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Abstract: This paper established a one-dimensional fully coupled finite strain
consolidation analysis for soft clay treated by thermal prefabricated horizontal drain
under vacuum and heat preloading with the consideration of thermal elastic viscoplastic
(TEVP) behaviours of soft clay. First, the governing equations for finite strain
consolidation, heat conduction, and heat convention process have been carefully
derived based on the well-established Gibson’s finite strain consolidation theory and
one-dimensional TEVP constitutive model. Secondly, the accuracy and reliability of the
numerical method and good performance have been verified with a benchmark case and
three physical model tests. Then, the improvement of consolidation efficiency rate (IER)
was defined and used to study the effect of three variables on consolidation efficiency.
Last but not least, a graphical user interface (GUI) was provided to support researchers
and engineers in utilizing the proposed numerical method for conducting consolidation

analysis of soft soil treated in the same or similar fashion.

Keywords: Soft soil, finite strain consolidation, prefabricated horizontal drain, vacuum,

heating
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1. Introduction

Terzaghi (1943) pioneered the notion of the one-dimensional saturated soil
consolidation model, which has subsequently spurred significant advancements in
research on soil consolidation within the geotechnical engineering field. Several
advancements have been achieved in challenging the fundamental assumptions of
Terzaghi's consolidation theory (Terzaghi 1923, 1943), leading to the development of
several theories or models, including finite strain consolidation (Fox and Berles 1997,
Liu et al. 2022b; Pu et al. 2020), electro-osmotic consolidation (Zhao et al. 2020),
unsaturated soil consolidation models (Fredlund and Hasan 1979), etc. Among them,
research on finite strain consolidation has garnered significant attention and interest in
recent decades.

As stated by Vrakas and Anagnostou (2015), when the strain of soil exceeds 10%,
the small strain theory is not appropriate for describing the consolidation behaviour of
soft soil, especially for the ultra-soft dredged sludge (Chen et al. 2024). Finite strain
theory is particularly suitable when the soil possesses a significant initial water content
that exceeds the liquid limit, typically leading to a large settlement. In the study of finite
strain consolidation, the method of using vacuum pressure and surcharge preloading
combined with prefabricated vertical drains (PVDs) was employed to study finite strain
consolidation of soft soil (Geng and Yu 2017). Vertical drains, despite their usefulness,
have various limits including substantial flexing and loss of vacuum with depth. Chiba

et al. (1992) suggested using prefabricated horizontal drains (PHD) for vacuum
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preloading as a means to address these limitations. The efficiency of the method has
been then confirmed by model experiments (Chu et al. 2011; Guo et al. 2013). Most
recently, Zhang et al. (2023a) presented a novel method of dewatering dredged sludge
using geotextile tubes combined with vacuum-assisted PHDs. The advantages of the
method have been shown through experimental and theoretical investigations (Zhang
et al. 2023b; Zhang et al. 2022).

In addition to vacuum-assisted PVDs or PHDs that can improve the consolidation
rate, heating soil can also enhance the consolidation efficiency. Biot (1956) gave a
thermal-fluid-structure coupling equations. Britto et al. (1989) introduced a finite
element model to examine the heat transfer consolidation issue in a saturated elastic
soil with fine-grained particles. Abuel-Naga et al. (2006) investigated the impact of
increasing the temperature of soft Bangkok clay on the performance of the preloading
process using the PVD. Saowapakpiboon et al. (2009) presented the effects of vacuum
and heat preloading of a PVD that was used to accelerate the consolidation of soft
Bangkok clay. Artidteang et al. (2011) focused on enhancing the efficiency of
consolidation in improving soft Bangkok clay using vacuum and heat preloading.
Saowapakpiboon et al. (2011) compared the consolidation efficiency of PVD
preloading with and without vacuum and heat to accelerate the consolidation of soft
Bangkok clay. Cheng et al. (2017) proposed a semi-analytical method to study the
thermal consolidation problem. According to Wang et al. (2020), vacuum preloading

can expedite the consolidation rate of soil when it is subjected to a suitable temperature.
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Du et al. (2021) employed heating preloading to overcome smear effects induced by the
installation of PVD and improve consolidation efficiency. Chen et al. (2023b) found
that the treatment combining heating PVD with vacuum preloading can efficiently
increase the final settlement of soft soil through physical model tests and molecular
dynamics studies. All these studies support that heating the soil is a good way to
improve consolidation efficiency.

Considering the limitations of using PVD and the advantages of heat preloading,
the method of using vacuum-assisted PHD with heat preloading can be a good way to
treat soft soil. However, few previous studies have reported related experiments on this
topic. Consequently, the relevant calculation model received little attention, which
undoubtedly compromises the further engineering practice of the technology. Recently,
Li et al. (2023b) proposed a finite strain consolidation model that coupled the self-
weight of ultra-soft slurry, soil creep, and changing hydraulic conductivity and
compressibility during the consolidation process. However, when applying the heat
preloading to soft soil, the thermal elastic viscoplastic constitutive relationship, the
effects of temperature on hydraulic conductivity and compressibility, and the heat
conduction and convection process cannot be included in Li et al.’s model. Since an
effective theoretical model is a valuable guide (Liu et al. 2023a; Liu et al. 2023b; Liu
et al. 2022a) to understand the consolidation behaviour and can give sound
recommendations for engineering design, the finite strain consolidation model which

can take all abovementioned factors into account at the same time, namely fully coupled
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finite strain consolidation model, is therefore needed and meaningful to be developed.
Normally, such a thermal-hydraulic-mechanical (THM) coupling model is solved by
complex numerical methods (Zhang et al. 2021; Zheng et al. 2017). For potential users
of the model, these numerical methods are often not readily available for direct use.
Hence, a direct and simple GUI that can automatically calculate results after entering
basic parameters is accordingly time-saving and necessary for them.

To address the abovementioned issues and fill up the research gaps, this paper aims
to propose a fully coupled one-dimensional finite strain consolidation model shown in
Figure 1 considering the thermal elastic-viscoplastic characteristics of soft soil as well
as a GUI for potential users to conduct relevant consolidation analysis. Besides,
physical model tests were designed and conducted to observe the consolidation
behaviour and examine the performance of the proposed consolidation model. The
modified implicit finite difference method was introduced to solve the nonlinear
governing equations and verified with a benchmark case. Furthermore, this paper
introduced a factor, namely improvement of consolidation efficiency rate (IER), to
study the effect of PHD spacing, externally applied temperature, and thickness of
treated soil on consolidation efficiency and give qualitative guidance for the method to

be used in practical engineering.
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2. Theoretical framework
2.1 Basic assumptions

To expedite the development of the model, it is crucial to establish the following
assumptions:

(a) The soil is fully saturated and Darcy’s law is applicable;

(b) The temperature range of clay spans from 0°C to 100°C, and the water does
not suffer any change in its phase;

(¢) Thermal equilibrium is established between the soil particles and the pore
water. Both soil particles and pore water exhibit linear expansion as
temperature increases;

(d) The influence of temperature on the density of soil particles is neglected.

2.2 Constitutive model

Most recently, Chen and Yin (2023) proposed and verified the one-dimensional
thermal elastic-viscoplastic (TEVP) model for the time-dependent behaviour of clays.

g =&l +eMye?
Ea A 1
kK, 1dT x 1 do" vy 14 o |V [T\ (M
=L ——+———+——exp ——(5—520) 1= | =
V-Tdt Vo d W, 7 v ol T,

where the total strain rate of clay consists of three parts: a mechanical elastic strain rate

&M a thermal elastic strain rate £¢7, and a visco-plastic strain rate £, T is current
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temperature and 7, is room temperature, ¢’ is current effective stress, 0., 1s pre-

consolidation pressure of soil, and &_, is the strain under o_, on normal

2p0
compression line, ¢, isreference time, ¢, is equivalent time, and V is specific volume
of'the soil. A is the normal compression index, x is the recompression index, Kk is
cooling and reheating index describing the thermal elastic behaviour, A is virgin
heating compression index.

The creep of soil is reflected by the visco-plastic strain rate item. The visco-plastic
strain rate £” shown in Eq.(2) is derived based on the concept of equivalent time lines
developed by Yin and Graham (1994). By introducing the creep index y, reference
time #p, and equivalent time z., the creep-related strain can therefore be considered and

calculated. The detailed derivation process and explanation can be found in previous

studies (Chen et al. 2023a) and will not be repeated here.

Lo
1 \w v
(c:.:P :lexp|:_z(g_gzp ):| % [1) (2)
VtO W Gpo TE)

When using the void ratio to express the one-dimensional thermal elastic-

viscoplastic model, Eq.(1) is equivalent to

4 i
: T & e—e,\ o V(T
€=—KT——K——ZeXp( pOJ = (—] 3)
T o ZLO l// O-po T(')
where e_, is the void ratio related to O-;pO , (G;p0 , e.,) 18 the stress point that lies on

the reference time line.
For very soft soil with the initial effective stress close to 0 kPa (Li et al. 2023b),

Eq.(3) needed to be modified. Otherwise, the void rate shown in Eq.(3) will tend to be
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infinite. In addition, it has been shown that there is a nearly linear relationship between
the void ratio e and the logarithm of effective stress ¢’ throughout a wide range of
void ratios (Li et al. 2023b) for different types of soft soil, indicating the validity of
extending the one-dimensional TEVP model to finite strain analyses. The modifications

are expressed as:

o +0o'
Aef =—xIn| ~L— |, Ae" =k, In L
Jref ]—(')

o +o T
Ae? =—Aln| —L—— |, Ae’? =—1. In| — 4)
G}e}‘ + O-zpo T(')
Aecreep = _y/ ln (to - te j
tO

where o, is a non-zero small value, which can be taken as 0 to 1 kPa or checked by

ref

fitting test data at very small vertical stress.
Based on the above modification, the one-dimensional TEVP model is revised as

the extended one-dimensional TEVP model for finite strain, as shown in Figure 2 and

Eq.(5)

A Ar

’ e—e o, +a | v
é:—K'Tld_T_K;dO_ _Zexp£ Zpo].( ')ef p J .(i] (5)
0

rdt o,+o dt ¢ v O,y +0, T,

The effective stress principle is formulated as
c=0+u, (6)
By incorporating the effective stress principle, Eq.(5) can also be expressed in the

following alternative form:

— =K ———K— — 2 exp ,
ot T dt  o,+(c-u,) v O +0000

f

i
de 1dT  0(o-u,)/ot y (e—ezp()] [0;.ef.+(a—uw)J'/’
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2.3 Finite strain consolidation process

As shown in Figure 3, the following relationship can be derived according to the
law of conservation of mass
pT)[Aa-1-(1=ny) |= p () A&1-(1-n) | ®)
in which 7 is the void porosity at time ¢, and no is the initial void porosity.
Hence, the transformation relationship between the Lagrangian and convective

coordinate systems in the finite strain thermal consolidation model is as follows:

@: 1-n .,OS(T)
0 1-n, p(T;)

)

in which p, (T ) and p, (7;,) are the density of soil particles at temperature 7 and
room temperature 7o, respectively.

It can be seen that compared to the transformation relation between the Lagrangian
and convective coordinate systems given by Gibson et al. (1981), the coordinate

transformation relation in the finite strain thermal consolidation model has an additional

p,(T)
P, (T;)

limited effect on soil particles induced by temperature in the range of 20°C to 60°C

term

, which reflects the influence of the effect of heating. Due to the very

(referenced by Eq.(16) and the typical value of a ,

p,(T)
p,

P, (2O°C)/,0S (60°C)=1+3-10"-40=1.0012), can be regarded as 1 in the

—~~
3
N—

following derivation.
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When examining an element ABCD at time ¢, which has altered from the original
element AoBoCoDo at time ¢, the vertical force equilibrium of a soil particle can be

expressed as

oo G +e G +e
—_— = S ,: S ) 10
o In= e T e P8 (10)

where o is the total vertical stress, y,, is the current unit weight of saturated soil, G, is
the specific gravity of the soil particle, y,is the unit weight of water, and p, is the
density of water at temperature 7.

Based on the equilibrium of the pore water, the mathematical expression can be

expressed as

uw =ue+uh (11)
ou, O (12)
o¢ ¢

where u, is the total pore water pressure, u, is the excess pore water pressure, and u,

is the hydrostatic pressure.

The volume change of the slice A& during the following dt time must be equal
to the net water volume flowed in or out plus the increase or decrease in the volume of

the soil due to the change of temperature. Hence, we have

0 0 k. ( Oa ou
——(n-Aé)dt =—| nAéa AT +(1-n)Aéa AT |+ —| ——| — —2— dt |A
at (n 5) I:n é:aw +( n) gas :|+ aa|: 7/W [8§ aa }/WJ :| a

(13)
where a, and « are coefficients of linear expansion for pore water and soil particles,

respectively, n is void porosity, k, is the permeability coefficient under void ratio e and



225  temperature 7, and will be introduced later.
226 Substituting A¢ in Eq.(8) into Eq.(13) by employing assumption (d), the local
227  formula of mass conservation is obtained as follows in terms of the Lagrangian

228  coordinate system.

229
ot\  Oa l+e, Ot Oa — dt 6a ~dt ]| da| y, \0& Oa
231 (14)
232 When applying heat preloading, it is important to consider the effects of

233  temperature change on the change in permeability coefficient. The temperature
234  variations change the viscosity of the water and the density of the water, thus affecting
235  the coefficient of permeability of the soil. The permeability coefficient of the soil at
236  temperature T can be expressed by employing the Kozeny-Carman equation (Abuel-
237  Naga et al. 2007; Campanella and Mitchell 1968; Chen et al. 2017; Deng et al. 2022;

238  Lietal. 2023a):

239 k (e.T) = k. (e, ) 2DH) 15
J(eT)=k, (e )pw(To)/J(T) (15)

240  where £, (e,T ) and £, (6,75) are permeability coefficient at temperature 7'and room
241  temperature 7o under void ratio e, respectively; ,u(T ) and ,u(To) are the viscosity
242 coefficient of water at temperature 7 and room temperature 7o, respectively; p,, (T )
243 and p, (7;)) are the density of pore water at temperature 7 and room temperature 7o,

244 respectively.
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On the one hand, with the definition of the coefficient of linear expansion of soil
particles and pore water, the relationship between strain increment and temperature
increment can be written as

de, =a,dl,de =a dl (16)

Since the mass of pore water or soil particles remains constant before and after
thermal expansion, the following formulation can therefore be obtained:

o, () p,(T)=1+a,dT, p,(T,)/ p,(T)=1+a,dT (17)

On the other hand, the coefficient of viscosity of water at one atmospheric pressure
as a function of temperature has been given as follows by Yin et al. (2014):

w(T)=-0.454x10" InT+2.349x10" (18)

Moreover, the relationship between the void ratio and permeability coefficient

based on the previous studies (Liu et al. 2018; Zhao and Gong 2019)
e=e, +Clg[k, (e.T,)/k, (¢.T,)] (19)
where Cy is the permeability change index.

Combined Eq.(15) to Eq.(19), the following equation holds. It is worth noting that

the following k, referto k, (e,T ) , if not further specified

e—e;
k

k(e T) =k (e, Ty)-10 & LoD

20
P (1) u(T) 20

It shall be noticed that there are two patterns in the relationship between the
vertical strain ¢ and void ratio e, the first is in the convective coordinates called

natural strain:



I+e,

265 g, =1In 21)
I+e
266 The second one is called engineering strain in the Lagrangian coordinate system
267  and is presented as follows:
268 g =0"¢ (22)
1+e,
269 Hence, rewritten Eq.(14), the strain rate in the Lagrangian coordinate system can

270  be expressed as

271 Os 1 de_0|_ k (l+e0 6uw_ywj —a, l+e oT 23)
ot l+e, 0t Oa| p,g\l+e Oa l+e, Ot

272 whereq, is the thermal expansion coefficient of saturated soil, «, =(1-n)a, +na,,.

273 Combining Eqs.(7), (14) and (23), the governing equation can be obtained as

274  follows

0| k, (1+e0 ou,, ] l+e oT
-~ —7w ||T4 T
oa| p,g\ 1+e Oa l+e, Ot

275 A A
& Tk 8(a—uw)/6t_£ex _K(g_g ) (ol +(o-u,) ) (T+273.15 )"
V-T+27315 Vo), +(o-u,) V1, P 7 »? Cr 000 T, +273.15
276 24)
277 The stress expressed in conductive coordinate (i.e., Eq.(10)) can be rewritten in

278  the form of Lagrangian coordinate

279 9o _G,+e ; (25)
oa l+e,
280 To express governing equations using excess pore water pressure, a new variable

281 is defined here

282 c=0,+u, (26)



283  whereo, is the total stress above hydrostatic pressure.

284 Therefore, the effective stress can be expressed as:
285 oc=0,-u, 27)
286 Using u,, o, instead of u,, o respectively, Eqs.(24) and (25) could be

287  expressed as.

oo, G -1

288 =— 28
da l+e, T (28)
0| k, [1+e0%j L, Jre or _
oa| p,g\ 1+e da "l+e, Ot
289 2 &
kT xd(oumu)ot y  (e=ey | [ont(onu) ) (T+273.15 |
V T+273.15 Vo, +(o,-u,) V1, P 7 O, +0. T, +273.15
290 (29)
291 At any given time ¢, the settlement S of saturated soft soil is
_("&=¢e, " B l+e
292 S =], 1+eoda [ @ [T(at) T(a,O)]l+eO da (30)

293 wherea, is the thermal expansion coefficient of the soil skeleton.

294

295 2.4 Heat conduction and convection process

296 The internal energy change of the slice A& during the following df time must
297  be equal to the net heat flow in or out plus the decrease in the internal energy of the

298  water due to the net outflows. On the one hand, the internal energy change shown in

299  Figure 3 of the slice A& during dt can be written as:

300 —aa—fdﬁ—%[Csps(T)(l—n)Aé(T—To)+Cwa(T)"Af(T—To)]d’ (1)
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in which C, and C, are the specific heat capacity of pore water and soil particles,

respectively.
On the other hand, the internal energy change induced by thermal conductivity

shown in Figure 3 can be expressed as:

AE:ai[Q(a)dz]Aa (32)

a
Using Fourier’s law of thermal conductivity (Incropera et al. 1996), Eq.(32) can
be rewritten as:

AE = aﬁ[Q(a)dr]Aa =§{(—n/1wa—T—(1—n)4 Z—gdz}m

a a o0&
0

(33)
oT
= 5{—[(1—}’1)/15 +n/1w]a—§a’t}Aa

where A, and A, are the thermal conductivity of pore water and soil particles,
respectively.
The internal energy of the water due to the net outflows can be presented as:

AE:a—i{Cva(T)vw(a)dt(T—To)}Aa (34)

W

Combining Eqgs.(31), (33) and (34), the governing conservation equation of

energy can be expressed as:

%[Csps (T)(1-n)AE(T~T,)+C,p, (T)nAE (T ~T,) |dt =

(35)
0 oT 0
———|(1=-n)A, +nd, |—dt ;1 Aa——C p (T)vdt(T-T;) A
2 a-maron )L ahsa- Z{c,p, (1) (7 -1.)
The water velocity in Eq.(35) can be expressed from Eq.(12)
1
— kv +60% (36)

Yo = p.(T)g 1+e da

Since there is no change in the mass of the soil during the consolidation process,
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the following relationship holds.

o[pN)1-mag]

37
Py (37
The mass change of water can be expressed by
0 A& 0
- T)n-=22|= 2 T)- 38
Sn 08 )L . 1)0,) 69)

Based on Egs.(35)-(38), the governing equation can be developed as:

1+e¢, 0T
1+e Oa

oT
}_ prw (T)qw a

Csps(]—('))_}_CWPW(T)e a—ng
I+e, l+e, ot Oa

{[/15 (1-n)+ lwn]

(39)
2.5 Initial and boundary conditions

At =0, the excess pore water pressure is linearly distributed along the depth of the
soil due to the self-weight stress. The temperature inside the soil is room temperature,

so the initial condition can be written as

u(a,00=371, 4
l+e, (40)
T(@,0)=T,

The temperature at the bottom heated PHD increases linearly to 71 and then
remains constant, as shown in Figure 4. The change in temperature against time can be
expressed as:

A(I)Z{TO+AT-t/td (0<1<t) @1

T (t>1,)

where AT is temperature increment, AT=T1-To; To represents the initial temperature of
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saturated clay, and #; means heating time.

In practice, step-by-step pressurization is usually adopted to prevent soil particles
from clogging when vacuum pressure is applied. A multi-step vacuum loading, say 5-
step loading shown in Figure 5 can be expressed as follows. Other forms of multi-stage

vacuum loading applied at the bottom of the soil can be given similar expressions.

B,0<t<t,

Pt <t<t,

p(t): Bt <t <t (42)
P.t,<t<t,

P.t>t,

where P (i=1,2,3,4,5)1s vacuum loading at different stages,?, (i=1,2,3,4) is the
applied time of each level of vacuum loading.

The top boundary conditions of saturated clay can be obtained as:

u, (O, t) =0
(43)
T(0,1)=T,
According to the temperature loading and vacuum pressures applied at the bottom

of the soil, the bottom boundary conditions can be written as:

u, (H,l‘)=—p(t)

T(H,t)=A(t) 9

2.6 Numerical implementation using FDM

Given the inherent nonlinearity of the governing equations, obtaining an analytical
or semi-analytical solution becomes highly challenging. To solve this issue, this paper

uses a modified implicit differential format to solve the governing equations. The soil
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is divided into m (i=1, 2, 3,..., m+1) parts in space, and time is divided into N (k=1, 2,
3,..., N+1) parts. In the original differential format, the coefficients of the undetermined
variables (i.e., u. and T) are supposed to be calculated using related parameters from
step k+1. The modified differential format linearizes the nonlinear governing equations
by employing related parameters from step & to determine these coefficients, which
makes the governing equations easy to solve and ensures the accuracy of solutions
(Gautschi 2011). The next section will show the reliability of the modified differential
format. Figure 6 illustrates the modified difference format in space and time. For

Eq.(24), the following equations hold.

_k+1 _ (c+1 k+1 _ ‘k+1 Tk+1 _Tk Tk+1 _Tk
F;fl/z u1+1 - i +F;]jl/2 Z’lz—l ;’lz + le i i _Hik i i
Ad Ad At At
(0 )k+1_(0 )k uk+1_uk (45)
_Iik w “ +Iik : [ _g[k (”ae,T)
N4 N4
and
e;‘—e,. /Cy
K=k, w(1)-107) (46)
(O_ah ):1 =(Gs _1)/(1+60)pvkv,iAa+(o-ah )j{ (47)
kfn 146
Fiyp =t (48)
Pix128 l+e,,,
G =[(1-n" g e 49
i _|:( _ni )C{s—i_niaw]l_i_eil ( )
b= ! (50)
" l+e (7 +273.15)
" K 1
I = R (&2
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where

k

Pl = (Phi+ Phin )1 2.9 = o 1+ (T =T3) |, Pl = (0 + PLir ) 2

+
psk,i:psR [ a, (T - )J €is112 (e z+1)/2 kfz+l/2 (kk +kvkz+1)/2
)

( =
(1) =Lk (1) ][ b (1

The initial condition can be written as

J n,k :e,.k /(1+ef),i=1,2,3,...,m+1

u, =0 (i=12,...,m+1) (53)

The upper and bottom boundaries for excess pore water pressure can be presented

as
=0 (54)
m+] _Pk
F,0<n<n,

P,n, <n<n,

k

P =3PB,n;, <n<ng (55)
P,n,;<n<ng,

F,nzn,,

in which ny = Z—‘i,ndi = ;—t (i=1,234).

For governing Eq.(39), the following differential format can be presented.

Tk+1 _ Tk Tk+1 Tk+l Tk+1 _ Tk+l Tk+1 Tk+1
VVik i Xllil/z i+l - i + Xilil/z i-1 - i Yk i+l i-1 (56)
IN Ad Ad 2aa
where
., -
Wi =C st CpluT S (57)

i i

A A, et l+é

o +1/2 +1/2

Xin = (1 —t 1 ’ 1 l (58)
te., + e[irl/z + eii1/2
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Y= prvlz,iq\i,i (39)

1

k" k
- ! (60)

1k
l+e u,, —u

k ——
i pi.gl+e  2Aa

The initial thermal condition and thermal boundary conditions can be written as:

T' =T, (i=123,...m+1) (61)
1 =1,
(62)
TWI:CH :Ak
with
T, +aT-n/n, (0<n<n
A =1" o 2 (63)
T, (n>nd)
in which ng = 32,

Combining Eqs.(45) to (63), a numerical program has been made to predict the

consolidation behaviour through Matlab software.

3. Verification with the benchmark case

Pu et al. (2018) proposed a benchmark case for a one-dimensional finite strain
consolidation model considering the self-weight stress of soil and used the piecewise
linearized numerical technique (Fox and Berles 1997; Liu et al. 2022b) to solve the
consolidation model. When the temperature increases at the bottom boundary is not
considered, i.e., AT =0, the consolidation model proposed in this paper can be degraded
to the benchmark problem proposed by Pu et al. (2018). The parameters employed for
verification are taken from Pu et al. (2018) and listed in Table 1.

The distribution of excess pore water pressure and void ratio at /= 0.1, 1, and 2
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years against the height of soil under double-drained and sigle-drained boundaries were
plotted in Figure 7 and Figure 8, respectively. It can be seen from the figures that the
calculated values of excess pore water pressure and void ratio from this paper show
great agreement with the benchmark case. The comparison with the benchmark case
indicates that the modified finite difference method proposed in this paper is correct

and reliable.

4. Model performance

To further examine the validity of the model, the proposed consolidation model
and the modified finite difference method are used to predict the consolidation
behaviour of three physical model tests (i.e., PM1, PM2, and PM3). The configuration
of each part of the physical model box, the placement of the sensors, the mounting of
the heating PHD, etc. can be seen in Figure 9. Detailed schematic and dimensional
information can be found in Figure 10. Figure 11 shows the initial setup of the physical
model and the initial state of the slurry. The slurry used in the physical model was
bentonite slurry taken from a disposal site in Hong Kong. According to the result of the
X-ray diffraction (XRD) test, the tested soil contained 15% montmorillonite, 10%
feldspar, 43% quartz, and 32% other minerals. The soil consists of 17% clay, 68% silt,
and 15% sand. The liquid limit, plastic limit, and plastic index of the soil are 86%, 27%,
and 59%, respectively. To consider the initial state of the slurry after the use in

construction projects, the soil was thoroughly mixed with water to obtain the slurry with
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about 300% water content, which is 3.5 times the liquid limit of the slurry. During the
consolidation process, the slurry samples at various heights were taken from the
sampling holes on the wall of the model tank for water content measurement. There is
a well-accepted relationship (Craig 2013) between void, water content, and saturation:

g =WGS

r

(64)
e

where S is the saturation of soil, w is water content, Gy is specific gravity, and e is the
void ratio.

The slurry is considered fully saturated during the consolidation process, meaning
S equals 1. In addition, the specific gravity G; is measured to be 2.63 in three physical
models. Therefore, the void ratio can be obtained by measuring the water content at
different heights and times and used for examining the performance of the proposed
consolidation model. According to the test data of three physical models, the
temperature at the bottom boundary always remains unchanged during the
consolidation process, so it is reasonable to regard the physical boundary at the bottom
as a uniform heating boundary. By equalizing the vacuum boundary at the bottom
boundary based on the principles shown in Figure 12, the consolidation behaviour of
three physical model tests can be predicted using the consolidation model proposed in
this paper.

In PM 1, the bottom heating wire was not energized throughout the consolidation,

so the temperature at the bottom remained at room temperature. In PM 2, after 24 hours

of self-weight consolidation, the soil began to be heated and continued for 10 hours,
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with the final bottom temperature maintained at 40°C. In PM3, the soil was heated and
continued for 19 hours after 24 hours of self-weight consolidation, and the final bottom
temperature was maintained at 60°C. It shall be noticed that the temperature sensor
controls a linear increase in the temperature of the heated wire over time. Meanwhile,
all of the above three physical models started vacuuming after 2 days, and the vacuum
loads were applied continuously in multiple stages to prevent clogging of the PHD. The
loading information including thermal loading and vacuum pressure is presented in
Figure 13 accordingly. The proposed consolidation model has 15 unknown parameters,
including 11 parameters in the one-dimensional TEVP model and 4 parameters related
to soil particles and soil skeleton. Eight basic parameters e, 4,x,0.,,¥,%,,4,,k, can
be measured from temperature-controlled odometer tests (Chen et al. 2023a). Three
basic parameters ¢,,C,,k,, are obtained by adopting back calculation from the
oedometer test (Chen et al. 2023b). The rest 4 parameters &, ,,, A, C, are referenced
from previous studies (Jiang et al. 2023; Liu et al. 2018; Mitchell and Soga 2005; Zhou
and Ng 2015). All parameters used in the model application are listed in Table 2.
According to the applied temperature and vacuum loading information, the
mathematical expressions for heat loading of the three physical models can be written

as
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PM1:T(H,t)=20"C
20°C, 0<t<24h
PM2:T(H,1)=420"C+2(1-24), 24 <t <34h (65)
40°C, t>34h

20°C, 0<t<24h

PM3:T(H,1)= 20°C+%(t—24), 24<1<43h

60°C, t>43h

The mathematical formula for vacuum pressure can be expressed as

0 kPa, 0<t <2 days
—10 kPa, 2 <t <3 days
P(H,t) _ —20 kPa, 3<t <4 days 66)
—40 kPa, 4 <t <5 days
—60 kPa, 5<t<6 days

—80 kPa, 6 <t <30 days

It should be noted that Eq.(66) is the actual applied vacuum pressure of the
physical model, and according to the equivalence principle shown in Figure 12, the
actual applied vacuum pressure needs to be multiplied by a discount factor Si/S> in order
to be brought into the proposed consolidation model for calculation.

Figure 14 shows the comparison of the measured data of PM1 with the calculation
results. Figures 14(a)-(c) present the distribution of void ratio against the height of soil
at =2, 10, and 30 days. It can be found that there is a good agreement between the
calculated and measured void ratio at three different times during the consolidation
process at room temperature. Figure 14(d) depicts the comparison of measured
settlement of soil with calculated values during the whole consolidation process. The
maximum difference between the predicted and measured values is within 2 cm, which

indicates that there is good agreement between prediction consolidation behaviour with
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observed behaviour. Since the vacuum loading was applied after 2 days, the
consolidation rate (i.e., the slope of the settlement curve) has a sudden increment. Hence,
there is an inflection point in the initial stage of consolidation.

Figure 15 shows the comparison of measured data of PM2 with the calculation
results. Figures 15(a)-(c) present the distribution of void ratio along the height of soil
at =2, 10, and 30 days. It shall be noticed that the predicted void ratio with depth of
soil has a good match with the measured values at around 10 days. The predicted void
ratio in the later stage deviated slightly from the measured ones, which is consistent
with the observation that the predicted values of settlement shifted from the predicted
values in the later stages of consolidation. During the later stage of consolidation, we
assumed that the temperature at the top surface of the soil is room temperature (i.e.,
boundary condition (43)). However, in the actual heating process, the temperature at
the top surface of the soil is higher than 20°C, which leads to the temperature
distribution along the depth of soil being higher than the calculated values, and thus the
corresponding calculated void ratio is larger than measured ones. Nevertheless, it can
still be concluded that the computational model proposed in this paper still has good
prediction performance from Figure 15.

Figure 16 shows the comparison of measured data of PM3 with the calculation
results. Figures 16(a)-(c) present the distribution of void ratio along the height of soil
at =2, 10, and 30 days. As the temperature at the bottom of PM3 reaches a steady state,

the calculated void ratio deviates from the measured ones to a greater extent compared
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to the PM2 test. The reason for this phenomenon is similar to the PM2 test, where the
top temperature boundary condition is treated in a way that may not match the actual
situation. In three physical models, the acrylic model box was covered by a plastic sheet
shown in Figure 9, which caused the temperature of the top temperature boundary to
exceed room temperature. The difference is that the PM3 test has a higher stabilized
temperature at the bottom boundary and a greater deviation of the measured values from
the predicted values compared to the PM2 test. Accordingly, the settlement predictions
were smaller than the actual values. However, in the engineering application of heating
PHD, the thermal insulation of the soil in the field is not as desirable as the physical
model tests. The soil surface temperature is supposed to be close to room temperature,
and the model proposed in this paper is still very effective. Certainly, a more accurate
2D plane strain or 3D model reflecting the fully coupled thermal consolidation

characteristics of soft soil requires further study in the future.

5. Improvement of consolidation efficiency

The results of theoretical calculations and laboratory physical model tests support
heating PHD as an effective means of improving soil consolidation efficiency.
Quantifying the improvement of efficiency will be useful in guiding the application of
the consolidation method. Therefore, the technique of heating PHD to accelerate
consolidation is discussed in terms of consolidation efficiency enhancement in this

section. IER (improvement of consolidation efficiency rate ) is defined in this paper to
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quantify the improvement of consolidation efficiency. All parameters used in this

section are taken from the PM2 test in Table 2 if no further illustration.

8(t7 H’ Sl /SZ ’T’ Pvacuum ) _g(t’ Pvacuum)
e(t,P

vacuum )

IER =

(67)

Figure 17(a) depicts the improvement of consolidation efficiency against time
under different applied temperatures. The case without considering heating PHD was
used for comparison, and the other parameters were the same as the PM2 test
parameters. It can be seen that the effect of temperature on the improvement of
consolidation efficiency is significant, and as the applied temperature is higher, IER is
greater. For any temperature increase, [ER increased with time until a peak value was
reached and then decreased. The turning point means that as the pore water in the slurry
is drained, the permeability decreases, and the rate of consolidation decreases, but
overall it is more efficient than consolidation without heating.

Figure 17(b) depicts the improvement of consolidation efficiency against time
under different spacing of PHD. The case with the spacing of PHD equal to 20 cm was
used for comparison. As the simplification shown in Figure 12 made in this paper, the
ratio of Sy and S can reflect the spacing of PHD. S1/S; equals 0.7165, 0.7822, and
0.8889 corresponding to the spacing of PHD of 16 cm, 14 cm, and 10 cm, respectively.
From the figure, it can be concluded that although the smaller the spacing, the greater
the IER, further reduction of spacing of PHD does not contribute much to the efficiency
improvement when the spacing is less than 20 cm.

Figure 17(c) depicts the improvement of consolidation efficiency against time
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under different initial soil heights. The case with the initial height of soil equal to 1 m
was used for comparison. It can be seen that reducing the initial height of the slurry for
the heating PHD treatment achieves better efficiency in the early stages of consolidation
but has no significant effect in the later stages. For smaller initial soil heights, the
diffusion rate of the vacuum at PHD is faster, so the initial consolidation efficiency is
higher in the early stage of consolidation. However, in the later stages, for different

initial heights of the soil, the strain becomes similar, so the ISR is no longer improved.

6. Graphical user interface

It can be found that the numerical methods used in solving the governing equations
are quite complicated for engineers and potential readers. Hence, to facilitate the
application of the proposed model in this paper by engineers and researchers, a GUI has
been created and compiled into a .exe file for use in relevant engineering projects, as
shown in Figure 18. This .exe file can be easily installed, allowing users to input
parameters obtained from geotechnical tests and obtain calculation results without any

additional operations required. The .exe file can be provided upon request.

7. Conclusions

The primary findings of this paper are succinctly outlined as follows:
(1) This paper established a one-dimensional fully coupled finite strain thermal

elastic viscoplastic consolidation model for soft soil treated by prefabricated
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horizontal drain with vacuum and heat preloading.

(2) Since the system of governing equations corresponding to the consolidation

model proposed in this paper is highly nonlinear, the modified finite difference
method has been employed to solve the model. The correctness and reliability
of the numerical method proposed in this paper were illustrated by comparing
the degraded calculation results with a benchmark case. Based on the verified
numerical method and consolidation model, good performance has been

observed in the comparison with three physical experiments.

(3) The results of three physical models showed that the settlements of soil were

0.34 m, 0.41 m, and 0.54 m at 30 days when the heat preloading was 20°C,
40°C, and 60°C, respectively. The calculation results of the proposed model
demonstrated that the maximum values of IER were 18.8%, 13.3%, and 7.1%
when the heat preloading was 50°C, 40°C, and 30°C, respectively. The
maximum values of IER were 8.4%, 6.1%, and 4.5% when the spacing of PHD
were 10 cm, 14 cm, and 16 cm, respectively. Furthermore, the values of IER
at the early stage of consolidation were 45.5%, 28.0%, and 15.2% when the

soil heights were 0.65 m, 0.75 m, and 0.85 m, respectively.

(4) To make it easier for engineers and potential researchers to apply the

consolidation model proposed in this paper, the consolidation model has been
compiled into a .exe file. Engineers and potential researchers can easily apply

the consolidation model proposed in this paper to predict the consolidation
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behaviour of related projects by simply inputting the appropriate parameters

based on the geotechnical tests and loading parameters.
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Appendix I: Notation list

The following notations are adopted in this paper:

a = Lagrangian coordinate
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Ci = permeability change index

Cs = specific heat capacity of soil particle
C\ = specific heat capacity of pore water

e = void ratio

eo = 1nitial void ratio

ezp0 = void ratio related to o,

ex= void ratio in e-logk curve

G, = specific gravity of the soil particle

H = height of soil

i = hydraulic gradient

kv = hydraulic conductivity

kvro = vertical hydraulic conductivity at room temperature at e=ex
m = element number in vertical direction
N = number of divisions in time dimension
n= porosity

no= initial porosity

S = surface settlement

T= temperature
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To=room temperature

t =time

t«= heating time

te= equivalent time

to=reference time

Ue = €XCEeSS pore water pressure

u, = hydrostatic pressure

uy = total pore water pressure

V' = specific volume

vy, = flow velocity of pore water

a,= thermal expansion coefficient of soil particle
o, = thermal expansion coefficient of pore water
a, = thermal expansion coefficient of soil skeleton
p, = density of soil particles at temperature 7'

p,, = density of pore water at temperature 7'

P, = density of soil particles at room temperature
P..g, = density of pore water at room temperature

y,, = unit weight of water
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1= coefficient of viscosity of water

& = strain

= strain related to o’

& zp0

zp0
& = strain rate
x = elastic compression index in the Cam-Clay model

k, = cooling and reheating index

A = elastic-plastic compression index in the Cam-Clay model
A, = virgin heating compression index

A, =thermal conductivity of soil particle

A, = thermal conductivity of pore water

¢ = convective coordinate

o = total stress

!

o = effective stress

!

Gzp 0

= similar role to the pre-consolidation pressure p.

o, = total stress above hydrostatic pressure

o), = reference effective stress

w = creep index
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Appendix II: Finite difference scheme

The finite difference scheme of the present one-dimensional finite strain thermal

consolidation governing equations (45) and (56) can be presented as follows,

respectively:
“u' + BB'u™' + CCHult' = DDful + EE! (T"“ Tf)+FF/‘ (A1)
GG'T'!' + HH!T' + 1I'T* = JJ T (A2)
where
AA* =F* Aa Z,BB"—[ - = (Flfl/2 +F 1/2)} CCt=F* :jz,DD =—I',EE! =—(G/ + H)

t
FF' =-gf(u,&,T)at,GG = ( . (p— &l A JHHf{W (X,ﬁl/ﬁXfm)}
aa’ 2aa ad

Al N/
1 = (Yk szn/z 2
ad

i i j’ ‘]Jik = VVik
2aa

Applying boundary conditions, the above governing equations can be expressed

in matrix form as follows:

| BB' cC! ] | DD -uf 1| EEE"-B) | FFE} ]
A4 BB cC! ut DD! u* EE (T -T) | | Frr
. L : + + :
AArl:t—l BBII; 1 CCr]:l—l “::11 DD::H ”r]; 1 EEk (TkJr1 —]:,I; 1) FF;:—l
L AA:; BB:; i _”ZH i _DD,];, Cck m+1 EE,/; (T”/:H _Ty:) L FE: i
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After incorporating the initial conditions, the updated temperature and excess pore

water pressure can be therefore obtained.
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Figure Captions

Figure 1. Schematic diagram of the fully coupled one-dimensional thermal
consolidation model considering creep

Figure 2. Extended one-dimensional TEVP model for finite strain consolidation

Figure 3. Mass conservation of the water and heat flow passing through the skeleton
section between two skeleton points in an RVE

Figure 4. Schematic diagram of temperature change of heated prefabricated horizontal
drainage

Figure 5. Schematic diagram of vacuum loading applied to the bottom of the soil

Figure 6. Finite difference grid and boundary information of: (a) excess pore water
pressure and (b) temperature

Figure 7. Comparison of calculation values and the results of Pu et al. (2018) under
double-drained boundary: (a) excess pore water pressure and (b) void ratio

Figure 8. Comparison of calculation values and the results of Pu et al. (2018) under
single-drained boundary: (a) excess pore water pressure and (b) void ratio

Figure 9. Front view and top view of the physical model

Figure 10. Schematic diagram of the physical model

Figure 11. Physical model setup and initial state of slurry

Figure 12. Schematic diagram of the principle of vacuum pressure equivalence

Figure 13. The applied temperature and vacuum loading at the bottom boundary versus
time: (a) temperature and (b) vacuum

Figure 14. Comparison of measured data with calculation results of PM1: (a) void ratio
at =2 days; (b) void ratio at =10 days; (c) void ratio at /=30 days; and (d) surface
settlement

Figure 15. Comparison of measured data and calculation results of PM2: (a) void ratio
at =2 days; (b) void ratio at =10 days; (c) void ratio at =30 days; and (d) surface
settlement

Figure 16. Comparison of measured data and calculation results of PM3: (a) void ratio
at =2 days; (b) void ratio at =10 days; (c) void ratio at /=30 days; and (d) surface
settlement

Figure 17. Improvement of consolidation efficiency with time under different: (a)
heating temperature; (b) spacing of heating PHD; (¢) initial height of slurry

Figure 18. The interface of the automatic calculation software
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937 Table 1. Parameters for verification (after Pu et al. (2018))

Parameters Values Units
H 5 m
Gs 2.78 -
€ 5.0 -
ex 4.3 -
Cy 1.3 -
k, 2.0x 1078 m/s
K 0.005 -
A 0.4343 -
W 0.0217 -

O2p0 0.2 kPa
Oef 0.0013 kPa
to 100 day

938



939

Table 2. Parameters of three physical models

Parameters PM1 PM2 PM3 Units

H 1 1 1 m

Qg 3.0x107° 3.0x 1075 3.0x107° 1/°C
Qyy 3.5x107* 3.5x107* 3.5x107* 1/°C
a, 525x107° 525x107° 5.25x 1075 1/°C
Psr, 2.63 2.63 2.63 g/cm’
Pwr, 0.998 0.998 0.998 g/cm’
Aw 0.6 0.6 0.6 W /m/°C
As 2.56 2.56 2.56 W/m/°C
Cs 732 732 732 J/kg/°C
Cy 4186 4186 4186 J/kg/°C
kyr, 1.8 x 1078 2.0x 1078 2.8x10°8 m/s
ex 4.68 4.68 4.68 -

Cy 2 2 2 -
O2p0 0.0844 0.1044 0.031 kPa
€o 7.86 7.86 7.86 -

Kt 0.0001 0.0001 0.0001 -

Ar 1 1 1 -

K 0.1954 0.1945 0.1954 -

A 1 1 1 -

W 0.0520 0.0478 0.0465 -

to 1440 1440 1440 min
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