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11 This paper investigates the railway seat allocation problem with a focus on equity
12 considerations. We aim to distribute railway capacity more fairly among passengers
13 from different Origin-Destination (OD) pairs while ensuring operational profitability.
14 We first develop a Mixed Integer Linear Programming (MILP) model for scenarios with
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19  between the proposed DRO and SP models, both of which can be efficiently solved
20  using widely available MILP solvers like GUROBI. To validate our approach, we
21  perform numerical studies on a small-scale toy example and the Zhengzhou-Xi’an high-
22 speed railway corridor. The results demonstrate that the proposed optimization methods
23 improve passenger equity across OD pairs, where the DRO model yields high-quality
24 and stable solutions.
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1. Introduction

Railway transportation plays an important role in the rapid development of countries
around the world (Chai et al., 2018). For instance, by the end of 2023, China's railway
network had expanded to a total track length of 159,000 km, including an impressive
45,000 km of high-speed railways.! This extensive rail network offers efficient
transportation for passengers and accommodates the increasing travel demand,
especially for those with medium-to-long trip distances. However, the significant fixed
costs of constructing railway infrastructure often lead to financial deficits for many
railway lines. As a result, it is both important and necessary for railway operators to
develop planning and operational strategies that can improve system efficiency and

profitability.

Revenue management or RM (Cetiner, 2013) has been extensively studied in many
industries. Previous research (Abe, 2008; Armstrong & Meissner, 2010) has provided
comprehensive overviews specific to railway RM. In the context of RM, seat allocation
is a critical component, determining numbers of seats assigned to all origin-destination
(OD) pairs on specific trains. Unlike airline services, where flights typically serve a
single OD pair, railway systems often feature complex supply and demand structures.
For instance, a train can serve multiple OD pairs, and different trains on the same line
may have different stopping plans and schedules. Consequently, each OD pair can be
viewed as a distinct market that is governed by the seat allocation (Xu et al., 2022a).
An effective seat allocation scheme can mitigate inefficient competition for limited
train capacity, thereby enhancing both capacity utilization efficiency and profitability

of railway operations.

Ciancimino et al. (1999) addressed the railway seat allocation problem by employing
deterministic linear and probabilistic nonlinear programming models, approaching it as
a multi-leg, single-fare revenue management problem. You (2008) further expanded the
analysis to incorporate two fare classes—full fare and discounted fare—building on the

framework proposed by Ciancimino et al. (1999). These earlier studies mainly

! Railway development in China to 2023.

< http://www.china-railway.com.cn/xwzx/zhxw/202403/t20240315_134819.htmI>
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concentrated on the seat allocation problem for a single train or a single line. In recent
years, however, the rapid development of high-speed railways has prompted a growing
number of studies to examine seat allocation from a network perspective (Zhao & Zhao,
2019). Some researchers have introduced more flexible strategies to accommodate
system variations (Jiang et al., 2015; Yan et al., 2020; Zhao et al., 2023). Additionally,
recognizing the interaction between pricing and seat allocation (Hu et al., 2020), some
studies have jointly optimized these aspects (Hu et al., 2020; Yan et al., 2020; Xu et al.,
2022a). Other research has simultaneously optimized seat allocation and train stopping
plans (Han & Ren, 2020; Xu et al., 2023). However, existing studies on railway seat
allocation have seldom addressed equity issues across heterogeneous passengers from
different OD pairs, despite the importance of equity in transportation service provision

for social good (Litman, 2002).

Although equity considerations in railway seat allocation schemes have not been widely
explored, the integration of equity principles into transportation systems has garnered
increasing interest in recent decades (Bertolaccini, 2013). For example, Chen &
Subprasom (2007) highlighted the unequal distribution of benefits among road users
from different destinations. Some studies have investigated resource-sharing within
urban rail transit networks (Shang et al., 2018; Yin et al., 2022). The accessibility and
social impacts of high-speed railways have been evaluated in many studies (Kim &
Sultana, 2015; Chen & Haynes, 2017; Zhou et al., 2018; Cavallaro et al., 2020; Ren et
al., 2020; Zhang et al., 2020). However, few studies have developed optimization tools
to enhance equity in railway systems. Notably, Zhan et al. (2020) examined social
equity-based timetabling and ticket pricing for high-speed railways, while Xia et al.
(2023) explored train stop planning and ticket pricing optimization with equity
considerations. These studies primarily focused on the cost of rail travel, whereas others
(Shao et al., 2022) concentrated on equity in passenger travel time. Unlike these studies,
this research emphasizes fair resource distribution within the rail system to reduce
inequality in travel opportunities among passengers. We contribute to the existing
literature by developing seat allocation methods that enhance operator profit while

ensuring that a certain level of equity is maintained.

Railway seat allocation optimization depends on demand information, which is

inherently uncertain and varies daily, making accurate prediction challenging. This
3
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uncertainty is influenced by various factors, including seasonal changes, weather
conditions, special events (such as holidays or emergencies), and the time-varying
preferences of travelers. Some studies have addressed this uncertainty in railway seat
allocation. For example, Wang et al. (2016) assumed a non-uniform Poisson process for
demand between different OD pairs and developed a stochastic programming model.
More recently, Xu et al. (2022b) optimized train capacity allocation for railways with
mixed passenger and freight flows, considering uncertain passenger and freight demand
to maximize expected system revenue. However, due to the ex-ante nature of transport
system decisions, obtaining the true probability distribution of uncertain parameters
remains challenging, leading to less robust results with Stochastic Programming (SP)
approaches. To address this issue, Distributionally Robust Optimization (DRO)
methods have gained attention for handling uncertain parameters (Sun et al., 2014;
Rahimian & Mehrotra, 2022). Initially introduced by Delage & Ye (2010) for
uncertainty in moments (mean and covariance matrix), the efficacy of DRO methods
has been reported by many. Consequently, researchers in various fields have
increasingly adopted DRO models (Agra & Rodrigues, 2022; Zheng et al., 2022).
However, to the best of our knowledge, DRO has rarely been applied to railway revenue

management problems.

In summary, this paper advances the literature by integrating equity considerations into
railway seat allocation schemes and developing robust optimization approaches to
better manage demand uncertainty. This is especially pertinent because, in China and
many other countries, railways are frequently funded wholly or partially by central and
local governments (i.e., public funding). Therefore, service profitability and social
welfare, including equity issues, are critical aspects that need to be addressed
(Camporeale et al., 2019; Zhan et al., 2020). However, in transportation practice, social

equity is often overlooked (Manaugh et al., 2015) and relevant tools are not available.

In this paper, we propose an innovative approach to optimizing railway seat allocation
that balances revenue maximization and equity considerations. Our contributions are as
follows: (i) Equitable seat allocation. We formulate a seat allocation model for a multi-

train, multi-station railway line? with multiple OD pairs. This model incorporates

2 Our model is primarily designed for trains, focusing on the equitable distribution of seat resources on
4
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service level constraints to more equitably distribute railway resources among
passengers from different OD pairs, aiming to maximize expected revenue while
maintaining equity. (ii)) Max-Min equity principle. This principle is applied in scenarios
with limited resources that require fair allocation. Equity is evaluated by enhancing the
minimum passenger accessibility to mitigate extreme disparities. (iii) Handling demand
uncertainty. An SP model is introduced to address the complete probability distribution
of passenger demand. Additionally, when only partial demand distribution information
is available, we propose a tailored DRO model. This DRO model is then converted into
an equivalent deterministic formulation that can be efficiently solved using existing
linear solvers. (iv) Practical case evaluation. The proposed models are tested on both a

toy railway line and the Zhengzhou-Xi'an high-speed rail corridor.

The remaining sections of this paper are organized as follows. Section 2 introduces the
concept of equity in seat allocation. Section 3 outlines the proposed models, beginning
with a description of the deterministic demand model and the Stochastic Programming
(SP) model used for comparison. It then presents the Distributionally Robust
Optimization (DRO) model to address uncertainty. In Section 4, we conduct numerical
studies using both a small illustrative example and a larger real-world case. Section 5
discusses the seat allocation model under time-varying demand. Finally, Section 6

concludes the paper.

2. Equity in railway seat allocation

The distribution of passenger demand in a railway service network varies across
different OD pairs, while the system capacity remains limited. This heterogeneity,
coupled with capacity constraints, can result in inefficient competition among
passengers from different OD pairs sharing the same train capacity. The seat allocation
scheme in the railway is crucial for managing this competition and enhancing efficiency
by distributing capacities across the network. The allocation of tickets or capacities to

each OD pair directly impacts the accessibility of passengers from different OD pairs,

the trains rather than the lines themselves. Optimization methods effective for a single line can also be
extended to larger networks, necessitating the management of more OD pairs and trains. Consequently,

our model is equally applicable to rail networks.
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making both efficiency and fairness essential. Optimizing seat allocation should aim
not only to manage inefficient and unnecessary competition but also to ensure fairness
across the network for the greater social good. To underscore the importance of
considering both efficiency and social equity in seat allocation optimization, we provide

a simple example below.

In Fig. 1, a single train with a seating capacity of 10 travels sequentially from station A
to B, and then to C. We consider three OD pairs: AB, BC, and AC, with ticket fares and
demands as follows: AB (fare: 2, demand: 10), BC (fare: 2, demand: 20), and AC (fare:
3, demand: 30). To maximize revenue, the optimal seat allocation would be 10 seats
each to AB and BC, with no seats allocated to AC. This results in a total revenue of 40
and serves 20 passengers. However, this allocation neglects the demand for OD pair
AC, which can be considered “unfair” and severely limits accessibility for passengers
traveling between A and C. Alternatively, if we aim to "maximize equity," we could
allocate 4 seats each to AB and BC, and 6 seats to AC. This results in a total revenue of
34, serving 14 passengers, with the service distribution being 40% for AB, 20% for BC,
and 20% for AC. This example underscores the importance of equitable seat allocation
across different OD pairs while fully utilizing the train's capacity. Clearly, there is a

trade-off between efficiency/profitability and equity.

Demand
= = = >
Capacity = 10 10/10 10720
- 10x2=20 10x2=20
Maximize revenue = >
0/30
4/10 4/20
P . 4x2=8 4x2=8
Maximize equity =15 >
6/30

Fig. 1. An example: maximize revenue vs “maximize equity” in seat allocation.
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The Gini coefficient (Gini, 1912) is a widely used metric for quantifying disparities in
income or wealth distribution within a population. Delbosc & Currie (2011) applied this
metric to evaluate equity implications in transportation systems. Other equity-related
metrics, such as the relative mean deviation (Ogryczak, 2009), the gap between the best
and worst values (Martens et al., 2012), and a lexicographic framework (Liu &
Papageorgiou, 2013), have also been utilized. However, these traditional fairness
metrics often struggle to accommodate the complexities of rail systems and are
particularly inflexible in resource allocation problems. This study employed the min-
max approach, which has proven effective. For instance, Li et al. (2019) used min-max
fairness to reduce maximum passenger waiting times, thereby enhancing overall system
equity. Similarly, Zhao et al. (2021) employed maximum waiting time as a min-max

indicator to assess equity implications when optimizing train schedules.

We present the notations for sets, parameters, and decision variables used in the
subsequent modeling in Table 1.

Table 1. Notations used in the model.

Notation Description

Sets and indices

S Set of stations
K Set of trains
M Set of sections
RS Set of OD pairs
o OD pair: from origin station i to destination station j, where
) -
i,JES
m Index of sections
k Index of trains
Parameters
d;j Potential passenger demand for OD pair (i, j)
Ck Seat capacity of train k
X Binary variable that equals 1 if the OD pair (i,j) served by train
k covers section m and 0 otherwise
hij Seat price for OD pair (i, j)

7
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A The social equity weighting factor for seat allocation

Decision variables

Xij Total number of seats assigned to OD pair (i, )

k

Xij Number of seats assigned to OD pair (i,j) of train k

Auxiliary variables

Proportion of passenger demand satisfied by seats allocated to OD

e. .
Y pair (i,))
7] Minimum value among e; i
Vij Actual demand on OD pair (i,))

This study incorporates equity considerations in the following manner. Let the variable

x;; and parameter d;; represent the seat allocation and demand for any OD pair (i, j),

ij

.+ to indicate the

respectively, where (i,j) € RS. We can introduce the variable e;;

proportion of seat supply meeting the demand.

_ X

j =229 )) €RS 1)

€;
ij
The metric e;; can be regarded as the level of accessibility to the railway for

passengers from OD pair (i,j). We try to improve equity by improving the minimum

e;j among all OD pairs, i.e., we try to improve the 6 defined below
0= (pihse @

In the model formulations to be discussed in Section 3, we will try to maximize 6 and
then constraint (2) is replaced by the constraint below, i.e.,

e;j = 6,v(i,j) ERS 3)
Alternatively speaking, we try to improve the minimum level of accessibility for all OD

pairs.

3. Model formulations

In this section, we introduce the model formulations for seat allocation in rail systems,

incorporating considerations of social equity.
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3.1 Problem description

Consider a railway line comprising |S| stations and |K| trains, with station 1 and

station S representing the first and terminal stations along the line, respectively, as

shown in Fig. 2. Passengers of each OD pair can be served by multiple trains. A section,
denoted as m, is defined as the link between two consecutive stations, i.e., we have
|S| — 1 sections along the line. We list some major assumptions in this study below.

Al. The railway service price for each OD pair is predetermined. Our focus on equity
primarily involves balancing railway supply and demand, thus we concentrate on
the seat allocation problem.

A2. Consider homogeneous seats within a single train, consistent across the entire fleet
(Xu et al., 2022a). While trains may have multiple seating categories in reality, our
proposed model can treat each seating category as a separate train, each containing
only one specific type of seat. This approach allows our model to effectively
address the seat allocation problem.

A3. Passenger ticket cancellations and transfers are not considered (Yan et al., 2020).
Equity is only addressed during the ticket sales phase, without accounting for
changes that may occur afterward. Ignoring these factors does not impact

passengers' perception of equity.

We will consider both deterministic demand and stochastic demand cases.

Rail 1Cg my mg ms.1
Station ... +1 S-1 S -
= = = >

Fig. 2. An example railway line and a given train stopping plan.

3.2 Model formulation for the deterministic demand
We begin by addressing the deterministic demand scenario and develop a seat allocation

optimization model, incorporating both problem constraints and the objective function.

Model Constraints. The seat allocation model has the following constraints: train
capacity constraints, seat allocation conservation constraints, social equity constraints,

and actual demand constraints.
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(Train capacity constraints) In seat allocation, a single seat cannot be simultaneously
assigned to two or more overlapping OD pairs. For example, a seat cannot be allocated
to both the first station to the second station and the first station to the last station at the
same time. However, it can be assigned to both the first station to the second station
and the second station to the last station, as there is no overlap between these OD pairs.
Correspondingly, in the model, for any rail section m (between two adjacent stations),
the total number of seats on train k allocated to all OD pairs covering the section m

should not exceed the train capacity cy, i.e.,

z X561 < c k€K, meM (4)
(i,j)ERS
x5 € N,V(i,j) ERS, k €K (5)

where the binary variable 61-"]-"1 is given based on train stopping planning, i.e., subject
to the incidence relation among section m, OD pair (i,j) and train k. Specifically,
5l-kjm equals one if the OD pair (i,j) served by train k encompasses section m and

zero otherwise.

(Seat allocation conservation) For each OD pair (i,j) € RS, there might be multiple
trains serving it. Consequently, the total number of seats allocated to each OD pair is
equal to the sum of that on all trains serving this OD pair, i.e.,

Z xk = x;,¥(i,]) € RS (6)

k€K

where x;; is the total number of seats allocated to the OD pair (i,j) € RS.
(Actual demand constraints) For OD pair (i,j), we denote y;; as the actual demand
(i.e., the total number of tickets sold given the ticket price). We then have

di;},¥(i,j) € RS (7

yij = mln{xl'j,

i.e., the actual demand is the minimum between the total number of seats allocated x;;
and the potential demand d;;. Given an objective of revenue maximization (to be
discussed below), the nonlinear constraint (7) can be converted to the following two
linear constraints (8) and (9)

yij < x5, V(i j) €RS (8)

10
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(Equity constraints) Constraints related to equity have been discussed in Section 2,

i.e., constraints (1) and (3).

Objective function. This study addresses both railway profitability (for financial
sustainability) and social equity. Our objective is to optimize the train seat allocation
strategy to balance revenue generation with equitable service distribution. Previous
studies (Li et al., 2019; Ning et al., 2021) and the simple example in Section 2 have
already demonstrated the trade-off between efficiency/profitability and service equity.
We simultaneously consider social equity through the proposed equity indicator 6 and

ticket revenue, aiming to achieve a balance between the two, i.e.,

maxZ, =60 (10)
maXZZ = z hl]yl] (11)
(i,j)ERS

To simplify the bi-objective problem, we consider a linear combination of the above
two objectives, where we add a weight A4 for the equity metric. Then, we can define
the following seat allocation model:

maxZ = A0 + z hl]yl]

(L,))ERS

s.t. Constraints (1),(3) —(6),(8) —(9) (12)
When A is set as zero, the above model reduces to revenue maximization. Note that

the operator may choose a different value for A that reflects its preference.

3.3 Stochastic programming model

The deterministic model discussed earlier assumes a scenario with fixed and fully
known demand. However, demand is often uncertain in practice. To address this, we
introduce a stochastic programming model that accounts for demand variability.
Specifically, we adopt a scenario-based approach, where each scenario represents a
possible realization of demand distributions across all OD pairs. We use w to denote

a scenario and d;;(w) to represent the demand from station i to station j under the
scenario w. Note that d;;(w) will replace the deterministic potential demand d;;. Let
Pw = 0 denotes the probability of the occurrence of scenario w, where Y.,,eqbw = 1,

and () contains all possible scenarios. The probability vector is p =

11
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(P1, D2 Pw> =+ Pa))T, where w € 0.

Under the aforementioned stochastic demand setting, our objective is to maximize the

expected value across all demand scenarios w € (2, i.e.,

(i,j)ERS

where E,[-] is the expected value operator. 8(w) and y;;j(w) replace 6 and y;;
from the deterministic model, making them scenario-dependent. The other problem

constraints should be adjusted accordingly, i.e.,

ey (w) = d;gﬂ V(L)) € RS, w € 0 (14)
e;j(w) = 0(w),v(i,j) € RS,w € N (15)

yijw) < x;;,V(i,j) ERS,w € 2 (16)
yijw) <d;j(w),v(i,j) €ERS,w € 17)

It is noteworthy that we may have full and accurate information regarding p =
(P1, D2 Pw> =+ Pa)”» i.€., the probability distributions for stochastic demand. This
motivates us to further develop a distributionally robust optimization modeling

framework (to be discussed in Section 3.4).

3.4 Distributionally robust optimization model

The Distributionally Robust Optimization (DRO) method enhances the generality of
optimization results by assuming that uncertain parameters follow distributions within
a set of probability distributions, known as the ambiguity set. This approach has been
widely adopted in various studies (Goh & Sim, 2010; Sun et al., 2014; Wang et al.,
2021; Rahimian & Mehrotra, 2022). Building on these studies, we discard the
assumption of a perfect probability distribution for uncertain demand. Instead, we
design a DRO framework for the seat allocation problem, aiming to identify the "worst-

case" passenger distribution within the ambiguity set.

We consider that only partial probabilistic information regarding uncertain demand is

available. The passenger demand d;;, (i,j) € RS, is a random variable following a

probability distribution p with finite support p. Note that p is the given ambiguity
12
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set, where p € p. Unlike stochastic programming, which optimizes the expected value
of a given function under a specific probability distribution, Distributionally Robust
Optimization (DRO) focuses on the worst-case distribution within an ambiguity set. In
DRO, the distribution of random factors is treated as a decision variable. The objective
of the DRO model is to optimize the expected value against the most adverse
probability distribution within the defined ambiguity set. Therefore, the DRO
formulation for this problem can be expressed as follows:
max rglei[g)l E, |26(w) + z hijyij(w)
(i,j)ERS

s.t. Constraints (4) — (6),(14) — (17) (18)

where the expression mein E, depends on the characteristics of ambiguity sets
PEP

associated with discrete probability distributions. Our objective is to maximize the

minimum expected value within the specified ambiguity set.

3.4.1 Ambiguity set

Ambiguity sets should possess two essential attributes: (i) they should leverage existing
knowledge of the parameter distribution, including historical data viewed as samples
from the true, albeit unknown, distribution, and (ii) they should facilitate the
development of computationally feasible formulations solvable by tools like CPLEX.
The DRO model (18), by its nature, remains computationally challenging for generic
ambiguity sets. To mitigate this complexity, we introduce a box ambiguity set that
delineates potential distributions of uncertain demand. This set satisfies the
aforementioned criteria and features a clear, concise, and flexible structure. Several
studies have successfully applied the box ambiguity set to describe uncertainty and have
demonstrated its effectiveness. For instance, Ma et al. (2020) utilized the box ambiguity
set to manage demand uncertainty in supply chain management. Lu et al. (2022)
employed it to characterize urban rail transit demand and constructed a computationally
tractable DRO model. Wang et al. (2021) addressed uncertain demand issues in disaster
management. These studies have shown that the DRO method based on the box

ambiguity set outperforms traditional methods in terms of solution quality and stability.

The box ambiguity set is characterized by partial distributional information about
uncertain demand, denoted as p ={p =py+mwleTTr=0,|7|, <@} . The

13



372 probability distribution p is discrete and can be expressed as p = {.(2, np}. We assume

373  that different distributions in the box ambiguity set share a common set of scenarios (2,

374 with 1, = (né, Ty, ﬂzl,m)T and m, indicating the probability of scenario
375  w € {2 under probability distribution p - lacks precise knowledge but is presumed to
376  be encapsulated within the ambiguity set p. Additionally, the nominal distribution pg
377  is the distribution with the highest probability; e stands for the unit vector; 7 € RS
378 is a perturbation vector which constitutes different probability distributions within the
379  ambiguity set when combined with py; |||, signifies the infinite norm, reflecting

380 the peak absolute value among the elements of 7; ¢ € [0,1] is the known upper

381  threshold of fluctuation. In addition, e’ = 0 is equivalent to Z‘lﬂl m, = 1, which
382  ensures that the sum of the probabilities of each scenario w under the probability
383  distribution p equals one.

384

385  3.4.2 Deterministic equivalent formulations

386 The DRO model with the box ambiguity set is characterized as a max-min problem. To
387  address this model effectively, it is helpful to obtain an equivalent deterministic
388  reformulation of the DRO model (18). We introduce the notation Q(x,d(w)) =
3890  A0(W) + X(ij)ers hijyij(w) to ease the presentation, where w represents distinct
390  scenarios under probability distribution p, and w € (2. Consequently, we can derive

391  the following:

392 meinEp A60(w) + z hijyi;w)| = EinEp[Q(x,d(w))] (19)
PEP PEP
(i.j)ERS

393  Under the box ambiguity set, formula (19) constitutes a linear programming problem.
394  Given the equation p = po + 1, where po represents the nominal distribution of the
395  discrete probability, the selection of probability distribution p is equivalent to the
396  decision on the perturbation vector 7. Thus, formula (19) can be given by
T

min E x,dw))| = min Q(x,d(w

min £,[Q(x, dw))] = min Q(x,dw)) p
397 = min Q(x,dW))’ (po + )

PEP
T _ T
= Q(x, dw)) " po + min {Q(x, dw)) "m|e™m = 0, I mll., < ¢} (20)
398  where |||, = max|m,,|.
WER

399
14
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T .
Furthermore, min {Q(x, dw)) mleTT =0, |7l < <p} can be rewritten as
T

mnin Q(x, d(w))Tn

s.t. eTm=0
—n<yY
T<W® 21)

where W = @e, which is the upper bound vector of the perturbation vector .

Applying the strong duality theory of linear programming, we introduce the pairwise
variable p and the pairwise vectors @ and f, corresponding to the three constraints
in Eq. (21), respectively. We can obtain the pairwise problem of the above as follows:

max¥’a + PR
wap

s.t. eu—a+p=0Q(x,dw))
a<O0
B<0 (22)

Overall, the objective function of the original model (18) can be equivalently

represented as the following linear programming:
ma Q(x, d(w))Tpo +¥Ta+ ¥R
ma,

s.t. eu—a+p=0Q(x,dw))
a<0
<0 (23)

Following collation, we have successfully derived a deterministic equivalent
representation of the model (18) under the box ambiguity set. The variable-based

representation is summarized as follows:

max > [20w) + > hyyy )| pew) + D Ww)aw) + ) Ww)Bw) (24)

WERN (i,j)ERS WEN WERN
st w—a(w) + B(w) = A0(w) + z hijyy (W), w € 0 (25)
(i,j)ERS
a(w) <0,wen (26)
Bw)<0,weN 27)

Constraints (4) — (6),(14) — (17)

From the derivations presented, we have formulated a mixed-integer linear
programming (MILP) equivalent of the DRO model. Existing solvers like CPLEX and

GUROBI, known for their efficiency in handling large-scale linear programs, can be
15



423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
440
441
442
443
444
445

446
447

448
449

used to solve this MILP problem. Note that when the upper limit of fluctuation, denoted
by ¢, within the box ambiguity set of the DRO model, is set to zero, the DRO model
reduces to the SP model. This indicates that the DRO model is essentially a

generalization of the SP model.

4. Numerical studies

In this section, we test and evaluate the proposed models using both a small-scale
example and a large-scale case study. All numerical analyses were conducted on a
computer equipped with an Intel® Core™ i7-11700 CPU @2.50GHz, 16.00 GB RAM,
and Windows 11 Home Edition OS (64-bit). The MILP problems were solved using the
GUROBI 10.0.0 solver on the MATLAB 2021b platform.

4.1 A small toy example

4.1.1 Data description

A toy line example, with a few trains and stations, is presented to illustrate the seat
allocation strategy for all train services and highlight key attributes of the proposed
approach. As depicted in Fig. 3, a unidirectional railway consists of 4 stations. Three
trains depart from the origin station S;, and arrive at the terminal station S,, with each
train having a capacity of 650 passengers. The train stopping plan for each train is
specified in Fig. 3(a), while Fig. 3(b) provides train service information for the specific

OD pairs served by train 1. Table 2 lists the fares for all OD pairs.

S S, S5 S, S S, S5 S,
=== O O O O O O O O
Trainl @ >@ >@ >@
Train 2 . :‘ ;. Train 1
Train 3 > >
o . ' ' O Stations
O Stations . Stops
. Stops 4 Product
(a) Stopping plans for multiple trains. (b) A train serving multiple ODs.

Fig. 3. Train service network in the small case.
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Table 2. Ticket prices (unit: CNY) for all OD pairs in the toy example.

OD pair S1 S, S3 Sa
Si 12 27 35
S, 17 24
Ss 9
Sa

Seat allocation plans are intended for relatively long-term use and must accommodate
demand uncertainty over extended periods. To simulate various real-life situations—
such as increased demand during holidays or peak travel seasons, decreased demand
due to bad weather or emergencies, and regular daily demands—we consider three
discrete demand scenarios (i.e., scenarios 1, 2, and 3). This study introduces a
standardized set of demand metrics for each OD pair listed in Table 3 as passenger
demand under scenario 2. In contrast, the demands for scenarios 1 and 3 are derived by
decreasing or increasing the standardized demand with a scaling factor &, where &

ranges between zero and one.

Table 3. Potential passenger demand for all OD pairs under the standard scenario.

OD pair S1 S, Ss Sy
Si 460 1100 1740
A\ 660 840
S3 320
Sa

4.1.2 Comparative analysis of different models

In the deterministic demand case (DP model), demand is defined as the expected value
derived from multiple uncertain scenarios. The DRO model incorporates three demand
scenarios as previously mentioned. Moreover, when the fluctuation upper bound ¢
within the box ambiguity set is set as zero, the DRO model converges to the traditional
SP model. In particular, p, issetas (0.3,0.5,0.2)7, the value of the equity conversion
coefficient A in the objective function is set as 10,000, and the fluctuation upper

threshold ¢ in the DRO model is set to 0.2.
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The detailed results are presented in Table 4. For all models, the MIPGap configuration
parameter in GUROBI is set to 0.00%. Specifically, the computational time required to
achieve the optimal solution for deterministic demand is less than 0.2 seconds. The third
and fourth columns of Table 4 display the performance metrics under the SP and DRO
models across the three demand scenarios. Specifically, the third column indicates the
minimum level of service (expressed as a supply/demand ratio) identified by the model
for all OD pairs. For comparison, we apply the optimal solution of the DP model to
various scenarios with demand ambiguity and then assess the minimum service level

and the expected revenue. The results are presented in Table 5.

Table 4. Results of different models.

Total CPU time
Demand Minimum Objective '
Model revenue (unit:
scenario w ratio 6 ) value
(unit: CNY) second)
DP - 0.25 69,185 71,650.99 0.19
w = 1.00 41,030
SP w=2 0.33 63,388 62,962.24 0.29
w = 0.31 68,488
w = 1.17 41,030
DRO w =2 0.40 60,971 58,849.31 0.26
w = 0.32 61,829

Table 5. Results of the DP model for different demand scenarios.

Demand scenario w Minimum ratio 6 Total revenue (unit: CNY)
w=1 0.36 35,081
w=2 0.19 68,852
w =3 0.18 69,185

Our objective is to maximize the minimum service level among OD pairs to enhance
equity, meaning that a higher minimum service level corresponds to a more equitable
seat allocation. As demonstrated, incorporating demand uncertainties results in
improved performance, achieving both greater equity (a higher minimum service level

6) and increased revenue. Moreover, the DRO model delivers the most robust
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performance, exhibiting minimal variation across different scenarios. In contrast, the

DP model exhibits more fluctuations in performance across scenarios.

Additionally, we created a box plot of e;;, as shown in Fig. 4 to provide a
comprehensive understanding of the satisfaction levels across all OD pairs, illustrating
the range from the lowest to the highest values. In Fig. 4, the DP_ DRO model represents
the application of the optimal solution of the DP model to three different demand
scenarios. It can be observed that the DRO model, while improving the worst-case

scenario, allocates more seats to passengers, thereby fully utilizing the train capacity.

[] Demand scenario 1 [] Demand scenario 2 [_| Demand scenario 3

Proportion of served passengers ¢;;

1 B ‘1 T8e

DP SP DRO DP_DRO
Model

Fig. 4. A box plot of the proportion of served passengers e;; under different models.

4.1.3 Sensitivity analysis of the DRO model against uncertainty

To investigate the influence of ¢ (an upper bound regulating fluctuations) on the
results derived from the DRO model, we vary parameter values as follows: ¢ =
{0,0.01,0.02,0.03,0.04,0.05,0.06,0.07,0.08,0.09,0.1} , with A fixed at 30,000.
Additionally, we introduce the concept of distributional robustness (metric PDR) to

gauge the difference in objective values between the DRO and SP models, i.e.,
SP* — DRO*

PDR = ————x 1009 28
ST z (28)
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512 where DRO* represents the optimal objective value for the DRO model, and SP*
513  denotes the optimal objective value for the SP model. The results presented in Table 6
514  show that the objective function value of the DRO model decreases with the upper limit
515 ¢ of fluctuation. This indicates that increasing ambiguity leads to worse performance.
516  Notably, the increase in ¢ does not cause a significant decrease in the objective value,
517  meaning that the proposed DRO model produces quite robust results.

518

519 Table 6. Comparison of SP and DRO models under different parameters ¢.
A [ Objective value PDR (%)
0 77,441.14 -
0.01 77,392.06 0.06
0.02 77,342.97 0.13
0.03 77,293.89 0.19
0.04 77,244.80 0.25
30,000 0.05 77,195.87 0.32
0.06 77,158.29 0.37
0.07 77,120.72 0.41
0.08 77,083.15 0.46
0.09 77,052.42 0.50
0.10 77,020.86 0.54
520

521  We calculate the PDR associated with the DRO model within the box ambiguity set.
522 The results in Table 6 indicate that the PDR does not exceed 1%, meaning the DRO
523  model requires only a minimal trade-off to effectively address the inherent uncertainties
524  related to probability distributions. These findings highlight the robust performance of
525  the proposed DRO model, particularly in scenarios with limited information on demand
526  distributions.

527

528  (Out-of-sample analysis) To assess the validity of the solutions derived from the DRO
529  and SP models, we perform an out-of-sample analysis. In this analysis, the fluctuation
530 limit ¢ in the DRO model is set to 0.06, while other parameters remain unchanged.
531  The experiments involve the initial three scenarios and randomly generated N sets of

532 scenario probabilities, where we have N € {10,50,100,1000,10000}. The models
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are optimized using the known dataset, establishing optimal decisions for each model.
Then the optimal decisions are tested with distinct sets of test scenarios. The results,
presented in Table 7, include out-of-sample objective function values. The last column
illustrates the performance gap (PDR) of the DRO model compared to the SP model in

terms of average objective value.

Table 7. Comparison of out-of-sample results.

Out-of-sample objective value

N Model  Average 25th 75th Minimum PDR
) ) Range
value percentile percentile value (%)
10 SP  77,957.23 77,698.46 78,360.47 76,975.03 1,739.43 032

DRO 77,708.47 77,416.28 78,163.75 77,092.10 1,595.76

50 SP 77,958.08 77,523.75 78,492.72 76,158.71 3,170.22 038
DRO 77,659.16 77,434.71 78,024.08 76257.96 2,143.49

100 SP 78,104.97 77,666.40 78,579.66 76,097.63 3,336.62 0.5
DRO 77,641.16 77,319.37 78,030.34 76,167.59 2,538.38

000 SP  78,102.07 77,639.18 78,596.08 76,038.17 3,484.32 050
’ DRO 77,713.92 7735136 78,093.12 76,051.02 2,826.78

10,000 SP  78,104.43 77,649.02 78.608.95 75,789.43 3,891.95 051
’ DRO 77,706.08 77,345.56 78,105.83 75,857.95 3,000.66

The DRO model distinguishes itself from the SP model by incorporating ambiguity sets,
enabling it to effectively manage uncertainties in probability distributions. In contrast,
the SP model is only applicable when the probability distribution is fully known.
Consequently, the DRO model consistently exhibits smaller extreme deviations
compared to the SP model in scenarios where partial information about the probability
distribution is unavailable. This suggests that the DRO model can mitigate fluctuations
in the optimal objective value, thereby enhancing its robustness. Additionally, the DRO
model consistently outperforms the SP model in worst-case scenarios, demonstrating
its ability to deliver better results under unfavorable conditions. Notably, these
performance improvements come with a reduction of no more than 0.6% in the average

objective value.
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4.2 A real-world regional railway: Zhengzhou-Xi’an high-speed railway

We now test the proposed models on the Zhengzhou-Xi'an high-speed railway corridor
in China. Fig. 5 illustrates the Zhengzhou-Xi’an high-speed railway, which begins at
the eastern Zhengzhou hub and passes through key municipalities such as Luoyang,
Sanmenxia, and Weinan, before terminating at the western Xi’an hub, covering a total
distance of 523 kilometers. The dataset for this example includes train operation and
passenger demand records from Zhengzhou East Station to Xi’an North Station.
Network-related data is sourced from China Railway Zhengzhou Bureau Group Co Ltd.
This study involves a fleet of 18 trains operating along this corridor, each with a

capacity of 650 passengers. The train stopping plans are shown in Fig. 6.

Zhengzhou East
(ZZE)

&0 58km 65km 50km 51km = N
-@5’%& @) ) nnmniE@)mumniE) \ﬁé

VR o O
e & = T

Fo SO %\o® $S® G

2 ! N SCNCEE
63km 58km
@)\H\HH\HHHH\KQ)H\HH\HHH

$°&\ N é&o
D & RN
‘ﬂ-}‘b d‘b &6& 6&% ‘2&%%9 @fgé

Fig. 5. Zhengzhou—Xi’an high-speed railway corridor (station abbreviations will be

used later to ease the presentation).
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Fig. 6. Train stopping plan of 18 trains running on the Zhengzhou—Xi’an high-speed
railway corridor (solid circle: a train will stop at this station; hollow circle: a train will

not stop at this station).

4.2.1 Numerical setting

Based on historical ticket purchase data provided by the China Railway Zhengzhou
Bureau Group Co Ltd, we summarize fare and passenger demand data for the
Zhengzhou-Xi’an high-speed railway corridor on May 14, 2016, in Tables & and 9,
respectively. To assess the robustness of the proposed DRO model, we outline 20
distinct passenger demand scenarios. Notably, we reference the experimental
framework established by Qi et al. (2018) to evaluate the efficacy of the DRO model
across a range of passenger demand scenarios, considering diverse conservation value
settings. Specifically, the passenger demand data within each scenario, denoted as w €
£, is generated by randomly perturbing the passenger demand between OD pairs in the

reference standard scenario (i.e., Table 9). This perturbation is quantified by an integer

w

parameter Ajj, within the range of [4%,16%)]. Additionally, the parameter ¢

governing the DRO model is set as 0.05.
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Table 8. Rail service prices (unit: CNY) for each OD pair.

Station ZZE ZZW GYS LYLM MCS SMXS LBW HSN WNN XAN
ZZE 19.5 425 655 955 121.5 1445 1845 211 239
7ZZW 20.5 46,5 755 1025 1245 1655 192 221
GYS 245 545 795 995 1395 1695 199

LYLM 29.5 545 795 1195 1445 1745
MCS 245 495 895 1145 1445

SMXS 19.5 645 895 1195
LBW 39.5 645 945
HSN 245 545
WNN 29.5
XAN
Table 9. Potential passenger demand (unit: per day) for each OD pair.

Station ZZE ZZW GYS LYLM MCS SMXS LBW HSN WNN XAN
ZZE 18 42 2,634 236 508 30 62 86 1,324
ZZW 2 34 4 20 8 14 24 20
GYS 28 12 86 54 64 78 104

LYLM 104 744 72 238 126 2,000
MCS 10 6 36 52 86

SMXS 90 46 44 780
LBW 16 6 160
HSN 260 1,934

WNN 4,912
XAN

4.2.2 Results and analysis

The proposed methods were tested using the GUROBI solver. Fig. 7 visually illustrates

the objective function values against different combinations of 4 and ¢ values. It is

worth noting that a clear trend emerges that the objective function value decreases as

A and ¢ increase, consistent with observations from earlier experiments in the small

toy example.
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Fig. 7. Variation of objective function values against A and ¢ values.

We first investigate the impact of different 4 values (with 0, infinity, and 20,000) on
the optimal seat allocation scheme, resulting in distinct configurations shown in Figs.
8, 9, and 10. The average computation time for these analyses is 19.16 seconds.
Evidently, the DRO model demonstrated highly competitive performance when applied
to a real-world railway network. Figs. 8 and 9 illustrate the seat allocation schemes
when the objectives are primarily revenue maximization and social equity, respectively,
with objective values of 1,449,818.90 and 5,619,669.82). When the model focuses
solely on revenue maximization, seat allocation tends to be more uneven. For example,
the OD pair ZZE-LYLM, which has high demand, receives an excessive number of
seats, while the OD pair HSN-WNN, which also has substantial demand but lower fares,
receives no seats. This raises equity concerns and potential passenger dissatisfaction.
Conversely, when the focus shifts to maximizing social equity, a more equitable
distribution of seats is achieved, accommodating demand across all OD pairs and
minimizing disparities in service accessibility. However, this more equitable allocation

results in reduced revenue.

The seat allocation scheme that balances both objectives is illustrated in Fig. 10, with
an objective value of 1,453,261.98. This scheme considers the financial interests of the
railway company while addressing varying demand levels across OD pairs, with a focus
on maximizing social equity. Fig. 11 provides a detailed breakdown of the seat
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621  allocation for each train on the Zhengzhou-Xi'an high-speed railway. It is evident that
622  the capacities of multiple trains have been distributed to specific OD pairs with
623  substantial demand, rather than concentrating most of the capacity on one or two trains.
624  This approach enhances flexibility, enabling a fair and efficient distribution of capacity

625  across the network.
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Fig. 11. Seat allocation for 18 trains on the Zhengzhou-Xi’an high-speed railway
when A4 =20,000 (45 pairs of ODs in order from origin to destination).

Our analysis includes exploring 20 different demand scenarios, where the DRO model
consistently achieves the optimal solution in a short computation time. To further test
the computational efficiency of the DRO model, we assessed its performance under an
increasing number of scenarios. We consider the scenario set 2 with |2] €
{20,200,2000}. In Table 10, we recorded performance metrics associated with the
optimal solution under these different scenarios. Even as the number of uncertain
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demand scenarios expanded from 20 to 2,000, the computation time for obtaining the
optimal solution did not exceed 40 minutes. Notably, as the number of scenarios
increased, there was a concurrent rise in the uncertainty of the probability distribution,
leading to a slight decrease in the objective values for both the SP and DRO models.
This observation underscores the capability of the proposed approaches to handle

demand uncertainty and limited information effectively.

Table 10. Comparison of the results of the DRO model under different scenario sets.

Scenario Model Objective value ~ CPU time (s) Gap
20 SP 1,463,148.80 18.63 0.0000%
DRO 1,453,608.27 19.25 0.0003%
200 SP 1,460,631.00 62.44 0.0000%
DRO 1,449,488.18 65.02 0.0001%
2,000 SP 1,460,407.69 2,116.71 0.0000%
DRO 1,449,025.02 2,348.29 0.0000%

5. Extension: Seat allocation model under time-varying passenger demand

In this study, we developed seat allocation models that consider demand uncertainty
and resource allocation equity among OD pairs. In addition, passengers' ideal departure
times (related to their activities) vary across OD pairs. And the transport service
capacity of trains also differs across time periods. For railway travel, passengers
typically prefer train tickets that align with their ideal departure times, making it
particularly important to incorporate desired departure times into demand modeling.
Consequently, we constructed seat allocation models under time-varying demand based

on passengers’ ideal departure times.

Specifically, following the work of Qi et al. (2021) and Zhang et al. (2021), we divided
the entire planning horizon into |T| € N time intervals based on passengers' ideal or
desired departure times. Each time interval is denoted as t, where t €T, and T
represents the set of all passengers' desired departure time intervals. The potential

passenger demand for OD pair (i,j) in time interval t is represented as dl-tj. The
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binary parameter TX' indicates whether train k departs from station i during

interval t, where T/* = 1 if train k departs from station i during t, and 7/* =0
otherwise. The decision variable x{‘jt represents the number of seats allocated by train
k to the OD pair (i,j) in t, and yitj denotes the actual demand during each time
interval t. Based on these definitions, the mathematical model for seat allocation under

time-varying demand can be formulated as follows:

(T_DP):

maxZ = 160 + z z hijyii (29)

(i,j)ERS teT

s.t. xitj = Z x{‘f,V(i,j) ERS,teT (30)
kEKl-t]-
t
X
efj == V() ERS,tET (31)
ij
ejj20,V(i,j)) ERS,t €T (32)
xf(1-1%)=0v(,j)ERS,i€eSkeKteT (33)
z inkjté'ikijck,kEK,mEM (34)
(i,j)ERS teT
vi <x{Vv(i,j) ERS,tE€T (35)
v <di,v(i,j) ERS,t€T (36)
x{f €N,V(i,j) ERS,k€K,t €T (37)

In this model, the objective function aims to jointly maximize passenger equity and
ticket revenue. Constraints (30) and (31) evaluate the satisfaction of demand based on
seat allocation decisions for each OD pair during different time intervals. Additionally,

Kitj represents the set of all trains departing from station i to j during the time
interval t, and xitj is the total number of seats allocated during this interval. The

parameter 6 in constraint (32) denotes the minimum service level across both
temporal and spatial dimensions. Constraint (33) ensures that no seats are allocated to
trains outside their operating times. Constraint (34) addresses train capacity limitations,
while constraints (35) and (36) evaluate the actual passenger demand for each time
interval t. Finally, constraint (37) imposes an integer restriction on the decision

variables.

29



700
701
702
703
704

705

706

707

708

709

710

711

712
713
714
715
716
717
718

719

720

721
722
723
724
725

Furthermore, we can extend the stochastic programming model discussed in Section
3.3 by incorporating the uncertainty of time-varying demand. We introduce the
following SP model, where the demand parameter for each OD pair in different time

intervals follows a probability distribution and is denoted as ditj (w) in scenario w.

(T_SP):
max E, |10(w) + hiiyii(w) (38)
14 ]/
(i,j)ERS teT

s.t. xf; = Z x,V(@i,j) ERS,tET (39)

keK@

X

t (W) = ,V(i,j)) ERS,t ET,w €N 40
ef;(w) aE(w) () w (40)
eli(w) = 0(w),v(i,j) ERS,t €T, w € 2 (41)
xf(1-1F)=0,v(,j)ERS,i€eSkeKLET (42)
Z ng;t(s{;msck,kel(,mem (43)

(i,j)ERS teT
yhw) < x5, v(i,j)) ERS,t €T, w € (44)
yhEw) < d5w),v(i,) ERS,t €T, w € 0 (45)
x{f €N,V(i,j) ERS,k€K,t €T (46)

Similarly, as discussed in Section 3.4, we address the uncertainty of time-varying
demand by introducing the following DRO model, using a box ambiguity set.
(T_DRO):

max z A0(w) + z z hyyl (w) | po(w) + z W(w)a(w) + z W (w)B(w) (47)

WERN (i,j)ERS teT WER WEN
st w—a(w) + B(w) = A0(w) + z z hiyl(w),w € 0 (48)
(i,j)ERS teT
a(w)<0,wen (49)
Bw)<0,wen (50)

Constraints (39) — (46)

In summary, to account for passengers' desired departure times, transport capacity has
30
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been converted into train service time dependent capacities. Passenger demand during

different time intervals is matched with the corresponding trains before allocating seats.

6. Conclusion

In this paper, we optimized the seat allocation problem in railway systems under
demand uncertainty. We developed a mathematical model for seat allocation to improve
equity among passengers while ensuring ticketing revenue. Specifically, by optimizing
the passenger group with the lowest service level in the system, we enhanced fair travel
opportunities for passengers across different OD pairs. To address demand uncertainty,
we first established a stochastic programming (SP) model. Subsequently, for cases
where only partial information on passenger demand probability distributions is
available, we developed a scenario-based box ambiguity set method and constructed a
distributionally robust optimization (DRO) model. Additionally, we transformed the
DRO model into an equivalent mixed-integer linear programming (MILP), enabling the
use of commercial solvers like GUROBI to obtain optimal solutions. The proposed
method was tested on a small toy example and the real Zhengzhou-to-Xi'an high-speed
railway. The results demonstrate that the seat allocation method proposed in this paper
significantly improves passenger travel equity while ensuring the economic benefits of
the rail company. Compared to optimization strategies that simply maximize revenue,
this method effectively avoids severe resource allocation imbalances, while the fairest
allocation potentially leads to lower revenue. Moreover, the DRO model under demand
uncertainty minimizes risk and achieves better performance in both equity and revenue.
Notably, the PDR upper bound associated with the DRO model does not exceed 1%.
Compared to the SP model, these performance improvements reduce the average
objective value by no more than 0.6%. Finally, we also considered the time-varying
nature of passenger demand and provided model extensions that incorporate desired

departure times into the seat allocation model.

This study can be further extended in the following ways. Firstly, future research could
integrate train stop planning and scheduling with seat allocation optimization to
develop more systematic railway operation management schemes. Secondly, when
optimizing equity, aspects in addition to OD pairs might be considered, such as equity

among passengers with different desired departure times. Also, alternative metrics for
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measuring equity can be introduced. Furthermore, since passengers’ ideal or desired
departure times vary across different OD pairs, future research could incorporate
passenger choice behavior to further explore seat allocation optimization under time-
varying demand. Finally, to address demand uncertainty, more precise ambiguity sets,
such as polyhedral or Wasserstein sets, could be employed based on specific problem

contexts to enhance the model's robustness.
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