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Abstract 10 

This paper investigates the railway seat allocation problem with a focus on equity 11 

considerations. We aim to distribute railway capacity more fairly among passengers 12 

from different Origin-Destination (OD) pairs while ensuring operational profitability. 13 

We first develop a Mixed Integer Linear Programming (MILP) model for scenarios with 14 

deterministic demand. We then further extend our study by formulating Stochastic 15 

Programming (SP) and Distributionally Robust Optimization (DRO) models for 16 

scenarios with demand uncertainty. Additionally, we derive the deterministic equivalent 17 

of the DRO model using a box ambiguity set. Furthermore, we explore the relationships 18 

between the proposed DRO and SP models, both of which can be efficiently solved 19 

using widely available MILP solvers like GUROBI. To validate our approach, we 20 

perform numerical studies on a small-scale toy example and the Zhengzhou-Xi’an high-21 

speed railway corridor. The results demonstrate that the proposed optimization methods 22 

improve passenger equity across OD pairs, where the DRO model yields high-quality 23 

and stable solutions. 24 
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1. Introduction 33 

 34 

Railway transportation plays an important role in the rapid development of countries 35 

around the world (Chai et al., 2018). For instance, by the end of 2023, China's railway 36 

network had expanded to a total track length of 159,000 km, including an impressive 37 

45,000 km of high-speed railways. 1  This extensive rail network offers efficient 38 

transportation for passengers and accommodates the increasing travel demand, 39 

especially for those with medium-to-long trip distances. However, the significant fixed 40 

costs of constructing railway infrastructure often lead to financial deficits for many 41 

railway lines. As a result, it is both important and necessary for railway operators to 42 

develop planning and operational strategies that can improve system efficiency and 43 

profitability. 44 

 45 

Revenue management or RM (Çetiner, 2013) has been extensively studied in many 46 

industries. Previous research (Abe, 2008; Armstrong & Meissner, 2010) has provided 47 

comprehensive overviews specific to railway RM. In the context of RM, seat allocation 48 

is a critical component, determining numbers of seats assigned to all origin-destination 49 

(OD) pairs on specific trains. Unlike airline services, where flights typically serve a 50 

single OD pair, railway systems often feature complex supply and demand structures. 51 

For instance, a train can serve multiple OD pairs, and different trains on the same line 52 

may have different stopping plans and schedules. Consequently, each OD pair can be 53 

viewed as a distinct market that is governed by the seat allocation (Xu et al., 2022a). 54 

An effective seat allocation scheme can mitigate inefficient competition for limited 55 

train capacity, thereby enhancing both capacity utilization efficiency and profitability 56 

of railway operations. 57 

 58 

Ciancimino et al. (1999) addressed the railway seat allocation problem by employing 59 

deterministic linear and probabilistic nonlinear programming models, approaching it as 60 

a multi-leg, single-fare revenue management problem. You (2008) further expanded the 61 

analysis to incorporate two fare classes—full fare and discounted fare—building on the 62 

framework proposed by Ciancimino et al. (1999). These earlier studies mainly 63 

 
1 Railway development in China to 2023. 
< http://www.china-railway.com.cn/xwzx/zhxw/202403/t20240315_134819.html> 

http://www.china-railway.com.cn/xwzx/zhxw/202403/t20240315_134819.html
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concentrated on the seat allocation problem for a single train or a single line. In recent 64 

years, however, the rapid development of high-speed railways has prompted a growing 65 

number of studies to examine seat allocation from a network perspective (Zhao & Zhao, 66 

2019). Some researchers have introduced more flexible strategies to accommodate 67 

system variations (Jiang et al., 2015; Yan et al., 2020; Zhao et al., 2023). Additionally, 68 

recognizing the interaction between pricing and seat allocation (Hu et al., 2020), some 69 

studies have jointly optimized these aspects (Hu et al., 2020; Yan et al., 2020; Xu et al., 70 

2022a). Other research has simultaneously optimized seat allocation and train stopping 71 

plans (Han & Ren, 2020; Xu et al., 2023). However, existing studies on railway seat 72 

allocation have seldom addressed equity issues across heterogeneous passengers from 73 

different OD pairs, despite the importance of equity in transportation service provision 74 

for social good (Litman, 2002). 75 

 76 

Although equity considerations in railway seat allocation schemes have not been widely 77 

explored, the integration of equity principles into transportation systems has garnered 78 

increasing interest in recent decades (Bertolaccini, 2013). For example, Chen & 79 

Subprasom (2007) highlighted the unequal distribution of benefits among road users 80 

from different destinations. Some studies have investigated resource-sharing within 81 

urban rail transit networks (Shang et al., 2018; Yin et al., 2022). The accessibility and 82 

social impacts of high-speed railways have been evaluated in many studies (Kim & 83 

Sultana, 2015; Chen & Haynes, 2017; Zhou et al., 2018; Cavallaro et al., 2020; Ren et 84 

al., 2020; Zhang et al., 2020). However, few studies have developed optimization tools 85 

to enhance equity in railway systems. Notably, Zhan et al. (2020) examined social 86 

equity-based timetabling and ticket pricing for high-speed railways, while Xia et al. 87 

(2023) explored train stop planning and ticket pricing optimization with equity 88 

considerations. These studies primarily focused on the cost of rail travel, whereas others 89 

(Shao et al., 2022) concentrated on equity in passenger travel time. Unlike these studies, 90 

this research emphasizes fair resource distribution within the rail system to reduce 91 

inequality in travel opportunities among passengers. We contribute to the existing 92 

literature by developing seat allocation methods that enhance operator profit while 93 

ensuring that a certain level of equity is maintained. 94 

 95 

Railway seat allocation optimization depends on demand information, which is 96 

inherently uncertain and varies daily, making accurate prediction challenging. This 97 
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uncertainty is influenced by various factors, including seasonal changes, weather 98 

conditions, special events (such as holidays or emergencies), and the time-varying 99 

preferences of travelers. Some studies have addressed this uncertainty in railway seat 100 

allocation. For example, Wang et al. (2016) assumed a non-uniform Poisson process for 101 

demand between different OD pairs and developed a stochastic programming model. 102 

More recently, Xu et al. (2022b) optimized train capacity allocation for railways with 103 

mixed passenger and freight flows, considering uncertain passenger and freight demand 104 

to maximize expected system revenue. However, due to the ex-ante nature of transport 105 

system decisions, obtaining the true probability distribution of uncertain parameters 106 

remains challenging, leading to less robust results with Stochastic Programming (SP) 107 

approaches. To address this issue, Distributionally Robust Optimization (DRO) 108 

methods have gained attention for handling uncertain parameters (Sun et al., 2014; 109 

Rahimian & Mehrotra, 2022). Initially introduced by Delage & Ye (2010) for 110 

uncertainty in moments (mean and covariance matrix), the efficacy of DRO methods 111 

has been reported by many. Consequently, researchers in various fields have 112 

increasingly adopted DRO models (Agra & Rodrigues, 2022; Zheng et al., 2022). 113 

However, to the best of our knowledge, DRO has rarely been applied to railway revenue 114 

management problems. 115 

 116 

In summary, this paper advances the literature by integrating equity considerations into 117 

railway seat allocation schemes and developing robust optimization approaches to 118 

better manage demand uncertainty. This is especially pertinent because, in China and 119 

many other countries, railways are frequently funded wholly or partially by central and 120 

local governments (i.e., public funding). Therefore, service profitability and social 121 

welfare, including equity issues, are critical aspects that need to be addressed 122 

(Camporeale et al., 2019; Zhan et al., 2020). However, in transportation practice, social 123 

equity is often overlooked (Manaugh et al., 2015) and relevant tools are not available. 124 

 125 

In this paper, we propose an innovative approach to optimizing railway seat allocation 126 

that balances revenue maximization and equity considerations. Our contributions are as 127 

follows: (i) Equitable seat allocation. We formulate a seat allocation model for a multi-128 

train, multi-station railway line2  with multiple OD pairs. This model incorporates 129 

 
2 Our model is primarily designed for trains, focusing on the equitable distribution of seat resources on 
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service level constraints to more equitably distribute railway resources among 130 

passengers from different OD pairs, aiming to maximize expected revenue while 131 

maintaining equity. (ii) Max-Min equity principle. This principle is applied in scenarios 132 

with limited resources that require fair allocation. Equity is evaluated by enhancing the 133 

minimum passenger accessibility to mitigate extreme disparities. (iii) Handling demand 134 

uncertainty. An SP model is introduced to address the complete probability distribution 135 

of passenger demand. Additionally, when only partial demand distribution information 136 

is available, we propose a tailored DRO model. This DRO model is then converted into 137 

an equivalent deterministic formulation that can be efficiently solved using existing 138 

linear solvers. (iv) Practical case evaluation. The proposed models are tested on both a 139 

toy railway line and the Zhengzhou-Xi'an high-speed rail corridor. 140 

 141 

The remaining sections of this paper are organized as follows. Section 2 introduces the 142 

concept of equity in seat allocation. Section 3 outlines the proposed models, beginning 143 

with a description of the deterministic demand model and the Stochastic Programming 144 

(SP) model used for comparison. It then presents the Distributionally Robust 145 

Optimization (DRO) model to address uncertainty. In Section 4, we conduct numerical 146 

studies using both a small illustrative example and a larger real-world case. Section 5 147 

discusses the seat allocation model under time-varying demand. Finally, Section 6 148 

concludes the paper. 149 

 150 

2. Equity in railway seat allocation 151 

 152 

The distribution of passenger demand in a railway service network varies across 153 

different OD pairs, while the system capacity remains limited. This heterogeneity, 154 

coupled with capacity constraints, can result in inefficient competition among 155 

passengers from different OD pairs sharing the same train capacity. The seat allocation 156 

scheme in the railway is crucial for managing this competition and enhancing efficiency 157 

by distributing capacities across the network. The allocation of tickets or capacities to 158 

each OD pair directly impacts the accessibility of passengers from different OD pairs, 159 

 
the trains rather than the lines themselves. Optimization methods effective for a single line can also be 
extended to larger networks, necessitating the management of more OD pairs and trains. Consequently, 
our model is equally applicable to rail networks. 
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making both efficiency and fairness essential. Optimizing seat allocation should aim 160 

not only to manage inefficient and unnecessary competition but also to ensure fairness 161 

across the network for the greater social good. To underscore the importance of 162 

considering both efficiency and social equity in seat allocation optimization, we provide 163 

a simple example below. 164 

 165 

In Fig. 1, a single train with a seating capacity of 10 travels sequentially from station A 166 

to B, and then to C. We consider three OD pairs: AB, BC, and AC, with ticket fares and 167 

demands as follows: AB (fare: 2, demand: 10), BC (fare: 2, demand: 20), and AC (fare: 168 

3, demand: 30). To maximize revenue, the optimal seat allocation would be 10 seats 169 

each to AB and BC, with no seats allocated to AC. This results in a total revenue of 40 170 

and serves 20 passengers. However, this allocation neglects the demand for OD pair 171 

AC, which can be considered “unfair” and severely limits accessibility for passengers 172 

traveling between A and C. Alternatively, if we aim to "maximize equity," we could 173 

allocate 4 seats each to AB and BC, and 6 seats to AC. This results in a total revenue of 174 

34, serving 14 passengers, with the service distribution being 40% for AB, 20% for BC, 175 

and 20% for AC. This example underscores the importance of equitable seat allocation 176 

across different OD pairs while fully utilizing the train's capacity. Clearly, there is a 177 

trade-off between efficiency/profitability and equity. 178 

 179 
Fig. 1. An example: maximize revenue vs “maximize equity” in seat allocation. 180 
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 181 

The Gini coefficient (Gini, 1912) is a widely used metric for quantifying disparities in 182 

income or wealth distribution within a population. Delbosc & Currie (2011) applied this 183 

metric to evaluate equity implications in transportation systems. Other equity-related 184 

metrics, such as the relative mean deviation (Ogryczak, 2009), the gap between the best 185 

and worst values (Martens et al., 2012), and a lexicographic framework (Liu & 186 

Papageorgiou, 2013), have also been utilized. However, these traditional fairness 187 

metrics often struggle to accommodate the complexities of rail systems and are 188 

particularly inflexible in resource allocation problems. This study employed the min-189 

max approach, which has proven effective. For instance, Li et al. (2019) used min-max 190 

fairness to reduce maximum passenger waiting times, thereby enhancing overall system 191 

equity. Similarly, Zhao et al. (2021) employed maximum waiting time as a min-max 192 

indicator to assess equity implications when optimizing train schedules. 193 

 194 

We present the notations for sets, parameters, and decision variables used in the 195 

subsequent modeling in Table 1. 196 

Table 1. Notations used in the model. 197 

Notation Description 

Sets and indices 

𝑆 Set of stations 

𝐾 Set of trains 

𝑀 Set of sections 

𝑅𝑆 Set of OD pairs 

(𝑖, 𝑗) 
OD pair: from origin station 𝑖  to destination station 𝑗 , where 

𝑖, 𝑗 ∈ 𝑆 

𝑚 Index of sections 

𝑘 Index of trains 

Parameters 

𝑑!" Potential passenger demand for OD pair (𝑖, 𝑗) 

𝑐# Seat capacity of train 𝑘 

𝛿!"#$ 
Binary variable that equals 1 if the OD pair (𝑖, 𝑗) served by train 

𝑘 covers section 𝑚 and 0 otherwise 

ℎ!" Seat price for OD pair (𝑖, 𝑗) 
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𝜆 The social equity weighting factor for seat allocation 

Decision variables 

𝑥!" Total number of seats assigned to OD pair (𝑖, 𝑗) 

𝑥!"#  Number of seats assigned to OD pair (𝑖, 𝑗) of train 𝑘 

Auxiliary variables 

𝑒!" 
Proportion of passenger demand satisfied by seats allocated to OD 

pair (𝑖, 𝑗) 

𝜃 Minimum value among 𝑒!" 

𝑦!" Actual demand on OD pair (𝑖, 𝑗) 

 198 

This study incorporates equity considerations in the following manner. Let the variable 199 

𝑥!" and parameter 𝑑!" represent the seat allocation and demand for any OD pair (𝑖, 𝑗), 200 

respectively, where (𝑖, 𝑗) ∈ 𝑅𝑆 . We can introduce the variable 𝑒!"  to indicate the 201 

proportion of seat supply meeting the demand. 202 

𝑒!" =
𝑥!"
𝑑!"

, ∀(𝑖, 𝑗) ∈ 𝑅𝑆 (1) 203 

The metric 𝑒!"  can be regarded as the level of accessibility to the railway for 204 

passengers from OD pair (𝑖, 𝑗). We try to improve equity by improving the minimum 205 

𝑒!" among all OD pairs, i.e., we try to improve the 𝜃 defined below 206 

𝜃 = min
(!,")∈)*

𝑒!" (2) 207 

In the model formulations to be discussed in Section 3, we will try to maximize 𝜃 and 208 

then constraint (2) is replaced by the constraint below, i.e., 209 

𝑒!" ≥ 𝜃, ∀(𝑖, 𝑗) ∈ 𝑅𝑆 (3) 210 

Alternatively speaking, we try to improve the minimum level of accessibility for all OD 211 

pairs. 212 

 213 

3. Model formulations 214 

 215 

In this section, we introduce the model formulations for seat allocation in rail systems, 216 

incorporating considerations of social equity. 217 

 218 
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3.1 Problem description 219 

Consider a railway line comprising |𝑆| stations and |𝐾| trains, with station 1 and 220 

station 𝑆 representing the first and terminal stations along the line, respectively, as 221 

shown in Fig. 2. Passengers of each OD pair can be served by multiple trains. A section, 222 

denoted as 𝑚, is defined as the link between two consecutive stations, i.e., we have 223 

|𝑆| − 1 sections along the line. We list some major assumptions in this study below.  224 

A1. The railway service price for each OD pair is predetermined. Our focus on equity 225 

primarily involves balancing railway supply and demand, thus we concentrate on 226 

the seat allocation problem.  227 

A2. Consider homogeneous seats within a single train, consistent across the entire fleet 228 

(Xu et al., 2022a). While trains may have multiple seating categories in reality, our 229 

proposed model can treat each seating category as a separate train, each containing 230 

only one specific type of seat. This approach allows our model to effectively 231 

address the seat allocation problem.  232 

A3. Passenger ticket cancellations and transfers are not considered (Yan et al., 2020). 233 

Equity is only addressed during the ticket sales phase, without accounting for 234 

changes that may occur afterward. Ignoring these factors does not impact 235 

passengers' perception of equity.  236 

 237 

We will consider both deterministic demand and stochastic demand cases. 238 

 239 
Fig. 2. An example railway line and a given train stopping plan. 240 

 241 

3.2 Model formulation for the deterministic demand 242 

We begin by addressing the deterministic demand scenario and develop a seat allocation 243 

optimization model, incorporating both problem constraints and the objective function. 244 

 245 

Model Constraints. The seat allocation model has the following constraints: train 246 

capacity constraints, seat allocation conservation constraints, social equity constraints, 247 

and actual demand constraints. 248 

1 2 s Ss+1 S-1

m1 ms mS-1

Station

Rail leg
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 249 

(Train capacity constraints) In seat allocation, a single seat cannot be simultaneously 250 

assigned to two or more overlapping OD pairs. For example, a seat cannot be allocated 251 

to both the first station to the second station and the first station to the last station at the 252 

same time. However, it can be assigned to both the first station to the second station 253 

and the second station to the last station, as there is no overlap between these OD pairs. 254 

Correspondingly, in the model, for any rail section 𝑚 (between two adjacent stations), 255 

the total number of seats on train 𝑘 allocated to all OD pairs covering the section 𝑚 256 

should not exceed the train capacity 𝑐#, i.e., 257 

A 𝑥!"#𝛿!"#$ ≤ 𝑐#
(!,")∈)*

, 𝑘 ∈ 𝐾,𝑚 ∈ 𝑀 (4) 258 

𝑥!"# ∈ 𝑁, ∀(𝑖, 𝑗) ∈ 𝑅𝑆, 𝑘 ∈ 𝐾 (5) 259 

where the binary variable 𝛿!"#$ is given based on train stopping planning, i.e., subject 260 

to the incidence relation among section 𝑚, OD pair (𝑖, 𝑗) and train 𝑘. Specifically, 261 

𝛿!"#$ equals one if the OD pair (𝑖, 𝑗) served by train 𝑘 encompasses section 𝑚 and 262 

zero otherwise. 263 

 264 

(Seat allocation conservation) For each OD pair (𝑖, 𝑗) ∈ 𝑅𝑆, there might be multiple 265 

trains serving it. Consequently, the total number of seats allocated to each OD pair is 266 

equal to the sum of that on all trains serving this OD pair, i.e., 267 

A𝑥!"#
#∈+

= 𝑥!" , ∀(𝑖, 𝑗) ∈ 𝑅𝑆 (6) 268 

where 𝑥!" is the total number of seats allocated to the OD pair (𝑖, 𝑗) ∈ 𝑅𝑆. 269 

 270 

(Actual demand constraints) For OD pair (𝑖, 𝑗), we denote 𝑦!" as the actual demand 271 

(i.e., the total number of tickets sold given the ticket price). We then have 272 

𝑦!" = minG𝑥!" , 𝑑!"H, ∀(𝑖, 𝑗) ∈ 𝑅𝑆 (7) 273 

i.e., the actual demand is the minimum between the total number of seats allocated 𝑥!" 274 

and the potential demand 𝑑!" . Given an objective of revenue maximization (to be 275 

discussed below), the nonlinear constraint (7) can be converted to the following two 276 

linear constraints (8) and (9) 277 

𝑦!" ≤ 𝑥!" , ∀(𝑖, 𝑗) ∈ 𝑅𝑆 (8) 278 

𝑦!" ≤ 𝑑!" , ∀(𝑖, 𝑗) ∈ 𝑅𝑆 (9) 279 
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 280 

(Equity constraints) Constraints related to equity have been discussed in Section 2, 281 

i.e., constraints (1) and (3). 282 

 283 

Objective function. This study addresses both railway profitability (for financial 284 

sustainability) and social equity. Our objective is to optimize the train seat allocation 285 

strategy to balance revenue generation with equitable service distribution. Previous 286 

studies (Li et al., 2019; Ning et al., 2021) and the simple example in Section 2 have 287 

already demonstrated the trade-off between efficiency/profitability and service equity. 288 

We simultaneously consider social equity through the proposed equity indicator 𝜃 and 289 

ticket revenue, aiming to achieve a balance between the two, i.e., 290 

max𝑍, = 𝜃 (10) 291 

max𝑍- = A ℎ!"𝑦!"
(!,")∈)*

(11) 292 

To simplify the bi-objective problem, we consider a linear combination of the above 293 

two objectives, where we add a weight 𝜆 for the equity metric. Then, we can define 294 

the following seat allocation model: 295 

max𝑍 = 𝜆𝜃 + A ℎ!"𝑦!"
(!,")∈)*

								

𝑠. 𝑡.				Constraints				(1), (3) − (6), (8) − (9) (12)
 296 

When 𝜆 is set as zero, the above model reduces to revenue maximization. Note that 297 

the operator may choose a different value for 𝜆 that reflects its preference. 298 

 299 

3.3 Stochastic programming model 300 

The deterministic model discussed earlier assumes a scenario with fixed and fully 301 

known demand. However, demand is often uncertain in practice. To address this, we 302 

introduce a stochastic programming model that accounts for demand variability. 303 

Specifically, we adopt a scenario-based approach, where each scenario represents a 304 

possible realization of demand distributions across all OD pairs. We use 𝑤 to denote 305 

a scenario and 𝑑!"(𝑤) to represent the demand from station 𝑖 to station 𝑗 under the 306 

scenario 𝑤. Note that 𝑑!"(𝑤) will replace the deterministic potential demand 𝑑!". Let 307 

𝑝. ≥ 0 denotes the probability of the occurrence of scenario 𝑤, where ∑ 𝑝..∈/ = 1, 308 

and 𝛺  contains all possible scenarios. The probability vector is 𝒑 =309 
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(𝑝,, 𝑝-, ⋯ , 𝑝. , ⋯ , 𝑝|/|)1, where 𝑤 ∈ 𝛺. 310 

 311 

Under the aforementioned stochastic demand setting, our objective is to maximize the 312 

expected value across all demand scenarios 𝑤 ∈ 𝛺, i.e., 313 

max𝐸𝒑 a𝜆𝜃(𝒘) + A ℎ!"𝑦!"(𝒘)
(!,")∈)*

c (13) 314 

where 𝐸𝒑[∙] is the expected value operator. 𝜃(𝒘) and 𝑦!"(𝒘) replace	 𝜃	 and	 𝑦!" 	315 

from the deterministic model, making them scenario-dependent. The other problem 316 

constraints should be adjusted accordingly, i.e., 317 

𝑒!"(𝑤) =
𝑥!"

𝑑!"(𝑤)
, ∀(𝑖, 𝑗) ∈ 𝑅𝑆,𝑤 ∈ 𝛺 (14) 318 

𝑒!"(𝑤) ≥ 𝜃(𝑤), ∀(𝑖, 𝑗) ∈ 𝑅𝑆,𝑤 ∈ 𝛺 (15) 319 

𝑦!"(𝑤) ≤ 𝑥!" , ∀(𝑖, 𝑗) ∈ 𝑅𝑆,𝑤 ∈ 𝛺 (16) 320 

𝑦!"(𝑤) ≤ 𝑑!"(𝑤), ∀(𝑖, 𝑗) ∈ 𝑅𝑆,𝑤 ∈ 𝛺 (17) 321 

 322 

It is noteworthy that we may have full and accurate information regarding 𝒑 =323 

(𝑝,, 𝑝-, ⋯ , 𝑝. , ⋯ , 𝑝|/|)1, i.e., the probability distributions for stochastic demand. This 324 

motivates us to further develop a distributionally robust optimization modeling 325 

framework (to be discussed in Section 3.4). 326 

 327 

3.4 Distributionally robust optimization model 328 

The Distributionally Robust Optimization (DRO) method enhances the generality of 329 

optimization results by assuming that uncertain parameters follow distributions within 330 

a set of probability distributions, known as the ambiguity set. This approach has been 331 

widely adopted in various studies (Goh & Sim, 2010; Sun et al., 2014; Wang et al., 332 

2021; Rahimian & Mehrotra, 2022). Building on these studies, we discard the 333 

assumption of a perfect probability distribution for uncertain demand. Instead, we 334 

design a DRO framework for the seat allocation problem, aiming to identify the "worst-335 

case" passenger distribution within the ambiguity set. 336 

 337 

We consider that only partial probabilistic information regarding uncertain demand is 338 

available. The passenger demand 𝑑!" , (𝑖, 𝑗) ∈ 𝑅𝑆, is a random variable following a 339 

probability distribution 𝒑 with finite support 𝕡. Note that 𝕡 is the given ambiguity 340 
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set, where 𝒑 ∈ 𝕡. Unlike stochastic programming, which optimizes the expected value 341 

of a given function under a specific probability distribution, Distributionally Robust 342 

Optimization (DRO) focuses on the worst-case distribution within an ambiguity set. In 343 

DRO, the distribution of random factors is treated as a decision variable. The objective 344 

of the DRO model is to optimize the expected value against the most adverse 345 

probability distribution within the defined ambiguity set. Therefore, the DRO 346 

formulation for this problem can be expressed as follows: 347 

maximin
𝒑∈𝕡

𝐸𝒑 a𝜆𝜃(𝒘) + A ℎ!"𝑦!"(𝒘)
(!,")∈)*

cj

𝑠. 𝑡.				Constraints			(4) − (6), (14) − (17) (18)

 348 

where the expression min
𝒑∈𝕡

𝐸𝒑  depends on the characteristics of ambiguity sets 349 

associated with discrete probability distributions. Our objective is to maximize the 350 

minimum expected value within the specified ambiguity set. 351 

 352 

3.4.1 Ambiguity set 353 

Ambiguity sets should possess two essential attributes: (i) they should leverage existing 354 

knowledge of the parameter distribution, including historical data viewed as samples 355 

from the true, albeit unknown, distribution, and (ii) they should facilitate the 356 

development of computationally feasible formulations solvable by tools like CPLEX. 357 

The DRO model (18), by its nature, remains computationally challenging for generic 358 

ambiguity sets. To mitigate this complexity, we introduce a box ambiguity set that 359 

delineates potential distributions of uncertain demand. This set satisfies the 360 

aforementioned criteria and features a clear, concise, and flexible structure. Several 361 

studies have successfully applied the box ambiguity set to describe uncertainty and have 362 

demonstrated its effectiveness. For instance, Ma et al. (2020) utilized the box ambiguity 363 

set to manage demand uncertainty in supply chain management. Lu et al. (2022) 364 

employed it to characterize urban rail transit demand and constructed a computationally 365 

tractable DRO model. Wang et al. (2021) addressed uncertain demand issues in disaster 366 

management. These studies have shown that the DRO method based on the box 367 

ambiguity set outperforms traditional methods in terms of solution quality and stability. 368 

 369 

The box ambiguity set is characterized by partial distributional information about 370 

uncertain demand, denoted as 𝕡 = {𝒑 = 𝒑𝟎 + 𝝅|𝒆𝑻𝝅 = 0, ‖𝝅‖6 ≤ 𝜑} . The 371 
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probability distribution 𝒑 is discrete and can be expressed as 𝒑 = G𝛺, 𝝅𝒑H. We assume 372 

that different distributions in the box ambiguity set share a common set of scenarios 𝛺, 373 

with 𝝅𝒑 = q𝜋7,, ⋯ , 𝜋7. , ⋯ , 𝜋7
|/|s

1
 and 𝜋7.  indicating the probability of scenario 374 

𝑤 ∈ 𝛺 under probability distribution 𝒑 - lacks precise knowledge but is presumed to 375 

be encapsulated within the ambiguity set 𝕡. Additionally, the nominal distribution 𝒑𝟎 376 

is the distribution with the highest probability; 𝒆 stands for the unit vector; 𝝅 ∈ 𝑅* 377 

is a perturbation vector which constitutes different probability distributions within the 378 

ambiguity set when combined with 𝒑𝟎; ‖𝝅‖6 signifies the infinite norm, reflecting 379 

the peak absolute value among the elements of 𝝅; 𝜑 ∈ [0,1] is the known upper 380 

threshold of fluctuation. In addition, 𝒆1𝝅 = 0 is equivalent to ∑ 𝜋7. = 1|/|
.8, , which 381 

ensures that the sum of the probabilities of each scenario 𝑤 under the probability 382 

distribution 𝒑 equals one. 383 

 384 

3.4.2 Deterministic equivalent formulations 385 

The DRO model with the box ambiguity set is characterized as a max-min problem. To 386 

address this model effectively, it is helpful to obtain an equivalent deterministic 387 

reformulation of the DRO model (18). We introduce the notation 𝑄q𝑥, 𝑑(𝒘)s =388 

𝜆𝜃(𝒘) + ∑ ℎ!"𝑦!"(𝒘)(!,")∈)*  to ease the presentation, where 𝑤  represents distinct 389 

scenarios under probability distribution 𝒑, and 𝑤 ∈ 𝛺. Consequently, we can derive 390 

the following: 391 

min
𝒑∈𝕡

𝐸𝒑 a𝜆𝜃(𝒘) + A ℎ!"𝑦!"(𝒘)
(!,")∈)*

c = min
𝒑∈𝕡

𝐸𝒑u𝑄q𝑥, 𝑑(𝒘)sv (19) 392 

Under the box ambiguity set, formula (19) constitutes a linear programming problem. 393 

Given the equation 𝒑 = 𝒑𝟎 + 𝝅, where 𝒑𝟎 represents the nominal distribution of the 394 

discrete probability, the selection of probability distribution 𝒑 is equivalent to the 395 

decision on the perturbation vector 𝝅. Thus, formula (19) can be given by 396 

min
𝒑∈𝕡

𝐸𝒑u𝑄q𝑥, 𝑑(𝒘)sv = min
𝒑∈𝕡

𝑄q𝑥, 𝑑(𝒘)s1𝒑

= min
𝒑∈𝕡

𝑄q𝑥, 𝑑(𝒘)s1 (𝒑𝟎 + 𝝅)

= 𝑄q𝑥, 𝑑(𝒘)s
1
𝒑𝟎 +min𝝅 w𝑄q𝑥, 𝑑(𝒘)s

1
𝝅x𝒆1𝝅 = 0, ‖𝝅‖6 ≤ 𝜑y (20)

 397 

where ‖𝝅‖6 = max
.∈/

|𝜋.|. 398 

 399 
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Furthermore, min
𝝅
w𝑄q𝑥, 𝑑(𝒘)s1𝝅|𝒆1𝝅 = 0, ‖𝝅‖6 ≤ 𝜑y can be rewritten as 400 

min
𝝅
𝑄q𝑥, 𝑑(𝒘)s1𝝅

𝑠. 𝑡.			𝒆1𝝅 = 0											
−𝝅 ≤ 𝜳
𝝅 ≤ 𝜳 (21)

 401 

where 𝜳 = 𝜑𝒆, which is the upper bound vector of the perturbation vector 𝝅. 402 

 403 

Applying the strong duality theory of linear programming, we introduce the pairwise 404 

variable 𝜇 and the pairwise vectors 𝜶 and 𝜷, corresponding to the three constraints 405 

in Eq. (21), respectively. We can obtain the pairwise problem of the above as follows: 406 

max
:,𝜶,𝜷

𝜳1𝜶 +𝜳1𝜷																																

𝑠. 𝑡.			𝒆𝜇 − 𝜶 + 𝜷 = 𝑄q𝑥, 𝑑(𝒘)s								
𝜶 ≤ 0	
𝜷 ≤ 0 (22)

 407 

Overall, the objective function of the original model (18) can be equivalently 408 

represented as the following linear programming: 409 

max
:,𝜶,𝜷

𝑄q𝑥, 𝑑(𝒘)s
1
𝒑𝟎 +𝜳1𝜶 +𝜳1𝜷

𝑠. 𝑡.			𝒆𝜇 − 𝜶 + 𝜷 = 𝑄q𝑥, 𝑑(𝒘)s									
𝜶 ≤ 0
𝜷 ≤ 0 (23)

 410 

Following collation, we have successfully derived a deterministic equivalent 411 

representation of the model (18) under the box ambiguity set. The variable-based 412 

representation is summarized as follows: 413 

max A a𝜆𝜃(𝑤) + A ℎ!"𝑦!"(𝑤)
(!,")∈)*

c
.∈/

𝑝=(𝑤) + A 𝛹(𝑤)𝛼(𝑤)
.∈/

+ A 𝛹(𝑤)𝛽(𝑤)
.∈/

(24) 414 

𝑠. 𝑡.		𝜇 − 𝛼(𝑤) + 	𝛽(𝑤) = 𝜆𝜃(𝑤) + A ℎ!"𝑦!"(𝑤)
(!,")∈)*

, 𝑤 ∈ 𝛺																																				(25) 415 

𝛼(𝑤) ≤ 0,𝑤 ∈ 𝛺																																																																																																				 (26) 416 

𝛽(𝑤) ≤ 0,𝑤 ∈ 𝛺																																																																																																				 (27) 417 

Constraints			(4) − (6), (14) − (17)																																																																	  418 

 419 

From the derivations presented, we have formulated a mixed-integer linear 420 

programming (MILP) equivalent of the DRO model. Existing solvers like CPLEX and 421 

GUROBI, known for their efficiency in handling large-scale linear programs, can be 422 
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used to solve this MILP problem. Note that when the upper limit of fluctuation, denoted 423 

by 𝜑, within the box ambiguity set of the DRO model, is set to zero, the DRO model 424 

reduces to the SP model. This indicates that the DRO model is essentially a 425 

generalization of the SP model. 426 

 427 

4. Numerical studies 428 

 429 

In this section, we test and evaluate the proposed models using both a small-scale 430 

example and a large-scale case study. All numerical analyses were conducted on a 431 

computer equipped with an Intel® Core™ i7-11700 CPU @2.50GHz, 16.00 GB RAM, 432 

and Windows 11 Home Edition OS (64-bit). The MILP problems were solved using the 433 

GUROBI 10.0.0 solver on the MATLAB 2021b platform. 434 

 435 

4.1 A small toy example 436 

4.1.1 Data description 437 

A toy line example, with a few trains and stations, is presented to illustrate the seat 438 

allocation strategy for all train services and highlight key attributes of the proposed 439 

approach. As depicted in Fig. 3, a unidirectional railway consists of 4 stations. Three 440 

trains depart from the origin station 𝑆,, and arrive at the terminal station 𝑆>, with each 441 

train having a capacity of 650 passengers. The train stopping plan for each train is 442 

specified in Fig. 3(a), while Fig. 3(b) provides train service information for the specific 443 

OD pairs served by train 1. Table 2 lists the fares for all OD pairs. 444 

 445 

 446 
  (a) Stopping plans for multiple trains.      (b) A train serving multiple ODs. 447 

Fig. 3. Train service network in the small case. 448 

 449 
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Table 2. Ticket prices (unit: CNY) for all OD pairs in the toy example. 450 

OD pair 𝑆, 𝑆- 𝑆? 𝑆> 

𝑆,  12 27 35 

𝑆-   17 24 

𝑆?    9 

𝑆>     

 451 

Seat allocation plans are intended for relatively long-term use and must accommodate 452 

demand uncertainty over extended periods. To simulate various real-life situations—453 

such as increased demand during holidays or peak travel seasons, decreased demand 454 

due to bad weather or emergencies, and regular daily demands—we consider three 455 

discrete demand scenarios (i.e., scenarios 1, 2, and 3). This study introduces a 456 

standardized set of demand metrics for each OD pair listed in Table 3 as passenger 457 

demand under scenario 2. In contrast, the demands for scenarios 1 and 3 are derived by 458 

decreasing or increasing the standardized demand with a scaling factor 𝜉, where 𝜉 459 

ranges between zero and one. 460 

 461 

Table 3. Potential passenger demand for all OD pairs under the standard scenario. 462 

OD pair  𝑆,  𝑆-  𝑆?  𝑆> 

 𝑆,  460 1100 1740 

 𝑆-   660 840 

 𝑆?    320 

 𝑆>     

 463 

4.1.2 Comparative analysis of different models 464 

In the deterministic demand case (DP model), demand is defined as the expected value 465 

derived from multiple uncertain scenarios. The DRO model incorporates three demand 466 

scenarios as previously mentioned. Moreover, when the fluctuation upper bound 𝜑 467 

within the box ambiguity set is set as zero, the DRO model converges to the traditional 468 

SP model. In particular, 𝑝= is set as (0.3,0.5,0.2)1, the value of the equity conversion 469 

coefficient 𝜆  in the objective function is set as 10,000, and the fluctuation upper 470 

threshold 𝜑 in the DRO model is set to 0.2. 471 

 472 
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The detailed results are presented in Table 4. For all models, the MIPGap configuration 473 

parameter in GUROBI is set to 0.00%. Specifically, the computational time required to 474 

achieve the optimal solution for deterministic demand is less than 0.2 seconds. The third 475 

and fourth columns of Table 4 display the performance metrics under the SP and DRO 476 

models across the three demand scenarios. Specifically, the third column indicates the 477 

minimum level of service (expressed as a supply/demand ratio) identified by the model 478 

for all OD pairs. For comparison, we apply the optimal solution of the DP model to 479 

various scenarios with demand ambiguity and then assess the minimum service level 480 

and the expected revenue. The results are presented in Table 5. 481 

 482 

Table 4. Results of different models. 483 

Model 
Demand 

scenario 𝑤 

Minimum 

ratio 𝜃 

Total 

revenue 

(unit: CNY) 

Objective 

value 

CPU time 

(unit: 

second) 

DP - 0.25 69,185 71,650.99 0.19 

SP 

𝑤 = 1 1.00 41,030 

62,962.24 0.29 𝑤 = 2 0.33 63,388 

𝑤 = 3 0.31 68,488 

DRO 

𝑤 = 1 1.17 41,030 

58,849.31 0.26 𝑤 = 2 0.40 60,971 

𝑤 = 3 0.32 61,829 

 484 

Table 5. Results of the DP model for different demand scenarios. 485 

Demand scenario 𝑤 Minimum ratio 𝜃 Total revenue (unit: CNY) 

𝑤 = 1 0.36 35,081 

𝑤 = 2 0.19 68,852 

𝑤 = 3 0.18 69,185 

 486 

Our objective is to maximize the minimum service level among OD pairs to enhance 487 

equity, meaning that a higher minimum service level corresponds to a more equitable 488 

seat allocation. As demonstrated, incorporating demand uncertainties results in 489 

improved performance, achieving both greater equity (a higher minimum service level 490 

𝜃 ) and increased revenue. Moreover, the DRO model delivers the most robust 491 
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performance, exhibiting minimal variation across different scenarios. In contrast, the 492 

DP model exhibits more fluctuations in performance across scenarios. 493 

 494 

Additionally, we created a box plot of 𝑒!" , as shown in Fig. 4 to provide a 495 

comprehensive understanding of the satisfaction levels across all OD pairs, illustrating 496 

the range from the lowest to the highest values. In Fig. 4, the DP_DRO model represents 497 

the application of the optimal solution of the DP model to three different demand 498 

scenarios. It can be observed that the DRO model, while improving the worst-case 499 

scenario, allocates more seats to passengers, thereby fully utilizing the train capacity. 500 

 501 

 502 

Fig. 4. A box plot of the proportion of served passengers 𝑒!" under different models. 503 

 504 

4.1.3 Sensitivity analysis of the DRO model against uncertainty 505 

To investigate the influence of 𝜑  (an upper bound regulating fluctuations) on the 506 

results derived from the DRO model, we vary parameter values as follows: 𝜑 =507 

{0,0.01,0.02,0.03,0.04,0.05,0.06,0.07,0.08,0.09,0.1} , with 𝜆  fixed at 30,000. 508 

Additionally, we introduce the concept of distributional robustness (metric PDR) to 509 

gauge the difference in objective values between the DRO and SP models, i.e., 510 

PDR =
SP∗ − DRO∗

SP∗
× 100% (28) 511 
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where DRO∗  represents the optimal objective value for the DRO model, and SP∗ 512 

denotes the optimal objective value for the SP model. The results presented in Table 6 513 

show that the objective function value of the DRO model decreases with the upper limit 514 

𝜑 of fluctuation. This indicates that increasing ambiguity leads to worse performance. 515 

Notably, the increase in 𝜑 does not cause a significant decrease in the objective value, 516 

meaning that the proposed DRO model produces quite robust results. 517 

 518 

Table 6. Comparison of SP and DRO models under different parameters 𝜑. 519 

𝜆 𝜑 Objective value PDR (%) 

30,000 

0 77,441.14 - 

0.01 77,392.06 0.06 

0.02 77,342.97 0.13 

0.03 77,293.89 0.19 

0.04 77,244.80 0.25 

0.05 77,195.87 0.32 

0.06 77,158.29 0.37 

0.07 77,120.72 0.41 

0.08 77,083.15 0.46 

0.09 77,052.42 0.50 

0.10 77,020.86 0.54 

 520 

We calculate the PDR associated with the DRO model within the box ambiguity set. 521 

The results in Table 6 indicate that the PDR does not exceed 1%, meaning the DRO 522 

model requires only a minimal trade-off to effectively address the inherent uncertainties 523 

related to probability distributions. These findings highlight the robust performance of 524 

the proposed DRO model, particularly in scenarios with limited information on demand 525 

distributions. 526 

 527 

(Out-of-sample analysis) To assess the validity of the solutions derived from the DRO 528 

and SP models, we perform an out-of-sample analysis. In this analysis, the fluctuation 529 

limit 𝜑 in the DRO model is set to 0.06, while other parameters remain unchanged. 530 

The experiments involve the initial three scenarios and randomly generated 𝑁 sets of 531 

scenario probabilities, where we have 𝑁 ∈ {10, 50, 100, 1000, 10000}. The models 532 
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are optimized using the known dataset, establishing optimal decisions for each model. 533 

Then the optimal decisions are tested with distinct sets of test scenarios. The results, 534 

presented in Table 7, include out-of-sample objective function values. The last column 535 

illustrates the performance gap (PDR) of the DRO model compared to the SP model in 536 

terms of average objective value. 537 

 538 

Table 7. Comparison of out-of-sample results. 539 

𝑁 Model 

Out-of-sample objective value 

Average 

value 

25th 

percentile 

75th 

percentile 

Minimum 

value 
Range 

PDR 

(%) 

10 
SP 77,957.23 77,698.46 78,360.47 76,975.03 1,739.43 

0.32 
DRO 77,708.47 77,416.28 78,163.75 77,092.10 1,595.76 

50 
SP 77,958.08 77,523.75 78,492.72 76,158.71 3,170.22 

0.38 
DRO 77,659.16 77,434.71 78,024.08 76,257.96 2,143.49 

100 
SP 78,104.97 77,666.40 78,579.66 76,097.63 3,336.62 

0.59 
DRO 77,641.16 77,319.37 78,030.34 76,167.59 2,538.38 

1,000 
SP 78,102.07 77,639.18 78,596.08 76,038.17 3,484.32 

0.50 
DRO 77,713.92 77,351.36 78,093.12 76,051.02 2,826.78 

10,000 
SP 78,104.43 77,649.02 78,608.95 75,789.43 3,891.95 

0.51 
DRO 77,706.08 77,345.56 78,105.83 75,857.95 3,000.66 

 540 

The DRO model distinguishes itself from the SP model by incorporating ambiguity sets, 541 

enabling it to effectively manage uncertainties in probability distributions. In contrast, 542 

the SP model is only applicable when the probability distribution is fully known. 543 

Consequently, the DRO model consistently exhibits smaller extreme deviations 544 

compared to the SP model in scenarios where partial information about the probability 545 

distribution is unavailable. This suggests that the DRO model can mitigate fluctuations 546 

in the optimal objective value, thereby enhancing its robustness. Additionally, the DRO 547 

model consistently outperforms the SP model in worst-case scenarios, demonstrating 548 

its ability to deliver better results under unfavorable conditions. Notably, these 549 

performance improvements come with a reduction of no more than 0.6% in the average 550 

objective value. 551 

 552 
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4.2 A real-world regional railway: Zhengzhou-Xi’an high-speed railway 553 

We now test the proposed models on the Zhengzhou-Xi'an high-speed railway corridor 554 

in China. Fig. 5 illustrates the Zhengzhou-Xi’an high-speed railway, which begins at 555 

the eastern Zhengzhou hub and passes through key municipalities such as Luoyang, 556 

Sanmenxia, and Weinan, before terminating at the western Xi’an hub, covering a total 557 

distance of 523 kilometers. The dataset for this example includes train operation and 558 

passenger demand records from Zhengzhou East Station to Xi’an North Station. 559 

Network-related data is sourced from China Railway Zhengzhou Bureau Group Co Ltd. 560 

This study involves a fleet of 18 trains operating along this corridor, each with a 561 

capacity of 650 passengers. The train stopping plans are shown in Fig. 6. 562 

 563 

 564 
Fig. 5. Zhengzhou–Xi’an high-speed railway corridor (station abbreviations will be 565 

used later to ease the presentation). 566 

 567 
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 568 
Fig. 6. Train stopping plan of 18 trains running on the Zhengzhou–Xi’an high-speed 569 

railway corridor (solid circle: a train will stop at this station; hollow circle: a train will 570 

not stop at this station). 571 

 572 

4.2.1 Numerical setting 573 

Based on historical ticket purchase data provided by the China Railway Zhengzhou 574 

Bureau Group Co Ltd, we summarize fare and passenger demand data for the 575 

Zhengzhou-Xi’an high-speed railway corridor on May 14, 2016, in Tables 8 and 9, 576 

respectively. To assess the robustness of the proposed DRO model, we outline 20 577 

distinct passenger demand scenarios. Notably, we reference the experimental 578 

framework established by Qi et al. (2018) to evaluate the efficacy of the DRO model 579 

across a range of passenger demand scenarios, considering diverse conservation value 580 

settings. Specifically, the passenger demand data within each scenario, denoted as 𝑤 ∈581 

𝛺, is generated by randomly perturbing the passenger demand between OD pairs in the 582 

reference standard scenario (i.e., Table 9). This perturbation is quantified by an integer 583 

parameter ∆!". , within the range of [4%,16%]. Additionally, the parameter 𝜑 584 

governing the DRO model is set as 0.05. 585 

 586 
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Table 8. Rail service prices (unit: CNY) for each OD pair. 587 

Station ZZE ZZW GYS LYLM MCS SMXS LBW HSN WNN XAN 

ZZE  19.5 42.5 65.5 95.5 121.5 144.5 184.5 211 239 

ZZW   20.5 46.5 75.5 102.5 124.5 165.5 192 221 

GYS    24.5 54.5 79.5 99.5 139.5 169.5 199 

LYLM     29.5 54.5 79.5 119.5 144.5 174.5 

MCS      24.5 49.5 89.5 114.5 144.5 

SMXS       19.5 64.5 89.5 119.5 

LBW        39.5 64.5 94.5 

HSN         24.5 54.5 

WNN          29.5 

XAN           

 588 

Table 9. Potential passenger demand (unit: per day) for each OD pair. 589 

Station ZZE ZZW GYS LYLM MCS SMXS LBW HSN WNN XAN 

ZZE  18 42 2,634 236 508 30 62 86 1,324 

ZZW   2 34 4 20 8 14 24 20 

GYS    28 12 86 54 64 78 104 

LYLM     104 744 72 238 126 2,000 

MCS      10 6 36 52 86 

SMXS       90 46 44 780 

LBW        16 6 160 

HSN         260 1,934 

WNN          4,912 

XAN           

 590 

4.2.2 Results and analysis 591 

The proposed methods were tested using the GUROBI solver. Fig. 7 visually illustrates 592 

the objective function values against different combinations of 𝜆 and 𝜑 values. It is 593 

worth noting that a clear trend emerges that the objective function value decreases as 594 

𝜆 and 𝜑 increase, consistent with observations from earlier experiments in the small 595 

toy example. 596 

 597 
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 598 

Fig. 7. Variation of objective function values against 𝜆 and 𝜑 values. 599 

 600 

We first investigate the impact of different 𝜆 values (with 0, infinity, and 20,000) on 601 

the optimal seat allocation scheme, resulting in distinct configurations shown in Figs. 602 

8, 9, and 10. The average computation time for these analyses is 19.16 seconds. 603 

Evidently, the DRO model demonstrated highly competitive performance when applied 604 

to a real-world railway network. Figs. 8 and 9 illustrate the seat allocation schemes 605 

when the objectives are primarily revenue maximization and social equity, respectively, 606 

with objective values of 1,449,818.90 and 5,619,669.82). When the model focuses 607 

solely on revenue maximization, seat allocation tends to be more uneven. For example, 608 

the OD pair ZZE-LYLM, which has high demand, receives an excessive number of 609 

seats, while the OD pair HSN-WNN, which also has substantial demand but lower fares, 610 

receives no seats. This raises equity concerns and potential passenger dissatisfaction. 611 

Conversely, when the focus shifts to maximizing social equity, a more equitable 612 

distribution of seats is achieved, accommodating demand across all OD pairs and 613 

minimizing disparities in service accessibility. However, this more equitable allocation 614 

results in reduced revenue. 615 

 616 

The seat allocation scheme that balances both objectives is illustrated in Fig. 10, with 617 

an objective value of 1,453,261.98. This scheme considers the financial interests of the 618 

railway company while addressing varying demand levels across OD pairs, with a focus 619 

on maximizing social equity. Fig. 11 provides a detailed breakdown of the seat 620 
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allocation for each train on the Zhengzhou-Xi'an high-speed railway. It is evident that 621 

the capacities of multiple trains have been distributed to specific OD pairs with 622 

substantial demand, rather than concentrating most of the capacity on one or two trains. 623 

This approach enhances flexibility, enabling a fair and efficient distribution of capacity 624 

across the network. 625 

 626 

 627 

Fig. 8. Seat allocation scheme when 𝜆 =0. 628 

 629 

 630 

Fig. 9. Seat allocation scheme when 𝜆 approaches infinity. 631 

 632 
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 633 

Fig. 10. Seat allocation scheme when 𝜆 =20,000. 634 

 635 

 636 
Fig. 11. Seat allocation for 18 trains on the Zhengzhou-Xi’an high-speed railway 637 

when 𝜆 =20,000 (45 pairs of ODs in order from origin to destination). 638 

 639 

Our analysis includes exploring 20 different demand scenarios, where the DRO model 640 

consistently achieves the optimal solution in a short computation time. To further test 641 

the computational efficiency of the DRO model, we assessed its performance under an 642 

increasing number of scenarios. We consider the scenario set 𝛺  with |𝛺| ∈643 

{20, 200, 2000}. In Table 10, we recorded performance metrics associated with the 644 

optimal solution under these different scenarios. Even as the number of uncertain 645 
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demand scenarios expanded from 20 to 2,000, the computation time for obtaining the 646 

optimal solution did not exceed 40 minutes. Notably, as the number of scenarios 647 

increased, there was a concurrent rise in the uncertainty of the probability distribution, 648 

leading to a slight decrease in the objective values for both the SP and DRO models. 649 

This observation underscores the capability of the proposed approaches to handle 650 

demand uncertainty and limited information effectively. 651 

 652 

Table 10. Comparison of the results of the DRO model under different scenario sets. 653 

Scenario Model Objective value CPU time (s) Gap 

20 
SP 1,463,148.80 18.63 0.0000% 

DRO 1,453,608.27 19.25 0.0003% 

200 
SP 1,460,631.00 62.44 0.0000% 

DRO 1,449,488.18 65.02 0.0001% 

2,000 
SP 1,460,407.69 2,116.71 0.0000% 

DRO 1,449,025.02 2,348.29 0.0000% 

 654 

 655 

5. Extension: Seat allocation model under time-varying passenger demand 656 

 657 

In this study, we developed seat allocation models that consider demand uncertainty 658 

and resource allocation equity among OD pairs. In addition, passengers' ideal departure 659 

times (related to their activities) vary across OD pairs. And the transport service 660 

capacity of trains also differs across time periods. For railway travel, passengers 661 

typically prefer train tickets that align with their ideal departure times, making it 662 

particularly important to incorporate desired departure times into demand modeling. 663 

Consequently, we constructed seat allocation models under time-varying demand based 664 

on passengers’ ideal departure times. 665 

 666 

Specifically, following the work of Qi et al. (2021) and Zhang et al. (2021), we divided 667 

the entire planning horizon into |𝑇| ∈ 𝑁 time intervals based on passengers' ideal or 668 

desired departure times. Each time interval is denoted as 𝑡 , where 𝑡 ∈ 𝑇 , and 𝑇 669 

represents the set of all passengers' desired departure time intervals. The potential 670 

passenger demand for OD pair (𝑖, 𝑗) in time interval 𝑡 is represented as 𝑑!"A . The 671 
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binary parameter 𝜏!#A  indicates whether train 𝑘  departs from station 𝑖  during 672 

interval 𝑡, where 𝜏!#A = 1 if train 𝑘 departs from station 𝑖 during 𝑡, and 𝜏!#A = 0 673 

otherwise. The decision variable 𝑥!"#A represents the number of seats allocated by train 674 

𝑘 to the OD pair (𝑖, 𝑗) in 𝑡, and 𝑦!"A  denotes the actual demand during each time 675 

interval 𝑡. Based on these definitions, the mathematical model for seat allocation under 676 

time-varying demand can be formulated as follows: 677 

(T_DP): 678 

max𝑍 = 𝜆𝜃 + A Aℎ!"𝑦!"A

A∈1(!,")∈)*

																																																		 (29) 679 

𝑠. 𝑡.			𝑥!"A = A 𝑥!"#A

#∈+!"
#

, ∀(𝑖, 𝑗) ∈ 𝑅𝑆, 𝑡 ∈ 𝑇																																							 (30) 680 

𝑒!"A =
𝑥!"A

𝑑!"A
, ∀(𝑖, 𝑗) ∈ 𝑅𝑆, 𝑡 ∈ 𝑇																																							 (31) 681 

𝑒!"A ≥ 𝜃, ∀(𝑖, 𝑗) ∈ 𝑅𝑆, 𝑡 ∈ 𝑇																																											 (32) 682 

𝑥!"#Aq1 − 𝜏!#As = 0, ∀(𝑖, 𝑗) ∈ 𝑅𝑆, 𝑖 ∈ 𝑆, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (33) 683 

A A𝑥!"#A𝛿!"#$

A∈1

≤ 𝑐#
(!,")∈)*

, 𝑘 ∈ 𝐾,𝑚 ∈ 𝑀																				 (34) 684 

𝑦!"A ≤ 𝑥!"A , ∀(𝑖, 𝑗) ∈ 𝑅𝑆, 𝑡 ∈ 𝑇																																								 (35) 685 

𝑦!"A ≤ 𝑑!"A , ∀(𝑖, 𝑗) ∈ 𝑅𝑆, 𝑡 ∈ 𝑇																																								 (36) 686 

𝑥!"#A ∈ 𝑁, ∀(𝑖, 𝑗) ∈ 𝑅𝑆, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇																													 (37) 687 

 688 

In this model, the objective function aims to jointly maximize passenger equity and 689 

ticket revenue. Constraints (30) and (31) evaluate the satisfaction of demand based on 690 

seat allocation decisions for each OD pair during different time intervals. Additionally, 691 

𝐾!"A  represents the set of all trains departing from station 𝑖  to 𝑗  during the time 692 

interval 𝑡 , and 𝑥!"A  is the total number of seats allocated during this interval. The 693 

parameter 𝜃  in constraint (32) denotes the minimum service level across both 694 

temporal and spatial dimensions. Constraint (33) ensures that no seats are allocated to 695 

trains outside their operating times. Constraint (34) addresses train capacity limitations, 696 

while constraints (35) and (36) evaluate the actual passenger demand for each time 697 

interval 𝑡 . Finally, constraint (37) imposes an integer restriction on the decision 698 

variables. 699 
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 700 

Furthermore, we can extend the stochastic programming model discussed in Section 701 

3.3 by incorporating the uncertainty of time-varying demand. We introduce the 702 

following SP model, where the demand parameter for each OD pair in different time 703 

intervals follows a probability distribution and is denoted as 𝑑!"A (𝑤) in scenario 𝑤. 704 

(T_SP): 705 

max𝐸𝒑 a𝜆𝜃(𝒘) + A Aℎ!"𝑦!"A (𝒘)
A∈1(!,")∈)*

c																																			 (38) 706 

𝑠. 𝑡.			𝑥!"A = A 𝑥!"#A

#∈+!"
#

, ∀(𝑖, 𝑗) ∈ 𝑅𝑆, 𝑡 ∈ 𝑇																																						 (39) 707 

𝑒!"A (𝑤) =
𝑥!"A

𝑑!"A (𝑤)
, ∀(𝑖, 𝑗) ∈ 𝑅𝑆, 𝑡 ∈ 𝑇,𝑤 ∈ 𝛺											 (40) 708 

𝑒!"A (𝑤) ≥ 𝜃(𝑤), ∀(𝑖, 𝑗) ∈ 𝑅𝑆, 𝑡 ∈ 𝑇,𝑤 ∈ 𝛺															 (41) 709 

𝑥!"#Aq1 − 𝜏!#As = 0, ∀(𝑖, 𝑗) ∈ 𝑅𝑆, 𝑖 ∈ 𝑆, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (42) 710 

A A𝑥!"#A𝛿!"#$

A∈1

≤ 𝑐#
(!,")∈)*

, 𝑘 ∈ 𝐾,𝑚 ∈ 𝑀																				 (43) 711 

𝑦!"A (𝑤) ≤ 𝑥!"A , ∀(𝑖, 𝑗) ∈ 𝑅𝑆, 𝑡 ∈ 𝑇,𝑤 ∈ 𝛺																			 (44) 712 

𝑦!"A (𝑤) ≤ 𝑑!"A (𝑤), ∀(𝑖, 𝑗) ∈ 𝑅𝑆, 𝑡 ∈ 𝑇,𝑤 ∈ 𝛺												 (45) 713 

𝑥!"#A ∈ 𝑁, ∀(𝑖, 𝑗) ∈ 𝑅𝑆, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇																													 (46) 714 

 715 

Similarly, as discussed in Section 3.4, we address the uncertainty of time-varying 716 

demand by introducing the following DRO model, using a box ambiguity set. 717 

(T_ DRO): 718 

max A a𝜆𝜃(𝑤) + A Aℎ!"𝑦!"A (𝑤)
A∈1(!,")∈)*

c
.∈/

𝑝=(𝑤) + A 𝛹(𝑤)𝛼(𝑤)
.∈/

+ A 𝛹(𝑤)𝛽(𝑤)
.∈/

(47) 719 

𝑠. 𝑡.		𝜇 − 𝛼(𝑤) + 	𝛽(𝑤) = 𝜆𝜃(𝑤) + A Aℎ!"𝑦!"A (𝑤)
A∈1(!,")∈)*

, 𝑤 ∈ 𝛺																																						(48) 720 

𝛼(𝑤) ≤ 0,𝑤 ∈ 𝛺																																																																																																			 (49) 721 

𝛽(𝑤) ≤ 0,𝑤 ∈ 𝛺																																																																																																			 (50) 722 

Constraints			(39) − (46)																																																																																				  723 

 724 

In summary, to account for passengers' desired departure times, transport capacity has 725 
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been converted into train service time dependent capacities. Passenger demand during 726 

different time intervals is matched with the corresponding trains before allocating seats. 727 

 728 

6. Conclusion 729 

 730 

In this paper, we optimized the seat allocation problem in railway systems under 731 

demand uncertainty. We developed a mathematical model for seat allocation to improve 732 

equity among passengers while ensuring ticketing revenue. Specifically, by optimizing 733 

the passenger group with the lowest service level in the system, we enhanced fair travel 734 

opportunities for passengers across different OD pairs. To address demand uncertainty, 735 

we first established a stochastic programming (SP) model. Subsequently, for cases 736 

where only partial information on passenger demand probability distributions is 737 

available, we developed a scenario-based box ambiguity set method and constructed a 738 

distributionally robust optimization (DRO) model. Additionally, we transformed the 739 

DRO model into an equivalent mixed-integer linear programming (MILP), enabling the 740 

use of commercial solvers like GUROBI to obtain optimal solutions. The proposed 741 

method was tested on a small toy example and the real Zhengzhou-to-Xi'an high-speed 742 

railway. The results demonstrate that the seat allocation method proposed in this paper 743 

significantly improves passenger travel equity while ensuring the economic benefits of 744 

the rail company. Compared to optimization strategies that simply maximize revenue, 745 

this method effectively avoids severe resource allocation imbalances, while the fairest 746 

allocation potentially leads to lower revenue. Moreover, the DRO model under demand 747 

uncertainty minimizes risk and achieves better performance in both equity and revenue. 748 

Notably, the PDR upper bound associated with the DRO model does not exceed 1%. 749 

Compared to the SP model, these performance improvements reduce the average 750 

objective value by no more than 0.6%. Finally, we also considered the time-varying 751 

nature of passenger demand and provided model extensions that incorporate desired 752 

departure times into the seat allocation model. 753 

 754 

This study can be further extended in the following ways. Firstly, future research could 755 

integrate train stop planning and scheduling with seat allocation optimization to 756 

develop more systematic railway operation management schemes. Secondly, when 757 

optimizing equity, aspects in addition to OD pairs might be considered, such as equity 758 

among passengers with different desired departure times. Also, alternative metrics for 759 
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measuring equity can be introduced. Furthermore, since passengers’ ideal or desired 760 

departure times vary across different OD pairs, future research could incorporate 761 

passenger choice behavior to further explore seat allocation optimization under time-762 

varying demand. Finally, to address demand uncertainty, more precise ambiguity sets, 763 

such as polyhedral or Wasserstein sets, could be employed based on specific problem 764 

contexts to enhance the model's robustness. 765 
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