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Abstract: This paper established a one-dimensional fully coupled finite strain 33 

consolidation analysis for soft clay treated by thermal prefabricated horizontal drain 34 

under vacuum and heat preloading with the consideration of thermal elastic viscoplastic 35 

(TEVP) behaviours of soft clay. First, the governing equations for finite strain 36 

consolidation, heat conduction, and heat convention process have been carefully 37 

derived based on the well-established Gibson’s finite strain consolidation theory and 38 

one-dimensional TEVP constitutive model. Secondly, the accuracy and reliability of the 39 

numerical method and good performance have been verified with a benchmark case and 40 

three physical model tests. Then, the improvement of consolidation efficiency rate (IER) 41 

was defined and used to study the effect of three variables on consolidation efficiency. 42 

Last but not least, a graphical user interface (GUI) was provided to support researchers 43 

and engineers in utilizing the proposed numerical method for conducting consolidation 44 

analysis of soft soil treated in the same or similar fashion. 45 

 46 
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heating 48 
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1. Introduction 50 

Terzaghi (1943) pioneered the notion of the one-dimensional saturated soil 51 

consolidation model, which has subsequently spurred significant advancements in 52 

research on soil consolidation within the geotechnical engineering field. Several 53 

advancements have been achieved in challenging the fundamental assumptions of 54 

Terzaghi's consolidation theory (Terzaghi 1923, 1943), leading to the development of 55 

several theories or models, including finite strain consolidation (Fox and Berles 1997; 56 

Liu et al. 2022b; Pu et al. 2020), electro-osmotic consolidation (Zhao et al. 2020), 57 

unsaturated soil consolidation models (Fredlund and Hasan 1979), etc. Among them, 58 

research on finite strain consolidation has garnered significant attention and interest in 59 

recent decades. 60 

As stated by Vrakas and Anagnostou (2015), when the strain of soil exceeds 10%, 61 

the small strain theory is not appropriate for describing the consolidation behaviour of 62 

soft soil, especially for the ultra-soft dredged sludge (Chen et al. 2024). Finite strain 63 

theory is particularly suitable when the soil possesses a significant initial water content 64 

that exceeds the liquid limit, typically leading to a large settlement. In the study of finite 65 

strain consolidation, the method of using vacuum pressure and surcharge preloading 66 

combined with prefabricated vertical drains (PVDs) was employed to study finite strain 67 

consolidation of soft soil (Geng and Yu 2017). Vertical drains, despite their usefulness, 68 

have various limits including substantial flexing and loss of vacuum with depth. Chiba 69 

et al. (1992) suggested using prefabricated horizontal drains (PHD) for vacuum 70 



preloading as a means to address these limitations. The efficiency of the method has 71 

been then confirmed by model experiments (Chu et al. 2011; Guo et al. 2013). Most 72 

recently, Zhang et al. (2023a) presented a novel method of dewatering dredged sludge 73 

using geotextile tubes combined with vacuum-assisted PHDs. The advantages of the 74 

method have been shown through experimental and theoretical investigations (Zhang 75 

et al. 2023b; Zhang et al. 2022). 76 

In addition to vacuum-assisted PVDs or PHDs that can improve the consolidation 77 

rate, heating soil can also enhance the consolidation efficiency. Biot (1956) gave a 78 

thermal-fluid-structure coupling equations. Britto et al. (1989) introduced a finite 79 

element model to examine the heat transfer consolidation issue in a saturated elastic 80 

soil with fine-grained particles. Abuel-Naga et al. (2006) investigated the impact of 81 

increasing the temperature of soft Bangkok clay on the performance of the preloading 82 

process using the PVD. Saowapakpiboon et al. (2009) presented the effects of vacuum 83 

and heat preloading of a PVD that was used to accelerate the consolidation of soft 84 

Bangkok clay. Artidteang et al. (2011) focused on enhancing the efficiency of 85 

consolidation in improving soft Bangkok clay using vacuum and heat preloading. 86 

Saowapakpiboon et al. (2011) compared the consolidation efficiency of PVD 87 

preloading with and without vacuum and heat to accelerate the consolidation of soft 88 

Bangkok clay. Cheng et al. (2017) proposed a semi-analytical method to study the 89 

thermal consolidation problem. According to Wang et al. (2020), vacuum preloading 90 

can expedite the consolidation rate of soil when it is subjected to a suitable temperature. 91 



Du et al. (2021) employed heating preloading to overcome smear effects induced by the 92 

installation of PVD and improve consolidation efficiency. Chen et al. (2023b) found 93 

that the treatment combining heating PVD with vacuum preloading can efficiently 94 

increase the final settlement of soft soil through physical model tests and molecular 95 

dynamics studies. All these studies support that heating the soil is a good way to 96 

improve consolidation efficiency.  97 

Considering the limitations of using PVD and the advantages of heat preloading, 98 

the method of using vacuum-assisted PHD with heat preloading can be a good way to 99 

treat soft soil. However, few previous studies have reported related experiments on this 100 

topic. Consequently, the relevant calculation model received little attention, which 101 

undoubtedly compromises the further engineering practice of the technology. Recently, 102 

Li et al. (2023b) proposed a finite strain consolidation model that coupled the self-103 

weight of ultra-soft slurry, soil creep, and changing hydraulic conductivity and 104 

compressibility during the consolidation process. However, when applying the heat 105 

preloading to soft soil, the thermal elastic viscoplastic constitutive relationship, the 106 

effects of temperature on hydraulic conductivity and compressibility, and the heat 107 

conduction and convection process cannot be included in Li et al.’s model. Since an 108 

effective theoretical model is a valuable guide (Liu et al. 2023a; Liu et al. 2023b; Liu 109 

et al. 2022a) to understand the consolidation behaviour and can give sound 110 

recommendations for engineering design, the finite strain consolidation model which 111 

can take all abovementioned factors into account at the same time, namely fully coupled 112 



finite strain consolidation model, is therefore needed and meaningful to be developed. 113 

Normally, such a thermal-hydraulic-mechanical (THM) coupling model is solved by 114 

complex numerical methods (Zhang et al. 2021; Zheng et al. 2017). For potential users 115 

of the model, these numerical methods are often not readily available for direct use. 116 

Hence, a direct and simple GUI that can automatically calculate results after entering 117 

basic parameters is accordingly time-saving and necessary for them. 118 

To address the abovementioned issues and fill up the research gaps, this paper aims 119 

to propose a fully coupled one-dimensional finite strain consolidation model shown in 120 

Figure 1 considering the thermal elastic-viscoplastic characteristics of soft soil as well 121 

as a GUI for potential users to conduct relevant consolidation analysis. Besides, 122 

physical model tests were designed and conducted to observe the consolidation 123 

behaviour and examine the performance of the proposed consolidation model. The 124 

modified implicit finite difference method was introduced to solve the nonlinear 125 

governing equations and verified with a benchmark case. Furthermore, this paper 126 

introduced a factor, namely improvement of consolidation efficiency rate (IER), to 127 

study the effect of PHD spacing, externally applied temperature, and thickness of 128 

treated soil on consolidation efficiency and give qualitative guidance for the method to 129 

be used in practical engineering. 130 



2. Theoretical framework 131 

2.1 Basic assumptions 132 

To expedite the development of the model, it is crucial to establish the following 133 

assumptions: 134 

(a) The soil is fully saturated and Darcy’s law is applicable; 135 

(b) The temperature range of clay spans from 0°C to 100°C, and the water does 136 

not suffer any change in its phase; 137 

(c) Thermal equilibrium is established between the soil particles and the pore 138 

water. Both soil particles and pore water exhibit linear expansion as 139 

temperature increases; 140 

(d) The influence of temperature on the density of soil particles is neglected. 141 

 142 

2.2 Constitutive model 143 

Most recently, Chen and Yin (2023) proposed and verified the one-dimensional 144 

thermal elastic-viscoplastic (TEVP) model for the time-dependent behaviour of clays. 145 
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where the total strain rate of clay consists of three parts: a mechanical elastic strain rate 147 

eM

z , a thermal elastic strain rate eT

z , and a visco-plastic strain rate vp

z , T is current 148 



temperature and 0T  is room temperature, 𝜎′ is current effective stress, 
'

0zp  is pre-149 

consolidation pressure of soil, and 0zp  is the strain under 
'

0zp   on normal 150 

compression line, 0t  is reference time, et  is equivalent time, and V is specific volume 151 

of the soil.   is the normal compression index,   is the recompression index, 𝜅𝑇 is 152 

cooling and reheating index describing the thermal elastic behaviour, 𝜆𝑇  is virgin 153 

heating compression index. 154 

The creep of soil is reflected by the visco-plastic strain rate item. The visco-plastic 155 

strain rate vp

z shown in Eq.(2) is derived based on the concept of equivalent time lines 156 

developed by Yin and Graham (1994). By introducing the creep index  , reference 157 

time t0, and equivalent time te, the creep-related strain can therefore be considered and 158 

calculated. The detailed derivation process and explanation can be found in previous 159 

studies (Chen et al. 2023a) and will not be repeated here.  160 
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When using the void ratio to express the one-dimensional thermal elastic-162 

viscoplastic model, Eq.(1) is equivalent to  163 
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where 0zpe  is the void ratio related to 
'

0zp , (
'

0zp , 0zpe ) is the stress point that lies on 165 

the reference time line. 166 

For very soft soil with the initial effective stress close to 0 kPa (Li et al. 2023b), 167 

Eq.(3) needed to be modified. Otherwise, the void rate shown in Eq.(3) will tend to be 168 



infinite. In addition, it has been shown that there is a nearly linear relationship between 169 

the void ratio e and the logarithm of effective stress 𝜎′ throughout a wide range of 170 

void ratios (Li et al. 2023b) for different types of soft soil, indicating the validity of 171 

extending the one-dimensional TEVP model to finite strain analyses. The modifications 172 

are expressed as:  173 
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 (4) 174 

where 
'

ref  is a non-zero small value, which can be taken as 0 to 1 kPa or checked by 175 

fitting test data at very small vertical stress. 176 

Based on the above modification, the one-dimensional TEVP model is revised as 177 

the extended one-dimensional TEVP model for finite strain, as shown in Figure 2 and 178 

Eq.(5) 179 
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The effective stress principle is formulated as 181 

 '

wu = +  (6) 182 

By incorporating the effective stress principle, Eq.(5) can also be expressed in the 183 

following alternative form: 184 
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 186 

2.3 Finite strain consolidation process 187 

As shown in Figure 3, the following relationship can be derived according to the 188 

law of conservation of mass  189 

 ( ) ( )0 0( ) 1 1 ( ) 1 1s sT a n T n     − =    −        (8) 190 

in which n is the void porosity at time t, and n0 is the initial void porosity.  191 

Hence, the transformation relationship between the Lagrangian and convective 192 

coordinate systems in the finite strain thermal consolidation model is as follows: 193 
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in which ( )s T  and ( )0s T  are the density of soil particles at temperature T and 195 

room temperature T0, respectively. 196 

It can be seen that compared to the transformation relation between the Lagrangian 197 

and convective coordinate systems given by Gibson et al. (1981), the coordinate 198 

transformation relation in the finite strain thermal consolidation model has an additional 199 

term 
( )
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s

s

T

T
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
, which reflects the influence of the effect of heating. Due to the very 200 

limited effect on soil particles induced by temperature in the range of 20°C to 60°C 201 

(referenced by Eq.(16) and the typical value of s  , 202 
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following derivation. 204 



When examining an element ABCD at time t, which has altered from the original 205 

element A0B0C0D0 at time t0, the vertical force equilibrium of a soil particle can be 206 

expressed as 207 
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where  is the total vertical stress, m is the current unit weight of saturated soil, sG is 209 

the specific gravity of the soil particle, m is the unit weight of water, and w is the 210 

density of water at temperature T. 211 

Based on the equilibrium of the pore water, the mathematical expression can be 212 

expressed as 213 

 w e hu u u= +  (11) 214 
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 (12) 215 

where wu is the total pore water pressure, eu is the excess pore water pressure, and hu  216 

is the hydrostatic pressure. 217 

The volume change of the slice   during the following dt  time must be equal 218 

to the net water volume flowed in or out plus the increase or decrease in the volume of 219 

the soil due to the change of temperature. Hence, we have 220 
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 (13) 222 

where w and s are coefficients of linear expansion for pore water and soil particles, 223 

respectively, n is void porosity, vk is the permeability coefficient under void ratio e and 224 



temperature T, and will be introduced later. 225 

Substituting   in Eq.(8) into Eq.(13) by employing assumption (d), the local 226 

formula of mass conservation is obtained as follows in terms of the Lagrangian 227 

coordinate system. 228 
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 (14) 231 

When applying heat preloading, it is important to consider the effects of 232 

temperature change on the change in permeability coefficient. The temperature 233 

variations change the viscosity of the water and the density of the water, thus affecting 234 

the coefficient of permeability of the soil. The permeability coefficient of the soil at 235 

temperature T can be expressed by employing the Kozeny-Carman equation (Abuel-236 

Naga et al. 2007; Campanella and Mitchell 1968; Chen et al. 2017; Deng et al. 2022; 237 

Li et al. 2023a): 238 
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where ( ),vk e T  and ( )0,vk e T  are permeability coefficient at temperature T and room 240 

temperature T0 under void ratio e, respectively; ( )T  and ( )0T  are the viscosity 241 

coefficient of water at temperature T and room temperature T0, respectively; ( )w T242 

and ( )0w T  are the density of pore water at temperature T and room temperature T0, 243 

respectively. 244 



On the one hand, with the definition of the coefficient of linear expansion of soil 245 

particles and pore water, the relationship between strain increment and temperature 246 

increment can be written as 247 

 ,w w s sd dT d dT   = =  (16) 248 

Since the mass of pore water or soil particles remains constant before and after 249 

thermal expansion, the following formulation can therefore be obtained: 250 
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On the other hand, the coefficient of viscosity of water at one atmospheric pressure 252 

as a function of temperature has been given as follows by Yin et al. (2014): 253 
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Moreover, the relationship between the void ratio and permeability coefficient 255 

based on the previous studies (Liu et al. 2018; Zhao and Gong 2019) 256 
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where Ck is the permeability change index. 258 

Combined Eq.(15) to Eq.(19), the following equation holds. It is worth noting that 259 

the following vk  refer to ( ),vk e T , if not further specified 260 
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It shall be noticed that there are two patterns in the relationship between the 262 

vertical strain    and void ratio e, the first is in the convective coordinates called 263 

natural strain: 264 
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The second one is called engineering strain in the Lagrangian coordinate system 266 

and is presented as follows: 267 
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Hence, rewritten Eq.(14), the strain rate in the Lagrangian coordinate system can 269 

be expressed as 270 
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where v is the thermal expansion coefficient of saturated soil, (1 )v s wn n  = − + . 272 

Combining Eqs.(7), (14) and (23), the governing equation can be obtained as 273 

follows 274 
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 (24) 276 

The stress expressed in conductive coordinate (i.e., Eq.(10)) can be rewritten in 277 

the form of Lagrangian coordinate 278 
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To express governing equations using excess pore water pressure, a new variable 280 

is defined here 281 

 ah hu = +  (26) 282 



where ah is the total stress above hydrostatic pressure. 283 

Therefore, the effective stress can be expressed as: 284 

 '

ah eu = −  (27) 285 

Using ,  e ahu    instead of ,  wu    respectively, Eqs.(24) and (25) could be 286 

expressed as. 287 
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 (29) 290 

At any given time t, the settlement S of saturated soft soil is 291 
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where u is the thermal expansion coefficient of the soil skeleton. 293 

 294 

2.4 Heat conduction and convection process 295 

The internal energy change of the slice   during the following dt  time must 296 

be equal to the net heat flow in or out plus the decrease in the internal energy of the 297 

water due to the net outflows. On the one hand, the internal energy change shown in 298 

Figure 3 of the slice   during dt can be written as: 299 

 ( )( ) ( ) ( ) ( )0 01s s w w

E
dt C T n T T C T n T T dt

t t
   

 
− = − −  − +  −   

 (31) 300 



in which wC  and sC  are the specific heat capacity of pore water and soil particles, 301 

respectively. 302 

On the other hand, the internal energy change induced by thermal conductivity 303 

shown in Figure 3 can be expressed as: 304 

 ( )E Q a dt a
a


  =  
  (32) 305 

 Using Fourier’s law of thermal conductivity (Incropera et al. 1996), Eq.(32) can 306 

be rewritten as: 307 
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 (33) 308 

where w   and s   are the thermal conductivity of pore water and soil particles, 309 

respectively. 310 

The internal energy of the water due to the net outflows can be presented as: 311 

 ( ) ( ) ( ) 0w w wE C T v a dt T T a
a




 = − 


 (34) 312 

Combining Eqs.(31), (33) and (34), the governing conservation equation of 313 

energy can be expressed as: 314 
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The water velocity in Eq.(35) can be expressed from Eq.(12) 316 
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Since there is no change in the mass of the soil during the consolidation process, 318 



the following relationship holds. 319 
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The mass change of water can be expressed by 321 
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Based on Eqs.(35)-(38), the governing equation can be developed as: 323 
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(39) 325 

2.5 Initial and boundary conditions 326 

At t=0, the excess pore water pressure is linearly distributed along the depth of the 327 

soil due to the self-weight stress. The temperature inside the soil is room temperature, 328 

so the initial condition can be written as 329 
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 (40) 330 

The temperature at the bottom heated PHD increases linearly to T1 and then 331 

remains constant, as shown in Figure 4. The change in temperature against time can be 332 

expressed as: 333 
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 (41) 334 

where ΔT is temperature increment, ΔT=T1-T0; T0 represents the initial temperature of 335 



saturated clay, and td means heating time.  336 

In practice, step-by-step pressurization is usually adopted to prevent soil particles 337 

from clogging when vacuum pressure is applied. A multi-step vacuum loading, say 5-338 

step loading shown in Figure 5 can be expressed as follows. Other forms of multi-stage 339 

vacuum loading applied at the bottom of the soil can be given similar expressions. 340 
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 (42) 341 

where  ( 1,2,3,4,5)iP i =  is vacuum loading at different stages,  ( 1, 2,3, 4)it i =   is the 342 

applied time of each level of vacuum loading. 343 

The top boundary conditions of saturated clay can be obtained as: 344 
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According to the temperature loading and vacuum pressures applied at the bottom 346 

of the soil, the bottom boundary conditions can be written as: 347 
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 349 

2.6 Numerical implementation using FDM 350 

Given the inherent nonlinearity of the governing equations, obtaining an analytical 351 

or semi-analytical solution becomes highly challenging. To solve this issue, this paper 352 

uses a modified implicit differential format to solve the governing equations. The soil 353 



is divided into m (i=1, 2, 3,…, m+1) parts in space, and time is divided into N (k=1, 2, 354 

3,…, N+1) parts. In the original differential format, the coefficients of the undetermined 355 

variables (i.e., ue and T) are supposed to be calculated using related parameters from 356 

step k+1. The modified differential format linearizes the nonlinear governing equations 357 

by employing related parameters from step k to determine these coefficients, which 358 

makes the governing equations easy to solve and ensures the accuracy of solutions 359 

(Gautschi 2011). The next section will show the reliability of the modified differential 360 

format. Figure 6 illustrates the modified difference format in space and time. For 361 

Eq.(24), the following equations hold. 362 
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and 364 
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The initial condition can be written as 374 

 ( )1 0 1,2,..., 1iu i m= = +  (53) 375 

The upper and bottom boundaries for excess pore water pressure can be presented 376 

as 377 
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in which 𝑛𝑑 =
𝑡𝑑

∆𝑡
, 𝑛𝑑𝑖 =

𝑡𝑖

∆𝑡
 (𝑖 = 1, 2, 3, 4). 380 

For governing Eq.(39), the following differential format can be presented. 381 
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The initial thermal condition and thermal boundary conditions can be written as: 388 
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in which 𝑛𝑑 =
𝑡𝑑

∆𝑡
. 393 

Combining Eqs.(45) to (63), a numerical program has been made to predict the 394 

consolidation behaviour through Matlab software.  395 

3. Verification with the benchmark case 396 

Pu et al. (2018) proposed a benchmark case for a one-dimensional finite strain 397 

consolidation model considering the self-weight stress of soil and used the piecewise 398 

linearized numerical technique (Fox and Berles 1997; Liu et al. 2022b) to solve the 399 

consolidation model. When the temperature increases at the bottom boundary is not 400 

considered, i.e., 0T = , the consolidation model proposed in this paper can be degraded 401 

to the benchmark problem proposed by Pu et al. (2018). The parameters employed for 402 

verification are taken from Pu et al. (2018) and listed in Table 1. 403 

The distribution of excess pore water pressure and void ratio at t= 0.1, 1, and 2 404 



years against the height of soil under double-drained and sigle-drained boundaries were 405 

plotted in Figure 7 and Figure 8, respectively. It can be seen from the figures that the 406 

calculated values of excess pore water pressure and void ratio from this paper show 407 

great agreement with the benchmark case. The comparison with the benchmark case 408 

indicates that the modified finite difference method proposed in this paper is correct 409 

and reliable. 410 

4. Model performance 411 

To further examine the validity of the model, the proposed consolidation model 412 

and the modified finite difference method are used to predict the consolidation 413 

behaviour of three physical model tests (i.e., PM1, PM2, and PM3). The configuration 414 

of each part of the physical model box, the placement of the sensors, the mounting of 415 

the heating PHD, etc. can be seen in Figure 9. Detailed schematic and dimensional 416 

information can be found in Figure 10. Figure 11 shows the initial setup of the physical 417 

model and the initial state of the slurry. The slurry used in the physical model was 418 

bentonite slurry taken from a disposal site in Hong Kong. According to the result of the 419 

X-ray diffraction (XRD) test, the tested soil contained 15% montmorillonite, 10% 420 

feldspar, 43% quartz, and 32% other minerals. The soil consists of 17% clay, 68% silt, 421 

and 15% sand. The liquid limit, plastic limit, and plastic index of the soil are 86%, 27%, 422 

and 59%, respectively. To consider the initial state of the slurry after the use in 423 

construction projects, the soil was thoroughly mixed with water to obtain the slurry with 424 



about 300% water content, which is 3.5 times the liquid limit of the slurry. During the 425 

consolidation process, the slurry samples at various heights were taken from the 426 

sampling holes on the wall of the model tank for water content measurement. There is 427 

a well-accepted relationship (Craig 2013) between void, water content, and saturation: 428 

 s
r

wG
S

e
=  (64) 429 

where Sr is the saturation of soil, w is water content, Gs is specific gravity, and e is the 430 

void ratio. 431 

The slurry is considered fully saturated during the consolidation process, meaning 432 

Sr equals 1. In addition, the specific gravity Gs is measured to be 2.63 in three physical 433 

models. Therefore, the void ratio can be obtained by measuring the water content at 434 

different heights and times and used for examining the performance of the proposed 435 

consolidation model. According to the test data of three physical models, the 436 

temperature at the bottom boundary always remains unchanged during the 437 

consolidation process, so it is reasonable to regard the physical boundary at the bottom 438 

as a uniform heating boundary. By equalizing the vacuum boundary at the bottom 439 

boundary based on the principles shown in Figure 12, the consolidation behaviour of 440 

three physical model tests can be predicted using the consolidation model proposed in 441 

this paper. 442 

In PM 1, the bottom heating wire was not energized throughout the consolidation, 443 

so the temperature at the bottom remained at room temperature. In PM 2, after 24 hours 444 

of self-weight consolidation, the soil began to be heated and continued for 10 hours, 445 



with the final bottom temperature maintained at 40℃. In PM3, the soil was heated and 446 

continued for 19 hours after 24 hours of self-weight consolidation, and the final bottom 447 

temperature was maintained at 60℃. It shall be noticed that the temperature sensor 448 

controls a linear increase in the temperature of the heated wire over time. Meanwhile, 449 

all of the above three physical models started vacuuming after 2 days, and the vacuum 450 

loads were applied continuously in multiple stages to prevent clogging of the PHD. The 451 

loading information including thermal loading and vacuum pressure is presented in 452 

Figure 13 accordingly. The proposed consolidation model has 15 unknown parameters, 453 

including 11 parameters in the one-dimensional TEVP model and 4 parameters related 454 

to soil particles and soil skeleton. Eight basic parameters 0 0 0, , , , , , ,zp T Te t       can 455 

be measured from temperature-controlled odometer tests (Chen et al. 2023a). Three 456 

basic parameters
0

, ,k k vTe C k are obtained by adopting back calculation from the 457 

oedometer test (Chen et al. 2023b). The rest 4 parameters , , ,s u s sC   are referenced 458 

from previous studies (Jiang et al. 2023; Liu et al. 2018; Mitchell and Soga 2005; Zhou 459 

and Ng 2015). All parameters used in the model application are listed in Table 2. 460 

According to the applied temperature and vacuum loading information, the 461 

mathematical expressions for heat loading of the three physical models can be written 462 

as 463 
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The mathematical formula for vacuum pressure can be expressed as 465 
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 (66) 466 

It should be noted that Eq.(66) is the actual applied vacuum pressure of the 467 

physical model, and according to the equivalence principle shown in Figure 12, the 468 

actual applied vacuum pressure needs to be multiplied by a discount factor S1/S2 in order 469 

to be brought into the proposed consolidation model for calculation. 470 

Figure 14 shows the comparison of the measured data of PM1 with the calculation 471 

results. Figures 14(a)-(c) present the distribution of void ratio against the height of soil 472 

at t=2, 10, and 30 days. It can be found that there is a good agreement between the 473 

calculated and measured void ratio at three different times during the consolidation 474 

process at room temperature. Figure 14(d) depicts the comparison of measured 475 

settlement of soil with calculated values during the whole consolidation process. The 476 

maximum difference between the predicted and measured values is within 2 cm, which 477 

indicates that there is good agreement between prediction consolidation behaviour with 478 



observed behaviour. Since the vacuum loading was applied after 2 days, the 479 

consolidation rate (i.e., the slope of the settlement curve) has a sudden increment. Hence, 480 

there is an inflection point in the initial stage of consolidation.  481 

Figure 15 shows the comparison of measured data of PM2 with the calculation 482 

results. Figures 15(a)-(c) present the distribution of void ratio along the height of soil 483 

at t=2, 10, and 30 days. It shall be noticed that the predicted void ratio with depth of 484 

soil has a good match with the measured values at around 10 days. The predicted void 485 

ratio in the later stage deviated slightly from the measured ones, which is consistent 486 

with the observation that the predicted values of settlement shifted from the predicted 487 

values in the later stages of consolidation. During the later stage of consolidation, we 488 

assumed that the temperature at the top surface of the soil is room temperature (i.e., 489 

boundary condition (43)). However, in the actual heating process, the temperature at 490 

the top surface of the soil is higher than 20℃, which leads to the temperature 491 

distribution along the depth of soil being higher than the calculated values, and thus the 492 

corresponding calculated void ratio is larger than measured ones. Nevertheless, it can 493 

still be concluded that the computational model proposed in this paper still has good 494 

prediction performance from Figure 15. 495 

Figure 16 shows the comparison of measured data of PM3 with the calculation 496 

results. Figures 16(a)-(c) present the distribution of void ratio along the height of soil 497 

at t=2, 10, and 30 days. As the temperature at the bottom of PM3 reaches a steady state, 498 

the calculated void ratio deviates from the measured ones to a greater extent compared 499 



to the PM2 test. The reason for this phenomenon is similar to the PM2 test, where the 500 

top temperature boundary condition is treated in a way that may not match the actual 501 

situation. In three physical models, the acrylic model box was covered by a plastic sheet 502 

shown in Figure 9, which caused the temperature of the top temperature boundary to 503 

exceed room temperature. The difference is that the PM3 test has a higher stabilized 504 

temperature at the bottom boundary and a greater deviation of the measured values from 505 

the predicted values compared to the PM2 test. Accordingly, the settlement predictions 506 

were smaller than the actual values. However, in the engineering application of heating 507 

PHD, the thermal insulation of the soil in the field is not as desirable as the physical 508 

model tests. The soil surface temperature is supposed to be close to room temperature, 509 

and the model proposed in this paper is still very effective. Certainly, a more accurate 510 

2D plane strain or 3D model reflecting the fully coupled thermal consolidation 511 

characteristics of soft soil requires further study in the future. 512 

5. Improvement of consolidation efficiency 513 

The results of theoretical calculations and laboratory physical model tests support 514 

heating PHD as an effective means of improving soil consolidation efficiency. 515 

Quantifying the improvement of efficiency will be useful in guiding the application of 516 

the consolidation method. Therefore, the technique of heating PHD to accelerate 517 

consolidation is discussed in terms of consolidation efficiency enhancement in this 518 

section. IER (improvement of consolidation efficiency rate ) is defined in this paper to 519 



quantify the improvement of consolidation efficiency. All parameters used in this 520 

section are taken from the PM2 test in Table 2 if no further illustration. 521 
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Figure 17(a) depicts the improvement of consolidation efficiency against time 523 

under different applied temperatures. The case without considering heating PHD was 524 

used for comparison, and the other parameters were the same as the PM2 test 525 

parameters. It can be seen that the effect of temperature on the improvement of 526 

consolidation efficiency is significant, and as the applied temperature is higher, IER is 527 

greater. For any temperature increase, IER increased with time until a peak value was 528 

reached and then decreased. The turning point means that as the pore water in the slurry 529 

is drained, the permeability decreases, and the rate of consolidation decreases, but 530 

overall it is more efficient than consolidation without heating. 531 

Figure 17(b) depicts the improvement of consolidation efficiency against time 532 

under different spacing of PHD. The case with the spacing of PHD equal to 20 cm was 533 

used for comparison. As the simplification shown in Figure 12 made in this paper, the 534 

ratio of S1 and S2 can reflect the spacing of PHD. S1/S2 equals 0.7165, 0.7822, and 535 

0.8889 corresponding to the spacing of PHD of 16 cm, 14 cm, and 10 cm, respectively. 536 

From the figure, it can be concluded that although the smaller the spacing, the greater 537 

the IER, further reduction of spacing of PHD does not contribute much to the efficiency 538 

improvement when the spacing is less than 20 cm. 539 

Figure 17(c) depicts the improvement of consolidation efficiency against time 540 



under different initial soil heights. The case with the initial height of soil equal to 1 m 541 

was used for comparison. It can be seen that reducing the initial height of the slurry for 542 

the heating PHD treatment achieves better efficiency in the early stages of consolidation 543 

but has no significant effect in the later stages. For smaller initial soil heights, the 544 

diffusion rate of the vacuum at PHD is faster, so the initial consolidation efficiency is 545 

higher in the early stage of consolidation. However, in the later stages, for different 546 

initial heights of the soil, the strain becomes similar, so the ISR is no longer improved. 547 

6. Graphical user interface 548 

It can be found that the numerical methods used in solving the governing equations 549 

are quite complicated for engineers and potential readers. Hence, to facilitate the 550 

application of the proposed model in this paper by engineers and researchers, a GUI has 551 

been created and compiled into a .exe file for use in relevant engineering projects, as 552 

shown in Figure 18. This .exe file can be easily installed, allowing users to input 553 

parameters obtained from geotechnical tests and obtain calculation results without any 554 

additional operations required. The .exe file can be provided upon request.  555 

7. Conclusions 556 

The primary findings of this paper are succinctly outlined as follows: 557 

(1) This paper established a one-dimensional fully coupled finite strain thermal 558 

elastic viscoplastic consolidation model for soft soil treated by prefabricated 559 



horizontal drain with vacuum and heat preloading. 560 

(2) Since the system of governing equations corresponding to the consolidation 561 

model proposed in this paper is highly nonlinear, the modified finite difference 562 

method has been employed to solve the model. The correctness and reliability 563 

of the numerical method proposed in this paper were illustrated by comparing 564 

the degraded calculation results with a benchmark case. Based on the verified 565 

numerical method and consolidation model, good performance has been 566 

observed in the comparison with three physical experiments. 567 

(3) The results of three physical models showed that the settlements of soil were 568 

0.34 m, 0.41 m, and 0.54 m at 30 days when the heat preloading was 20℃, 569 

40℃, and 60℃, respectively. The calculation results of the proposed model 570 

demonstrated that the maximum values of IER were 18.8%, 13.3%, and 7.1% 571 

when the heat preloading was 50℃, 40℃, and 30℃, respectively. The 572 

maximum values of IER were 8.4%, 6.1%, and 4.5% when the spacing of PHD 573 

were 10 cm, 14 cm, and 16 cm, respectively. Furthermore, the values of IER 574 

at the early stage of consolidation were 45.5%, 28.0%, and 15.2% when the 575 

soil heights were 0.65 m, 0.75 m, and 0.85 m, respectively. 576 

(4) To make it easier for engineers and potential researchers to apply the 577 

consolidation model proposed in this paper, the consolidation model has been 578 

compiled into a .exe file. Engineers and potential researchers can easily apply 579 

the consolidation model proposed in this paper to predict the consolidation 580 



behaviour of related projects by simply inputting the appropriate parameters 581 

based on the geotechnical tests and loading parameters. 582 
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Appendix I: Notation list 596 

The following notations are adopted in this paper: 597 

a = Lagrangian coordinate 598 



Ck = permeability change index 599 

Cs = specific heat capacity of soil particle 600 

Cw = specific heat capacity of pore water 601 

e = void ratio 602 

e0 = initial void ratio 603 

ezp0 = void ratio related to 0zp   604 

ek = void ratio in e-logk curve 605 

Gs = specific gravity of the soil particle 606 

H = height of soil 607 

i = hydraulic gradient 608 

kv = hydraulic conductivity 609 

kvT0 = vertical hydraulic conductivity at room temperature at e=ek 610 

m = element number in vertical direction 611 

N = number of divisions in time dimension 612 

n= porosity 613 

n0= initial porosity 614 

S = surface settlement 615 

T= temperature 616 



T0= room temperature 617 

t = time 618 

td = heating time 619 

te= equivalent time 620 

t0= reference time 621 

ue = excess pore water pressure 622 

uh = hydrostatic pressure 623 

uw = total pore water pressure 624 

V = specific volume 625 

vw = flow velocity of pore water 626 

s = thermal expansion coefficient of soil particle 627 

w = thermal expansion coefficient of pore water 628 

u = thermal expansion coefficient of soil skeleton 629 

s = density of soil particles at temperature T 630 

w = density of pore water at temperature T 631 

0sT = density of soil particles at room temperature 632 

0wT = density of pore water at room temperature 633 

w  = unit weight of water 634 



 = coefficient of viscosity of water 635 

  = strain 636 

0zp  = strain related to 0zp   637 

 = strain rate 638 

  = elastic compression index in the Cam-Clay model 639 

T  = cooling and reheating index 640 

  = elastic-plastic compression index in the Cam-Clay model 641 

T  = virgin heating compression index 642 

s  = thermal conductivity of soil particle 643 

w  = thermal conductivity of pore water 644 

  = convective coordinate 645 

  = total stress 646 

   = effective stress 647 

0zp   = similar role to the pre-consolidation pressure pc 648 

ah  = total stress above hydrostatic pressure 649 

ref   = reference effective stress 650 

  = creep index 651 

 652 



Appendix II: Finite difference scheme 653 

The finite difference scheme of the present one-dimensional finite strain thermal 654 

consolidation governing equations (45) and (56) can be presented as follows, 655 

respectively: 656 
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Applying boundary conditions, the above governing equations can be expressed 663 

in matrix form as follows: 664 
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After incorporating the initial conditions, the updated temperature and excess pore 668 

water pressure can be therefore obtained. 669 
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Figure Captions 826 

Figure 1. Schematic diagram of the fully coupled one-dimensional thermal 827 

consolidation model considering creep 828 

Figure 2. Extended one-dimensional TEVP model for finite strain consolidation 829 

Figure 3. Mass conservation of the water and heat flow passing through the skeleton 830 

section between two skeleton points in an RVE 831 

Figure 4. Schematic diagram of temperature change of heated prefabricated horizontal 832 

drainage 833 

Figure 5. Schematic diagram of vacuum loading applied to the bottom of the soil 834 

Figure 6. Finite difference grid and boundary information of: (a) excess pore water 835 

pressure and (b) temperature 836 

Figure 7. Comparison of calculation values and the results of Pu et al. (2018) under 837 

double-drained boundary: (a) excess pore water pressure and (b) void ratio 838 

Figure 8. Comparison of calculation values and the results of Pu et al. (2018) under 839 

single-drained boundary: (a) excess pore water pressure and (b) void ratio 840 

Figure 9. Front view and top view of the physical model 841 

Figure 10. Schematic diagram of the physical model 842 

Figure 11. Physical model setup and initial state of slurry 843 

Figure 12. Schematic diagram of the principle of vacuum pressure equivalence 844 

Figure 13. The applied temperature and vacuum loading at the bottom boundary versus 845 

time: (a) temperature and (b) vacuum 846 

Figure 14. Comparison of measured data with calculation results of PM1: (a) void ratio 847 

at t=2 days; (b) void ratio at t=10 days; (c) void ratio at t=30 days; and (d) surface 848 

settlement 849 

Figure 15. Comparison of measured data and calculation results of PM2: (a) void ratio 850 

at t=2 days; (b) void ratio at t=10 days; (c) void ratio at t=30 days; and (d) surface 851 

settlement 852 

Figure 16. Comparison of measured data and calculation results of PM3: (a) void ratio 853 

at t=2 days; (b) void ratio at t=10 days; (c) void ratio at t=30 days; and (d) surface 854 

settlement 855 

Figure 17. Improvement of consolidation efficiency with time under different: (a) 856 

heating temperature; (b) spacing of heating PHD; (c) initial height of slurry 857 

Figure 18. The interface of the automatic calculation software 858 
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Figure 1. Schematic diagram of the fully coupled one dimensional thermal 862 

consolidation model considering creep 863 

 864 

Figure 2. Extended one dimensional TEVP model for finite strain consolidation 865 
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Figure 3. Mass conservation of the water and heat flow passing through the 867 

skeleton section between two skeleton points in an RVE 868 
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Figure 4. Schematic diagram of temperature change of heated prefabricated horizontal 871 

drainage 872 
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Figure 5. Schematic diagram of vacuum loading applied to the bottom of the soil 875 
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 878 

Figure 6. Finite difference grid and boundary information of: (a) excess pore water 879 

pressure and (b) temperature 880 
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 883 

Figure 7. Comparison of calculation values and the results of Pu et al. (2018) 884 

under double-drained boundary: (a) excess pore water pressure and (b) void ratio 885 
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 888 

Figure 8. Comparison of calculation values and the results of Pu et al. (2018) 889 

under single-drained boundary: (a) excess pore water pressure and (b) void ratio 890 
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 892 

Figure 9. Front view and top view of the physical model 893 
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 895 

Figure 10. Schematic diagram of the physical model 896 
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Figure 11. Physical model setup and initial state of slurry 899 
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 901 

Figure 12. Schematic diagram of the principle of vacuum pressure equivalence 902 
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 905 

Figure 13. The applied temperature and vacuum loading at the bottom boundary 906 

versus time: (a) temperature and (b) vacuum 907 
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 910 

Figure 14. Comparison of measured data with calculation results of PM1: (a) 911 

void ratio at t=2 days; (b) void ratio at t=10 days; (c) void ratio at t=30 days; and (d) 912 

surface settlement 913 
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 916 

Figure 15. Comparison of measured data and calculation results of PM2: (a) void 917 

ratio at t=2 days; (b) void ratio at t=10 days; (c) void ratio at t=30 days; and (d) 918 

surface settlement 919 
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 922 

Figure 16. Comparison of measured data and calculation results of PM3: (a) void 923 

ratio at t=2 days; (b) void ratio at t=10 days; (c) void ratio at t=30 days; and (d) 924 

surface settlement 925 
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 929 

Figure 17. Improvement of consolidation efficiency with time under different:  930 

(a) heating temperature; (b) spacing of heating PHD; and (c) initial height of 931 

slurry 932 
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Figure 18. The interface of the automatic calculation software 934 
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Table 1. Parameters for verification (after Pu et al. (2018)) 937 

Parameters Values Units 

H 5 m 

𝐺𝑠 2.78 - 

𝑒0 5.0 - 

𝑒𝑘 4.3 - 

𝐶𝑘 1.3 - 

𝑘𝑣 2.0 × 10−8 m/s 

𝜅 0.005 - 

𝜆 0.4343 - 

ψ 0.0217 - 

𝜎𝑧𝑝0
′  0.2 kPa 

𝜎𝑟𝑒𝑓
′  0.0013 kPa 

𝑡0 100 day 
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Table 2. Parameters of three physical models 939 

Parameters PM1 PM2 PM3 Units 

H 1 1 1 m 

𝛼𝑠 3.0 × 10−5 3.0 × 10−5 3.0 × 10−5 1/℃ 

𝛼𝑤 3.5 × 10−4 3.5 × 10−4 3.5 × 10−4 1/℃ 

𝛼𝑢 5.25 × 10−5 5.25 × 10−5 5.25 × 10−5 1/℃ 

𝜌𝑠𝑇0
 2.63 2.63 2.63 g/cm3 

𝜌𝑤𝑇0
 0.998 0.998 0.998 g/cm3 

𝜆𝑤 0.6 0.6 0.6 𝑊/𝑚/℃ 

𝜆𝑠 2.56 2.56 2.56 𝑊/𝑚/℃ 

𝐶𝑠 732 732 732 𝐽/𝑘𝑔/℃ 

𝐶𝑤 4186 4186 4186 𝐽/𝑘𝑔/℃ 

𝑘𝑣𝑇0
 1.8 × 10−8 2.0 × 10−8 2.8 × 10−8 m/s 

𝑒𝑘 4.68 4.68 4.68 - 

𝐶𝑘 2 2 2 - 

𝜎𝑧𝑝0
′  0.0844 0.1044 0.031 kPa 

𝑒0 7.86 7.86 7.86 - 

𝜅𝑇 0.0001 0.0001 0.0001 - 

𝜆𝑇 1 1 1 - 

𝜅 0.1954 0.1945 0.1954 - 

𝜆 1 1 1 - 

ψ 0.0520 0.0478 0.0465 - 

𝑡0 1440 1440 1440 min 
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