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Abstract

The accuracy of cyclic stress-based liquefaction-triggering assessment procedures can vary
systematically from region to region, but it is challenging to regionalize models due to the lack
of region-specific data. This paper presents a hierarchical Bayesian modeling (HBM)-based
framework for incorporation of inter-region and intra-region variabilities of the bias factor in
liquefaction-triggering procedures. A key feature is that the BUS approach (Bayesian Updating
with Structural reliability methods) is combined with subset simulation to efficiently update
high-dimensional statistics of bias factors. Another feature is a new four-hyperparameter HBM
considering both region-specific means and variances of bias factors. This framework is
utilized to develop three sets of region-specific liquefaction probability models for practical
applications, covering liquefaction-susceptible sandy and gravelly soils. The results show that
the four-hyperparameter HBM generally matches better with liquefaction observations and
produces larger total variance, compared to the lumped-region modeling and the HBM with
only region-specific means. Meanwhile, the population-level distribution and the weighting
factor of liquefaction/non-liquefaction occurrence can considerably affect model performance.
Furthermore, a discrete integration-based probabilistic method is suggested for liquefaction-
triggering hazard assessment. Illustrative examples indicate that different HBM configurations
can yield notably different liquefaction hazard results, while neglecting the region-variability
tends to be unconservative.

Keywords: Earthquake-induced soil liquefaction; Liquefaction-triggering procedure; Inter-
region variability; Hierarchical Bayesian modeling; Bayesian evidence; Region-specific

liquefaction probability
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1. Introduction

Earthquake-induced soil liquefaction often causes significant structural damage and disruption
to infrastructure systems. The liquefaction potential of soils is commonly assessed by the semi-
empirical liquefaction-triggering procedures pioneered by Seed and Idriss (1971). Depending
on the types of in-situ tests used to measure liquefaction resistance, these procedures can
generally be classified into standard penetration test (SPT)-, cone penetration test (CPT)-, and
shear wave velocity (Vs)-based categories (e.g., Robertson and Wride 1998; Youd et al. 2001;
Moss et al. 2006; Boulanger and Idriss 2014; Robertson 2022). While the existing procedures
have been proven to be reliable, many of them follow a deterministic manner by estimating the
nominal factor of safety (F). Yet, soil liquefaction may still occur if Fgy > 1 due to significant
uncertainty involved in the liquefaction triggering analysis. The assessment of liquefaction
potential through probabilistic methods has attracted increasing attention (e.g., Juang et al.
2010; Boulanger and Idriss 2012; Green et al. 2020; Guan and Wang 2022).

To enable probabilistic applications of the existing liquefaction-triggering procedures,
extensive efforts have been made to quantify the model uncertainty. For instance, Juang et al.
(2002) developed a generic framework to calibrate the uncertainty of liquefaction-triggering
model using the first-order reliability method. This framework has been subsequently used for
other types of models (e.g., Juang et al. 2012; Duan et al. 2022). In addition, Ku et al. (2012)
evaluated the uncertainty associated with the Robertson and Wride (1998) procedure using the
maximum likelihood method. The Bayesian network has also been introduced to describe the
uncertainty in liquefaction potential assessment (e.g., Cetin et al. 2002; Hu and Liu 2019). The

previous studies generally lumped liquefaction case histories around the world together in
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analyses, such that the model error (or bias) was implicitly assumed to be consistent across
different regions. Yet, the accuracy of liquefaction-triggering assessment can vary
systematically from region to region (Green 2022), due to the inter-region differences of
ground-motion and geologic/geotechnical characteristics (e.g., Liu and Leung 2018; Baker et
al. 2021; Xiao et al. 2021).

An ideal way to improve the model accuracy is to calibrate the model bias using data only
from the region of interest (e.g., Maurer et al. 2019; Green et al. 2020). In most cases, however,
the scarce liquefaction data in a region is statistically not adequate for the calibration. To
address this issue, Zhang et al. (2016) developed a two-hyperparameter hierarchical Bayesian
modeling (HBM) to describe the inter-region variability of the bias factor for a CPT-based
procedure. Subsequently, Zhang et al. (2020) calibrated the inter-region variability for a SPT-
based procedure. These works focused on the sandy soil liquefaction. Yet, documented field
observations have also indicated the consequence of gravel liquefaction (e.g., Brandenberg et
al. 2020; Rollins et al. 2022). Therefore, it is of practical importance to calibrate the region-
specific model bias in liquefaction potential assessments for both sandy and gravelly soils.

The HBM regards the group (or region)-specific statistics as random variables that follow
the same population-level distribution parameterized by the hyperparameters. The previously
used two-hyperparameter HBM (termed as HBM-2Hyp hereafter) assumes that only the means
of the bias factor are region-specific following a lognormal distribution (Zhang et al. 2016,
2020). Considering the growing number of documented liquefaction data (Brandenberg et al.
2020; Geyin et al. 2021), it becomes more reasonable to also characterize the inter-region

variability of the standard deviation of the bias factor. The inter-group (e.g., inter-region or
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inter-site) variability of both the means and the variances of group-level variables has been
incorporated in some previous studies (e.g., Herschtal et al. 2016; Tabarroki et al. 2024). For
instance, Zhang et al. (2014) proposed a four-hyperparameter HBM to describe the inter-site
variability of the mean and the coefficient of variation of the model bias factor for pile
foundation design. Considering the inter-site variability of the mean and covariance, Ching et
al. (2021b) and Wu et al. (2022) developed a computationally efficient HBM framework to
construct quasi-site-specific probability distributions for soil/rock properties. On the other hand,
different types of the population-level distribution such as normal and inverse gamma
distributions have been adopted in HBM applications (e.g., Ching et al. 2021a; Xiao et al. 2021;
Tao et al. 2023). It is thus of interest to examine the effects of the region-specific bias factor
variance and the population-level distribution type on liquefaction potential assessment. A
potential challenge with the incorporation of more HBM hyperparameters and/or target regions
is the high-dimensional Bayesian updating problem, which is difficult to be tackled by classical
Markov Chain Monte Carlo simulation (MCMCS) methods. Meanwhile, a quantitative index
is essential for effectively comparing the performances of different HBM configurations.

This study aims (1) to present a Bayesian updating and model selection framework for
calibration of the inter-region and intra-region variabilities of the liquefaction-triggering model
bias; and (2) to develop region-specific liquefaction probability models for both sandy and
gravelly soils. A key feature of this framework is the BUS approach (Bayesian Updating with
Structural reliability methods) (Straub and Papaioannou 2015) with subset simulation (SuS)
(Au and Beck 2001) used for posterior sampling and the Bayesian evidence utilized for model

selection. Besides, a new four-hyperparameter HBM (termed as HBM-4Hyp hereafter) is
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established to describe the bias factor, where three candidate distribution types for the
population-level probabilistic modeling are examined. The Bayesian framework is
subsequently utilized to incorporate the region-variability of model bias into the SPT-based
Boulanger and Idriss (2012) procedure (SPT-BI12), the CPT-based Robertson and Wride (1998)
procedure (CPT-RW98), and the Vs-based Rollins et al. (2022) procedure (Vs-R22). Finally, a
probabilistic liquefaction-triggering hazard analysis method is suggested, and the implication

of region-feature modeling for liquefaction-triggering assessment is investigated.
2. General liquefaction potential assessment

In cyclic stress-based liquefaction-triggering procedures, the cyclic stress ratio (CSR) and
cyclic resistance ratio (CRR) represent the seismic loading within a soil profile and the
liquefaction resistance of soils, respectively. The relationship between the actual factor of

safety (F’s) and the nominal Fgy can be expressed as:

F, =cF, :c% (1)
CSR

where ¢ denotes the model bias factor due to imperfect prediction and the model error is

neglected when using ¢ = 1; CSR is usually estimated as (e.g., Youd et al. 2001):

CSR =065 T me ) 11 )

o, § "MSFK,
where o, and o are the vertical total and effective stresses at depth z, respectively; dy,y is
peak ground acceleration; g is gravitational acceleration; r; is the shear stress reduction factor
that accounts for the deformability of soil profile; MSF is the earthquake magnitude scaling

factor that accounts for the ground motion duration; K, is the overburden correction factor.

Detailed mathematical expressions of CRR, r,, MSF, and K, for the adopted SPT-BI12,
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CPT-RW98, and Vs-R22 procedures are presented in the Supplementary material. Although
developed using post-earthquake case histories across different regions, the existing procedures
would be directly applied to specific sites, as demonstrated in Fig. 1.

The factor ¢ in Eq. (1) is usually assumed to follow a lognormal distribution with the mean
of u. and standard deviation of . (e.g., Juang et al. 2012; Zhang et al. 2016), resulting in the
normally distributed InF as follows:

InF, ~ Normal{ln,uC ~05In(1+0’ /) +InF,,, ln(1+af/luf)} 3)

Therefore, the probability of liquefaction (P;,) can be calculated as:

—Inu +05mn(1+07 /1’ )-InF,

\/ln(1+af/uf)

P,=P(F,<1)=P(InF,<0)=® (4)

where ®@[-] is the cumulative distribution function (CDF) of the standard normal variable.
Based on the liquefaction case histories, u. and o. can be estimated from Bayesian inference

by lumping data across different regions, as illustrated in Fig. 2a.

3. Bayesian framework for development of region-specific liquefaction-triggering models

3.1. Inter- and intra-region variabilities of model bias

The model bias may be similar for different cases in a region (e.g., low intra-region variability)
while different regions may result in systematically different biases (e.g., high inter-region
variability). Thus, the total variability of the bias factor can be separated into the inter- and
intra-region components by defining the region-specific bias factor ¢; (i =1, 2, ..., r), where r
denotes the number of regions considered. Similar to Eq. (3), ¢; is assumed to follow a
lognormal distribution with the mean of x.; and standard deviation of ¢.,. These statistics can

be estimated from liquefaction data through two Bayesian modeling ideas, which are shown in
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Fig. 2b and c¢. The HBM-2Hyp uses region-specific x.; and region-invariant 6, = 6.1 = g,, = ...
= o.,, while the HBM-4Hyp considers both x; and o, as region-specific variables.

The region-specific means or standard deviations are considered to be similar by assuming
a population-level distribution of u.; (or g,;) parametrized by two hyperparameters, which are
the mean y, (or u,) and standard deviation o, (or o,) of u; (or o.;). As a result, there are two
hyperparameters (u, and 0,) and four hyperparameters (u,, 0,, i, and o,) in HBM-2Hyp and
HBM-4Hyp, respectively (see Fig. 2). The hyperparameter u, represents the “average” model
bias across different regions, whereas ¢, measures the inter-region variability of the average
bias. Also, u, represents the “average” intra-region variability and o, reflects the inter-region
variability of the bias uncertainty. Suppose that @ is the vector of all uncertain parameters
required in the probabilistic modeling, resulting in @ = [w,, 6y, Oc, fe1, leds ---» Her] and [w,, 0y,
Hos Ogs Hels eds « -5 Hers Ocls Ocas -- - 0c] for HBM-2Hyp and HBM-4Hyp, respectively.

For given [u,, 0,] or [u,, 0,], pt.; OF 0; can be described by the population-level distribution.
Three candidate distributions are considered in this study, including lognormal distribution,
normal distribution truncated to be positive (Trunc-normal), and Gumbel distribution truncated
to be positive (Trunc-Gumbel). For instance, the probability distribution function (PDF) of x,;

or o,; for lognormal distribution can be expressed as (e.g., Wang et al. 2020; Deng et al. 2022):

1 [ln X, —Inpu +0.5In(1+07 /1 )]2
exp4 — ——
xci\/2nln(1+aj/,uf) 2In(1+0? /)

f(x,|m,,0,,Mdl) = ®)

,uﬂ,au,Mdl) or “g” for f(aa.

where x denotes “u” for f ( U, o, Mdl ) ; Mdl represents the
model configuration (e.g., Mdl = [CPT-4Hyp, lognormal]). The PDFs for the other candidate

distributions are listed in Table 1, where p and ¢ denote distribution-specific parameters and
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are transformed from [u,, 0,] or [u,, 0,]. The parameters y,, 6,, i, and o, are random variables,
and their samples are generated through MCS or MCMCS in Bayesian updating. The statistics
of these parameters can be estimated from posterior samples and will be explicitly provided in
the next section. Increasing u, and o, would lead to lower overall P, and larger inter-region
difference in P;,, respectively. Additionally, P;, for each region would generally become
greater with increasing u, at Fgy > 1 levels, whereas increasing o, tends to enlarge the inter-

region difference of Pj.

3.2. Hierarchical Bayesian modeling of the inter- and intra-region variabilities

Let Data = [Dt;, Dt,, ..., Dt,] denote case histories from » earthquake influencing regions and
Dt; denote [Dt;1, Dtjy, ..., Dt; ], where Dt; = 1 for liquefied case and 0 otherwise, and n; is the
number of observations in the i-th region. For given Mdl and Data, ® can be estimated by
Bayesian updating, following the general idea below (e.g., Cao et al. 2019; Lo and Leung 2019;
Zhang et al. 2022):

/(®|Data, Mdl) = KL(Data|®, Md!) f (®|Mdl) (6)
where f(O|Data,MdI) denotes the posterior joint PDF of Q;
K= U@ L (Data |® , Mdl ) f (@ |Mdl ) d ®}1 is a normalization constant that is independent of @;

AO|Md]) is the prior joint PDF of ® and is expressed as:

£ ()1 (0,) £ (@)1 (1] 00, bt for 2Hyp
7 (@)= -
f(,U,,)f(O',,)f(,u(,)f(Ga)H[f(yd ﬂ#,GH,Mdl)f(o;i ua,o;,,Mdl)] for 4Hyp
(7
where f ( M, ,Uﬂ,O'ﬂ) and f (O'a. ,ua,aa) are obtained from Eq. (5) or equations presented

in Table 1; flu,), Ao,), flu,), and flo,) are the prior marginal PDFs of w,, o,, u,, and o,

9
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respectively. According to the previous studies (Zhang et al. 2016, 2020), each prior PDF is
taken as 1/3 by assuming a uniform distribution within the [0, 3] interval.
The L(Data|®,MdI) term in Eq. (6) represents the likelihood function for the observed data,

and is expressed as:

s (wsefo wr) -1 17 P - 0

i=1 j J=ng+1
where 7, is the number of liquefied cases in the i-th region; Dy;; is taken as 1 forj =1, 2, ...,
ny; and 0 for j > n;+1; Py is the predicted liquefaction probability for the j-th case history in

the i-th region, and is estimated by adjusting Eq. (4) as:

’ o ~In g, +0.5In(1+0. /)~ InF, ©)

Y \/ln(1+dj/yfi)

in which o; is simply taken as o, in the 2Hyp modeling; Fg; is the calculated safety factor.
As parameters used to reduce the sampling bias effects, w;; and wy;; in Eq. (8) are the
weighting factors of the liquefaction and non-liquefaction cases in the i-th region, respectively,

which are defined as (e.g., Cetin et al. 2002; Zhang et al. 2016):

W _9 _Q(n+ny) (10)
[ Qsi n;
WNL-ZI_QP :(I_Q,;)(nLi+nNLi) (11)
L 1_Q:i My,

where Qy; is the sample proportion of liquefied cases in the i-th region; O, denotes the true
proportion of liquefied cases in nature. Since 0, is always unknown, a typical way of estimating
wyr; and wy; is to specify a reasonable wy;,/w;; ratio. Cetin et al. (2002) consulted with a panel
of eight experts, suggesting that the most common estimate of the ratio should be between 1.5

and 2. They further conducted Bayesian updating analyses and found that wy; ;/w;=1.5 yielded

10



204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

the optimal result. This value has been consistently adopted in many subsequent studies (e.g.,

Boulanger and Idriss 2012), regardless of the specific databases and methods.

Using wy/wr; = 1.5 and Oy = O sotar = Znu Z(HL,- +nNLi); 0, can thus be computed

i=1 i=1
as:

0, = 1 = 1 (12)

1.5/Q, s = 0.5 152 n . +ny, Zn -0.5
i=1

where Qs 1, Tepresents the total sample proportion of all liquefaction cases. Given Oy o =
0.557 (Cetin et al. 2002), Zhang et al. (2016) derived O, = 0.456 for their model development,
and this value was subsequently used for another dataset (Zhang et al. 2020). Yet, O, may be
considered as dataset-specific as long as the weighting ratio of 1.5 is satisfied. In this study,
both the fixed O, = 0.456 and the calculated dataset-specific Q, (from Eq. (12)) are taken as

candidate modeling choices, and their resulting models will be compared later.

3.3. Bayesian updating through the BUS approach with subset simulation

The BUS approach (Straub and Papaioannou 2015) is utilized herein to evaluate the posterior
PDF of O in Eq. (7). This approach is powerful in dealing with high-dimensional Bayesian
inference (Betz et al. 2018a, 2018b; Jiang et al. 2018). The basic idea of BUS is to treat the
updating problem as a structural reliability problem such that the samples in an equivalent
failure domain Qg are taken as the posterior samples. The observed information described by
L(Data|@®,Md]) is used to define Qe as:

Q, ={H (@, |Mmdl)< 0} (13)

where Q. is the augmented outcome space [0, (]; { is the standard uniform variable in [0, 1]

11
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interval; H(@.) is the limit state function:

H(®,

Mdl)=In¢ ~In| kL (Data|®, MdI) | (14)
where « is the likelihood multiplier to ensure xL(Data|®@,Mdl) < 1 and will be determined
adaptively as discussed later.

The subset simulation (Au and Beck 2001) is coupled with the BUS approach (termed as
BUS-SuS hereafter) to efficiently solve the reliability problem in obtaining the posterior
samples. Consequently, the occurrence probability of the event Z = {®@, € Qg}) can be
represented as a product of larger conditional probabilities of a set of intermediate events Z, =

{HO,|Mdl)<h} (I=1,2, ..., m), expressed as:

m

P{@®,eQ}=P(2)=P(z)][]P(2|z.) (15)

=2

where these intermediate events satisfy Z 572, >..2Z >Z ;h>h,>...>h,=0area
decreasing series of threshold values to be determined automatically. The intermediate
probabilities P(Z,) and P(Z|Z, ) are equal to a predetermined value p,, which is specified as
0.1 (Betz et al. 2018D).

BUS-SuS starts with a direct Monte Carlo simulation (MCS) of N, sets of ®, samples,
based on (i) the [0, 3] uniform distributions for [u,, 6,, o ] or [, 0,, i, 0,], (i1) the population-
level distributions for u; or [u.;, o.], and (iii) standard uniform distribution for { in the first
level (/ = 1). Specifically, the population-level sampling is performed with isoprobabilistic

transformation expressed as:

F(o(8)|u,.0,,Mdl) (16a)

“

ﬂci

o, =F"(0(¢)

u,.0,,Mdl) (16b)

12
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where & is a random realization of the standard normal variable; F' (| ,uu,a#,Mdl) and
F ’1(-|,ua,GU,Mdl ) represent the inverses of CDFs of u. and o, respectively, which are
included in Table 1.

The @, samples are substituted into Eq. (14) to calculate the corresponding H(®,|MdI)
values, which are ranked in an ascending order and the (p,N;+1)-th ranking value is taken as
h,. Consequently, the p,N, samples with the lowest H(®,|Md[) values are regarded as seeds to
generate (1-p,)N, new samples of @, for the Z, event via MCMCS (Papaioannou et al. 2015).
Both MCS and MCMCS are performed in the standard normal space. Similarly, the sample
ranking and MCMCS are conducted for the next SuS level (/ = 2), producing N, samples of ©,.
This process will be continued until the (p,N;+1)-th ranking value of H(@,) is equal to or less
than 0. During the process, ¥ in Eq. (14) is evaluated adaptively as the reciprocal of the

maximum of the L(Data|®,Md/) values in the /-th SuS level, and is written as (Jiang et al. 2018):

1
K =

) (17)
I max {I/KH ,':L,,l s Ll,z yeers L;,N, :'}

where x; | and «; represent the constant values in the (/-1)-th and /-th levels, respectively. Once

the SuS process is finished, the failure samples in the final level are taken as seeds to generate
N, samples in the Qg domain, which are treated as the posterior samples of interest.

The resulting posterior statistics (i.e., mean E(+) and standard deviation Std(*)) of @ = [,
Ous Ocs Hets Heds -+ s ler] OF (Ml Opy fgy Oy Hets feds -+ s ers Ocls Oc2s - - > O] are used to estimate E(*)
and Std(-) of the region-specific bias factors ¢; (i = 1, 2, ..., r) through the laws of total

expectation and total variance, which can be expressed as:

E(c)=E(u,) (18)

13
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\/E (0.)+Std* (u,)+Std* (o) for 2Hyp (19

Std(c,) =
\/ E*(o,)+Std’(u,)+Std’(o,) for 4Hyp

For other regions outside the dataset, the bias factor is denoted as c,, of which E(-) and Std(*)

can be similarly estimated as:

E(c,)=E(x,) (20)

Std(c, ) =[E* (0, ) +Std? (11, ) +Std* (o) 1)

where E(o,) is equal to E(o,) and E(u,) for 2Hyp and 4Hyp, respectively; Std(o,() is equal to

Std(e,) and \/E +Std2( )+S‘[d2 (O-cr) for 2Hyp and 4Hyp, respectively; Std(u.) =

JE* (0,)+5td* (1, ) +5td* (o).
3.4. Model selection through Bayesian evidence with Gaussian copula

When N. candidate HBM configurations Mdli (k=1, 2, ..., N¢) are available, it is desirable to
select the most probable candidate through Bayesian model comparison techniques, such as
residual analysis, leave-some-out cross-validation analysis, likelihood function evaluation, and
deviance information criterion (e.g., Bozorgzadeh et al. 2019; Wu et al. 2022; Tao et al. 2023;
Tabarroki et al. 2024). One of the most commonly used performance indexes is the evidence
derived within Bayesian analysis (e.g., Yuen 2010; Cao and Wang 2014). For instance, Zhang
et al. (2016) suggested an evidence calculation method for comparing HBM-based
liquefaction-triggering models. In this study, a copula-based method is introduced to derive the
evidence for HBM. Therefore, the general case where the posterior PDF may not be
approximated by a specific distribution (e.g., normal distribution) can be addressed. Previous
studies have shown that copula functions provide a flexible way of establishing the joint

distribution in geotechnical applications (e.g., Tian et al. 2016; Tang et al. 2020).
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The plausibility of a model class MdI; given Data can be estimated by applying Bayes’

theorem (e.g., Cao and Wang 2014; Zhang et al. 2016):

P(Data|Mdl, ) P(Mdl,)
P(Data)

P(Mdl, |Data ) = (22)

where P(Data) is a normalization constant independent of Mdl; P(Mdly) is the prior probability
of the A-th candidate and is typically set to 1/N. for equal weights. Therefore, the ranking of
P(Mdl;|Data) for different models is only dependent on P(Data|MdI)), which is usually termed
as evidence, and can be expressed as:

P(Data|Mdl, )= [ L(Data|®,Mdl, ) f (®|Md,)d® (23)
For a general case without requirement for normality of the posterior distribution, the logarithm
of evidence can be derived as (Yuen 2010):

In| P(Data|Mdl, )| = [ In[ L(Data|®,Mdl, ) | / (©|Data, Mdl, }d®
24)

~ ® |Data Mdl, )
Jolo f(®]Mmadl,)

} f(®[Data, Mdl, )d®
where the first integral represents the average logarithmic goodness-of-fit of a candidate model,
and the second integral measures the relative entropy between the prior and posterior PDFs.

Given N, posterior samples of @ derived from the BUS-SuS approach, Eq. (24) can be

numerically evaluated through:

N f((:)j |Data,Mdlk)

In[ P(Data|Mdl,) = NL > in| (Data|6 ,Mdt, ) |- 3 1n

/(®,|ma,)

(25)

where f ((:)j |Mdlk) and L(Data‘(:)j,Mdlk) are calculated from Egs. (7) and (8) with the j-th
posterior sample (:Dj , respectively; f ((:)/ |Data,Mdl k ) can be expressed through copula theory

(e.g., Tian et al. 2016; Tang et al. 2020), representing the joint posterior PDF of @ as the product

15
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of the posterior marginal PDFs of individual parameters and a copula density function. A
feature of the copula method is its flexibility in characterizing the posterior PDF.

In this study, the Gaussian copula is selected such that f ((:)/ |Data,Mdlk) is estimated as:

xj}( Aﬂ)f(é'ﬂ)f(é‘g) ] f(,[ta) for 2Hyp
/(©|Data, Md, ) = . F(f,).E(6,).F(2,).F(3,), (26)
F () F (i) F(1,),F(6,1),F (6.0),..F (8, ):0

where F () represents the empirical marginal CDFs for the posterior samples of individual

parameters; f () denotes the kernel smoothing-based marginal PDFs for the posterior

parameter samples; D(-) is the copula density function and is written as:
D(u,u,,...,u,;0)= det(e)*l/2 exp[—%n(el —I)nT} (27)

where 7 is the number of variables considered; # is a 1-by-n vector [®(u,), ®'(u,), ..., @
'(u,)], in which @'(-) represents the inverse of CDF of the standard normal variable; det(-) is
determinant; 7 denotes matrix transpose; I is an n-by-n identity matrix; 0 is a n-by-n

dependence parameter matrix. The maximum-likelihood estimation is adopted to derive 0 as:

é:argmaxilnD(uU,uzj,...,unj;e) (28)

o ‘I
For each candidate model configuration, the posterior samples of @ generated from the BUS-
SuS approach are substituted into Eq. (25) to calculate ln[P(Data|Mdlk )] . Subsequently, the
configuration with the largest value of In [P (Data |Mdl A )] is identified as the best-fit one. The

performance of the evidence estimator is dependent on the quality of the fitting of posterior
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PDFs, and an inappropriate fitting can result in biased estimates. It is worth noting that
Bayesian evidence can also be obtained as a by-product of BUS using the algorithms proposed
by Betz et al. (2018a, 2018b). Comparative results showed that there was generally a strong
correlation between the evidences derived from the suggested method and the BUS estimator.
The suggested estimator can be used regardless of the specific BUS algorithm employed, and
thus may serve as an alternative or supplement to the BUS estimator. Fig. 3 summarizes the

flowchart of the proposed Bayesian framework.

4. Bayesian updating for three liquefaction-triggering procedures

4.1. Dataset preparation and model configurations

Based on the Bayesian framework, the SPT- and CPT-based case history databases for sandy
soils compiled in Boulanger and Idriss (2014) are used to develop the region-specific SPT-BI112
and CPT-RW98 models, respectively, whereas the database documented by Rollins et al. (2022)
is adopted to develop the region-specific Vs-R22 models for gravelly soils. After excluding
some undesirable data (e.g., regions with inadequate data and case histories with unclear
liquefaction classification or unrealistically large Fy), the final datasets for SPT-BI12, CPT-
RW98, and Vs-R22 contain 217, 234, and 153 case histories, respectively. Detailed exclusion
criteria and dataset information are given in the Supplementary material. For each liquefaction-
triggering procedure, 12 candidate model configurations (2 hyperparameter choices x 3

population-level distributions % 2 O, values) are considered in this study.

4.2. Bayesian updating results

Fig. 4a-c display the logarithmic evidence (i.e., In[P(Data|Mdl;)]) values of the 12 candidate
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configurations for the SPT-BI12, CPT-RW98, and Vs-R22 models, respectively. It is observed
that the conventional lognormal distribution produces lower evidence than the other
distributions in many cases, and is therefore generally not the best-fit population-level
distribution. In addition, the evidence for HBM-4Hyp is generally higher than that for HBM-
2Hyp, due to the more complete statistical representation by HBM-4Hyp. Considering the best-
fit population-level distribution, the posterior E(+) and Std(*) of the parameters [u,, 0,, o, ci,
C2y vy Cp) OF [y, Oy Yy, O, C1, Coy <., ;] ToOr the updated SPT-BI12, CPT-RW98, and Vs-R22
models are listed in Tables 2-4, respectively. Several observations are made as follows:

(1) The observed E(u,) > 1 indicates that the deterministic model tends to, on average,
underestimate Fs. Also, the positive E(g,) and E(o,,) for different models illustrate the existence
of the inter-region variability. Specifically, the inter-region variability for the Vs-R22 models
(with E(0,)=0.95~0.99 and E(0,)=0.71~0.72) is generally larger than that for the other models,
whereas the SPT-BI12 models correspond to the smallest inter-region variability (with
E(0,)=0.11~0.15 and E(c,)=0.54~0.57). Meanwhile, E(u,) reflects the intra-region variability,
which appears to be the largest for the CPT-RW98 models (with E(u,)=0.81~0.87).

(2) E(c;) and Std(c;) exhibit notable region-to-region differences, which are in accordance
with the positive E(o,,) and E(g,,), respectively. For example, the influenced region by the 1989
Loma Prieta earthquake corresponds to remarkably larger E(c;) than the other regions for the
Vs-R22 models. This is because the calculated F'gy values are consistently smaller than 1, which
is opposite to the observed nonexistence of liquefaction phenomena in this region.

(3) The E(c;) values for HBM-2Hyp and HBM-4Hyp are generally comparable. Yet, HBM-

4Hyp produces larger Std(c;); the reason is that the inter-region variability for HBM-4Hyp is
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represented by the inter-region differences of both ., and o,;, enlarging the total uncertainty of
¢;. This is consistent with the larger evidence for HBM-4Hyp (see Fig. 4).

(4) The dataset-specific O, calculated from Eq. (12) generally yields smaller E(x,) and E(c;)
compared to O, = 0.456. This is because the calculated Q) is consistently larger than 0.456 and
is related to higher population proportion of liquefaction occurrence.

To display the posterior distributions of model parameters, Fig. 5 presents the histograms
of [y, 04, 0c] O [y, 0u, ts] in the updated CPT-RWI8 and SPT-BI12 models considering
different combinations of Q, and hyperparameters. The uniformly distributed prior relative
frequency is also shown for comparison. It is observed that the model parameters after Bayesian
updating are distributed in considerably narrower ranges. This is more evident for the SPT-
BI12 models due to their weaker inter- and intra-region variabilities. Note that the best-fit
population-level distribution will be mainly used in subsequent analyses, with focus on

evaluating the effects of hyperparameter and Q, selections.

4.3. Relationship between liquefaction probability and nominal factor of safety

Based on the updating results in Tables 2-4, the liquefaction probability P;, can be calculated
for a region of interest by substituting F'sy (from Eq. (1)) as well as E(c;) and Std(c;) into Eq.

(4), which is expressed as:

~InE(c,)+0.5In(1+Std* (¢,)/E* (c,))-InF, (29)

Jin(1+5td* (¢)/E* (c,))

L0

Eq. (29) represents an approximate simplified expression for the liquefaction probability
accounting for the region-specific variability. Therefore, the E(c;) and Std(c;) values provided

in Tables 2-4, derived using the laws of total expectation and variance, can be directly employed
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without the requirement for posterior samples. An alternative MCS-based approach of
averaging the liquefaction probability values obtained for individual posterior samples of p.
and o.; may provide more consistent estimates.

To illustrate the performance of the region-specific P;, models, the probability mass
function (PMF) of the number of predicted liquefied cases in each region is obtained and
compared with the actual number of liquefied cases. Specifically, the sum of independent
indicators of liquefaction (= 1) or non-liquefaction (= 0) for individual case histories in each
region is assumed to follow a Poisson binomial distribution, where the occurrence probability
of each indicator is specified as a case-history-specific P, value. In this study, PMF is obtained
by the ‘poibin’ package in the R software (Hong 2013).

Fig. 6a and b display the PMF results for the region-specific SPT-BI12 and CPT-RW98
models, respectively. It is seen that the actual number of liquefied cases is generally within the
range of relatively large PMF. The HBM-4Hyp, which tends to predict more liquefied cases
than HBM-2Hyp, is observed to better match the actual liquefaction observations. Meanwhile,
using the dataset-specific O, calculated from Eq. (12) appears to partially improve the fitting
performance of the CPT-RW98 models (e.g., in Loma Prieta and Canterbury regions), for
which the dataset-specific O, = 0.649 is considerably larger than the conventionally used O, =
0.456. For the SPT-BI12 models, the PMFs for the two O, choices (0.461 and 0.456) are not
significantly different. These graphical results are consistent with the quantitative ranking of
model evidence in Fig. 5. Note that the PMF-based comparison between the actual number of
liquefied cases and the HBM predictions does not consider the sample imbalance, although the

model-to-model difference can be illustrated. One may assign a reasonable weighting factor
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for a fairer comparison.

4.4. Comparison of region-specific models for different HBM configurations

Using O, = 0.456, Fig. 7a and b present the P, versus F, trends for the region-specific SPT-
BI12 and CPT-RW98 models, respectively. Although not shown herein, the predicted P;q
would generally become larger with increasing Q.. Several findings can be obtained. First, Py
decreases with increasing Fy, (or safety level), and P;, > 0.5 can still be observed for Fgy > 1
due to the uncertainty involved. Second, there are evident region-to-region differences of Py,
though they are relatively small for the SPT-based models. It is thus necessary to account for
the inter-region variability of model bias. Third, HBM-4Hyp results in more notable inter-
region difference of P;, than HBM-2Hyp, which is mainly attributed to the larger inter-region
difference of Std(c;) in HBM-4Hyp. In contrast, the lumped-region modeling that neglects
region-specific features (see Fig. 2a) would lead to inaccurate estimations.

Furthermore, Fig. 7c compares the P;(-F, relationships derived from different HBM
configurations. The comparison is based on the CPT-RW98 and Vs-R22 models for regions
not included in the calibration databases. The 4Hyp-based models generally yield greater Py
than the 2Hyp-based models at a given Fl,, especially for CPT-RW98. Additionally, the
predicted P;y becomes greater with increasing Q,, and is also notably influenced by the
selection of population-level distribution.

A more detailed comparison of different HBM configurations is conducted. The influence
of population-level distribution is illustrated in Fig. 8a using the fixed [2Hyp, 0,=0.456].
Specifically, the ratios of P;, for the three candidate distributions to P;, for the best-fit

distribution at multiple Fy, levels are displayed, where the boxplot represents the distribution
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of ratios for all regions. It is observed that the conventional lognormal distribution tends to
produce smaller P;, compared to the generally identified best-fit Trunc-Gumbel distribution,
and the difference is likely to be enlarged with increasing Fgy. Therefore, calibrating the
population-level distribution is necessary to avoid biased liquefaction potential assessment.
Using the best-fit population-level distribution, Fig. 8b presents the ratios of P, for three
parameter configurations to the conventional configuration [2Hyp, 0,=0.456]. The ratio values
are observed to be as large as 10 at Figy > 2. Thus, the influence of parameter configuration is
more significant than that of the population-level distribution. The HBM-4Hyp generally
results in larger P;, than HBM-2Hyp, and adopting dataset-specific O, tends to yield slightly
larger Py compared to ,=0.456. Thus, the [2Hyp, 0,=0.456] configuration can be

unconservative for statistical description of the inter- and intra-region variabilities.
S. Implication of region-variability for liquefaction-triggering hazard assessment

The region-specific SPT-IB12 and CPT-RW98 models are applied to Yuanlin (YL-B-3 profile)
and Zhangbin Industrial Park (LW-A10 profile), respectively, which are located in Taiwan and
were influenced by the 1999 Chi-Chi earthquake. It should be noted that the two profiles are
not included in our HBM-based model updating. The in-situ geotechnical investigations are

obtained from the database compiled by Dr. C. H. Juang (https://cecas.clemson.edu/chichi/TW-

LIQ/In-situ-Test.htm). For the YL-B-3 profile, the corrected SPT blow counts (V,),, were

obtained from the raw SPT blow counts using the model of Juang et al. (2005). The fines

content (FC) and (NV,), of this profile are displayed in Fig. 9a. Also, the measured cone tip

penetration resistance (g.) and sleeve friction (f;) of the LW-A10 profile are shown in Fig. 9b.
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5.1. Scenario-based liquefaction potential assessment

The deterministic SPT-BI12 and CPT-RWO98 procedures are adopted to estimate Flg,
considering earthquake magnitude (M) of 7.6, where the recorded a,,,, values are 0.18 g and
0.12 g for the YL-B-3 and LW-A10 profiles, respectively (Juang et al. 2005; Ku et al. 2012).
The updated region-specific models are then used to estimate P;, using Eq. (29). The results
of Figg and Pj are included in Fig. 9. The largest liquefaction probabilities in the YL-B-3 and
LW-A10 profiles are observed at the depths of about 5 m and 10.5 m, respectively, and are both
larger than 0.5. The results are in accordance with the actual occurrence of liquefaction at the

two sites. Specifically, HBM-4Hyp predicts higher P;, than HBM-2Hyp.

5.2. Probabilistic method for liquefaction-triggering hazard assessment

The performance-based earthquake engineering design (e.g., Juang et al. 2010; Rathje et al.
2014) usually requires an estimate of the total probability of liquefaction subjected to all
possible ground motions in an exposure period (e.g., 50 years). Therefore, a discrete
integration-based probabilistic method is suggested herein to assess liquefaction-triggering
hazard accounting for multiple ground motion levels.

This method convolves ground motion hazard with a liquefaction-triggering procedure,
following the idea of probabilistic seismic demand analysis (e.g., Wang et al. 2021). The mean

annual rate of liquefaction (4.) is calculated as:

L= S S (<M o, MSE) PMSE M, ) (1
i J

AAL,amMJ)l’(AL,amMJ)

(30)
where i, j, k, and / identify the discretized bins of M, a,,,, 74, and MSF, respectively; P(Fg <

1|*) is calculated from P;y model through Eq. (29); P(M;, anax,) s the joint annual probability
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of occurrence of M = M; and aax = Gmay,j, and is obtained as:

P(M,a,,,)=> P(M.R,|a,, )P(a,,,) 31)

where R, represents the m-th bin of source-to-site distance R; P(M;, R,,|amax) 1s the joint annual
probability of M = M; and R = R,, given Gma = Gmax,» and can be computed from the
disaggregation of seismic hazard (Baker et al. 2021); P(amax ;) represents the annual probability

Of @max = Amaxj» Which can be derived as (Rathje et al. 2014):

P (amax’j ) — A (amaX,j—l ) ; A (amaw+l ) o

where A(apax -1) and A(@may j+1) denote the mean annual rates of amax > Amax j-1 A0d Amax > Gmay j+15
respectively.

The P(r4M;, amay,) term in Eq. (30) represents the occurrence probability of r; = 7,
conditioned on M = M; and a@max = @may;, and is statistically described to account for the
uncertainty in r; estimation. In this study, r, is assumed to follow a normal distribution with
the mean of y,, and standard deviation of ,; (Cetin and Seed 2004), which are often provided
by empirical models (e.g., Moss et al. 2006; Lasley et al. 2016). Given the uncertainty in MSF
estimation as well (e.g., Green et al. 2020), InMSF is also assumed to be a normal variable with
the mean of )5 and standard deviation of oy, Specifically, w4 and py,us- denote the
deterministic estimates of 7, and logarithmic MSF), respectively (see Supplementary material).
Both ¢,, and oy,,5r are assumed to be 0.15 (Lasley et al. 2016; Green et al. 2020), unless stated
otherwise. Sensitivity analyses of the two parameters will be separately discussed later.

Under the assumption of Poisson’s process (e.g., Kramer and Mayfield 2007; Wang et al.
2022), AL can be used to estimate the liquefaction probability (P 7) in an exposure period 7

P, =1-exp(-4,T) (33)
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In other words, P,y represents the total probability of liquefaction accounting for the uncertain

occurrence of earthquake during a target period.

5.3. Liquefaction-triggering hazard analysis results

For the purpose of illustrating the proposed models, the soil profiles are assumed to be located
at a distance of 10 km from the center of a 200 km-long strike-slip linear fault. The seismicity
of the hypothetical source is described by a bounded Gutenberg-Richter relationship:
log,, (4, )=43-M (34)

where Ay 1s the mean annual rate that earthquake magnitude exceeds M. The central values of
discretized M bins range from 5 to 8 with increments of 0.1. For each bin of M, earthquake
rupture occurs uniformly along the fault with the rupture length L as a function of M (Wells
and Coppersmith 1994). The source-site relationship is schematically illustrated in Fig. 10.

The seismic hazard for a,, is derived using the ground-motion model proposed by
Campbell and Bozorgnia (2014). Since the shear-wave velocities of the YL-B-3 and LW-A10
profiles are not available, the average upper 30 m shear-wave velocity (Vs3o) required by the
ground-motion model is estimated as follows: (1) the raw SPT-N values are transformed into
Vs values using the empirical model developed by Xiao et al. (2021); (2) the depth-dependent
Vs values are used to estimate the average upper 15 m shear-wave velocity (Vsis), which is
then used in the Vs30-Vsis relationship established by Boore et al. (2011).

First, the profiles are assumed to be in regions influenced by the 1999 Chi-Chi earthquake.
Fig. 11a displays A, at different depths and the variation of P r at the depth of 5.8 m with
exposure period for the YL-B-3 profile. Similarly, the results for the LW-A10 profile are

presented in Fig. 11b. Regarding the [2Hyp, 0,=0.456] configuration, largest 4. values of
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around 0.0055 and 0.0186 are observed at the 5.8 m and 10.5 m depths in the YL-B-3 and LW-
A10 profiles, respectively. In contrast, the 4Hyp modeling results in considerably larger A, and
Prr because of the larger uncertainty considered in the model. Meanwhile, 4, and P, r are
higher for the larger calculated Q,, though the influence on the SPT-BI12 models (for which
the calculated Q, is comparable with 0.456) is small. As also shown in the figures, P r
increases with increasing exposure period; thus, a soil deposit with P, r < 0.5 for relatively
short 7 can still be likely to liquefy.

To compare the effects of choosing region-specific models, the profiles are then assumed
to be located in different regions, subjected to the same earthquake source, path, and site
conditions. This ensures that the difference of results only originates from the liquefaction-
triggering models. Fig. 12a and b display the results of 4, from different region-specific SPT-
BI12 models (for the depth of 5.8 m in YL-B-3 profile) and CPT-RW98 models (for the depth
of 10.5 m in LW-A10 profile), respectively. Besides, the lumped-region modeling is also
included for comparison. It is seen that the A, values for different regions are notably different,
and can considerably differ from the results for the lumped-region modeling.

Furthermore, the effects of region features on the liquefaction-triggering hazard analysis
is studied by quantifying the ratio of P, r between region-specific and lumped-region models,
namely [P r(region,para)/Pr(lumped,0,=0.456)]. Fig. 13a and b present the boxplots of the
Py rratios in different regions for the SPT- and CPT-based models, respectively, in which three
exposure periods and four parameter configurations are considered. Except for the [CPT-2Hyp,
0,=0.456] modeling, the P, r ratio values are found to be generally larger than 1, and exceed

1.3 in a few cases. Thus, the lumped-region modeling could underestimate the liquefaction
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probability by more than 30%. The distribution of the P, r ratio for the SPT-BI12 models
appears to be insensitive to the exposure period, while the relative difference between the
region-specific and lumped-region models is larger for shorter exposure period. In particular,
the relative difference is more evident for HBM-4Hyp as compared to HBM-2Hyp. The above
results thus indicate the importance of refined region-feature representation in liquefaction-

triggering hazard assessment.

5.4. Effects of 6,; and o1,y on liquefaction-triggering hazard analysis

As mentioned previously, o,, and ay,,.5r are greater than 0, due to the uncertainty in predictions
of ryand MSF (e.g., from ground-motion variability and parametric fitting error). The o,, versus
depth trends reported in previous studies (Cetin and Seed 2004; Moss et al. 2006; Lasley et al.
2016; Green et al. 2020) are plotted in Fig. 14a. It is seen that o,, increases with depth, reaching
around 0.15-0.2 at depth larger than 15 m. In contrast, oy, has been reported to be about 0.15
(Green et al. 2020). To investigate the effects of o,, and oy,3/5r, the P50 values along the LW-
A10 profile for different 6,; and o1,),57 values (0, 0.1, 0.2, and 0.5) are displayed in Fig. 14b
and c, respectively. The results are derived by the [CPT-2Hyp, 0,=0.456] model for the 1999
Chi-Chi earthquake. It is observed that the effects of standard deviations on Py r are negligibly
small when o,; and oy,3,57 are not larger than 0.2, yet become relatively large when increasing

(%] and Oinpsr tO 0.5.

6. Discussion

To examine the adequacy of the data size used to calibrate models, an additional set of CPT-

4Hyp models is developed by increasing the current minimum data size for each region from
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4 to 8. After removing two regions (i.e., 1983 Borah Peak and 2011 Tohoku) with less than 8
case histories, 8 regions are retained for the model re-development. The resulting P;o-Fg
relationships are compared with those derived from the original database in Fig. 15a. The
results for the two minimum data sizes (i.e., two datasets) are observed to be comparable,
suggesting that the data size considered is generally adequate for the HBM-4Hyp calibration.

Regarding the SPT-BI12 procedure, Fig. 15b compares Std(c) versus Rrr trends for four
Bayesian modeling choices, where Rt is defined as the ratio of false to true predictions (i.e.,
(FP+FN)/(TP+TN) in Confusion Matrix) from a deterministic liquefaction-triggering
procedure and data for each region. It can be seen that the Std(c) values generally increase with
increasing Rrr, implying that the intra-region variability of bias factor can be roughly measured
by Rrr. Additionally, HBM-4Hyp results in much smaller Std(c) than the independent-regions
modeling. Thus, HBM-4Hyp differs significantly from the independent-regions modeling that
fully neglects information borrowing across regions. In contrast, HBM-2Hyp leads to a
negligible regional variation of Std(c), which is similar to the lumped-regions modeling with a
common Std(c). The comparative results demonstrate the capability of HBM-4Hyp to capture
the inter-region variability of bias variance.

In addition to the method suggested, another major contribution of this study is to
demonstrate that there can be large region-to-region differences in the standard deviations of
model bias factors and HBM-2Hyp with a common variance could underestimate liquefaction
hazard. In this case, HBM-4Hyp is advantageous over HBM-2Hyp for characterizing the
region-specific statistics. Yet, a notable challenge in implementing HBM-4Hyp is the increased

data size requirement for calibration. Therefore, it is recommended that practitioners should

28



583

584

585

586

587

588

589

590

591

592

593

594

595

596

597

598

599

600

601

602

603

604

assess the plausibility of region-invariant variance and the adequacy of data size before making
a choice between HBM-4Hyp and HBM-2Hyp, both of which are considered in this study. This
work represents a step towards refining the representation of the inter-region variability of
model bias. However, further efforts are necessary to continue advancing research in the
regionalization of liquefaction-triggering models (e.g., Zhang et al. 2016, 2020; Green 2022),
taking into account the continuously evolving global and regional liquefaction databases (e.g.,

Brandenberg et al. 2020; Geyin et al. 2021).

7. Conclusions

This paper presented a Bayesian framework to incorporate the inter-region and intra-region
variabilities of model bias into liquefaction-triggering procedures. The BUS approach with SuS
is utilized for posterior sampling and the Gaussian copula-based Bayesian evidence is
quantified for model selection. A new four-hyperparameter hierarchical Bayesian model
(HBM-4Hyp) was suggested, which assumes the means (u,,) or standard deviations (¢;) of the
bias factor (c;) are region-specific, but are controlled by a population-level distribution. This
model was systematically compared with HBM-2Hyp (with region-invariant o,;). Meanwhile,
three candidate distributions were adopted for the population-level statistical modeling.
Scenario-based and probabilistic liquefaction-triggering hazard analyses were conducted to
investigate the implication of region-feature modeling. The main findings drawn from this
study are summarized as follows:

(1) The HBM-4Hyp requires around twice the number of parameters for HBM-2Hyp,
leading to a high-dimensional Bayesian updating problem. This can be efficiently addressed by
the BUS approach with SuS, and the benefits of such would be more notable with increasing
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the number of regions compiled in future global databases. Meanwhile, the Bayesian evidence
is shown to be effective for model comparison, and a HBM configuration with higher evidence
is generally observed to better match liquefaction observations.

(2) The proposed Bayesian framework is utilized for incorporating the region-features into
three liquefaction-triggering procedures (SPT-BI12, CPT-RW98, and Vs-R22), covering
liquefaction-susceptible sandy and gravelly soil types. The coefficients of the updated region-
specific probabilistic liquefaction models are provided for potential applications.

(3) There exist notable inter-region variabilities of x.; and o,; especially for the CPT- and Vs-
based models. Compared to HBM-2Hyp, HBM-4Hyp tends to yield higher Bayesian evidence
and larger total standard deviation of ¢;, When the calculated Q, is considerably different from
the conventional value of 0.456, this dataset-specific O, is likely to enlarge Bayesian evidence,
and the predicted liquefaction probabilities are found to increase with increasing Q,.

(4) The lognormal distribution may not be optimal for the population-level statistical
descriptions in HBM, as illustrated by the lower evidence compared to the other candidate
distributions, and could considerably underestimate liquefaction potential in some cases.

(5) A discrete integration-based probabilistic method is suggested to implement the
developed models for liquefaction-triggering hazard assessment considering multiple ground-
motion levels. Neglecting the region-variability is likely to underestimate liquefaction hazard,
and HBM-4Hyp generally yields higher liquefaction hazard than HBM-2Hyp.
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