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Abstract 12 

The accuracy of cyclic stress-based liquefaction-triggering assessment procedures can vary 13 

systematically from region to region, but it is challenging to regionalize models due to the lack 14 

of region-specific data. This paper presents a hierarchical Bayesian modeling (HBM)-based 15 

framework for incorporation of inter-region and intra-region variabilities of the bias factor in 16 

liquefaction-triggering procedures. A key feature is that the BUS approach (Bayesian Updating 17 

with Structural reliability methods) is combined with subset simulation to efficiently update 18 

high-dimensional statistics of bias factors. Another feature is a new four-hyperparameter HBM 19 

considering both region-specific means and variances of bias factors. This framework is 20 

utilized to develop three sets of region-specific liquefaction probability models for practical 21 

applications, covering liquefaction-susceptible sandy and gravelly soils. The results show that 22 

the four-hyperparameter HBM generally matches better with liquefaction observations and 23 

produces larger total variance, compared to the lumped-region modeling and the HBM with 24 

only region-specific means. Meanwhile, the population-level distribution and the weighting 25 

factor of liquefaction/non-liquefaction occurrence can considerably affect model performance. 26 

Furthermore, a discrete integration-based probabilistic method is suggested for liquefaction-27 

triggering hazard assessment. Illustrative examples indicate that different HBM configurations 28 

can yield notably different liquefaction hazard results, while neglecting the region-variability 29 

tends to be unconservative. 30 

Keywords: Earthquake-induced soil liquefaction; Liquefaction-triggering procedure; Inter-31 

region variability; Hierarchical Bayesian modeling; Bayesian evidence; Region-specific 32 

liquefaction probability  33 
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1.  Introduction 34 

Earthquake-induced soil liquefaction often causes significant structural damage and disruption 35 

to infrastructure systems. The liquefaction potential of soils is commonly assessed by the semi-36 

empirical liquefaction-triggering procedures pioneered by Seed and Idriss (1971). Depending 37 

on the types of in-situ tests used to measure liquefaction resistance, these procedures can 38 

generally be classified into standard penetration test (SPT)-, cone penetration test (CPT)-, and 39 

shear wave velocity (Vs)-based categories (e.g., Robertson and Wride 1998; Youd et al. 2001; 40 

Moss et al. 2006; Boulanger and Idriss 2014; Robertson 2022). While the existing procedures 41 

have been proven to be reliable, many of them follow a deterministic manner by estimating the 42 

nominal factor of safety (FS0). Yet, soil liquefaction may still occur if FS0 > 1 due to significant 43 

uncertainty involved in the liquefaction triggering analysis. The assessment of liquefaction 44 

potential through probabilistic methods has attracted increasing attention (e.g., Juang et al. 45 

2010; Boulanger and Idriss 2012; Green et al. 2020; Guan and Wang 2022). 46 

To enable probabilistic applications of the existing liquefaction-triggering procedures, 47 

extensive efforts have been made to quantify the model uncertainty. For instance, Juang et al. 48 

(2002) developed a generic framework to calibrate the uncertainty of liquefaction-triggering 49 

model using the first-order reliability method. This framework has been subsequently used for 50 

other types of models (e.g., Juang et al. 2012; Duan et al. 2022). In addition, Ku et al. (2012) 51 

evaluated the uncertainty associated with the Robertson and Wride (1998) procedure using the 52 

maximum likelihood method. The Bayesian network has also been introduced to describe the 53 

uncertainty in liquefaction potential assessment (e.g., Cetin et al. 2002; Hu and Liu 2019). The 54 

previous studies generally lumped liquefaction case histories around the world together in 55 
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analyses, such that the model error (or bias) was implicitly assumed to be consistent across 56 

different regions. Yet, the accuracy of liquefaction-triggering assessment can vary 57 

systematically from region to region (Green 2022), due to the inter-region differences of 58 

ground-motion and geologic/geotechnical characteristics (e.g., Liu and Leung 2018; Baker et 59 

al. 2021; Xiao et al. 2021). 60 

An ideal way to improve the model accuracy is to calibrate the model bias using data only 61 

from the region of interest (e.g., Maurer et al. 2019; Green et al. 2020). In most cases, however, 62 

the scarce liquefaction data in a region is statistically not adequate for the calibration. To 63 

address this issue, Zhang et al. (2016) developed a two-hyperparameter hierarchical Bayesian 64 

modeling (HBM) to describe the inter-region variability of the bias factor for a CPT-based 65 

procedure. Subsequently, Zhang et al. (2020) calibrated the inter-region variability for a SPT-66 

based procedure. These works focused on the sandy soil liquefaction. Yet, documented field 67 

observations have also indicated the consequence of gravel liquefaction (e.g., Brandenberg et 68 

al. 2020; Rollins et al. 2022). Therefore, it is of practical importance to calibrate the region-69 

specific model bias in liquefaction potential assessments for both sandy and gravelly soils. 70 

The HBM regards the group (or region)-specific statistics as random variables that follow 71 

the same population-level distribution parameterized by the hyperparameters. The previously 72 

used two-hyperparameter HBM (termed as HBM-2Hyp hereafter) assumes that only the means 73 

of the bias factor are region-specific following a lognormal distribution (Zhang et al. 2016, 74 

2020). Considering the growing number of documented liquefaction data (Brandenberg et al. 75 

2020; Geyin et al. 2021), it becomes more reasonable to also characterize the inter-region 76 

variability of the standard deviation of the bias factor. The inter-group (e.g., inter-region or 77 
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inter-site) variability of both the means and the variances of group-level variables has been 78 

incorporated in some previous studies (e.g., Herschtal et al. 2016; Tabarroki et al. 2024). For 79 

instance, Zhang et al. (2014) proposed a four-hyperparameter HBM to describe the inter-site 80 

variability of the mean and the coefficient of variation of the model bias factor for pile 81 

foundation design. Considering the inter-site variability of the mean and covariance, Ching et 82 

al. (2021b) and Wu et al. (2022) developed a computationally efficient HBM framework to 83 

construct quasi-site-specific probability distributions for soil/rock properties. On the other hand, 84 

different types of the population-level distribution such as normal and inverse gamma 85 

distributions have been adopted in HBM applications (e.g., Ching et al. 2021a; Xiao et al. 2021; 86 

Tao et al. 2023). It is thus of interest to examine the effects of the region-specific bias factor 87 

variance and the population-level distribution type on liquefaction potential assessment. A 88 

potential challenge with the incorporation of more HBM hyperparameters and/or target regions 89 

is the high-dimensional Bayesian updating problem, which is difficult to be tackled by classical 90 

Markov Chain Monte Carlo simulation (MCMCS) methods. Meanwhile, a quantitative index 91 

is essential for effectively comparing the performances of different HBM configurations. 92 

This study aims (1) to present a Bayesian updating and model selection framework for 93 

calibration of the inter-region and intra-region variabilities of the liquefaction-triggering model 94 

bias; and (2) to develop region-specific liquefaction probability models for both sandy and 95 

gravelly soils. A key feature of this framework is the BUS approach (Bayesian Updating with 96 

Structural reliability methods) (Straub and Papaioannou 2015) with subset simulation (SuS) 97 

(Au and Beck 2001) used for posterior sampling and the Bayesian evidence utilized for model 98 

selection. Besides, a new four-hyperparameter HBM (termed as HBM-4Hyp hereafter) is 99 
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established to describe the bias factor, where three candidate distribution types for the 100 

population-level probabilistic modeling are examined. The Bayesian framework is 101 

subsequently utilized to incorporate the region-variability of model bias into the SPT-based 102 

Boulanger and Idriss (2012) procedure (SPT-BI12), the CPT-based Robertson and Wride (1998) 103 

procedure (CPT-RW98), and the Vs-based Rollins et al. (2022) procedure (Vs-R22). Finally, a 104 

probabilistic liquefaction-triggering hazard analysis method is suggested, and the implication 105 

of region-feature modeling for liquefaction-triggering assessment is investigated. 106 

2.  General liquefaction potential assessment 107 

In cyclic stress-based liquefaction-triggering procedures, the cyclic stress ratio (CSR) and 108 

cyclic resistance ratio (CRR) represent the seismic loading within a soil profile and the 109 

liquefaction resistance of soils, respectively. The relationship between the actual factor of 110 

safety (FS) and the nominal FS0 can be expressed as: 111 

0

CRR
CSRS SF cF c= =                                                         (1) 112 

where c denotes the model bias factor due to imperfect prediction and the model error is 113 

neglected when using c = 1; CSR is usually estimated as (e.g., Youd et al. 2001): 114 

max 1 1CSR 0.65 v
d

v

a r
g MSF Kσ

σ
σ

=
′

                                              (2) 115 

where vσ  and vσ ′  are the vertical total and effective stresses at depth z, respectively; amax is 116 

peak ground acceleration; g is gravitational acceleration; rd is the shear stress reduction factor 117 

that accounts for the deformability of soil profile; MSF is the earthquake magnitude scaling 118 

factor that accounts for the ground motion duration; Kσ is the overburden correction factor. 119 

Detailed mathematical expressions of CRR, rd, MSF, and Kσ for the adopted SPT-BI12, 120 
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CPT-RW98, and Vs-R22 procedures are presented in the Supplementary material. Although 121 

developed using post-earthquake case histories across different regions, the existing procedures 122 

would be directly applied to specific sites, as demonstrated in Fig. 1. 123 

The factor c in Eq. (1) is usually assumed to follow a lognormal distribution with the mean 124 

of μc and standard deviation of σc (e.g., Juang et al. 2012; Zhang et al. 2016), resulting in the 125 

normally distributed lnFS as follows: 126 

( ) ( ){ }2 2 2 2
0ln ~ Normal ln 0.5ln 1 ln ,  ln 1S c c c S c cF Fµ σ µ σ µ− + + +                   (3) 127 

Therefore, the probability of liquefaction (PL0) can be calculated as: 128 

( ) ( ) ( )
( )

2 2
0

0 2 2

ln 0.5ln 1 ln
1 ln 0

ln 1
c c c S

L S S

c c

F
P P F P F

µ σ µ

σ µ

 − + + − = < = < = Φ
 + 

           (4) 129 

where Φ[·] is the cumulative distribution function (CDF) of the standard normal variable. 130 

Based on the liquefaction case histories, μc and σc can be estimated from Bayesian inference 131 

by lumping data across different regions, as illustrated in Fig. 2a. 132 

3.  Bayesian framework for development of region-specific liquefaction-triggering models 133 

3.1. Inter- and intra-region variabilities of model bias 134 

The model bias may be similar for different cases in a region (e.g., low intra-region variability) 135 

while different regions may result in systematically different biases (e.g., high inter-region 136 

variability). Thus, the total variability of the bias factor can be separated into the inter- and 137 

intra-region components by defining the region-specific bias factor ci (i = 1, 2, …, r), where r 138 

denotes the number of regions considered. Similar to Eq. (3), ci is assumed to follow a 139 

lognormal distribution with the mean of μci and standard deviation of σci. These statistics can 140 

be estimated from liquefaction data through two Bayesian modeling ideas, which are shown in 141 



 8 

Fig. 2b and c. The HBM-2Hyp uses region-specific μci and region-invariant σc = σc1 = σc2 = … 142 

= σcr, while the HBM-4Hyp considers both μci and σci as region-specific variables. 143 

The region-specific means or standard deviations are considered to be similar by assuming 144 

a population-level distribution of μci (or σci) parametrized by two hyperparameters, which are 145 

the mean μμ (or μσ) and standard deviation σμ (or σσ) of μci (or σci). As a result, there are two 146 

hyperparameters (μμ and σμ) and four hyperparameters (μμ, σμ, μσ, and σσ) in HBM-2Hyp and 147 

HBM-4Hyp, respectively (see Fig. 2). The hyperparameter μμ represents the “average” model 148 

bias across different regions, whereas σμ measures the inter-region variability of the average 149 

bias. Also, μσ represents the “average” intra-region variability and σσ reflects the inter-region 150 

variability of the bias uncertainty. Suppose that Θ is the vector of all uncertain parameters 151 

required in the probabilistic modeling, resulting in Θ = [μμ, σμ, σc, μc1, μc2, …, μcr] and [μμ, σμ, 152 

μσ, σσ, μc1, μc2, …, μcr, σc1, σc2, …, σcr] for HBM-2Hyp and HBM-4Hyp, respectively. 153 

For given [μμ, σμ] or [μσ, σσ], μci or σci can be described by the population-level distribution. 154 

Three candidate distributions are considered in this study, including lognormal distribution, 155 

normal distribution truncated to be positive (Trunc-normal), and Gumbel distribution truncated 156 

to be positive (Trunc-Gumbel). For instance, the probability distribution function (PDF) of μci 157 

or σci for lognormal distribution can be expressed as (e.g., Wang et al. 2020; Deng et al. 2022): 158 

( )
( )

( )
( )

22 2

2 22 2

ln ln 0.5ln 11, , exp
2ln 12 ln 1

ci x x x

ci x x
x xci x x

x
f x Mdl

x

µ σ µ
µ σ

σ µσ µ

  − + +  = − +π +   

    (5) 159 

where x denotes “μ” for ( ), ,cif Mdlµ µµ µ σ  or “σ” for ( ), ,cif Mdlσ σσ µ σ ; Mdl represents the 160 

model configuration (e.g., Mdl = [CPT-4Hyp, lognormal]). The PDFs for the other candidate 161 

distributions are listed in Table 1, where p and q denote distribution-specific parameters and 162 
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are transformed from [μμ, σμ] or [μσ, σσ]. The parameters μμ, σμ, μσ, and σσ are random variables, 163 

and their samples are generated through MCS or MCMCS in Bayesian updating. The statistics 164 

of these parameters can be estimated from posterior samples and will be explicitly provided in 165 

the next section. Increasing μμ and σμ would lead to lower overall PL0 and larger inter-region 166 

difference in PL0, respectively. Additionally, PL0 for each region would generally become 167 

greater with increasing μσ at FS0 > 1 levels, whereas increasing σσ tends to enlarge the inter-168 

region difference of PL0. 169 

3.2. Hierarchical Bayesian modeling of the inter- and intra-region variabilities 170 

Let Data = [Dt1, Dt2, …, Dtr] denote case histories from r earthquake influencing regions and 171 

Dti denote [Dti1, Dti2, …, Dti,ni], where Dtij = 1 for liquefied case and 0 otherwise, and ni is the 172 

number of observations in the i-th region. For given Mdl and Data, Θ can be estimated by 173 

Bayesian updating, following the general idea below (e.g., Cao et al. 2019; Lo and Leung 2019; 174 

Zhang et al. 2022): 175 

( ) ( ) ( ), ,f Mdl KL Mdl f Mdl=Data DataΘ Θ Θ                                  (6) 176 

where f(Θ|Data,Mdl) denotes the posterior joint PDF of Θ; 177 

( ) ( )
1

,K L Mdl f Mdl d
−

 =  ∫ Data
Θ

Θ Θ Θ  is a normalization constant that is independent of Θ; 178 

f(Θ|Mdl) is the prior joint PDF of Θ and is expressed as: 179 

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
1

1

, ,                                                  for 2Hyp

, , , ,    for 4Hyp

r

c ci
i

r

ci ci
i

f f f f Mdl
f Mdl

f f f f f Mdl f Mdl

µ µ µ µ

µ µ σ σ µ µ σ σ

µ σ σ µ µ σ

µ σ µ σ µ µ σ σ µ σ

=

=


= 
   

∏

∏
Θ       180 

(7) 181 

where ( ),cif µ µµ µ σ  and ( ),cif σ σσ µ σ  are obtained from Eq. (5) or equations presented 182 

in Table 1; f(μμ), f(σμ), f(μσ), and f(σσ) are the prior marginal PDFs of μμ, σμ, μσ, and σσ, 183 
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respectively. According to the previous studies (Zhang et al. 2016, 2020), each prior PDF is 184 

taken as 1/3 by assuming a uniform distribution within the [0, 3] interval. 185 

 The L(Data|Θ,Mdl) term in Eq. (6) represents the likelihood function for the observed data, 186 

and is expressed as: 187 

( ) ( ) ( ) ( )1

1 1 1

, 1
Li i

NLi ijLi ij

Li

n nr w Dtw Dt

Lij Lij
i j j n

L Mdl P P
−

= = = +

 
= − 

 
∏ ∏ ∏Data Θ                           (8) 188 

where nLi is the number of liquefied cases in the i-th region; Dtij is taken as 1 for j = 1, 2, …, 189 

nLi and 0 for j ≥ nLi+1; PLij is the predicted liquefaction probability for the j-th case history in 190 

the i-th region, and is estimated by adjusting Eq. (4) as: 191 

( )
( )

2 2

2 2

ln 0.5ln 1 ln

ln 1
ci ci ci Sij

Lij

ci ci

F
P

µ σ µ

σ µ

 − + + − = Φ
 + 

                                   (9) 192 

in which σci is simply taken as σc in the 2Hyp modeling; FSij is the calculated safety factor. 193 

As parameters used to reduce the sampling bias effects, wLi and wNLi in Eq. (8) are the 194 

weighting factors of the liquefaction and non-liquefaction cases in the i-th region, respectively, 195 

which are defined as (e.g., Cetin et al. 2002; Zhang et al. 2016): 196 

( )p p Li NLi
Li

si Li

Q Q n n
w

Q n
+

= =                                                    (10) 197 

( )( )11
1

p Li NLip
NLi

si NLi

Q n nQ
w

Q n
− +−

= =
−

                                          (11) 198 

where Qsi is the sample proportion of liquefied cases in the i-th region; Qp denotes the true 199 

proportion of liquefied cases in nature. Since Qp is always unknown, a typical way of estimating 200 

wNLi and wLi is to specify a reasonable wNLi/wLi ratio. Cetin et al. (2002) consulted with a panel 201 

of eight experts, suggesting that the most common estimate of the ratio should be between 1.5 202 

and 2. They further conducted Bayesian updating analyses and found that wNLi/wLi=1.5 yielded 203 
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the optimal result. This value has been consistently adopted in many subsequent studies (e.g., 204 

Boulanger and Idriss 2012), regardless of the specific databases and methods. 205 

Using wNLi/wLi = 1.5 and Qsi = Qs,total = ( )
1 1

r r

Li Li NLi
i i

n n n
= =

+∑ ∑ , Qp can thus be computed 206 

as: 207 

( ),

1 1

1 1
1.5 0.5 1.5 0.5

p r r
s total

Li NLi Li
i i

Q
Q n n n

= =

= =
− + −∑ ∑

                              (12) 208 

where Qs,total represents the total sample proportion of all liquefaction cases. Given Qs,total = 209 

0.557 (Cetin et al. 2002), Zhang et al. (2016) derived Qp = 0.456 for their model development, 210 

and this value was subsequently used for another dataset (Zhang et al. 2020). Yet, Qp may be 211 

considered as dataset-specific as long as the weighting ratio of 1.5 is satisfied. In this study, 212 

both the fixed Qp = 0.456 and the calculated dataset-specific Qp (from Eq. (12)) are taken as 213 

candidate modeling choices, and their resulting models will be compared later. 214 

3.3. Bayesian updating through the BUS approach with subset simulation 215 

The BUS approach (Straub and Papaioannou 2015) is utilized herein to evaluate the posterior 216 

PDF of Θ in Eq. (7). This approach is powerful in dealing with high-dimensional Bayesian 217 

inference (Betz et al. 2018a, 2018b; Jiang et al. 2018). The basic idea of BUS is to treat the 218 

updating problem as a structural reliability problem such that the samples in an equivalent 219 

failure domain ΩΘ are taken as the posterior samples. The observed information described by 220 

L(Data|Θ,Mdl) is used to define ΩΘ as: 221 

( ){ }0H MdlΘ +Ω = ≤Θ                                                       (13) 222 

where Θ+ is the augmented outcome space [Θ, ζ]; ζ is the standard uniform variable in [0, 1] 223 
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interval; H(Θ+) is the limit state function: 224 

( ) ( )ln ln ,H Mdl L Mdlζ κ+
 = −  DataΘ Θ                                  (14) 225 

where κ is the likelihood multiplier to ensure κL(Data|Θ,Mdl) ≤ 1 and will be determined 226 

adaptively as discussed later. 227 

The subset simulation (Au and Beck 2001) is coupled with the BUS approach (termed as 228 

BUS-SuS hereafter) to efficiently solve the reliability problem in obtaining the posterior 229 

samples. Consequently, the occurrence probability of the event Z = {Θ+∈  ΩΘ}) can be 230 

represented as a product of larger conditional probabilities of a set of intermediate events Zl = 231 

{H(Θ+|Mdl) < hl} (l = 1, 2, …, m), expressed as: 232 

{ } ( ) ( ) ( )1 1
2

m

l l
l

P P Z P Z P Z Z+ Θ −
=

∈Ω = = ∏Θ                                    (15) 233 

where these intermediate events satisfy 1 2 1... m mZ Z Z Z−⊃ ⊃ ⊃ ⊃ ; h1 > h2 > … > hm = 0 are a 234 

decreasing series of threshold values to be determined automatically. The intermediate 235 

probabilities P(Z1) and P(Zl|Zl-1) are equal to a predetermined value p0, which is specified as 236 

0.1 (Betz et al. 2018b). 237 

BUS-SuS starts with a direct Monte Carlo simulation (MCS) of Nl sets of Θ+ samples, 238 

based on (i) the [0, 3] uniform distributions for [μμ, σμ, σc] or [μμ, σμ, μσ, σσ], (ii) the population-239 

level distributions for μci or [μci, σci], and (iii) standard uniform distribution for ζ in the first 240 

level (l = 1). Specifically, the population-level sampling is performed with isoprobabilistic 241 

transformation expressed as: 242 

( )( )1 Φ , ,ci F Mdlµ µµ ξ µ σ−=                                                (16a) 243 

( )( )1 Φ , ,ci F Mdlσ σσ ξ µ σ−=                                                (16b) 244 
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where ξ is a random realization of the standard normal variable; ( )1 , ,F Mdlµ µµ σ− ⋅   and245 

( )1 , ,F Mdlσ σµ σ− ⋅   represent the inverses of CDFs of μci and σci, respectively, which are 246 

included in Table 1.  247 

The Θ+ samples are substituted into Eq. (14) to calculate the corresponding H(Θ+|Mdl) 248 

values, which are ranked in an ascending order and the (p0Nl+1)-th ranking value is taken as 249 

h1. Consequently, the p0Ns samples with the lowest H(Θ+|Mdl) values are regarded as seeds to 250 

generate (1-p0)Ns new samples of Θ+ for the Z2 event via MCMCS (Papaioannou et al. 2015). 251 

Both MCS and MCMCS are performed in the standard normal space. Similarly, the sample 252 

ranking and MCMCS are conducted for the next SuS level (l = 2), producing Nl samples of Θ+. 253 

This process will be continued until the (p0Nl+1)-th ranking value of H(Θ+) is equal to or less 254 

than 0. During the process, κ in Eq. (14) is evaluated adaptively as the reciprocal of the 255 

maximum of the L(Data|Θ,Mdl) values in the l-th SuS level, and is written as (Jiang et al. 2018): 256 

{ }1 ,1 ,2 ,

1
max 1 , , ,...,

l

l

l l l l NL L L
κ

κ −

=
  

                                        (17) 257 

where κl-1 and κl represent the constant values in the (l-1)-th and l-th levels, respectively. Once 258 

the SuS process is finished, the failure samples in the final level are taken as seeds to generate 259 

Nl samples in the ΩΘ domain, which are treated as the posterior samples of interest. 260 

 The resulting posterior statistics (i.e., mean E() and standard deviation Std()) of Θ = [μμ, 261 

σμ, σc, μc1, μc2, …, μcr] or [μμ, σμ, μσ, σσ, μc1, μc2, …, μcr, σc1, σc2, …, σcr] are used to estimate E() 262 

and Std() of the region-specific bias factors ci (i = 1, 2, …, r) through the laws of total 263 

expectation and total variance, which can be expressed as: 264 

( ) ( )E Ei cic µ=                                                          (18) 265 
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( )
( ) ( ) ( )
( ) ( ) ( )

2 2 2

2 2 2

E Std Std      for 2Hyp
Std

E Std Std     for 4Hyp

c ci c

i

ci ci ci

c
σ µ σ

σ µ σ

 + += 
+ +

                         (19) 266 

For other regions outside the dataset, the bias factor is denoted as c0, of which E() and Std() 267 

can be similarly estimated as: 268 

( ) ( )0E Ec µµ=                                                         (20) 269 

( ) ( ) ( ) ( )2 2 2
0 0 0 0Std E Std Stdc c cc σ µ σ= + +                                (21) 270 

where E(σc0) is equal to E(σc) and E(μσ) for 2Hyp and 4Hyp, respectively; Std(σc0) is equal to 271 

Std(σc) and ( ) ( ) ( )2 2 2E Std Stdσ σ σσ µ σ+ +   for 2Hyp and 4Hyp, respectively; Std(μc0) = 272 

( ) ( ) ( )2 2 2E Std Stdµ µ µσ µ σ+ + . 273 

3.4. Model selection through Bayesian evidence with Gaussian copula 274 

When Nc candidate HBM configurations Mdlk (k = 1, 2, …, Nc) are available, it is desirable to 275 

select the most probable candidate through Bayesian model comparison techniques, such as 276 

residual analysis, leave-some-out cross-validation analysis, likelihood function evaluation, and 277 

deviance information criterion (e.g., Bozorgzadeh et al. 2019; Wu et al. 2022; Tao et al. 2023; 278 

Tabarroki et al. 2024). One of the most commonly used performance indexes is the evidence 279 

derived within Bayesian analysis (e.g., Yuen 2010; Cao and Wang 2014). For instance, Zhang 280 

et al. (2016) suggested an evidence calculation method for comparing HBM-based 281 

liquefaction-triggering models. In this study, a copula-based method is introduced to derive the 282 

evidence for HBM. Therefore, the general case where the posterior PDF may not be 283 

approximated by a specific distribution (e.g., normal distribution) can be addressed. Previous 284 

studies have shown that copula functions provide a flexible way of establishing the joint 285 

distribution in geotechnical applications (e.g., Tian et al. 2016; Tang et al. 2020). 286 
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The plausibility of a model class Mdlk given Data can be estimated by applying Bayes’ 287 

theorem (e.g., Cao and Wang 2014; Zhang et al. 2016): 288 

( ) ( ) ( )
( )

k k
k

P Mdl P Mdl
P Mdl

P
=

Data
Data

Data
                                     (22) 289 

where P(Data) is a normalization constant independent of Mdlk; P(Mdlk) is the prior probability 290 

of the k-th candidate and is typically set to 1/Nc for equal weights. Therefore, the ranking of 291 

P(Mdlk|Data) for different models is only dependent on P(Data|Mdlk), which is usually termed 292 

as evidence, and can be expressed as: 293 

( ) ( ) ( ),k k kP Mdl L Mdl f Mdl d= ∫Data Data
Θ

Θ Θ Θ                            (23) 294 

For a general case without requirement for normality of the posterior distribution, the logarithm 295 

of evidence can be derived as (Yuen 2010): 296 
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                (24) 297 

where the first integral represents the average logarithmic goodness-of-fit of a candidate model, 298 

and the second integral measures the relative entropy between the prior and posterior PDFs. 299 

Given Nc posterior samples of Θ derived from the BUS-SuS approach, Eq. (24) can be 300 

numerically evaluated through: 301 

( ) ( ) ( )
( )1 1

ˆ ,1 ˆln ln , ln ˆ
l lN N

j k

k j k
j jl j k

f Mdl
P Mdl L Mdl

N f Mdl= =

        = −         
∑ ∑

Data
Data Data

Θ
Θ

Θ
     (25) 302 

where ( )ˆ
j kf MdlΘ  and ( )ˆ ,j kL MdlData Θ  are calculated from Eqs. (7) and (8) with the j-th 303 

posterior sample ˆ
jΘ , respectively; ( )ˆ ,j kf MdlDataΘ  can be expressed through copula theory 304 

(e.g., Tian et al. 2016; Tang et al. 2020), representing the joint posterior PDF of Θ as the product 305 
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of the posterior marginal PDFs of individual parameters and a copula density function. A 306 

feature of the copula method is its flexibility in characterizing the posterior PDF. 307 

In this study, the Gaussian copula is selected such that ( )ˆ ,j kf MdlDataΘ  is estimated as: 308 
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   (26) 309 

where ( )F̂ ⋅  represents the empirical marginal CDFs for the posterior samples of individual 310 

parameters; ( )f̂ ⋅   denotes the kernel smoothing-based marginal PDFs for the posterior 311 

parameter samples; D(·) is the copula density function and is written as: 312 

( ) ( ) ( )1 2 1
1 2

1, , , ; det exp
2

T
nD u u u − − = − −  

I θ θ θη η                               (27) 313 

where n is the number of variables considered; η is a 1-by-n vector [Φ-1(u1), Φ-1(u2), …, Φ-314 

1(un)], in which Φ-1(·) represents the inverse of CDF of the standard normal variable; det(·) is 315 

determinant; T denotes matrix transpose; I is an n-by-n identity matrix; θ is a n-by-n 316 

dependence parameter matrix. The maximum-likelihood estimation is adopted to derive θ as: 317 

( )1 2
1

ˆ arg max ln , , , ;
lN

j j nj
j

D u u u
=

= ∑ 
θ

θ θ                                        (28) 318 

For each candidate model configuration, the posterior samples of Θ generated from the BUS-319 

SuS approach are substituted into Eq. (25) to calculate ( )ln kP Mdl  Data . Subsequently, the 320 

configuration with the largest value of ( )ln kP Mdl  Data  is identified as the best-fit one. The 321 

performance of the evidence estimator is dependent on the quality of the fitting of posterior 322 
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PDFs, and an inappropriate fitting can result in biased estimates. It is worth noting that 323 

Bayesian evidence can also be obtained as a by-product of BUS using the algorithms proposed 324 

by Betz et al. (2018a, 2018b). Comparative results showed that there was generally a strong 325 

correlation between the evidences derived from the suggested method and the BUS estimator. 326 

The suggested estimator can be used regardless of the specific BUS algorithm employed, and 327 

thus may serve as an alternative or supplement to the BUS estimator. Fig. 3 summarizes the 328 

flowchart of the proposed Bayesian framework. 329 

4.  Bayesian updating for three liquefaction-triggering procedures 330 

4.1. Dataset preparation and model configurations 331 

Based on the Bayesian framework, the SPT- and CPT-based case history databases for sandy 332 

soils compiled in Boulanger and Idriss (2014) are used to develop the region-specific SPT-BI12 333 

and CPT-RW98 models, respectively, whereas the database documented by Rollins et al. (2022) 334 

is adopted to develop the region-specific Vs-R22 models for gravelly soils. After excluding 335 

some undesirable data (e.g., regions with inadequate data and case histories with unclear 336 

liquefaction classification or unrealistically large FS0), the final datasets for SPT-BI12, CPT-337 

RW98, and Vs-R22 contain 217, 234, and 153 case histories, respectively. Detailed exclusion 338 

criteria and dataset information are given in the Supplementary material. For each liquefaction-339 

triggering procedure, 12 candidate model configurations (2 hyperparameter choices × 3 340 

population-level distributions × 2 Qp values) are considered in this study. 341 

4.2. Bayesian updating results 342 

Fig. 4a-c display the logarithmic evidence (i.e., ln[P(Data|Mdlk)]) values of the 12 candidate 343 
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configurations for the SPT-BI12, CPT-RW98, and Vs-R22 models, respectively. It is observed 344 

that the conventional lognormal distribution produces lower evidence than the other 345 

distributions in many cases, and is therefore generally not the best-fit population-level 346 

distribution. In addition, the evidence for HBM-4Hyp is generally higher than that for HBM-347 

2Hyp, due to the more complete statistical representation by HBM-4Hyp. Considering the best-348 

fit population-level distribution, the posterior E() and Std() of the parameters [μμ, σμ, σc, c1, 349 

c2, …, cr] or [μμ, σμ, μσ, σσ, c1, c2, …, cr] for the updated SPT-BI12, CPT-RW98, and Vs-R22 350 

models are listed in Tables 2-4, respectively. Several observations are made as follows: 351 

(1) The observed E(μμ) > 1 indicates that the deterministic model tends to, on average, 352 

underestimate FS. Also, the positive E(σμ) and E(σσ) for different models illustrate the existence 353 

of the inter-region variability. Specifically, the inter-region variability for the Vs-R22 models 354 

(with E(σμ)=0.95~0.99 and E(σσ)=0.71~0.72) is generally larger than that for the other models, 355 

whereas the SPT-BI12 models correspond to the smallest inter-region variability (with 356 

E(σμ)=0.11~0.15 and E(σσ)=0.54~0.57). Meanwhile, E(μσ) reflects the intra-region variability, 357 

which appears to be the largest for the CPT-RW98 models (with E(μσ)=0.81~0.87). 358 

(2) E(ci) and Std(ci) exhibit notable region-to-region differences, which are in accordance 359 

with the positive E(σμ) and E(σσ), respectively. For example, the influenced region by the 1989 360 

Loma Prieta earthquake corresponds to remarkably larger E(ci) than the other regions for the 361 

Vs-R22 models. This is because the calculated FS0 values are consistently smaller than 1, which 362 

is opposite to the observed nonexistence of liquefaction phenomena in this region. 363 

(3) The E(ci) values for HBM-2Hyp and HBM-4Hyp are generally comparable. Yet, HBM-364 

4Hyp produces larger Std(ci); the reason is that the inter-region variability for HBM-4Hyp is 365 
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represented by the inter-region differences of both μci and σci, enlarging the total uncertainty of 366 

ci. This is consistent with the larger evidence for HBM-4Hyp (see Fig. 4). 367 

(4) The dataset-specific Qp calculated from Eq. (12) generally yields smaller E(μμ) and E(ci) 368 

compared to Qp = 0.456. This is because the calculated Qp is consistently larger than 0.456 and 369 

is related to higher population proportion of liquefaction occurrence. 370 

To display the posterior distributions of model parameters, Fig. 5 presents the histograms 371 

of [μμ, σμ, σc] or [μμ, σμ, μσ] in the updated CPT-RW98 and SPT-BI12 models considering 372 

different combinations of Qp and hyperparameters. The uniformly distributed prior relative 373 

frequency is also shown for comparison. It is observed that the model parameters after Bayesian 374 

updating are distributed in considerably narrower ranges. This is more evident for the SPT-375 

BI12 models due to their weaker inter- and intra-region variabilities. Note that the best-fit 376 

population-level distribution will be mainly used in subsequent analyses, with focus on 377 

evaluating the effects of hyperparameter and Qp selections. 378 

4.3. Relationship between liquefaction probability and nominal factor of safety 379 

Based on the updating results in Tables 2-4, the liquefaction probability PL0 can be calculated 380 

for a region of interest by substituting FS0 (from Eq. (1)) as well as E(ci) and Std(ci) into Eq. 381 

(4), which is expressed as: 382 

( ) ( ) ( )( )
( ) ( )( )

2 2
0

0 2 2

ln E 0.5ln 1 Std E ln

ln 1 Std E
i i i S

L

i i
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c c

 − + + − = Φ
 + 

                        (29) 383 

Eq. (29) represents an approximate simplified expression for the liquefaction probability 384 

accounting for the region-specific variability. Therefore, the E(ci) and Std(ci) values provided 385 

in Tables 2-4, derived using the laws of total expectation and variance, can be directly employed 386 
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without the requirement for posterior samples. An alternative MCS-based approach of 387 

averaging the liquefaction probability values obtained for individual posterior samples of μci 388 

and σci may provide more consistent estimates. 389 

To illustrate the performance of the region-specific PL0 models, the probability mass 390 

function (PMF) of the number of predicted liquefied cases in each region is obtained and 391 

compared with the actual number of liquefied cases. Specifically, the sum of independent 392 

indicators of liquefaction (= 1) or non-liquefaction (= 0) for individual case histories in each 393 

region is assumed to follow a Poisson binomial distribution, where the occurrence probability 394 

of each indicator is specified as a case-history-specific PL0 value. In this study, PMF is obtained 395 

by the ‘poibin’ package in the R software (Hong 2013). 396 

Fig. 6a and b display the PMF results for the region-specific SPT-BI12 and CPT-RW98 397 

models, respectively. It is seen that the actual number of liquefied cases is generally within the 398 

range of relatively large PMF. The HBM-4Hyp, which tends to predict more liquefied cases 399 

than HBM-2Hyp, is observed to better match the actual liquefaction observations. Meanwhile, 400 

using the dataset-specific Qp calculated from Eq. (12) appears to partially improve the fitting 401 

performance of the CPT-RW98 models (e.g., in Loma Prieta and Canterbury regions), for 402 

which the dataset-specific Qp = 0.649 is considerably larger than the conventionally used Qp = 403 

0.456. For the SPT-BI12 models, the PMFs for the two Qp choices (0.461 and 0.456) are not 404 

significantly different. These graphical results are consistent with the quantitative ranking of 405 

model evidence in Fig. 5. Note that the PMF-based comparison between the actual number of 406 

liquefied cases and the HBM predictions does not consider the sample imbalance, although the 407 

model-to-model difference can be illustrated. One may assign a reasonable weighting factor 408 
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for a fairer comparison. 409 

4.4. Comparison of region-specific models for different HBM configurations 410 

Using Qp = 0.456, Fig. 7a and b present the PL0 versus FS0 trends for the region-specific SPT-411 

BI12 and CPT-RW98 models, respectively. Although not shown herein, the predicted PL0 412 

would generally become larger with increasing Qp. Several findings can be obtained. First, PL0 413 

decreases with increasing FS0 (or safety level), and PL0 > 0.5 can still be observed for FS0 > 1 414 

due to the uncertainty involved. Second, there are evident region-to-region differences of PL0, 415 

though they are relatively small for the SPT-based models. It is thus necessary to account for 416 

the inter-region variability of model bias. Third, HBM-4Hyp results in more notable inter-417 

region difference of PL0 than HBM-2Hyp, which is mainly attributed to the larger inter-region 418 

difference of Std(ci) in HBM-4Hyp. In contrast, the lumped-region modeling that neglects 419 

region-specific features (see Fig. 2a) would lead to inaccurate estimations. 420 

Furthermore, Fig. 7c compares the PL0-FS0 relationships derived from different HBM 421 

configurations. The comparison is based on the CPT-RW98 and Vs-R22 models for regions 422 

not included in the calibration databases. The 4Hyp-based models generally yield greater PL0 423 

than the 2Hyp-based models at a given FS0, especially for CPT-RW98. Additionally, the 424 

predicted PL0 becomes greater with increasing Qp, and is also notably influenced by the 425 

selection of population-level distribution. 426 

A more detailed comparison of different HBM configurations is conducted. The influence 427 

of population-level distribution is illustrated in Fig. 8a using the fixed [2Hyp, Qp=0.456]. 428 

Specifically, the ratios of PL0 for the three candidate distributions to PL0 for the best-fit 429 

distribution at multiple FS0 levels are displayed, where the boxplot represents the distribution 430 
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of ratios for all regions. It is observed that the conventional lognormal distribution tends to 431 

produce smaller PL0 compared to the generally identified best-fit Trunc-Gumbel distribution, 432 

and the difference is likely to be enlarged with increasing FS0. Therefore, calibrating the 433 

population-level distribution is necessary to avoid biased liquefaction potential assessment. 434 

Using the best-fit population-level distribution, Fig. 8b presents the ratios of PL0 for three 435 

parameter configurations to the conventional configuration [2Hyp, Qp=0.456]. The ratio values 436 

are observed to be as large as 10 at FS0 ≥ 2. Thus, the influence of parameter configuration is 437 

more significant than that of the population-level distribution. The HBM-4Hyp generally 438 

results in larger PL0 than HBM-2Hyp, and adopting dataset-specific Qp tends to yield slightly 439 

larger PL0 compared to Qp=0.456. Thus, the [2Hyp, Qp=0.456] configuration can be 440 

unconservative for statistical description of the inter- and intra-region variabilities. 441 

5.  Implication of region-variability for liquefaction-triggering hazard assessment 442 

The region-specific SPT-IB12 and CPT-RW98 models are applied to Yuanlin (YL-B-3 profile) 443 

and Zhangbin Industrial Park (LW-A10 profile), respectively, which are located in Taiwan and 444 

were influenced by the 1999 Chi-Chi earthquake. It should be noted that the two profiles are 445 

not included in our HBM-based model updating. The in-situ geotechnical investigations are 446 

obtained from the database compiled by Dr. C. H. Juang (https://cecas.clemson.edu/chichi/TW-447 

LIQ/In-situ-Test.htm). For the YL-B-3 profile, the corrected SPT blow counts (N1)60 were 448 

obtained from the raw SPT blow counts using the model of Juang et al. (2005). The fines 449 

content (FC) and (N1)60 of this profile are displayed in Fig. 9a. Also, the measured cone tip 450 

penetration resistance (qc) and sleeve friction (fs) of the LW-A10 profile are shown in Fig. 9b. 451 

https://cecas.clemson.edu/chichi/TW-LIQ/In-situ-Test.htm
https://cecas.clemson.edu/chichi/TW-LIQ/In-situ-Test.htm
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5.1. Scenario-based liquefaction potential assessment 452 

The deterministic SPT-BI12 and CPT-RW98 procedures are adopted to estimate FS0 453 

considering earthquake magnitude (M) of 7.6, where the recorded amax values are 0.18 g and 454 

0.12 g for the YL-B-3 and LW-A10 profiles, respectively (Juang et al. 2005; Ku et al. 2012). 455 

The updated region-specific models are then used to estimate PL0 using Eq. (29). The results 456 

of FS0 and PL0 are included in Fig. 9. The largest liquefaction probabilities in the YL-B-3 and 457 

LW-A10 profiles are observed at the depths of about 5 m and 10.5 m, respectively, and are both 458 

larger than 0.5. The results are in accordance with the actual occurrence of liquefaction at the 459 

two sites. Specifically, HBM-4Hyp predicts higher PL0 than HBM-2Hyp. 460 

5.2. Probabilistic method for liquefaction-triggering hazard assessment 461 

The performance-based earthquake engineering design (e.g., Juang et al. 2010; Rathje et al. 462 

2014) usually requires an estimate of the total probability of liquefaction subjected to all 463 

possible ground motions in an exposure period (e.g., 50 years). Therefore, a discrete 464 

integration-based probabilistic method is suggested herein to assess liquefaction-triggering 465 

hazard accounting for multiple ground motion levels. 466 

This method convolves ground motion hazard with a liquefaction-triggering procedure, 467 

following the idea of probabilistic seismic demand analysis (e.g., Wang et al. 2021). The mean 468 

annual rate of liquefaction (λL) is calculated as: 469 

( ) ( ) ( ) ( )max, , max, , max, max,1 , , , , , ,L S i j d k l l i j d k i j i j
i j k l

P F M a r MSF P MSF M a P r M a P M aλ = <∑∑∑∑470 

(30) 471 

where i, j, k, and l identify the discretized bins of M, amax, rd, and MSF, respectively; P(FS < 472 

1|) is calculated from PL0 model through Eq. (29); P(Mi, amax,j) is the joint annual probability 473 
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of occurrence of M = Mi and amax = amax,j, and is obtained as: 474 

( ) ( ) ( )max, max, max,, ,i j i m j j
m

P M a P M R a P a=∑                                 (31) 475 

where Rm represents the m-th bin of source-to-site distance R; P(Mi, Rm|amax,j) is the joint annual 476 

probability of M = Mi and R = Rm given amax = amax,j, and can be computed from the 477 

disaggregation of seismic hazard (Baker et al. 2021); P(amax,j) represents the annual probability 478 

of amax = amax,j, which can be derived as (Rathje et al. 2014):  479 

( ) ( ) ( )max, 1 max, 1
max, 2

j j
j

a a
P a

λ λ− +−
=                                         (32) 480 

where λ(amax,j-1) and λ(amax,j+1) denote the mean annual rates of amax > amax,j-1 and amax > amax,j+1, 481 

respectively. 482 

The P(rd,k|Mi, amax,j) term in Eq. (30) represents the occurrence probability of rd = rd,k 483 

conditioned on M = Mi and amax = amax,j, and is statistically described to account for the 484 

uncertainty in rd estimation. In this study, rd is assumed to follow a normal distribution with 485 

the mean of μrd and standard deviation of σrd (Cetin and Seed 2004), which are often provided 486 

by empirical models (e.g., Moss et al. 2006; Lasley et al. 2016). Given the uncertainty in MSF 487 

estimation as well (e.g., Green et al. 2020), lnMSF is also assumed to be a normal variable with 488 

the mean of μlnMSF and standard deviation of σlnMSF. Specifically, μrd and μlnMSF denote the 489 

deterministic estimates of rd and logarithmic MSF, respectively (see Supplementary material). 490 

Both σrd and σlnMSF are assumed to be 0.15 (Lasley et al. 2016; Green et al. 2020), unless stated 491 

otherwise. Sensitivity analyses of the two parameters will be separately discussed later.  492 

Under the assumption of Poisson’s process (e.g., Kramer and Mayfield 2007; Wang et al. 493 

2022), λL can be used to estimate the liquefaction probability (PL,T) in an exposure period T:  494 

( ), 1 expL T LP T−λ= −                                                       (33) 495 
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In other words, PL,T represents the total probability of liquefaction accounting for the uncertain 496 

occurrence of earthquake during a target period. 497 

5.3. Liquefaction-triggering hazard analysis results 498 

For the purpose of illustrating the proposed models, the soil profiles are assumed to be located 499 

at a distance of 10 km from the center of a 200 km-long strike-slip linear fault. The seismicity 500 

of the hypothetical source is described by a bounded Gutenberg-Richter relationship: 501 

( )10log 4.3M Mλ = −                                                      (34) 502 

where λM is the mean annual rate that earthquake magnitude exceeds M. The central values of 503 

discretized M bins range from 5 to 8 with increments of 0.1. For each bin of M, earthquake 504 

rupture occurs uniformly along the fault with the rupture length L as a function of M (Wells 505 

and Coppersmith 1994). The source-site relationship is schematically illustrated in Fig. 10.  506 

 The seismic hazard for amax is derived using the ground-motion model proposed by 507 

Campbell and Bozorgnia (2014). Since the shear-wave velocities of the YL-B-3 and LW-A10 508 

profiles are not available, the average upper 30 m shear-wave velocity (Vs30) required by the 509 

ground-motion model is estimated as follows: (1) the raw SPT-N values are transformed into 510 

Vs values using the empirical model developed by Xiao et al. (2021); (2) the depth-dependent 511 

Vs values are used to estimate the average upper 15 m shear-wave velocity (Vs15), which is 512 

then used in the Vs30-Vs15 relationship established by Boore et al. (2011). 513 

First, the profiles are assumed to be in regions influenced by the 1999 Chi-Chi earthquake. 514 

Fig. 11a displays λL at different depths and the variation of PL,T at the depth of 5.8 m with 515 

exposure period for the YL-B-3 profile. Similarly, the results for the LW-A10 profile are 516 

presented in Fig. 11b. Regarding the [2Hyp, Qp=0.456] configuration, largest λL values of 517 
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around 0.0055 and 0.0186 are observed at the 5.8 m and 10.5 m depths in the YL-B-3 and LW-518 

A10 profiles, respectively. In contrast, the 4Hyp modeling results in considerably larger λL and 519 

PL,T because of the larger uncertainty considered in the model. Meanwhile, λL and PL,T are 520 

higher for the larger calculated Qp, though the influence on the SPT-BI12 models (for which 521 

the calculated Qp is comparable with 0.456) is small. As also shown in the figures, PL,T 522 

increases with increasing exposure period; thus, a soil deposit with PL,T < 0.5 for relatively 523 

short T can still be likely to liquefy. 524 

To compare the effects of choosing region-specific models, the profiles are then assumed 525 

to be located in different regions, subjected to the same earthquake source, path, and site 526 

conditions. This ensures that the difference of results only originates from the liquefaction-527 

triggering models. Fig. 12a and b display the results of λL from different region-specific SPT-528 

BI12 models (for the depth of 5.8 m in YL-B-3 profile) and CPT-RW98 models (for the depth 529 

of 10.5 m in LW-A10 profile), respectively. Besides, the lumped-region modeling is also 530 

included for comparison. It is seen that the λL values for different regions are notably different, 531 

and can considerably differ from the results for the lumped-region modeling. 532 

Furthermore, the effects of region features on the liquefaction-triggering hazard analysis 533 

is studied by quantifying the ratio of PL,T between region-specific and lumped-region models, 534 

namely [PL,T(region,para)/PL,T(lumped,Qp=0.456)]. Fig. 13a and b present the boxplots of the 535 

PL,T ratios in different regions for the SPT- and CPT-based models, respectively, in which three 536 

exposure periods and four parameter configurations are considered. Except for the [CPT-2Hyp, 537 

Qp=0.456] modeling, the PL,T ratio values are found to be generally larger than 1, and exceed 538 

1.3 in a few cases. Thus, the lumped-region modeling could underestimate the liquefaction 539 
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probability by more than 30%. The distribution of the PL,T ratio for the SPT-BI12 models 540 

appears to be insensitive to the exposure period, while the relative difference between the 541 

region-specific and lumped-region models is larger for shorter exposure period. In particular, 542 

the relative difference is more evident for HBM-4Hyp as compared to HBM-2Hyp. The above 543 

results thus indicate the importance of refined region-feature representation in liquefaction-544 

triggering hazard assessment. 545 

5.4. Effects of σrd and σlnMSF on liquefaction-triggering hazard analysis 546 

As mentioned previously, σrd and σlnMSF are greater than 0, due to the uncertainty in predictions 547 

of rd and MSF (e.g., from ground-motion variability and parametric fitting error). The σrd versus 548 

depth trends reported in previous studies (Cetin and Seed 2004; Moss et al. 2006; Lasley et al. 549 

2016; Green et al. 2020) are plotted in Fig. 14a. It is seen that σrd increases with depth, reaching 550 

around 0.15-0.2 at depth larger than 15 m. In contrast, σlnMSF has been reported to be about 0.15 551 

(Green et al. 2020). To investigate the effects of σrd and σlnMSF, the PL,50 values along the LW-552 

A10 profile for different σrd and σlnMSF values (0, 0.1, 0.2, and 0.5) are displayed in Fig. 14b 553 

and c, respectively. The results are derived by the [CPT-2Hyp, Qp=0.456] model for the 1999 554 

Chi-Chi earthquake. It is observed that the effects of standard deviations on PL,T are negligibly 555 

small when σrd and σlnMSF are not larger than 0.2, yet become relatively large when increasing 556 

σrd  and σlnMSF to 0.5. 557 

6.  Discussion 558 

To examine the adequacy of the data size used to calibrate models, an additional set of CPT-559 

4Hyp models is developed by increasing the current minimum data size for each region from 560 
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4 to 8. After removing two regions (i.e., 1983 Borah Peak and 2011 Tohoku) with less than 8 561 

case histories, 8 regions are retained for the model re-development. The resulting PL0-FS0 562 

relationships are compared with those derived from the original database in Fig. 15a. The 563 

results for the two minimum data sizes (i.e., two datasets) are observed to be comparable, 564 

suggesting that the data size considered is generally adequate for the HBM-4Hyp calibration. 565 

Regarding the SPT-BI12 procedure, Fig. 15b compares Std(c) versus RFT trends for four 566 

Bayesian modeling choices, where RFT is defined as the ratio of false to true predictions (i.e., 567 

(FP+FN)/(TP+TN) in Confusion Matrix) from a deterministic liquefaction-triggering 568 

procedure and data for each region. It can be seen that the Std(c) values generally increase with 569 

increasing RFT, implying that the intra-region variability of bias factor can be roughly measured 570 

by RFT. Additionally, HBM-4Hyp results in much smaller Std(c) than the independent-regions 571 

modeling. Thus, HBM-4Hyp differs significantly from the independent-regions modeling that 572 

fully neglects information borrowing across regions. In contrast, HBM-2Hyp leads to a 573 

negligible regional variation of Std(c), which is similar to the lumped-regions modeling with a 574 

common Std(c). The comparative results demonstrate the capability of HBM-4Hyp to capture 575 

the inter-region variability of bias variance. 576 

In addition to the method suggested, another major contribution of this study is to 577 

demonstrate that there can be large region-to-region differences in the standard deviations of 578 

model bias factors and HBM-2Hyp with a common variance could underestimate liquefaction 579 

hazard. In this case, HBM-4Hyp is advantageous over HBM-2Hyp for characterizing the 580 

region-specific statistics. Yet, a notable challenge in implementing HBM-4Hyp is the increased 581 

data size requirement for calibration. Therefore, it is recommended that practitioners should 582 
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assess the plausibility of region-invariant variance and the adequacy of data size before making 583 

a choice between HBM-4Hyp and HBM-2Hyp, both of which are considered in this study. This 584 

work represents a step towards refining the representation of the inter-region variability of 585 

model bias. However, further efforts are necessary to continue advancing research in the 586 

regionalization of liquefaction-triggering models (e.g., Zhang et al. 2016, 2020; Green 2022), 587 

taking into account the continuously evolving global and regional liquefaction databases (e.g., 588 

Brandenberg et al. 2020; Geyin et al. 2021). 589 

7.  Conclusions 590 

This paper presented a Bayesian framework to incorporate the inter-region and intra-region 591 

variabilities of model bias into liquefaction-triggering procedures. The BUS approach with SuS 592 

is utilized for posterior sampling and the Gaussian copula-based Bayesian evidence is 593 

quantified for model selection. A new four-hyperparameter hierarchical Bayesian model 594 

(HBM-4Hyp) was suggested, which assumes the means (μci) or standard deviations (σci) of the 595 

bias factor (ci) are region-specific, but are controlled by a population-level distribution. This 596 

model was systematically compared with HBM-2Hyp (with region-invariant σci). Meanwhile, 597 

three candidate distributions were adopted for the population-level statistical modeling. 598 

Scenario-based and probabilistic liquefaction-triggering hazard analyses were conducted to 599 

investigate the implication of region-feature modeling. The main findings drawn from this 600 

study are summarized as follows: 601 

(1) The HBM-4Hyp requires around twice the number of parameters for HBM-2Hyp, 602 

leading to a high-dimensional Bayesian updating problem. This can be efficiently addressed by 603 

the BUS approach with SuS, and the benefits of such would be more notable with increasing 604 
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the number of regions compiled in future global databases. Meanwhile, the Bayesian evidence 605 

is shown to be effective for model comparison, and a HBM configuration with higher evidence 606 

is generally observed to better match liquefaction observations. 607 

(2) The proposed Bayesian framework is utilized for incorporating the region-features into 608 

three liquefaction-triggering procedures (SPT-BI12, CPT-RW98, and Vs-R22), covering 609 

liquefaction-susceptible sandy and gravelly soil types. The coefficients of the updated region-610 

specific probabilistic liquefaction models are provided for potential applications. 611 

(3) There exist notable inter-region variabilities of μci and σci especially for the CPT- and Vs-612 

based models. Compared to HBM-2Hyp, HBM-4Hyp tends to yield higher Bayesian evidence 613 

and larger total standard deviation of ci. When the calculated Qp is considerably different from 614 

the conventional value of 0.456, this dataset-specific Qp is likely to enlarge Bayesian evidence, 615 

and the predicted liquefaction probabilities are found to increase with increasing Qp. 616 

(4) The lognormal distribution may not be optimal for the population-level statistical 617 

descriptions in HBM, as illustrated by the lower evidence compared to the other candidate 618 

distributions, and could considerably underestimate liquefaction potential in some cases. 619 

(5) A discrete integration-based probabilistic method is suggested to implement the 620 

developed models for liquefaction-triggering hazard assessment considering multiple ground-621 

motion levels. Neglecting the region-variability is likely to underestimate liquefaction hazard, 622 

and HBM-4Hyp generally yields higher liquefaction hazard than HBM-2Hyp. 623 
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Fig. 1. Introduction to the development and application of conventional liquefaction-triggering assessment 789 

procedures. 790 
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Fig. 2. Schematic illustrations of (a) lumped-region modeling, (b) HBM-2Hyp, and (c) HBM-4Hyp for 796 

updating liquefaction-triggering procedures. 797 
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 799 

Fig. 3. Flowchart of the BUS-powered hierarchical Bayesian updating framework. 800 
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Fig. 4. Model evidence values for different HBM configurations of updated (a) SPT-BI12, (b) CPT-RW98, 804 

and (c) Vs-R22 models. The best-fit configuration is indicated as bold on the x-axis.  805 
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(a) 806 

 807 

(b) 808 

 809 
(c) 810 

 811 
Fig. 5. Posterior sample distributions for (a) [μμ, σμ, σc] in CPT-2Hyp and SPT-2Hyp models (Qp=0.456), (b) 812 

[μμ, σμ, σc] in CPT-2Hyp and SPT-2Hyp models (calculated Qp), and (c) [μμ, σμ, μσ] in CPT-4Hyp and SPT-813 

4Hyp models (Qp=0.456). The prior relative frequency is derived considering the bin width of histogram.  814 
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(b) 817 

 818 

Fig. 6. Probability mass functions of predicted number of liquefied cases for region-specific (a) SPT-BI12 819 

models and (b) CPT-RW98 models with four HBM configurations. The actual number of liquefied cases is 820 

also shown.  821 
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(a) 822 

 823 
(b) 824 

 825 
(c) 826 

 827 
Fig. 7. Relationships between PL0 and FS0 for (a) region-specific SPT-BI12 models with Qp=0.456 and best-828 

fit distribution, (b) region-specific CPT-RW98 models with Qp=0.456 and best-fit distribution, and (c) CPT-829 

RW98 and Vs-R22 models with different HBM configurations for regions not in the calibration databases.  830 
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(a) 831 

 832 

(b) 833 

 834 

Fig. 8. (a) Ratios of PL0 for three candidate distributions to PL0 for best-fit distribution using [2Hyp, 835 

Qp=0.456]; (b) ratios of PL0 for three parameter configurations to PL0 for [2Hyp, Qp=0.456] using the best-836 

fit distribution. Each boxplot displays the distribution of ratio values for all region-specific models, in which 837 

the central line marks the 50th percentile, the edges of box mark the 25th and 75th percentiles, and the ends of 838 

whiskers represent the 0.35th and 99.65th percentiles. 839 
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(a) 841 

 842 

(b) 843 

 844 

Fig. 9. Scenario-based liquefaction potential assessments for (a) YL-B-3 profile and (b) LW-A10 profile 845 

using updated SPT-BI12 models and CPT-RW98 models, respectively. The 1999 Chi-Chi earthquake region 846 

is considered.  847 
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 848 

Fig. 10. Source-site relationship in the illustrative example. 849 

 850 

(a) 851 

 852 
(b) 853 

 854 

Fig. 11. Probabilistic liquefaction-triggering hazard results: (a) λL versus depth and PL,T at 5.8 m depth versus 855 

exposure period for YL-B-3 profile; (b) λL versus depth and PL,T at 10.5 m depth versus exposure period for 856 

LW-A10 profile. The profiles are assumed to be located in regions influenced by the 1999 Chi-Chi 857 

earthquake. 858 
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(a) 860 

 861 
(b) 862 

 863 
Fig. 12. Comparison of annual liquefaction rates from region-specific (a) SPT-BI12 models for the 5.8 m 864 

depth in YL-B-3 profile and (b) CPT-RW98 models for the 0.5 m depth in LW-A10 profile. The profiles are 865 

assumed to be located in different regions. 866 
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(a)                                     (b) 868 

 869 
Fig. 13. Ratios of exposure period-consistent liquefaction probabilities (a) between region-specific and 870 

lumped-region SPT-BI12 models and (b) between region-specific and lumped-region CPT-RW98 models. 871 

The 5.8 m depth in YL-B-3 profile and 10.5 m depth in LW-A10 profile are considered for the SPT- and 872 

CPT-based models, respectively. 873 
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(a)                                    (b) 875 

  876 

 877 
(c) 878 

 879 

Fig. 14. (a) Variation of reported standard deviation of rd with depth; (b) effect of σrd on PL,50 using [CPT-880 

2Hyp, Qp=0.456]; (c) effect of σlnMSF on PL,50 using [CPT-2Hyp, Qp=0.456].  881 

0 0.05 0.1 0.15 0.2

S d d d i i

0

5

10

15

20

25

30

D
ep

th
 (m

)
Cetin and Seed (2004)

Moss et al. (2006)

WUS in Lasley et al. (2016)

CEUS in Lasley et al. (2016)

All zones for M = 7.5

in Green et al. (2020)

  

2 4 6 8 10 12 14 16 18

Depth (m)

0.45

0.5

0.55

0.6

0.65

Pr
ob

ab
ilit

y 
of

 li
qu

ef
ac

tio
n,

 P
L,

50

 

 
 

 

 

 

 

 

2 4 6 8 10 12 14 16 18

Depth (m)

0.45

0.5

0.55

0.6

0.65

Pr
ob

ab
ilit

y 
of

 li
qu

ef
ac

tio
n,

 P
L,

50

 

 
 

 

 

 

 

 



 51 

(a)                                     (b) 882 

 883 

Fig. 15. (a) Comparison between PL0-FS0 relationships derived from the reduced dataset and the original 884 

database; (b) comparison among Std(c) values derived from different Bayesian models. 885 
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