}"}, each of which is indexed by a tuple w € {0,1}". The j-th

coordinate of w determines the value of gy (z) for z € M; as follows:

o (p+P) if w; =0,
gw(@) =1 bl (p+P) + 5(D(x,0My))* if w; =1 and D(z,0My) < 177 (7)
b (p+P) + Sjékg if w; =1 and D(z,0M;) > m,

where OM; denotes the boundary of the bin M;, and D(z,M,;) :=inf{||z —y|| : y € OM;} denotes
the Euclidean distance between « and M. Lemma 1 shows gy (+) is k,th-order smooth if 0 < k, <1,

whose proof will be given in Appendix A.3.

LEMMA 1. For 0<k,<1 and L >0, let M = [(L*T) d+12’“ﬂ. Then for each w € {0, 1}Md, gw ()
defined in Eq. (7) belongs to Gy(k,, L).
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We then consider two demand functions gw_; ;) for w; =0,1, where we use (w_;,w;) to denote

an index w € {0, 1}M whose j-th coordinate is w; and the other coordinates are w_;. When x

L
16M*gp| "

falls into M; with w; =0, the optimal price is ﬂ. For w; =1, the optimal price is ﬂ +

p+p

Thus, if the price charged by an algorithm in period t is greater than =~

32Mk9\b| its gap with

the optimal price under demand function Giw_;,0) is greater than

; and if the price charged

32Mk‘1|b\
by the algorithm is less than =— p+p + 5 Mk9|b\ its gap with the optimal price under the other function
Jw_;1) 1s still greater than 32ng‘b| Bretagnolle-Huber inequality (see Bretagnolle and Huber

1979) guarantees that the minimal error of making one type of the mistakes depends on how well
the algorithm can distinguish between the two demand functions. Then, by Kullback-Leibler (KL)

divergence arguments, we guarantee that the minimal error can be lower bounded.

3. Separable Model with Linear Contextual Effect (SMLCE)

In this section, we study the following separable demand model with linear contextual effect:

Di(p)=f(p)+a'z +e,  Vp€p,Dl, (8)

where a € R? is an unknown vector capturing the linear contextual effect whose norm is bounded
from above by a constant @ >0, i.e., |a|| <@, and f: [p,p] = R is an unknown function capturing
the pricing effect. In this section, we impose the kjth-order smoothness assumption on f(-), which
is similar to Assumption 1 under d = 1. Recall that b(k) =sup{i € N:i < k} is the largest integer
that is strictly less than k.

ASSUMPTION 2. The function f(-): [p,p] = R™ is kyth-order smooth with constant § >0, denoted

by f e F(kys,6), if f(-) is b(k)-times differentiable on [p,p] and for any p,p’ € [p,p],
| FEED (p) — fEED ()] <6 |p—p' [T 9)

Note that some commonly assumed smoothness conditions in the literature are covered by
Assumption 2. For example, when k; =1, F(ky,d) is the class of Lipschitz continuous functions,
as assumed in Besbes and Zeevi (2009) and Chen and Shi (2019). When k =2, F(k;,0) includes
all the functions with bounded second-order derivatives, as assumed in Wang et al. (2014), Besbes
and Zeevi (2015), and Lei et al. (2014). When k; is a general integer, Assumption 2 reduces to
Assumption 1 in Wang et al. (2021b). We also emphasize that different from a variety of literature
assuming concavity (see, e.g., Chen and Gallego 2021, Wang et al. 2014, Besbes and Zeevi 2015,
Chen and Shi 2019), we do not make this assumption in this section. Again, we emphasize the

dependency of this class of functions on the smoothness constant 4.
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Algorithm 2: Algorithm for Separable Model with Linear Contextual Effect (ASMLCE)

1 Input: time horizon T', price range [p,p], polynomial degree k;, smoothness parameter Cj,

context dimension d, upper bound a, number of price segments NV, error control terms A,
noise variance proxy o

2 Initialization:

3 Partition [p,p] into N segments of equal length, denoted as I; for j =1,2,---,V;

4 Initialize for all j € [N]: D; =0.

5 Main Steps:

6 fort=1,2,---,T do

7 Observe xy;

8 fori=1,2,---,N do

o (pdes, Vi) :RLC<b(kf),d, 1.D,,A,1/T2,Cy, 0, a);

0 = a\/(d+ b(ky))log (™) + dlog T+ A (CRb(ky) +3%)} + Ay/[Dj];
1 A= maxge pX (G 9(p)) + (@i ae) + 70y [0(p,2) TV 6(p,2) + A);
12 pu=argmaxyer, p < (B 9(P) + (e w1) + 2000/ B(0 ) TV G(pm) +A);

13 end for

14 Select 7, = argmax;<y 7, and charge p, =Dy ;,;
15 Observe realized demand d;;
16  Update D;, « D;, U{(xs,ps,di) };

17 end for

3.1. Algorithm and Regret Upper Bound
We construct an Algorithm for SMLCE (ASMLCE for short) in Algorithm 2. When f(p) is ksth-order
smooth, we can naturally apply the idea of local polynomial approximation as what we did for g(z)
in Sec. 2. However, different from the context sequence {z,:t> 1} which is generated in an i.i.d.
manner, the price sequence {p;:t > 1} is generated adaptively, posing more challenges in fitting
f(p) using a polynomial function. Moreover, the optimal price is context-dependent and changes
over time. Therefore, the idea of embedding the biased linear contextual bandit into a multi-armed
bandit protocol in Wang et al. (2021b) for dynamic pricing without context does not directly work.
Algorithm 2 combines two ideas: (i) local polynomial approximation, and (ii) optimism over OFU
for biased linear contextual bandit to address these challenges, which are illustrated below.
Local polynomial approximation. This idea is a one-dimensional-case implementation of the
context space binning and local polynomial approximation in ASMLPE. Wang et al. (2021b) has also

applied this idea to dynamic pricing without context. Specifically, we partition the price interval
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Algorithm 3: Regression with Linear Context (RLC)

1 Input: polynomial degree k, context dimension d, domain I = [, u], history D, bias A,

probability e, smoothness parameter C', noise variance proxy o, upper bound a
2 Compute \ = 1)2 i —1 14,
3 Compute V = )\I(k+d)x(k+d) + 2 ey 20, ) (P, ) T, where ¢(p,z) = (p(p)",2")" and
pp)=L.(p=1), -, (p=D"T;
4 Compute Ridge estimate (0,a) =argmin}>, o (d—(0,0(p)) — (a,2))* + M[10]I5 + l|all3);
5 Output: é,&,V

[p,p] into N segments of equal size, denoted as Iy, --- , Iy (see line 3 of Algorithm 2). For each price

segment I; :=[a;,b;), we use the following polynomial function of degree b(k;):

) (a _
Z f —a;)",

to locally approximate the true function f(p). Similar as Eq. (4), the approximation error |f(p) —

Py, (p)| is bounded by O(§/N*r). Since the contextual effect is linear in this case, a polynomial
function Py, (p) + a’x,; is used as a whole to approximate f(p)+a'x; in segment I;.
Optimism over OFU for biased linear contextual bandit. Applying the above local poly-

nomial approximation, for each t > 1 and p, € I, we rewrite D;(p) as follows:
Dy(p:) = P, (p:) + o'z + P = QJTSO(Z%) +a'z + By, (10)

where 8, := f(p) — P, (p) + &0, o(p) = (1, (pe — a;), -+, (pr — a;)°*1)) and 0; € R®*/)* whose
i-th coordinate is f((a;)/i! for 0 <i < b(ks). Although the above model is quite similar to the
linear contextual bandit in the literature (see, e.g., Abbasi-Yadkori et al. 2011, Chu et al. 2011),
where the OFU idea is commonly adopted, there are two challenges in our problem. First, 5; in
equation (10) contains a biased term f(p;) — Pi,(p:) that is not mean-zero and depends on the
pricing decision. We address this issue by borrowing the idea in Wang et al. (2021b) that adds an
additional term A when implementing the OFU principle to compute an optimistic price in each
segment. Second, as a unique challenge appearing in contextual dynamic pricing, the optimal price
depends on the random context revealed in each period and changes over time. This is different
from the setting in Wang et al. (2021b) where the optimal price remains a constant so that they
can treat each price segment as an arm and the segment containing the fized optimal price as the
“best” arm. We overcome this by a new idea of the optimism over OFU, which proceeds as follows.
We first implement the OFU principle in each price segment I, and compute an optimistic price

Pr.; and optimistic revenue 7 ; (see the for loop in lines 8 to 13 of Algorithm 2). Then we choose the
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most optimistic price from the NV candidate prices p; 1,...,p: n that achieves the highest optimistic
revenue (see line 14 of Algorithm 2). This idea helps to generate a price trajectory under which
the algorithm’s revenue in each period ¢ is close to the true optimal revenue with high probability.

The following theorem presents the regret upper bound for Algorithm 2.

THEOREM 3. Suppose Assumption 2 holds for demand function (8) and let Algorithm 2 run with
21
N = [T T +1 and A =6(p—p)™f /N*. Then the regret of Algorithm 2 is

O <d(ﬁv (5ka+1)%?+1)> :

The proof of Theorem 3 is deferred to Appendix B.1. We next discuss this result. First, when
§ = ©(1), the regret upper bound is O(dT*s+1/ (k1)) recovering Theorem 1 in Wang et al.
(2021Db) for the setting without contexts. This demonstrates that the additional linear contextual
effect only brings a polynomial coefficient d to the regret bound. Similar to the impact of k, in
Theorem 5, this upper bound decreases in ky. When k; =1, f(-) is Lipschitz and the regret bound is
O(dT%), and when k; = oo, f(-) is infinitely differentiable and the regret bound becomes O(dv/T).
Second, when 4 is not a constant, the regret bound behaves differently when § belongs to different
regimes. When § = Q(T%), the regret bound is (f’)v(d((5ka+1)2kfﬁ), and when § decreases to
o(T _%), the regret bound is always (5(dﬁ ). This shows that the smaller ¢ is, the lower the regret
bound will be. The explanation is similar to the effect of L in Theorem 1. Third, in comparison
to Theorem 1, the roles that dimension d plays are different in the regret bounds for SMLPE and
SMLCE. In Theorem 1, d appears in the exponent of 1" due to the non-parametric assumption on
g(z), while in Theorem 3, d serves as a multiplicative factor in the regret bound due to the linear
assumption on g(z). This demonstrates that non-parametric contextual effect brings much more

complexity to online learning than the parametric effect.

3.2. Regret Lower Bound
We now establish a regret lower bound for SMLCE. Similar to Theorem 2, we denote the regret
of policy ™ by R}, p o(T') under the demand function f(p) + a'z+¢e, where f € F(ks,d), and the

distributions of  and e are P and Q respectively.

THEOREM 4. For F(k¢,0) withk; >0 and 6 >0, a >0, and o >0, there exists a constant Ky > 0
independent of T and §, such that for any admissible policy m,
1
sup R}, po(T)> K- (\/T\/ (6T*rth) 2kf+1> . (11)
FEF(ky.0),
llall<a,P,Qe€ (o)
Theorem 4 shows that the regret upper bound achieved by Algorithm 2 in Theorem 3 is unim-

provable in terms of its dependency on the learning horizon 7" and é. Therefore, the optimal regret
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rate for SMLCE is ©(vT V (5ka+1)2’“fﬁ). Note that the upper bound in Theorem 3 grows linearly
in d, but the lower bound in Theorem 4 is independent of d. This is because in the construction of
demand functions for the lower bound, we simple take a = 0. We leave the problems of analyzing
the more complicated dimension-dependent lower bound as future research.

To prove Theorem 4, the first lower bound Q(v/T) is directly implied from Theorem 1 in Keskin
and Zeevi (2014) by letting a = 0 and f(p) = a + Bp after appropriately choosing a and S. To
show the second lower bound Q(((Ska“)%fﬁ), we construct a series of demand functions that
are in the class of F(k;,d) and use the KL divergence arguments to bound the regret. Note that
the smoothstep function constructed in Wang et al. (2021b) cannot be directly used here because
in our problem k; is not necessarily an integer. Besides, our analysis also requires the constructed
demand functions to be dependent on § such that the established lower bound achieves a tight
dependency on §, which is more complicated than that in Wang et al. (2021b).

We next describe how to construct the demand functions for our lower bound analysis. For sim-
plicity, we assume [p,p] = [1 2]. Similar to Hu et al. (2022), we introduce an infinitely differentiable
)1{z € [0,1]}, and define function S(z (fo > lffoo u(t)dt.
Based on S(z), we define gy, () as follows:

function u(z) = exp (— 3:(1 o)

1
gi, (1) = 7 (S@) Uz <11+ S@—2)1{z > 1)), ¥re[0,2], (12)
kg
where Zj, >0 is a scaling parameter which guarantees that all the i-th derivatives of gy, (z) are
uniformly bounded on [0, 2] for 0 <1 <b(k;), and that g([( ) (x) is (ky — b(ky))-Holder continuous.
To construct a series of demand functions, we partition the price range [1,2] into J segments of
equal length, denoted by I;,1,,...,1;. For each j=0,1,...,J, we let
filp) =14 ¥ (13)

30419k (2J(p—aj)) if pe Ij,

where a; is the left-end point of interval I;. We then establish the following lemma, whose proof is

given in Appendix B.3.
! A2 1
LEMMA 2. Let 3 =6/((Xeced” S50 v (b(ky) 4 1)2000 1), T = [4(b(ky) 4 1)20¢0) 675 F1 771
k

1 __°f
and n=((20) A zzi77) ST T yn Eq. (13). Then for each 0< 5 < J, filp) €
F(ky,0).

((b(kf)+l)2b(kf))kf

Similar to Wang et al. (2021b), we establish the following inequalities: for each j € [J],

B517) - 5 T]| < 57\ [KLE ()BT < -\ [Ea (T (14
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In Eq. (14), the first inequality is obtained by bounding [ET[T;] — ET[T}]| via the total variation
of P§ and P7 and applying Pinsker’s inequality that relates the total variation of two probability
measures with the KL divergence, and the second inequality is due to our construction of r;.
1
Letting j* := argmin, ;. , E[T}], we must have Ef[T}<] < L. Since we set n = ©((0T %))
lsis
and J = 0O((6°T)*" "), Eq. (14) guarantees that E7.[T}-] < £. This indicates that when the true
revenue function is r;«, there are at least % times when the selected prices do not fall into the

1
“best” segment I;«, leading to the regret loss Q(T'n) = Q((6T* 1)),

4. Separable Model with Non-Parametric Effects (SMNPE)

In this section, we study the general case, the fully non-parametric demand model with a separable

structure. Specifically, the demand function is as follows:

Di(p) = f(p) + g(z;) +&,,  Vp€E[p,D. (15)

We state the assumptions made throughout this section.
ASSUMPTION 3. f(-) € F(ky,d) and g(-) € Ga(k,, L).

Without loss of generality, we also assume E[g(z)] = 0 since if E[g(x)] # 0, one can always absorb
the constant E[g(x)] into f(-). SMLPE and SMLCE are two special cases of SMNPE considered
here. When ky =1 and k, =1, SMNPE can be seen as a special case of Slivkins (2011) with an
additional separable structure. Thus, one can expect our regret bound will not exceed theirs and
will see how much benefit our separability structure will bring later in this section. Compared with
Chen and Gallego (2021), we make the additional separability assumption, but do not assume local

concavity of the revenue function as required in their paper.

4.1. Algorithm and Regret Upper Bound

In this section, we propose an Algorithm for SMNPE (ASMNPE for short) in Algorithm 4. The ideas
of ASMNPE include: (i) context space binning and local polynomial approximation; (ii) pricing space
discretization; and (iii) exploration then exploitation. The first idea is similar to that in Sec. 2 and
thus omitted for brevity. We next illustrate ideas (ii) and (iii) in details.

Price space discretization. Since f(-) is non-parametric with an unknown structure, to learn
this function, we adopt the idea of price space discretization to reduce our original pricing problem
with a continuous action set to the one with a finite action set. Specifically, we divide [p,p] into
N segments of equal length, and take the midpoint of each segment to constitute a candidate
price set Ui]il{y + ﬁ%(i — 2)}. Our algorithm then always selects the price from this candidate
set. Again, a tradeoff exists when choosing parameter N to balance the discretization error and

learning efficiency. The specific choice of IV is given in Theorem 5.
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Algorithm 4: Algorithm for Separable Model with Non-Parametric Effects (ASMNPE)

1 Input: time horizon T', price range [p,p], context dimension d, number of bins for price N,

parameter of bins for context M, exploration parameter ng.
2 Initialization:
3 Define P[i] =p+ ﬁ%(i— 1) for each 1 <i < N;
4 Initialize for all 1 <i< N: s; =0 and n; =0;
5 Partition each dimension of context into M equal-length segments, denoted as M;, j € [M];
6 Initialize for all j where j < M D, ; =0.
7 Main Steps:
8 fort=1,2,--- ;,ngN do // Exploration phase
9  Calculate i = (¢ mod N)+1 and charge price p, = P[il;

10 Observe realized demand d;;

8; Xn;+dy

11 S; < P

and n; < n; +1;

12 end for

13 for t=noN +1,ngN+2,---,T do // Exploitation phase

14 Observe z; and find j € [M?] such that xz; € M;;

15 0=\ + Z(zs,pg,ds)EDt’j Om, (z5) b, () ) 7 Z(rs,p,g,dS)EDtyj S (dy — 5:)I(ps =
Pli) s, (@.):

16 Select m; = argmax;<;<n P[i] X (s; + HtT)jqﬁMj (x¢)) and charge p, = P[m,];

17 Observe realized demand d;;

18 Update Dyyq j < Dij U{ (2, pi,di)} and Dy jo < Dy jo for j' # j;

19 end for

Exploration then exploitation. Our algorithm proceeds in an exploration-then-exploitation
manner. In the exploration phase, each price P[i] in the candidate set is charged for ng times,
and f(P[i]) is estimated by taking the sample average of ny demand observations under price
Pli], denoted as s;. The estimates {s;}1<;<n play two roles in the subsequent exploitation phase.
First, for each period ¢ in the exploitation phase, after observing the context =, and the bin M, it
belongs to, we estimate g(z,) by computing the average of the residuals {dy — s, : (zx,pr,dr) € Dy},
and these residuals are obtained only from the exploitation phase for periods when the context
falls into the same bin M;. Second, we compute the proxy expected revenue for each candidate

price P[i] by replacing f(P[i]) with s, and g(z,) with 6,

¢m; (), and search for the best price
in the candidate set that maximizes the proxy expected revenue (line 16). The exploration-then-

exploitation method is a standard technique in bandit (see, e.g., Lattimore and Szepesvari 2018). It
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also brings additional convenience in resolving our core challenge that only the aggregate demand
can be observed. During the exploration phase, the prices are charged independently of all the
contexts, which achieves fully randomized control and an estimation of f(-) without knowing g(-).

The following theorem shows the regret upper bound of Algorithm 4.

THEOREM 5. Suppose Assumption 8 holds for demand function (15) and let Algorithm j run

1

with N = [T1], ng=[T2] and M = [(L*T)® 2% ]. Then the regret of Algorithm 4 is

1
O (TZ v (Lde+kg) g )

Note that the upper bound in Theorem 5 does not depend on the smoothness parameter k; or ¢

of function f(-). In the next subsection, we will show that in almost all the cases, the upper bound
in Theorem 5 is tight, meaning that even if f(-) becomes smoother, the regret bound cannot be
further reduced and the complexity is determined by that of learning the function g(-).

As we have mentioned, when k, = 1, our model reduces to a special case of Slivkins (2011)
with an extra separability structure. For this case, our regret upper bound 5(T% vT %) is no
greater than the optimal regret rate é(T %) in their paper, which is explained by our separability
structure. When d =1, our upper bound (’N)(T%) with separability structure is the same as that
in Slivkins (2011) without separability structure. There are two possible reasons: our Algorithm 4
does not fully utilize the separability structure; or when contexts are univariate, the separability

structure essentially cannot help to reduce the learning complexity.

4.2. Regret Lower Bound
We next establish a regret lower bound for SMNPE. For brevity, we denote the regret of policy 7
by R}, p o(T) where f € F(kys,d), g € Ga(ky, L), and distribution of context z and random shock

e are P and Q respectively. Like before, (o) denotes the class of o2-sub-Gaussian distributions.

THEOREM 6. For G,(k,, L) and F(ks,d) with 0 <k, <1, L>0, k; >0 and § >0, there exists a
constant K3 >0 independent of T, such that for any admissible policy =,

1
drpd+kg | 4F2kg
sup R} p.olT) = Ky (LT ) 50 (16)
FEF(k§.,6),9€G(kg,L),
P,Q€eé&(0)

When L =06(1), the lower bound in Theorem 6 matches the upper bound in Theorem 5 as long

_ dtkyg
asd>2ork, < % and the optimal regret rate in this case equals ©(T *?*¢ ). For the model studied

~ d
in Section 2, when L =©(1) and 0 < k, <1, the optimal regret is ©(7'¢*2%s ), which is smaller than
- dtkg
©(T ™?*¢). This is due to the linear pricing effect and strong concavity of the revenue function

assumed for the model of Section 2. For the model studied in Section 3, when 6 = O(1), the optimal

~ . d+k
regret is ©(T*"/™"), which is also smaller than O(T d”’“gg) when k; > 1 and k, = 1. This is because
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the non-parametric form of g(+) in the model of this section usually governs the learning complexity.
Ifd=1and k, > %, there is a gap between the upper bound 5(T %) in Theorem 5 compared with
the lower bound Q(T %) in Theorem 6. Nevertheless, in the real-world business, the seller usually
has more than one feature to utilize and d =1 is an extreme case that rarely happens in practice.
It’s also worth mentioning that when L = Q(T %‘i), the lower bound in Theorem 6 also matches
the upper bound in Theorem 5.

Now, we discuss the construction of the demand functions in the lower bound analysis and defer
the complete proof of Theorem 6 to Appendix C.2. For simplicity, as before, we assume [p,p] =
[1,2]. Define 6 = 8/((X0% 50y (b(ky) + 1)200=1), = O(T 5% ), J = ©((TTH% )7 ), M =
o((L*T )‘”2’“9). The exact definitions of n, J and M can be found in Appendix C.2. We can

construct an eligible f(p) as

w\co
M\w

27k

I,

5 ifpég|
3+77‘9kf (2J(p—aj))
2p

fp) = (17)

1
— L3y
ifpeld-55,2+45

w\w
w\w

k"_'

where gi(+) follows from the definition in Eq. (12). Lemma 2 guarantees that f(p) € F*f([p,p];d).
To construct function g(-), similar to Sec. 2, we partition the context space [0,1]¢ into M? equally

sized bins, denoted as M, for j € [M*]. For each w € {0,1}", we define gy, (z) for = € M;;:

0 if w; =0,
gw(x)=<{ L(D(w,0M,))*s if w; =1 and D(w,IM,) < (4n)%, (18)
4n if w; =1 and D(z,0M;) > (477)%,

where 7 should be chosen such that (%2 )’“g < because otherwise, the third line of Eq. (18) is

5
not well defined. From Lemma 1, we know that gy (x) € Ga(k,, L) for k, <1.

Similar to Sec. 2, we consider two demand functions g(w_; ;) for w; =0,1. By our constructions,

we can show that whenever z; falls in M, if w; =0, the optimal price is % and otherwise, the

optimal price is 2. For any price that falls into [3 — 55,2 + L], the regret under function Gw_j,1)
will be large; and for any price that does not belong to [% — %, % + %], the regret under gw_, o)

will not be negligible either. The remaining analysis is similar to that of Theorem 2 and we delay

the details to Appendix C.2.

5. Discussions

In this section, we provide further discussions on the commonalities and differences between the
three algorithms in Sections 2, 3 and 4 and their regret bounds. As we have previously discussed,
the separable demand model with contexts presents two main challenges: balancing the exploration-

exploitation trade-off in online learning and separately estimating f(p) and g(z) with only access
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to the aggregate demand observations. In Table 3 below, we summarize how the three algorithms
address these two challenges. In addition, one important aspect for understanding the performance
of the proposed algorithm is the data utilization rate, or more specifically, how much historical
data in each period are used to estimate f(p) and g(x). We also give a summary of this in Table
3. Since the first two models SMLPE and SMLCE are special cases of the third model SMNPE,
we next compare the algorithms ASMLPE and ASMLCE for the first two models with ASMNPE for the
third model respectively.

Table 3  Comparison of the three algorithms

How to balance the How to separately estimate To what degree the historical
exploration-exploitation trade-off? f(p) and g(z)? data are utilized?
Random shock allows for All the data are used to estimate b;
Sec. 2: bp+ g(z) Random shock
estimating b without estimating g(z) The data in each bin are used to locally estimate g(z)
Optimism in the Face In each price segment, The data in each price segment
Sec. 3: f(p)+a'x
of Uncertainty estimate f(p) through polynomial approx. and a'x are used to locally estimate both f(p) and o™z

i Separately estimate f(p) in exploration phase Data in the exploration phase are used to estimate f(p);

Sec. 4: f(p)+g(z) Explore-then-exploit
and g(z) in exploitation phase Data in the exploitation phase are used to estimate g(z);

Comparing SMLPE with SMNPE, both models assume the function g(x) is non-parametric and
k,th-order smooth. Therefore, both ASMLPE and ASMNPE leverage the techniques of context space
binning and local polynomial approximation to estimate g(z) in each local bin. The key difference
of the two algorithms arises from different assumptions made on the pricing effect. In SMLPE, the
price is assumed to affect the demand linearly, which creates an opportunity for the algorithm to
more effectively estimate function f(p) and more sufficiently utilize the historical data. The random
shock adopted by ASMLPE guarantees that the price sensitivity b can be estimated independently,
preventing the estimation error of b from propagating due to poor estimation of g(z) in the initial
periods. Moreover, in each period ¢, the data collected from all historical periods 1,2,...,t—1 can
be utilized to estimate b, regardless of which bin each xz, falls into, leading to a high efficiency
of data utilization. Unfortunately, without the linear price assumption, the idea of random shock
does not work. For the model with non-parametric f(p), ASMNPE adopts a common strategy in
online learning called explore-then-exploit, by estimating f(p) purely in the exploration phase and
estimating g(z) in the exploitation phase. In the exploration phase, ASMNPE conducts a randomized
experiment on the discretized prices and uses the sample average approximation to estimate f(p)
under each discretized price p. The estimates for f(p) remain unchanged in the exploitation phase,
which may explain why an additional term 7°/* appears in the regret upper bound.

Comparing SMLCE with SMNPE, both models assume the function f(p) is non-parametric and
k¢th-order smooth. In SMLCE, the linearity assumption of g(z) greatly facilitates its estimation.
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ASMLCE adopts the simple linear regression together with a polynomial approximation of f(p) to
jointly estimate f(p) and a in each price segment. This is sufficient for achieving the optimal rate
for learning g(z). Moreover, the dimensionality d of the context space or the smoothness parameter
of g(+) does not bring additional statistical complexity in the exponent of T. However, in SMNPE,
one of the main challenges is to estimate the non-parametric function g(x). In order to achieve the
tight rate for learning the non-parametric function g(x), ASMNPE trades the estimation accuracy
of f(p) for that of g(z), by taking a more straightforward approach of splitting the exploitation
phase from the exploration phase. It remains an open question how to improve the framework of
ASMNPE and reduce the regret upper bound.

Finally, we compare the regret bounds for the three models. We mainly focus on the regime
with L=0(1),0=0(1),0<k, <1 kan%l d > 2, where the optimal regrets for the three models are
characterized by é(T‘“Q’“!J), @(T%f;l>, and @(T‘ﬁ;’“@) respectively. Comparing SMLPE and
SMLCE, we observe that their optimal regrets are both higher than é(\/f ). Intuitively, despite
of the distinct demand structures, these two models include the fully parametric model bp +a 'z
as a special case, which inevitably incurs é(\/T ) regret. Therefore, the complexity comes from
tackling with the non—para:metric component g(x). When d =1, the optimal regret forkﬁll\/ILPE
is characterized by (:)(T m), and the role of £, is different from that of k; in é(TW> for
SMLCE. This distinction arises due to the inherent asymmetry between p and x. Specifically, p
is an endogenous variable determined based on observed data, while x is an exogenous variable
unaffected by historical data. Comparing SMLPE and SMNPE, the optimal regret of SMLPE is
lower than that of SMNPE because of the concavity of the revenue function with respect to p in

the former. Moreover, the expected revenue p(f(p)+ g(x)) in SMNPE can even be a multi-modal

function of p, which creates a substantial challenge for learning and optimizing. Comparing SMLCE

ke+1
and SMNPE, when k; > 1, the optimal regret © <T 2’W“”l) of SMLCE is consistently lower than the
dt kg kr+1 d+k
optimal regret © (T d“’“g) of SMNPE noting that Qkf <3 < d+2,f due to d > 2 > k,. This reveals

that when f(p) becomes smoother, the primary complex1ty shifts from learning f(p) to learning

g(x) when transiting from a linear function a 'z to a non-parametric function.

6. Numerical Study
In this section, we study the empirical performances of our algorithms. We measure the

performance of a learning algorithm 7 by the relative regret defined as follows:

> EBlp; (f(p7) + 9(2)) = pe(f (o) + g(1))]
Zt VElp (f(p7) + g(20))]

where p; is the optimal price under context z;.

x 100%,
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For each of the three models SMLPE, SMLCE and SMNPE, we compare the relative regret of our
algorithms with the contextual zooming algorithm proposed by Slivkins (2011), which is designed
for general Lipschitz bandits. For the first model SMLPE, we also evaluate the performance of
RPS Algorithm proposed by Nambiar et al. (2019). As discussed, Nambiar et al. (2019) considers
the problem with the same demand structure as our SMLPE. RPS Algorithm has been proven to
converge to the best linear model asymptotically. However, when the true model is not linear, it
may suffer from model mis-specification as will be shown later. For the second and third models,
SMLCE and SMNPE, we also evaluate the performance of the linear greedy algorithm. It runs a
linear regression in each period to get an estimate of the demand function by a linear function
(see Algorithm 7 in Appendix E) and suggests a price that maximizes the proxy revenue function.
For each instance tested in this section, we repeat the experiments for 50 independent runs, and

compute the empirical relative regret by taking the average to approximate the true relative regret.

6.1. Numerical Results for SMLPE
In this subsection, we present the numerical results for SMLPE in two numerical settings below.
The first numerical setting. This setting comes from Nambiar et al. (2019) with a simple

re-scaling of the domain of context. The demand is given by the following function:

Dt(pt) = _ngt -+ 1 + + Et, (19)

2(2x, +0.03)

where z, is a one-dimensional random variable uniformly distributed over [0, 1] and the noise ¢, is
normally distributed with mean 0 and standard deviation 0.1. The feasible price range is [p,p] =
[0.6,9.81], and the range of b is [b,b] = [~1.2,—0.5]. Figure 3(a) shows that the relative regret of
our ASMLPE keeps decreasing as t grows. By contrast, the RPS algorithm incurs an almost flat curve
as t increases, indicating that it fails to converge to the true optimal pricing policy. The relative
regret for contextual zooming can even increase as t increases. This may be caused by the reason
that in (19), z; has a certain probability near 0, so the derivative of g(x) can be large, indicating
that the Lipschitz constant L can be very large and identifying g(-) becomes more challenging. It’s
also worth noting that the contextual zooming algorithm in Slivkins (2011) is specifically designed
for (z¢,p;) € 0,1]?, and it is not straightforward to select proper hyper-parameters to adapt to the
demand function in (19). In the second numerical setting, the assumptions in Slivkins (2011) are
well satisfied.
The second numerical setting. In this setting, we let f(p) = —p and g(z) as follows:
(D(x,@([o, 1]d)))kg +1, if D(z,0(]0,1]%)) < 1,

g(x):= Ky (20)
($)F —1.4x (D(%a([(l 1]%) — l) +1, otherwise,

4
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Figure 3 Empirical relative regret of three algorithms under SMLPE

where D(z,0(]0,1]%)) is the Euclidean distance between x and the boundary of [0,1]?. We assume
that € is a Gaussian random variable with mean zero and standard deviation 0.1, and x; is uni-
formly distributed on [0,1]?, and set [b,b] = [-1.5,—0.5] and [p,p] = [0.1,1]. In Figure 3(b), we
compare the performances under our ASMLPE and the two benchmarks with d =2 and k, = 1. Since
the assumptions in Slivkins (2011) are satisfied in this setting, the contextual zooming algorithm
gradually converges. However, the convergence speed is relatively slow compared with our ASMLPE,
which is the loss of not utilizing the separable structure. Although the RPS algorithm achieves a
relative small regret, the curve is still quite flat.

We then test the impacts of d and k, on the empirical performance of ASMLPE. In Figure 4(a), we
set d =2,4,10 while fixing k, =1 in Eq. (20). As shown in the figure, when ¢ is sufficiently large,
the empirical relative regret increases with respect to d, which is consistent with our theoretical
results. Although d = 10 slightly outperforms d =4 when ¢ is small, the decaying of d =4 seems
always faster than that of d =10. In Figure 4(b), we set k, =0.2,0.6,1 while fixing d =1 in Eq.
(20). When k, is relatively small, a little bit increment of k,, i.e., from k, =0.2 to k, = 0.6, will
lead to a significant speed-up of the convergence. When k, gets larger, e.g., from k, = 0.6 to k, =1,
further increasing its value can only bring a limited improvement.

We also test the rate of the empirical regret and compare it with the theoretical regret upper
bound established in Theorem 1. We consider two instances under the demand function in Eq. (20):
d=2,k,=0.8 and d =10,k, = 1, whose theoretical regret upper bounds are 5(Tg) and 6(T%),
respectively. In Figure 5, we plot the scaled empirical regret, which is defined as the empirical
regret divided by ¢8 and ¢8. We can see that the scaled regret gradually converges to a constant,

which means that the empirical regret is aligned with the theoretical rate.
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Figure 4 Empirical relative regret of ASMLPE under SMLPE
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Figure 5 Scaled empirical regret of ASMLPE under SMLPE

6.2. Numerical Results for SMILCE

In this subsection, we present the numerical results for SMLCE in the following numerical setting:
4 L. 1
Dt(pt)ziﬁ(;pt +30+g1d'$t+8t,

where 15:=(1,1,---,1) € R¢, z, is uniformly distributed on [0,1]¢ and &, is i.i.d. zero-mean Gaus-
19 .0

sian with standard deviation 0.1. The optimal price under context x; is (15(30+‘1§””)1/ 25 By

simple calculation, we know ky = 2.5 in this case.

In Figure 6(a), we fix § =3.75 and [p,p] = [2,3.5], and compare our ASMLCE with the contextual
zooming algorithm and the linear greedy algorithm. The empirical relative regrets of both our
ASMLCE and the contextual zooming algorithm decrease with respect to t. However, the latter
converges slower than the former, which illustrates the benefit of utilizing the separable structure.

The linear greedy algorithm has an almost flat empirical relative regret curve, indicating that this
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policy fails to approach the optimal pricing policy. In Figure 6(b), we show the impact of § by
varying it in {3.75,2.5,1}. As 6 becomes smaller, the empirical relative regret of ASMLCE decreases,
which is consistent with our theoretical results. Similar to the effect of k, in Figure 4(b), a small
decrement of § from 3.75 to 2.5 leads to a notable decrement in the regret, whereas the improvement
is less significant by further decreasing the value of §. In Figure 7, we plot the scaled empirical
regret of ASMLCE, i.e., the empirical regret divided by ¢7/!2. We can see that the scaled regret

experiences a very mild decrement when ¢ increases from 2,000 to 10,000.
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Figure 6 Empirical relative regret under SMLCE
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6.3. Numerical Results for SMNPE

In this subsection, we present the numerical results for the model SMNPE in the following numerical

setting:

—p if p <0.625,
f(p):= (21)
—0.44 x p—0.35 otherwise,

where p € [p,p] = [0.1,1]. By simple calculation, we can verify k; = § = 1. In this subsection, we still
apply g(z) as Eq. (20) to test ASMNPE. We assume that z is uniformly distributed on [0,1]¢ and &
is a zero-mean Gaussian r.v. with standard deviation 0.1.

In Figure 8, we fix k;, =1 and d =2 and compare the performances of ASMNPE, the contextual
zooming algorithm and the linear greedy policy As t increases, the relative regret of ASMNPE keeps
decreasing, while remains almost a constant under the contextual zooming algorithm and the linear
greedy algorithm. Similar as Figure 5, we test the order of the empirical regret in Figure 9. We
still use the same two sets of parameters: d =2,k, = 0.8 and d =10,k, =1 as in Figure 5, but
the theoretical regret upper bounds become O(T'%) and O(T'12) respectively. As we can see from

Figure 9, the scaled empirical regrets gradually converge to a constant, which verifies the theoretical

results.
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Figure 9  Scaled empirical regret of ASMNPE under SMNPE

We also study the impacts of d and k, on the performance of ASMNPE in Figures 10(a) and 10(b)
respectively. In Figure 10(a), we fix k, =1 and let d =2,4,10. As shown in the figure, the lower
dimension d is, the faster the algorithm ASMNPE converges. Figure 10(b) shows the impact of k,
on the performance of ASMNPE. Similar to Figure 4(b), when k, is relatively small, increasing the

value of k, a little bit can lead to a significant improvement of the performance of ASMNPE.
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Figure 10 Empirical relative regret of ASMNPE under SMNPE

6.4. Model Misspecification and Robustness
In this subsection, we shed some light on the robustness of our algorithm in a model-misspecified
setting. Specifically, we consider the following demand function for which the price and contextual

effects are not separable:

Dy(pi) = — (2, +0.5)p, + g(x1) + &4 (22)

We assume p, € [0.1,1], x; is a one-dimensional random variable uniformly distributed over [0, 1],
g(x;) follows the definition of Eq. (20) and the noise ¢; is normally distributed with mean 0 and
standard deviation 0.1. We run our ASMLPE algorithm by letting b= —2 and b= —0.3, and plot its
empirical relative regret in Figure 11. We can see that even under this misspecified setting, ASMLPE
still exhibits a robust performance, with the empirical relative regret consistently below 4% when
t exceeds 10, 000. As t increases to 50,000, the empirical relative regret does not seem to exhibit

further reduction, which is unavoidable because of the model misspecification.
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Figure 11 The empirical relative regret of ASMLPE under Eq. (22)
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7. Concluding Remarks

In this work, we study context-based dynamic pricing with an unknown demand function. The
demand model is assumed to have a separable structure between the pricing effect and the contex-
tual effect. For each of the three models with different structural properties of the demand function,
we propose an efficient learning algorithm with a provable regret upper bound. We also show that
the upper bound is unimprovable by developing a matching regret lower bound in certain senses.
One interesting direction for future research is to validate and further utilize such separable struc-
tures in other applications from operations management with high-dimensional contexts. Potential
topics include context-based resource allocation, multi-product pricing, assortment optimization,
and joint inventory control and pricing problems.

We also emphasize that the algorithms we develop in this paper assume prior knowledge of
smoothness parameters k, and k. In practice, such pre-knowledge cannot be available to the seller,
especially when launching new products. Although perfect estimations of k, and k; are hardly
possible, we can still infer their values or their ranges from similar products that have richer his-
torical sales data. Various practical approaches can be applied for determining suitable &, and k;.
Notably, among these approaches are criterion-based methods, such as Bayesian information crite-
rion (see, e.g., Neath and Cavanaugh 2012) and Akaike information criterion (see, e.g., Cavanaugh
and Neath 2019), both of which are widely embraced in the broader field of model selection. An
alternate strategy is to successively fit the models in an increasing order and test the significance of
regression coefficients at each step of model fitting. This iterative process continues until the ¢-test
for the highest-order term is no longer statistically significant, which is called a forward selection
procedure. On the other hand, we want to point out that Gur et al. (2022) highlights that devising
contextual bandit algorithms capable of adapting to unknown smoothness of the reward function
is a “nearly impossible” task. Conceptually, in our dynamic-pricing setting, pre-knowing k, and kj
is also almost inevitable for any algorithms. Furthermore, recent advancements within the broader
contextual bandit literature, notably within the context of similar smooth payoff functions studied
by Hu et al. (2022), also underscore the need for knowing continuity parameters. This implies the
inherent complexity of the problem when continuity parameters remain unknown.

Another crucial prior knowledge that we are assuming to be known is the separable structure
itself. In our collaboration with the Middle Eastern retailer, we found that the separable model
performed well on three years of historical data in a relatively heuristic way. Another possible
approach to identify the separable structure is to treat separability as a hyperparameter and use
empirical methods such as cross-validation to determine whether a separable model is preferable.
However, the main challenge lies in designing a statistically rigorous test for separability, partic-

ularly how many samples are required to confidently conclude whether a function is separable,



Bu, Simchi-Levi, and Wang: Context-Based Dynamic Pricing with Separable Demand Models

Article submitted to Management Science; manuscript no. (Please, provide the manuscript number!) 33

particularly in the non-parametric and semi-parametric settings we consider. To the best of our
knowledge, the literature does not yet offer a straightforward solution. We leave this as another

important future work.
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Online Appendix for “Context-Based Dynamic Pricing with
Separable Demand Models”

By Jinzhi Bu, David Simchi-Levi, and Chonghuan Wang

Appendix A. Proofs for Statements in Section 2
A.1. Proof for Theorem 1

For each t € [T], let j; be the index of the bin that x; belongs and note that j, is also a random
variable. The total regret can be decomposed as follows:

’b|z <_9(37t)+9;t¢(55t))2 I <9;t¢($t) _ e;ﬁb(%))Q
= 2b 20 20,
regret from polynomial approximation of g(-) regret from estimation error of b
0% p(x0) — Op i, d(20)\ 2
+ ( ]t¢( t) 2[3 t,]t¢( t)) + (pg —pt)2
t

regret from regression

, (EC.1)

regret from random shock

where p{ := Proj(py, [p,D]), the first and the third inequalities follow from Cauchy-Schwarz inequal-

ity, and the second inequality is due to —% € [p,p).

The first term on the RHS of (EC.1) arises from approximating ¢(-) using a k-polynomial function
in each local bin, and can be further upper bounded as follows by Eq. (4):

(‘9(3%) + 9;(;5(37,5))2 o MaXeem, (9(x) — 050(x))* < L2dkato (ko)

20 N 4 4D M2 (b(k,)!)2

(EC.2)

The second term on the RHS of (EC.1) is due to the estimation error of price sensitivity b since

ﬁj(ﬁ(xt) 9;‘75(3?1:) 2 maxme[ojl]d(g(x))z 0 2
( 2% 9, )S 45" (b= (BE3)
When t > 2,
E[(b—Bt)Q]:( g 15—%)2E (ZAS(bpz+g(xs)+es>)1
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where the first identity follows from Eq. (3), the second identity holds since 0, = s72 by its def-

(EC.4)

inition and when s # k, A, is independent of A (bp? + g(xs) + €5)(bp] + g(z1) + €x), and from
E[A,] =0, we have E[A A (bp? + g(z5) +4)(bpy + g(xx) +£x)] = 0, the first inequality follows from
A, € {—s_zle,s?lf} and Cauchy-Schwarz inequality, and the last inequality holds since when t > 2,
S s> fltH s~3ds=2(vt+1—1) > /t. Therefore, we can have

s=1

S [(e) o] o (EC5)

The third term on the RHS of (EC.1) represents the estimation error of ; , using the lasso
regression. For simplicity, we denote V, j, =A[+32 .,  cp, ; é(x;)p(x;)". Note that
5:Ps,as t,Jt
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(EC.6)
where A(s) is the approximation error of the best polynomial function at x,. Note that by Assump-

tion 1, we can guarantee that |A(s)| = O(-%4-) := A. Then, based on Eq. (EC.6) and Cauchy-

MPFg
Schwarz inequality, we have for any x

A Lo
20,5, —x'0; <l { A2 1E71+ Y. edx)
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+eTVoh YD A+ b=l 2TV Y padla)|
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where we adopt the notation ||al|,, := Va™Va for some positive definite matrix V. The second term

of Eq. (EC.7) can be further bounded as follows,

Vi Y AB)e,)| < Yoo @) Y Als)?
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Similarly, the third term of Eq. (EC.7) can be controlled by
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By Theorem 1 in Abbasi-Yadkori et al. (2011), we have that for any € > 0, with probability at
least 1 —¢, Vt > 0 such that xz, € M,

)1/2 —1/2
Z eso(xy) < a\/2 log (det(th) det(A) > = Ve, (EC.10)
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Plugging Egs. (EC.8), (EC.9), and (EC.10) into Eq. (EC.7), we can get
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<llyg (M 1071+ 205+ /Pusl& +Peglio=bdp) . (BCD)
Therefore, we have the following upper bound on the third term of (EC.1) with high probability:
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The first term of Eq. (EC.12) can be bounded as follows,
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where the fourth inequality holds because det(Vr ;) < (A + T)dkg ™ for all j by determinant-trace
inequality (see, e.g., Abbasi-Yadkori et al. 2011) and y7; < o1/2d*s+11log(A +T) — 2loge, and the

last equality holds because of the fact that ZJAZ |Dr ;| =T. Now we are going to bound the second
term of Eq. (EC.12). We have the following claim on the bound of (b—b;). For a fixed t € [T],

i ((b b2 > e> < 2exp(—ecpt?), (EC.14)

where ¢, = 1/(4(0?+2b*p*> +2g7)). The proof of Eq. (EC.14) is delayed to the last part of this proof.

Eq. (EC.14) indicates that P ((b —b)2 > :f:}) < 8. Define an good event A := {Vt € [T], (b—b,)? <

2

:g\%}. By the union bound, we can claim that P(A) >1—T4¢. Under event A, the second term of
1

Eq. (EC.12) can be written as
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What remains to be tackled is the RHS of Eq. (EC.15). The first important observation is the

boundedness of 3°_, ||p(x:)||5-1 || Dy ,| for any s € [T] and any realization of jy,--- ,jr as follows,
t,Jt
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Therefore, we can bound the RHS of Eq. (EC.15) by the optimal value of the following optimization

problem,

T
Uy

max Z — (EC.16)
NG

V1, U

s.t. th <2d**'log(A\+T)s  Vse[T]
t=1
By the KKT conditions, the optimal solution to the optimization problem (EC.16) is v; =--- =
vy = 2dFst log(A +T'). Therefore, Eq. (EC.15) can be controlled by
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Putting Egs. (EC.12) (EC.13) and (EC.17) together, by choosing § = € = =z, we can transform the
high probability bound into the bound of the expectation as follows.
ZTjE (% jo() ét,]—tas(:ct)r
2b,
The last term on the RHS of (EC.1) comes from the regret of the random shock added to the

T27

=0 <Md +VT > (EC.18)

M2k

greedy policy for exploration, and can be bounded by O(t~1/2):

(0 —p0)"] < 2E1G8E — p1)* + (62— ] < 62 = 7.

Finally, putting Egs. (EC.1), (EC.5), (EC.18) and (EC.19) together, we obtain the following

upper bound on the total expected regret:

ZEW (M +f+Md> (EC.20)

(EC.19)

1 ~ 4 -
By setting M = [(L?*T)™?%9], we obtain the upper bound O(VT + (L*T)%%s) = O(VT V
(LT)™%%) in Theorem 1.
What remains to be proved is Eq. (EC.14). By the definition of i?t+1, we have
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Note that MP:=3""_ A, (bp? + g(z,) +¢,) is a martingale because
E[Ay(bpi 4 g(we) +€0) | He] = (bp + g(2¢)))E[A: | H] + E[Ae, | Hy] =0.

Then, by Markov inequality,
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where cp; L the third inequality holds because A; and &; are independent and &,

R 1
T 4(o2+20252 4232
is sub-Gaussian, the fourth inequality is due to A, is sub-Gaussian with parameter §2, the fifth

Ve
0242b2p242g and

use the fact that ., 62 > (¢ +1)'2*. Therefore, by symmetry, we can bound Eq. (EC.21) as

inequality adopts Cauthy-Schwarz inequality, and in the last inequality, we set n =

P <(b —b,)? > 6) < 2exp(—ecy t'/?).

We finish the proof. Q.E.D.

A.2. Proof for Theorem 2

We fix the price elasticity to be b, the distribution of contexts to be a uniform distribution on
d

Uj\il{x €M, : D(x,0M;) > M}, and the distribution of random noise to be normal distribu-

tion. For any policy 7, we establish the following lower bound on its worst-case regret by restricting

to the functions gw(-) constructed in Eq. (7):

sup  Ry(T) > sup Ry (T)

9€Galkg,L) g€{gwiwe{0,1}M?}
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W Ym0 -p]

wef{o,1}Md t=1

T M4

b
=Y L (07— p) e,

wefo,1yMd t=1 j=1

M

v 2
:QMdeZ Z Z Z Iw_, P () — pe) ‘thMj],

JG{O 1}Md 1w36{0 1} t=1

(EC.22)
where in the second identity, we use (w_;,w,) to denote an index w whose j-th coordinate is w; and
the other coordinates are w_;, and the fact that Ef [(p*(z:) — pi)*Tieem,y] = Ef, [(p* (%) —pi)? |
x; € M|P,(z; € M;) and P,(z; € M;) =

M, the optimal price p*(z) associated with any function g.(-) is

Md by our construction. Note that whenever z falls into

pt+p ws =0
p*(z) = {p-%p L 1 (EC.23)

PP L
2 +16M’“9|@\ J

We have the following lower bound on E o) [(p*(x) —pe)? | & € M;] in the RHS of (EC.22):
wj

9(w

us * 2 L ? 7T, B_}_ﬁ L
Eg(w 0) (p"(z) —pe)” |20 €M 2<32]\/—[k"|b|> Pg(w_jm j 5 +32M"?9 ] x € M

) (EC.24)

. . 2 _ L\, p+p L
R el 2(32M|b|> o \ =72 e g [ 5

(EC.25)
where P;’(t ) denotes the probability measure for history under policy m and demand g(w_; w,)-
W_j,w;
Bretagnolle-Huber inequality (see Bretagnolle and Huber 1979) guarantees that
7, B + TD L ) 7t B + ﬁ L '
I(w_;,0) <pt - + 3200% |} x €M, +P9(w,j,1) pe < 5 + 32004 |} xy € M
1 7, 7,
> exp (KL (IP’g(wﬂ By o)) (EC.26)

We next focus on analyzing the KL-divergence between the two probability measures IP’;“(; . )(- |

x; € M;) and IP’;T(’; . (-] 2. € M;). Noting the following identity
e

Pﬂt (X17P17d17"'7Xt>Pt‘xteMj)

Iw—jw;)

—Pﬂt 1,7 (X17P17d17'“ 7Xt717Pt71adt71) X 7T()(tapt | Ty € Mj7X17P17d1a"' 7Xt717Ptfl’dt71)7

I(w
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and denoting w(Xy, P, |z, € M;, Xy, Py,dy, -+, X1, Pi_1,d;—1) as 7/, we obtain

KL(P: | r (lace Mj),P;(wijvl)(. |z, € M;)) = KL(Pj ! jj 0 X w{,[@gaf—lj L %)
=KLy Ppt )+ ER | [KL ()
o ,t—1 T,t—1
=KL@Ep P ), (EC.27)

where the second identity follows from the chain rule of the KL divergence. Moreover, ngt :
W_j,wy

can be further decomposed as follows:

Pﬂt ! . (X17P17d17"' 7Xt—17-Pt—17dt—1)

I(w_jwj)

:]P)Tr’t_Z. w~)(X17P17d17‘ o 7Xt727Pt*27dt*2) X Pu(Xtil)
Wy

9(w7]

X 7T(Pt_1 ‘ Xl,P17d17 e 7Xt—27Pt—27dt—27—Xt—1) X Mg(w,j,wj)(dt_llpt_l’Xt_l)' (EC28)
Denoting 7T(R:—1 ‘ X1, Pi,dy, - 7Xt—27F)t—27dt—27Xt—1) by TF, owp_q> WE gL

KL PR )

(](w
_ T, t—2 T, t—2 7r,t72
- KL(]PJg(wijyo) ’ ]P)g(w . ) + E j [KL(PU X 7T]:t727wt71 X ’LLg(w_j,O) ’ Pu X 7r]:t7271i71 X I'Lg(w_j,l) )]

= KL(]P);;J_?’O) R Pg(’jv_2 ) +E™ it 2_ [KL(Pu XTF, 9313 Pu X 7T-7:zt—2»1t—1)]

g(w
+ EmtiQ [EPu XTFp _9.@p_1 [KL(NQ(W—J"O) ’ 'ug(w—j’l) )]

g(ij»
T, t—2 T, t—2 T,t—2
- KL(P 5:0) ’ Pg(w,j,l)) + ]Eg(w,j,o) [E'Pu XTFy _o,x¢_1 [KL(Mg(wij’O) ’ :ug(wijyl) )]7 (EC29)

where the first and second identities follow from the chain rule of KL divergence. Since we have

assumed that € follows a normal distribution with variance o2, the following equations hold:

1 2
25?2 (bJ?t 1+9(w,J,0)($t 1) —bpi—1 — gw_ il (@ 1))

1 2
T(Qw j,o)(l’t—l) Gw_;,1) (T 1))

1 L\’
<sola ) Leiemyy
202 \ 8M*g t-1EM

where the last inequality holds because g(w_,0) and g(w_, 1) only differ in M;. Plugging the above

KL(Ng(w_j,o) ( | Pbi-1, xt—l)a Mg(w_j,l) ( | Pi-1, xt—l))

equation into Eq. (EC.29), we obtain

T 7T 7T, 7, 1 L ?
KLy JPpt ) =KL toprtt )+<8>

9(w_j;,0 s _50)7 7 I(w 202 M4 Mg
L2
= 12802 A%y (EC.30)
where the first identity is holds since ]EPuXﬂft_Q,zt_l[H{ItfleMj}] = ﬁ, and the second identity

follows by repeatedly applying the first identity.
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Combining Egs. (EC.22), (EC.24), (EC.26), (EC.27) and (EC.30), we have

- b 2 L
sup  Rg(T) > 2Mde Z Z Z 16Mk9 1| CXp{— 12802 M d+2kg L

g€Gq(kg,L)
d(Fg, e{Ol}Md 1 t=1

1b| L ? L2
>Plp(_ 2 S —
=4 \ B2k p] ) P\ 12802 M E R
d
Since M = [(L*T) dﬁ?’“ﬂ, we obtain the lower bound Q((L?*T)% %) from the above inequality.
Q.E.D.

A.3. Proof for Lemma 1
We prove that for any z,y € [0,1]%, |gw(2) — gw(y)| < L||z — y||* by considering two cases: z and
y fall into the same bin in case 1, and x and y fall into different bins in case 2.

Case 1: 2,y € M, for some j € [M?]. When z and y fall into the same bin M;, we divide the

proof into four subcases.

Subcase 1.1: w; =0, or w; =1, D(z,0M;) > l/k and D(y,0M;) > m. In this subcase, we

have gw(z) = gw(y), and the result is trivial.
Subcase 1.2: w; =1, D(z,0M;) < W and D(y,0M;) < W Without loss of generality,

IM

we assume that gy (2) < gw(y). Then we have the following equation:

L L L _
Sz = yll* + gu(@) = Slle—yll* + 5 (D(x,0M;))* + [bl(p+P)

L L
= §|’x—y|’kg +§Zggﬁj ||z — a||* + [b](p+ D)

L _
= min ([|lz —y||* + [z —[|*) + [bl(p+B)- (EC.31)

2 2€0M;

If the following inequality holds: for 0 <k, <1,
l|a+b||*s <||a|[* + ||b||*s, Va,b € R?, (EC.32)
then we have from (EC.31) that

L L . L _
Sl =yll* +gw(@) = 5 min [[z—y||* +[bl(p+5) = 5 (D(y,0M;))" + bl (p + ) = gw (1),
2 2 ZE@M]' 2
(EC.33)

which then implies |gw(z) — gw(y)] < ||z — y|[*.

We now show (EC.32). Note that (EC.32) is simply the triangle inequality when k, = 1. When
0<k,<1,let k,’ € R* be such that é + kig, =1. By applying Hélder’s inequality, we have for any
a,beRT,

/ s LNk
(a+b)Fs < ((akubkg)%(m 41 )) " — 9ka~1(gka 4 pha) < qha 4 pho (EC.34)
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Applying (EC.34) and the triangle inequality, we have for any a,b € R?,
lla+0[* < (||al| +[[b]])* < la][* + |[b]|*,

which finishes the proof of (EC.32).
Subcase 1.3: wj =1, D(z,0M;) < 75— and D(y,0M;) > 75— Let M, = {z € M, :
D(z,0M;) > 41/k }. Since Proj(z,M;) € M, then we have gy, (y) = gw(Proj(z, M,)) = b (p +

P) + 75y and

|9 (@) = 9w ()] = 9w (%) — gw (Proj(z, M;)). (EC.35)

Since dM; = {z € M, : D(z,0M;) = 41/k } and Proj(z,M;) € OM;, it then follows that
D(Proj(z, M;),0M,) = 41/k . Since D(x,0M;) < 41/k from the assumption, by applying the
result in subcase 1.2, we obtain
. ~ L . ~ k L . k L k
o @) = g (Pro} (&, M) < 5 [l2 = Proj(a, N[ = 5 i [lo =<l < 5o — s, (BC.30)
2€M;

where the last inequality holds due to y € M. Combining (EC.35) with (EC.36), we obtain |gy, () —
gw ()| < llz =yl

Subcase 1.4: w; =1, D(z,0M;) > l/k and D(y,0M;) < The proof of this subcase is

41/’69 e

similar to subcase 1.3, and is omitted for brevity.

Case 2: x € M, and y € M; for i # j. When z and y fall into different bins, we divide the proof

into five subcases.

Subcase 2.1: w; =w,; =0, or if w; =w; =1, D(z,0M;) > m and D(y,0M;) > m, In
this subcase, we have gy () = gw(y) and the result is trivial.
Subcase 2.2: w; =0 and w; = 1. In this subcase, we have
L k
9w (2) = gw ()| < 5 (D(y, OM))™ (EC.37)
L . .
< 5 |IProj(z, OM;) —y[* (EC.38)
L . v L .
§§|]Pr0J(:C,8Mj)—xH’9+§Hx—y\| ‘ (EC.39)
L
= IProj(e, M) — a7 + % fla ][ (EC.40)
< Lyl (EC.41)

In the above equations, Eq. (EC.37) holds since under the assumption w; =0 and w; =1, if

D(yaan) < zllTlgM’ |gw(x) - gW(y” = %(D(:%an))kg: and if D(yaaM]) > Ma ‘gw(w) -
gw(y)| = SJV% < L(D(y,0M;))*. Eq. (EC.38) follows from the definition of D(y,0M;) and

Proj(z,0M;) € OM,;. Eq. (EC.39) follows from (EC.32). Eq. (EC.40) holds since if Proj(z, M)
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is an interior point of M;, since M, is a cubic, one can always construct a ball inside M; with
the center Proj(z, M;), and the intersected point between the ball and the line connecting x and
Proj(z,M;) has a strictly shorter distance to = than Proj(z, M), leading to contradiction with
the fact that Proj(x,M;) is the closest point in the bin M; to x. Thus, Proj(x,M;) must be at
the boundary OM; and Proj(z,M;) = Proj(x,0M;). Eq. (EC.41) follows from y € M; and the
definition of D(z,0M;).

Subcase 2.3: w; =1 and w; = 0. The proof of this subcase is similar to subcase 2.2 and is omitted.

Subcase 2.4: w; =w; =1, D(z,0M;) < and D(y,0M;) < T Without loss of general-
ity, we assume gy (y) > gw(x). Then we have

- 1/’“ 9M

L L L . _
Sllz =yl +gu(@) = 5 min (|lz =yl +[[z —2|*) + bl(p+P) = 5 min [[z—y[[" +bl(p+D),

2 zeoM
(EC.42)
where the inequality follows from (EC.32).
On the other hand, when K is sufficiently large, we have
aw(v) =5 i =9Il +tl(p+7)
v 2 z€0M;
L k
T 2 cco- i 2=yl + bl +p EC.43
2 zed(- K. KJ\int(M;)) Iz = wll* +bl(p+P) ( )
L k
== min z—yl|" +|b|(p+Pp EC.44
2 ze[-K,K]4\int(M;) I ull u(ﬂ p) ( )
L
< — mi — ollk 5. |
<3 zggﬁi’\z y[|I* + (| (p + ) (EC.45)

In the above equations, Eq. (EC.43) holds since 9([-K,K]¢\ int(M;)) = 9([-K,K]%) U
OM;, and when K is sufficiently large, D(y,0M;) < D(y,d([—K,K]?)) and Proj(y,0(M;)) =
Proj(y,d(]—K, K]*) UOM;). Eq. (EC.44) holds due to the same reason as (EC.40). Eq. (EC.45)
holds since (M) C [ K, K]* and 9(M;) Nint(M;) =0 imply that O(M;) C [-K, K]\ int(M;).
Combining Eqs. (EC.42) and (EC.45), we obtain |gw () — gw(z)| < £||z — y]|*.
Subcase 2.5: w; =w; =1, D(xz,0M;) < 1/k and D(y,0M,;) > m. In this subcase, we have

L

9w(2) = g 0)| = |5 (D, OM)'o — ] = 2 2

_ = )k
8ng - 8qu 2 (D(l"an)) ¢

< Z(Dly,aM,))'s — 5 (D(r, M)

The remaining analysis is similar to subcase 2.4, and is omitted for brevity. Q.E.D.

Appendix B. Proofs for Statements in Section 3
B.1. Proof for Theorem 3

As preparations, we establish the following lemma showing that the true demand function f(p)+

a'z can be well-approximated by the linear function 9t jcp( )+ dz ;o within price segment I; after
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running Algorithm 3. This result is quite standard and can be obtained easily by modifying the
analysis in Abbasi-Yadkori et al. (2011), and thus we omit the proof.

LEmMA EC.1. For each j € [N], with probability at least 1 — e, the following event holds: for any
te[T], pel and z €]0,1]%,

1) +a"w— (0,00) +al )| < /60 2) Vi 6lp2) + A, (EC.46)

Let p; := argmax,e(p 5 p(f(p) +a' ;) be the optimal price for period ¢ and i} € [N] denote the
index for the price segment p; belongs to. Conditioning on the events guaranteed by Lemma EC.1

for each price segment i € [N], we have

T =Dy (f(p:) + anUt) — Dt (f(]%) + aTxt)
<masxp ({7, 0(0) + {auiz ©0) + Y0 [0Po2) V26 (p) + A) =p (F(p) +a ")

€l
p if

< ey (Buiso(9) +{00100) + 300y 0002V 00,00+ 8) = (F(p) + a1

i€[N] pel;

=Dt ((ét,itasﬁ(pt)) + @iy Te) + Ve, \/@Z’(Pt,ﬂﬂt)T‘/;;tlQS(pt,ﬂ?t) + A) —pe (f(pe) +a'2y)

<ét7it s (pe)) + (1) — (F(pe) + aTxt)

<pi + D (’Yt,it \/(b(pn xt)T‘/t;tl¢(pta x,) + A)

<2p (’Yt,it \/¢(Pt7 )TV o(pey ) + A) ; (EC.A47)

where the first inequality follows from Eq. (EC.46) in Lemma EC.1 and p; € I by definition, the
second equality is based on the design of our Algorithm 2 (line 13), and the last inequality again
follows from Eq. (EC.46) in Lemma EC.1. We now need to bound \/qb(pt,mt)T‘/;;:qS(pt,mt).

Let np,; = 23:1 )1, be the number of times for which prices pi,ps,...,pr selected by our

algorithm fall into I, and A denote the event that Eq. (EC.47) in Lemma EC.1 holds for any

29

t €[T] and i € [N]. When A holds, from Eq. (EC.47), the total regret can be bounded as follows:

T T
D <2 i 6wl +2PAT

t=1 t=1

N T
<2y vy ) N6 zn)lly-1 Lyer, +2PAT

j=1 t=1

N T
< QﬁZ’YT,j\/nT,j Z ”¢(Pt,$t)H%/tle Iper, + 2pAT

Jj=1 t=1

N
_ nr; _
2p ]E_l Yr,57/17,; \/2(b(k) +d+1)log (1 + b(k) +d 1) +2pAT, (EC.48)
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where the second inequality holds since {7;;:1 <t <T'} is an increasing sequence for each j € [N],

the third inequality follows from Cauchy-Schwarz inequality, and the last inequality holds due to

S ||¢(pt,33t)|ﬁ/t—,1 Ly er; < 2logdet(Vr;)/log(AI) from the elliptical potential lemma (see, e.g.,
3J

Lemma 11 in Abbasi-Yadkori et al. (2011)) and logdet(Vr ;) < (b(k) +d+1)log(A(1+ m))

Since € = T2, we then have

b(k)+d+1+np.
VT’j_U\/(b(kHdH)log( : Ea(k)+d+1T’]

<ov/2(b(k) +d+ 1) log(T + 1) + A2 (C2(b(k) + 1) +a%) % + A/nr,

) —2loge+ A% (C2(b(k)+1)+a%)? + Ay/nr,

and the first term in the RHS of (EC.48) is bounded by

N
4 Dlog (1
;’ynm/nm\/ k)+d+ og< 1 b(k)+d+1>

< 2y/(b(k)+d+1)log(T +1) (max{a\/ )+d+1)log(T+1),A\?(C2k+a )%} Zw/”’]"J"'AT

<2y/(b(k) +d+1)log(T +1)

max{a\/ )+d+1)log(T+1), )\%(Cg(b(k)—l—l)—f—EQ)%} -JZnT,jo\l212+AT

=2/(6(k) +d+1)log(T +1) (max{a\/ ) +d+1)log(T + 1), A%(Cg(b(k)ﬂ)m?)%}-\/TTV+AT).

This, together with A =6(3%) and (EC.48), implies

;n —0 <\/(b(k) TdT 1)1ogT) -0 (\/(b(k) +d+1)NTlogT + j\ka>

To balance the two terms /(b(k) +d+1)NTlogT and 2%, we let N = [(T&Q) 1]+ 1. When
§=0O(T-2), N=0(1) and thus we obtain V(0(k)+d+1)NT =0O(y/(b(k) +d+1)T) and 3% =

O(VT). In this case, we get >, 7 = O((b(k) + d + 1)v/TlogT). When § = Q(T~%), N =
L . T b Rl ..
O((T9?)2+1) and we obtain ., r, = O((b(k) + d + 1)dZFF1T2:+1 logT'). Combining these two
cases, we have 31 1, = O((b(k) +d + 1)((6T*+) T\ VT)logT).
Therefore, the total expected regret is upper bounded by

T T T
Y Elr] = ElrlAl-P(A)+ ) Elr|A]-P(A°)
t=1 t=1 t=1
~ N
— k+1 _
-0 ((b(k)+d+ 1) ((5T )2 vf)) <T> (EC.49)
where the second identity holds since from the union bound, P(A¢) < & = 2. Since O(%) =

O(T‘ﬁilé%ﬂ) and 6 = O(1), the first term in the RHS of (EC.49) dominates. Q.E.D.
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B.2. Proof for Theorem 4
As discussed in Sec. 3.2, it suffices to prove the lower bound Q((&T’“f“)%fﬁ). Note that we
also only need to consider the case § > T *%, since otherwise, ((ST"'erl)Z’“fﬁ < /T, and the
desired lower bound in (11) becomes Q(v/T), which is again obtained. Recall from Lemma 2 that
6= 8/ (I 5 v (b(ky) + 1)2°60 1), T = T4(b(ky) + 1)2°60 T T ] and 1 = ((20) A
23k1’+1)((b(kf)+1;2b(kf>)kf A%fﬁT_W'

For each j=0,1,2...,J and p € [p,p], we define r;(p) =p x f;(p). Note that for each j € [J],

the induced optimal price of r;(p) belongs to I, and r;(p) differs from r¢(p) only in I;, with the
maximum difference characterized by parameter 7. For any policy 7, consider the random variable
T; denoting the number of times the prices selected by 7 fall into segment I;. We first claim the

following inequality for any 1 <j < J:

T T 1 P
E5[] - B[] < - /ER TTn, (EC.50)
where Ef[-] and E7[-] denote the expectation associated with the probability measure induced by
policy 7 under demand model 7, and r; respectively. The proof of (EC.50) is deferred to the last
part. Consider the index j* € [J] that minimizes ET[T}] over j € [J]. By Pigeonhole principle, we
have EJ[T;+] <T/J. From (EC.50), we further have

1 1 /T T T
E™ [T < — /B3 [T | Ty + EX (T3] < —1 | =T+ = < = EC.
j[]]—4o_ 0[]] n 0[.7]—40_ J n J—2’ (05]‘)

where the first inequality follows from (EC.50), the second inequality follows from the choice of
k 2k

S o2 2Ry
Jj, and the last inequality holds since n? < (206 Zkf“J;k )2 = 40207 T PR < 0?2 implies

. o2 2kp
ﬁ\/?Tn < 1T and 6 > T-2% implies % =10 T < LT, Note that when the true demand
function is f;«(-), in any period when policy m charges a price out of I;, a revenue loss n will be
incurred by the definition of r;(-). Hence, we have

1 1
p R (T 0) 2 R, (T kg, ) 2 (T~ BT, Dy > 5T = ((047) 577 ).
Fe{fi.fasfs}

Finally, we complete the proof of Theorem 4 by proving (EC.50). For the sake of rigor, we
define a probability space as follows. Let Q= ([1,2] x R)T x {0,1,2,...,T} and B(2) be the Borel
algebra on Q. For any ¢ € [T], let P, and D, be measurable functions on (€2,B(2)) that map
each w = (p1,dy,p2,ds,...,pr,dr) € Q to p, and d; respectively. For any j € {0} U[J], let T; be a
measurable function on (£2,B(2)) that maps w = (p1,d1,p2,ds,...,pr,dr) € Q to the cardinality
of the set {1 <t <T:p, €I;}. We also define two functions uf : ([1,2] x R)T — RT and v :
([1,2] x R)* x {0,1,2,...,T} = R" as follows:

T

- - 1 _ (de—F;(pe))
Vi (P1,d1,P2,d2,---,PT,dT):tljl(,u (Pt|p17d1,~~,pt71,dt71)'mae 202 ) ,

M;—r(ph di,pa,da,... 7pT7dT7tj) = V;‘T(pladlap%d% - P, dT) : 1{tj:|1§t§T:pt€Ij|}7
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where p™(p¢|p1,di,...,pi—1,d;—1) is the p.d.f. for p, given (p1,dy,..., pt_l,dt_l). Let P7(-) be

the following probability measure on (2,B(Q2)): for any B € B(Q2), P = [, 17 (w)dw. Thus,

7 (
(€2, B(2),P7) constitute a probability space, and from the chain rule, v () and pf(-) are the
p.d.f. for (Py, Dy, Ps,Ds,...,Pr,Dr) and (P, Dy, Py, D, ..., Pr,Dr,T;) respectively. With a slight
abuse of notation, we denote the distributions of T; and (P, D1, Ps,Ds,...,Pr,Dr) by PI(1})
and PT(Py, D1, P2, Do, ..., Pr,Dr) respectively, and the conditional probability distribution of T}
given (P, D1, Py, Ds,...,Pr,Dr) by PT(T;|Py, D1, P, Ds, ..., Pr,Dr). For any given 0 <7 <.J and
0<j<J, EF[T}] is then the expectation of T; under P7. Then we note that

BF(Ty] - B (T]] <)t x |Py(t) —P] <T><2]]P’“ P (t)|
= %THPS(TJ-) =P (T))||rv < 2T\/2KL(P3(TJ)IIP§(TJ-)), (EC.52)

where the first identity follows from the property of the total variation distance for discrete random
variables, see, e.g., Proposition 4.2 in Levin and Peres (2017), and the last inequality follows from
Pinsker’s inequality.

To further bound KL(PF(7})[|P7(T;)), we note that

KL(Pg(Tj) HIP;@)) :KL<IP>3(P1,D1,P2,D2,...,PT,DT,Tj) HIP;(Pl,Dl,Pz,DQ,...,PT,DT,Tj))
_KL<P70T(P17D17P27D27'"7PT1DT‘T’J') HPZ‘F(PlaDlaPQaD%'"apT>DT|Tj)>
gKL(IP’g(Pl,Dl,PQ,DQ,...,PT,DT,T-) y|IP>7T(P1,D1,P2,D2,...,PT,DT,Tj))

_Eﬂ—|: |:1 ,ug(PbDlaPQaDQa PTvDTa )
= 0 Og p

,UJJ‘(PlthP%DQa PTvDT7T)
VS<P17D1,P2,D2,...,PT,_DT):|
7'T<ID171)17F)271)27'"7PT71)T)

(PI)D17"'7PT7-DT):|:|

Eﬂ'
=Ej [log

% — [i(P))? = (D, — fo(P))?)

1{PteI]} (fo(P) — f;(P))?]

2.5l
Z fO Pf fj(Pt)) ]
22 25

71@”[ e max(fo() fi(p))?

~ 202 pel;

= —E5[T;]n°, (EC.53)

where the first identity follows from the chain rule for KL divergence, the first inequality follows

from the fact that the KL divergence between any two probability distributions is non-negative, the
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second identity holds due to the definition of KL divergence and the law of total expectation, the
third identity holds since given (Py, Dy, Py, Ds, ..., Pr, Dr), T; takes the value [{1 <t <T:P, €1}
with probability one, and when T; = {1 <t <T: P, € L}|, pI (P1,D2, P2, Ds,...,Ppr, Dy, T;) =
vl (Py,Dg, Py, Dy, ..., Pr,Dr), the fifth identity holds since D; = fo(P;) + &, Ef[e;] =0 and P, is
independent of €;, and the sixth identity holds since f; and f; are only different in I,;. Then (EC.50)
is obtained by combining (EC.52) with (EC.53). Q.E.D.

B.3. Proof for Lemma 2
1 ~ 2 1
Recall that & =3/((00g" “52) v (b(ks) +1)2°5071), T = [4(b(kg) + 1)2" 067 T ] and
P __ky
0%k s 21 The result for j =0 is trivial. When 1 <5 < J,

n=(20) A 23’“f+1 ) ((b(kf)ﬂ)z"(’“f))kf
from the properties (1) and (2) of S(x), gx, (z) is infinitely differentiable. Now we check the property

b(k
of 1" ().

(6(ky)) (b(ky))
b(ky) b(k ri(p ri(p
fj f (pl) f ( f)(pz) _ < J( 1)> _< ]( 2)>
D1 D2
b(ky) (b(kp)— ) (k) (b(ky)—1)
k f 1 f .
1=0 Z pl =0 D2
b(ky) (i) (D)
b(ky) b(ks)—i . ;" (p1) (p2)
- Z ( i >(_1)( F070(b(ky) — i)' bgkf)fiJrl N (ka) i+l
i=0 by D2
b(ky) ( ) (3)
b(ky)! (p1) 75" (p2)
< Z il 0<?i%f§€f) (kf) 1 e(kp)—itl | (EC.54)
i=0 == D1 b2

where the second identity follows the general Leibniz rule. Now we turn to the RHS of Eq. (EC.54).
In the following, we discuss in three cases: (1) py,p2 €1, (2) p1 €I, and p, ¢ I, and (3) p1,p2 ¢ I;.
Case 1: p; €I; and p, €1;.
If 0<i<b(ks) —1, we have

rm) 8 (pe) r(ps) ) (pa)

7"]( )(p1) 7’]('1) (p2) <
b(kp)—i+l  b(kp)—itl| = | b(kgp)—i+1l  b(kp)—it+1 + b(kp)—i+l  b(kfp)—itl
Y4 2 Y4 Py 1 P2
r® () (2) 1 — P2
<|r;"(p1) — 75" (p2) "‘prg[?);] T (p)‘ b(kp)—itl b(ks)—i+l
Py Y2
b(ky)—
q b(kp)—
<
_plg[%] ’|P1 P2\+ maX ‘|P1 2 Z PiPs

(i+1)

i, )’ 1 — P2
+n(2J) IIQ%X gkf )‘ 1 — pa| (b(ky) —i+1)2°¢0)~

< (n(2) "+ (b(ky) = i+ 1)n(24)'2°0D ) [pr — pa|

<n(2J)"*" max
z€(0,2]
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<2n(27)" |p1 — pal, (EC.55)

where the third inequality follows from mean value theorem, the existence of the (i + 1)-th deriva-
tives, pr > 1, p» > 1 and the fact that py 7'~ — po ™7 = (py — p,) (T ™ pipy "7, the

fourth inequality holds due to p; <2 and ps < 2, the fifth inequality holds by our construction that

mMaX,eo,2] g,(:f) (x)’ <1, the last inequality follows from (b(k;) +1)2°*s) <2.J. Then, for i = b(k;),
(b(kys)) (b(kys)) (b(k¢)) (b(ks)) (b(kys)) (b(ks))
T 7 (pr) T (p2) < Tj p1) T oy i T () T y
g D2 N D1 D1 D1 D2
<0(20)7E0 g0 (27 (pr — a;)) = g0 (2 (p2 — a,)|
. b(ky) )
+|p1 p2|p121[21%?2<] ;7 (p)

<0(2J)°F0 |20 (py — p2)) [0 4 (20)2ED |py — |

< ((2)FF + (20 ED) [py — po|Fr0ED

< 2(2J)" |py — pol M T0ES (EC.56)
(b(kp)) (b(kp))
. . s (p2) (p2) (b(ky))
where the second inequality is because |- o — -2 - < i—i maxpe(1,2] |7 ! (p)‘ <
|p1 — p2| Max,ep o rj(-b(kf))(p) , the third inequality follows that g®*s)(.) is (k; — b(k;))-Holder

continuous, the fourth inequality holds because of |p; —p,| <1 and k; — b(ky) < 1. Then, Eq.
(EC.54) can be simplified

b(ky)
ok b(ky) b(ky)! i _
i) = £ (102)’ < Z,f max 0<,£ré%3<) 1217(2J) L py — pal, 20(2J)5F |py — po|™f b(ky)
i=0 ) Sesbiby) =
b(ky)
b(ks)! )
= (Zlf) max {2n(2j)b(kf) |p1 — p2| a277(2J)kf P4 —p2|kf E’(’“f)}
=0 '
b(ky)
b(kj)! . bk
(30 BB (apnyts =)
i=0 :
<0lpy—pa (EC.57)
a1k
where the last inequality holds due to 2n(2J)%f < 22%;“ ((b(kf)+1§2b(kf))kf ST FL T 2RI (8(b(ky) +

1)26(’%)3WQ+1Tﬁ)’W =4,

Case 2: p; €1, and py ¢ 1.

RCO)
Note that Eq. (EC.55) still hold in this case. What we need to derive is the bound for \]pil(pl) -

7‘<-b(kf))

77(”)] (i.e., Eq. (EC.56) can not be directly applied here). Define pf, := Proj(p,I;). Note that

P2
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ph is either a; or b;, r;(a;) =r;(b;) = %5 and réi)(aj) = §i)(bj) =0 for all 1 <i<b(ks). Thus, we
can have
(b(ky)) (b(ky)) (b(ky)) (b(kf))
’rj (pl) o rj (p2) _ Tj (pl) o ] / ( ) < 277(2J) f|p1 ‘kf_b(k;f)
Y2 D2 b1 2

< 29(2J)% [py — pof 1) (EC.58)

(b(kf))(

where the first equality holds due to r; (bl ))(p’ )

p2) =T, 5) = 0, the first inequality follows from
Eq. (EC.56) because p; and p), are both in I;, and the second inequality holds due to the projection
process. Together with Egs. (EC.54), (EC.55) and (EC.58), by the same calculation of Eq. (EC.57),
we can know | £, (p1) = £ (pa)| <6 |py — pal 100,

Case 3: p1 ¢1; and p, ¢ 1;.

When p; and p, are not in I, 7! ; D (py) = ry) (p2) =0, for all 1 <i <b(ks). From the first two lines

of Eq. (EC.54), we can have

ri(p1) ri(p2)

b(kp)+1 b(kp)+1
£ potts

f;(kf)(lh) fb(kf (p2)| =

DP1
o b(ke)+1 b(ke)+1
*5 Y4 ! — D2 !
b(ks)
b(ks)—
< 25|p1 o Z]h e
q=0

5(b(kf) +1)2°¢0 py — py|

< 8lpy —po|tr O,

[\ \

where the third inequality holds due to p; <2 and p,; < 2, and the last inequality follows from
5 < 8/((b(ky) +1)2°00) 1),
Together with the above three cases, we draw the conclusion that for any p;,ps € [1,2], we have

P (1) = £ (a)| < 8 |py — o™ "), W finish the proof. Q.E.D.

Appendix C. Proofs for Statements in Section 4
C.1. Proof for Theorem 5

For notation convenience, in this proof, we denote p; = argmax,cpp(f(p) + g(2:)), @ =
argming; <y, [p; — P[i]], i} = maxocien 1 Pli] x (f(Pli]) + g(,)) and i} = maxo<icn 1 P[i] x
(f(P[i]) + (07,) T ¢(x¢)). Algorithm 4 operates in an exploration-then-exploitation manner. In the
exploration phase, since g(-) and f(-) are bounded, the total regret is O(noN). We now turn to
bound the regret in the exploitation phase. For each ¢ > [T], let j; be the index of the bin that z;
falls into, which itself is a random variable. The regret can be decomposed as follows:

Y on= Z max p(f(p) +g(x:)) = pe(f(p2) + g(x0))

c
oo N NP [p,P)
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= > max p(f(p) +g(w)) — max | Pl x (F(PL) +(6;,) 6(x)

Ve
regret from discretization error of price and context spaces

+ max P[] x (f(Pli]) +(6},) " é(x.) = p:(f(p) + (65,) " b(22))

0<i<N

regret from failure of identif;/?ng the best discretized price
+pe(f(pe) +(05,) " o) — pe(f (1) + g(0)) - (EC.59)

Vv
regret from discretization error of context space

The first term of Eq. (EC.59) comes from the discretization error of the price and context spaces.

With Assumption 3, we establish the following inequalities:

max p(f(p) +g(xz:)) — max Pli]x (f(P[i]) +(6;,) " ¢(x:))

P€E|[p,p] 0<i<N-—1
= max p(f(p) +g(z.) — max | Pli] x (f(Pli)) +g(x))
e Pl x (F(PI) +9(e) — s Plilx (7P +(63)"6(2,)

<p; (f(p;) +9(x:)) — Plic] x (f(Plis]) + g(x:))
+ Pli;] x (f(P[i7)) + g(x1)) = Pli;] x (f(P[i;]) + (6;,) T o (1))

=p; f(0;) = Plic f(Plie]) + (9} = Plic))g(w:) + Pli](g(xe) — (6,) " d(x))

kg+b(kg)
—p pLd~ =z~

<pi(5) — Pl f(Pli]) + 2L ma QI v

EC.60
2N zefo,1)d ( )

In the first inequality of (EC.60), we apply the following inequalities:

max P[i] x (f(P[i]) +g(x:)) | j: > P[i:] x (f (P[id]) + g(z4)),

0<i<N-—1

max Pli] x (f(P[i]) + (8;,)" ¢(x0)) > Pli] < (f(Pliy]) + (6],) " b ().

0<i<N-—1

In the second inequality of (EC.60), we use the fact that p; and P[i;] both belong to the i,-th
price segment from the definition of 7;, and since the length of each price segment is no more than
(p—p)/N and Pl[i;] is the midpoint of the i,-th price segment, the distance between p; and P[i,]
is no more than (p—p)/(2N).

The first term in the RHS of (EC.60) can be further upper bounded as follows:

i (60) = Plil {(Pli) =i £ 5}) = Pl (1) + P F07) = Pl (Pli)
< Tox e F ()] + 71 ) — F(PLi)
< P ma £0)|+ 9(Co v Ol — Pl
< T (max 17 +9(C0va) ) (EC.61)
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In the second inequality of (EC.61), from our assumption on f, if k; =1, f is Lipschitz continuous
with Lipschitz constant ¢, and if k; > 1, since sup,c(, 7 [ f'(p)| < Cy, from the mean value theorem,

we have [f(p) = f(p')| = [1"(€)(p = p')| < Colp = p'|. In both cases, [f(p) = f(p')| < (CoV d)|p —p'|.
Combining Egs. (EC.60) and (EC.61), we have the upper bound on the first term of Eq. (EC.59):

max p(f(p) +g(x,)) — max Pli]x (f(P[i]) + Elg(x)[x € Mj,])

p€[p,p 0<i<N-1

p—p ﬁde
<—= 0 _— EC.62
< 2 (s )1 +3(C0v o) + s lo(o)l) + P (EC.62)

The second term in Eq. (EC.59) captures the regret due to the failure of identifying the best
discretized price. We have the following the upper bound with probability at least 1 — (N + M )%e
whose proof is delayed to the last part of this proof:

T

max P[i] x (f(Pi]) +(07,) ¢(:)) — pe(f (pe) + (85,) " d(2:1))

i€[N]
(’)(\ﬁ\/log +VMIT\[log - +AT> (EC.63)

The third term in Eq. (EC.59) is due to the discretization error of the context space and is easily

shown to have the following upper bound from our assumption g € G4(k,, L) and definition of M;,:

kg+b(kg)

E [pt(f(pt) + (@;)Tqﬁ(wt)) —pi(f(pe) +9(xt))] (EC.64)

M’“g b(k,)!
Putting Egs. (EC.59) to (EC.64) together, we can have

T

Z E[r]

t=ngN-+1

_0 (]7;) o < LT ) +0 (\/% log = ) +0 (MTMdlog 1) +O((N + MYTe).  (BC.65)

After adding the regret in the first ng/N periods, we obtain the upper bound on the total expected

regret:
iE[n] =0(noN)+ 0O <T> +0 ( el ) +0 (\/2 log 1) +0 (\/@) +O((N +M"Te)

d+k 2k
— 0T + O(LT 755 ) + O(T) + O(T /log T) + O(L™¥5 7755  flog T) + O(T~ 4753k
O(TZ \V Ld+gkg T;:Qig)
where in the second identity, we let N = [T4], ng = [T?], M = [(L2T) ‘”5’“91 and e =T"2. This

completes the proof of Theorem 5.



e-companion to Bu, Simchi-Levi, and Wang: Contezt-Based Dynamic Pricing with Separable Demand Models ec21

Proof of Eq. (EC.63). To bound the second term in Eq. (EC.59), we note that

max  P[i] x (f(P[i]) + (6},) " é(x:)) — pe < (f(pe) +(65,) " b(2:))

= <0§§r§}§_1P[il X< (f(PL) +(05,)" ¢(x)) — | max Pli] x <si + (HAwt)Tgb(xt)))

(e, P (50 B oten)) = pix (790 + (85 o(ar)

< (Pl < (PP + (85) (@) = Plir) x (i + (01) o) ))
(e x (50 + Bus) T0lwe) ) = oo x (F(0) + (65 6(0)) )
<25, max |F(Pl) = il + 251(8u,) To(w) - (8},) (). (EC.66)

0<i<N-—1

To bound the first term 2pmaxo<;<n_1|f(P[i]) — s;| in (EC.66), recall that ng is the number of
times each price P[i] is explored and s; records the average demand observed under price P[i] in

the exploration phase. Denote P[0] = P[N]. For each 1 <i < N, we have

F(P[i) =50 = f(Pi]) - k_BnOdkzw
= (i~ i VD o) o)
- Zo:gl(g(xmmv)%—s”w)‘ oo

o

Since g is bounded on [0, 1]¢ and E[g(x)] =0, from Hoffding’s lemma, g(z;,x) is sub-Gaussian with
variance proxy  max, . co14(9(21)—g(x2))?. Since {x, : t > 1} and {e, : t > 1} are independent, we
have g(x;1n) + €irrn is sub-Gaussian with variance proxy o/ := imaxzhzze[(x”d(g(ml) —g(xq))? +
o?. For any € >0, denote A := {maxo<i<y-1|f(P[i]) — si| < 01,/;>log 2}. From the union bound

and Chernoff inequality, we have

P(A)>1 —ZIP’ <|f(P[z']) —si| >0l /jolog§> >1— Ne. (EC.68)

i=1
To bound the second term 2p|a; ;, — E[g(x)|z € M,,]| in (EC.66), similar to Eq. (EC.6), we can

have

bs=Viit Y (fp) +9(m) +es — sm)o(x,)

(I.S:pS)dS)eDt,jt

=Vii D (F) +(05) (@) + As) + £ — S, )B(as)

(w57P57ds)eDt,jt

=0 AV TV Y (A Fe)o(z) +VSE Y (F(0s) = sm)d(@y).
(zs,ps,ds)EDy j, (zs,ps,ds)EDy j,

(EC.69)
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Moreover, we have the following observation under the event A,

2V Y (f(p) = sm)d(ws)| < Yoo @TVgle))? Y As)

(zs,ps,ds)EDy 5, (ws,ps,ds)E€Dy 4, (w5,ps,ds)EDy j,
< Yoo () —sm)? Yo @)
(zs,ps,ds)EDy j, (#s,ps,ds)EDy j,

’Dt jt’ 1 TV 1 T V- 1

- n Og T t,J¢ Z ¢($S)¢($5) t th
0 (I57Ps;ds)€'Dt7jt

Dy 2

<o MlongxHV;;. (EC.70)
€ 2Jt

Then, following the procedure of Egs. (EC.8), (EC.9), and (EC.10), we can get the following event
of high probability which we denote as event B;, with a fixed j, for any ¢t > 1 such that x, € M;

R D; 5 2
5y 05| < ol (A 1071+ i Ia vty [Plog2 ) memy

Moreover, we define B=;cys4)B;, and we can know P(A,B) >1— (N + M)e.

Therefore, we have the following inequality under events A and B,

T

s Pli]x (F(PL]) + (65,)7 () = po x (£(p) + (6},) 6(2)

T
iy 2 2 __ A »
<2poiTy[ o —log -+ 25 ) 1(0r0) ") — (8,) T b (o)
t=1

T
_ 2 2 _ 1 D, , 2
<2907y 2o 2 4203 o)y (A 107+ /1D +ty 2 1o
t=1

€

d
o [202 Ny : Digl, 2
=2p01T /- log -+ 203 D 16 -t | AFI6°]l,+ e, + /1Dl 0y [ 2 og = | Lryen,

t=1 j=1

[2 2 7 Dril. 2\ —
_ _ 1 T §
SQinT m10g6+2p; Az |0 H2+"YT,]‘+ "DT,]"A—FUQ noj logg ;”¢($t)|’VtJ1 lxteMj-

T T 2 det(Vr,)
Note that Zt:l ”d)(xt)HVt—Jl 1IteMj < \/‘DTJ| Zt:l H(ﬁ(xt)HVt*Jl 1wt€M \/2|DT7|1 dm;(;[;
\/2|Dr ;[ log(A+T), and thus,

T

s Pli)x (F(PL) + (65,)76()) = pe x (£(p0) + (6],) 6(2)

[2 2 CDral 2
< 2poT —log —i—2pz A2 1071, + 7. +1/|Dr il A+ 0} |T;;’J|log6 \/QIDT,j\log()A—T)
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/2 2
0
o 2log(A+T), 2
’ O,
+3° \DT,jrwzlong)+01\DT,jr\/gn1og
i=1 0

~( T
=0 lo lo \/ MIT + AT EC.72
<\/7’L0 g g ) ( )

Moreover, by a simple application of the union bound, we can have the P(A,B) >1— (N + M%)e.
Thus, Eq. (EC.63) holds.
We complete the proof. Q.E.D.

C.2. Proof for Theorem 6
Recall that we have constructed a function f(p) € F(k;,0) and s series of functions {gy : w €
d
{0,1}M d}. Also, we fix the distribution of contexts to be a uniform distribution on UJA/;{:U eM,;:
1

D(x,0M;) > (4n)*s }, and the distribution of contexts to be standard normal. For the ease of
presentation we omit the dependency of the regret and the expectation on these terms. Define
bky) b( kf) b(k)—1 _ o—3ks—27 TR § —CH% _ (H% T
5/((2 i)V (b(k‘f)+1)2 P7h), =27 LA §T 42k ] = A[(T' %728 ) ], and

Ty
=27 Fs  § Fs LT T‘i“’“g] For convenience, we also define I, :=[3 — 55 24 L]

27772
For any policy w, we establish the following lower bound on the worst-case regret by restricting
the functions f(-) and g4(-) to what we have constructed:

sup R%, (T)> sup R?Q(T)
fef(kf7(s)7g€Gd(kg,L) ge{gw:we{O,I}Md}

T

> DB o0 @ () 9w () = P20 )]

2Md ZZEf - [(Zp*(azt)(f(p*(azt)) + gw(xi)) —pe(f(p1) +gw(:ct))]lwteMj>]

wyl t=1

QMdeZ Sory

Jj= 1w c{0,1}M4-1w;€e{0,1} t=1

EF gu [P (a:t)(f( (20) + gw(@e) = pe(f (1) + gw (@) | 20 € M]

QMdeZ DS

I=1 wiefo,ymd-1 t=1

]E?g(w 0 [p"(z) (f (P (20)) + gw(24)) — Pe(f(Pe) + g (@) | 21 € M

+Ef g o) 7 @) (F (7 (1) + gw (@) = pu(f (1) + gw(20)) [ 20 € M]

= Z > ZE [P (@) f (9" (@) — pif (pe) | @2 € ML

j= 1w e{0,1yMd-1 t=1
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+E.T]{,g(w_],71) [P (ze) (f (P (24)) + gw () = pe(f (Pe) + gw (20)) | 20 € M)

By the definition of f(-), we can easily have
B o P @0 (20)) = pf () |2 €M 2 LB (p@ T €M), (ECT3)
f

where Z, is the constant in the definition of the function g (-) in Eq. (12). Eq. (EC.73)
can be interpreted as whenever p; is not in I.,, a regret of Z”Tf will occur. As for
Ero_ ;o @) (F07(20) + 9w (1)) = po(f (1) + gu (@) | 20 € M), when py falls into I, and z; €
M, pi(f(pe) + gu(@)) < 30+ 2= +4n(3 + 55) < 36 + Pn. Besides, the value of p*(z,)(f (p* (z:)) +

g(xy)) is %3 +8n and p*(x;) = 2. This means that when p, falls into I., a regret of at least I will

occur. Mathematically, we have

T * * 77 T,
Ef,g(w_rl) " (z) (f (P (1)) + gu (1)) — P (f (P1) + g (1)) | 20 € M| > §Pf,;(w7jyl)(pt €l |z, € My).
(EC.74)
The following route is similar to what we have derived in Appendix A.2. Again, we apply Bre-

tagnolle-Huber inequality (see Bretagnolle and Huber 1979) to get: given z, € M,

1
7t 7, t - o 7t 7t
Plhe o #L)+PTL (L) > sexp (<KL (BT BT )) (EC.TS)
where P}r”;( : denotes the probability measure under policy m up to period ¢ when the true
W_j,w;

demand function is made up of f and gw_; w,). With the chain rule of KL divergence, we have

7T us 1
KL(P}! P )< W(4n)2t' (EC.76)

fﬂ(w_j,o)’ f;g(w_j,1

Hence, together with Eqgs. (EC.75) and (EC.76), we can have

n 1 2
sup R7 T)> ——=Texp (— 4n T> . EC.77
FEF(k116),9€Gq (kg ,L) Ps0(T) 2(Zx, V2) 202Md( ) ( )

By plugging the value of M and 7, we can get the desired Q(Lﬁ T%) lower bound. Q.E.D.
Appendix D. Extensions to Separable Contextual Effect

In practice, a decision maker may have some prior knowledge about the relationship among features.
For example, in time series analysis, a common operator is to decompose the demand into secular
trends, seasonal variations, cyclical variations and irregular variations (see, e.g., Hamilton 2020),
and consider these four components as independent ones. In this case, for example, the seasonal
features and the cyclical features can be placed into two independent groups. This motivates us

to consider the extension to separable contextual effect. Specifically, we express the context vector
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xe€R%as [z(1),2(2), - ,z(n)], where each vector z(i) € R% represents a separate group for context.

Moreover, we consider the following form of function g(-):

g(a:):go—i—Zgi(x(i)), (EC.78)

where gy is an unknown constant, and E[g;(x(i))] =0 for all i € [n]. In Eq. (EC.78), each group
of features influences the expected demand independently, and changing one or several features
in one group does not affect the other groups’ contribution to the demand. When d; =1 for any
i € [n] (i.e., each feature itself is a group), Eq. (EC.78) reduces to the well-known additive model
in non-parametric regression literature (see, e.g., Buja et al. 1989).

Throughout this section, we make the following assumptions.

AssumpTIiON EC.1.  (a) For each i€ [n|, g;(-) € Gy, (kgi, L;) for some 0 < kg <1;

(b) {z(i)}, are jointly independent random vectors.

D.1. SMLPE with Separable Contextual Effect

In this subsection, we consider the extension of Sec. 2 and assume the following demand function:

Dy(p) :bp+go+igi(wt(i)) +en  VpEp,Dl (EC.79)

=1
All the assumptions on the boundness of b, the distributions of context z and random noise ¢
remain the same as those in Sec. 2. We have the following theorem showing the optimal regret for

the learning problem under model (EC.79).

THEOREM EC.1. The optimal regret of the learning problem wunder model (EC.79) under
Assumption EC.1 is
~ d;
inf sup aopo(T) :@<\/TVmax (L2T) di“’“gi). (EC.80)

T 9;€9q, (kgi,Li)ViE[n], i€[n]
be([b,b], P, Q€€ (o)

Theorem EC.1 tells that the learning complexity is decided by the group of features that achieves
MaX; e ] (LfT)dﬁdiZZ’“w From Theorems 1 and 2, we know that if g(x) is k,th-order smooth with
respect to each x(i) and L; = ©(1) but does not have the separable structure, the optimal regret
is é(ﬁ\/TW), which is no less than the bound in Eq. (EC.80) since d; <d and k,; >
min,ep kg;. To further see the benefit of the separable structure, if all ky;(-)’s share the same
smoothness parameters ky; and L; for all i € [n], max;ep, (LT )difié’“gi is decided by the largest d;.
Thus, if each d; is relatively small compared with the total dimension d, the separable structure will
greatly reduce the learning complexity. If all the L;’s and d;’s are the same, the bottleneck becomes

the one with the smallest k,;. The intuition is that the least smooth function is the hardest part of
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the learning problem. Another special case is that when L; =©(1), d; =1 and k,; > % for all i € [d],
the demand function is completely decomposed into n + 1 separate functions in p,x(1),...,z(n),
and the optimal regret reduces to O(v/T).

In Appendix D.1, we design Algorithm 5 for the demand model in (EC.79) and prove its regret
upper bound in Theorem EC.3. The main ideas of Algorithm 5 are similar to Algorithm 1. The
difference lies in that instead of partitioning [0,1]? into M“ bins, we separate the space [0,1]% of
each context subgroup into Mid * bins. The intuition of why we get a better regret upper bound
compared with SMLPE under the demand function in (EC.79) is that the total number of bins
S Mid " can be greatly smaller than M? since d=)"" | d;, meaning that the parameters we need
to estimate in the local approximation can be significantly reduced.

The lower bound can be directly implied from Theorem 4 due to the following reason. When
constructing ¢(-), we set g;(-) for each subgroup i € [n] to 0, except the subgroup iyax :=
maX;en] (LfT)difiQi’“gi. We consider a simpler scenario, where the decision maker is informed that
all ¢;(-)’s are zero except g¢; .. (-), and thus the only function that need to be learned is g; .. (-)-
Then the demand model is reduced to bp + ¢;,,... (€(imax)) + €, which is the exact model studied in
Sec. 2. For this simpler scenario, we have obtained the desired lower bound from Theorem 4, which

naturally serves as the lower bound for the original problem.

D.2. SMNPE with Separable Contextual Effect

In this subsection, we consider the extension of Sec. 4 and assume the following demand function:
Di(p)=1()+ Y _gi(w:(i))+e,  Vpelppl. (EC.81)
i=1

Note that in Eq. (EC.81), compared with Eq. (EC.78), we absorb the constant g, into f(p). The
other assumptions on the price function f(-), the context distribution and the distribution of the

random noise remain the same as those in Sec. 4. We have the following theorem in this subsection.

ditkgi % and L; = ©(1), the optimal regret of the learning problem

THEOREM EC.2. Ifmax;cp, T 2
7 gt

under (EC.81) is
~ . ditkgi
inf sup R;r P D(T) =0 (Tmm i€[n] d;+2ky; ) ) (EC82)
T 9;€Gy, (kgi,Lq)Vi€lk], R
FEF(kf.6),P,Q€E(0)
Comparing Theorem EC.2 with the regret bounds derived in Sec. 4, when max;e, % > %,

the learning complexity is decided by the group of features that achieves max;c, %, smaller
i gi

dJrk)gi

than max;e(, T

. When all the ky’s are the same, the complexity is decided by the largest
dimension d;. Similar to the observation with Sec. 7, when the largest dimension d; is greatly
smaller than the total dimension d, the learning complexity can be significantly reduced. When

all the dimension d; is the same, then the bottleneck of the learning problem is the smallest k,;
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dl+kql
di+2kgi

does not hold is that d; =1 and k,; > £ for all ¢ € [n], which requires that all the features’ effects

since m =

increases when ky; decreases. The only case that the condition max;c, %
are separated from each other and all the functions g;’s are smooth enough. When there exists at

least one group of features whose dimension is larger than 1, max;ep, df%gl > % is satisfied.

Following similar ideas in Sec. 4. 1 we design Algorithm 6 in Appendix D.2 and prove its regret

- ) d; +k
upper bound (’)(T% vT

el TRy gi) in Theorem EC.4. To see the regret lower bound, similar to

Sec. 7, we consider an easier case by setting all g;(-)’s to zero except the one with index imax =

, for which we construct a similar function to that in the proof of Theorem 6.

ditkg
argmaxle[n] d+2k

Knowing that g;(-) =0 for all j # i,,ax, the decision maker faces the same learning problem as
dlmax+k9’imax max. d; +k
Sec. 4. From Theorem 6, we obtain the regret lower bound Q(T %imax % gimax ) = Q(T" <" & Ry, gi).
D.3. Algorithm and Regret Upper Bound for Appendix D.1
1
THEOREM EC.3. Suppose Algorithm 5 runs with M; = [(L?T)%"**si ]. The regret of Algorithm

5 is upper bounded by
d;
O(VT v max (L3T) 5 ). (EC.83)

i€[n]
Proof. For notation convenience, we denote go + Y ., gi(z:(?)) as >, gi(z¢(¢)). The total
regret is upper bounded as follows:

T

ZE[T’t]

t=1

\ME:E

( - ‘Céb(( i) ‘pfﬂ

2
Zx

t=1

a 9i(z:(4)) ’ 2
<20 ) E < 101 ! %> +Oﬁm)]

t=1

- (@) | Gou+ Dy dnigen :
:2|b|ZE < i= 09z i 4 Jot i=1 tvl,.lt(l)) + (p? — p1)

— 2b,

T
g&m}jE[<

t=1

(=)
|
=
B
~—
[\
| IS |

"o 9i(@(8)) + g0 + X1, Elgi(2(0)) (i) € ML, (Z)J>2
2b

2b 2b,

2

go+ ?:]Egi x(1) e M Jot — ?:d,i,'”‘

NEa LR L MR = U
t

+<%+§LﬂEM((DMU€N%U] o+§ﬁﬂEM((DWU€NR@v2

(EC.84)
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Algorithm 5: Algorithm for SMLPE with Separable Context (ASMLPE-SC)

1 Input: price range [p, p], number of context groups n, bounds on the price coefficient b and

b, dimensions of each context group di,--- ,d,, parameters of bins My,---, M,.
2 Initialization:

3 fori=1,2,---,n do:

I

Partition [0,1]% into M cubes of equal size, denoted as M; for j=1,2,---, M";

5 Initialize D; ; =0 for each j € [Mldﬂ7
6 end for
btb

7 Initialize 131 == and go1 =0;

8 Main Steps:
9 fort=1,2,---,T do

10 Set d, et*%;

11 fori¢=1,2,--- ;ndo:
12 Observe (i) € M, ; for some j, (i) € (M)

~ . . (@1 prad)ED, s s (dg—prbe—go,t)
13 If Dy, =0, set a5,y < 0; otherwise, set a5, (i) < I R NG :

|Peiie o]
14 end for
90,3271 G4 3.5, (4) |
20, )
16 Project greedy price: pj <— Proj(py, [p+ 6., P — d4]);

15  Set unconstrained greedy price: p}' < —

1

17 Generate an independent random variable A, <6, w.p. 5

and A, < —6, w.p. 3;
18 Set price p; < pf + Ay;

19  Observe realized demand d;

20 fori=1,2,---.,n do:

21 Update Dyi145,0) < Droioiy U { (@, pe,di)} and Dyyy ;5 < Dy iy for j #ji(4);

22 end for

23 Update by Proj(%, [,0]);

Sl (di—beripy) |

24 Set gO,t+1 < 7 N

25 end for

Bound the first term of Eq. (EC.84). From Cauchy-Schwarz inequality, similar to Eq.
(EC.2), we have

(— S g (@) + 0 Elgi(2(0)) (i) € ML, ] ) n & |

L < 3z 2 Elas(a()|(0) € M )] = g (i)

=1

n o~ L2
<5 > e (EC.85)
=1 :

(2
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Bound the second term of Eq. (EC.84). For the second term on the RHS of Eq. (EC.84),

we have

g0+ 2 i Elgi(z(0)|z(d) € MG )] g0+ 320, Blga((0))2(i) € M ;)] i _ maxyep ya(9(2))’ (b, — b)?
2b 261& — 454 t .

Note that the following inequality continues to hold from the same arguments to Eq. (EC.4):
- 3@21’72+maXze[o,1]d(9($))2+02)

E[(b, —b)?] <

< N ‘= coq/ VL. (EC.86)

Thus, the second term is upper bounded by (’)(t‘%).
Bound the third term of Eq. (EC.84). To bound the third term on the RHS of Eq. (EC.84),

we first apply Cauchy-Schwarz inequality and obtain

n ~ no o 2
(90 + 2 Elgi(2(0) |2 (i) € MG, )] = Goe — 220y at>i7jt(i)>
2b,

<P +1 R
4b ( gO gO t _I_ Z ) S MJt(Z)] at’i’jt(i))2> 5 (ECS?)

Note that for each ¢ > 2, the first term (go — go)? in the RHS of Eq. (EC.87) is upper bounded

as follows:

t—1 2
A dz bfpl)
E _ 2 =F Lal=1\" ") 1
[(90 gO,t)] <90 1

=K

9o — 1

~ 2
S bpi A go+ 3 gi(@i (i) + e — m))

<3E |:< =1 bpl btpl)) (Zl 1( (z1) — )) (Zz 1€l>2
t—1 t—1 1

2

<3 [sz [(bt _ b)g] n maxm,ye[oi](i(f(;) —9(y)) n tci J
- [sz -]+ nzzx(tl_Lf)d ot fl] / (EC.38)

where in the first inequality, we use the Cauchy-Schwarz inequality and > | g:(2:(?)) = g(x;) — go,
and the second inequality follows from Hoeffding lemma and the fact that {g(z;) —go:1 <1 <t—1}
are i.i.d. bounded r.v.’s with zero mean.

For the second term Y77 | (E[g;(x(7))|z (i) € M, ;)] — dt,mt(i))z in the RHS of Eq. (EC.87), since

the analysis is similar for i =1,2,...,n, we next focus on the case of i = 1. Denote the time indices
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when the first group of context (i.e., z(i)) falls into Mj ) by 1 <s; <s5 <+ < Sy 5, S L
If D;1j,01) # 0, we have

~ 2
B | (Bl (=(1)le(1) €M, )] = i)
~ 2
Z z d . (dk — prb — f]o.,t)
- )GM ] (@k,Pk, k)eDt,,Z;]t(U
‘ t717jt(1)|
k . ~ A 2
— E ) c Ml ] Z(ﬂckwpkwdk)E'Dt’l’jt(l) (pkb—’_ Zi:o gz(xk('l)) +€k? _pkbt - gO,t)
De1 o)
> aep, . 91(Te(1)) ’ “
< 5E ) c M ] ( kPk> k:); t,1,j¢(1) +]32(b— bt)z + (go _goyt)Q
’ t,th(l)‘

n . 2 2
N (Z(mk,pk,dk)ept,ut(l) D e gl(:nk(z))> n (Z($k7pk7dk)ept,l,jt(1) gk) ] (EC.89)

L2RRNCH [/RRNEN
The first term on the RHS of Eq. (EC.89) can be bounded as follows:

2
Z(Ikvpkvdk)ept,l,_jt(l) g1 (xk(l))>

E (E[gl(fc(l))lw(l) € Mj, )l =

=E |E (E[m(:v(l))!fv(l)EM}tu)]_

D1

S15° 581Dy g 5,11 |,Dt,1,.it(1)|’jt(1)

2
Z(zk1pk1dk)€'Dt’1,jt(1) gl (xk(]‘)) )

Di1 el

‘,Dt71,jt(1)’ S1, 73\Dt‘1dt(1)|7| t,l,Jt(1)|’Jt( )

1 216[|Dt1j(1)\]gl(xsz(1)) ’
=E |E || E[lg:(x(1))]z(1) € th(1)] Lt

@) -0))

4 IDe1ew

(maxm,yGM.l
S E ]E 3t (1)

' D 1jeyls3e (1)

<<maxm7ye[071]d1 (91(»"6)—91(3/)))2E[ 1 }

- 4
L3, 1
<11 E{ } , (EC.90)
4 Dee
where the first equality holds due to the law of tower property, and the last inequality holds since

max (gi(¢(1)) = g1(y(1) £ max (gi(z1) —gi(yr)) + max Zgz ZgL

x,y€[0,1]91 z1,y1€[0,1]¢ z,y€[0,1]97 %1 i

D11y

=, max (9(z) = 9(y)).

The second and the third terms of Eq. (EC.89) have already been bounded in (EC.86) and (EC.88)
respectively. We now work on the fourth term.

n . 2
E Z(wkvpkvdk)epml’jt(l) Zi:Z gz(xk(z))
Deve]
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- - —
=K [E (Zle[mtutm] Zi_zgi(«Tsl(Z)))

. D, - i (1
D5 81,705 81D, 15,1 [ Pengel e (1)

’Dt,l,jt(l)‘7jt<1)

2
1
<E|E|—"— max ; s
- 4|Dt1Jt(1)| <z yel0,1]4—d Zg Zg )

0y
<p [Pz LT | EC.91
=E D0 ] (BCD

where the equation holds due to the tower property, the first inequality follows from the facts that

x(i) is independent from z(1) for all ¢ # 1. Plugging Eqgs. (EC.90) and (EC.91) into Eq. (EC.89),
we can get

E [(E[gl(ﬂj(l)”x( ) € MJt(l ] a’t 2Lt ( 1)) 1{‘Dz lJt(l)‘>1}i|
<5E [(énZ?_l L?digl +U _’_4]3 Ce,1 n ani:l ; igi +302>

IDia el Vit

S L2 4402 pe
< 5E 4 =1 "1 +4 el ) | |
N [( ’Dt’lv-jt(l)| \/E {‘Dtvly.lt(l)lzl}

where in the first inequality we discard the indicator function, and the second inequality follows

1{|Dt,1,jt(1)|>1}]

from ¢ > |Dy 1 j,1)|- For convenience, we define max, ,c(o1a(9(2) —g(y))* <n ).\, Lfd]?gi = Cepn. If

Dt,l,jt(l) = @, dt,l,jt(l) =0 and we have

N 2
E[(E[Ql(w(l))!%’(l)GM}tu)]—at,l,jt(l)) 1{|Dt,1,jt(1>|:0}} < g(lﬁﬁgl(gl(w))% [1{|Dt,1,jt(1>|:0} :

Therefore, the expectation of Eq. (EC.87) is bounded as

n ~ n ~ 2
E (goJrZi_lE[gi( (i) [(i) € M, ;)] - go,t—Zi_lat,i,jt<i)>

2b,

n -+ 1 3?206’1 Ce 2 + 30- %CS,Q + 40-2 4ﬁ206,1 2
S B v Z Dogol T vt ) Pz I OO 100010
n+1_|(20n+3)p°c., Zce}g + 302 n %ce,g + 2002 )
S T7 E Vi + ; > Disol Lip, 501213 T e, (9:(®)) LD, , 5, 1y 1=0} | -
i=1 et reld

Bound the fourth term of Eq. (EC.84). The fourth term is exactly the same as Eq. (EC.19)
and E[(p) — pe)?[i1dos - < -

Bound total regret. Based on what we have derived above, we now bound the total regret.

T

ZE[n]

t=1

L2d 9 max,cpd(9(®)? cer  nA1[ (2004 3)p3cer  Sces+30?
<ony e[S EE =

- +—
Mo 43" Vtooogp Vi t
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n

25 2
% Ce2 +200 2
YA Mz T max (gi(2) o, -0
IDrijei|

i=1 z€f0,1]%

" L2dr . 2¢, 1)(2 P2e, 1)(ces+3
<6l Z Ry . max e[o,l]d(f(x)) Ce,1 n (n+1)( 02‘1‘3)17 Ce,1 (2@—1) (n+ )( Ce2 T30 )
4b2 — M?kgz 4b

; 4b 4b
( Ce,2 + 200 ) Z |th_]t(z | {ID“Jt( y1>13 + H[%)‘?:‘l}](di(gi(x))2]_{|Dt,i,.it(i)_0}]
—Zo( )+O(W)+O(1ogT)+ZC5(Mﬁ)-
=1

1
The equation holds due to Zt VD, 5,0y S < M. After taking M; = [(L2T) % %%si ], we obtain
the regret upper bound O(v/T + S (LPT)% *2‘“ si). Q.E.D.

(logT +1) +ZE

D.4. Algorithm and Regret Upper Bound for Appendix D.2
THEOREM EC.4. Suppose for all i € [n], L, = ©O(1), k, € (0,1], and Algorithm 6 runs with
1
N =[T1], ng=[T2] and M; = [T% 4. The regret of Algorithm 6 is upper bounded by

di+kg;

Bty e )

Proof. Note that the exploration phase of Algorithm 6 is exactly the same as Algo-
rithm 4. Therefore, the analysis on the estimation accuracy of s; and the regret in this
phase remain the same. For the analysis in the exploration phase, the main ideas are sim-
ilar, and for completeness, we provide all the necessary details. Similar to the proof of
Theorem 5, for notation convenience, we denote p; = argmax,epz p(f(p) + 2.5, g5(x:(4))),
iy = argming,y_, [p} = Plill, i} = maxo<ian1 Pli] x (f(P[i]) + X7, ¢;(%:(4))) and i =
maxozicn-1 Pli] x (F(P[i]) + 0, Elg; (e(i))|2(j) € M, ).

In the exploration phase, since g;(-) and f(+) are all bounded, the total regret is O(noN). Similar
to Eq. (EC.59), we decompose the regret as follows:

T
E[ Z rt]

t=ngN+1

- Z E preng);]p —|—Zgj 33,5 (f(pt)+zgj(xt(])))]
ZN B| mas p <f<p>+zgj<xt<j>>) - max Pl x (f(P[i])+ZE[gj(x(j))\x( >ethm])

o, Pl > ( +ZE 9:(x())lz(j) € M, 1) ~p (f(m) + > Elg;(x()lx() € M;;(jJ)
( pe) + ZE g;(x z(j) € M_, (])]> — Dt (f(l’t) + Zgj(xt(]))) ] . (EC.92)



e-companion to Bu, Simchi-Levi, and Wang: Contezt-Based Dynamic Pricing with Separable Demand Models ec33

Algorithm 6: Algorithm for SMNPE with Separable Context (ASMNPE-SC)

1 Input: time horizon T', price range [p,p], context dimension d, number of context groups n,

numbers of discretized prices IV, exploration parameter ng, dimensions of each context
group dy,- - ,d,, parameters of bins My,--- , M,.

2 Initialization:

3 Define P[i] =p+ ﬁ%(z%—%) for each 0 <i< N —1;

4 Initialize for all 0 <i< N —1: s, =0 and n,; =0;

5 for j=1,2,---,n do:

6 Partition [0,1]% into ij cubes of equal size, denoted as M?, for j'=1,2,--- ,M;’;

7 Initialize Dy n41,5,;7 =0 for each j' € [ij];

8 end for

9 Main Steps:

10 for t=1,2,--- ,ngN do // Exploration phase

11 Calculate i = (¢ mod N) and charge price p; = P[i];

12 Observe realized demand d;

S; X 'Ili—‘rdt

T and n; < n; +1;

13 ;¢
14 end for

15 for t=ngN +1,---,T do // Exploitation phase
16 for j=1,2,---,n do:

. ; . d;
17 Observe z,(j) € M, ;) for some j,(j) € [M;”];

S op ped)EDs g, () Sico (@50 UpE=Plil)

18 If Dy ) =0, 55,5y < 0; otherwise, ay 5, ) <

P00 | ’
19 end for

20 Select m; = argmaxo<;<ny1 P[i] X (i +_7_; @1 55,(;)) and charge p, = P[my];

21 Observe realized demand d;

22 for j=1,2,--- ,n do:

23 Update Dyy1,54,0) < Drjjiiy YL@, 01, de) } and Dyyy j jr <= Dy j v for 57 #§i(5);

24 end for

25 end for

Bound the first term in Eq. (EC.92). Following Eq. (EC.60), we have

E

PE[p,p] 0<i<N-—1

<E [p?f (f(pI)Jngj(wt(j))) — Pliy] x (f(P[it])Jngj(wt(j)))]

maxza<f<p>+_zgj<xt<j>>>— max P[z’]x(f(Pm)+ZE[gj<m<j>>|x<j>eMi(j)])]
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P[i ] ( +Zgj wt ) [zt] ( +ZEQJ )EMJt(J)]>]

—E|p; f(s}) — Pl f(Plir))| +E| (07 - Pli])g(w.)| +E (Zgj 7,(j ZM >€M§t<]>1>]

+E

"*Ld%
<E|p; f(5}) - Plidl f(P[il)| + 2pre[o x,lo(@)| +Zp ngj

(EC.93)

PEIP

gp;\[p<m[ax |f(p )H—p(Co\/d)—i- max lg(x >+Z

where the last inequality holds due to Eq. (EC.61).
Bound the second term in Eq. (EC.92). We note that

j=1

- <O<I£%<1P[i] % < +ZE93 )GMJJt J)]> —0<Iln<a]3’< 1P <82+ZatJJt(J)))

<% max If(P[i])—8i|+2?Z

OS%%_IP[%']X< +ZEgj )eMJt(ﬂ]) ~ <f<pt>+ZE[gj< ()l >th@]>

g, () — Blgi (2(5))2 () € Mg ]|

(EC.94)

0<i<N-1

To bound the second term in Eq. (EC.94), we focus on the case of j =1 and the analysis for
2 <j <n can be obtained similarly. If |D; 1 j,1)| > 1, by the definition of a; 1 ,(1), we have

ar,15,0) — Elgi (2(1))]2(1) € M, ]|

, Y )Py 51y (i1 93 (@0 (5)) — Elgr (2(1) |2 (1) € My ()] + )
< max [f(P[i]) —si| + —

0<i<N-—1 |Dt’1,jt(1)’

. S ey, 91 @(1) ~ Elaa (D) [(1) € M5, 1))
< max |f(P[i]) —si| +
0<i<N-—1 ‘Dt,l,jt(l)’

E (wkPr k) €Dy 1 5, (1) 2?22 gj(xk(j» + ek
Do

(EC.95)

For the second term in the RHS of Eq. (EC.95), we bound its expectation as follows:

E X o pd)ens g, o (91 (2(1) = Elgr (2(1))[2(1) € M, ,)])
|Dt,1,jt(1)|
Y €Dy 1y, oy (91 (2(1) = Elgi (2(1)) (1) € Mg, 1)])
=FE |E L

‘,Dt,l,jt(l) ’

jn0N+1(1)7 T >jt(1)]]
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e 8Dy 1 ; 2
<E / 2exp | — Prigile 5 | de
0 maX,, zse[o,1]%M (91(21) — g1(z2))

[ ﬁmale,$2€[071]d1 |91(z1) — 91(332)|]

2\/2[Dr 15,0

[ 71_0/2
<E 1 1. EC.96
=El 2\Dt,1.,ﬁu>|] (HE-99)

In the above equations, the first inequality holds since conditional on j, n.,(1),---,j.(1),

{g1(z(1)) — E[g1(z(1))]z(1) € M}t(l)]  (@k,pr, di) € Dypj, 1y} are iid. sub-Gaussian r.v.’s with

; 2
max,  ,efo,d1 (91(21)=91(22))
1

. 2 eppd)eD, gy (91 (@6(1) = Elga (2(1))]2(1) € M;, ;)])
IDs1je)l

8Dy 15 2
e (_ [Durgiwle )

maX,, z,ef0,1% (g1(x1) — g1(2))?

=E

variance proxy , and from Hoeffding’s inequality, we have

>€

jn0N+1(1)7 e 7jt(1)>

The second inequality of (EC.96) holds due to max, . cjoalgi(z1) — gi(22)] <
max,, ,.cod |9(21) —g(x2)] < 207 (recall the definition of 07> = } max, . cjo14(9(x1) —g(x2))* +0°
from Appendix C.1.).

For the third term of Eq. (EC.95), we bound its expectation as follows:

2 ppi ) €Dy gy 1) 2i=2 9 (T (5)) + 2
|Dt7l,jt(l)‘

2 ) Dy gy ) 2=z 93 (T (5)) + &

i IDy1j, (1)l

[ [ 2|Dy 1 ; 2
S E / 2€Xp (_ | t,l,_]/tz(l)‘,u/ ) dM:|
LJo 5]
7T0'I2
=E — 1 . EC.97
Al 2|Dt,1,jt(1)\] ( )

The inequality in Eq. (EC.97) holds because z(j) is independent of x(1) for all j # 1,

E

=E |E

jn0N+1(1>v e 7jt(1)]]

and thus given j, n.,(1),---,j;(1), the distributions of z(j) for j # 1 are not influenced,

and Y7, g;(x(j)) + ex is zero-mean sub-Gaussian random variable with variance proxy
max, o cioa)d (=2 95 (210)) =5 95 (22(1))”

2 2
7 +o- <o

Therefore, plugging in Eqs. (EC.96) and (EC.97) into (EC.95), the expectation of the second
term of Eq. (EC.94) can be bounded as

QpiE[

j=1

g, ) — Elgi (2(5))2 () € MY ]

|




ec36
—QpZE[
<2pZE

e-companion to Bu, Simchi-Levi, and Wang: Context-Based Dynamic Pricing with Separable Demand Models

a,jj, ) — Elgs(2(5)) |z (j )GMJ()]

Up, 21 + |5, 6) — Elg; (2(5)]2(5) € MY ;)]

1\Dt Ljt(nl= 0i|

12
i oy
(mN ML) =il +2 ) :

+ max |g 1o
2|Dt,j,jt(j)| Dy 5ty 121 pelo, 1] 3| J( )| 1Dy 5.5t ) 0]
<2pnk | max |f(P[])—s|| +2p § E|2,/_ T

= 093\}[{_1 s P 2|Dt]Jt )| 1Dy 5,4ty 121

j€[n], xe[o 1] d;

=1

It only remains to bound E [maxo<;<ny—_1 |f(P[i]) — s;|]. Similar to Appendix C.1, for any € >0

denote A := {maxo<i<y—1|f(P[i]) — sif < 01,/;510g 2}. Eq. (EC.68) still holds here, and then we
have P(A) > 1 — Ne. Hence,

B |, e (P | =B | 17070 s |4] L) + OF(A)

2 2
Sahln—ologngO(Ne). (EC.99)

Bound the third term in Eq. (EC.92). For this term, we have

( Dt +ZE93 )Eth(J ]) — Dt (f(pt)+igj(xt )sz T. (EC.100)

Bound the total regret. Combining Egs. (EC.92), (EC.93), (EC.98), (EC.100) and (EC.99),
we have

T noN T
E Zrt :E ZT} +E Z Tt]
t=1 t=1 t=ngN+1
9
p—p T —nogN 2
gO(nON)2<max £ ()| +P(Co V&) + max |g(z )y> 0 22 (T —noN)
PE[p,p) z€0,1)4 o

+2pn011/—log (T noN) +2pz Z

j=1t=ngN+1

+2p ’ Z Z |Dt,j,jt(j)|:0}

Je[n] fc€[01 j=1t=ngN+1

:O(nON)+(’)<]7\;> +Zn:(9 (leng) +0 (\/1; log — )—FEO(\/TM ]) —1—2(’)( >+O(TN€)

(EC.101)
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The first identity of Eq. (EC.101) follows from that

d 1 woZ 1
Z —=——1D, ; ;)21 :Z Z ——==Ul{D, ; ,I>13:()=5}
3t (g) 1= t,j,s1Z=1:J¢(J)=S8
t=ngN+1 V ‘Dt,jvjt(j)| It s=1 t=ngN-+1 \ ‘Dt,j,s‘ !
4 d;
]Wj |'Dt,j,5‘ 1 JWJ-
d.
D DD RS SN NPT
s=1 s=1 \/g s=1
i
where the last inequality follows Cauchy-Schwarz inequality and ) 7 |D; ;| <T, and
d;
T M7 p
d.
Y Um0 =D D Lme.=oui=s) < M7
t=ngN+1 s=1 t=ngN+1

1
In the second identity of Eq. (EC.101), we let N = [T'1], ng = [T%], and M; = [T% i ] and
€ =T~2. This completes the proof of Theorem EC.4. Q.E.D.

Appendix E. Linear Greedy Algorithm in Section 6

Algorithm 7: Linear Greedy Algorithm

1 Input: price range [p,p|, bounds on the price coefficient b and b

2 Initialization:

3 Initialize a; =0, 31 = %, ¢ =0;
4 Main Steps:
5 fort=1,2,---,7T do

6 Observe xy;

7 Set unconstrained greedy price: p}' < —%;
8  Project greedy price: pj <— Proj(p}, [p,D]);
9  Set price p; < p?;
10  Observe realized demand d;
11 Update (agp1,bps1, Gryr) < arg min,, scip 7)., Zle(ds —a—fps—7" x5

12 end for
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