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Abstract

We propose a new matrix factor model, named RaDFaM, which is strictly de-
rived based on the general rank decomposition and assumes a structure of a high-
dimensional vector factor model for each basis vector. RaDFaM contributes a novel
class of low-rank latent structure that makes tradeoff between signal intensity and
dimension reduction from the perspective of tensor subspace. Based on the intrinsic
separable covariance structure of RaDFaM, for a collection of matrix-valued obser-
vations, we derive a new class of PCA variants for estimating loading matrices, and
sequentially the latent factor matrices. The peak signal-to-noise ratio of RaDFaM is
proved to be superior in the category of PCA-type estimations. We also establish
the asymptotic theory including the consistency, convergence rates, and asymptotic
distributions for components in the signal part. Numerically, we demonstrate the
performance of RaDFaM in applications such as matrix reconstruction, supervised
learning, and clustering, on uncorrelated and correlated data, respectively.

Keywords: Image reconstruction; Matrix factor model; Peak signal-to-noise ratio; Rank
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1 Introduction

High-dimensional matrix objects arise in a broad range of applications, occurring as the
slices of computed tomography (CT) or as magnetic resonance imaging (MRI) data in
medical imaging, as multinational macroeconomic indices data in economics, to name a
few (Zhang, 2017; |Gupta and Nagar, 2018} Fan et al.. 2020). Low-rank approximation
of a matrix-variate is critical for discovery based on matrix-valued observations. In this
paper, we aim to model a new class of latent low-rank signal, and establish the inferential

methodology and theory under a collection of matrix-variates.

1.1 Rank-Decomposition-Based Factor Modeling

Recall that a matrix X € RP**P2 of rank-/ has the general rank decomposition expressible as
X =UV' where U= (Uy,...,U)) e Rl and V = (V4,..., V) € R2*! are full column
rank matrices. Let span(M) be the column space spanned by columns of the placeholder
matrix M. Then {U;},_, and {V;}._, are bases of span(U) and span(V), respectively.
For a high-dimensional matrix-variate X, where p; and p, may tend to infinity, by
enduing all basis vectors U; and V; with the structure of the high-dimensional vector

factor model, we postulate the following rank-decomposition-based matrix factor model

(RaDFaM)

!
X=UV'=YUyV/, (rank-I decomposition)
=1

1

1

U, =RA; +&,, V,=CB,; +mn,, (vector factor models) ()
where R € RP7*% (k) < p;) and C € RP2*? (ky < po) are called loading matrices,
A;. € R* and B;. € R*2 are vectors of latent factors, and &, € RP! and n; € RP? are vectors
of idiosyncratic errors.

To brief the hierarchical structure in expression , we adopt matrix notation to denote
A= (AL ..., A)T e R¥ B = (By,...,B.)" € R¥k2 ¢ = (¢g,,...,€) € RP*! and
n=m,...,n) € RP* Let G; € R" and G; € R™ be the ith row and the jth column
of a placeholder matrix G € R™". Denote Z = ATB € RF*k2 E = nA ¢ Rr2xk1
F =¢Bc R and e = €én' € RPXP2. Then in pure matrix notation, RaDFaM has the

following equivalent expression

X:BZCT+1iET+FCﬁ+ e =S+e. (2)

low-rank signal noise




Different insights of assignments of parts of signal and noise in model may lead to

different low-rank approximations of the matrix-variate X. Specifically,

_ T T T — T : :
X = RZC, +RE +£C +e= RZC  +noise, (BiMFaM) (3)
latent structure error low-rank signal
X = RE'+FC'+RZC' +e=RE' + FC' +noise. (2w-DFM) (4
latent ;trructure e:rror low—ra;l: signal

In fact, models (3 and throw specific quantities from the individual latent structure
part into the error part, respectively. That is, if one exposes only the bilinear-form product
involving the low-dimensional interactive latent factor (Z) or the linear addition involving
the two low-dimensional main latent factors (row-wise F and column-wise E) as signals,
respectively, then model generates two classes of matrix factor models in the existing
literature, the popular bilinear-form matrix factor model (BiMFaM) and a newly presented
two-way dynamic factor model (2w-DFM), respectively (Wang et al., 2019; Yu et al., 2022;
Chen and Fan, [2023; [Yuan et al., 2023)).

1.2 Tensor Subspace and Dimension Reduction

In this subsection, we aim to elucidate advantages and disadvantages of RaDFaM from
the tensor subspace perspective. Recall that a tensor space RP**PD is conceptually
consistent with a vector space, the operations of which satisfy the axioms of a real vector
space (Shores, |2018, Section 3.1). A tensor subspace § C RP**-*PD includes the zero tensor
and is closed under finite tensor addition and scalar multiplication; the dimension of S,

denoted as dim(S), is the number of elements in its basis (Zhou et al.| 2021)).

For different tensor decompositions, the deduced low-rank signal structures correspond
to different tensor subspaces (Lu et al., [2014; [Wang et al., | 2019; [Zhang et al.,[2022). For the
case of D = 2 in our study, the signal in BiMFaM is essentially in the form of the 2nd-order

Tucker decomposition, and corresponds to the tensor subspace (Zare et al. 2018| Section
IV-B)

ki1 ko
SBiM - {Z Z Zili? (Rll °© Clz) |Z = (Zi1i2) € Rk1></€2} )

i1=11i2=1
where {R;, o C;, € RP**P2} represents the set of rank-1 matrices spanning Sg;s with
o being the vector outer product, and the interactive latent factor Z becomes the ma-

trix of coefficients of the linear combination. Denote the vectorized Sg;yr as gBiM =

{Zkl k2 Zii,(Ci, @ R))|Z = (Zys,) € RFR2} where C;, ® R;, = vec(R;, o C;,),

i1=1 i0=1
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and ® and vec(-) are the Kronecker product and the vectorization operation, respectively.
The isomorphism of Sg; and S, pin vields their identical dimensionality (Nicholsonl 2020,
Subsection 7.3). It is easy to see that {C;, ® Ry, } is the basis of Spia; due to the column
orthogonality of R and C (see Assumption 3). Hence,

dim(SBiM) = dlm(ngM) - kle < P1p2.

In the same spirit, some algebra relates the following tensor subspaces to RaDFaM and
2w-DFM:

ki k2 ki p2 p1 ko
SRGD = { Z Z Zi1i2 (Ril © Ciz) + Z Z Eizil (Ril oIPzﬂz) + Z Z Filiz (Ip1>i1 © Ciz)
i1=11i2=1 11=112=1 i1=11i2=1

|Z = (Ziliz) € Rlekz’E = (Eiﬂl) € RPZXkI’F = (F“L?) € }RPIXIQ}7

k1 p2 p1 ko
Sow = { SN Eiy RiyoLyi)+ Y. > Fi, (L4, 0Cy,) [E€R?M Fe kaz},

i1=1is=1 i1=1i3=1
where I is the d x d identity matrix. Note that vec(R;, oL, ;,) = L,, ;, ® Ry, and vec(I,, ;, o
C;,) = C;, ®I,,;,. Then the sets of vectors that span the vectorized isomorphic subspaces
under RaDFaM and 2w-DFM are {C;, ®R,,, L, ,, ®R;,, C;, ®L, ;, } and {1, ;, ®R;,, C;, ®
I, .}, respectively. Due to the fact that span(C ® R) C span(I,, ® R) Uspan(C ® I,,,),

we have
dim(Sgap) = dim(Say) = p1ka + k1p2 — dim{span(I,, ® R) Nspan(C ® I,,)} < p1p2.

Based on the above discussion of tensor subspaces and companion dimensions, we can
see that: i) RaDFaM possesses the strongest low-rank signal strength. Though RaDFaM
reduces the dimension less than BiMFaM (dim(Sg.p) > dim(Spin)), RaDFaM is able to
extract additional mode-wise information (E and F); though RaDFaM and 2w-DFM have
the same tensor subspace dimension (dim(Sg,p) = dim(Ss,,)), RaDFaM is able to extract
additional interaction information (Z). ii) RaDFaM incurs no extra computational burden

in the sense that the basis parameters R and C are identical for all three factor models.

1.3 Separable Covariance Structure

Recall that a matrix-variate is said to have a separable covariance structure if the variance-
covariance matrix of its vectorization is the Kronecker product of column-wise and row-wise

variance-covariance matrices (Dawid, [1981; |Gupta and Nagar, [2018)). Indeed, the rank-I



matrix-variate X under RaDFaM possesses the separable covariance structure, where its

vectorization is expressible as
!
vee(X) =Y V,® U,
i=1

Let ¥ be the variance-covariance matrix of the rows or columns of the placeholder matrix
G. Under regularity assumptions of zero mean, mutual uncorrelatedness of A, B, £ and
1, and uncorrelatedness among rows or columns of the factor matrix A (B) and the error
matrix € (1), by some algebra, one has cov(V;) = C¥5CT + ¥, cov(U;) = RE R+ Py;

and
cov{vec(X)} = l{cov(V,;) ® cov(U,;) } = (B¢ ® Xp), (5)

where X p and X are called row-wise and column-wise variance-covariance matrices of X
under RaDFaM, respectively, and their elements control the correlation of different rows
and columns in X, respectively.

Separable covariance structure brings convenience for inference based on covariance de-
compositions (Hoff, 2011} Fosdick and Hoff, 2014; Fan et al., 2021)). The proposed RaDFaM
enjoys this property, which guarantees our PCA-type estimation of the loading matrices is

doable. Thus later we name our proposed approach of PCA-type estimation as sPCA.

1.4 Related Work and Organization

The bilinear-form low-rank structure has been extensively researched in engineering and
computer vision from the algorithmic perspective (Yang et al., 2004; Ye, 2005; Liu et al.,
2010; |Ahmadi and Rezghi, 2020, among others). The corresponding BiMFaM was first
explored for matrix-variate time series (Wang et al., 2019), then extended to uncorrelated
or weakly correlated observations (Chen and Fan| [2023)), and its convergence rates were
enhanced by the projection technique (Yu et al., 2022); their estimation approaches were
PCA based. Recently, 2w-DFM was presented and a refined quasi maximum likelihood
estimation (Q-MLE) enhanced the PCA-type initial estimation (Yuan et al.,2023)); a similar
latent structure was separately investigated from the spiked covariance perspective (Tang
et al., 2023)). Our proposed RaDFaM with sPCA estimation shows superior signal intensity
both theoretically and numerically in the category of PCA-type estimation approaches,
albeit with some sacrifice of theoretical convergence rates; and sPCA has a much less

computational cost than Q-MLE, though they are comparable in reconstruction accuracy.



The remainder of this article is organized as follows. Section 2 develops PCA-type
estimation based on the separable covariance structure, and states the theoretical evidence
for the strong signal intensity of RaDFaM. Section 3 establishes the asymptotic theory, and
Section 4 presents simulation studies for the finite sample performance evaluation. Section
5 conducts real data analysis on uncorrelated and correlated matrix-variate observations,
respectively, followed by concluding remarks in Section 6. All the technical proofs are given

in the online supplement.

2 Estimation for Matrix-Valued Observations

Let X; € RP*P2 ¢ € [T] = {1,...,T}, be a sequence of high-dimensional matrix-valued
observations that might be weakly correlated or uncorrelated, where the mode-wise di-
mensions p; and py, and the number of observations 7', can all tend to infinity. The

matrix-valued observations under RaDFaM are expressible as
Xt = St —+ €4, St = RZtCT -+ REZ— -+ FtCT. (6)

In this section, under model+data in @, we propose two-step estimation for the compo-
nents in the signal part, including so-called sPCA estimators (based on the property of
separable covariance structure) for the loading matrices in Subsection and least squares
estimators for the factor matrices in Subsection [2.2] Furthermore, we show the superiori-
ty of matrix reconstruction using RaDFaM compared to BiMFaM and 2w-DFM based on
PCA-type estimators in Subsection [2.3] We consider the estimation of factor numbers in
Subsection 2.4

2.1 Separable PCA Estimators for Loading Matrices

It is known that estimators of loading matrices R and C are uniquely determined up to a
rotation (Wang et al., 2019; |Chen and Fan| [2023)). Thus we restrict the loading matrices by
setting p; 'RTR = I, and p,'CTC = I,,, known as the strong factor assumption in the
literature of factor models (Stock and Watson, |2002; [Lam and Yao|, 2011)). In Assumption
3 of Section [3 we use the strict limit form of the strong factor assumption.

The spectral or PCA-type methods that are most commonly used for estimating loading
matrices are based on the eigen-decomposition or singular value decomposition of some

moment statistics (Chen and Fan| 2023, Remark 2). One of the rationales behind these
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methods is that, under the strong factor assumption, top eigenspaces (spaces spanned
by the top eigenvectors) of population moment matrices are consistent estimators of the
column spaces of loading matrices (Davis and Kahan, |1970)).

Nonetheless, spectral methods based on second moments may not work under model

(@ for matrix-valued observations. Take the row-wise second moment for instance
E (X;X/) =pRE (Z,Z])R" + {RE (E/E,) R + p:E (F,F, )} + E (ese/ ) ,

where we assume Z;, E;, F; and e, are uncorrelated. Compared to BiMFaM (Chen and Fan,
2023|, Subsection 2.2), the two terms in braces on the right-hand side, which are exactly
the main terms in E(X;X] ) under 2w-DFM, are not negligible. Fortunately, from equation

(5), we have the following empowerment.

Proposition 1 (Row-wise second moment) Under RaDFaM, based on the separable co-

variance structure in equation , we have
E(X,X,) = {Itr(Z¢)} 2.

Proposition (1| shows that E(X;X,) and Xy are equivalent up to a constant ltr(X¢), so

have identical top eigenspaces, that is
spanfeig{E(X,X /), k1 }] = span{eig(Zr, k1)}, (7)

where eig(M, r) denotes a matrix with columns given by the top r eigenvectors of the
placeholder matrix M. Recall that ¥z = R 4R + ¥,. Using the general pervasiveness
assumption and applying the Davis-Kahan Theorem (Fan et al., 2020; Davis and Kahan),
1970), we can show the approximate equivalence between the top eigenspace of 3 and the

column space of R
L. .
o eig(Zr, k1)eig" (Bg, k1) —RRT||, = o(1), (8)
1

where || - || ¢ is the Frobenius norm. Hence, based on (7)) and (§)), we have the approximate

equivalence of the top eigenspace of E(X,;X,) and the column space of R
spanfeig{E(X,X/), k1 }] ~ span(R), 9)

and we can derive the sPCA estimator of R as

T
- o~ o~ 1
R = \/preig(My, ky) with M; = Tpup ZXtXZ— (10)
25—



By a similar argument, the SPCA estimator of C is

T

. —~ —~ 1
C= ig(M,, k ith My = X'X,. 11
Vp2eig(Ma, ky) wi 2 Tp1p2; t 4nt (11)

2.2 Least Squares Estimators for Factor Matrices

Given R and C, estimators of factor matrices Z;, E; and F; can be obtained by minimizing

the matrix reconstruction error

1

min
pT RTR=I;, p; 'CTC=I,, I'P1P2
{ZeH o ARG {F

T
3| X~ RZC" —~RE] - F.C[}..

t=1

Using the fact that ||A]|% = tr(AAT), we expand the objective function, and then take par-

tial derivatives with respect to Z;, E;, and F, respectively, to obtain the normal equations.

After some algebra, we obtain the system of equations

7, — RTX,C E/C RTF
t — - - )

pip2 P2 . p1
T X/'R
(Ip2 - Cp(; )(Et - ;1 ) = 0p2><k17
T
(Ipl - R;} )(Ft - X];;C) = Opy ks

where 0, is the p x ¢ matrix of zeros. For any linear equations Ax = b, A'b is the one of
minimum-norm among the least-squares solutions, where AT represents the pseudoinverse
of A (Ben-Israel and Greville, 2003, Corollary 3, Chapter 3). Note that I, — pi'RRT
is an orthogonal projection matrix, and its pseudoinverse is itself. Hence, for the linear
equations (I, —p;'RRT)(F; — p, ' X;C) = 0, the minimum-norm solutions of the columns
of Fy — py 'X;C are the columns of (I,, — p;'RRT)0 (= 0). That is, F; — p,' X;C = 0.
Similarly, E; —p; ' X R = 0. Then we have E; = p;'X/R and F; = p,'X,;C. Substituting
these expressions into the first equation of the system, we have Z; = —(pips) 'RTX;C.
Using R and C in equations and , the factor matrices can be estimated by

~

-~ XR 5 XC 5 RXC

Et 9 Ft - 9 Zt = (12>
b1 D2 D1p2
Accordingly, the estimated signal part of RaDFaM is
-~ RR™X,CCT RR'X, X,CCT
S; = — : + Ly : (13)

p1p2 P P2
Hereafter, we refer to the two-step estimation procedure which is summarized in Algorithm

as sPCA for ease of reference.



Algorithm 1 sPCA
1: Input: matrix observations {X;}._,, factor numbers k; and k.
2: Estimate loading matrices by equations and .
3: Estimate factor matrices and the signal part by equations and for t € [T7.
4: Output: R, C, {zt}lev {ﬁt}tT:h {Et};ﬁ:p and {/S\t};f:l-

2.3 Reconstruction Error Comparison

A grayscale digital image can be represented by a matrix in which each element represents
a pixel value (i.e., brightness) ranging from 0 to 255 (Suetens, 2017). We compare the
matrix reconstruction performance of RaDFaM, BiMFaM and 2w-DFM in terms of the
peak signal-to-noise ratio (PSNR), which is a standard metric to measure the quality of

reconstructed images compared with the originals. The PSNR is defined as

X 2
HX - XHF/(Z?1P2)

where X = (X;;) € RP**P2 is an original image, X = ()A(w) € RP*P2 i a reconstructed
image, and || X||;uq, i the maximum of the absolute pixel values of X; the denominator
inside the logarithm is the mean square error (MSE) between X and 5(, that is MSE =
(pip2)~Y|X — X|[2, the average of the square of pixel differences of the two images, i.e.,
(pap2) ' D00 D02 (X — )A(Z-j)Q. Therefore, the more the reconstructed image resembles
the original image, the smaller MSE will be and the larger PSNR will be (Salomon, 2004).
The PSNR is preferred to the MSE because it is dimensionless and the logarithm in the
PSNR reduces the sensitivity to small variations in the reconstructed image.

Before conducting the comparison, we show that R and C (equations and (1))
can also act as PCA-type estimators for loading matrices R and C under BiMFaM and
2w-DFM. For BiMFaM, R and C are exactly a-PCA estimators with o = 0 in |Chen and
Fan| (2023) or the initial estimators in |Yu et al| (2022)). The corresponding estimators of
the latent factor matrix Z, and the signal part are straightforwardly

. _R'XC . RRIXCC

t ——— and St =
Pip2 p1p2

(14)
For 2w-DFM, let ¥ and W be the variance-covariance matrices of the rows of E; and Fy,
respectively, and o2 be the average of the element-wise variances of the noise matrix. Based

on the working variance-covariance matrix (X) of vec(X;) (Yuan et al., 2023, Section 3.1),



one may show E(X;X,") = ppRE R + potr(Pp)1L,, + pac?1,,; the order of eigenvalues of
potr(¥ )L, + pro?L, is smaller than that of p,R¥zR". Then, equation (9 holds under
the strong factor assumption and yields f{, and so as its column-wise counterpart and C.
Analog to the minimization of reconstruction error in Subsection [2.2] the estimators of the

latent factor matrices and the signal part are

. X,C . X/R , RR'X, XCCT
F,=—"—, E,="— § = L4 .
D2 p1 p1 P2
For the tth image or matrix, §t, gt, and S; in equations , , and , which are

the specific estimates X, under unified PCA estimates R and 6, will yield their levels of

(15)

the PSNR or the MSE under the three matrix factor models. The following proposition
shows that RaDFaM is superior to BiMFaM and 2w-DFM, respectively, in terms of the
PSNR or the MSE.

Proposition 2 For each matriz observation Xy, t € [T], we have
PSNR; rap > PSNR; pine and PSNR; pap > PSNR; 945
or equivalently,
MSE; rap < MSE; ging and MSE; gpop < MSE; 2.

In addition, our numerical studies show that, even based on other PCA-type estimators,
i.e., autoPCA (Wang et al., 2019) and proPCA (Yu et al.;2022)) for BiMFaM, and Step-App
for 2w-DFM (Yuan et al., 2023), RaDFaM still has better reconstruction performance.

2.4 Factor Number Estimation

The above subsections all assume known k; and ky. When k; and k5 are unknown, we need
to determine them before estimation. We adopt general ratio-type estimators for factor
numbers. Let A; (ﬁl) > Xg(ﬂ/[\l) > ... > Xpl (ﬁl) > 0 denote the ordered eigenvalues of
/1\/\11 and let ky.x be a given upper bound for k;. The number of row-wise factors can be

estimated by

- (M
ki = arg max /\J(—/i)v (16)

and the column-wise 7{5\2 can be defined similarly. This ratio-type estimator is widely used
in factor models including the vector case and the matrix case (Lam and Yao|, 2012; [Yu

et al., [2022)). We will prove its consistency in the next section.
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3 Asymptotic Properties

In this section, we state necessary assumptions in Subsection and provide asymptotic
properties including the rate of convergence for estimators of loading matrices and the
signal parts, the asymptotic distributions of estimators of the loading matrices, and the

consistency of estimators of factor numbers, in Subsection

3.1 Assumptions

Assumption 1. a-mizing: the vectorized factor processes {vec(Zy)}, {vec(Fy)}, {vec(Ey)},
and the noise process {vec(e;)} are a-mixing.

A vector process {w;} is a-mixing, if Y ;7 (k)77 < oo for some v > 2, where
a(h) = sup, SUPacci __ Becss, |P(A N B) — P(A)P(B)| with C! the o-field generated by
{u;:i <t <j}. The a-mixing condition means that variables that are sufficiently far
apart are asymptotic independent (Francq and Zakoian) 2019, Appendix A.3).

Assumption 2 Common factors: assume that ki and ke are fized. For any t € [T],i €
m7

[p1].J € [po), u € [k1] and v € [ky], there exists a positive constant m such that B(Z,,) <
E(Fgw) S m, ]E(Ei]u> S m and
LNy, o7 o LTy o 1 T o L T s
T;ztzt S, T;Zt Zy 5 Sy, Tpl;Ft F, "3 Sp, Tp;Et E, 3 g,

where X7 € RF¥k1 3., ¢ RF2XF2 30 € RF2XF2 gnd 3y € RMXFL gre positive definite
matrices. Let X1 = Xp+ Xy and Xg = Xp + Xy, Assume that 3¢ and Xy have spectral
decompositions 3 = I‘lAlI‘lT and Xy = FQAQF;, where the diagonal elements of Ay and
As are distinct and arranged in decreasing order.

Assumption 2 requires the interactive factor matrix Z; to have bounded fourth moments,
and the row-wise and column-wise factor matrices F; and E; to have bounded eighth
moments. It also requires the second sample moments of the factor matrices to converge
to positive definite matrices (This can be derived under Assumption 1, see (Athreya and
Lahiri, 2006, Chapter 16) and (Francq and Zakoian, 2019, Appendix A.3.) for more details).
The assumption of distinct and decreasing eigenvalues of ¥; and X, results in unique
eigen-decompositions and identifiable eigenvectors. Assumption 2 is an extension of the
assumption in [Yu et al.| (2022) with extra row-wise and column-wise factors.
Assumption 3 Loading matrices: there exist positive constants ¥ and ¢ such that ||R||maz <

7 and ||Cllmaz < & As min {p1,p2} — 00, we have ||p;'R"R — I, || = 0 and ||p;'CTC—

11



I, || = 0, where || - || is the La-norm of a matriz.

Assumption 3 is a model identification condition. It guarantees that our model belongs
to the strong factor regime, which means that the factors are pervasively shared by elements
of observations, and the signal component has spiked eigenvalues relative to the noise
component (Stock and Watson, [2002; Lam and Yao|, 2011; Fan et al., |2013; (Chen et al.,
2020).

Assumption 4 Correlation: for any s,t,t1 € [T], 4,141,142 € [p1], 7, J1, J2 € [p2], u1, ug, us, uy €
(k1] and vy, vq,v3,v4 € [ks], there exists a positive constant m such that

T
(4'1) Z |E(Zt1,U1v1Zt2,U2vz>| S m.

to=1

T p1 p2
(4.2) E(ef;;) <m; 30 30 >0 [E(en i) < m;
to=119=1 jo=1
T P1 P2

Yoo 2 D |cov(er i€t ingas €tyisjsClaisia)| < M
to=113,14=1 j3,ja=1
T p1 P2

Z Z Z |COV(68,i1j1et1,i2j27es,i3j3et2,i4j4)‘ <m.

to=113,i4=1 j3,ja=1

T p1 T p1
(43) Z Z |E(Ft17i1v1Ft2,i2v2)| < m; Z Z ICOV(FthhmFtl,izvz’Ft27i3U3Ft2,i4v4)| < m;
to=11i2=1 to=113,i4=1
T D1
Z Z ’C0V<F5,i1v1Ft1,izv2v FS,isvsth,Mm)‘ <m.

to=1143,i4=1

T p2 T p2
(4'4) Z Z |E(Et1,j1U1Et2,j2UQ)| < m; Z Z |COV(Et1,j1U1Et1,j2uyEt27j3u3Et2J4U4)| < m;

to=1 jo=1 to=1 j3,ja=1

T p2

z Z ‘COV(ES:jlulEtI:j2U27 ES,jsusEt27j4u4>| <m.
t2=1j3,54=1

Assumption 4 focuses on the cross-sectional and temporal correlation of the noise ma-
trices e; and the factor matrices Z;, F; and E;. Assumption 4.1 requires the temporal
correlation of Z; to be weak, but no constraint is put on the cross-sectional correlation
Z; due to the finiteness of k; and ko. Similar to Assumption 4.1, Assumptions 4.2-4.4
are made for e;, F; and E;, respectively. Taking Assumption 4.2 of the matrix noise as
an example, it requires a bounded eighth moment for each element, the cross-sectional
and temporal correlation to be weak, and the cross-sectional and temporal correlation of
e; 0 e € RPIXP2XPIXP2 gnd e, 0 €, € RPIXP2XPLXP2 {9 he weak. In summary, we assume
the correlations in the noise part and the factors are weak, and the independent matrix

observations satisfy Assumption 4.
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Assumption 5 Central limit theorems: for i € [p1], j € [p2], s,t € [T],

Zz Fo. 5 N(0,Vy), ZZTEU 4 N(0, V),

\/_ \/_

where Vy; = Tlglgo T30 B(ZF F],Z]) and Vy; = hm Ty E(Z/EE],Z]).
Assumption 5 is useful when deriving the asymptotlc dlstrlbutlons of the estimated
loading matrices. Under Assumptions 1-4, Assumption 5 can be derived by applying the
central limit theorem for a-mixing processes (Athreya and Lahiri, 2006; |[Francq and Za-
koian, 2019). Assumption 5 is different from the corresponding condition for BiMFaM in

that the main terms differ due to the incorporation of row-wise and column-wise factors.

3.2 Asymptotic Properties

Let Kl and /A\g be the diagonal matrices with elements the top k; and ko eigenvalues of
ﬁl and ﬁg, respectively. Based on ﬁlf{ = IA{IAXl and MQG = 67&2, one may define the
following asymptotic orthogonal matrices (see Appendix D in the online supplement for

more details),

T

H, = Z.Z; R"RA;' + E'E.R"RA
' Tp Z t T'p1ps ; e '
T
H, = 7] Z,CTCA;" + F/F,CTCA;".
2 TPQ Z ! Tpip2 ; £ 2

We first present the following convergence rates of R and C in the Frobenius norm.

Theorem 1 Suppose that T, p1 and ps tend to infinity, and that ki and ky are fixed. If
Assumptions 1-4 hold, then there exist asymptotic orthogonal matrices Hy and Hy such
that
1, .~ 1 1 1, A 1 1
—||R—RHy|[% = Oy(= + =), —I||C—CHyl[ = O,(= + —)-
AR - RHJ} = 0,( + ). (1€ - CHalh = 0y(5 + )
Our convergence rates for R and C are slower than those for PCA-type estimators under
BiMFaM, though they achieve those in the high-dimensional vector factor model (Bai,
2003)); the convergence rates of proPCA (Yu et al. 2022)) are so far the fastest in the class
of PCA-based methods. This result reflects our strategy of sacrificing the theoretical rate

of convergence to enhance the signal strength.
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We next derive the asymptotic distributions of the estimated loading matrices. As the
row sizes of R and C tend to infinity, we establish the row-wise asymptotic distribution in

the following Theorem [2]

Theorem 2 Suppose that T', p1 and py tend to infinity, and that kv and ko are fized. If
Assumptions 1-5 hold, then

1. fori € [p1], we have

VT(Ri —H[R,) % N(0,A7'TT VLAY, T = o(p?),
R, —H[R, = O,(-), pi=0(T);

2. for j € [p2], we have

VT(C;. — H]C;) 5 N(0,A;'T] Vo, ToA;Y), T = o(pd),
C;, —H]C; = 0,(%), p3=0(T).

1
P2
Theorem [2| shows that the loading matrix estimator can be asymptotically normal when
p1 and py are sufficiently large. Even if the central limit theorem does not hold, the
rows of estimated loading matrices are still consistent with no restriction on the limiting
relationship between 7" and {pi, p2}.
We now turn to the convergence rate of the estimated signal component §t in equation

. As the size of S, tends to infinity, we will prove its element-wise consistency.

Theorem 3 Suppose that T, p1 and ps tend to infinity, and that ki and ky are fixed. If
Assumptions 1-4 hold, then we have

1 1 1
VORI TR

Similar to the convergence rates of the estimators of the loading matrices, the convergence

1S4 — Seijl = Op( ), for any i € [p1] and j € [p,).

rate of the estimator of the signal component in RaDFaM is slower than that in BiMFaM.
However, as shown in Proposition [2, RaDFaM has better reconstruction performance.
Theorems are proved with fixed factor numbers k; and ky. If the factor numbers

are unknown, we show that the ratio-type estimator provides consistent estimators.

Theorem 4 Suppose that T, p; and py tend to infinity, and k,q. is not smaller than
max{ky, ko }. If Assumptions 1-4 hold, then we have

Plki# k) —0 and P(ky # k) — 0.
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Theorem 4| shows that with large enough k,,.., the factor numbers can be estimated con-
sistently. The proof follows arguments similar to those used in the proof of Lemma 1 given
in the online supplement. As R and C of sSPCA are identical to the estimator of R and C

in a-PCA with a = 0, they can use the same ratio-type estimators.

4 Simulation Studies

In this section, we present simulations to demonstrate the finite sample performance of
the proposed RaDFaM. The simulation settings for six different scenarios and measures
of performance are introduced in Subsection [£.1 The simulation results assessing the
performance of loading matrix estimators, signal part estimators and matrix reconstruction,
the time cost of computation, the estimation error of factor numbers, and the asymptotic

normality of loading matrix estimators are reported in Subsection [4.2]

4.1 Simulation Settings and Performance Measures

We first introduce the simulation settings. The matrix observations are generated with fac-
tor numbers (k1, k2) = (3,3), and 6 sets of (T, p1, p2), which are (20, 50, 100), (20, 100, 100),
(50, 20, 50), (50,100, 100), (100,20, 50) and (100, 50, 100), respectively. The loading matrix
R is taken as |/p; times the matrix of the top k; left singular vectors of the SVD decom-
position of a p; X kj-dimensional matrix with independent standard normal elements, and
the loading matrix C is generated similarly. Then Z,;, E;, and F; are generated from the

following vector auto-regression models

vec(Zy) = ¢vec(Zy—1) + /1 — P>y,
vec(Fy) = ¢vec(Fiq) + 1 — ¢2€,,
vec(E;) = yvec(E;_1) + /1 — ~2n,,

where u; ~ N(0,L,,), & ~ N(0,1,.k,), my ~ N(0,1,,, ), and the entries of the initial
values of vec(Z;), vec(F,;) and vec(E;) are standard normal. The coefficients ¢, 1) and ~y
control the temporal correlation of the factor matrices. We generate e; ~ M N (0; Q., A.),
where Q. and A, both have 1’s on the diagonal and constant off-diagonal elements 1/p;
and 1/ps, respectively. We consider six scenarios in the following table, the first three are

the uncorrelated cases and the last three are the correlated cases.
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Table 0: Simulation scenarios

¢ Y v Generating Model
Scenario I 0O 0 0 RaDFaM
Uncorrelated Scenario 11 0 - - BiMFaM
Scenario IIT | - 0 0 2w-DFM
Scenario IV | 0.6 0.8 0.8 RaDFaM
Correlated Scenario V. | 0.6 - - BiMFaM
Scenario VI | - 0.8 0.8 2w-DFM

We compare sPCA under RaDFaM; autoPCA (Wang et al 2019)), a-PCA with a =0
(Chen and Fan|, [2023)), and proPCA (Yu et al., 2022) under BiMFaM; 2w-PCA (estimators
in equation ), and Step-App and Q-MLE, the initial estimators and quasi-likelihood
estimators in [Yuan et al.| (2023)), respectively, under 2w-DFM.

Next, we introduce the measures of performance. For the loading matrices, we use the

following column space distance to characterize the performance of factor loading estimators
D(R,R) HRRT RRTH D(C, C) HccT CCTH

For the signal part, we measure the distance between the estimator and the true signal

using

Dsignal =

Z IS: = Sill3-

For assessing the reconstruction performance, we use

Tpip2

T
1 1
RMSE = , | = E_ MSE;, PSNR = > " PSNR,,

where the MSE, and the PSNR; are defined in Subsection 2.3 For the estimated factor

numbers, we assess the accuracy by

acc = I(El = k1,7€\2 = ky) * 100%.

4.2 Simulation Results

First, we focus on the performance of row-wise loading matrix estimators and the similar

results for the column-wise counterpart are left in Appendix H of the online supplement.
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Boxplots of D(f{, R) for the seven comparison methods over 100 replications are reported
in Figure [l Note that a-PCA, 2w-PCA and sPCA provide identical estimators regardless
of the generating model, so they have identical results under all scenarios. For Scenarios I
and IV, autoPCA performs the worst, proPCA performs poorly, and Step-App and Q-MLE
perform the best, followed by a-PCA /2w-PCA /sPCA; for Scenarios II and V, Q-MLE fails
most (abnormal upright bars in Subfigures b and e) and performs poorly when it works,
Step-App performs worst, and other methods have similar results; for Scenarios I1I and VI,
proPCA performs the worst, autoPCA performs poorly for correlated observations, and

Step-App and Q-MLE perform the best, followed by a-PCA /2w-PCA /sPCA.

b c
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Figure 1: Boxplots of D(f{, R) for seven estimation methods under six size settings in six

scenarios.

Second, for the performance of the signal parts estimators and matrix reconstruction,
boxplots of the Dy;gqi, the RMSE and the PSNR from 100 replications are shown in Figures
2]-[ For Scenarios I and IV, 2w-PCA and Step-App perform the worst, autoPCA, a-PCA
and proPCA perform poorly, and sPCA and Q-MLE perform the best; for Scenarios II
and V, Q-MLE fails at most cases, 2w-PCA performs worst, Step-App performs poorly,
and other methods have similar results; for Scenarios III and VI, autoPCA, a-PCA and
proPCA perform the worst, 2w-PCA and Step-App perform poorly, and sPCA and Q-MLE
perform the best.
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Figure 3: Boxplots of the RMSE for seven estimation methods under six size settings in

SIX scenarios.

Third, to evaluate the computational time required for different methods, boxplots of
the run time in seconds from 100 replications are shown in Figure 5l It is evident that
the Q-MLE incurs the highest computational time cost, particularly for large matrices and
sample sizes. Following Q-MLE, autoPCA exhibits a relatively higher time cost, while the

remaining methods show similar time requirements.
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Figure 4: Boxplots of the PSNR for seven estimation methods under six size settings in six

scenarios.
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Figure 5: Boxplots of the computational time for seven estimation methods under six size

settings in six scenarios.

Fourth, the results of the estimation error of factor numbers are shown in Table[l], from
which it can be seen that a-PCA /2w-PCA /sPCA estimate the factor numbers almost cor-
rectly under all scenarios, autoPCA does not work under RaDFaM and 2w-DFM, proPCA
does not work under 2w-DFM, and Step-App and Q-MLE do not work under BiMFaM.

Finally, we illustrate the asymptotic normality of the sSPCA estimator R under Scenario
[ with (T, p1, p2) = (100, 150, 150). In this case, the asymptotic variance-covariance matrix
of Ry is ko /(ks + 1)1, so we present the histogram and QQ plot of the third element
of (ky + 1)y/T/ky (Ry. — H/Ry.) over 1000 replications in Figure @ The smooth curve in
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Table 1: The result for estimated factor numbers

scenario I scenario IT scenario IIT
methods | size 1 size 2 size 3 size 4 size 5 size 6 | size 1 size 2 size 3 size 4 size 5 size 6 | size 1 size 2 size 3 size 4 size 5 size 6
autoPCA 2 10 6 99 61 100 100 100 100 100 100 100 0 0 0 0 0 0
a-PCA 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100
proPCA 100 100 100 100 100 100 100 100 100 100 100 100 2 1 13 2 18 18
2w-PCA | 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100
Step-App | 100 100 100 100 100 100 0 0 0 0 0 0 100 100 100 100 100 100
Q-MLE 100 100 100 100 100 100 - - - - - - 100 100 100 100 100 100
sPCA 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100
scenario IV scenario V scenario VI
methods | size 1 size 2 size 3 sized size5 size 6 |size 1 size 2 size 3 size4 size 5 size 6 | size 1 size 2 size 3 size 4 size 5 size 6
autoPCA 0 0 0 0 0 0 100 100 100 100 100 100 33 57 1 7 15 4
a-PCA 100 100 100 100 100 100 100 100 100 100 100 100 94 100 100 100 100 100
proPCA 99 99 100 100 100 100 100 100 100 100 100 100 4 6 0 2 4 1
2w-PCA 100 100 100 100 100 100 100 100 100 100 100 100 94 100 100 100 100 100
Step-App | 100 100 100 100 100 100 0 0 0 0 0 0 100 100 100 100 100 100
Q-MLE 100 100 100 100 100 100 0 - - - - - 100 100 100 100 100 100
sPCA 100 100 100 100 100 100 100 100 100 100 100 100 94 100 100 100 100 100

the left plot is the probability density function of the standard normal distribution, and
the QQ plot supports the normal approximation (the p-value of the Shapiro-Wilk test for
normality is 0.4243).
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Figure 6: Histogram (with superimposed standard normal density) and QQ-plot of the

normalised estimator R3.

In summary, based on PCA-type estimation, sSPCA demonstrates excellent performance
in estimating loading matrices and factor numbers, and outperforms other methods in terms
of matrix reconstruction, even when dealing with data generated from BiMFaM and 2w-
DFM. Compared to Q-MLE, which refines Step-App, sPCA’s performance in estimating

loading matrices, factor numbers, and matrix reconstruction is comparable with much less
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computational time, and is robust for dealing with data generated from BiMFaM when

Q-MLE usually fails.

Figure 7: Reconstructed images for different factor numbers under RaDFaM.

5 Real Data Analysis

5.1 Uncorrelated Data: CT Images for COVID-19

In this subsection, we apply the proposed approach to a real open-source chest CT data
called COVID-CT, which was one of the largest publicly available COVID-19 CT scan
dataset in the early pandemic (Yang et al) [2020; Zhang et al. 2023). It contains 349
COVID-19 positive CT scans manually selected from the embedded figures out of 760

preprints on medRxiv2 and bioRxiv3, and 397 negative CT scans from four open-access
databases. Due to figure format problems, we finally have 317 positive scans and 397
negative scans. As discussed in Subsection [2.3] grayscale image data can be regarded as
matrix data, we have T' = 714, p; = 150 and p, = 150 by resizing each image to 150 x 150.

Image reconstruction RaDFaM, BiMFaM and 2w-DFM can be used to extract low-
dimensional features from the matrix-valued observations, and the estimated low-rank sig-
nal parts can be regarded as the reconstruction of the original image. We conduct a

comparison of the reconstruction performance of the seven methods used in simulation
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studies. The factor numbers k; and ko are set to be equal and take on the values of 5,
15, 25, 35 and 45. Furthermore, we also compare with the autoencoder (AE) methods: i)
AE-1 and AE-5 with 1 and 5 hidden layers are used, and the number of neurons are set to
be k1 and (256, 128, kq, 128, 256), respectively (Hinton and Salakhutdinov,, 2006; Fan et al.|
2021)). We use the whole sample as the batch, and carry out 500 epochs; ii) a convolutional
autoencoder (CAE) of 8 hidden layers is used to make full use of the matrix structural
information, where the number of neurons in the central fully connected bottleneck layer
is set to be k; (Guo et al., 2017). We take 32 as the batch size, and carry out 50 epochs.
The results of the RMSE and the PSNR for all methods are shown in Tables [2] and [3]
respectively. We can see that: i) except 2w-PCA, Step-App and AE methods, the perfor-
mance of other methods improves as the number of factors increases; see the reconstructed
results of sSPCA for different factor numbers in Figure [7| for visulization; ii) the relative-
ly small sample size (I" = 714) makes the performance of AE methods worse than the
statistical methods; iii) sSPCA outperforms other PCA-type estimations; iv) sPCA uses
much less computational time than Q-MLE and has comparable performance; refer to the

computational time (in seconds) in Table [4]

Table 2: RMSEs of different estimation methods for different choices of (ki, ko) applied to
the COVID-CT data.

Model ~ Method/ (ki,ks)  (5,5) (15,15) (25,25) (35,35) (45,45)

BiMFaM autoPCA 0.2009 0.1347 0.1097  0.0949  0.0836
a-PCA 0.1907  0.1238  0.0975  0.0814  0.0698

proPCA 0.1899  0.1230  0.0969  0.0810  0.0695

2w-DFM 2w-PCA 0.6623  0.6710 0.6732 0.6744  0.6752
Step-App 0.6370  0.6558  0.6567  0.6580  0.6594

Q-MLE 0.1169 0.0708 0.0528 0.0488 0.0368

RaDFaM sPCA 0.1246  0.0782  0.0579 0.0456 0.0369
AE-1 0.3403  0.3403  0.3403  0.3404  0.3404

AE AE-5 0.3403 0.3403 0.3403  0.3403  0.3403
CAE 0.3383  0.3383 0.3383 0.3384 0.3384
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Table 3: PSNRs of different estimation methods for different choices of (k1, ko) applied to
the COVID-CT data.

Model  Method/ (ki, k)  (5,5)  (15,15)  (25,25)  (35,35) (45, 45)

BiMFaM autoPCA 14.1498  17.6611  19.4595  20.7566  21.9110
a-PCA 14.6213  18.3880  20.5233  22.1957  23.6577
proPCA 14.6597 18.4334  20.5756 22.2437  23.6945

2w-DFM 2w-PCA 3.9152  3.7891  3.7549  3.7362  3.7242
Step-App 4.2524  4.0008  3.9877  3.9683  3.9478
Q-MLE 18.8588 23.3783 26.1569 26.9265  20.7442

RaDFaM sPCA 18.3016  22.4788 25.3164 27.6773 29.8249
AE-1 0.5018  9.5010  9.5004  9.4994  9.4976

AE AE5 0.5023  9.5022  9.5019  9.5020  9.5020
CAE 0.5534  9.5537  9.5518  9.5516  9.5499

Table 4: Computational time (s) of different estimation methods for different choices of

(k1, k2) applied to the COVID-CT data.

Model  Method/ (ki,ks) (5,5) (15,15) (25,25) (35,35) (45,45)
BiMFaM autoPCA 287.64 291.38 288.88 280.68  293.33

a-PCA 3.33 3.27 3.23 3.47 3.66
proPCA 0.47 0.80 1.27 2.73 2.35
2w-DFM 2w-PCA 3.88 4.39 4.82 4.83 5.50
Step-App 6.42 8.67 10.68 15.14 18.45
Q-MLE 435.47 337495 1247.70 1723.92 3894.55
RaDFaM sPCA 4.99 4.75 6.17 5.88 9.01

Image classification: RaDFaM vs BiMFaM vs 2w-DFM Once unsupervised
learning on high-dimensional matrix-variate objects is built up under a specific latent struc-
ture, one may conduct supervised learning based on the extracted low-dimensional features.
Take RaDFaM on the aforementioned CT scanning data set {(Y;,X;),t € [714]} for in-
stance, where each CT scan X, is a biomedical image biomarker to diagnose the disease

label Y; € {0,1} with 0 being negative and 1 otherwise. Let (A, B) = vec' (A)vec(B) be

23



the matrix inner product for the placeholder matrices A and B. Then a two-step latent

logistic regression model can be practically deployed, named LLRg,p,

logltP(Yt = 1|Zt7 Ft7 Et) = '}/ + <B1, Zt> + <B2, Ft> + <B3, Et>7
X; =RZ,C" + RE/ + F,C" +e,

where v is the intercept, and B; € R¥*F2 B, € RP***2 and By € RP2** are the regres-
sion coefficients accompanied with the latent-factor regressors Z;, F;, and E;, respectively.
Analogous latent models on the same CT scan dataset are denoted as LLRpg;y; and LLRs,,
with the latent factor regressor Z, and latent factor regressors E;, F;, based on the unsu-
pervised learning of the matrix factor models BiMFaM and 2w-DFM, respectively.

We randomly split samples into a training set (80%) and a testing set (20%). In the
training or fitting process, we estimate loadings and latent factors by SPCA (LLRg.p), -
PCA and proPCA (LLRg;y), and 2w-PCA and Step-App (LLRy, ), respectively, followed
by estimating the matrix regression coefficients (considering the computational time cost,
autoPCA and Q-MLE are not used). In the testing or prediction process, we obtain the
new regressors by the factor score equations (such as (12), and (15)) based on the
estimated loadings, followed by predicting labels. The procedure is randomly repeated for
100 times.

The factor numbers k; and ky are set to be equal, and take values of 1, 5, 9, 13, 17, 21,
and 25, respectively. Note that LASSO type thresholding is applied to sPCA, 2w-PCA,
and Step-App due to the high dimensionality of vec(F;) and vec(E;), and it is also used for
a-PCA and proPCA when the factor numbers exceed 5 due to the increasing dimensionality

of vec(Z;) with the growing factor numbers.
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Figure 8: Average AUC values for different choice of (k1, ko) for COVID-CT data.
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Figure [8] is a scatter plot of the average AUC values against different factor numbers.
We may observe that, i) the performance of sSPCA (black) and 2w-PCA (orange) are almost
identical. This may be owing to their identical estimations of E; and F, in equations
and , and the shrinkage function of LASSO that eliminates the interactive effect Z;
automatically; ii) the number of factors may affect the prediction accuracy of the latent

logistic regression models, particular for the supervised learning derived based on BiMFaM.

5.2 Correlated Data: Multinational Macroeconomic Indices

We analyze the quarterly multinational macroeconomic indices data collected from the
Organisation of Economic Cooperation and Development (OECD) containing 10 quarterly
macroeconomic indices from 14 countries for 74 quarters from 2000.Q1 to 2018.Q2. Samples
of each quarter can be treated as a matrix-variate with rows, columns, and each element
representing different countries, macroeconomic indices, and the value of the index of the
corresponding country, respectively.

The 10 indices consist of four groups: the production group (P:TIEC, P:TM, GDP),
the consumer price group (CPI:FOOD, CPI.ENER, CPI:'TOT), the money market group
(IR:Long, IR:SHORT), and the international trade group (IT:EXP, IT:IM). The countries
and corresponding abbreviations are given in Appendix I of the online supplement. After
transformations of each univariate time series along the index mode as in |Chen and Fan
(2023)) (see Table 10 in their supplement), we center the matrix-variate series to eliminate
mean effects, and obtain observations with 7" = 72, p; = 14 and p, = 10.

Clustering We choose factor numbers of k&; = 3 and ky = 4. For interpretability,
the varimax rotation is applied to loading matrix estimates, and then the rotated loadings
are multiplied by 30 and truncated to integer values. The hierarchical clustering results
based on the rotated row-wise and column-wise loading matrix estimates are shown in
Figures |§] and [10| (2w-PCA is omitted for space saving), respectively. For row-wise loadings
(countries), the results of a-PCA, 2w-PCA, and sPCA are identical, but are different
from those of autoPCA, proPCA, Step-App, and Q-MLE. All methods cluster the United
States of America (USA), Canada (CAN) and New Zealand (NZL) into one group. For
column-wise loadings (indices), proPCA gives the most close clustering to the true index
groups, followed closely by a-PCA, 2w-PCA, and sPCA. The tables of final loading matrix

estimates are given in Appendix I of the online supplement.
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Figure 9: Hierarchical clustering results from the estimated row-wise loading matrix for

different methods of estimation applied to the multinational, macroeconomic indices data.
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Figure 11: Observed correlations (the 1st column) and differences between estimated and
observed correlations for the multinational, macroeconomic indices data under BiMFaM

(the 2nd to the 4th columns).
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Figure 12: Differences between estimated and observed correlations for the multinational,
macroeconomic indices data under 2w-DFM (the 1st to the 3rd columns) and RaDFaM
(the 4th column)

Reconstruction comparison in terms of correlation effects To compare the re-
construction performance of BiIMFaM, 2w-DFM, and RaDFaM, we calculate the difference
between the row-wise, column-wise, and interactive correlation from the estimated signal
part and the observations. The results in Figures show that the recovered row-wise,
column-wise, and interactive correlation for sSPCA and Q-MLE are closer (much lighter
color) to the observed ones (the 1st column in Figure [LT)). This result provides evidence
that mode-wise latent factors influence significantly on the reconstruction performance.

Reconstruction comparison in terms of the RMSE We use 10 fold cross-
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validation to evaluate the difference between the observed and estimated matrices in terms
of the RMSE for different values of factor numbers. The results in Table Bl demonstrate that
sPCA performs the best; Q-MLE is out of work for the 2nd and the 4th factor numbers,

which may attribute to the small sample size and matrix dimensions.

Table 5: RMSEs under different choices of (ki, k2) for the multinational macroeconomic

indices data.

Model  Method /(ki,ks) (2.2)  (3,4)  (5,6)  (8,8)

BiMFaM autoPCA 0.3232  0.2736 0.2272  0.1743
a-PCA 0.3075  0.2596 0.2142  0.1576
proPCA 0.3103  0.2608 0.2068 0.1578

2w-DFM 2w-PCA 0.2836  0.3029 0.3149  0.3380
Step-App 0.2440  0.2677 0.3009  0.3263
Q-MLE 0.2443 _ 0.2041 _

RaDFaM sPCA 0.1979 0.1480 0.0880 0.0429

6 Discussion and Future Work

The Bayesian networks of the three models are provided in Appendix A of the online
supplement, which visually show their modeling strategies. Another insight maybe the
block diagonal thought under BiMFaM, which may result in a special form of RaDFaM
(He et al. 2023)).

We end this paper with a suggestion for future work. Since, as we illustrated in Sub-
section [1.2] BiMFaM has a signal part in the form of the 2nd-order Tucker decomposition,
it can be extended naturally to the higher-order Tucker tensor factor model (Chen et al.|

2022; [Zhang et al., 2022)). Similarly, we can rewrite expression of RaDFaM as

l l
YUV =) Uov,
=1 i=1

which is a special 2nd-order CANDECOMP /PARAFAC (CP) decomposition (Kolda and
Bader, 2009, Section 3). Due to the strong signal strength of RaDFaM, we may extend
the hierarchical spirit to model a new tensor decomposition, and hence an induced tensor

factor model. Specifically, for any Dth-order tensor X € RP1**PP we postulate the model
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below

l
X:ZULZ‘O...OUD@

=1
Ud,i = RdAd,i~ + €d,ia d € [D]
One may consider developing PCA-type estimators or building EM-variant algorithms to

find the maximum likelihood estimators.

Supplementary Material

The illustration of the Bayesian networks of the three models is provided in Appendix A.
The proofs of Propositions 1-2 are provided in Appendices B-C, respectively. The proofs
of Theorems 1-4 with the necessary lemmas are provided in Appendices D-G, respectively.
Additional results for simulations and real data analysis are provided in Appendices H-I,

respectively.
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Supplementary Material for “Modeling and
Learning on High-Dimensional
Matrlx-Varlate Sequences”

The illustration of the Bayesian networks of the three models is provided in Appendix
A. The proofs of Propositions 1-2 are provided in Appendices B-C, respectively. The
proofs of Theorems 1-4 with the necessary lemmas are provided in Appendices D-G,
respectively. Additional results for simulations and real data analysis are provided in
Appendices H-I, respectively. Note that, although we assume ||p;'RTR — Iy, || — 0
and |[p;'CTC — I,|| — 0 as min{p;, p2} — oo in Assumption 3, we use the equations
p'R"R = I}, and p,'CTC = I}, directly to simplify the derivation. This does not affect
the order in the results because the remainders induced by the approximation are of smaller
order than the main term. Moreover, as k; and ko are fixed, we may assume k; = 1 and
ko = 1 without loss of generality to simplify notation.

Appendix A. Bayesian Networks

For RaDFaM, the element-wise covariance of X can be derived as
E(Xi,j, Xiojs) = R E(ZC},.C[, Z" )Ry, + R} E(Ej, Ej )Ry, + C E(F;, F,)Cj,. +E(e;j,ei5,)-

Under the special case of diagonality of W, and ¥,, or equivalently the uncorrelation of
the rows of F, E, and elements of e, the first summand related to Z is nonzero for any
quadruple (iy, ji, %2, j2), the second summand related to E is nonzero only for two entries
in the same column (i.e., j; = jo), and the third summand related to F is nonzero only
for two entries in the same row (i.e., i1 = i), respectively. This fact implies that, for the
matrix variate, the global latent factor Z combines the row-wise, column-wise, and the
cross modes correlation, the row-wise latent factor F reflects the pure row-wise correlation,
and the column-wise latent factor E reflects the pure column-wise correlation, respectively.
Similar explanations are hold for the corresponding latent factors in BIMFaM and 2w-DFM.
Hence, the modeling strategy in terms of Bayesian network of three models in Figure [1| can
be obtained.
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(a) RaDFaM. (b) BiMFaM. (c) 2w-DFM.

Figure 1: Bayesian network graphs for three models.



Appendix B. Proof of Proposition 1

Proof: According to cov{vec(X;)} = (X ® Xg), it is easy to see that
E(X;,. X,..) = ZriinZc, i1,i € [p1],

and
]E(lesz) =130, 2R, J1,J2 € [P,

then some simple algebra shows

p2 D2
E(XX)) =Y EX,;X]) =01 Zcj)Er={ltr(Zc)} S
i=1 j=1

Appendix C. Proof of Proposition 2

Proof: To prove Proposition 2, we only need to prove that | X, — S;[|2 > || X, — §t||% and
[X; — S¢||% > [| X — S¢|%. Some algebra shows that

~ 112 ST AT THh ST 5 A TvTw A
x -8 = w(xx/)+u (R X,CCTX; R) . (RXXR) . (cxxc)
~ 12 BTy AT TH
X, -8 = w(xX])-u <R X,CCTX, R>7
F pip2
X8 = (%) + 20 <R X,607X, R) C (RXXR) Cw (CXXC)

where tr(+) is the trace of a matrix.
First, we have

~ 112 ~ |12
[ 8] =[x =5
F F

1 CcCT s 1A RRT .
= tr {RTXt <1p2 — ) XIR} + tr {CTXtT (Ip1 - ) XtC}
4! b2 P2 P

~~~ 2 ~ 2
~ CC’ RR'
D2 p1

1
yal

1
_'_7
P D2

c'x/ (Ip1 —

F

Hence, we have PSNR; r,p > PSNR; pins or MSE, rap < MSE; i
Next, we have

~ ~ 12
el o

ot S 112 RTX,CC"X/R 1
R A e B

pip2 b1ip2

Hence, we have PSNR; rop > PSNR; 2, or MSE; rop < MSE; 2,



Appendix D. Proof of Theorem 1
To prove Theorem 1, the following lemmas are necessary.

Lemma 1 Suppose T, p1 and ps tend to infinity while ki and ko are fixed. If Assumptions
1-4 hold, then for d = 1,2, we have

iy A (Ba) Fop(1), J < ka,
Aj(Ma) = { 0,(1), j > ky.

Proof: We give the proof for d = 1 as the proof for d = 2 is similar. Substituting the
expression for X; into M results in

T T T
— 1 1 1 1
M RZ,Z/R" + RZ,.C'E.R" + — S RZ,F, + —— S RZ,C'e/

Lo Tpy Z ! Tpipa Z ! ! Tpy Z T Tpips Z ! !

RE;/CZ/R" + RE,/ER' + RE, CF, + RE/ e/
Tpip2 Z D1D2 Z ! D1D2 Z Tpip2 Z
1 1 &
+—S FZ'RT + F.C'E.R™ + F.C'e,
Tpy ; e Tpip2 Z ’ i Tpip2 Z ! ¢
T
e,CZ'RT + e, E,RT + ere] =M+ N,
Tppo;t ¢ szztt Tp1zzt Tpip Ztt

T T
where M denotes (Tp1)~ ! Y. RZ;Z/R" + (Tp1p2)~' >, RE/E;R", and N denotes the other terms.
=1 =1
First, by Assumption 2, we have

1
M~ RERT = 0,(1)

where p; IR®,RT and X, have the same eigenvalues. Next, because a matrix has the same norm as its
transposition, we only need to show that the eight terms of the upper triangle part in N are o,(1).
For the 1st term,

1
RZ,C'ER"|| < R 7.CTE
T'pip2 Z t = Tp 2 IR ||; t ll
kl k1 T p2 ko
Ti Z (ZZZZtV“WCJUEt,juz)2a
p2 up,uz t=1 j=1v=1
where
T p2 kg
B DY ZrunwCieBrju)”
t=1 j=1v=1
D2
Z Z Z CJlWCJ?WE(Zt u1v1 sulv2>E(Et,j1u2EsJ2u2) = O(Tp2),
s,t=1 j1,j2=1v1,v2=1
hence
. ZRZ CTERT| = O)(——0).
Tp1p2 VT



For the 2nd term,

T T P1 T
1 1 1
— Y RZ,F/|<—|R Z.F'| < —|R Z.F, )2,
HTpl; t t”—Tle [ ”; t t”—Tle [ ;(; tFti)

where .
Z Z,F.;)’ = Y E(ZZ)E(F,F.,) = O(T),
s,t=1

hence

T

1
— N "RZ,F]||=0 )
”Tplt; Fy p(—=)

g~

For the 3rd term,

p1 T p2

T
1
RIS ZeC el < RIS S e )
t=1

1
ZthcT I< =

Tplp i=1 t=1 j=1
where
T p2 T P2
E(ZZZthet’i]‘)Q = Z Z le Csz(ZtZs)E(et,ijles,ijg) = O(Tp2)7
t=1 j=1 s,t=1j1,j2=1
hence
1
RZ,CTe/ || = 0,(——).
Fros Z el =0l )
For the 4th term,
1 P1 T Dp2
I ZRETCFTH < 7Rl ||ZETCFT|I < T IR DD EnsCiFwi)?,
pp t=1 i=1 t=1 j=1
where
T p2 T p2
ED Y EjCFui)®= > Y Cj,CpR(E;E,;,)EF:F.i) = O(Tpa),
t=1 j=1 s,t=171,j2=1
hence
1 1
RE/CF/ | = .
Toip Z I =0,

For the 5th term,

T pr T p2
1 1
RE/e/ | < R E'e/| < R E;e.i)2,
1T Z IS g R I BT el < g IR D525 Bisens)
where
T p2 T D2
EQ Y Erjei)’ =Y > E(E;,Es ,)E(erij,es5,) = O(Tps),
t=1 j=1 st=1j1,j2=1
hence

1
—_— RET =0,(——).

For the 6th term,

1 T 1 p1 T
> FF[| < Fii,Fii,)?,
Iy LFFT < 7| D (S FuaFue)

i1,i0=1 t=1



where

P1 T P1 T
2
E E( E Ft,ilFt,i2> = E E E(Ft,ilFt,izFS,ilFS,iz)
i1yda=1 t=1 i1yia=1s,t=1
P1 T

= > > {cov(FriFrip, Foi,Foiy) + B(Fy i, Friy)E(F i, Fiiy)}

il,igil S,t=1

= O(T2p1 +Tp%)7

hence

-

||7ZF15F I = <T

For the 7th term,

1 P1 T Dp2
T T oo )2
Tpp ZFC TS o] 20 Q02 CiFaenins)”
i1,ip=1 t=1 j=1
where
T p2 T P2
EQ Y CiFiierin;)’ =Y. Y. CjCuLEF: i Fyi)E (e, €)= O(Tp2),
t=1 j=1 s,t=171,j2=1
hence
1
F,.C'e/ || = 0,(——).
I Z (CTel || = 0yl =)

For the 8th term,

1 P1 T Dp2

1
e Z el 1< o Y (0D enjenin)

i1,02=1 t=1 j=1

where
p1 T p2 D1 T P2
E : E(E : E :et,iljet’izj) = § : E : E E(etmjlet,lzjles,lljzes,lzjz)
i1,i0=1 t=1 j=1 i1,i2=1s,t=1 j1,jo=1
T P1 P2
= E E E {Cov(et1ilj1 €t izj15 es,iljzes,iﬂé) + E(et»iljl et,i2j1)]E(es,iljzes,iﬂ'g)}
s,t=1141,i2=1 j1,j2=1
_ 2 2 2
= O(T'pip2 + T p1p3),
hence

1 ZT:eeTH—O( ! + 1)
Pp2t:1tt PVTpy o

Finally, the result is proved by Weyl’s inequality.

Lemma 2 Suppose T, p1 and ps tend to infinity while k1 and ko are fived. If Assumptions 1-4 hold, there
exists a sequence of invertible matrices Hy such that

HR RHlH -0, (; pll) and ch CHQH -0, (; pé)



Proof: We prove the result for R, noting that the proof for C is similar. Let A1 denote the di-
agonal matrix whose diagonal elements are the top k; eigenvalues of My, so M R = RA,. Define

T PR T ~ o~
H, = (Tp1) ' Y ZZ] R"TRAT 4+ (Tpip2) ™' 3 EJERTRAT!. Then
t=1 t=1

T
R- RH; = ( RZ.C'E RTR+ — N"RZ,F R+ RZ,CTe R
! Tpips Z K ! Z ! Tplpz ; K ¢
T T T
RE/CZ'R'R + RE/CF,/R + RE e R
T'p1p2 ; e T'p1p2 ; e T'p1p2 ; t

T 1 T
F.CER R+-—>S F
Z t ¢ + T Z 1

T
1 ~
+— F,Z/R"R+
Tp Z o Tpip2

1 T

Z F.C'e/R
1P2
Z ete;rR)

First, by the proof of Lemma 1, we can get that p; * IR — RH, ||2 = O, (T~ +p;!). Next, we investigate
the order of the terms in R — RH; one by one.
For the 1st term, we have

Zet CZ/R'R+ ZetEtR R+ Zet CF/R+

Tp1p2 P1D2 Tp1p2 Tp1p2

1
RZ.CTE.R'R = RZ.C'E,R"(R - RH RZ,C"E,R"RH;,
Tpip2 Z ‘ Tplpz Z ! R D+ D1D2 Z ’ ‘ !
where
T p2
CTEt Z Z Ztc Et J Z Z le ) (Et;jl ES,jz) = O(Tp2)7
t=1 j=1 s,t=1j1,j2=1
hence )
i ! ZRZ C'ER'R| =0 (i)
Tpip2 ‘ ! F P Tpy”
For the 2nd term, we have
1 e .
o ZRZ F/R= —ZthF (R—RH;) + —ZRZ F,RH,,

where

2 b1

T
E|> ZF R
t=1

= ]E(Z

T D1
Z,F R)’ =Y Y RyR,LE(ZZ)E(F,;,F,;,) = O(Tp)
1

F =1 i= s,t=114y,50=1
and
T T p
E Zthj = E{Z Z Z.F;;)? Z > E(ZZs)E(F.,iFs ) = O(Tpy),
t=1 i=1 t=1 t=11=1
hence
2
1 1 1
RZF R|| =0,(— + =5 ).
Tpl Z h p(Tp1 * T2)
For the 3rd term, we have
1 T T
RZ.C e/ R RZ,C'e/ (R — RH RZ.C'e/ RH;,
Tpip2 tz:; ! R Tpip2 Z ! )+ Tpip2 ; k k !



where

P1 P2

Z Z Ztet,iniCj)Q
i=1 j=1

T p1
> 2

sit=14y,ia=1 jy,ja=1

B>

t=1

Z Z,.C"e/R

t=1

F

= O(Tpip2)
and
T p2 T p1 p2 T P1
E||>_ZClel —E{Z 2.2 ZCie)'} = Z > 2. CIE(ZZo)E(evijesn) =
t=1 j=1 t=1 i=1 =1 s,t=11471,i0=1
hence )
T
1 1 ~ 1 1
— RZ,C'e/R|| =0,(—— + ——).
Tpips ; L T T T2,
For the 4th term, we have
2 2
1 1 1
— RE/CZ/R'R| < E CZ]| |R HRH ).
TMZ = T Z IR Onliy
For the 5th term, we have
1 T
RE,/ CF,R = RE, CF; (R - RH CF/RH,,
Tp1pa Z Tp1p2 Z ( )+ ¢ !
where
T 2 T p1 p2
E|> E/CF/R| = E<ZZZ iCiFiB;)”
t=1 F t=1 i=1 j=1
T P1
= Z Z Z RHR C C E(Ft i1 512)E(Et711ESJ2)
sit=111,ia=1 j1,jo=1
= O(Tpip2)
and
T 2 p1 T p2
E|D_E/CF/| = E{} (3 ) CiFuiE.)’}
t=1 F i=1 t=1 j=1
- Z Z Z Cj, CE(F1iF )E(Er ;, B, j,) = O(Tpipa),
i=1 s,t=1 j1,j2=1
hence 5
1 1 1 1
— RE/CF/R| =0 + .
Tp1p2 Z h p(Tplpz T2p2)
For the 6th term, we have
1
RE, e/ R = RE, e/ (R — RH;) RE/e/ RH;,
Tp1p2 Z Tp1p2 ; ) Tp1p2 ; !

P2
Z R, Ri, le CJ2E(ZtZ

s )E(etﬂdjl €s,iz72 )



where

T 2 T D1 D2
EI> Efe/R| = > > > RiRiE(eri005) BB Eqy) = O(Tpip2)
t=1 F s,t=1141,i2=1 j1,j2=1
and
T P2 ri T P2
E ZEtTet = E{Z Z Zet,ijEt,j)Q} = Z Z Z (et,ij:€s,ij. ) E(Ey j, Es j,) = O(T'p1p2),
t=1 =1 t=15=1 1=1 s,t=1 2=1
hence
1 £l ’ 1 1
- RE;e/R| =0 + )
p1 || Tpip2 ; t T T T,

For the 7th term, we have

2 T 2
]. T T ]. 2 ey 2 T o ].
L Tpl ZF ZRR| <o ||RHFHRHF SRzl =0,(7)
F t=1 F
For the 8th term, we have
2 T 2
i 1 ZFtCTEtRTR <1 m? HﬁH2 S F.CTE| =0 (=)
Tpips = Tpipy I || & . Tp”
For the 9th term, we have
1 1
ZFtFTR = ZFtFT (R — RH,) + o ZF F, RH,,

t=1 t=1 t=1

where

T
E ZFtF:RH = ]E{Z ZZRzththzQ) }
t=1 F

i1=1 t=11i=1

T P1
= > Y RLR,E(F.;,F;,F.;,F.,)
s,t=1141,i0,i3=1
T p1
= > > R,Ri{cov(FiiFriy, Foi,Fusy) + E(Fe i, Fri,JE(F i, Foiy))

S,t:]. il,iQ,iszl

= O(T?p +1Tp3)

and
ZFtFT O(T?py + Tp3),
F
hence
11 & ’ 1 1 1
—|l=—SN"FF/R| =0,(%+—+ —).
ng L p(p% T T2

For the 10th term, we have

ZF Cle/

T
ZF C'e/ (R—RH;) + > F.CTe/RH;,

Tplpz T'p1p2 Tpip2 =



where

T 2 pr T p1 p2
E ZFtCTeTR = E{Z(ZZZRiCjet,z‘th,il)2}
t=1 F =1 t=1 i=1 j=1
T p1 D2
= Z Z Z RizRiacjlC.sz(et7i2.j1eS,i3j2)E(Ft,hFSJl)
s,t=111,i2,i3=1 j1,j2=1
= O(Tpﬁpz)
and
T 2 P1 T p2
EIY F.Cle/| = E{> O > CjFiien;)’}
t=1 F i1yip=1 t=1 j=1
T p D2
= Z Z Z leCJ2E(et7i2jleS»i2j2)E(Ft7i1F57i1)
s,t=1141,i2 j1,j2=1
= O(Tpips),
hence
1 1 & i 1 1
— F.C'e¢/R| =0 )
D1 TP1P2; ! K » p(TP1P2 T2P2)
For the 11th term, we have
2 2
L2 ieczTRTﬁ <1 mJ? HﬁH2 ET:eczT — Oy(—)
— t < t = )
p1 || Tpip2 ! T2pips IR || £ ! " Tps
= F t=1 '
For the 12th term, we have
T 2 T 2
1| 1 _ 1 5 1112 1
— eER'R| <——|R HRH eE| =0 .
o | T 208 7y IR R, [Soem| = 0,7)
= F t=1 F
For the 13th term, we have
1 T T 1 T
e,CF R = e,CF] (R—RH;)+ —— Y ¢, CF/RH,,
TplPQt; e TplPQtZZI CF: 2 TJD1p2t:Z1 e
where
T 2 pr T p1 p2
E|> eCF/R| = E{(} (3> > RiCiFiieu)’}
t=1 F i=1 t=14;=1j=1
T p1 D2
= D> > > RyR,C;CLE(F,,Fyy)E(erij05,5)
s,t=114,i1,i2=1 j1,j2=1
= O(TP%I?Q)
and
T 2
E ZetCFZ— = O(Tpip2),
t=1 2
hence
1 1 & i 1 1
— e,CF/R| =0,(——— +—).
p1 || Tp1p2 ; e » p(TP1P2 T2P2)

9



For the 14th term, we have
T 1 T 1 T
R: ere, (R—RH;) + e;e, RH;
Tplpz tz: T'p1p2 ; e ) T'p1p2 ; tt
where
2 P1 T p1 p2
(R =E{D Q) D Rienieni;)’}
= ii=1 t=1i=1 j=1
T p1 D2
= Z Z Z Ri Ri,E(eri,j,€t,ij, €5,i252€s,i55)
s,t=114,i1,i2=1 j1,j2=1
T p1 D2
= Z Z Z Rh Rlz{cov(et,iljl €t,ij1s es»izjzesfijz) =+ E(et i11 €t 1]1)E(e8 izj2€s L]2)}
t=114,i1,i2=1 j1,j2=1
= O(Tpip2 + T?p1p3)
and )
O(Tpip2 + T*p1p3),
F
hence
1 a ’ 11 1
Ta
ee/R|| =0,(=+ —+ =——).
Tpips ; L pl P} Tp T2,
As a result,
1 Hﬁ RH HQ—O(1 + 4
1 Hie = 7Pt T T

Lemma 3 Suppose T, p1 and py tend to infinity while ki and ko are fixed. If Assumptions 1-4 hold, then

we have

1 H RPN ( 1 1 1 1 )
—|R"®R -RrH H =0, [ ——+ o),
P1 ( 1) FooP\VTpr VTpa T p
1 H RPN ( 1 1 1 1 )
~|cT©c-cH H =0 et —— =+ — .
D2 ( 2) F "\VTpr  VTps T p»
_ Proof: We prove the result for R, noting that the proof for C is similar. First, using the equation for
R — RH; from Lemma [2| we have
1 N
—R"(R-RH))

P1
1 T
> 7,C"e/R
T'pip2 —

Z Z:C'ERR+ —— Z Z,

N (Tplpz
1 1 1 &
+ E/,CZ/R'R + E, E'e R
Tpip2 Z Tpip2 ; Tpip2 Z Lt
T
R'F,Z/R'R R'F,C"E,R'R TF,F R
TP1 Z: ' " Tp P2 Z A Z o
N N 1
+ R'F,C'e/R + R'e;,CZ/R'R + R e,E.R'R
TP%PQ Z ' ! Tpips ; e TP1P2 Z o
T
+— RT R'e eTf{) ATl
Tp1p2 Z Tpips ; e !

10



Again, we investigate the order of the terms in the above equation one by one.

For the 1st term, we have

1
Tpip2

ZZtCTEtRTR IR HRH

| <n
F

t=1

For the 2nd term, we have

1 T
— SN "Z,F/R
Tp ; i

For the 3rd term, we have

Zztc E,
P

.
VT

= Op(

Tp1p2
For the 4th term, we have

1
Tpip2

ZETCZTRTR

F

For the 5th term, we have

1

=0,/

s 1
Z,.C'e/R| =0,( +
; ! i | P Tpip:

E;CF/R
Tpips Z

F

For the 6th term, we have

1

+
P VI'p1p2

T\/ps)'

1

ZET TR

Tplpz

F

For the 7th term, we have

For the 8th term, we have

1
Tp1p2

ZRTFtCTEtRTR = O,

F

For the 9th term, we have

T

Z

RTF,F/ (R - RH;)

T
1 ~
— § R'F,F/R

F

where
T

Z

1

RTF,F; (R—RH;)| =0,(

F

and
T p1

ZRTFtFTR
t=1

t=1 i=1

11

0) +
2 VI'p1p2

_|_

+
VT

74_7
Typi 13

).

N

P \/Tplpz)'

1 T T
T %ZR F,F, RH,
t=1

1 1)

> > RIE(FZ,) = O(Tpy),

F

)



hence

T T
1 1 1
=Y RTFF/RH| < > RTFF/R| [Hi|;=0,(—)
o) Z t 1 > ) tf 1iF P
Tpl t=1 F Tpl =1 F b1
and
1 & 1 1
— > R'F,F/R @) —
Tpi ; L v
For the 10th term, we have
1 1
RTF,CTe/R| < R'F,C"e] (R - RH + R'F,C'e/RH,| ,
B | SRR R by |+ SRR R

where

2 p1 P2

T
E) Y Y Ry,R,C;Fe,))°

=141,i2=1 j=1

T
E ZRTFtCTeZR
t=1

F

Hﬂ

P2
= Z Z Z RilRiQRigRi4Cj1 Csz(Ft,ilFS,i3)E(et,izjl e87i4j2)

s,t=1141,i2,i3,44=1 j1,j2=1

= O(Tpip2)
and
T 2 P1 P2
E|> RTF.Cle/| = E{ZZZZRHC Fiieri)’}
t=1 F i=1 t=11i1=1j =1
T P1 P2
= Z Z Z RilRizcjlCjz]E(FtvilFS’iZ)]E(etvijleSvih)
s, t=114,11,i2=1 j1,j2=1
= O(Tpip2),
hence
1
R'F,C'e/RH,| =0,(—=—),
Tplpgz ' - p(pl Tps
1 ZRTFCT JT(R—RH,)|| =0, L )
Tpips & ! - PTypips - piv/Tpips
and
ZRTFtCT =0,( ! + ! ).
Tplpz B PTypipz - pivTp2

For the 11th term, we have

1
R'e,CZ/R'R|| =0 :
TP1P2 tz; ° » p(\/Tp1p2)
For the 12th term, we have
! ZRTetEtRTR = 0,( ! ).
Tpip: & h PV Tpips
For the 13th term, we have
ZRTet CF/R| =0, L, ).
TP1P2 P , Tz pivTps

12



For the 14th term, we have

P1 D2

T
EY Rlee/R)=> > 3 Ry Ri,E(enijeri;) = OTpip2),
t=1

t=1iq,ip=1j=1

hence
1

Tpips

oL 1
h Prypipe pi

T
E R'eie/R
t=1

As a result, we have

IH T, ( 1 1 1 1)
~IRTR-RH H —O0p et et =+ — ).
p1 ( I)F "\VIpr VIpz T m

Lemma 4 Suppose T, p1 and py tend to infinity while k1 and ko are fixed. If Assumptions 1-4 hold, then
we have

IHATA ( 1 1 1 1)
~|R"® -rHE H =0 (et —— =+ — ),
p1 ( I)F "\VIpr VIpz T m

1 fae
~|leTc-cu H -
ng ( 2)F Op(

1 1 1 1
— tot—).
VIpr  VIpy T p2>

Proof: The process is similar to that of Lemma [3] and we omit it here.
Proof of Theorem 1 R
First, we have proved the consistency of R in Lemma ie.,

1 H ~ 2 (1 1 >
—R—RHH —0, =+ ).
2 Hip = 7P \T 7 p?

Next we show the asymptotic orthogonality of Hy. From Lemma [3] and Lemma [ we have

1 .
;RTR =H; + Op(l)]-klxkl
1

and

1 ~
ERTRHl = Ik?l + Op(l)lklxklv

SO

1 ~ 1 ~
H H, = {leTRJr ()][,(1)1;€1X,€1}H1 = p—lRTRHl + 0p(1) 1k sk = Iy 4+ 0p(1) 1k, ks -

The result for C and Hj can be derived similarly.

13



Appendix E. Proof of Theorem 2

Proof: From the equation for R- RH;, we have

R;. — H R,
_ K—l( 1 if{TRETczTR. i iiﬁTthTR-. n ZRTef CZ/ R,
U \Tpips k T T, ETT Tpips — '
1
R'RZ,C E;R; + R'F,CTER; + R e,E:R
" Toup Z e Tpip2 ; e Tpip2 ; o
R'RZF,; + RTRE, CF,,. +— R'F,F,.
Tpl Z o Tplpz tz; " Z o
1 ~
R'e,CF;; + RTRZ,Ce; ;. RTRE/ e, ;.
Tpips Z e Tpip2 Z ! b Tplpz Z b
1
RTF,C e, RTee )
Tpips Z ! b Tpip2 Z P

We will again investigate the order of the terms in the above equation one by one.
For the 1st term, we have

1 1
R'RE/CZ/| =0 .
Tpip2 Z h p(\/Tp2)
For the 2nd term, we have
1 & 1 &
RF,Z] < [[—SN"(R-RH))F,Z/ — N"H/RF,Z]
Tplz ' - Tplz,:( R T Tplz ' o
F t=1 i t=1 F
1 1
= Op(—=+ —).
T )
For the 3rd term, we have
1 1 1
R7e,CZ/ (R-RH,) e,CZ/ | + H/R"e,CZ/
Tpip2 Z ! — ||Tpip2 Z D' Tpip2 Z !
F F F
1 1
O + .
p(\/TPIPQ T\/ZT2)
For the 4th term, we have
! ZRTRZtCTEt = 0,( ! ).
T'p1p2 » VI'po
For the 5th term, we have
1 1
R'F,C'E < (R—RH,)'F,.CTE,| + H/R'F,C'E
Tpip2 Z ! ! — || Tpip2 Z ) ' Tpip2 Z k ‘
F F F
1 1
0] + .
pl VIpip:  Tv/p2 )
For the 6th term, we have
1 T T
ReE < R-RH,) eE:| + H R"e,E
T'p1p2 ; o = || Tpip2 Z:( 1) el Tppo Z o
= F t=1 F F
1 1
O + .
”(\/Tplpz T\/ZT2)

14



For the 7th term, we have

1
R'RZ|| =O0,(—).
Tp1 Z ! F p(\/T)
For the 8th term, we have
. ZRTRETC = Op(——).
T'p1p2 . P/ Tp,
For the 9th term, we have
1 « 1 « 1 «
—>SN'R'F < =S R-RH)F — > H/R'F
T Z t = |Tp Z( ) Fofl o+ o Z 1 t
t=1 F 1 F t=1 F
1 1
Opl(——+ 7
Y41
For the 10th term, we have
1 1
R'e,C|| < R-RH;) e,C|| + H/R"e,C| |,
Tplpz Z © T'p1p2 Z 1)'e s || TPip2 Z ! .
T 2 T 2
where E Z R"e;,C|| =O(Tpip2) and E|| > e,C|| = O(Tp1pz), hence
t=1 F t=1 F
1 1 1
R-RH;) eC| =0 + ,
Tpips Z 0'er . o T Ty
! ZT:HTRTetC = O,( ! )
Tpips &= . VT
and .
1 ~ 1 1
R'e,C|| <=0 + :
Tpips ; . N7 m t VT,
For the 11th term, we have
. ZRTRZCe = Op(——)
1—,p11/)2 t t % . P sz .
For the 12th term, we have
! ZRTRETef = 0,( ! ).
T'p1p2 h P/ Tp,
For the 13th term, we have
T T
! S R'FCle || < ! > (R-RH;)'F,Cley.| + ! ZHTRTFtCTe“
Tpip2 = ’ Tpip2 = ’ T'pip2
= F = F F
1 1
p( + )-
VIpips  T\/p2
For the 14th term, we have
! S RTeer:|| < ! Z (R—RH;) eer,|| + ! ZHTR erer,
Tpip2 = . — || Tpip2 " Tpip2 v
= F F F
1 1 1
Op(—= + ++=).
p(\/Tpl T\/p2 pl)
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When T = 0,(p?}), we have

where

- RR .
—R'R = H; +o,()lg,xk, = = ZztzT o A7 +—ZETEt A Lt 0, (1) 1k, xky

Y41
lelj/il_l + Op(l)]-klxkl = I‘lAll_‘irHlAl ! + Op(l)lklxkl
= DyATH AT +0,(1)1, <k,

then I‘IHlAl = All“irHl + 0p(1)1, xk,- Because A; is a diagonal matrix, FIHl is also a diagonal
matrix. It follows from the orthogonality of I'; and H; that the diagonal elements are 1. Without loss
of generality, take T'| Hy = Iy, + 0,(1)1x, xk,. As a result, p; "RTR =T'1 + 0,(1) 1k, xk, -
When p3 = O,(T),
R, —H/R, = 0,(— ! ),
Y41

proving the theorem. The result for C can be derived similarly.

Appendix F. Proof of Theorem 3
To prove Theorem 3, the following lemmas are necessary.

Lemma 5 Suppose T, p1 and ps tend to infinity while kv and ko are fized. If Assumptions 1-4 hold, then
we have

1 ~ 1 1 1
—|FT®R -RrH H -0, ( +— +),
1H ( ) T m Tpy

1 ~ 1 1 1

— |[E](C-CH =0, .
P2 H s ( 2)H (T + P2 + \/Tpg)

__ Proof: We prove_the rsult for R, noting that the proof for C is similar. First, by the equation for
R -RH; in Lemma we have

1 ~
—F,; (R - RH))

P1
T
1 ~
- ( ZFTRZ C'ER'R+ ZFTRZ F/R+ ——— ZFijtcTejR
Tp1p2 1 =1 Tpip2
1 . 1 1
+7 ZFIREICZIRTR+ ZFTRETCFTR+ ZFTRET /R
Tp1p2 —1 1 T
T
FTF Z;R"R + FTF C'E, RTR+ FTF F/R
T 1 T
+ F/F,CTe/R+ Fle,C eE,R"R
Tp%pzZ TFCTe Rt 7 Z C Z B
1 1 «
Fle,CF/ R + Flee R)A—
Tp1p2 Z © Tp1p2 ; e

Next, we investigate the order of the terms in the above equation one by one.
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For the 1st term, we have

T
1 ~ 1
F/RZ,.C'E.R'R| < F/R Z:.C'E/| =0 :
Tpips ; ' ' » TP1P2 H e Z ' ' » p(\/Tppo)
For the 2nd term, we have
— ZFTRZ F/R <7 HFTRHF = Oyt ).
93 . L T
For the 3rd term, we have
! ZFTRZ CTe/R| <1 |FIR| iZtCTeTR Oyt ),
Tpips 4 L T Tl N | S . VT T/pips
For the 4th term, we have
1
F/RE/CZ/R'R|| < F/R E/CZ/| =0 :
Tp1p2; B Tp P2 IRl ; B N o
For the 5th term, we have
ZFTRETCFTR < 1 |IFTR| ZT:ETCFTf{ = Ot ),
Tplpz o Tpipe TN TR T Ty T/pipa
For the 6th term, we have
ZFT RE/e/R| < . |FIR| iETeTﬁ Oyt ),
Tpips 4 o Tpipe N T T Topr - T/pipe
For the 7th term, we have
1 « ~
|WZFZFtZtTRTR oA
Li=1 F F
where
T 2 T ¢
E|NFIFz[|| =EO Y F.iFZ)
= F t=1 i=1
= Z Z E(ZtlZtQ)E(FSailFt17i1F51i2Ft27i2)
fl,trlz‘l,izﬂ
= Z Z (Z4,Z4,){cov(Fs i Fey iy, FsinFroin) + E(Fs i Fry i JE(Fs 3, Fey ) }
t1,t2=111,i0=1
hence
LZT:FTthTRTR 1 + 1)
Tpt & » VIp:
For the 8th term, we have
1 < 1
F/F,.C'E.R'R| < F.F,C'E| |,
Tpips ; . Tpip2 ; L




and

P1 P2

ZT:ZZC F,.F B, )?

T
E ZF}FtCTEt
= F t=1 i=1 j=1

T P1 P2
= Z Z Z Cj CjQE(Ethjl Et2aj2)E(F57i1FtlgilF57i2Ft27i2)

t1,t2*1 t1,82=1 j1,j2=1

= Z Z Z CJl Etl,]lEt'z ]2){COV(F9 Zth 019 F, 12Ft2 22) + E(F9 i1 Ft1 i1 )E(F57i2Ft27i2)}

t1,ta=111,i2=1 j=1

= O(Tpip2 + pip2),

hence
! iFTFtCTEtRTﬁ = 0,( L ! ).
Tpips = ° . VInp:  Typa
For the 9th term, we have
‘ ZFTFtFTR < ZFTFtFT(R RH,)|| + ZFTFtFTRHl ,
i t=1 P i t=1 F i t=1 F
where
T T T
ZFZFtFZR < ZFTFt ZFTR O,(Tp1 + p1v/Tp1)
t=1 F t=1 t=1
and
T P1 T T
ZFIFtF: < Z{Z(FTE& }{Z F/R)?} = Op(Tp1 + p1/Tp1),
t=1 F i=1 t=1 t=1
hence
! ZT:FTFFTRH —O(1 ! )
TR 1F_ Do VT
1§:FTFFT(R RH,) 0(1 LA )
- ) M =20, (—— + = — ).
Tpi ' h PVTpr T piypr
and
1 11
F/F,F/R| =0,(—— + — + —).
P ; » p(\/Tm D1 T)

For the 10th term, we have

1 ~ 1
F/F,CTe/R| < F/F,C"e/ (R - RH + F/F,C"e/RH,| |,
Tpips & Z o Tpips 4 Z Ce 2 Tpip: Z '
F F F
where
T 2 T
E|Y F/F,.C'e/R| = > E(F F,F/F,)E(C e, RC"e,R)
t=1 ya t1,ta=1
T P1 p1 P2
= Z { Z E(Fs,ilFt17i1FS7i2Ft2,i2)}{ Z Z Ri'lRiéleCj2E(et1,i’1j1et2,i'2j2)}
t1,t2=1 i1,ia=1 i ,ih=171,j2=1
P1 D2

Z Z Z R RL2 C]] Csz(etl zljletg 12J2){COV(F6 i1 Ft1 i1 Fa Lgth,lg) + E(Fs LlFtl i1 )]E(Fs,igth,ig)}

t1,t2=114q,i2=1,i],i} j1,52=1

= O(Tpips + Pip2)
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and

pr T p2

_]E{Z > > FIF.Cje )’}

=1 t=1 j5=1

Z Z Z C;,Cj. EFSllFtl,ilFsﬂ'zFt27i2)]E(et17ij1et2,ij2)

t1,ta=114,i1,i2=1j1,j2=1

T
E ZFSTFtcTet

P2

= Z Z Z Cj, Csz(ethijl et27ij2){COV(FS,’i1 Fiiin Foy Ft27i2) + E(F37i1 Fy i, )]E(F&h Ft27i2)}

t1,t2=114,i1,i2=1 j1,j2=1
_ 2 3
= O(Tpip2 + pip2),

hence
Z F/F,CTe/RH,|| =0,( L + L )
Tp1p2 h P oivTps  Ty/pipa’’
1 ~ 1 1 1 1
F/F,C"e/ (R - RH =0 + + +
TP1P2 Z ! ¢ ( ) , p(T\/plpz pivIpipe  Tv/Tpa  Tpiy/p2
. R 1 1 1
F/F,CTe/R| =0 + + .
‘Tp%pz ; o p p(T\/p1p2 p1vVIp2 T\/sz)

For the 11th term, we have

T
1
Fle,CZ/R'R| < Fle.CZ,| |,
||Tp1p2 ; » Ipip2 ; ) ' »

where

T 2 p1 D2 pP1 P2

E ZF;retCZ;r = Z Z Z F, llethlljl 71 Z Z F, 12 8ta,ia ]2 JQ)E(Zthz)
t=1 rF t1,to=1 i1=1j1=1 i2=1 jo=1
= Z Z Z CJIC E FS ZlFS Zz)E(etl,iljletzﬁéﬂé)E(Ztlzt2) = O(Tp1p2)7
t1,ta=1141,i2=1j1,j2=1
hence
1 1
Fle,CZ/R'R| =0,(——).
Tp1p2 Z © h p(\/Tplpz)
For the 12th term, we have
1
Fle,ER'R F/eE, | |,

Tp1p2 Z . ’F = Tpip2 ; .

where
T 2 T p1 p2
EY FleBe| =B Y Y FoEijer)
t=1 F t=1 i=1 j=1
= D D D EFuFiin)E(Ey By g)E(en i €)= O(Tpip2),
t1,t2=1141,i2=1 j1,j2=1
hence
1
F/e,ER'R| =O0,(——).
TP1P2 Z o . (\/Tplpg)
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For the 13th term, we have

1
Tp1p2

1
Tp1p2

1
ZFTetCFTR ZFTetCFT(R RH,) T ZFTetCFTRHl
p1p2

)

F

_|_
F
where

T
E|Y Fle,.CF/R
t=1 F

1 P2
Z Z Z Ri,R;,Cj, Csz(FsﬂlFS,isFtl,ithQ,M)E(ethiljletz,iajz)

t1,t2=111,i2,i3,i4=1j1,j2=1

P2
= Z Z Z Riz Ri4 le Cjz {COV(FS,il Ft17i2 ) FS,is Ft27i4) + E(Fs,ilFt17i2)E(FS,i3Ft2,i4)}

t1,t2=111,12,13,14=1 j1,j2=1
_ 2
= O(Tpip2)

and

2 P1 P11 P2

ZE Z Z ZC Fsletzet'Ll])

T
E ZFZetCFI
= t=14;=175=1

T
= Z Z Z Cj, Csz(F&h Ftl;iF37i2Ft2;i)E(et1,i1j1 et27i2j2)

t1,t2=11,i1,i2=1 j1,j2=1

1 P2
= Z Z Z le Csz(etl,iljl et277f.2j2){COV(FS»ilFtlsi7 Fyi, Ft2~,i) + E(Fs,il Ftl,i)E(FS,thQ,i)}

t1,t2=114,i1,i2=1 j1,j2=1

= O(Tppr)

1
Tp1p2

1
pivVIps”

ZFTetCF RH,|| =0,

F

1 1
=0 +
2 T\/p1p2  p1VIpip2 )

1
Fle,CF/ (R - RH
HTp1P2 Z K ( )

F

and
1

Tp1p2
For the 14th term, we have

e ( 1 + 1 )
» Prypips pivTpa

Z Fle,CF/R

1
Flee,R| < Flee, (R — RH,; F!eee/ RH;| |,
Tpips 4 Z e R I Z e ( ) . Tp1p2 Z t B
where
T 2
5|3 Fleel R
t=1 F

E E E RlzR E FS yi1 F, 13)E(et1,i1j1 ©t1,i251Ct2,izj2 et27i4j2)

t1,t2=111,i2,i3,i4=1 j1,j2=1

t1,t2=111,i2,i3,44=1 j1,j2=1

O(T?p1p? + Tp3ps)
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and
T

E Z Flee/

pP1 P2

ZE Z Z ZFG zlet 7,1jet l])

F t=114;=1j=1

T P1 p2
= > > > E(Fei,Fui)E(er, i), €111 51 €ta.ijnCtsings)

t1,t2=114,i1,i2=1j1,j2=1

P2

T p1
Z Z Z E(FSMFSJQ){COV(ethijletl,ilh ’ etz,ij2et2,i2j2) + E(ethijl €141 )]E(etz,ij2et2,i2jz)}

t1,t2=114,i1,i2=1j1,j2=1

= O(T*pip3 + Tpips)

hence
ZFTete RH|| =0, L, ! )
TP1P2 ! h PpivTps  piypL
! ZFTee(R RH))|| =0, L, 1 )
Tpips & e ! . VIpp2  piypips
and

= Oy —)
» P VTpips  piypr

Z F etet

As a result, we have proved that

1 . 111
~|FTR -RH H -0 <++).
- |ETC ), =0 (7

Lemma 6 Suppose T, p1 and ps tend to infinity while kv and ko are fized. If Assumptions 1-4 hold, then
we have

H p1p2

. 1 1 1 .
elj(R_RHI)“F =0y ( +—+ ) ,J € [p2]

P1 T\p2 m T'py
1)+ o~ 1 1 1
—|lel.(C - cH H =0 (++>,z’€ .
a7 Ve =\ * 5 v )

__ Proof: We prove the result for R, noting that the proof for C is similar. First, by the equation for
R -RH; in Lemma we have

T .5
271937j (R — RHl)

Ze”RZtCTEtRTR—f— Zeé JRZF/R +
1 t=1

Zeé JRZ,CTe/R

(Tplpg T %p

Tpp ZeszETCZTRTR+ ZeHRETCFTR+ ZeJRET R
172

TP1P2 1192

ZesttzTRTR+

t=1 1

ZeSjF Cle/

Zes ;€C FTR +

p2 ZeSJFtcTEtRTR+ Ze”F F/R
1

Z el e,CZ/R'R+

ZesjetEtRTR

Tp1p2 Tp1p2

-1
T%p Zesjetet ) 1

Tp1p2

1
Tpips
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Again, we investigate the order of the terms in the above equation one by one.
For the 1st term, we have

T
1 1
e, RZ,C'E,R'R R Z.C'E/|| =0,(——).
s e BRR < L el (S aee] <o,
For the 2nd term, we have
1 1

:Op(

R v

T
LS e rarR| <L el v, [ zETR
T p1 t=1 F Tpl ’ 1

For the 3rd term, we have

Z €, jRZtCT

T
1 T T.TH 1 1
< ——|les R E Z,C R| =0 + .
Tp?ps Hew HF 2 1o € : b Tpapr | T rﬂ?z)

Tp1p2 .

For the 4th term, we have

T
1 1
e, RE/CZ/R'R| < E/CZ/|| =0,(——).
| Tl 2 Z ; ST SEICE]| =0
For the 5th term, we have
! Ze RE/CF/R| <_———|le] R iETCFTﬁ = Oyt ).
Tpips = 7 T Tpipy P | T Tpapr T/pipe
For the 6th term, we have
Ze JRE/e/R lel R, ET:Ejejf{ = 0,( LI ).
Tpips = Tp P2 P h Tpapr  T\/P1p2

For the 7th term, we have

TRTR T
‘TPQZe”th R'R B o A
where
T p1
Z | =EQ.Y ewiFuiZi)’
F t=1 i=1
= Z Z Ztlzt2 Ftl,ilth,iz)E(eS,iljeSﬂéj)
t1,ta=1141,i0=1
= O(Tpl)a
hence .
77 LR RIR) =0, )
—1 F ? T'py
For the 8th term, we have
1 < 1<
e, FCTER'R| < el F.CTE, |,
TZHPQZ Tt ! |F_Tp1p2 t:zl A ' »

22



where

T T p1 p2
I ZeSTJFtCTEt ZZ Z Cji Fi By e, Z])
t=1 t=1 i=1 j;=1

b2

T P1
Z Z Z Cj, Cj2E(Et1~,j1Et27j2)E(FtlxilFthiQ)E(eS;iljeS;iZj)

t1,to=1141,i2=1j1,j2=1

= O(Tpip2),
hence
1
el F,CTER'R| =0,(——).
TP1P2 Z gt ! . p(\/Tp1p2)
For the 9th term, we have
1 Z T 1 X
T ™h T T T
T—p%ZewFtFtR < Z F.F/ (R - RH,) T—p%Zes’thFt RH,| ,
t=1 F =1 t=1 F
where
T 2 T P1
Z F FTR = Z Z RilRisE(Ftl,ilFtl,ithz,ithmM)]E(eS,izjesyuj)
=1 F tita=1liy,ip,i3,i4=1

= Z Z Ri1RisE(es,iﬂeS,iU){COV(Ftl7i1Ftlﬂ'z,Ft27i3thyi4) + E(Fh,i1Ft17i2)E(Ft2,i3Ft27i4)}

t1,t2=111,12,i3,i4=1

= O0,(T°p1 + Tp}),

and
- 2
E|> el FF/ S > E(Fy,iFs i, FuyiFy i) E(es i j€s )
t=1 I t1,to=11,i1,i2=1
T p1
= Z Z ]E(es,iljesﬂﬂ){COV(Ftl,iFtl,il7Ft2,iFt2,i2)+]E(Ftl,iFthh)E(Ft2,iFt27i2)}
1 to=114i1,ia=1
= O0,(T?p1 + Tp}),
hence
d 1 1
T T
—— e, F.F, RH, =0 + )7
2 o FF BTN TR
T
1 1 1
JFFEJ(R-RH)| =0,( + ==+ ).
Z: ! s P p1\/T T\/ZTl p%
and
1 1 1

= 0,(

e, FF/R + + :
T2Z e (VG A 27w

S

For the 10th term, we have

Zeg JFtCT

Ze”FtCT (R-RH,)|| +

F

)

F

T
> el ,F.Ce/RH,
t=1

H p1p2 Tp1p2

F
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where

T 2

Z FtCTetTR

t=1

F

T D1
E E E RnRis le CJ'QE(Fh7i2Ft2,i4)E(et1,i1j1et2,isjzes,izjesaizlj)

t1,t20=1141,i2,i3,i4=1 j1,j2=1

P2
Z Z Z R, R;,Cj, Csz(Fthithz,M){Cov(es,izjethiljl’e87i4jet2,iaj2) + E(esﬂéjetl;iljl )E(e8,i4jet2,i3j2)}

t1,t2=111,i2,i3,i4=1j1,j2=1

:O(Tpfpz)
and
T 2 p1 T T
Sel,FCTel || <\ |3 (D (e[ CHD (Fle)?t = O(Tp1ypa),
t=1 F i=1 t=1 t=1
hence
1
e F.C'e/RH,| =0,(—=—),
pﬂ?zz aT ! » p(pl Tp2)
ZeFCT R-RH,)|| = Op(—— + ———)
Tplp e ' . VInpz  pypips
and

1 1
el F,.CTe/ =0 + .
‘ p1p2z ATt ‘ p(\/TpnOz p1\/p1p2)

For the 11th term, we have

1 TRTR 1 T
e,.¢CZ, R R|| < e, ., CZ, ,
HTP1P2Z o | T'pip2 tzl o .
where
T 2
E Ze;jetCZtT
t=1 F

T p1 P2
= E E : E le Csz(Zt1 th)]E(etl7i1j1et2,i2j2e87i1je87i2j)

t1,t2=1141,i2=1j1,j2=1

p2
= Y D > CiCLE(Ze, Zi, ){cov(€sirjCt sy €5/in€haings) T B(€siy €0, i1 1 )E(€sis €0, s ) }

t1,t2=111,i2=1j1,j2=1

= O(p} + Tpip2),

hence
1 1 1
Tplpg Zesjet ZTRTR ) = Op(ifplp2 + m)
For the 12th term, we have
1 e T
HTp1p2 2 e BRTR o Tp1p2 Z} 7 .

24



where

2

T P1 D2
E etEt E E E €s,i15€t, Zl]lEle)
t=1 F t=1 ’Ll 1]1 1

p1 D2
E E E E(Et17j1Et27.7'2)]E(e&hjetl7i1j1e5,i2jet2,i2j2)

t1,t2=111,i2=1j1,j2=1
T P1 P2
E E § ]E(Etl’jlEt2’j2){cov(e8,il]'etlailjl ) es’i2jet2’i2ﬂ'2) + E(es’iljetl’iljl )]E(es’iZjetz’iZjZ)}

t1,t2=111,i2=1j1,j2=1

= O(Tpips2 +p3),

hence
1 1

= Oyt =),
p(\/Tplpz TP2)

F

Ze JetEtRTR

Tp1p2
For the 13th term, we have

1 1 1
e, e CFTR =0p(——+ —).
Tpips ; =3t . p(\/Tplp2 TP2)
For the 14th term, we have
T p
Ze seel Rl = DD esiienie
TP1P2 » Tp1p2 t=1 i=1 F
p1 T N P1
T el;e/ R)? el ij)
Tpm {;;t, : )}<; i
1 1 1
= Op(—+—— .
Ppr o VT T\/PQ)

As a result, we have

P1

~ 1 1 1
.
e, (R-—RH H =0 <+ +),
l ) F P\VIpi Typz m

Proof of Theorem 3
By substituting the expression for X; into the expressions for the factor scores, we have

5 1= ~ 1 ~ ~
Z, = —H{lthng - —R'R-RHYZH;'" - —H['Z,(C-CH;")'C
P1 P1
~ ~ 1 -~
RT(R RH;")Z,(C - CH,')"C - —R"RE, CH,
p1p2 P1p2
RTRET(C CH,) — —HTRTFtCTC - (R-RH,) F,C'C
P1p2 pip P1p2
1 ~
— HlTR e,CH, — HITRTet(C — CH,) — (R—RH,) e,CH,
P1pP2 P1DP2 P1D2
1 -~ N
— (R—RH;) e,(C — CH,), (1)
P1P2
~ 1 ~ ~ 1
F, = (RZ;+F)H;'" + —(RZ,; + F,)(C - CH;!)"C + —RE/ CH,
P2 P2
1 ~ 1 1 -
+—RE/ (C - CH,) + —e;CH; + +—¢;(C — CH,), (2)
D2 D2 D2
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and

. 1 . 1
E, = (CZ] +E)H['T + ;(czj +E)(R-RH;)'R + p—CFZRH1
1 1
1 . 1 1 + =
+—CF/(R—RH,) + —e/RH; + +—¢/ (R — RH,). (3)
b1 Y41 P2

From Lemma [2] to Lemma [} we have

~—
—~
=~
N

N 1
Z; +H'ZH;'T = 0,(—
vP1

o 11
Foi.—H'"(Fi; +Z/R;) = Op(\/TT)1 + N + T) (5)
and
E.;, —H ' (B, +Z,C,.) = Op(i TS S l), (6)
Vot VTp2 T
SO
Siij—Sui; = R;/Z,C;+R/E,; +F/,C;. -R/ZC; -R/E,; —F/, C;

1 1 1
—+—+—=
Vi P2 VT

Appendix G. Proof of Theorem 4

Proof: For M, (d =1,2), according to Lemma 1, only the first k; leading eigenvalues are O, (1) and the
pa — kg eigenvalues are Op(p;1/2 4+ T71/2). Hence, the ratio-type estimator can find out the true factor

= Op( )

number kg.

Appendix H. Additional Results for Simulations

b c
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04~ 1.00-
015+ 0.3- 0.75-
L L L
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Figure 2: Boxplots of D((A], C) for seven estimation methods under six size settings in six

scenarios.
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Appendix I. Additional Results for Multinational Macroe-
conomic Indices Data

Table 1: Countries and Abbreviations

country  abbreviation country abbreviation
Australia AUS Ireland IRL
Austria AUT Netherlands NLD
Canada CAN New Zealand NZL
Denmark DNK Norway NOR
Finland FIN Sweden SWE
France FRA United Kingdom GBR
Germany DEU United States USA

Table 2: The estimated row factor loading matrix R for the multinational, macroeconomic

indices data.

Method  Factor

AUS AUT CAN DNK FIN FRA DEU IRL NLD NZL NOR SWE GBR USA

1 6 0 0 6 6 0 6 12 -2 0 -5 9 6 9
autoPCA 2 6 o 18 0 6 3 6 0 9 15 3 -3 0 12
3 15 12 -3 6 312 0 0 6 0 0 3 9 12

1 9 9 0 9 ©© 6 9 18 6 3 3 9 19 3

a-PCA 2 3 0 0 0 0 0 0 9 0 0 21 6 0 3
3 3 o 15 0 3 3 6 12 6 -8 3 0 0 -12

1 15 9 3 9 6 9 6 9 3 0 3 6 12 0

proPCA 2 3 0 0 30 0 3 0 3 0 21 9 0 3
3 6 o 18 0 6 3 6 0 -9 15 3 3 0 -12

1 9 9 0 9 9 6 9 18 6 3 3 9 9 -3

o2w-PCA 2 -3 0 0 0 0 0 0 9 0 0 27 6 0 3
3 3 o 15 0 3 3 6 12 6 -8 3 0 0 -12

1 3 6 3 3 15 © 12 0 -2 3 12 6 6 3

Step-App 2 0 3 0 3 0 0 0 3 0 -3 0 3 0 0
3 8 3 9 3 6 3 0 0 0 12 0 6 6 15

1 9 6 3 6 9 9 9 6 9 6 -15 6 6 0

Q-MLE 2 6 -3 0 33 0 0 27 0 3 9 0 0 -3
3 3 3 12 3 3 3 0 3 0 -2 12 3 3 .8

1 9 9 0 9 ©© 6 9 18 6 3 3 9 9 3

sPCA 2 3 0 0 0 0 0 0 9 0 0 21 6 0 3
3 3 0o 15 0 -3 3 6 12 6 -8 3 0 0 -12
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Table 3: The estimated column factor loading matrix C for the multinational, macroeco-

nomic indices data.
Method Factor CPLEner CPLFOOD CPLTOT GDP IR:.LONC IR:SHORT IT:EXP IT:IM P:TIEC P:TM

1 0 0 0 0 6 3 21 21 0 3
autoPCA 2 30 0 9 0 0 0 0 0 0 3
3 0 0 0 12 3 24 0 3 3 15

4 0 3 3 24 3 12 6 3 0 0

1 0 0 0 6 3 0 21 21 0 0

a-PCA 2 30 3 9 3 3 0 0 0 0 0
3 0 0 0 3 9 24 0 0 3 12

4 3 27 6 3 6 0 0 0 0 3

1 0 3 0 6 3 0 21 21 0 0

proPCA 2 27 0 9 3 0 0 0 0 0 0
3 3 9 0 6 6 24 0 0 0 12

4 3 21 3 6 21 6 0 0 0 3

1 0 0 0 6 3 0 21 21 0 0

2w-PCA 2 30 3 9 3 3 0 0 0 0 0
3 0 0 0 3 9 24 0 0 3 12

4 -3 27 6 3 6 0 0 0 0 3

1 30 0 6 0 0 0 0 0 0 0
Step-App 2 3 30 6 3 0 0 0 0 3 0
3 0 0 0 12 0 0 18 18 6 3

4 0 3 0 6 0 3 6 6 27 9

1 30 6 3 3 0 0 0 0 3 0

Q-MLE 2 6 97 6 0 0 0 0 0 3 0
3 3 0 0 18 0 3 18 15 0 0

4 0 3 0 9 0 3 3 3 27 9

1 0 0 0 6 3 0 21 21 0 0

sPCA 2 30 3 9 3 -3 0 0 0 0 0
3 0 0 0 3 9 24 0 0 3 12

4 -3 27 6 3 6 0 0 0 0 3
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