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Abstract. A new approach is developed to study the convergence of parametric finite element
approximations to the mean curvature flow of closed surfaces in three-dimensional space. In this
approach, the error analysis is conducted by comparing the numerical solution to a dynamic Ritz
projection of the mean curvature flow introduced in this paper rather than an interpolation of the
mean curvature flow, as commonly used in the literature. The errors associated with the dynamic
Ritz projection in approximating the mean curvature flow are established in the L2 and W 1,p norms.
Leveraging these results, optimal-order convergence of parametric finite element methods for mean
curvature flow of closed surfaces in the L\infty (0, T ;L2) norm is proved, including the convergence of
parametric finite element methods with piecewise linear finite elements.
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1. Introduction. The numerical approximation of surface evolution under geo-
metric flows, including mean curvature flow, Willmore flow, and surface diffusion,
has been intensively studied in the past. The most well-known example of geometric
flows is mean curvature flow, which describes the evolution of a surface \Gamma (t) \subset \BbbR 3,
with certain initial condition \Gamma (0) = \Gamma 0, moving with velocity

v= - Hn,

where H and n denote the mean curvature and the normal vector of the surface.
By using identity Hn =  - \Delta \Gamma id\Gamma , where \Delta \Gamma and id\Gamma denote the Laplace--Beltrami
operator and identity map on surface \Gamma , mean curvature flow can also be written as

v=\Delta \Gamma id\Gamma .(1.1)

By utilizing the formulation in (1.1), Dziuk introduced the following type of finite
element method (FEM) in [21] for approximating surface evolution under mean cur-
vature flow: Assuming that \Gamma (tm - 1) is already approximated by a piecewise triangular
surface \Gamma m - 1

h , find a parametrization of surface \Gamma m
h through a finite element function

um
h : \Gamma m - 1

h \rightarrow \BbbR 3, which is determined by some weak formulation of (1.1). Such
methods are referred to as parametric FEMs.
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DYNAMIC RITZ PROJECTION OF MEAN CURVATURE FLOW 1455

Since the 1990s, parametric FEMs have been widely used for approximating sur-
face evolution under various geometric flows and interface evolution in various related
problems. Many novel numerical methods were developed to address the challenges
(such as prevention of mesh distortion and preservation of energy stability) in approx-
imating surface evolution; see the artificial tangential motion constructed by Barrett,
Garcke, and N\"urnberg [6, 7, 8], Elliott and Fritz [26, 27], Hu and Li [29], and Duan
and Li [20] and the structure-preserving parametric FEMs [42, 3]. These techniques
have significantly improved the performance of parametric FEMs in approximating
surface evolution under geometric flows. However, proving convergence of these meth-
ods remains challenging.

Convergence of parametric FEMs for geometric flows has been addressed for mean
curvature flow and Willmore flow of curves in [9, 16, 15, 22, 27, 35, 41] and for graph
surfaces and axisymmetric surfaces in [4, 12, 14, 17, 18]. However, the techniques
developed in the proofs are not applicable to the analysis of geometric flow of general
closed surfaces. We also refer the reader to [4, 5, 17, 18, 27, 39] for the proofs of
convergence of parametric FEMs for mean curvature flow of closed curves, graph
surfaces, axisymmetric surfaces, and surfaces of torus type, with Elliott and Fritz's
tangential motion [26, 27] generated by a tangential transformation on \Gamma 0.

Convergence of the parametric FEMs for mean curvature flow, Willmore flow, and
surface diffusion of closed surfaces was first proved in [11, 25, 29, 31, 32] for some
equivalent formulations of the geometric flows which couple the velocity equation of
geometric flows with the geometric evolution equations of mean curvature H and
normal vector n by formulating the algorithms into evolving FEMs as in [23] and
utilizing the matrix-vector formulation of evolving FEMs introduced in [33]. For
example, convergence of parametric FEMs for mean curvature flow of closed surfaces
is proved for the following equivalent formulation of mean curvature flow:

\partial tX = v \circ X on \Gamma 0,

v= - Hn on \Gamma (t),

\partial \bullet 
t H  - \Delta \Gamma (t)H = | \nabla \Gamma (t)n| 2H on \Gamma (t),

\partial \bullet 
t n - \Delta \Gamma (t)n= | \nabla \Gamma (t)n| 2n on \Gamma (t),

(1.2)

where X(\cdot , t) : \Gamma 0 \rightarrow \BbbR 3 is the flow map which determines \Gamma (t) = \{ X(p, t) : p\in \Gamma 0\} and
\partial \bullet 
t denotes material derivative along the particle trajectories of the flow map, i.e.,

\partial \bullet 
t u(x, t) =

d

dt
u(X(p, t), t) at point x=X(p, t) on \Gamma (t).

The analyses in [29, 31, 32] are restricted to finite elements of degree k \geqslant 2. This
condition is required for proving convergence of numerical solutions in the W 1,\infty norm
in order to control the nonlinear terms and to utilize the equivalence of the Lp and
W 1,p norms of functions on the numerical-solution surface and interpolated surface.

The convergence of other parametric FEMs, designed for approximating (1.1)
instead of (1.2), is more challenging due to the degeneracy of the nonlinear Laplace--
Beltrami operator \Delta \Gamma id\Gamma acting on surface \Gamma ; see the discussions in [2, 36]. In the
spatially semidiscrete setting, the convergence of parametric FEMs for mean curvature
flow of surfaces with formulation (1.1) was proved in [1, 36] for finite elements of degree
k\geqslant 6 based on a discovery that the nonlinear Laplace--Beltrami operator is H1 elliptic
with respect to the normal component of the trajectory error (error between the exact
and numerical flow maps). The restriction to finite elements of degree k\geqslant 6 is needed
to control the nonlinearities in error analysis by using the very weak estimates obtained
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1456 BUYANG LI AND RONG TANG

based on the partialH1 ellipticity in the normal direction. In the fully discrete setting,
the convergence of Dziuk's semi-implicit parametric FEM for mean curvature flow of
surfaces was proved in [2] for finite elements of degree k\geqslant 3 based on a discovery that
the nonlinear Laplace--Beltrami operator is H1 elliptic with respect to the distance
error (distance between the exact and numerical surfaces)---the strong H1 ellipticity
in both normal and tangential directions leads to stronger estimates of the errors for
controlling the nonlinearities and therefore reduces the requirements of finite elements
of degrees k\geqslant 6--k\geqslant 3.

In summary, the convergence of some fundamental algorithms for geometric flows
of surfaces still remains open. The existing proofs of convergence of parametric FEMs
for mean curvature flow and other geometric flows of closed surfaces are all based on
optimal-orderH1-norm error estimates that require using finite elements of degree k\geqslant 
2 to control the W 1,\infty boundedness of numerical solutions of surface position X, mean
curvature H, and normal vector n. The following two questions remain open:

\bullet Convergence of parametric FEMs for mean curvature flow and other geomet-
ric flows of closed surfaces with piecewise linear finite elements still remains
open.

\bullet Optimal-order convergence of parametric FEMs in the L\infty (0, T ;L2) norm for
these geometric flows remains open.

The two questions are addressed simultaneously in the current paper for approximat-
ing formulation (1.2) of mean curvature flow. It turns out that the two questions are
closely related such that our answer to the second question (by introducing a dynamic
Ritz projection which reduces the remainders in the error equations) also addresses
the first question. In particular, the new framework developed in this paper, by
defining and utilizing a dynamic Ritz projection of geometric flow in error analysis,
is promising for proving convergence of parametric FEMs for geometric flows with
optimal-order convergence and lower-degree finite elements.

2. Dynamic Ritz projection and main results. Let \Gamma 0
h be a piecewise poly-

nomial surface that interpolates the smooth surface \Gamma 0, with each piece being the
image of the reference triangle under a polynomial map of degree k \geqslant 1, and assume
that the curved triangles are shape-regular and quasi-uniform with mesh size h; see
[19, 30] and Lenoir's isoparametric approximation of a surface [34].

Let x0 = (p1, \cdot \cdot \cdot , pN ) \in \BbbR 3N be the nodal vector that collects all the nodes
pj \in \BbbR 3, j = 1, . . . ,N , in \Gamma 0

h. We evolve x0 in time and denote its position at time t by
x(t) = (x1(t), \cdot \cdot \cdot , xN (t)), which determines a piecewise (possibly curved) triangular
surface \Gamma h[x(t)] via piecewise polynomial interpolation on a plane reference triangle,
and denote by Sh[x(t)] the finite element space of polynomial degree k on the piecewise
triangular surface \Gamma h[x(t)].

There exists a unique finite element function Xh(\cdot , t) of piecewise polynomial
degree k defined on \Gamma h[x

0] satisfying

Xh(pj , t) = xj(t) for j = 1, . . . ,N.

This is the discrete flow map which maps \Gamma h[x
0] to \Gamma h[x(t)]. The semidiscrete para-

metric FEM for (1.2) is to find

(Xh(\cdot , t), vh(\cdot , t),Hh(\cdot , t), nh(\cdot , t))\in Sh[x
0]3 \times Sh[x(t)]

3 \times Sh[x(t)]\times Sh[x(t)]
3

such that the following weak formulation holds for all (\chi H , \chi n) \in Sh(\Gamma h[x]) \times 
Sh(\Gamma h[x])

3:
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DYNAMIC RITZ PROJECTION OF MEAN CURVATURE FLOW 1457

\partial tXh = vh \circ Xh on \Gamma h[x
0],(2.1a)

vh = - Ih(Hhnh) on \Gamma h[x],(2.1b) \int 
\Gamma h[\bfx ]

\partial \bullet 
t,hHh\chi H +

\int 
\Gamma h[\bfx ]

\nabla \Gamma h[\bfx ]Hh \cdot \nabla \Gamma h[\bfx ]\chi H =

\int 
\Gamma h[\bfx ]

| \nabla \Gamma h[\bfx ]nh| 2Hh\chi H ,(2.1c) \int 
\Gamma h[\bfx ]

\partial \bullet 
t,hnh \cdot \chi n +

\int 
\Gamma h[\bfx ]

\nabla \Gamma h[\bfx ]nh \cdot \nabla \Gamma h[\bfx ]\chi n =

\int 
\Gamma h[\bfx ]

| \nabla \Gamma h[\bfx ]nh| 2nh \cdot \chi n,(2.1d)

where Ih denotes the Lagrange interpolation onto the finite element space Sh[x(t)] and
\partial \bullet 
t,h denotes the material derivative on \Gamma h[x(t)] with respect to the discrete flow map

Xh(\cdot , t). The initial value for (2.1) can be chosen as follows: Xh(\cdot ,0) = id on \Gamma h[x
0];

Hh(\cdot ,0) and nh(\cdot ,0) are the Lagrange interpolations of H(\cdot ,0) and n(\cdot ,0), respectively.
Let x\ast = x\ast (t) be the nodal vector which collects the nodes evolving according

to the exact flow map X(\cdot , t) : \Gamma 0 \rightarrow \BbbR 3, and denote by \Gamma h[x
\ast ] the piecewise curved

triangular surface that interpolates \Gamma (t) at the nodes in x\ast . The finite element space
on \Gamma h[x

\ast ] is denoted by Sh(\Gamma h[x
\ast ]).

The analyses in [29, 31, 32] are based on estimating the error between numerical
solution (Xh, vh,Hh, nh) and (\^I\ast hX, \^I\ast hv,

\^R\ast 
hH, \^R\ast 

hn), where
\^I\ast hX and \^I\ast hv are Lagrange

interpolations of X and v onto \Gamma h[x
0] and \Gamma h[x

\ast ], respectively, and \^R\ast 
hH, \^R\ast 

hn \in 
Sh(\Gamma h[x

\ast ]) are the linear Ritz projections of H,n onto surface \Gamma h[x
\ast ], respectively,

defined by\int 
\Gamma h[\bfx \ast ]

( \^R\ast 
hH\varphi h +\nabla \Gamma h[\bfx \ast ]

\^R\ast 
hH \cdot \nabla \Gamma h[\bfx \ast ]\varphi h) =

\int 
\Gamma 

(H\varphi l
h +\nabla \Gamma H \cdot \nabla \Gamma \varphi 

l
h)

\forall \varphi h \in Sh(\Gamma h[x
\ast ]),(2.2a)\int 

\Gamma h[\bfx \ast ]

( \^R\ast 
hn \cdot \phi h +\nabla \Gamma h[\bfx \ast ]

\^R\ast 
hn \cdot \nabla \Gamma h[\bfx \ast ]\phi h) =

\int 
\Gamma 

(n \cdot \phi l
h +\nabla \Gamma n \cdot \nabla \Gamma \phi 

l
h)

\forall \phi h \in Sh(\Gamma h[x
\ast ])3.(2.2b)

In (2.2), \varphi l
h and \phi l

h denote the lifts of functions \varphi h \in Sh(\Gamma h[x
\ast ]) and \phi h \in Sh(\Gamma h[x

\ast ])3

to the exact surface \Gamma = \Gamma (t), respectively; see section 3.1. By this definition of
Ritz projection, (\^I\ast hX, \^I\ast hv,

\^R\ast 
hH, \^R\ast 

hn) satisfies numerical scheme (2.1) up to some
remainders, i.e.,

\partial t \^I
\ast 
hX = \^I\ast hv \circ \^I\ast hX on \Gamma h[x

0],(2.3a)

\^I\ast hv= - \^I\ast h( \^R
\ast 
hH \^R\ast 

hn) + dv on \Gamma h[x
\ast ],(2.3b) \int 

\Gamma h[\bfx \ast ]

\partial \bullet 
t,h

\^R\ast 
hH\chi H +

\int 
\Gamma h[\bfx \ast ]

\nabla \Gamma h[\bfx \ast ]
\^R\ast 
hH \cdot \nabla \Gamma h[\bfx \ast ]\chi H \forall \chi H \in Sh(\Gamma h[x

\ast ])

=

\int 
\Gamma h[\bfx \ast ]

| \nabla \Gamma h[\bfx \ast ]
\^R\ast 
hn| 2 \^R\ast 

hH\chi H +

\int 
\Gamma h[\bfx \ast ]

dH\chi H ,(2.3c) \int 
\Gamma h[\bfx \ast ]

\partial \bullet 
t,h

\^R\ast 
hn \cdot \chi n +

\int 
\Gamma h[\bfx \ast ]

\nabla \Gamma h[\bfx \ast ]
\^R\ast 
hn \cdot \nabla \Gamma h[\bfx \ast ]\chi n \forall \chi n \in Sh(\Gamma h[x

\ast ])3

=

\int 
\Gamma h[\bfx \ast ]

| \nabla \Gamma h[\bfx \ast ]
\^R\ast 
hn| 2 \^R\ast 

hn \cdot \chi n +

\int 
\Gamma h[\bfx \ast ]

dn \cdot \chi n,(2.3d)

where dv = \^I\ast h(
\^R\ast 
hH

\^R\ast 
hn) - \^I\ast h(

\^I\ast hH
\^I\ast hn) and dH and dn are remainders which satisfy

the following estimates (for some constant C which is independent of mesh size h):
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1458 BUYANG LI AND RONG TANG

\| dv\| L2(\Gamma h[\bfx \ast ]) + h\| dv\| H1(\Gamma h[\bfx \ast ]) \leqslant Chk+1,(2.4) \bigm| \bigm| \bigm| \int 
\Gamma h[\bfx \ast ]

dH\chi H

\bigm| \bigm| \bigm| + \bigm| \bigm| \bigm| \int 
\Gamma h[\bfx \ast ]

dn\chi n

\bigm| \bigm| \bigm| \leqslant Chk+1(\| \chi H\| H1(\Gamma h[\bfx \ast ]) + \| \chi n\| H1(\Gamma h[\bfx \ast ])).(2.5)

We denote by \^xh, \^vh, \^Hh, and \^nh the lift of Xh, vh, Hh, and nh to \Gamma h[x
\ast ], i.e.,

finite element functions on \Gamma h[x
\ast ] with the same nodal vectors as Xh, vh, Hh, and nh,

respectively. By using this notation, we can define the following finite element error
functions on \Gamma h[x

\ast ]:

\^ex,h = \^xh  - id\Gamma h[\bfx \ast ], \^ev,h = \^vh  - \^I\ast hv,

\^eH,h = \^Hh  - \^R\ast 
hH, \^en,h = \^nh  - \^R\ast 

hn,
(2.6)

where \^ex,h represents the error between surfaces \Gamma h[x] and \Gamma h[x
\ast ] and \^ev,h, \^eH,h, and

\^en,h represent the errors in the numerical approximations of velocity, mean curva-
ture, and normal vector, respectively. Such definitions of error functions are used
in [29, 31, 32] in proving convergence of parametric FEMs for mean curvature flow
and Willmore flow. However, the presence of remainder dv in (2.3b) hinders people
from proving optimal-order convergence in the L\infty (0, T ;L2) norm for the reason that
\| \^ex,h\| H1(\Gamma h[\bfx \ast ]) frequently appears due to surface location errors, and this needs to
be controlled by using \| dv\| H1(\Gamma h[\bfx \ast ]) instead of \| dv\| L2(\Gamma h[\bfx \ast ]). Therefore, optimal-
order convergence of parametric FEMs for mean curvature flow was only proved in
the L\infty (0, T ;H1) norm in the literature, and such L\infty (0, T ;H1) error analysis typ-
ically requires W 1,\infty boundedness of the numerical solutions in order to bound the
nonlinear terms in the error analysis. This requires the convergence order to be suf-
ficiently high in order to apply the inverse inequality of finite element functions to
prove W 1,\infty boundedness of the numerical solutions, and this limits the error analyses
to high-order finite elements of degree k\geqslant 2.

Our solution to the above-mentioned two questions, i.e., optimal-order conver-
gence in the L\infty (0, T ;L2) norm and convergence of parametric FEM for mean cur-
vature flow with piecewise linear finite elements, is based on the following two
observations:

1. The evolution equations of H and n in (1.2) have similar nonlinear structures
as the harmonic map heat flow studied in [28], where the proof of optimal-
order convergence of FEMs in the L\infty (0, T ;L2) norm only requires utilizing
W 1,4 boundedness of eH,h and en,h to bound the nonlinear terms appearing in
the error analysis. This motivates us to consider L\infty (0, T ;L2) error estimates
of parametric FEMs for (1.2) based on boundedness of eH,h and en,h in a
norm weaker than theW 1,\infty norm instead of the L\infty (0, T ;H1) error estimates
considered in [29, 31, 32]. The latter approach requires W 1,\infty boundedness
of eH,h and en,h (this cannot be proved for piecewise linear finite elements so
far) to bound the nonlinear terms in error analysis.

2. However, convergence of parametric FEMs for mean curvature flow of closed
surfaces requiresW 1,\infty boundedness of \^ex,h to guarantee the norm equivalence
of finite element functions on \Gamma h[x] and \Gamma h[x

\ast ] associated to a common nodal
vector. Such norm equivalence is frequently used and can hardly be relaxed in
analyzing the error of parametric FEMs for surface evolution under geometric
flows. However, an optimal-order error estimate such as

\| \^ex,h\| L\infty (0,T ;L2(\Gamma h[\bfx \ast ])) \leqslant Chk+1(2.7)

is not enough to guarantee the W 1,\infty boundedness of \^ex,h in the case
k = 1 (i.e., for piecewise linear finite elements)---we actually need k > 1

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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DYNAMIC RITZ PROJECTION OF MEAN CURVATURE FLOW 1459

(quadratic or higher-order finite elements) to have some extra convergence
rate in order to prove the W 1,\infty boundedness of \^ex,h from (2.7); see the
arguments in [29, 31, 32].
This difficulty can be overcome if we can prove the following superconvergence
rate in the L2(0, T ;H1) norm:

\| \^ev,h\| L2(0,T ;H1(\Gamma h[\bfx \ast ])) \leqslant Chk+1.(2.8)

This would imply the following result (position is the time integral of velocity):

\| \^ex,h\| L\infty (0,T ;H1(\Gamma h[\bfx \ast ])) \leqslant Chk+1.(2.9)

This would further imply (via the inverse inequality in two dimensions) that

\| \^ex,h\| L\infty (0,T ;W 1,\infty (\Gamma h[\bfx \ast ])) \leqslant Chk.(2.10)

This can be used to prove the uniform W 1,\infty boundedness of \^ex,h for k \geqslant 1.
However, the main difficulty of this approach is that (2.8) cannot be shown
with the presence of remainder dv in (2.3b). To overcome this difficulty,
we redefine the error functions using a modified Ritz projection of the mean
curvature flow that could exclude the remainder term dv in (2.3b).

Our idea is to define a dynamic Ritz projection of (X,v,H,n) as the finite element
solution (Y \ast 

h , v
\ast 
h,H

\ast 
h, n

\ast 
h) of a nonlinearly coupled surface evolution problem in (2.11),

with Y \ast 
h (\cdot , t) : \Gamma 0

h \rightarrow \BbbR 3 being a finite element flow map with nodal vector y\ast = y\ast (t)
and v\ast h, H

\ast 
h, and n\ast 

h being functions on \Gamma h[y
\ast ] determined by the equations

\partial tY
\ast 
h = v\ast h \circ Y \ast 

h on \Gamma 0
h,(2.11)

v\ast h = - I\ast h(H
\ast 
hn

\ast 
h) on \Gamma h[y

\ast ],\int 
\Gamma h[\bfy \ast ]

(H\ast 
h\varphi 

\ast 
h +\nabla \Gamma h[\bfy \ast ]H

\ast 
h \cdot \nabla \Gamma h[\bfy \ast ]\varphi 

\ast 
h) =

\int 
\Gamma 

(H\varphi l
h+\nabla \Gamma H \cdot \nabla \Gamma \varphi 

l
h) \forall \varphi h\in Sh(\Gamma h[x

\ast ]),\int 
\Gamma h[\bfy \ast ]

(n\ast 
h\phi 

\ast 
h +\nabla \Gamma h[\bfy \ast ]n

\ast 
h \cdot \nabla \Gamma h[\bfy \ast ]\phi 

\ast 
h) =

\int 
\Gamma 

(n\phi l
h+\nabla \Gamma n \cdot \nabla \Gamma \phi 

l
h) \forall \phi h\in Sh(\Gamma h[x

\ast ])3,

where I\ast h denotes the Lagrange interpolation operator onto Sh(\Gamma h[y
\ast ]); \varphi l

h denotes
the lift of a function \varphi h \in Sh(\Gamma h[x

\ast ]) to surface \Gamma = \Gamma (t), i.e., \varphi l
h(x

l) = \varphi h(x) for
x \in \Gamma h[x

\ast ], with xl denoting the lift of point x from \Gamma h[x
\ast ] to \Gamma ; and \varphi \ast 

h denotes the
finite element function on \Gamma h[y

\ast ] with the same nodal vector as \varphi h \in Sh(\Gamma h[x
\ast ]). The

initial value for the system (2.11) is given by Y \ast 
h (\cdot ,0) = id on \Gamma 0

h. In this definition,
H\ast 

h and n\ast 
h are Ritz projections of H and n onto an unknown surface \Gamma h[y

\ast ] which
evolves with velocity v\ast h = - I\ast h(H

\ast 
hn

\ast 
h) determined by this Ritz projection.

Note that the idea of using Ritz projection to achieve H1 superconvergence and
subsequently obtain optimal L2 error estimates was first introduced in [40] for a class
of nonlinear parabolic equations. Nonlinear types of Ritz projections were employed to
ensure uniform control over the gradient of the height function for the mean curvature
flow, Willmore flow, and surface diffusion of graphs; see [13, 14, 18]. The dynamic
Ritz projection introduced in this paper distinguishes itself from the classical Ritz
projection primarily through modifications to the first two equations in (2.11). These
alterations enable the surface \Gamma h[ y

\ast ] to evolve according to an evolution equation
(thus earning the name ``dynamic""), thereby differentiating it from the interpolated
surface \Gamma h[x

\ast ].
The first main result of this paper is the following theorem about optimal-order

approximation properties for this dynamic Ritz projection of mean curvature flow.
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1460 BUYANG LI AND RONG TANG

Theorem 2.1. Assume that the exact solution (X,v,H,n) of the mean curvature
flow is sufficiently smooth and that the flow map X(\cdot , t) : \Gamma 0 \rightarrow \Gamma (t) is a diffeomor-
phism for t \in [0, T ]. Let (\^y\ast h, \^v

\ast 
h,

\^H\ast 
h, \^n

\ast 
h) be the lift of the dynamic Ritz projection

(Y \ast 
h , v

\ast 
h,H

\ast 
h, n

\ast 
h) defined in (2.11), with finite elements of degree k\geqslant 1. Then there ex-

ists a constant h0 > 0 such that the following error bound holds for mesh size h\leqslant h0:

\| \^y\ast h  - id\Gamma h[\bfx \ast ]\| L\infty (0,T ;L2(\Gamma h[\bfx \ast ])) + \| \^v\ast h  - \^I\ast hv\| L\infty (0,T ;L2(\Gamma h[\bfx \ast ]))

+ \| \^H\ast 
h  - \^I\ast hH\| L\infty (0,T ;L2(\Gamma h[\bfx \ast ])) + \| \^n\ast 

h  - \^I\ast hn\| L\infty (0,T ;L2(\Gamma h[\bfx \ast ]))

+ \| \partial \bullet 
t,h( \^H

\ast 
h  - \^I\ast hH)\| L\infty (0,T ;L2(\Gamma h[\bfx \ast ])) + \| \partial \bullet 

t,h(\^n
\ast 
h  - \^I\ast hn)\| L\infty (0,T ;L2(\Gamma h[\bfx \ast ])) \leqslant Chk+1,

(2.12)

where \^I\ast hX and \^I\ast hv denote the Lagrange interpolations of X and v onto \Gamma h[x
0] and

\Gamma h[x
\ast ], respectively. The constant C is independent of h and t \in [0, T ] (but may

depend on T ).

In view of the results in Theorem 2.1, we compare the numerical solution (Xh, vh,
Hh, nh) with the dynamic Ritz projection (Y \ast 

h , v
\ast 
h,H

\ast 
h, n

\ast 
h), which satisfies (2.1) up to

some remainders d\ast H \in Sh[y
\ast ] and d\ast n \in S3

h[y
\ast ], i.e.,

\partial tY
\ast 
h = v\ast h \circ Y \ast 

h on \Gamma 0
h,(2.13a)

v\ast h = - I\ast h(H
\ast 
hn

\ast 
h) on \Gamma h[y

\ast ],(2.13b)\int 
\Gamma h[\bfy \ast ]

\partial \bullet 
t,hH

\ast 
h\chi H +

\int 
\Gamma h[\bfy \ast ]

\nabla \Gamma h[\bfy \ast ]H
\ast 
h \cdot \nabla \Gamma h[\bfy \ast ]\chi H \forall \chi H \in Sh(\Gamma h[y

\ast ])

=

\int 
\Gamma h[\bfy \ast ]

| \nabla \Gamma h[\bfy \ast ]n
\ast 
h| 2H\ast 

h\chi H +

\int 
\Gamma h[\bfy \ast ]

d\ast H\chi H ,(2.13c)\int 
\Gamma h[\bfy \ast ]

\partial \bullet 
t,hn

\ast 
h \cdot \chi n +

\int 
\Gamma h[\bfy \ast ]

\nabla \Gamma h[\bfy \ast ]n
\ast 
h \cdot \nabla \Gamma h[\bfy \ast ]\chi n \forall \chi n \in S3

h(\Gamma h[y
\ast ])

=

\int 
\Gamma h[\bfy \ast ]

| \nabla \Gamma h[\bfy \ast ]n
\ast 
h| 2n\ast 

h \cdot \chi n +

\int 
\Gamma h[\bfy \ast ]

d\ast n \cdot \chi n.(2.13d)

By introducing u\ast 
h := (n\ast 

h,H
\ast 
h), the weak formulation in (2.13) can be rewritten as

follows:

\partial tY
\ast 
h = v\ast h \circ Y \ast 

h on \Gamma 0
h,(2.14a)

v\ast h = - I\ast h(H
\ast 
hn

\ast 
h) on \Gamma h[y

\ast ],(2.14b)\int 
\Gamma h[\bfy \ast ]

\partial \bullet 
t,hu

\ast 
h \cdot \chi u +

\int 
\Gamma h[\bfy \ast ]

\nabla \Gamma h[\bfy \ast ]u
\ast 
h \cdot \nabla \Gamma h[\bfy \ast ]\chi u \forall \chi u \in S4

h(\Gamma h[y
\ast ])

=

\int 
\Gamma h[\bfy \ast ]

| \nabla \Gamma h[\bfy \ast ]n
\ast 
h| 2u\ast 

h\cdot \chi u +

\int 
\Gamma h[\bfy \ast ]

d\ast u\cdot \chi u,(2.14c)

where d\ast u is remainder which satisfies the following estimate (this can be shown by
using the result of Theorem 2.1; see Lemma 3.6):\bigm| \bigm| \bigm| \int 

\Gamma h[\bfy \ast ]

d\ast u \cdot \chi u

\bigm| \bigm| \bigm| \leqslant Chk+1\| \chi u\| H1(\Gamma h[\bfy \ast ]).

In particular, compared with (2.3b), no remainder appears in (2.14b). This makes it
possible to prove the estimates in (2.8) and (2.9) by redefining the error functions as
follows:

\^ex,h := \^xh  - \^y\ast h, \^ev,h := \^vh  - \^v\ast h, \^eH,h := \^Hh  - \^H\ast 
h, and \^en,h := \^nh  - \^n\ast 

h,

(2.15)
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DYNAMIC RITZ PROJECTION OF MEAN CURVATURE FLOW 1461

where (\^xh, \^vh, \^Hh, \^nh) and (\^y\ast h, \^v
\ast 
h,

\^H\ast 
h, \^n

\ast 
h) are the lifts of (Xh, vh,Hh, nh) and

(Y \ast 
h , v

\ast 
h,H

\ast 
h, n

\ast 
h), respectively, i.e., the numerical solution of mean curvature flow de-

fined in (2.1) and the dynamic Ritz projection of mean curvature flow defined in (2.11),
respectively. This leads to the second main result of this paper, which is presented in
the following theorem.

Theorem 2.2. Under the assumptions of Theorem 2.1, the following error bound
holds:

\| \^ex,h\| L\infty (0,T ;H1(\Gamma h[\bfx \ast ])) + \| \^eH,h\| L\infty (0,T ;L2(\Gamma h[\bfx \ast ])) + \| \^en,h\| L\infty (0,T ;L2(\Gamma h[\bfx \ast ]))

+ \| \^ev,h\| L2(0,T ;H1(\Gamma h[\bfx \ast ])) + \| \^eH,h\| L2(0,T ;H1(\Gamma h[\bfx \ast ])) + \| \^en,h\| L2(0,T ;H1(\Gamma h[\bfx \ast ]))

\leqslant Chk+1,

(2.16)

where C is a constant independent of h and t\in [0, T ] (but may depend on T ).

The error estimates in Theorems 2.1 and 2.2 and the estimates of the Lagrange
interpolation error lead to the third main result of this paper, i.e., optimal-order
convergence of FEMs for mean curvature flow in the L\infty (0, T ;L2) norm with finite
elements of degree k \geqslant 1. Before stating this result, we list some basic notations for
finite element functions on \Gamma h[x], \Gamma h[x

\ast ], and \Gamma .
For any given finite element function wh \in Sh(\Gamma h[x]) on the approximate surface

\Gamma h[x], we denote its nodal vector by w, which collects all the values of wh at the
nodes of \Gamma h[x]. The finite element function on the interpolated surface \Gamma h[x

\ast ] with
the same nodal vector w is denoted by \^wh. The function \^wh can be further lifted to
\Gamma [X] as ( \^wh)

l; see details in section 3.1. The lift from Sh(\Gamma h[x]) to \Gamma [X] is denoted
by wL

h = ( \^wh)
l.

Theorem 2.3. Under the assumptions of Theorem 2.1, the numerical solution of
mean curvature flow defined in (2.1), with finite elements of degree k\geqslant 1, satisfies the
following error bound:

\| \^xh  - id\Gamma h[\bfx \ast ]\| L\infty (0,T ;L2(\Gamma h[\bfx \ast ])) + \| \^vh  - \^I\ast hv\| L\infty (0,T ;L2(\Gamma h[\bfx \ast ]))

+ \| \^Hh  - \^I\ast hH\| L\infty (0,T ;L2(\Gamma h[\bfx \ast ])) + \| \^nh  - \^I\ast hn\| L\infty (0,T ;L2(\Gamma h[\bfx \ast ])) \leqslant Chk+1,(2.17)

\| XL
h  - id\| L\infty (0,T ;L2(\Gamma [X])) + \| HL

h  - H\| L\infty (0,T ;L2(\Gamma [X]))

+ \| nL
h  - n\| L\infty (0,T ;L2(\Gamma [X])) + \| vLh  - v\| L2(0,T ;L2(\Gamma [X])) \leqslant Chk+1,(2.18)

where C is a constant independent of h and t\in [0, T ] (but may depend on T ).

The rest of this paper is devoted to the proofs of Theorems 2.1 and 2.2. The
proof of Theorem 2.3 is standard and therefore omitted (in fact, (2.17) follows from
Theorems 2.1 and 2.2 with the application of the triangle inequality, and (2.18) follows
from an additional estimate for the interpolation errors). The appendices in the sup-
plementary material (Supp Materials.pdf [local/web 379KB])provide essential results
and detailed proofs of Lemmas 3.5 and 3.6, which are used for proving Theorems 2.1
and 2.2. These proofs, following techniques similar to those in Lemmas 3.3 and 3.4,
have been omitted from the main paper.

3. Proof of Theorem 2.1.

3.1. Lifts. Throughout this article, we denote by C and h0 two generic positive
constants which are different at different occurrences, possibly depending on the norms
of the exact solution and T , but are independent of mesh size h.
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1462 BUYANG LI AND RONG TANG

Given a smooth surface \Gamma \subset \BbbR 3, the surface tangential gradient of a scalar function
u : \Gamma \rightarrow \BbbR is a column vector denoted by \nabla \Gamma u. For a vector-valued function u =
(u1, u2, u3)

\top : \Gamma \rightarrow \BbbR 3, we define

\nabla \Gamma u := (\nabla \Gamma u1,\nabla \Gamma u2,\nabla \Gamma u3).

We denote by id the identity function on \BbbR 3, i.e., id(x) = x for x\in \BbbR 3. Its domain of
definition can be restricted to any surface in \BbbR 3.

The finite element basis functions on \Gamma h[x] are denoted by \phi j [x], j = 1, . . . ,N ,
which are polynomials of degree k after being pulled back to the reference plane
triangle, and satisfy the following identities:

\phi j [x](xi) = \delta ij , i, j = 1, . . . ,N.

This definition of basis functions implies the following transport property (see [19]):

\partial \bullet 
t,h\phi j [x(t)] = 0 on \Gamma h[x(t)], j = 1, . . . ,N.(3.1)

The finite element space on \Gamma h[x] is defined as Sh(\Gamma h[x]) :=
\bigl\{ \sum N

j=1 cj\phi j [x] : cj \in \BbbR 
\bigr\} 
.

From [33, Lemma 7.1] or [19, equations (2.15) and (2.16)], we know that there
exists h0 > 0 such that for h\leqslant h0 and t \in [0, T ], any point x \in \Gamma h[x

\ast (t)] can be lifted
to a unique point xl \in \Gamma (t) satisfying the relation

xl  - x=\pm | xl  - x| n(xl).

Then any function \varphi on \Gamma h[x
\ast (t)] can be lifted to a function \varphi l on \Gamma (t), defined as

\varphi l(xl) =\varphi (x) \forall x\in \Gamma h[x
\ast (t)].

The lifted functions satisfy the following estimates uniformly for h and t:

C - 1\| \phi \| L2(\Gamma h[\bfx \ast ]) \leq \| \phi l\| L2(\Gamma [X]) \leqslant C\| \phi \| L2(\Gamma h[\bfx \ast ]),

C - 1\| \nabla \Gamma h[\bfx \ast ]\varphi \| L2(\Gamma h[\bfx \ast ]) \leq \| \nabla \Gamma [X]\varphi 
l\| L2(\Gamma [X]) \leqslant C\| \nabla \Gamma h[\bfx \ast ]\varphi \| L2(\Gamma h[\bfx \ast ]).

(3.2)

These hold for all \phi \in L2(\Gamma h[x
\ast ]) and \varphi \in H1(\Gamma h[x

\ast ]), respectively.

3.2. Matrix-vector formulation. The matrix-vector notations of [26, 31, 32]
will be used in this paper. In particular, we define K(x) = M(x) + A(x), with
M(x) \in \BbbR N\times N and A(x) \in \BbbR N\times N denoting the mass matrix and stiffness matrix
associated to finite element space Sh(\Gamma h[x]) on surface \Gamma h[x], respectively, and define

M[d](x) = Id \otimes M(x) and A[d](x) = Id \otimes A(x),

where Id is the d\times d identity matrix. We denote by v, n, and H the nodal vectors of
vh, nh, and Hh, respectively, and denote by f1(x,n,v)\in \BbbR 3N and f2( x,n,v,H)\in \BbbR N

the nonlinear terms associated to the right-hand side of (2.1c) and (2.1d), respectively,
defined by

f1(x,n)j+(m - 1)N =

\int 
\Gamma h[\bfx ]

| \nabla \Gamma h[\bfx ]nh| 2(nh)m\phi j ,(3.3a)

f2(x,n,H)j =

\int 
\Gamma h[\bfx ]

| \nabla \Gamma h[\bfx ]nh| 2Hh\phi j ,(3.3b)

with j = 1, . . . ,N and m= 1,2,3, where (nh)m denotes the mth component of nh \in \BbbR 3.
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DYNAMIC RITZ PROJECTION OF MEAN CURVATURE FLOW 1463

By introducing u := (n,H)\top , the spatially semidiscrete parametric surface FEM
in (2.1) can be rewritten into the matrix-vector form

\.x= v,(3.4a)

v= - Ih(H \bullet n),(3.4b)

M[4](x) \.u+A[4](x)u= f(x,u),(3.4c)

where

f(x,u) =

\biggl( 
f1(x,n)

f2(x,n,H)

\biggr) 
\in \BbbR 3N+N(3.5)

and Ih(H \bullet n) denotes the nodal vector of the finite element function Ih(Hhnh).
We denote by y\ast , v\ast , and u\ast = ((H\ast )\top , (n\ast )\top )\top the nodal vectors of Y \ast 

h , v
\ast 
h, and

u\ast 
h = (H\ast 

h, (n
\ast 
h)

\top )\top , respectively. The latter are defined in (2.11), which can be written
into the following matrix-vector form:

\.y\ast = - Ih(H
\ast \bullet n\ast ),(3.6a)

K[4](y\ast )u\ast \cdot \bfitvarphi =

\int 
\Gamma 

(u \cdot \varphi l
h +\nabla \Gamma u \cdot \nabla \Gamma \varphi 

l
h) \forall \varphi h \in Sh(\Gamma h[x

\ast ])4,(3.6b)

where \bfitvarphi is the nodal vector of finite element function \varphi h. The existence of y\ast as a
sufficiently good approximation to x\ast will be proved. Then (2.13) can be written into
the following matrix-vector form:

\.y\ast = v\ast ,(3.7)

v\ast = - Ih(H
\ast \bullet n\ast ),(3.8)

M[4](y\ast ) \.u\ast +A[4](y\ast )u\ast = f(y\ast ,u\ast ) + M[4](y\ast )d\bfu ,(3.9)

where d\ast 
\bfu denotes the nodal vector of the finite element function d\ast u = (d\ast H , (d\ast n)

\top )\top ,
with d\ast H and d\ast n being the remainders defined in (2.13). In the rest of this paper, we
omit the superscripts in M[4](x), A[4](x), and K[4](x) for the simplicity of notations.

3.3. Perturbation of mass matrix and stiffness matrix. For e\bfy = y\ast  - x\ast ,
which is the nodal vector of the finite element function \^ey = \^y\ast h  - id on \Gamma h[x

\ast ], we
consider the following intermediate surfaces:

\Gamma h[y
\theta ] with y\theta = (1 - \theta )x\ast + \theta y\ast = x\ast + \theta e\bfy for \theta \in [0,1].

The finite element functions on \Gamma h[y
\theta ] with nodal vectors e\bfy , z, and w are denoted

by \^e\theta y, \^z
\theta 
h, and \^w\theta 

h, respectively (thus, \^e0y = \^ey). The following result was proved in
[33, Lemma 4.3] and [31, Lemma 7.2].

Lemma 3.1. If \| \nabla \Gamma h[\bfx \ast ]\^ey\| L\infty (\Gamma h[\bfx \ast ]) \leqslant 1/2, then the following inequalities hold
for \theta \in [0,1] and 1\leqslant p\leqslant \infty :

\| \^w\theta 
h\| Lp(\Gamma h[\bfy \theta ]) \leqslant cp\| \^w0

h\| Lp(\Gamma h[\bfx \ast ]),(3.10)

\| \nabla \Gamma h[\bfy \theta ] \^w
\theta 
h\| Lp(\Gamma h[\bfy \theta ]) \leqslant cp\| \nabla \Gamma h[\bfx \ast ] \^w

0
h\| Lp(\Gamma h[\bfx \ast ]),(3.11)

where cp is a constant independent of \theta and h and c\infty = 2.

The following lemma was proved in [31, Lemma 7.1].
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1464 BUYANG LI AND RONG TANG

Lemma 3.2. If \| \nabla \Gamma h[\bfx \ast ]\^ey\| L\infty (\Gamma h[\bfx \ast ]) \leqslant 1/2, then the following relations hold:

(M(y\ast ) - M(x\ast ))z \cdot w=

\int 1

0

\int 
\Gamma h[\bfy \theta ]

\^w\theta 
h(\nabla \Gamma h[\bfy \theta ] \cdot \^e\theta y)\^z\theta h,(3.12)

(A(y\ast ) - A(x\ast ))z \cdot w=

\int 1

0

\int 
\Gamma h[\bfy \theta ]

\nabla \Gamma h[\bfy \theta ] \^w
\theta 
h \cdot 

\bigl( 
D\Gamma h[\bfy \theta ]\^e

\theta 
y

\bigr) 
\nabla \Gamma h[\bfy \theta ]\^z

\theta 
h,(3.13)

where D\Gamma h[\bfy \theta ]\^e
\theta 
y = tr

\bigl( 
E\theta 

\bigr) 
I3  - 

\bigl( 
E\theta + (E\theta )\top 

\bigr) 
and E\theta =\nabla \Gamma h[\bfy \theta ]\^e

\theta 
y \in \BbbR 3\times 3.

Lemmas 3.1 and 3.2 imply the following result: If \| \nabla \Gamma h[\bfx \ast ]\^ey\| L\infty (\Gamma h[\bfx \ast ]) \leqslant 1/2, then
\| \nabla \Gamma h[\bfy \theta ]\^e

\theta 
y\| L\infty (\Gamma h[\bfy \theta ]) \leqslant 1 for \theta \in [0,1], and therefore

the norms \| \cdot \| \bfM (\bfx \ast +\theta \bfe \bfy ) are h-uniformly equivalent for \theta \in [0,1],

(3.14)

the norms \| \cdot \| \bfA (\bfx \ast +\theta \bfe \bfy ) are h-uniformly equivalent for \theta \in [0,1],

(M(y\ast ) - M(x\ast ))z \cdot w\leqslant C\| \^w0
h\| Lp(\Gamma h[\bfx \ast ])\| \nabla \Gamma h[\bfx \ast ]\^e

0
y\| Lp\prime (\Gamma h[\bfx \ast ])\| \^z

0
h\| L\infty (\Gamma h[\bfx \ast ]),

(3.15)

(A(y\ast ) - A(x\ast ))z \cdot w\leqslant C\| \^w0
h\| W 1,p(\Gamma h[\bfx \ast ])\| \^e0y\| W 1,p\prime (\Gamma h[\bfx \ast ])\| \^z

0
h\| W 1,\infty (\Gamma h[\bfx \ast ]),

(3.16)

(A(y\ast ) - A(x\ast ))z \cdot w\leqslant C\| \^e0y\| W 1,\infty (\Gamma h[\bfx \ast ])\| \^z0h\| W 1,p(\Gamma h[\bfx \ast ])\| \^w0
h\| W 1,p\prime (\Gamma h[\bfx \ast ]),

(3.17)

given that p and p\prime satisfy the relation 1
p + 1

p\prime = 1.
In addition to Lemmas 3.1 and 3.2, the following relation will be used: If K \subset \Gamma 

or K \subset \Gamma h[ x
\ast ] is a smooth piece of surface which evolves under the velocity field w

and \partial \bullet 
t denotes the material derivative with respect to w, then

\partial \bullet 
t \nabla Kf =\nabla K\partial \bullet 

t f  - (\nabla Kw - nKn\top 
K(\nabla Kw)\top )\nabla Kf,(3.18)

where nK denotes the unit normal vector of K.

3.4. \bfitW \bfone ,\bfitp error estimates for the dynamic Ritz projection. Let \^y\ast h,
\^H\ast 
h, and

\^n\ast 
h be the finite element functions in Sh(\Gamma h[x

\ast ]) with the nodal vectors y\ast , H\ast , and
n\ast defined in (3.6), respectively. In this subsection, we prove the following lemma.

Lemma 3.3. Under the assumptions of Theorem 2.1, there exists h0 > 0 such that
for mesh size h\leqslant h0, there exists a unique solution (y\ast ,H\ast ,n\ast ) of (3.6) satisfying the
following estimates for all 2\leqslant p <\infty :

\| \^y\ast h  - id\Gamma h[\bfx \ast ]\| W 1,p(\Gamma h[\bfx \ast ]) + \| \^v\ast h  - \^I\ast hv\| W 1,p(\Gamma h[\bfx \ast ])

+ \| \^H\ast 
h  - \^I\ast hH\| W 1,p(\Gamma h[\bfx \ast ]) + \| \^n\ast 

h  - \^I\ast hn\| W 1,p(\Gamma h[\bfx \ast ]) \leqslant Cph
k.(3.19)

Proof. Problem (3.6) is essentially a system of ODEs. We assume that t\ast \in (0, T ]
is the maximal time such that the solution of problem (3.6) exists and satisfies the
following estimates for t\in [0, t\ast ]:

\| \^y\ast h  - id\Gamma h[\bfx \ast ]\| W 1,\infty (\Gamma h[\bfx \ast ]) \leqslant 1/2,(3.20a)

\| \^H\ast 
h  - \^I\ast hH\| W 1,\infty (\Gamma h[\bfx \ast ]) \leqslant 1/2,(3.20b)

\| \^n\ast 
h  - \^I\ast hn\| W 1,\infty (\Gamma h[\bfx \ast ]) \leqslant 1/2.(3.20c)
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DYNAMIC RITZ PROJECTION OF MEAN CURVATURE FLOW 1465

Under this condition, we shall prove that (3.19) holds for t\in [0, t\ast ] and all 2\leqslant p <\infty 
(with some constants h0 and Cp that are independent of t\ast ). In particular, for p= 4,
the local-in-time existence and uniqueness of solutions to ODE system (2.11) (and the
continuity in time of solutions to the ODE system) guarantee that its solution extends
to t\in [0, t\ast +\delta h] for some \delta h > 0 and satisfies (3.19) for t\in [0, t\ast +\delta h] with C4 replaced
by 2C4. For sufficiently small h (smaller than some constant independent of t\ast ) such
that 2C4h

k - 2/4 \leqslant 1/2, this implies that (3.20) holds for t\in [0, t\ast +\delta h]. This will prove
that t\ast = T (otherwise, t\ast \in (0, T ] is not the maximal time for (3.20) to hold).

Since u\ast 
h is defined on the surface \Gamma h[y

\ast ] via (3.6b), we must bridge the gap
between the discrete surfaces \Gamma h[y

\ast ] and \Gamma h[x
\ast ] to estimate \| \^u\ast 

h  - \^I\ast hu\| W 1,p(\Gamma h[\bfx \ast ]).
Under condition (3.20), we can rewrite (3.6b) as

K(x\ast )u\ast \cdot \bfitvarphi = (K(x\ast ) - K(y\ast )) u\ast \cdot \bfitvarphi +

\int 
\Gamma 

\Bigl( 
u\varphi l

h +\nabla \Gamma u \cdot \nabla \Gamma \varphi 
l
h

\Bigr) 
.(3.21)

To characterize the gap term (K(x\ast )  - K(y\ast ))u\ast \cdot \bfitvarphi , we define w \in H1(\Gamma )4 as the
solution of the following weak formulation:\int 

\Gamma 

\Bigl( 
w \cdot \varphi l +\nabla \Gamma w \cdot \nabla \Gamma \varphi 

l
\Bigr) 
= (K(x\ast ) - K(y\ast ))u\ast \cdot (Ph\varphi ) \forall \varphi l \in H1(\Gamma )4,(3.22)

where \varphi denotes the inverse lift of \varphi l onto \Gamma h[x
\ast ] and Ph\varphi is the nodal vector of Ph\varphi ,

i.e., the L2 projection of \varphi \in H1(\Gamma h[x
\ast ])4 onto Sh(\Gamma h[ x

\ast ])4. Since the L2 projection
operator Ph is bounded in the Lp norm for 1 \leqslant p \leqslant \infty (see section SM2 in the
supplementary material) and the Lp norms of \varphi and \varphi l are equivalent for 1\leqslant p\leqslant \infty ,
it follows that

\| Ph\varphi \| Lp(\Gamma h[\bfx \ast ]) \leqslant C\| \varphi \| Lp(\Gamma h[\bfx \ast ]) \leqslant C\| \varphi l\| Lp(\Gamma ) \forall 1\leqslant p\leqslant \infty .

Since Ph\varphi h =\bfitvarphi for all \varphi h \in Sh(\Gamma h[x
\ast ]), it follows from (3.21) and (3.22) that

K(x\ast )u\ast \cdot \bfitvarphi =

\int 
\Gamma 

((w+ u) \cdot \varphi l
h +\nabla \Gamma (w+ u) \cdot \nabla \Gamma \varphi 

l
h) \forall \varphi h \in Sh(\Gamma h[x

\ast ]).(3.23)

This means that \^u\ast 
h is the linear Ritz projection of w + u onto Sh(\Gamma h[x

\ast ]). If we
further define \^w\ast 

h as the linear Ritz projection of w onto Sh(\Gamma h[x
\ast ]), then \^u\ast 

h  - \^w\ast 
h is

the linear Ritz projection of u onto Sh(\Gamma h[x
\ast ]).

Estimate for \| w\| W 1,p(\Gamma ). To derive an estimate for \| w\| W 1,p(\Gamma ), we consider the
PDE problem (3.22) on the continuous surface, which can be reformulated as\int 

\Gamma 

(w\varphi l +\nabla \Gamma w \cdot \nabla \Gamma \varphi 
l) = \ell (\varphi l),(3.24)

where \ell (\varphi l) = (K(x\ast ) - K(y\ast ))u\ast \cdot Ph\varphi is a linear functional on \varphi l. Under condition
(3.20), the following estimate follows from inequalities (3.15) and (3.16):

| \ell (\varphi l)| \leqslant C\| \^u\ast 
h\| W 1,\infty (\Gamma h[\bfx \ast ])\| id\Gamma h[\bfx \ast ]  - \^y\ast h\| W 1,p(\Gamma h[\bfx \ast ])\| \varphi \| W 1,p\prime (\Gamma h[\bfx \ast ])

\leqslant C\| id\Gamma h[\bfx \ast ]  - \^y\ast h\| W 1,p(\Gamma h[\bfx \ast ])\| \varphi l\| W 1,p\prime (\Gamma ).

This means that

\| \ell \| W - 1,p(\Gamma ) := \| \ell \| (W 1,p\prime (\Gamma ))\prime \leqslant C\| id\Gamma h[\bfx \ast ]  - \^y\ast h\| W 1,p(\Gamma h[\bfx \ast ]).
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1466 BUYANG LI AND RONG TANG

Then the standard W 1,p estimates for the elliptic PDE problem in (3.24) imply (cf.
[37, Theorem 1], which extends to PDEs on surfaces via estimates on local coordinate
charts) that

\| w\| W 1,p(\Gamma ) \leqslant C\| \ell \| W - 1,p(\Gamma ) \leqslant C\| id\Gamma h[\bfx \ast ]  - \^y\ast h\| W 1,p(\Gamma h[\bfx \ast ]) for 2\leqslant p <\infty .(3.25)

Estimates for the L2 and W 1,p norms of (\^u\ast 
h)

l  - ( \^w\ast 
h)

l  - u. The following W 1,p

and H1 estimates for the linear Ritz projection onto the interpolated surface \Gamma h[x
\ast ]

were established in [19, Corollaries 4.2 and 4.5]:

\| ( \^w\ast 
h)

l  - w\| L2(\Gamma ) + h\| ( \^w\ast 
h)

l  - w\| H1(\Gamma ) \leqslant Chk+1\| w\| Hk+1(\Gamma ),(3.26)

\| ( \^w\ast 
h)

l  - w\| W 1,\infty (\Gamma ) \leqslant C\| w - (\^I\ast hw)
l\| W 1,\infty (\Gamma ) +Chk+1| lnh| \| w\| W 1,\infty (\Gamma )

\leqslant Chk\| w\| Wk+1,\infty (\Gamma ).(3.27)

Since the complex interpolation spaces betweenHk+1(\Gamma ) andW k+1,\infty (\Gamma ) areW k+1,p(\Gamma )
for 2\leqslant p\leqslant \infty (cf. [10, Theorem 6.4.5]), the complex interpolation (cf. [10, Theorem
4.1.2]) of the above two estimates yields, for 2\leqslant p\leqslant \infty ,

\| (w\ast 
h)

l  - w\| W 1,p(\Gamma ) \leqslant Chk\| w\| Wk+1,p(\Gamma ).(3.28)

Moreover, the linear Ritz projection onto the interpolated surface is naturally stable
in the H1 norm, i.e.,

\| ( \^w\ast 
h)

l\| H1(\Gamma ) \leqslant C\| w\| H1(\Gamma ).(3.29)

By utilizing (3.27) and the W 1,\infty stability of Lagrange interpolation, we derive the
following result:

\| ( \^w\ast 
h)

l\| W 1,\infty (\Gamma ) \leqslant \| ( \^w\ast 
h)

l  - w\| W 1,\infty (\Gamma ) + \| w\| W 1,\infty (\Gamma )

\leqslant C\| w - (\^I\ast hw)
l\| W 1,\infty (\Gamma ) +C\| w\| W 1,\infty (\Gamma ) \leqslant C\| w\| W 1,\infty (\Gamma ).

(3.30)

The complex interpolation between (3.29) and (3.30) yields the following result (cf.
[10, Theorem 4.1.2]) for 2\leqslant p\leqslant \infty :

\| ( \^w\ast 
h)

l\| W 1,p(\Gamma ) \leqslant C\| w\| W 1,p(\Gamma ).(3.31)

Since \^u\ast 
h  - \^w\ast 

h is the linear Ritz projection of u onto Sh(\Gamma h[x
\ast ]), replacing w by u in

(3.26) and (3.28) yields that

\| (\^u\ast 
h)

l  - ( \^w\ast 
h)

l  - u\| L2(\Gamma ) + h\| (\^u\ast 
h)

l  - ( \^w\ast 
h)

l  - u\| H1(\Gamma ) \leqslant C\| u\| Hk+1(\Gamma )h
k+1,(3.32)

\| (\^u\ast 
h)

l  - ( \^w\ast 
h)

l  - u\| W 1,p(\Gamma ) \leqslant C\| u\| Wk+1,p(\Gamma )h
k for 2\leqslant p\leqslant \infty .(3.33)

Estimates for the L2 and W 1,p norms of (\^u\ast 
h)

l - u. As a result of (3.26) and (3.32),
by using the triangle inequality, we have

\| (\^u\ast 
h)

l  - u\| L2(\Gamma ) \leqslant \| ( \^w\ast 
h)

l\| L2(\Gamma ) +C\| u\| Hk+1(\Gamma )h
k+1

\leqslant \| w\| L2(\Gamma ) + \| ( \^w\ast 
h)

l  - w\| L2(\Gamma ) +C\| u\| Hk+1(\Gamma )h
k+1

\leqslant \| w\| L2(\Gamma ) +Ch2\| w\| H2(\Gamma ) +C\| u\| Hk+1(\Gamma )h
k+1,(3.34)

\| (\^u\ast 
h)

l  - u\| W 1,p(\Gamma ) \leqslant \| ( \^w\ast 
h)

l\| W 1,p(\Gamma ) +C\| u\| Wk+1,p(\Gamma )h
k.(3.35)
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DYNAMIC RITZ PROJECTION OF MEAN CURVATURE FLOW 1467

Then substituting inequality (3.31) into (3.35), we obtain

\| (\^u\ast 
h)

l  - u\| W 1,p(\Gamma ) \leqslant C\| w\| W 1,p(\Gamma ) +C\| u\| Wk+1,p(\Gamma )h
k.(3.36)

From (3.36) and (3.25), we obtain the following result for 2\leqslant p <\infty :

\| (\^u\ast 
h)

l  - u\| W 1,p(\Gamma ) \leqslant C\| id\Gamma h[\bfx \ast ]  - \^y\ast h\| W 1,p(\Gamma h[\bfx \ast ]) +C\| u\| Wk+1,p(\Gamma )h
k.(3.37)

In order to establish an estimate for \| id\Gamma h[\bfx \ast ]  - \^y\ast h\| W 1,p(\Gamma h[\bfx \ast ]) on the right-hand
side of (3.37), we consider the flow maps X\ast 

h : \Gamma h[ x
0] \rightarrow \Gamma h[x

\ast ] and Y \ast 
h = \^y\ast h \circ X\ast 

h,
which satisfy the relation

d

dt
(X\ast 

h  - Y \ast 
h ) = - \^I\ast h(

\^I\ast hH
\^I\ast hn - \^H\ast 

h\^n
\ast 
h) \circ X\ast 

h,

which can be written into the integral form:

X\ast 
h(s) - Y \ast 

h (s) = - 
\int s

0

\^I\ast h(\^I
\ast 
hH \^I\ast hn - \^H\ast 

h\^n
\ast 
h) \circ X\ast 

h dt.(3.38)

Then applying gradient to (3.38) and using the chain rule of partial differentiation,
we have

\nabla \Gamma 0
h
(X\ast 

h(s) - Y \ast 
h (s)) = - 

\int s

0

\nabla \Gamma 0
h
X\ast 

h [\nabla \Gamma h[\bfx \ast ]
\^I\ast h(\^I

\ast 
hH \^I\ast hn - \^H\ast 

h\^n
\ast 
h)] \circ X\ast 

h dt.

Then by considering the Lp norm of both sides of this relation, we obtain the following
result for s\in (0, t\ast ]:

\| \nabla 
\Gamma 0
h
(X

\ast 
h(s) - Y

\ast 
h (s))\| 

Lp(\Gamma 0
h
)

\leqslant C

\int s

0

\| [\nabla \Gamma h[\bfx \ast ]
\^I
\ast 
h(

\^I
\ast 
hH

\^I
\ast 
hn - \^H

\ast 
h\^n

\ast 
h)] \circ X

\ast 
h\| Lp(\Gamma 0

h
)
dt (since \| X\ast 

h\| W1,\infty (\Gamma 0
h
)
is bounded)

\leqslant C

\int s

0

(\| \^I\ast 
hH  - \^H

\ast 
h\| W1,p(\Gamma h[\bfx \ast ])\| \^I

\ast 
hn\| W1,\infty (\Gamma h[\bfx \ast ]) + \| \^H

\ast 
h\| W1,\infty (\Gamma h[\bfx \ast ])\| \^I

\ast 
hn - \^n

\ast 
h\| W1,p(\Gamma h[\bfx \ast ]))dt

(W 1,p stability of \^I\ast 
h is used; see Appendix A in the supplementary material)

\leqslant C

\int s

0

(\| \^I\ast 
hH  - \^H

\ast 
h\| W1,p(\Gamma h[\bfx \ast ]) + \| \^I\ast 

hn - \^n
\ast 
h\| W1,p(\Gamma h[\bfx \ast ]))dt,

(3.39)

where the last inequality uses the boundedness of \| \^H\ast 
h\| W 1,\infty (\Gamma h[\bfx \ast ]), which follows

from (3.20). Similarly, by considering the Lp norm of (3.38) directly, we can obtain
the following result:

\| X\ast 
h(s) - Y \ast 

h (s)\| Lp(\Gamma 0
h)

\leqslant C

\int s

0

(\| \^I\ast hH  - \^H\ast 
h\| Lp(\Gamma h[\bfx \ast ]) + \| \^I\ast hn - \^n\ast 

h\| Lp(\Gamma h[\bfx \ast ]))dt.

(3.40)

Since id\Gamma h[\bfx \ast ]  - \^y\ast h = (X\ast 
h  - Y \ast 

h ) \circ (X\ast 
h)

 - 1 and therefore \| id\Gamma h[\bfx \ast ]  - \^y\ast h\| W 1,p(\Gamma [\bfx \ast (s)]) \sim 
\| X\ast 

h(s)  - Y \ast 
h (s)\| W 1,p(\Gamma 0

h)
, the last two estimates and Lagrange interpolation error

estimates imply that

\| id\Gamma h[\bfx \ast (s)]  - \^y\ast h\| W 1,p(\Gamma [\bfx \ast (s)])

\leqslant C

\int s

0

(\| \^I\ast hH  - \^H\ast 
h\| W 1,p(\Gamma h[\bfx \ast ]) + \| \^I\ast hn - \^n\ast 

h\| W 1,p(\Gamma h[\bfx \ast ]))dt

\leqslant C

\int s

0

(\| H  - ( \^H\ast 
h)

l\| W 1,p(\Gamma ) + \| n - (\^n\ast 
h)

l\| W 1,p(\Gamma ))dt+Chk

\leqslant C

\int s

0

\| u - (\^u\ast 
h)

l\| W 1,p(\Gamma )dt+Chk for s\in (0, t\ast ].(3.41)
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1468 BUYANG LI AND RONG TANG

Substituting this into (3.37) and using Gronwall's inequality, we obtain

\| id\Gamma h[\bfx \ast ]  - \^y\ast h\| W 1,p(\Gamma h[\bfx \ast ]) + \| (\^u\ast 
h)

l  - u\| W 1,p(\Gamma ) \leqslant Chk for 2\leqslant p <\infty .

Since \| (\^I\ast hu)l  - (\^u\ast 
h)

l\| W 1,p(\Gamma ) \leqslant \| (\^I\ast hu)l  - u\| W 1,p(\Gamma ) + \| (\^u\ast 
h)

l  - u\| W 1,p(\Gamma ) \leqslant Chk and

\| (\^I\ast hu)l  - (\^u\ast 
h)

l\| W 1,p(\Gamma ) \sim \| \^I\ast hu - \^u\ast 
h\| W 1,p(\Gamma h[\bfx \ast ]), it follows that

\| id\Gamma h[\bfx \ast ]  - \^y\ast h\| W 1,p(\Gamma h[\bfx \ast ]) + \| \^I\ast hu - \^u\ast 
h\| W 1,p(\Gamma h[\bfx \ast ]) \leqslant Chk for 2\leqslant p <\infty .(3.42)

Moreover, we can express \^I\ast hv - \^v\ast h as

\^I\ast hv - \^v\ast h = - \^I\ast h(\^I
\ast 
hH \^I\ast hn) - \^I\ast h( \^H

\ast 
h\^n

\ast 
h)

= - \^I\ast h[(\^I
\ast 
hH  - \^H\ast 

h)\^I
\ast 
hn] - \^I\ast h[ \^H

\ast 
h(\^I

\ast 
hn - \^n\ast 

h)](3.43)

and apply the W 1,p stability of Lagrange interpolation (as shown in section SM1 in
the supplementary material). This leads to the following result for t\in [0, t\ast ]:

\| \^I\ast hv - \^v\ast h\| W 1,p(\Gamma h[\bfx \ast ]) \leqslant C\| \^I\ast hH  - \^H\ast 
h\| W 1,p(\Gamma h[\bfx \ast ])\| \^I\ast hn\| W 1,\infty (\Gamma h[\bfx \ast ])

+C\| \^H\ast 
h\| W 1,\infty (\Gamma h[\bfx \ast ])\| \^I\ast hn - \^n\ast 

h\| W 1,p(\Gamma h[\bfx \ast ])

\leqslant C\| \^I\ast hu - \^u\ast 
h\| W 1,p(\Gamma h[\bfx \ast ]) \leqslant Chk,(3.44)

where the boundedness of \| \^H\ast 
h\| W 1,\infty (\Gamma h[\bfx \ast ]) follows from (3.20) and the last inequality

follows from (3.42). This proves Lemma 3.3 according to the discussions in the text
below (3.20).

3.5. \bfitL \bftwo error estimates for the dynamic Ritz projection.

Lemma 3.4. Under the assumptions of Theorem 2.1, there exists h0 > 0 such
that for mesh size h\leqslant h0, (3.6) has a unique solution (y\ast ,H\ast ,n\ast ), which satisfies the
following estimate:

\| \^y\ast h  - id\Gamma h[\bfx \ast ]\| L2(\Gamma h[\bfx \ast ]) + \| \^H\ast 
h  - \^I\ast hH\| L2(\Gamma h[\bfx \ast ]) + \| \^n\ast 

h  - \^I\ast hn\| L2(\Gamma h[\bfx \ast ]) \leqslant Chk+1.

(3.45)

Proof. From (3.34), we see that in order to estimate \| (\^u\ast 
h)

l  - u\| L2(\Gamma ), it suffices
to estimate \| w\| L2(\Gamma ) and \| w\| H2(\Gamma ). By estimating the right-hand side of (3.22) using
(3.15) and (3.16) along with the results in Lemma 3.3 and the inverse inequality for
finite element functions, we immediately get the estimate\bigm| \bigm| \bigm| \bigm| \int 

\Gamma 

(w\varphi l +\nabla \Gamma w \cdot \nabla \Gamma \varphi 
l)

\bigm| \bigm| \bigm| \bigm| \leqslant C\| id\Gamma h[\bfx \ast ]  - \^y\ast h\| H1(\Gamma h[\bfx \ast ])\| \^u\ast 
h\| W 1,\infty (\Gamma h[\bfx \ast ])\| Ph\varphi \| H1(\Gamma h[\bfx \ast ])

\leqslant Ch - 2\| id\Gamma h[\bfx \ast ]  - \^y\ast h\| L2(\Gamma h[\bfx \ast ])\| \^u\ast 
h\| W 1,\infty (\Gamma h[ \bfx \ast ])\| \varphi \| L2(\Gamma h[\bfx \ast ])

\leqslant Ch - 2\| id\Gamma h[\bfx \ast ]  - \^y\ast h\| L2(\Gamma h[\bfx \ast ])\| \varphi l\| L2(\Gamma ),

which implies that (via duality)
\int 
\Gamma 
(w\varphi l +\nabla \Gamma w \cdot \nabla \Gamma \varphi 

l) =
\int 
\Gamma 
f\varphi l for some function f

satisfying the following inequality:

\| f\| L2(\Gamma ) \leqslant Ch - 2\| id\Gamma h[\bfx \ast ]  - \^y\ast h\| L2(\Gamma h[\bfx \ast ]).

The standard H2 regularity estimate of elliptic equations says that

\| w\| H2(\Gamma ) \leqslant C\| f\| L2(\Gamma ) \leqslant Ch - 2\| id\Gamma h[\bfx \ast ]  - \^y\ast h\| L2(\Gamma h[\bfx \ast ]).
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Substituting this into (3.34) yields

\| (\^u\ast 
h)

l  - u\| L2(\Gamma ) \leqslant \| w\| L2(\Gamma ) +C\| id\Gamma h[\bfx \ast ]  - \^y\ast h\| L2(\Gamma h[\bfx \ast ]) +Chk+1.(3.46)

It remains to estimate \| w\| L2(\Gamma ) and \| id\Gamma h[\bfx \ast ]  - \^y\ast h\| L2(\Gamma h[\bfx \ast ]). This can be done
as follows by using (3.22) with a duality argument. We define \varphi l \in H2(\Gamma ) to be the
solution of

\varphi l  - \Delta \Gamma \varphi 
l =w on \Gamma (3.47)

and let \varphi be the inverse lift of \varphi l onto \Gamma h[x
\ast ]. Then

\| \varphi l\| H2(\Gamma ) \leqslant C\| w\| L2(\Gamma ).(3.48)

For y\theta := (1 - \theta )x\ast +\theta y\ast , let \^u\ast ,\theta 
h , \^\varphi \theta 

h, and \^e\theta y be the finite element functions on \Gamma h[y
\theta ]

with nodal vectors u\ast , Ph\varphi , and e\bfy := y\ast  - x\ast , respectively. In particular, \^u\ast ,0
h = \^u\ast 

h.
Then surface \Gamma h[ y

\theta ] moves with velocity \^e\theta y as parameter \theta \in [0,1] changes, and the
following relation holds:

\partial \bullet 
\theta \^u

\ast ,\theta 
h = \partial \bullet 

\theta \^\varphi 
\theta 
h = 0.

Testing (3.47) by w and using (3.22), we have

\| w\| 2L2(\Gamma ) =

\int 
\Gamma 

(w\varphi l +\nabla \Gamma w \cdot \nabla \Gamma \varphi 
l)

= (K(x\ast ) - K(y\ast ))u\ast \cdot (Ph\varphi )

=

\bigm| \bigm| \bigm| \bigm| \int 1

0

d

d\theta 

\int 
\Gamma h[\bfy \theta ]

(\^u\ast ,\theta 
h \cdot \^\varphi \theta 

h +\nabla \Gamma h[\bfy \theta ]\^u
\ast ,\theta 
h \cdot \nabla \Gamma h[\bfy \theta ] \^\varphi 

\theta 
h)

\bigm| \bigm| \bigm| \bigm| 
=

\bigm| \bigm| \bigm| \bigm| \int 1

0

\int 
\Gamma h[\bfy \theta ]

(\^u\ast ,\theta 
h \cdot \^\varphi \theta 

h\nabla \Gamma h[\bfy \theta ] \cdot \^e\theta y +\nabla \Gamma h[\bfy \theta ]\^u
\ast ,\theta 
h \cdot D\Gamma h[\bfy \theta ]\^e

\theta 
y\nabla \Gamma h[ \bfy \theta ] \^\varphi 

\theta 
h)d\theta 

\bigm| \bigm| \bigm| \bigm| 
(see Lemma 3.2)

=
\bigm| \bigm| B0 +B1 +B2 +B3

\bigm| \bigm| ,(3.49)

where

B0 :=

\int 
\Gamma 

(\^u\ast ,l
h \cdot \^\varphi 0,l

h \nabla \Gamma \cdot \^e0,ly +\nabla \Gamma u \cdot D\Gamma \^e
0,l
y \nabla \Gamma \varphi 

l),(3.50)

B1 :=

\int 
\Gamma 

(\nabla \Gamma \^u
\ast ,l
h \cdot D\Gamma \^e

0,l
y \nabla \Gamma \^\varphi 

0,l
h  - \nabla \Gamma u \cdot D\Gamma \^e

0,l
y \nabla \Gamma \varphi 

l),(3.51)

B2 :=

\int 
\Gamma h[\bfx \ast ]

(\^u\ast 
h \cdot \^\varphi 0

h\nabla \Gamma h[\bfx \ast ] \cdot \^e0y +\nabla \Gamma h[\bfx \ast ]\^u
\ast 
h \cdot D\Gamma h[\bfx \ast ]\^e

0
y\nabla \Gamma h[\bfx \ast ] \^\varphi 

0
h)

 - 
\int 
\Gamma 

(\^u\ast ,l
h \cdot \^\varphi 0,l

h \nabla \Gamma \cdot \^e0,ly +\nabla \Gamma \^u
\ast ,l
h \cdot D\Gamma \^e

0,l
y \nabla \Gamma \^\varphi 

0,l
h ),(3.52)

B3 :=

\int 1

0

\int 
\Gamma h[\bfy \theta ]

(\^u\ast ,\theta 
h \cdot \^\varphi \theta 

h\nabla \Gamma h[ \bfy \theta ] \cdot \^e\theta y +\nabla \Gamma h[\bfy \theta ]\^u
\ast ,\theta 
h \cdot D\Gamma h[\bfy \theta ]\^e

\theta 
y\nabla \Gamma h[ \bfy \theta ] \^\varphi 

\theta 
h)d\theta 

 - 
\int 1

0

\int 
\Gamma h[\bfx \ast ]

(\^u\ast 
h \cdot \^\varphi 0

h\nabla \Gamma h[\bfx \ast ] \cdot \^e0y +\nabla \Gamma h[\bfx \ast ]\^u
\ast 
h \cdot D\Gamma h[\bfx \ast ]\^e

0
y\nabla \Gamma h[\bfx \ast ] \^\varphi 

0
h)d\theta .(3.53)

In the expression of B0, we can remove the gradient acting on \^e0,ly by utilizing inte-
gration by parts. This will yield the following result:
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1470 BUYANG LI AND RONG TANG

| B0| \leqslant C\| \^e0,ly \| L2(\Gamma )\| \varphi l\| H2(\Gamma ) \leqslant C\| \^e0y\| L2(\Gamma h[\bfx \ast ])\| \varphi l\| H2(\Gamma ).(3.54)

Since \^\varphi 0,l
h = (Ph\varphi )

l, it follows that \| \nabla \Gamma (\varphi 
l  - \^\varphi 0,l

h )\| L2(\Gamma ) \leqslant Ch\| \varphi l\| H2(\Gamma ). This implies
that

| B1| \leqslant C\| (\^u\ast 
h)

l  - u\| W 1,p(\Gamma )\| \^e0,ly \| H1(\Gamma )\| \varphi l\| 
W

1,
2p

p - 2 (\Gamma )

+ \| (\^u\ast 
h)

l\| W 1,\infty (\Gamma h[\bfx \ast ])\| \^e0,ly \| H1(\Gamma )Ch\| \varphi l\| H2(\Gamma ) (for some p > 2)

\leqslant Ch\| \^e0,ly \| H1(\Gamma )\| \varphi l\| H2(\Gamma ),(3.55)

where the last inequality follows from theW 1,p error estimate in Lemma 3.3. Similarly,
by estimating B2 with the error between the interpolated surface \Gamma h[x

\ast ] and the exact
surface \Gamma [X] (cf. [19, Proposition 2.3]), we can derive the following result:

| B2| \leqslant Ch\| \^e0,ly \| H1(\Gamma )\| \varphi l\| H2(\Gamma ).(3.56)

We consider the intermediate surfaces between \Gamma h[y
\theta ] and \Gamma h[x

\ast ] defined by

\Gamma h[y
\theta ,\alpha ], with y\theta ,\alpha = (1 - \alpha )x\ast + \alpha y\theta = x\ast + \alpha \theta e\bfy , \alpha \in [0,1],

for fixed \theta \in [0,1]. As \alpha varies, the intermediate surface \Gamma h[y
\theta ,\alpha ] moves with velocity

\theta \^e\theta y. By employing these intermediate surfaces along with the estimates in (3.15)--
(3.17) and the bound \| \^e0y\| W 1,p(\Gamma h[\bfx \ast ]) \leqslant Ch from (3.19) in Lemma 3.3, we can obtain
(details are omitted)

| B3| \leqslant Ch\| \^e0,ly \| H1(\Gamma )\| \varphi l\| H2(\Gamma ).(3.57)

Therefore, by substituting the estimates of B0, B1, B2, and B3 into (3.49) and using
the estimate of \| \varphi l\| H2(\Gamma ) in (3.48), we obtain

\| w\| 2L2(\Gamma ) \leqslant C\| \^e0y\| L2(\Gamma h[\bfx \ast ])\| w\| L2(\Gamma ) +Ch\| \^e0y\| H1(\Gamma h[\bfx \ast ])\| w\| L2(\Gamma )

\leqslant C\| \^e0y\| L2(\Gamma h[\bfx \ast ])\| w\| L2(\Gamma ) +Chk+1\| w\| L2(\Gamma ),

where the last inequality follows from the W 1,p estimate of \^e0y = id\Gamma h[\bfx \ast ]  - \^y\ast h in
Lemma 3.3 with p= 2. This implies that

\| w\| L2(\Gamma ) \leqslant C\| id\Gamma h[\bfx \ast ]  - \^y\ast h\| L2(\Gamma h[\bfx \ast ]) +Chk+1.(3.58)

Then substituting this result into (3.46), we obtain

\| (\^u\ast 
h)

l  - u\| L2(\Gamma ) \leqslant C\| id\Gamma h[\bfx \ast ]  - \^y\ast h\| L2(\Gamma h[\bfx \ast ]) +Chk+1.(3.59)

The first term on the right-hand side of (3.59) can be estimated similarly to (3.41) by
choosing p= 2 in (3.40) and rewriting it equivalently as follows:

\| id\Gamma h[\bfx \ast (s)]  - \^y\ast h\| L2(\Gamma [\bfx \ast (s)]) \leqslant C

\int s

0

\| (\^u\ast 
h)

l(t) - u(t)\| L2(\Gamma )dt+Chk+1 for s\in [0, T ].

(3.60)

Then substituting (3.59) into (3.60) and using Gronwall's inequality, we obtain an
optimal-order estimate of \| id\Gamma h[\bfx \ast ]  - \^y\ast h\| L2(\Gamma h[\bfx \ast ]), i.e.,

\| id\Gamma h[\bfx \ast ]  - \^y\ast h\| L2(\Gamma h[\bfx \ast ]) \leqslant Chk+1 for s\in [0, T ].(3.61)
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DYNAMIC RITZ PROJECTION OF MEAN CURVATURE FLOW 1471

Substituting this estimate back into (3.59) yields the following result:

\| (\^u\ast 
h)

l  - u\| L2(\Gamma ) \leqslant Chk+1 for s\in [0, T ].(3.62)

Since \| (\^I\ast hu)l  - u\| L2(\Gamma ) \leqslant Chk+1, by using (3.62) and the triangle inequality

\| (\^u\ast 
h)

l  - (\^I\ast hu)
l\| L2(\Gamma ) \leqslant \| (\^u\ast 

h)
l  - u\| L2(\Gamma ) + \| (\^I\ast hu)l  - u\| L2(\Gamma )

as well as the norm equivalence \| (\^u\ast 
h)

l - (\^I\ast hu)
l\| L2(\Gamma ) \sim \| \^u\ast 

h - \^I\ast hu\| L2(\Gamma h[ \bfx \ast ]), we obtain
the L2 error estimate of the dynamic Ritz projection in Lemma 3.4.

Substituting Lemma 3.3 into (3.25) with p= 2 and substituting Lemma 3.4 into
(3.58), we obtain

\| w\| L2(\Gamma ) + h\| w\| H1(\Gamma ) \leqslant Chk+1.(3.63)

This result will be used in the next subsection.
In addition to the W 1,p and L2 error estimates of the dynamic Ritz projection,

we can also differentiate (3.23) in time and, by using the resulting derivative equation,
prove the following L2 error estimates for the material derivative of the dynamic Ritz
projection.

Lemma 3.5. Under the assumptions of Theorem 2.1, there exists h0 > 0 such
that for mesh size h \leqslant h0, the solution (y\ast ,H\ast ,n\ast ) of (3.6) satisfies the following
estimates:

\| (\partial \bullet 
t,hH

\ast 
h)

\wedge  - \^I\ast h\partial 
\bullet 
t H\| L2(\Gamma h[\bfx \ast ]) + h\| (\partial \bullet 

t,hH
\ast 
h)

\wedge  - \^I\ast h\partial 
\bullet 
t H\| H1(\Gamma h[\bfx \ast ]) \leqslant Chk+1,(3.64)

\| (\partial \bullet 
t,hn

\ast 
h)

\wedge  - \^I\ast h\partial 
\bullet 
t n\| L2(\Gamma h[\bfx \ast ]) + h\| (\partial \bullet 

t,hn
\ast 
h)

\wedge  - \^I\ast h\partial 
\bullet 
t n\| H1(\Gamma h[\bfx \ast ]) \leqslant Chk+1,(3.65)

where \partial \bullet 
t,hH

\ast 
h and (\partial \bullet 

t,hH
\ast 
h)

\wedge are finite element functions on \Gamma h[y
\ast ] and \Gamma h[x

\ast ], re-

spectively, with a common nodal vector \.H\ast .

The proof of Lemma 3.5 is based on differentiating (3.23) in time, which leads to
complicated expressions. However, the techniques for proving Lemma 3.5 are similar
to those for proving Lemmas 3.3 and 3.4. Therefore, we omit the proof here and refer
the reader to section SM3 in the supplementary material.

3.6. Estimates of the remainders. The remainders d\ast H and d\ast n defined in
(2.13) can be estimated by using the approximation properties of the dynamic Ritz
projection in Lemmas 3.3--3.5. This result is presented in the following lemma, and the
proof is omitted. We refer the reader to section SM4 in the supplementary material
for more details.

Lemma 3.6. Under the assumptions of Theorem 2.1, there exists h0 > 0 such
that for mesh size h \leqslant h0, the remainder d\ast u defined in (2.14) satisfes the following
estimate: \bigm| \bigm| \bigm| \bigm| \bigm| 

\int 
\Gamma h[\bfy \ast ]

d\ast u \cdot \chi u

\bigm| \bigm| \bigm| \bigm| \bigm| \leqslant Chk+1\| \chi u\| H1(\Gamma h[\bfy \ast ])4 .

4. Proof of Theorems 2.2 and 2.3. In this section, we prove Theorem 2.2
on the optimal-order convergence of the parametric FEM for mean curvature flow in
the L\infty (0, T ;L2) norm by utilizing the estimates of the dynamic Ritz projection in
Lemmas 3.3--3.5 and the estimates of the remainders in Lemma 3.6.
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1472 BUYANG LI AND RONG TANG

4.1. Basic settings. The numerical solution (x,v,u) and the dynamic Ritz
projection (x\ast ,v\ast ,u\ast ) satisfy (3.4) and (3.7), respectively. By subtracting (3.7) from
(3.4), we find that the error functions

e\bfx = x - y\ast , e\bfv = v - v\ast , and e\bfu = u - u\ast 

satisfy the following equations:

\.e\bfx = e\bfv ,(4.1a)

e\bfv = - (Ih(H \bullet n) - Ih(H
\ast \bullet n\ast )),(4.1b)

M(x) \.e\bfu +A(x)e\bfu = - (M(x) - M(y\ast )) \.u\ast  - (A(x) - A(y\ast ))u\ast 

+ (f(x,u) - f(y,u\ast )) - M(y\ast )d\bfu .(4.1c)

Let x\theta = (1  - \theta )y\ast + \theta x for \theta \in [0,1], which defines an intermediate surface \Gamma h[x
\theta ]

moving with the velocity e\theta x as parameter \theta \in [0,1] changes, and denote by e\theta x, e
\theta 
v, and

e\theta u the finite element functions on \Gamma h[x
\theta ] with nodal vectors e\bfx , e\bfv , and e\bfu , respec-

tively. In particular, we denote ex = e0x, ev = e0v, and eu = e0u, which are finite element
functions on \Gamma h[y

\ast ]. On the intermediate surface \Gamma h[x
\theta ], we also define finite element

functions

v\theta h and u\theta 
h = (H\theta 

h, (n
\theta 
h)

\top )\top 

with nodal vectors v\theta = (1 - \theta )v\ast + \theta v and u\theta = (1 - \theta )u\ast + \theta u, respectively. We also
denote by u\ast ,\theta 

h = (H\ast ,\theta 
h , (n\ast ,\theta 

h )\top )\top the finite element function on \Gamma h[x
\theta ] with nodal

vector u\ast .
Similar to the proof of Theorem 2.1, we define t\ast \in [0, T ] as the maximal time

such that the numerical solution exists and the following inequalities are satisfied:

\| ex(\cdot , t)\| W 1,\infty (\Gamma h[\bfy \ast ]) \leq hk - 0.1,(4.2a)

\| eu(\cdot , t)\| L\infty (\Gamma h[\bfy \ast ]) \leq hk - 0.1 for t\in [0, t\ast ].(4.2b)

At time t= 0, we have ex(\cdot ,0) = 0 and eu = \^I\ast hu - \^u\ast 
h on \Gamma h[x

0]. Therefore, by using
the inverse inequality of finite element functions and the L2 estimates of \^I\ast hu - \^u\ast 

h in
Theorem 2.1, we have

\| eu(\cdot ,0)\| L\infty (\Gamma h[\bfy \ast ]) \leq Ch - 1\| eu(\cdot ,0)\| L2(\Gamma h[\bfy \ast ]) \leqslant Chk.

For sufficiently small h such that Chk \leqslant hk - 0.1, the inequality above implies that
t\ast > 0.

Note that under condition (4.2), the Lp and W 1,p norms on surfaces \Gamma h[x] and
\Gamma h[y

\ast ] are equivalent for 1\leq p\leq \infty (as shown in Lemma 3.1). This norm equivalence
will be used frequently in the following subsections. In particular, under condition
(4.2), we shall prove the following proposition (with some constants h0 and C that
are independent of t\ast ).

Proposition 4.1. Under the assumptions in Theorem 2.1 and (4.2), there exists
h0 > 0 such that when mesh size h\leqslant h0, the following estimate holds:

\| ex\| L\infty (0,t\ast ;H1(\Gamma h[\bfy \ast ])) + \| eu\| L\infty (0,t\ast ;L2(\Gamma h[\bfy \ast ])) + \| eu\| L2(0,t\ast ;H1(\Gamma h[\bfy \ast ])) \leqslant Chk+1.

(4.3)

Remark 4.1. By the local-in-time existence and uniqueness as well as the continu-
ity of solutions to the ODE system (3.4), there exists \delta h > 0 such that the numerical
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DYNAMIC RITZ PROJECTION OF MEAN CURVATURE FLOW 1473

solution and the error estimate in (4.3) hold for t \in [0, t\ast + \delta h], with C replaced by
2C therein. This would imply that when h is smaller than some constant (which is
independent of t\ast ), (4.2) holds for t \in [0, t\ast + \delta h]. This would imply that t\ast = T
(otherwise, t\ast \in (0, T ] would not be the maximal time satisfying the condition), and
therefore the error estimate in (4.3) holds for t\in [0, T ]. Then by the norm equivalence
between \Gamma h[y

\ast ] and \Gamma h[x
\ast ], the error estimate in (4.3) can be equivalently written

into (2.16). This would complete the proof of Theorem 2.2.

4.2. Estimates of \| \bfite \bfitu \| \bfitL \infty (\bfzero ,\bfitt ;\bfitL \bftwo (\bfGamma \bfith [\bfy \ast ])) and \| \bfite \bfitu \| \bfitL \bftwo (\bfzero ,\bfitt ;\bfitH \bfone (\bfGamma \bfith [ \bfy \ast ])). In this
subsection, we establish an estimate of \| eu\| L\infty (0,t;L2(\Gamma h[\bfy \ast ])) and \| eu\| L2(0,t;H1(\Gamma h[\bfy \ast ]))

in terms of \| ex\| L2(0,t;H1(\Gamma h[\bfy \ast ])) and \| eu\| L2(0,t;L2(\Gamma h[\bfy \ast ])).

Lemma 4.2. Under the assumptions in Theorem 2.1 and (4.2), there exists h0 > 0
such that when mesh size h\leqslant h0, the following estimate holds for t\in [0, t\ast ]:

\| eu(t)\| 2L2(\Gamma h[\bfy \ast (t)]) +

\int t

0

\| \nabla \Gamma h[\bfy \ast ]eu(s)\| 2L2(\Gamma h[\bfy \ast (s)]) ds

\leq C

\int t

0

\bigl( 
\| ex(s)\| 2H1(\Gamma h[\bfy \ast (s)]) + \| eu(s)\| 2L2(\Gamma h[\bfy \ast (s)])

\bigr) 
ds+Ch2k+2.

(4.4)

Proof. Testing (4.1c) with e\bfu , we obtain the following relation:

1

2

d

dt
\| e1u\| 2L2(\Gamma h[\bfx ])

+ \| \nabla \Gamma h[\bfx ]e
1
u\| 2L2(\Gamma h[\bfx ])

= - e\top \bfu (M(x) - M(y\ast )) \.u\ast  - e\top \bfu (A(x) - A(y\ast )) \.u\ast 

+ e\top \bfu (f(x,u) - f(y\ast ,u\ast )) - e\top \bfu M(y\ast )d\bfu 

=: I1 + I2 + I3 + I4,

(4.5)

where e1u denotes the finite element function on \Gamma h[x
\theta ] with \theta = 1. Additionally,

\partial \bullet 
\theta e

\theta 
x = \partial \bullet 

\theta e
\theta 
v = 0 and \partial \bullet 

\theta e
\theta 
u = 0. Since u\ast 

h \in \Gamma h[y
\ast ] and \^u\ast 

h \in \Gamma h[x
\ast ] have the same nodal

vectors, by using the equivalence of the Lp and W 1,p norms on \Gamma h[x
\theta ] and \Gamma h[y

\ast ] and
Lemmas 3.4 and 3.5, we have

\| u\ast 
h\| W 1,\infty (\Gamma h[\bfy \ast ]) \leq C\| \^u\ast 

h\| W 1,\infty (\Gamma h[\bfx \ast ])

\leq C\| \^u\ast 
h  - \^I\ast hu\| W 1,\infty (\Gamma h[\bfx \ast ]) +C\| \^I\ast hu\| W 1,\infty (\Gamma h[\bfx \ast ])

\leq Ch - 2hk+1 +C \leq C,(4.6)

\| \partial \bullet 
t,hu

\ast 
h\| W 1,\infty (\Gamma h[\bfy \ast ]) \leq C\| (\partial \bullet 

t u
\ast 
h)

\wedge \| W 1,\infty (\Gamma h[\bfx \ast ])

\leq C\| (\partial \bullet 
t u

\ast 
h)

\wedge  - \^I\ast h\partial 
\bullet 
t u\| W 1,\infty (\Gamma h[\bfx \ast ]) +C\| \^I\ast h\partial \bullet 

t u\| W 1,\infty (\Gamma h[\bfx \ast ])

\leq Ch - 2hk+1 +C \leq C,(4.7)

where Lemma 3.5 and the inverse inequality are used in the last inequalities of (4.6)
and (4.7). Then with inequalities (4.6) and 4.7) and (3.15)--(3.17), we can estimate
| I1| and | I2| as follows:

| I1| \leqslant C\| \nabla \Gamma h[\bfy \ast ]ex\| L2(\Gamma h[\bfy \ast ])\| eu\| L2(\Gamma h[\bfy \ast ])(4.8)

| I2| \leqslant C\| \nabla \Gamma h[\bfy \ast ]ex\| L2(\Gamma h[\bfy \ast ])\| \nabla \Gamma h[\bfy \ast ]eu\| L2(\Gamma h[\bfy \ast ]).(4.9)

Lemma 3.6 guarantees that

| I4| \leqslant Chk+1\| eu\| H1(\Gamma h[\bfy \ast ]).(4.10)
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1474 BUYANG LI AND RONG TANG

It remains to estimate | I3| . By employing the identity (3.18), we can bound | I3| by
the sum of five terms as follows:

| I3| = | e\top \bfu (f(x,u) - f(y\ast ,u\ast ))| 

=

\bigm| \bigm| \bigm| \bigm| \int 
\Gamma h[\bfx ]

\bigm| \bigm| \nabla \Gamma h[\bfx ]nh

\bigm| \bigm| 2uh \cdot e1u  - 
\int 
\Gamma h[\bfy \ast ]

\bigm| \bigm| \nabla \Gamma h[\bfy \ast ]n
\ast 
h

\bigm| \bigm| 2u\ast 
h \cdot eu

\bigm| \bigm| \bigm| \bigm| 
=

\bigm| \bigm| \bigm| \bigm| \int 1

0

d

d\theta 

\int 
\Gamma h[\bfx \theta ]

\bigm| \bigm| \nabla \Gamma h[ \bfx \theta ]n
\theta 
h

\bigm| \bigm| 2u\theta 
h \cdot e\theta ud\theta 

\bigm| \bigm| \bigm| \bigm| 
\leqslant 

\bigm| \bigm| \bigm| \bigm| \int 1

0

\int 
\Gamma h[\bfx \theta ]

\bigm| \bigm| \nabla \Gamma h[\bfx \theta ]n
\theta 
h

\bigm| \bigm| 2u\theta 
h \cdot e\theta u\nabla \Gamma h[\bfx \theta ] \cdot e\theta x d\theta 

\bigm| \bigm| \bigm| \bigm| 
+

\bigm| \bigm| \bigm| \bigm| \int 1

0

\int 
\Gamma h[\bfx \theta ]

\bigm| \bigm| \nabla \Gamma h[\bfx \theta ]n
\theta 
h

\bigm| \bigm| 2e\theta u \cdot e\theta u d\theta 
\bigm| \bigm| \bigm| \bigm| 

+

\bigm| \bigm| \bigm| \bigm| \int 1

0

\int 
\Gamma h[\bfx \theta ]

2\nabla \Gamma h[\bfx \theta ]n
\theta 
h

\Bigl( 
\nabla \Gamma h[\bfx \theta ]\partial 

\bullet 
\theta n

\theta 
h  - \nabla \Gamma h[\bfx \theta ]e

\theta 
x\nabla \Gamma h[\bfx \theta ]n

\theta 
h

+ n\Gamma h[\bfx \theta ]n
\top 
\Gamma h[\bfx \theta ](\nabla \Gamma h[\bfx \theta ]e

\theta 
x)

\top \nabla \Gamma h[\bfx \theta ]n
\theta 
h

\Bigr) 
u\theta 
h \cdot e\theta u d\theta 

\bigm| \bigm| \bigm| \bigm| 
=: I31 + I32 + I33 + I34 + I35,(4.11)

where n\Gamma h[\bfx \theta ] is the unit normal vector of \Gamma h[x
\theta ], while n\theta 

h is the finite element function
with nodal vector n\theta = (1 - \theta )n\ast + \theta n, with n\ast and n being the nodal vectors of the
dynamic Ritz projection n\ast 

h \in Sh(\Gamma h[y
\ast ]) and numerical solution nh \in Sh(\Gamma h[x]),

respectively. Since n\theta 
h = n\ast ,\theta 

h +\theta e\theta n and u\theta 
h = u\ast ,\theta 

h +\theta e\theta u, I31 can be bounded as follows:

I31 =

\bigm| \bigm| \bigm| \bigm| \int 1

0

\int 
\Gamma h[\bfx \theta ]

\bigm| \bigm| \nabla \Gamma h[\bfx \theta ](n
\ast ,\theta 
h + \theta e\theta n)

\bigm| \bigm| 2(u\ast ,\theta 
h + \theta e\theta u) \cdot e\theta u\nabla \Gamma h[\bfx \theta ] \cdot e\theta x d\theta 

\bigm| \bigm| \bigm| \bigm| 
\leqslant 

\bigm| \bigm| \bigm| \bigm| \int 1

0

\int 
\Gamma h[\bfx \theta ]

\bigm| \bigm| \nabla \Gamma h[\bfx \theta ]n
\ast ,\theta 
h

\bigm| \bigm| 2(u\ast ,\theta 
h \cdot e\theta u)\nabla \Gamma h[\bfx \theta ] \cdot e\theta x d\theta 

\bigm| \bigm| \bigm| \bigm| 
+

\bigm| \bigm| \bigm| \bigm| \int 1

0

\int 
\Gamma h[\bfx \theta ]

\theta 
\bigm| \bigm| \nabla \Gamma h[\bfx \theta ]n

\ast ,\theta 
h

\bigm| \bigm| 2\bigm| \bigm| e\theta u\bigm| \bigm| 2\nabla \Gamma h[\bfx \theta ] \cdot e\theta x d\theta 
\bigm| \bigm| \bigm| \bigm| 

+

\bigm| \bigm| \bigm| \bigm| \int 1

0

\int 
\Gamma h[\bfx \theta ]

\theta 2
\bigm| \bigm| \nabla \Gamma h[\bfx \theta ]e

\theta 
n

\bigm| \bigm| 2(u\ast ,\theta 
h \cdot e\theta u)\nabla \Gamma h[\bfx \theta ] \cdot e\theta x d\theta 

\bigm| \bigm| \bigm| \bigm| 
+

\bigm| \bigm| \bigm| \bigm| \int 1

0

\int 
\Gamma h[\bfx \theta ]

\theta 3
\bigm| \bigm| \nabla \Gamma h[\bfx \theta ]e

\theta 
n

\bigm| \bigm| 2\bigm| \bigm| e\theta u\bigm| \bigm| 2\nabla \Gamma h[\bfx \theta ] \cdot e\theta x d\theta 
\bigm| \bigm| \bigm| \bigm| 

+

\bigm| \bigm| \bigm| \bigm| \int 1

0

\int 
\Gamma h[\bfx \theta ]

2\theta (\nabla \Gamma h[\bfx \theta ]n
\ast ,\theta 
h \cdot \nabla \Gamma h[\bfx \theta ]e

\theta 
n)(u

\ast ,\theta 
h \cdot e\theta u)\nabla \Gamma h[\bfx \theta ] \cdot e\theta x d\theta 

\bigm| \bigm| \bigm| \bigm| 
+

\bigm| \bigm| \bigm| \bigm| \int 1

0

\int 
\Gamma h[\bfx \theta ]

2\theta 2\nabla \Gamma h[\bfx \theta ]n
\ast ,\theta 
h \cdot \nabla \Gamma h[\bfx \theta ]e

\theta 
n | e\theta u| 2\nabla \Gamma h[\bfx \theta ] \cdot e\theta x d\theta 

\bigm| \bigm| \bigm| \bigm| 
=: I311 + I312 + I313 + I314 + I315 + I316.(4.12)

Then with the norm equivalence of the Lp and W 1,p norms on \Gamma h[x
\theta ] and \Gamma h[y

\ast ] as
well as estimates (4.2) and (4.6), the following estimates of I31j , j = 1, . . . ,6, can be
derived:
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DYNAMIC RITZ PROJECTION OF MEAN CURVATURE FLOW 1475

I311 \leqslant C\| eu\| L2(\Gamma h[\bfy \ast ])\| \nabla \Gamma h[\bfy \ast ]ex\| L2(\Gamma h[ \bfy \ast ]),

I312 \leqslant C\| eu\| L2(\Gamma h[\bfy \ast ])\| \nabla \Gamma h[\bfy \ast ]ex\| L2(\Gamma h[ \bfy \ast ])\| eu\| L\infty (\Gamma h[\bfy \ast ])

\leqslant C\| eu\| L2(\Gamma h[\bfy \ast ])\| \nabla \Gamma h[\bfy \ast ]ex\| L2(\Gamma h[\bfy \ast ]),

I313 \leqslant C\| \nabla \Gamma h[\bfy \ast ]en\| 2L2(\Gamma h[\bfy \ast ])\| \nabla \Gamma h[\bfy \ast ]ex\| L\infty (\Gamma h[\bfy \ast ])\| eu\| L\infty (\Gamma h[\bfy \ast ])

\leqslant Ch2k - 0.2\| \nabla \Gamma h[\bfy \ast ]eu\| 2L2(\Gamma h[\bfy \ast ]),

I314 \leqslant C\| \nabla \Gamma h[\bfy \ast ]en\| 2L2(\Gamma h[\bfy \ast ])\| \nabla \Gamma h[\bfy \ast ]ex\| L\infty (\Gamma h[\bfy \ast ])\| eu\| 2L\infty (\Gamma h[\bfy \ast ])

\leqslant Ch3k - 0.3\| \nabla \Gamma h[\bfy \ast ]eu\| 2L2(\Gamma h[\bfy \ast ]),

I315 \leqslant C\| \nabla \Gamma h[\bfy \ast ]en\| L2(\Gamma h[\bfy \ast ])\| eu\| L2(\Gamma h[\bfy \ast ])\| \nabla \Gamma h[\bfy \ast ]ex\| L\infty (\Gamma h[\bfy \ast ])

\leqslant Chk - 0.1\| eu\| L2(\Gamma h[\bfy \ast ])\| \nabla \Gamma h[\bfy \ast ]eu\| L2(\Gamma h[ \bfy \ast ]),

I316 \leqslant C\| \nabla \Gamma h[\bfy \ast ]en\| L2(\Gamma h[\bfy \ast ])\| eu\| L2(\Gamma h[\bfy \ast ])\| eu\| L\infty (\Gamma h[\bfy \ast ])\| \nabla \Gamma h[\bfy \ast ]ex\| L\infty (\Gamma h[\bfy \ast ])

\leqslant Ch2k - 0.2\| eu\| L2(\Gamma h[\bfy \ast ])\| \nabla \Gamma h[\bfy \ast ]eu\| L2(\Gamma h[ \bfy \ast ]).(4.13)

By summing up the estimates of I31j , j = 1, . . . ,6, in (4.13), we obtain

I31 \leqslant C\| eu\| 2L2(\Gamma h[\bfy \ast ]) +C\| ex\| 2H1(\Gamma h[\bfy \ast ]) +Ch2k - 0.2\| \nabla \Gamma h[\bfy \ast ]eu\| 2L2(\Gamma h[\bfy \ast ]).(4.14)

In the same way, the following estimates of I3j , j = 2, . . . ,5, can be obtained:

I32 + I34 + I35 \leqslant C\| eu\| 2L2(\Gamma h[\bfy \ast ]) +C\| \nabla \Gamma h[ \bfy \ast ]ex\| 2L2(\Gamma h[\bfy \ast ])

+Ch2k - 0.2\| \nabla \Gamma h[\bfy \ast ]eu\| 2L2(\Gamma h[\bfy \ast ]).(4.15)

Furthermore, by applying Young's inequality, the term I33 can be bounded as follows:

I33 \leqslant \epsilon \| \nabla \Gamma h[\bfy \ast ]eu\| 2L2(\Gamma h[\bfy \ast ]) +C(\epsilon )\| eu\| 2L2(\Gamma h[\bfy \ast ]).(4.16)

These estimates lead to

| I3| \leqslant C\| eu\| 2L2(\Gamma h[\bfy \ast ]) +C\| ex\| 2H1(\Gamma h[\bfy \ast ]) + (Ch2k - 0.2 + \epsilon )\| \nabla \Gamma h[\bfy \ast ]eu\| 2L2(\Gamma h[\bfy \ast ]).

(4.17)

Then substituting estimates (4.8)--(4.10) and (4.17) into (4.5) yields the following
result:

1

2

d

dt
\| e1u\| 2L2(\Gamma h[\bfx ])

+ \| \nabla \Gamma h[\bfx ]e
1
u\| 2L2(\Gamma h[\bfx ])

(4.18)

\leqslant C\| ex\| 2H1(\Gamma h[\bfy \ast ]) +C\| eu\| 2L2(\Gamma h[\bfy \ast ]) + (Ch2k - 0.2 + \epsilon )\| \nabla \Gamma h[\bfy \ast ]eu\| 2L2(\Gamma h[\bfy \ast ]) +Ch2k+2.

By employing the H1 seminorm equivalence between the surfaces \Gamma h[y
\ast ] and \Gamma h[x]

and by choosing h and \epsilon sufficiently small, the term (Ch2k - 0.2+\epsilon )\| \nabla \Gamma h[\bfy \ast ]eu\| 2L2(\Gamma h[\bfy \ast ])

can be absorbed into the left-hand side of the above inequality. This reduces (4.18)
to the following result:

1

2

d

dt
\| e1u\| 2L2(\Gamma h[\bfx ])

+ \| \nabla \Gamma h[\bfx ]e
1
u\| 2L2(\Gamma h[\bfx ])

\leqslant C\| ex\| 2H1(\Gamma h[\bfy \ast ]) +C\| eu\| 2L2(\Gamma h[\bfy \ast ]) +Ch2k+2.(4.19)

Integrating the above inequality from 0 to t along with the norm equivalence between
surfaces \Gamma h[x] and \Gamma h[y

\ast (t)], we have
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1476 BUYANG LI AND RONG TANG

\| eu(t)\| 2L2(\Gamma h[\bfy \ast (t)]) +

\int t

0

\| \nabla \Gamma h[\bfy \ast (s)]eu(s)\| 2L2(\Gamma h[\bfy \ast (s)]) ds

\leqslant C

\int t

0

\bigl( 
\| ex(s)\| 2H1(\Gamma h[\bfy \ast (s)]) + \| eu(s)\| 2L2(\Gamma h[\bfy \ast (s)])

\bigr) 
ds+Ch2k+2,(4.20)

where \| eu(0)\| L2(\Gamma h[\bfy \ast (0)]) \leqslant Chk+1 is used. This proves the result of Lemma 4.2.

4.3. Estimates of \| \bfite \bfitv (\bfitt )\| \bfitH \bfone (\bfGamma \bfith [\bfy \ast (\bfitt )]). In this subsection, we establish an es-
timate of \| ev(t)\| H1(\Gamma h[\bfy \ast (t)]) in terms of \| eu(t)\| H1(\Gamma h[ \bfy \ast (t)]).

Lemma 4.3. Under the assumptions in Theorem 2.1 and (4.2), there exists h0 > 0
such that when mesh size h\leqslant h0, the following estimate holds for t\in [0, t\ast ]:

\| ev(t)\| H1(\Gamma h[\bfy \ast (t)]) \leqslant C\| eu(t)\| H1(\Gamma h[\bfy \ast (t)]).(4.21)

Proof. Equation (4.1b) can be written as e\bfv = - Ih[(H - H\ast )\bullet n] - Ih[H
\ast \bullet (n - n\ast )],

which implies (using the H1 stability of Lagrange interpolation in section SM1 and
the norm equivalence between surfaces \Gamma h[x

\ast ] and \Gamma h[y
\ast ]) that

\| ev\| H1(\Gamma h[\bfy \ast ]) \leqslant C\| ev\| H1(\Gamma h[\bfx \ast ])

\leqslant C\| eH\| H1(\Gamma h[\bfx \ast ])\| n\ast 
h\| W 1,\infty (\Gamma h[\bfx \ast ]) +C\| en\| H1(\Gamma h[\bfx \ast ])\| H\ast 

h\| W 1,\infty (\Gamma h[\bfx \ast ])

+C\| eH\| H1(\Gamma h[\bfx \ast ])\| en\| L\infty (\Gamma h[\bfx \ast ]) +C\| en\| H1(\Gamma h[ \bfx \ast ])\| eH\| L\infty (\Gamma h[\bfx \ast ])

\leqslant C\| eH\| H1(\Gamma h[\bfy \ast ])\| n\ast 
h\| W 1,\infty (\Gamma h[\bfy \ast ]) +C\| en\| H1(\Gamma h[\bfy \ast ])\| H\ast 

h\| W 1,\infty (\Gamma h[\bfy \ast ])

+C\| eH\| H1(\Gamma h[\bfy \ast ])\| en\| L\infty (\Gamma h[\bfy \ast ]) +C\| en\| H1(\Gamma h[ \bfy \ast ])\| eH\| L\infty (\Gamma h[\bfy \ast ])

\leqslant C\| eu\| H1(\Gamma h[\bfy \ast ]),(4.22)

where (4.2b) and (4.6) are used in the last inequality.

We can substitute the estimate in Lemma 4.2 into the estimate in Lemma 4.3.
This yields the following inequality:

\| ev\| L2(0,t;H1(\Gamma h[\bfy \ast ])) \leqslant C\| eu\| L2(0,t;H1(\Gamma h[\bfy \ast ]))

(4.23)

\leqslant C(\| ex\| L2(0,t;H1(\Gamma h[\bfy \ast ])) + \| eu\| L2(0,t;L2(\Gamma h[\bfy \ast ]))) +Chk+1.

4.4. Proof of Proposition 4.1. Since ex(\cdot ,0) = 0, it follows that

\| ex(t)\| 2H1(\Gamma h[\bfy \ast (t)])

=

\int t

0

d

ds
\| ex(s)\| 2H1(\Gamma h[\bfy \ast ]) ds

=

\int t

0

\Bigl( 
2e\bfx (s)

\top K(y\ast (s)) \.e\bfx (s) + e\bfx (s)
\top d

ds
K(y\ast (s))e\bfx (s)

\Bigr) 
ds

\leqslant C

\int t

0

\Bigl( 
\| ex(s)\| H1(\Gamma h[\bfy \ast (s)])\| ev(s)\| H1(\Gamma h[\bfy \ast (s)]) + \| ex(s)\| 2H1(\Gamma h[\bfy \ast (s)])

\Bigr) 
ds

\leqslant C

\int t

0

\| ev(s)\| 2H1(\Gamma h[\bfy \ast (s)]) ds+C

\int t

0

\| ex(s)\| 2H1(\Gamma h[ \bfy \ast (s)]) ds,(4.24)

where the second-to-last inequality follows from the following estimate (which can be
derived from the expressions in Lemma 3.2):\bigm| \bigm| \bigm| e\bfx (s)\top d

ds
K(y\ast (s))e\bfx (s)

\bigm| \bigm| \bigm| \leqslant C\| ex(s)\| 2H1(\Gamma h[\bfy \ast (s)])\| v
\ast 
h(s)\| W 1,\infty (\Gamma h[\bfy \ast (s)])

\leqslant C\| ex(s)\| 2H1(\Gamma h[\bfy \ast (s)]).
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DYNAMIC RITZ PROJECTION OF MEAN CURVATURE FLOW 1477

Here the boundedness of \| v\ast h(s)\| W 1,\infty (\Gamma h[\bfy \ast (s)]) follows from applying the norm equiv-
alence between \Gamma h[y

\ast ] and \Gamma h[x
\ast ], the triangle inequality, the inverse inequality, and

the W 1,p estimate in (3.19) with p= 2, i.e.,

\| v\ast h\| W 1,\infty (\Gamma h[\bfy \ast ]) \leqslant C\| \^v\ast h\| W 1,\infty (\Gamma h[\bfx \ast ]) \leqslant C\| \^v\ast h  - \^I\ast hv\| W 1,\infty (\Gamma h[\bfx \ast ]) + \| \^I\ast hv\| W 1,\infty (\Gamma h[\bfx \ast ])

\leqslant Ch - 1\| \^v\ast h - \^I\ast hv\| H1(\Gamma h[\bfx \ast ])+\| \^I\ast hv\| W 1,\infty (\Gamma h[\bfx \ast ])

\leqslant C.

The right-hand side of (4.24) can be estimated with (4.23). This leads to the
following result:

\| ex(t)\| 2H1(\Gamma h[\bfy \ast (t)]) \leqslant C

\int t

0

\bigl( 
\| ex(s)\| 2H1(\Gamma h[\bfy \ast (s)]) + \| eu(s)\| 2L2(\Gamma h[ \bfy \ast (s)])

\bigr) 
ds+Ch2k+2.

(4.25)

Then summing up (4.4) and (4.25), we obtain the following result for t\in (0, t\ast ]:

\| ex(t)\| 2H1(\Gamma h[\bfy \ast (t)]) + \| eu(t)\| 2L2(\Gamma h[\bfy \ast (t)]) +

\int t

0

\| \nabla \Gamma h[\bfy \ast ]eu(s)\| 2L2(\Gamma h[\bfy \ast (s)]) ds

\leqslant C

\int t

0

\bigl( 
\| ex(s)\| 2H1(\Gamma h[\bfy \ast (s)]) + \| eu(s)\| 2L2(\Gamma h[ \bfy \ast (s)])

\bigr) 
ds+Ch2k+2.(4.26)

The result of Proposition 4.1 follows from applying Gronwall's inequality to (4.26).
Moreover, the discussions in Remark 4.1 show that t\ast = T . This completes the proof
of Theorem 2.2.

5. Numerical tests. In this section, we present numerical experiments to sup-
port the theoretical analysis for the convergence rate of the semidiscrete parametric
FEM in (2.1).

We consider the evolution of the two-dimensional sphere \Gamma (t) under mean cur-
vature flow, which was used for testing the convergence rates of numerical methods
for mean curvature flow in [31]. The exact solution of the surface at time t > 0 is a
sphere of radius R(t) =

\sqrt{} 
R(0)2  - 4t with R(0) = 2, which reaches zero at time t= 1.

The mean curvature H and normal vector n of the evolving sphere \Gamma (t) can also be
calculated explicitly.

We solve the problem by the algorithm in (2.1) up to time T = 0.125 with finite
elements of degrees 1, 2, and 3, respectively, using a four-step backward differentiation
formula, with a sufficiently small time step size \tau = 0.001 such that the errors from
temporal discretizations can be neglected in testing the convergence rates of spatial
discretizations.

The L2 norms of the error functions \^e\ast x,h = \^xh  - id\Gamma h[\bfx \ast ], \^e
\ast 
H,h = \^Hh  - \^I\ast hH, and

\^e\ast n,h = \^nh - \^I\ast hn at time T are presented in Figure 5.1, which indicates that the errors

of the numerical solutions are about O(hk+1) for finite elements of degree k = 1,2,3.
This is consistent with the error estimates established in Theorem 2.3.

Figure 5.2(a) shows the H1-seminorms of the error functions \^ex,h, \^eH,h, and
\^en,h (between the numerical solution and the dynamic Ritz projection) at time T ,
demonstrating second-order convergence for finite elements of degree k = 1, which
agrees with the error estimate in Theorem 2.2. In contrast, the H1-seminorms of
\^e\ast x,h, \^e

\ast 
H,h, and \^e\ast n,h (between the numerical solution and the interpolated solution) is

only O(h), as shown in Figure 5.2(b).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

03
/2

6/
26

 to
 1

58
.1

32
.1

61
.2

40
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



1478 BUYANG LI AND RONG TANG

(a) Finite elements of degree k = 1 (b) Finite elements of degree k = 2

(c) Finite elements of degree k = 3

Fig. 5.1. The L2 norm for errors and convergence rates of the numerical solutions.

(a) Convergence rates for êx,h, êH,h and ên,h (b) Convergence rates for ê∗x,h, ê
∗
H,h and ê∗n,h

Fig. 5.2. The H1-seminorm of the errors for finite elements of degree k= 1.
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DYNAMIC RITZ PROJECTION OF MEAN CURVATURE FLOW 1479

6. Conclusion. We have defined a dynamic Ritz projection of mean curvature
flow of closed surfaces in the three-dimensional space and have proved optimal-order
error bounds in the L2 and W 1,p norms for the dynamic Ritz projection in approxi-
mating the solution of mean curvature flow. By utilizing these approximation results,
we have proved optimal-order convergence of parametric FEMs for formulation (1.2)
of mean curvature flow in the L\infty (0, T ;L2) norm as well as convergence of paramet-
ric FEMs for mean curvature flow with piecewise linear finite elements. The new
approach developed in this paper---analyzing the error of numerical approximation
through a dynamic Ritz projection of the mean curvature flow---can serve as a foun-
dational framework for studying the convergence of numerical approximations for
other geometric flows and parametric FEMs.

Acknowledgments. The authors would like to thank Prof. Christian Lubich
for helpful discussions and valuable comments in an early stage of the research.
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