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DYNAMIC RITZ PROJECTION OF MEAN CURVATURE FLOW
AND OPTIMAL L? CONVERGENCE OF PARAMETRIC FEM*
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Abstract. A new approach is developed to study the convergence of parametric finite element
approximations to the mean curvature flow of closed surfaces in three-dimensional space. In this
approach, the error analysis is conducted by comparing the numerical solution to a dynamic Ritz
projection of the mean curvature flow introduced in this paper rather than an interpolation of the
mean curvature flow, as commonly used in the literature. The errors associated with the dynamic
Ritz projection in approximating the mean curvature flow are established in the L2 and WP norms.
Leveraging these results, optimal-order convergence of parametric finite element methods for mean
curvature flow of closed surfaces in the L°°(0,T;L?) norm is proved, including the convergence of
parametric finite element methods with piecewise linear finite elements.
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1. Introduction. The numerical approximation of surface evolution under geo-
metric flows, including mean curvature flow, Willmore flow, and surface diffusion,
has been intensively studied in the past. The most well-known example of geometric
flows is mean curvature flow, which describes the evolution of a surface T'(t) C R,
with certain initial condition I'(0) =I'’, moving with velocity

v=—Hn,

where H and n denote the mean curvature and the normal vector of the surface.
By using identity Hn = —Aridr, where Ar and idr denote the Laplace—Beltrami
operator and identity map on surface I', mean curvature flow can also be written as

(11) ’U:Apidr*.

By utilizing the formulation in (1.1), Dziuk introduced the following type of finite
element method (FEM) in [21] for approximating surface evolution under mean cur-
vature flow: Assuming that T'(¢,,—1) is already approximated by a piecewise triangular
surface I‘Zn_l, find a parametrization of surface I'}* through a finite element function
w* : TP~ — R®, which is determined by some weak formulation of (1.1). Such
methods are referred to as parametric FEMs.

*Received by the editors August 29, 2024; accepted for publication (in revised form) March 26,
2025; published electronically July 14, 2025.
https://doi.org/10.1137/24M1689053
Funding: The research was supported in part by the AMSS-PolyU Joint Laboratory; the
Research Grants Council of the Hong Kong Special Administrative Region, China (projects
PolyU/RFS2324-5503 and PolyU/GRF15303022); and an internal grant of The Hong Kong Poly-
technic University (project ID P0051154).
TDepartment of Applied Mathematics, The Hong Kong Polytechnic University, Hong Kong
(buyang.li@polyu.edu.hk).
fCorresponding author. Department of Applied Mathematics, The Hong Kong Polytechnic Uni-
versity, Hong Kong (claire.tang@polyu.edu.hk).

1454

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/24M1689053
mailto:buyang.li@polyu.edu.hk
mailto:claire.tang@polyu.edu.hk

Downloaded 03/26/26 to 158.132.161.240 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

DYNAMIC RITZ PROJECTION OF MEAN CURVATURE FLOW 1455

Since the 1990s, parametric FEMs have been widely used for approximating sur-
face evolution under various geometric flows and interface evolution in various related
problems. Many novel numerical methods were developed to address the challenges
(such as prevention of mesh distortion and preservation of energy stability) in approx-
imating surface evolution; see the artificial tangential motion constructed by Barrett,
Garcke, and Niirnberg [6, 7, 8], Elliott and Fritz [26, 27], Hu and Li [29], and Duan
and Li [20] and the structure-preserving parametric FEMs [42, 3]. These techniques
have significantly improved the performance of parametric FEMs in approximating
surface evolution under geometric flows. However, proving convergence of these meth-
ods remains challenging.

Convergence of parametric FEMs for geometric flows has been addressed for mean
curvature flow and Willmore flow of curves in [9, 16, 15, 22, 27, 35, 41] and for graph
surfaces and axisymmetric surfaces in [4, 12, 14, 17, 18]. However, the techniques
developed in the proofs are not applicable to the analysis of geometric flow of general
closed surfaces. We also refer the reader to [4, 5, 17, 18, 27, 39] for the proofs of
convergence of parametric FEMs for mean curvature flow of closed curves, graph
surfaces, axisymmetric surfaces, and surfaces of torus type, with Elliott and Fritz’s
tangential motion [26, 27] generated by a tangential transformation on I'°.

Convergence of the parametric FEMs for mean curvature flow, Willmore flow, and
surface diffusion of closed surfaces was first proved in [11, 25, 29, 31, 32] for some
equivalent formulations of the geometric flows which couple the velocity equation of
geometric flows with the geometric evolution equations of mean curvature H and
normal vector n by formulating the algorithms into evolving FEMs as in [23] and
utilizing the matrix-vector formulation of evolving FEMs introduced in [33]. For
example, convergence of parametric FEMs for mean curvature flow of closed surfaces
is proved for the following equivalent formulation of mean curvature flow:

X =voX on I'?,
v=—Hn on I'(t

6;H - Ap(t)H = |VF(t)?’l|2H on F(
ogn— Argyn=|Vrmyn/*n on I'(t

)
(1.2) iy
)
)

where X (-,t) : T? — R? is the flow map which determines I'(t) = {X (p,t) : p € T°} and
07 denotes material derivative along the particle trajectories of the flow map, i.e.,

Ofu(x,t) = %U(X(p, t),t) at point = X(p,t) on I'(¢).

The analyses in [29, 31, 32] are restricted to finite elements of degree k > 2. This
condition is required for proving convergence of numerical solutions in the W'* norm
in order to control the nonlinear terms and to utilize the equivalence of the L? and
WP norms of functions on the numerical-solution surface and interpolated surface.
The convergence of other parametric FEMs, designed for approximating (1.1)
instead of (1.2), is more challenging due to the degeneracy of the nonlinear Laplace—
Beltrami operator Aridr acting on surface I'; see the discussions in [2, 36]. In the
spatially semidiscrete setting, the convergence of parametric FEMs for mean curvature
flow of surfaces with formulation (1.1) was proved in [1, 36] for finite elements of degree
k > 6 based on a discovery that the nonlinear Laplace-Beltrami operator is H' elliptic
with respect to the normal component of the trajectory error (error between the exact
and numerical flow maps). The restriction to finite elements of degree k > 6 is needed
to control the nonlinearities in error analysis by using the very weak estimates obtained
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based on the partial H* ellipticity in the normal direction. In the fully discrete setting,
the convergence of Dziuk’s semi-implicit parametric FEM for mean curvature flow of
surfaces was proved in [2] for finite elements of degree k > 3 based on a discovery that
the nonlinear Laplace-Beltrami operator is H! elliptic with respect to the distance
error (distance between the exact and numerical surfaces)—the strong H'! ellipticity
in both normal and tangential directions leads to stronger estimates of the errors for
controlling the nonlinearities and therefore reduces the requirements of finite elements
of degrees k > 6-k > 3.

In summary, the convergence of some fundamental algorithms for geometric flows
of surfaces still remains open. The existing proofs of convergence of parametric FEMs
for mean curvature flow and other geometric flows of closed surfaces are all based on
optimal-order H'-norm error estimates that require using finite elements of degree k >
2 to control the W1 boundedness of numerical solutions of surface position X, mean
curvature H, and normal vector n. The following two questions remain open:

e Convergence of parametric FEMs for mean curvature flow and other geomet-
ric flows of closed surfaces with piecewise linear finite elements still remains
open.

e Optimal-order convergence of parametric FEMs in the L>°(0,T’; L?) norm for
these geometric flows remains open.

The two questions are addressed simultaneously in the current paper for approximat-
ing formulation (1.2) of mean curvature flow. It turns out that the two questions are
closely related such that our answer to the second question (by introducing a dynamic
Ritz projection which reduces the remainders in the error equations) also addresses
the first question. In particular, the new framework developed in this paper, by
defining and utilizing a dynamic Ritz projection of geometric flow in error analysis,
is promising for proving convergence of parametric FEMs for geometric flows with
optimal-order convergence and lower-degree finite elements.

2. Dynamic Ritz projection and main results. Let I‘% be a piecewise poly-
nomial surface that interpolates the smooth surface I'°, with each piece being the
image of the reference triangle under a polynomial map of degree k > 1, and assume
that the curved triangles are shape-regular and quasi-uniform with mesh size h; see
[19, 30] and Lenoir’s isoparametric approximation of a surface [34].

Let x° = (p1,---,py) € R3*N be the nodal vector that collects all the nodes
p; € R3,j=1,...,N,in I‘%. We evolve x° in time and denote its position at time ¢ by
x(t) = (x1(t), - ,xn(t)), which determines a piecewise (possibly curved) triangular
surface 'y, [x(¢)] via piecewise polynomial interpolation on a plane reference triangle,
and denote by Sy [x(t)] the finite element space of polynomial degree k on the piecewise
triangular surface I'y,[x(t)].

There exists a unique finite element function X} (-,¢) of piecewise polynomial
degree k defined on T';[x"] satisfying

Xn(pj,t)=xz;(t) for j=1,...,N.

This is the discrete flow map which maps I'y,[x°] to I'y[x(¢)]. The semidiscrete para-
metric FEM for (1.2) is to find

(Xn (1), vn (1), Hy (-, t),mp (-, 1)) € Sp[x°]? x Sp[x(8)]® x Sulx(t)] x Sp[x(t)]?

such that the following weak formulation holds for all (xm,xn) € Sh(Thlx]) X
Sp(Tp[x])3:
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(21a) 0, Xp=wv,0X, on I'y[x’],
(21b) Vp = *Ih(thh) on Fh[X],

(2.1¢) / Or nHuxm + Ve Hr -V, xXH =/ Ve, g 2 Hux i
Fh [x] Fh [X] Fh [X]

(2.1d) _/ [ ]at.,hnh 'Xn+/ [ ]VFh[x]nh'th[x]Xn_/ Ve, s *10n X
I'nlx I'y[x

Fh [X]

where Ij, denotes the Lagrange interpolation onto the finite element space Sy [x(t)] and

? 1, denotes the material derivative on I'y[x(¢)] with respect to the discrete flow map
Xp(+,t). The initial value for (2.1) can be chosen as follows: X}, (+,0) =id on T'j,[x"];
Hp(-,0) and ny(+,0) are the Lagrange interpolations of H(-,0) and n(-,0), respectively.

Let x* = x*(t) be the nodal vector which collects the nodes evolving according
to the exact flow map X (-,¢) : T — R®, and denote by I';[x*] the piecewise curved
triangular surface that interpolates I'(t) at the nodes in x*. The finite element space
on I'y,[x*] is denoted by Sp,(I'n[x*]).

The analyses in [29, 31, 321 are based on estimating the error between numerical
solution (Xp,vn, Hp,np) and (15X, Iiv, R} H, Rin), where I} X and I}v are Lagrange
interpolations of X and v onto I'y[x°] and I'y[x*], respectively, and RZH, R,*;n €
Sh(Th[x*]) are the linear Ritz projections of H,n onto surface I'p[x*], respectively,
defined by

/[ ](R;;H%+vph[x*]R;H-th[x*]¢h):/(H@hvrﬂ-vwﬁl)
Ty [x* T

(2.2a) Vion € Sp(L'n[x7]),
/ R 00 Ve i Vi ) = [ -6} + Ven-veah)
'y [x* I
(2.2b) Y ¢n € Sn(Thlx"])*.

In (2.2), ¢}, and ¢! denote the lifts of functions ¢y, € Sy (T's[x*]) and ¢y, € Sp (T [x*])?
to the exact surface T' = T'(¢), respectively; see section 3.1. By this definition of
Ritz projection, (f;X, fgv,]%;H, R,’;n) satisfies numerical scheme (2.1) up to some
remainders, i.e.,

(2.3a) O ;X =Ivol; X on T, [x],
(2.3b) Ifv=—I;(R;HR;n)+d, on T'p[x*],
/ : ]8;,hRZHXH +/ [ ]th[x*]‘ézH . th[x*]XH VXH S Sh(l“h[x*])
Ty [x* 'y [x*
(2.36) :/ |VI‘h[x*]RZn|2R}tHXH +/ dgXxH,
F;L[x*] F;L[x*]
/ 8{7hRZn “Xn + / th[x*]R;n . vl"h[x*}Xn VXn S Sh(I‘h[X*])S
Tnlx*] T [x*]
(2.3d) :/ IV e i 2 Rin - Xn +/ dp X
Fh[x*] Fh[x*]

where d, = I}'(R; H Rin) — I; (I H I;n) and dg and d,, are remainders which satisfy
the following estimates (for some constant C' which is independent of mesh size h):
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(2.4)  NdollL2(0nxe) + Blldoll (0, xe1) < CHFT,
(2.5) ‘/ dHXH“i‘ ‘/ dnXn
T ] T ]

We denote by &y, 0, Hy,, and fy, the lift of Xy, v, Hp, and ny, to T'y[x*], ie.,
finite element functions on 'y [x*] with the same nodal vectors as Xy, vy, Hp, and np,
respectively. By using this notation, we can define the following finite element error
functions on I'j,[x*]:

SO M (|Ixa L o) + Ixnll @0 e)-

(26) éx,h = i‘h - ith[x*]a év,h = ﬁh - I;U,

éun="Hy,—RyH,  én=1m,—Rin,

where €, j, represents the error between surfaces I'y [x] and I'y[x*] and &, 5, € 5, and

én.n, represent the errors in the numerical approximations of velocity, mean curva-

ture, and normal vector, respectively. Such definitions of error functions are used
in [29, 31, 32] in proving convergence of parametric FEMs for mean curvature flow
and Willmore flow. However, the presence of remainder d, in (2.3b) hinders people
from proving optimal-order convergence in the L°(0,7T'; L?) norm for the reason that
léxnll 51 (0, [x+)) frequently appears due to surface location errors, and this needs to
be controlled by using ||dy|| g1 (1, x+]) instead of ||dyl|z2(r, [x+])- Therefore, optimal-
order convergence of parametric FEMs for mean curvature flow was only proved in
the L°°(0,7; H') norm in the literature, and such L*(0,7; H') error analysis typ-
ically requires W boundedness of the numerical solutions in order to bound the
nonlinear terms in the error analysis. This requires the convergence order to be suf-
ficiently high in order to apply the inverse inequality of finite element functions to
prove W1 > boundedness of the numerical solutions, and this limits the error analyses

to high-order finite elements of degree k > 2.

Our solution to the above-mentioned two questions, i.e., optimal-order conver-
gence in the L°°(0,7;L?) norm and convergence of parametric FEM for mean cur-
vature flow with piecewise linear finite elements, is based on the following two
observations:

1. The evolution equations of H and n in (1.2) have similar nonlinear structures
as the harmonic map heat flow studied in [28], where the proof of optimal-
order convergence of FEMs in the L°°(0,T; L?) norm only requires utilizing
W4 boundedness of en,n and ey, j, to bound the nonlinear terms appearing in
the error analysis. This motivates us to consider L>(0,7’; L?) error estimates
of parametric FEMs for (1.2) based on boundedness of ey, and e, in a
norm weaker than the W norm instead of the L>°(0,T’; H') error estimates
considered in [29, 31, 32]. The latter approach requires W1° boundedness
of err p, and e, j (this cannot be proved for piecewise linear finite elements so
far) to bound the nonlinear terms in error analysis.

2. However, convergence of parametric FEMs for mean curvature flow of closed
surfaces requires W1 > boundedness of é,, j, to guarantee the norm equivalence
of finite element functions on I'y[x] and ', [x*] associated to a common nodal
vector. Such norm equivalence is frequently used and can hardly be relaxed in
analyzing the error of parametric FEMs for surface evolution under geometric
flows. However, an optimal-order error estimate such as

(2.7) 1w, Loe (07522 (T )y < CRFT

is not enough to guarantee the W1°° boundedness of é,, in the case
k =1 (ie., for piecewise linear finite elements)—we actually need k > 1

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/26/26 to 158.132.161.240 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

DYNAMIC RITZ PROJECTION OF MEAN CURVATURE FLOW 1459

(quadratic or higher-order finite elements) to have some extra convergence
rate in order to prove the W1> boundedness of ézpn from (2.7); see the
arguments in [29, 31, 32].

This difficulty can be overcome if we can prove the following superconvergence
rate in the L?(0,T; H') norm:

(2.8) ||év,h|‘L2(O,T;H1(Fh[x*])) <Chk+1.

This would imply the following result (position is the time integral of velocity):

(2.9) [€2,nll 0w (0,710 (1 o))y < CRFTL

This would further imply (via the inverse inequality in two dimensions) that

(2.10) ||éz)h||Loo(07T;W1,oo([‘h[x*])) <Chk

This can be used to prove the uniform W1 boundedness of x,p for k2> 1.
However, the main difficulty of this approach is that (2.8) cannot be shown
with the presence of remainder d, in (2.3b). To overcome this difficulty,
we redefine the error functions using a modified Ritz projection of the mean
curvature flow that could exclude the remainder term d,, in (2.3b).

Our idea is to define a dynamic Ritz projection of (X, v, H,n) as the finite element
solution (Y;*, v}, Hy, n;;) of a nonlinearly coupled surface evolution problem in (2.11),
with Y;(+,¢) : T — R° being a finite element flow map with nodal vector y* = y*(¢)
and v, Hf, and nj being functions on I'y[y*] determined by the equations

(2.11) Yy =vp oYy on I'Y,
vy =—Iy(Hpny) on I'yly"],

/F Ui+ Vi i ) = / (Hh+VeH - Vrgh) Vines(Talx']).
rlYy™

[ i i Vi) = [0kt VonVedh)  Vones, i)’
nly™

where I denotes the Lagrange interpolation operator onto Sp,(I';[y*]); apﬁL denotes
the lift of a function @), € Si(Tx[x*]) to surface T' = T'(¢), i.e., @} (z!) = pu(x) for
x € T'),[x*], with 2! denoting the lift of point  from I'y,[x*] to I'; and ¢} denotes the
finite element function on I'y [y*] with the same nodal vector as @y, € Sy, (T'y[x*]). The
initial value for the system (2.11) is given by Y;*(-,0) =id on I'). In this definition,
Hj and nj are Ritz projections of H and n onto an unknown surface I',[y*] which
evolves with velocity v} = —I(H;n}) determined by this Ritz projection.

Note that the idea of using Ritz projection to achieve H' superconvergence and
subsequently obtain optimal L? error estimates was first introduced in [40] for a class
of nonlinear parabolic equations. Nonlinear types of Ritz projections were employed to
ensure uniform control over the gradient of the height function for the mean curvature
flow, Willmore flow, and surface diffusion of graphs; see [13, 14, 18]. The dynamic
Ritz projection introduced in this paper distinguishes itself from the classical Ritz
projection primarily through modifications to the first two equations in (2.11). These
alterations enable the surface I'y[ y*] to evolve according to an evolution equation
(thus earning the name “dynamic”), thereby differentiating it from the interpolated
surface T'y[x*].

The first main result of this paper is the following theorem about optimal-order
approximation properties for this dynamic Ritz projection of mean curvature flow.
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THEOREM 2.1. Assume that the exact solution (X,v, H,n) of the mean curvature
flow is sufficiently smooth and that the flow map X (-,t) : T — ['(t) is a diffeomor-
phism for t € [0,T]. Let (@;,ﬁ;,ﬁ;,ﬁ;) be the lift of the dynamic Ritz projection
(Y7, vf, Hy ,np) defined in (2.11), with finite elements of degree k > 1. Then there ex-
ists a constant hg > 0 such that the following error bound holds for mesh size h < hg:

Lo (0,132 (Dn [x*)) T 10h — Tnll Loe (0,702 (1, [x7]))

19 — idr, )
+ 1 Hj - fZHHLw(o,T;m(Fh[x*])) + |7y, — f;”HLw(o,T;m(rh[x*}))
(2.12)
+ Hat.h(ﬁ;: - fZH)||L°°(0,T;L2(F;L[x*])) + 108 1 (R, — f}tn)|‘L°°(O,T;L2(F;L[x*])) < ChF
where f;X and f,’;v denote the Lagrange interpolations of X and v onto T'y[x°] and

[[x*], respectively. The constant C is independent of h and t € [0,T] (but may
depend on T).

In view of the results in Theorem 2.1, we compare the numerical solution (X4, v,
Hyj,,ny) with the dynamic Ritz projection (Y}, vy, H}:,n} ), which satisfies (2.1) up to
some remainders d}; € Sp[y*] and d € SP[y*], i.e.,

(2.13a) Yy =v; oYy on 'Y,
(2.13b) vi = —1I; (Hin}) on I'n[y”],
/ or nHpxw +/ Vruy 1 Hp - Ve, iy xa Vxm € Sh(Tnly™])
Trly*] Trnly*]
(2.13¢) :/ |th[y*]nm2HZXH +/ dyxm,
Tnly*] Trly*]
/ I hn X +/ Vruly 17 - VTuly ] Xn Vxn € Sp(Tnly™])
Chnly*] Trly*]
(2134 [ il [ d
Trnly*] Trly=]

By introducing u} := (n}, H}), the weak formulation in (2.13) can be rewritten as
follows:

(2.14a) oYy =vj oYy on I'Y),
(2.14b) vi = —I;(Hjn}) on I'n[y™],
/ OF iy - Xu + / Vel 14 - Vi fy< Xa Vxu € S(Taly"])
Tn [y*] Tn [y*]
(2.14c) = / IV iy P X + / dry Xus
Fh [y*] Fh[y*]

where d is remainder which satisfies the following estimate (this can be shown by
using the result of Theorem 2.1; see Lemma 3.6):

Trly*]

In particular, compared with (2.3b), no remainder appears in (2.14b). This makes it
possible to prove the estimates in (2.8) and (2.9) by redefining the error functions as
follows:

(2.15)

PN -~ A~k ~ ~ Ak ~ 2 7% ~ ~ ~
exh =2Tp =Yy, Epn:=0p—70y, émnpn:=Hp—H;, and é,p:=n—"n},

< Chk+1“Xu||H1(Fh[Y*])'
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where (fch,ﬁh,f[h,ﬁh) and (gj;,ﬁ;,ﬁ;,ﬁfl) are the lifts of (Xp,vn, Hp,np) and
(Y, v, Hy,n}), respectively, i.e., the numerical solution of mean curvature flow de-
fined in (2.1) and the dynamic Ritz projection of mean curvature flow defined in (2.11),
respectively. This leads to the second main result of this paper, which is presented in
the following theorem.

THEOREM 2.2. Under the assumptions of Theorem 2.1, the following error bound
holds:

€zl 0,110 (00 1)) + [1€HR N Lo (0,7522(0 1)) + [[€n,n ][ Loe (0,7522(0 %))
F evnllLzo,mm (rnxe))) + I€m,nl L2075 (0axr))) + 1en,nll 20,7501 (0w
(2.16)
< ChMH

where C is a constant independent of h and t € [0,T] (but may depend on T).

The error estimates in Theorems 2.1 and 2.2 and the estimates of the Lagrange
interpolation error lead to the third main result of this paper, i.e., optimal-order
convergence of FEMs for mean curvature flow in the L>(0,7;L?) norm with finite
elements of degree k > 1. Before stating this result, we list some basic notations for
finite element functions on I'y[x], T's[x*], and T.

For any given finite element function wy, € Sy, (I',[x]) on the approximate surface
I',[x], we denote its nodal vector by w, which collects all the values of wy, at the
nodes of T'y[x]. The finite element function on the interpolated surface I'p[x*] with
the same nodal vector w is denoted by wy. The function Wy, can be further lifted to
L[X] as (y)'; see details in section 3.1. The lift from Sy, (I',[x]) to T'[X] is denoted
by wjy = (wn)".

THEOREM 2.3. Under the assumptions of Theorem 2.1, the numerical solution of
mean curvature flow defined in (2.1), with finite elements of degree k > 1, satisfies the
following error bound:

12 — idr, gl o= 0,73 22 T )y + 198 — T50]| 2o (0,7522 (0w )
217) | Hn = I Hl| oo ri22 ey + 10 = Tinll oo 0 mi22 0y ey < CRFFY
1 X5 —id| oo o, 7522 x)y) + 1HE = HI| Lo (0,1:22(0 X))
(218)  +lIng = nllL=rirawpxy) + 108 = vll2oriracpy < CAM,
where C is a constant independent of h and t € [0,T] (but may depend on T ).

The rest of this paper is devoted to the proofs of Theorems 2.1 and 2.2. The
proof of Theorem 2.3 is standard and therefore omitted (in fact, (2.17) follows from
Theorems 2.1 and 2.2 with the application of the triangle inequality, and (2.18) follows
from an additional estimate for the interpolation errors). The appendices in the sup-
plementary material (Supp_-Materials.pdf [local/web 379KB])provide essential results
and detailed proofs of Lemmas 3.5 and 3.6, which are used for proving Theorems 2.1
and 2.2. These proofs, following techniques similar to those in Lemmas 3.3 and 3.4,
have been omitted from the main paper.

3. Proof of Theorem 2.1.

3.1. Lifts. Throughout this article, we denote by C' and hg two generic positive
constants which are different at different occurrences, possibly depending on the norms
of the exact solution and T', but are independent of mesh size h.
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Given a smooth surface I' C R3, the surface tangential gradient of a scalar function
u: ' = R is a column vector denoted by Vru. For a vector-valued function u =
(uy,uz,u3) " : T —R3 we define

Vr‘u = (Vrul, VFUQ, Vru;g).

We denote by id the identity function on R?, i.e., id(z) =z for z € R3. Its domain of
definition can be restricted to any surface in R>.

The finite element basis functions on I'y[x] are denoted by ¢;[x], j =1,...,N,
which are polynomials of degree k after being pulled back to the reference plane
triangle, and satisfy the following identities:

¢j[X]($i):6ij, i,j:L...,N.
This definition of basis functions implies the following transport property (see [19]):
(3.1) Proi[x()] =0 on yx(t)], j=1,...,N.

The finite element space on I'y[x] is defined as Sp(T'p[x]) := {Zjvzl c;jd;[x]:c; R}

From [33, Lemma 7.1] or [19, equations (2.15) and (2.16)], we know that there
exists ho > 0 such that for h < hg and t € [0,T], any point € I',[x*(t)] can be lifted
to a unique point x! € I'(¢) satisfying the relation

ot —x ==zt — z|n(2h).

Then any function ¢ on I';[x*(¢)] can be lifted to a function ¢! on I'(¢), defined as
Oy =p(x) Yael,u[x*(t).
The lifted functions satisfy the following estimates uniformly for h and ¢:

C Yl 2n ) < N 2rix)) < Clloll L2y o)

(3.2) B
C NV, 1@l z2@npxe < IVl rz i) < CNV, 1@l L2 n e -

These hold for all ¢ € L?(T',[x*]) and ¢ € H(T'[x*]), respectively.

3.2. Matrix-vector formulation. The matrix-vector notations of [26, 31, 32]
will be used in this paper. In particular, we define K(x) = M(x) + A(x), with
M(x) € RV*Y and A(x) € RV*YN denoting the mass matrix and stiffness matrix
associated to finite element space Sp,(I'y[x]) on surface I'y[x], respectively, and define

MY (x)=I;,@M(x) and Al(x)=1;0A(x),

where I, is the d x d identity matrix. We denote by v, n, and H the nodal vectors of
Un, N, and Hy, respectively, and denote by f1(x,n,v) € R3*Y and f2( x,n,v,H) € RN
the nonlinear terms associated to the right-hand side of (2.1¢) and (2.1d), respectively,
defined by

(3-3a) f1(x,0) 4 (m-1)n =/ [ ]\Vrh[x]nh\Q(nh)mdm
Fh X

(3.3b) fz(Xyn,H)jZ/ [ ]‘VFh[x]nh‘QHhﬁij
Fh X

with j=1,...,N and m = 1,2,3, where (n),, denotes the mth component of n;, € R3.
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By introducing u:= (n7H)T, the spatially semidiscrete parametric surface FEM
in (2.1) can be rewritten into the matrix-vector form

(3.4a) X=vV,

(3.4b) v=-I,(Hen),
(3.4c) MU (x)u + A (x)u = f(x,u),
where

(3.5) f(x,u) = (f;;l)gxnnf)l)) C RENHN

and Ij,(H e n) denotes the nodal vector of the finite element function Iy, (Hpny).

We denote by y*, v¥*, and u* = (H*) T, (n*) ") T the nodal vectors of Y}*, v}, and
ul = (Hj,(n;)")T, respectively. The latter are defined in (2.11), which can be written
into the following matrix-vector form:

(3.6a) v '=-I,(H" en®),
(36b)  KH(y)ut-p= / (u-gh+ Vru-Vrgh) Ve € SuTal])",
T

where ¢ is the nodal vector of finite element function ¢p. The existence of y* as a
sufficiently good approximation to x* will be proved. Then (2.13) can be written into
the following matrix-vector form:

(3.7) vy =v",
(3.8) vi=—I,(H" en*),
(3.9) MU (y")a* + A¥(y" u = f(y*,u”) + MM (y)d,,

where d}, denotes the nodal vector of the finite element function dZ = (d¥, (d%)")7,
with dj; and d} being the remainders defined in (2.13). In the rest of this paper, we
omit the superscripts in M (x), A (x), and K (x) for the simplicity of notations.

3.3. Perturbation of mass matrix and stiffness matrix. For e, = y* — x*,
which is the nodal vector of the finite element function é, = g} —id on I'y[x*], we
consider the following intermediate surfaces:

Fh[ye] with y’=(1- )x* +0y" =x"+06e, for 6€]0,1].

The finite element functions on I';[y?] with nodal vectors ey, z, and w are denoted
by éz, 22, and 11)2, respectively (thus, ég = ¢,). The following result was proved in
[33, Lemma 4.3] and [31, Lemma 7.2].

LEMMA 3.1. If ||V, x*1€yll oo (1 x#]) < 1/2, then the following inequalities hold
for6€[0,1] and 1< p < oo:

(3.10) D] Lo (0 yor) < pll Bl o (0 e ])
(3.11) IV rutye1 @bl o ratye)) < ol Vi pe)@hllo ea e
where ¢, is a constant independent of 0 and h and coo = 2.

The following lemma was proved in [31, Lemma 7.1].
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LEMMA 3.2. If ||V, (x#)€yll Loo (0, [x*)) < 1/2, then the following relations hold:
1
(312 (M) -MEDzw= [ [l (e A,
0 JTuly?]

1
(313)  (A(y") - AX))z-w= / / o Vol 100 (Pratyy) Ve g2
hlY

where Dy, yo165 =tr (E%)Is — (E° + (E?) ") and E® = Vr, ye15 € R3*3.

Lemmas 3.1 and 3.2 imply the following result: If ||V, (x+1€y || Lo (1, [x*]) < 1/2, then
IV iy €9 || oo (1 ye7) < 1 for 6 €[0,1], and therefore

(3.14)

the norms || - ||n(x-+6e,) are h-uniformly equivalent for 6 € [0,1],

the norms || - || o (x*+6e,) are h-uniformly equivalent for 0 € [0, 1],
(3.15)

(M(y*) = M(x*))z - w < C|Jdoy || Lo (1 7)) |VFh[X*]é2||Ll’/(Fh[x*]) 1201 oo (T ) »
(3.16)

(A(y*) = A(x))z - w < Cllipllwr e 169 o (o ey 120 lwtoe (0 )
(3.17)

(A(y") = A"z - w < Clleg ooy e IR Iwrs @, e [0h T (1, ey

given that p and p’ satisfy the relation * + & =1.

In addition to Lemmas 3.1 and 3.2, the following relation will be used: If K C T
or K C Ty x*] is a smooth piece of surface which evolves under the velocity field w
and J; denotes the material derivative with respect to w, then

(3.18) 8{VKf:VK8t’f—(VKw—nKn}(VKw)T)VKf,

where ng denotes the unit normal vector of K.

3.4. WP error estimates for the dynamic Ritz projection. Let §;, fI;:, and
f} be the finite element functions in Sy, (', [x*]) with the nodal vectors y*, H*, and
n* defined in (3.6), respectively. In this subsection, we prove the following lemma.

LEMMA 3.3. Under the assumptions of Theorem 2.1, there exists hg > 0 such that
for mesh size h < hyg, there exists a unique solution (y*,H*,n*) of (3.6) satisfying the
following estimates for all 2 < p < oo:

15 = idr, e lwao o pepy + 185 = Tiollwsm, pe)
(3.19) (| HGy = I Hllwo o, ey + 105, = Tinllwon, ey < Cph*
Proof. Problem (3.6) is essentially a system of ODEs. We assume that ¢, € (0, 7]

is the maximal time such that the solution of problem (3.6) exists and satisfies the
following estimates for ¢ € [0, ¢.]:

(3.20&) HQ; - idl‘h[x*] W0 (T, [x*]) < 1/2,
(3.20b) I Hp, — I Hllwoo (ry, ) < 1/2,
(3:20¢) 175, — Iinllwee (0, xe)) < 1/2.
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Under this condition, we shall prove that (3.19) holds for ¢t € [0,¢.] and all 2<p < oo
(with some constants hy and C), that are independent of t,). In particular, for p =4,
the local-in-time existence and uniqueness of solutions to ODE system (2.11) (and the
continuity in time of solutions to the ODE system) guarantee that its solution extends
to t € [0,t.+0p] for some &y > 0 and satisfies (3.19) for t € [0, ¢, + 6] with Cy4 replaced
by 2Cy. For sufficiently small h (smaller than some constant independent of ¢,) such
that 2C,h*~2/* < 1/2, this implies that (3.20) holds for ¢ € [0,t, 4 65,]. This will prove
that t. =T (otherwise, t. € (0,T] is not the maximal time for (3.20) to hold).

Since wj, is defined on the surface I'y[y*] via (3.6b), we must bridge the gap
between the discrete surfaces I'y[y*] and I';[x*] to estimate ||u) — f;uHWLp(ph[x*]).
Under condition (3.20), we can rewrite (3.6b) as

(321) K -e=(Kx)-K(y)) u'-o+ /

(U @+ Vru- VFQO%)'
r

To characterize the gap term (K(x*) — K(y*))u* - ¢, we define w € H'(I')* as the
solution of the following weak formulation:

322 [ (e + Vrw- Vie!) = (KO =Ky )u' - (Prg) Ve € BT,

where ¢ denotes the inverse lift of ¢! onto I',[x*] and P}, is the nodal vector of Py,
i.e., the L? projection of ¢ € H'(I'y[x*])* onto S, (I'y[ x*])*. Since the L? projection
operator P, is bounded in the LP norm for 1 < p < oo (see section SM2 in the
supplementary material) and the LP norms of ¢ and ¢! are equivalent for 1 < p < oo,
it follows that

1Pl e @nixe) < Cllel o @i < Clelzemy V1<p< oo

Since Ppop, = ¢ for all ¢, € S, (T, [x*]), it follows from (3.21) and (3.22) that

(323) KHHu-¢= /F((w +u) @+ Vr(w+u) Vre,) Vo € Sp(lh[x7]).
This means that 4} is the linear Ritz projection of w + u onto Sy, (I'y[x*]). If we
further define W}, as the linear Ritz projection of w onto Sy (I'y[x*]), then 4} — W} is
the linear Ritz projection of u onto Sp(I'p[x*]).

Estimate for ||w|w1.rry. To derive an estimate for ||w||y1.p(ry, We consider the
PDE problem (3.22) on the continuous surface, which can be reformulated as

(3.24) /F(wwl + Vew- Vrg') = (¢,

where £(¢!) = (K(x*) — K(y*))u* - Py is a linear functional on ¢'. Under condition
(3.20), the following estimate follows from inequalities (3.15) and (3.16):

(")

Cllag lwoe (o peep ey, o) = G llw e o e 1@l (o, ey

<
< Clidr, ) = G llwrr (0 e 19 i (-

This means that

[ellw—1p ) = [l wro oy < Cllidr, xe) = Ghllwir @eaie))-
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Then the standard W1? estimates for the elliptic PDE problem in (3.24) imply (cf.
[37, Theorem 1], which extends to PDEs on surfaces via estimates on local coordinate
charts) that

(325) ||'LUH1/V1 p(I“) CHZHW 1:0 ) <C||ldl_‘h[x*] —ﬂ;llwl,p(Fh[x*]) fOI' 2<p<00

Estimates for the L*> and WP norms of (4})! — (w})! — u. The following WP
and H'! estimates for the linear Ritz projection onto the interpolated surface I'y,[x*]
were established in [19, Corollaries 4.2 and 4.5]:

(326)  [1(27)! — wlza) + ]
(@7) ~ wllws.wry < Cllew = (Ffw) .oy + CHF I bl ol
<

(5)" = wll gy < CRF w]| e oy,

(327) Cth'LUHWkJrl 10 (T)

Since the complex interpolation spaces between H¥*1(T') and W*+1:°°(T") are W*+1.»(T)
for 2 < p < oo (cf. [10, Theorem 6.4.5]), the complex interpolation (cf. [10, Theorem
4.1.2]) of the above two estimates yields, for 2 < p < oo,

(3.28) ll(w;)! = wllwrery < CRF|lwllwrernr).-

Moreover, the linear Ritz projection onto the interpolated surface is naturally stable
in the H' norm, i.e.,

(3:29) (@) e oy < Cllwll gy
By utilizing (3.27) and the W1 stability of Lagrange interpolation, we derive the

following result:

.30y 1@ ey SR = wlwsosy + lweqr
' <

Cllw = (Irw)! w0y + Cllwllwroe () < Cllw|lwroe(ry-
The complex interpolation between (3.29) and (3.30) yields the following result (cf.
[10, Theorem 4.1.2]) for 2 < p < oo:

(3.31) 1(@5) Iy < Cllwllwrn .-

Since 4}, — wj; is the linear Ritz projection of uw onto Sj,(I's[x*]), replacing w by w in
(3.26) and (3.28) yields that

(3:32)  |l(@;)" — (@})" —ull 2y + All(@5)" — (@5)" = wll gy < Clluf grss A",
(3.33)  ll(ap)' — (@p)" — UIlwwm < Clullwrsrpyh®  for 2<p< oo,

Estimates for the L? and WP norms of (4})! —u. As a result of (3.26) and (3.32),
by using the triangle inequality, we have

|(@5)! I 220y + Cllull o oy h*

<|
< lwllzzery +||<wh) —wl|g2(r) + Cllull gress oy B
<| h +1’

I(a3)" = ull L2y
(3.34) |wl|L2(r) + Ch? lwl g2y + Cllul gre

(3.35) 1(@7,)" = wllwe @y < @5 lwre @y + Cllullweso@myh®.
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Then substituting inequality (3.31) into (3.35), we obtain
(3.36) (@) = wllwir @y < Cllwllwsry + Clluflwess b,
From (3.36) and (3.25), we obtain the following result for 2 < p < oo:
(3.37) (@) = wllwrory < Cllidr, xe) = G llwe @, ey + Cllullwrsre k"

In order to establish an estimate for |lidp, (x+] — 97 lw1.»(r, [x+]) on the right-hand
side of (3.37), we consider the flow maps X} : I'y[ x°] — I';[x*] and Y, = §; o X},
which satisfy the relation

d * * Tk [ T Tk Tk A % *
&(Xh =Yy) =1 (I, HIyn — Hpng) o Xp,

which can be written into the integral form:

(3.38) X/ (s) =Yy (s)=— /O Iy(IFHIn — Hinp) o X5 dt.

Then applying gradient to (3.38) and using the chain rule of partial differentiation,
we have

S
Vo (X5 (s) =Yy (s)) = */ Vo X, [V, pe) [ (I HIpn — Hy g )] o X dt.
0
Then by considering the LP norm of both sides of this relation, we obtain the following
result for s € (0,¢.):
V0 (X3 () = Y5 (Dl Lo 0o
< C/o- Ve, o*1 In (I HIpn — Hyi)] o x;umrg)dt (since || X7 Iy 1,00 (o) is bounded)

< C/o (MR H— H}L”Wl,p(rh[x*])”Ihnuwl,OO(rh[x*]) + ”H}L|‘W1,00(rh[x*])”Ihn - ﬁh“wl,p(rh[x*]))dt

(WP stability of I} is used; see Appendix A in the supplementary material)
(3.39)

s
< C/ (HI;H - H;“wlm(rh [x*]) + HI;"' - ﬁ;;”wl,p(rh[x*]))dtv
o .

where the last inequality uses the boundedness of ||f[ illwi.ee (0, x+]), Which follows
from (3.20). Similarly, by considering the LP norm of (3.38) directly, we can obtain
the following result:

(3.40)
X5 (s) = Yy ()l Lo (rg) < C/O (M5 H = H | oo o)y + 1m0 = 27, Lo o ey )
Since ith[x*] — :Ij;: = (X;Z — Y;) o (X;Z)_l and therefore Hith[X*] — :l);;||w1,p(p[x*(s)]) ~

X5 (s) = Y, (s)[lwrw(ro), the last two estimates and Lagrange interpolation error
estimates imply that

lidr,, (= ()] = T llwre (e (s)])

<C / (B2 H — F lwroqen ey + 120 — 2 s oo ey )l
<C [0 = () ey + I = G3) oy ey e + O
0

(3.41) <o/ww4%mmea+cm for s (0,4.].
0
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Substituting this into (3.37) and using Gronwall’s inequality, we obtain
idr, e = G llw e o, ey + 1@5)" = wllwro @y <CRF - for 2<p < oo.

Since ||(Zxu)" — (@) lwrrry < [(Fiw) = ullwrory + [(@3)" = ullwrory < Ch* and
||(I;;U)l — (az)l‘lwl,p(r) ~ ||I;{u — ﬁ;;le,p(ph[x*])’ lt fOHOWS that

(3.42) ||id1—~h[x*] — QZHWl,p(Fh[x*]) + ||f;u — ﬁ;”Wl,p(l"h[x*]) < ChF  for 2 <p<oo.
Moreover, we can express I v — 07 as

Lo — 0y = =L (I HIn) — I (i)
(3.43) = —I[(UpH — Hp)Iyn) = I5[Hy, (Iyn — ;)]

and apply the W1 stability of Lagrange interpolation (as shown in section SM1 in
the supplementary material). This leads to the following result for ¢ € [0, t.]:

[pnllw. (o, ey

10— 0k llwan (e, ey < CIIGH = H llwn o e
+ ClHpllwroe o, pey 57 = gl lwo (0, x7))
(3.44) <O — 4 |lwror, x)) < CRF,
where the boundedness of || H}: llw1.o (r, x+]) follows from (3.20) and the last inequality

follows from (3.42). This proves Lemma 3.3 according to the discussions in the text
below (3.20). o

3.5. L? error estimates for the dynamic Ritz projection.

LEMMA 3.4. Under the assumptions of Theorem 2.1, there exists hg > 0 such
that for mesh size h < ho, (3.6) has a unique solution (y*,H*,n*), which satisfies the
following estimate:

(3.45)

19 = idr, el 22 neey + 1 Hi = TiH | 2y + 175, = Ginll 2@ peny < CRFTL

Proof. From (3.34), we see that in order to estimate ||(4},)! — ul|z2(r), it suffices
to estimate ||w||p2(ry and ||w||g2(r). By estimating the right-hand side of (3.22) using
(3.15) and (3.16) along with the results in Lemma 3.3 and the inverse inequality for
finite element functions, we immediately get the estimate

‘/F(wsﬁl + Vrw - V)| < Cllidr, e — Gl a1 @ e 185 lwoe (0 ey PR 1 (0 )

< Ch72[idr, e — Gl L2 e 185 lwee (o e 1l 220 )
< Ch?|lidr, e — Gl 2o 164 L2y,

which implies that (via duality) [(we' + Viw - Vreh) = [1, fo! for some function f
satisfying the following inequality:

1£llz2 0y < Ch™2(lidr, ey = Tl L2 (onixe))-
The standard H? regularity estimate of elliptic equations says that

w2y < CIflpz2ay < Ch2lidry, ) — D5l L2 (0 ) -
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Substituting this into (3.34) yields

(346) @) — ulza) < lwllzary + Clidr, ey — 37 oy ey + CHEL

It remains to estimate |[w||z2ry and |[idp, (x+) — 951l 22(r, [x+])- This can be done
as follows by using (3.22) with a duality argument. We define ' € H2(T) to be the
solution of

(3.47) o' — Arpl=w on T
and let ¢ be the inverse lift of ¢! onto I';[x*]. Then
(3.48) ] 22 0y < Cllwl| L2 ry-

For y? := (1—60)x* +0y*, let 4%, 4%, and €% be the finite element functions on Fh[ 9]

with nodal vectors u*, Py, and ey :=y* — x*, respectively. In particular, uh =1y.
Then surface I'y,[ y?] moves with velocity € ¢? as parameter 6 € [0, 1] changes, and the
following relation holds:

o ~%,0 ° -
Oy, 80902—

Testing (3.47) by w and using (3.22), we have

ol = / (wg! + Vrw - Vrg)
— (K(x*) — K(y*))u" - (Png)

A* ,0 ~ ~x.0 ~
/ / (a3 @5 + Vi, o1y - Vi, yo1£7)
o Jr, 1y

= ‘/ /F : 6](112’9 . @ZVF;L[yﬂ] ~éz + Vph[ys]uh DF, [ye]e Vr, [ yt"]@h) do
nly

(see Lemma 3.2)
(349)  =|Bo+ Bi+ By + B3|,

where
(3.50) By ;:/F(A*l PV - e+ Vru - Dréd! Vg,
(3.51) By:= /F (Vray' - Dréd'Vrg)! — Viou- Dréd'Vrg'),
B, := /Fh[x*] (@h - Gh Ve * €y + Vruixe1@n - Dry 1y Ve, xe125)
(3.52) —/(A*l eyt - e+ vrapt - Drel! vy,
bs ::/1 /r, [yﬂ](@2’9-¢ivrh,[y9}'éZ+Vrh[y91uh Dy Vra [y £h) 9
(3.53) /I/Fh X*](a;.gpgvrhm <€y 4 V1, x5 - Dry (x+1€5 Va2 6.

In the expression of By, we can remove the gradient acting on ég’l by utilizing inte-
gration by parts. This will yield the following result:
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(3.54) | Bol < Clley"| |0 [l 2y

L?(r)||<PlHH2(F) < CHé(y)HLQ(Fh[X*])

Since @?LJ = (Pny)!, it follows that ||V (o' — @?LJ)HLz(p) < Ch||@Y| r2(ry- This implies
that

[Bil <Cl(@)' = ullwiomlley L 1"l 22,
108w e e 15 2 0y Chle 2y (for some p>2)
(3.55)  <CRJES oyl 2oy

where the last inequality follows from the W 1? error estimate in Lemma 3.3. Similarly,
by estimating B with the error between the interpolated surface I'y[x*] and the exact
surface T'[X] (cf. [19, Proposition 2.3]), we can derive the following result:

(3.56) | Ba| <Ch||é2’l||H1(F)||901||H2(1‘)-
We consider the intermediate surfaces between I';[y?] and T'j,[x*] defined by

Thnly®®]), with y%*=(1-a)x* +ay’ =x*+afe,, ac|0,1],

for fixed 6 € [0,1]. As a varies, the intermediate surface I';,[y?] moves with velocity
GéZ. By employing these intermediate surfaces along with the estimates in (3.15)—
(3.17) and the bound &) |lw1.»(r,x+)) < Ch from (3.19) in Lemma 3.3, we can obtain
(details are omitted)

(3.57) | Bs| <Chlley" a1 oy ' | 22 (.-

Therefore, by substituting the estimates of By, By, B2, and Bs into (3.49) and using
the estimate of ||¢'||g2(ry in (3.48), we obtain

lwll L2y + CRIE | 1 (0 e 1] 2y
[w|| p2(ry + CR* w22 (ry,

lwllZ2 0y < Clléglzanx

< ClleY N L2 x

where the last inequality follows from the WP estimate of ég = idr,x+] — g5, in
Lemma 3.3 with p=2. This implies that

(3.58) w|| p2ry < Cllidr, e — Gl L2 ey + CRET
Then substituting this result into (3.46), we obtain
(3.59) 1(@3)" = ull L2y < Cllidr, ey — G722 ey + CH

The first term on the right-hand side of (3.59) can be estimated similarly to (3.41) by
choosing p=2 in (3.40) and rewriting it equivalently as follows:

(3.60)
idr, e (5] = I ll L2 (s))) < C/O (@) () = u(®)]| L2y dt + CREF! for s € [0, 7.

Then substituting (3.59) into (3.60) and using Gronwall’s inequality, we obtain an
optimal-order estimate of [[idr, (x+] — 7} || 22(r, [x*])> 1-€-,

(3.61) ||idl“h[x*] - QZ||L2(F}1[X*]) < Ch**L fors S [O,T]
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Substituting this estimate back into (3.59) yields the following result:
(3.62) [(a@3)" — ul| 2y < CR*TT for s €[0,T].
Since ||(I}u)! — ul|2(ry < Ch*T!, by using (3.62) and the triangle inequality

(@) = () e ey < II(@5)" = ull L2y + (i)' =l 2y

as well as the norm equivalence ||(4})! — (I;u)! L2y ~ Hﬁ;—f;uﬂp(ph[ x+]), We obtain
the L? error estimate of the dynamic Ritz projection in Lemma 3.4. 0

Substituting Lemma 3.3 into (3.25) with p =2 and substituting Lemma 3.4 into
(3.58), we obtain

(3.63) lholl oy + Bllwl g oy < CHA.

This result will be used in the next subsection.

In addition to the WP and L? error estimates of the dynamic Ritz projection,
we can also differentiate (3.23) in time and, by using the resulting derivative equation,
prove the following L? error estimates for the material derivative of the dynamic Ritz
projection.

LEMMA 3.5. Under the assumptions of Theorem 2.1, there exists hg > 0 such
that for mesh size h < hg, the solution (y*,H*,n*) of (3.6) satisfies the following
estimates:

(8.64) [[(FH}) — L07 Hl oy pepy + RIS HE) — Bi08 Hl s (0, ey < CHEF,
(365)  (82um3)" — L8 mll ey ey + RI@TAnE) — T30 i oy ey <

where 0f , Hy and (97, H};)" are finite element functions on T'p[y*] and T'y[x*], re-
spectively, with a common nodal vector H*.

The proof of Lemma 3.5 is based on differentiating (3.23) in time, which leads to
complicated expressions. However, the techniques for proving Lemma 3.5 are similar
to those for proving Lemmas 3.3 and 3.4. Therefore, we omit the proof here and refer
the reader to section SM3 in the supplementary material.

3.6. Estimates of the remainders. The remainders dj; and d; defined in
(2.13) can be estimated by using the approximation properties of the dynamic Ritz
projection in Lemmas 3.3-3.5. This result is presented in the following lemma, and the
proof is omitted. We refer the reader to section SM4 in the supplementary material
for more details.

LEMMA 3.6. Under the assumptions of Theorem 2.1, there exists hg > 0 such
that for mesh size h < hg, the remainder d, defined in (2.14) satisfes the following

estimate:
T ly~]

4. Proof of Theorems 2.2 and 2.3. In this section, we prove Theorem 2.2
on the optimal-order convergence of the parametric FEM for mean curvature flow in
the L°(0,7T; L?) norm by utilizing the estimates of the dynamic Ritz projection in
Lemmas 3.3-3.5 and the estimates of the remainders in Lemma 3.6.

< CR* Xl (o y )3
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4.1. Basic settings. The numerical solution (x,v,u) and the dynamic Ritz
projection (x*,v*, u*) satisfy (3.4) and (3.7), respectively. By subtracting (3.7) from
(3.4), we find that the error functions

ex=x—-y", eg=v—v", and e,=u-—u’

satisfy the following equations:

(4.1a) éx = ey,
(4.1b) ey=—(I(Hen)—I,(H" en")),
M(x)éu + A(x)eq = —(M(z) — M(y"))u” — (A(z) — A(y"))u”
(4.1¢) + (f(x,u) — f(y,u*)) — M(y*)dy.
Let x? = (1 — 0)y* + 0x for 0 € [0,1], which defines an intermediate surface I',[x’]

moving with the velocity e? as parameter 6 € [0, 1] changes, and denote by e, ¢f, and

Y the finite element functions on I'y[x?] with nodal vectors ey, ey, and ey, respec-
tively. In particular, we denote e, = €2, e, = €Y, and e, = €2, which are finite element
functions on I',[y*]. On the intermediate surface I',[x?], we also define finite element

functions

vy and up = (Hy, (nj)")"
with nodal vectors v? = (1 —0)v* +60v and u’ = (1 — 0)u* + fu, respectively. We also
denote by ui? = (H? (n}*)T)T the finite element function on I';[x’] with nodal
vector u*.

Similar to the proof of Theorem 2.1, we define t* € [0,7] as the maximal time
such that the numerical solution exists and the following inequalities are satisfied:

(4.2&) ||ew(',t)||wl,oo(r‘h[y*]) < hk_o'l,
(42b) \|eu(~,t)HLoc(Fh[y*]) < hk70‘1 for te [O,t*}

At time t =0, we have e,(-,0) =0 and e, = [u — @} on T';[x°]. Therefore, by using
the inverse inequality of finite element functions and the L? estimates of [;u — 4} in
Theorem 2.1, we have

lew(0) | o ray)) < Chlew(,0) [ L2 (rpy-)) < CRE.

For sufficiently small h such that Ch* < h¥=01 the inequality above implies that
t* > 0.

Note that under condition (4.2), the LP and W' norms on surfaces I'j,[x] and
I’ [y*] are equivalent for 1 <p < oo (as shown in Lemma 3.1). This norm equivalence
will be used frequently in the following subsections. In particular, under condition
(4.2), we shall prove the following proposition (with some constants hy and C' that
are independent of ¢.).

PROPOSITION 4.1. Under the assumptions in Theorem 2.1 and (4.2), there exists
ho > 0 such that when mesh size h < hg, the following estimate holds:

(4.3)

leall o (0,617 (aly+1)) + leull Lo 0622 niy)) + leullL2 o611 (maly+1y) < CRFH.

Remark 4.1. By the local-in-time existence and uniqueness as well as the continu-
ity of solutions to the ODE system (3.4), there exists §;, > 0 such that the numerical
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solution and the error estimate in (4.3) hold for ¢ € [0,¢. + d5], with C replaced by
2C therein. This would imply that when h is smaller than some constant (which is
independent of ¢.), (4.2) holds for ¢ € [0,t. + dp]. This would imply that ¢, = T
(otherwise, t. € (0,7] would not be the maximal time satisfying the condition), and
therefore the error estimate in (4.3) holds for ¢ € [0,7]. Then by the norm equivalence
between I'y[y*] and T'y[x*], the error estimate in (4.3) can be equivalently written
into (2.16). This would complete the proof of Theorem 2.2.

4.2. Estimates of ||eu||Loo(0,t;L2(rh[y*])) and ”eu”LZ(O,t;Hl(I‘h[ y*1))* In this
subsection, we establish an estimate of |, ||z (0,¢:22(r,[y+))) @a0d |l€w |l 20,651 0y [y*])
in terms of ||ez||p2 0,651 (0u[y=])) @0 llewll 20,602 (00 [y+)))-

LEMMA 4.2. Under the assumptions in Theorem 2.1 and (4.2), there exists hg >0
such that when mesh size h < hg, the following estimate holds for t € [0,t*]:

t
||€u(t)||2Lz(rh[y*(t)})+/ IV, ty1€u($)1 220y o)) 45
(4.4) 0

t
SC/() (e )3 epy=o + lew®) 72, = s))) ds + ChZEF2.

Proof. Testing (4.1c) with e,, we obtain the following relation:

1d
§@||€i||%2(rh[x]) + IVl 22w, p)

(w5) = —el (M(x) ~ M(y" )" — e[ (A(x) ~ A(y"))it
+ey (f(x,u) — f(y*, u)) — ey M(y")dy
=+ 1+ 13+ 14,
where el denotes the finite element function on I'y[x?] with § = 1. Additionally,
05e? =95 =0 and 93¢ = 0. Since uj € I'),[y*] and 4} € I'y[x*] have the same nodal
vectors, by using the equivalence of the LP and W'? norms on I',[x?] and T, [y*] and
Lemmas 3.4 and 3.5, we have

urllwroe @y y1) < Cllig lwiee ry x))
< Ollay, — Iyullwreo (0, x+]) + Cllpullw o (0, (x+])
(4.6) <Ch2RF 1 o<,

198 g lws o v fy 1) < CIHOFuR) Mlw.oe (1))
< OB up,)" — 1507 ullwroe v, 1x=) + ClIOF ullwroe (r, o))
(4.7) <Ch 2R o<,
where Lemma 3.5 and the inverse inequality are used in the last inequalities of (4.6)

and (4.7). Then with inequalities (4.6) and 4.7) and (3.15)—(3.17), we can estimate
|I;] and |I3| as follows:

(4.8) L] < ClVr, el L2 @nyplleal L2 @iy

(4.9) (o] S ClIVryy=1€all 2 outy=) IV rnfye1€0ll 2200 fye -
Lemma 3.6 guarantees that

(4.10) |1a] S OB lewl| e, y+))-
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It remains to estimate |I3]. By employing the identity (3.18), we can bound |I3| by
the sum of five terms as follows:

|15] = ley (f(x, u) — f(y*,u"))|

= / ‘Vrh nh’2uh 61—/[ ]‘Vphr[y*]nZ’Zuﬂeu
hy

= / d9/ . 9]|Vph xs]nh| uf -e de’

/ / ‘Vrh[xe]nz‘ uz . GZVFh[xe] . 82 d@‘
0 JT,[xf)

’Vph[xe]nz |Qeﬁ el de'

N

Fh[xe]

QVFh[xe]nz (Vph[xe]agnz - Vph[x9]€ZVph[xe]nz

Ty [x9]
—|—?’LF} [xe]n;} [xe](VF} [Xe]e ) Vrh[xs]nh)uh e dG'
(4.11) =:I31 + I3o + I33 + I34 + I35,

where nrp, (xo) is the unit normal vector of ', [x?], while nfl is the finite element function
with nodal vector n’ = (1 — #)n* + #n, with n* and n being the nodal vectors of the
dynamic Ritz projection né.b € Sp(Tx[y*]) and numerical solution ny € Sp(Th[x]),

respectively. Since nf =n;"" +0ef and uf = u;;’g +0e%, I1 can be bounded as follows:

* 2, %
I3 = |Vph[xe](nh79 + 962)! (uh’9 + 6‘62) : GZVFh[xe] : 62 d9’

F}L x9

|VF;L[XH]”h | th[xf’} 62 d@‘

Fh xe

/ / 9!Vrh[x9]”h9| EARZe: de‘
Ipx
[ e 05 )V ]
0 F),[Xe]
1
| [ It PP o
0 Jr,[x?) )

1
+ / / Q}ZG(VF,L[Xe]nZ’G-Vph[xs]efL)(uZ’g'GZ)VF}L[Xe]-ezdﬁ’
0 th

1
+ / A . 26‘2Vph[xe]n;’0 . Vph[xe]ez |62|2 Vph[xe] . 62 d9’
h(|X

(4.12) =:1I311 + I312 + I313 + I314 + I315 + 316

Then with the norm equivalence of the L? and W'? norms on I',[x’] and ', [y*] as
well as estimates (4.2) and (4.6), the following estimates of Isy;, j =1,...,6, can be
derived:
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Isi1 < Clleull L2y I Vrayei€all L2 y)

Is12 < Clleull L2 iy [ Vray=ieallLzon yop llewll oy

<COlleullz2@ny I Vray=i€zll 2 @aly+)>
I313 < C||VFh[y*]en| 2L2(1“h[y*]) Hvl“h[y*]ew|

Ch* 02| Vp, iy1eullTem,

Loo (T y<)) l1€ull Lo (0 [y+))
y*1)
C”VFh,[y*]en||2L2(Fh[>'*]) IV, y+1€ell Lo 0u iy He“||2L°°(Fh[Y*])
< CR* O3V, jenll T2,y

<
I314 <

I315 < C||Vr, y+1€nll 2@, iy leull L2 wniy I Vrs iy €2l Lo 0y 1y
SO eullz2@uty=) I Vrnyieull L2ong v
Is16 < C||Vr,fy=1enll 2 ray-plleull 2@ y=p lewll Lo oy 1 Vw1 €2l o oy
(4.13) < Ch?*-02 |euHL2(Fh,[y*]) |Vrh,[y*]€u||L2(Fh[ y*)-

By summing up the estimates of I3y, j=1,...,6, in (4.13), we obtain
(414) 131 < C||eu||2L2(Fh[y*]) + CHei”%ﬂ(Fh[y*]) + Cth_O'QHVFh[y*]euH%Q(Fh[y*]).
In the same way, the following estimates of I3;, j =2,...,5, can be obtained:

Iso + Isa + I35 < CllewlZar, iy + ClIVEL yr1€al T2,y
(4.15) +CR02|Vr, el Zar, ey)-

Furthermore, by applying Young’s inequality, the term I33 can be bounded as follows:
(4.16) I33 < 6|\Vrh[y*]€u||%2(rh[y*]) + C(G)Heu||%2(rh[y*])~

These estimates lead to

(4.17)
|13 < ClleullZzr, iy + Cllealltnm, ey + (CP* 702 + IV, y€ullLe(r, -

Then substituting estimates (4.8)—(4.10) and (4.17) into (4.5) yields the following
result:

(4.18)
1d
5@\\615”%2@,4;4) + ||VF;L[x]€i||%2(rh[x])

< C’||ex||?{1(rh[y*]) + C||€u||%2(rh[y*]) + (Oh2k70'2 + e)||Vph[y*]eu||2L2(Fh[y*]) + Oh2k+2.

By employing the H' seminorm equivalence between the surfaces I'y,[y*] and I';[x]
and by choosing h and e sufficiently small, the term (Ch*~0-2+¢)||Vr, (y+]€u ||%2(Fh[y*]
can be absorbed into the left-hand side of the above inequality. This reduces (4.18%
to the following result:

1d
§&H€i||2L2(rh[x]) + ||Vrh[x]ei||%2(r,L[x])
(419) < CHefE”%—Il(Fh[y*]) + CHeuH%Q(Fh[y*]) + Ch2k+2.

Integrating the above inequality from 0 to ¢ along with the norm equivalence between
surfaces I'y[x] and T',[y*(¢)], we have
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t
lew®) 12 r, = o) + /O IVt sn€u($) 72, = s 45

t
(4.20) < C/O (lew () o, iy o + e 122, - syp)) ds + CR*F 2,

where [|e,(0)|| 2(r, [y (0))) < ChFT1 is used. This proves the result of Lemma 4.2. O

4.3. Estimates of ||e,(t)|| g1 (r,[y+(¢)]))- In this subsection, we establish an es-
timate of ||, (t) g1 (1, [y=(¢y)) 0 terms of [lew ()| a1 (v, [y @)

LEMMA 4.3. Under the assumptions in Theorem 2.1 and (4.2), there exists hg >0
such that when mesh size h < hg, the following estimate holds for t € [0,t]:
(4.21) llew (Ol y= 1) < CllewO oy iy=))-

Proof. Equation (4.1b) can be written as e, = —I[(H—H")en|—I;[H"e(n—n*)],
which implies (using the H' stability of Lagrange interpolation in section SM1 and
the norm equivalence between surfaces I',[x*] and T'p[y*]) that

levllz @y 1y < Cllewll mr @y, <))

<Cllenlar @y, peplInnllwros @, o)) + Cllenll mr @y, e H R lwee (0, x0)

+ Cller |z, en lenll Lo 1y + Cllenllmr o <o lles || Lo (0 o)

<Cllerllm @uiyn Innllwre @,y + Cllenll @y 1Hz [we (0, 1y+)

+ Cllerllmr @,y pllenllze @,y + Cllenllmr @,y llesll Lo @, =)

(4.22) < Clleallmrr,y=»
where (4.2b) and (4.6) are used in the last inequality. 0

We can substitute the estimate in Lemma 4.2 into the estimate in Lemma 4.3.
This yields the following inequality:

(4.23)
leollz2 0.1 (rnly1)) < Clleull L2 .1 waly=))
< C(llexll2o,tm 0uly1) + leullz2 sz @nty) + ChFHL.
4.4. Proof of Proposition 4.1. Since e,(-,0) =0, it follows that

||ew(t)|‘%I1(Fh[y*(t)])
t d )
= [ lleno) e,y s
! T * . Td *
= [ (2ex(s) TK(y" (s))ex(s) + ex(s) T Ky ())ex(s) ) ds
0 S
<c [ (lests)lim lew(s) e + llea(s)I% ds
ST ) et @y (et Taly= (D) @S (T [y (s)])

t t
(4.24) <C/O ||eU(S)||%Il(Fh[y*(s)])ds+C/0 llex ()1 (o[ y= (o)) 985

where the second-to-last inequality follows from the following estimate (which can be

derived from the expressions in Lemma 3.2):

Td
ds

K" (5))ex()| < Cleas) ity o105 () oty o)
< Cllea (8l vty oy

ex(s)
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Here the boundedness of ||vy;(s)||yw 1.0 (1, [y=(s))) follows from applying the norm equiv-
alence between I'y[y*] and 'y [x*], the triangle inequality, the inverse inequality, and
the WP estimate in (3.19) with p=2, i.e.,

lvhllw oo @nry=)) < ClORllwroery ) < CllOn — Tpvllwiee @y x=)) + Hpvllwoo oy x#))

<
< Ch Mo =Tivll o, pep I vl wree (o )
<C.

The right-hand side of (4.24) can be estimated with (4.23). This leads to the
following result:

(4.25)

t
He-’E(t)”%Il(Fh[y*(t)]) < C/o (Hefﬂ(s)”%{l(l—‘h[y*(s)]) + ||€u(5)||%2(rh[ y*(s)])) ds + Ch*M 2,

Then summing up (4.4) and (4.25), we obtain the following result for ¢ € (0,¢.]:

t
lex (O oty o) + lew® 72 =) +/O IV, iy1€a($)1 220y o)) 48
t
(4.26) gc/o (e (21 (o= + e ()22 = oy) A5 + CHHH2.

The result of Proposition 4.1 follows from applying Gronwall’s inequality to (4.26).
Moreover, the discussions in Remark 4.1 show that ¢* =7T. This completes the proof
of Theorem 2.2.

5. Numerical tests. In this section, we present numerical experiments to sup-
port the theoretical analysis for the convergence rate of the semidiscrete parametric
FEM in (2.1).

We consider the evolution of the two-dimensional sphere I'(¢) under mean cur-
vature flow, which was used for testing the convergence rates of numerical methods
for mean curvature flow in [31]. The exact solution of the surface at time ¢ > 0 is a
sphere of radius R(t) = 1/R(0)% — 4t with R(0) =2, which reaches zero at time ¢ =1.
The mean curvature H and normal vector n of the evolving sphere I'(¢) can also be
calculated explicitly.

We solve the problem by the algorithm in (2.1) up to time 7'= 0.125 with finite
elements of degrees 1, 2, and 3, respectively, using a four-step backward differentiation
formula, with a sufficiently small time step size 7 = 0.001 such that the errors from
temporal discretizations can be neglected in testing the convergence rates of spatial
discretizations.

The L? norms of the error functions &}, ;, = &j — idr, (x+], €f; ), = Hy, — I H, and
€ =Ttn — f,’;n at time T are presented in Figure 5.1, which indicates that the errors
of the numerical solutions are about O(h**!) for finite elements of degree k= 1,2,3.
This is consistent with the error estimates established in Theorem 2.3.

Figure 5.2(a) shows the H!-seminorms of the error functions é,p, émp, and
én.,n (between the numerical solution and the dynamic Ritz projection) at time T,
demonstrating second-order convergence for finite elements of degree £ = 1, which
agrees with the error estimate in Theorem 2.2. In contrast, the H'-seminorms of
€y ns €1 and €, (between the numerical solution and the interpolated solution) is
only O(h), as shown in Figure 5.2(b).
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FIG. 5.1. The L? norm for errors and convergence rates of the numerical solutions.
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FiG. 5.2. The H'-seminorm of the errors for finite elements of degree k= 1.
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6. Conclusion. We have defined a dynamic Ritz projection of mean curvature
flow of closed surfaces in the three-dimensional space and have proved optimal-order
error bounds in the L? and WP norms for the dynamic Ritz projection in approxi-
mating the solution of mean curvature flow. By utilizing these approximation results,
we have proved optimal-order convergence of parametric FEMs for formulation (1.2)
of mean curvature flow in the L>(0,T’; L?) norm as well as convergence of paramet-
ric FEMs for mean curvature flow with piecewise linear finite elements. The new
approach developed in this paper—analyzing the error of numerical approximation
through a dynamic Ritz projection of the mean curvature flow—can serve as a foun-
dational framework for studying the convergence of numerical approximations for
other geometric flows and parametric FEMs.

Acknowledgments. The authors would like to thank Prof. Christian Lubich
for helpful discussions and valuable comments in an early stage of the research.

REFERENCES

[1] G. Bar aND B. Li, Erratum: Convergence of Dziuk’s semidiscrete finite element method for
mean curvature flow of closed surfaces with high-order finite elements, STAM J. Numer.
Anal., 61 (2023), pp. 1609-1612, https://doi.org/10.1137/22M1521791.

[2] G. Ba1 AND B. L1, A new approach to the analysis of parametric finite element approzimations
to mean curvature flow, Found. Comput. Math., 24 (2023), 64, https://doi.org/10.1007/
$10208-023-09622-x.

[3] W. Bao AND Y. L1, A structure-preserving parametric finite element method for geometric
flows with anisotropic surface energy, Numer. Math., 156 (2024), pp. 609-639, https://
doi.org/10.1007/s00211-024-01398-8.

[4] J. W. BARRETT, K. DECKELNICK, AND R. NURNBERG, A finite element error analysis for
azisymmetric mean curvature flow, IMA J. Numer. Anal., 41 (2021), pp. 1641-1667,
https://doi.org/10.1093 /imanum/draa020.

[5] J. W. BARRETT, K. DECKELNICK, AND V. STYLES, Numerical analysis for a system coupling
curve evolution to reaction diffusion on the curve, STAM J. Numer. Anal., 55 (2017),
pp. 1080-1100, https://doi.org/10.1137/16M1083682.

[6] J. W. BARRETT, H. GARCKE, AND R. NURNBERG, A parametric finite element method for
fourth order geometric evolution equations, J. Comput. Phys., 222 (2007), pp. 441467,
https://doi.org/10.1016/j.jcp.2006.07.026.

(7] J. W. BARRETT, H. GARCKE, AND R. NURNBERG, On the parametric finite element approz-
imation of evolving hypersurfaces in R3, J. Comput. Phys., 227 (2008), pp. 4281-4307,
https://doi.org/10.1016/j.jcp.2007.11.023.

[8] J. W. BARRETT, H. GARCKE, AND R. NURNBERG, Parametric approzimation of Willmore flow
and related geometric evolution equations, STAM J. Sci. Comput., 31 (2008), pp. 225-253,
https://doi.org/10.1137/070700231.

[9] S. BARTELS, A simple scheme for the approzimation of the elastic flow of inextensible curves,
IMA J. Numer. Anal., 33 (2013), pp. 1115-1125, https://doi.org/10.1093 /imanum /drs041.

[10] J. BERGH AND J. LOFSTROM, Interpolation Spaces: An Introduction, Springer-Verlag, Berlin,
1976.

[11] T. BiNZ AND B. KovAcs, A convergent finite element algorithm for mean curvature flow in
arbitrary codimension, Interfaces Free Bound., 25 (2023), 400, https://doi.org/10.4171/
ifb/493.

[12] K. DECKELNICK AND G. DzIUK, Convergence of a finite element method for mon-parametric
mean curvature flow, Numer. Math., 72 (1995), pp. 197-222, https://doi.org/10.1007/
s002110050166.

[13] K. DECKELNICK AND G. DzIuk, Error estimates for a semi-implicit fully discrete finite ele-
ment scheme for the mean curvature flow of graphs, Interfaces Free Bound., 2 (2000),
pp. 341-359, https://doi.org/10.4171/ifb/24.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/22M1521791
https://doi.org/10.1007/s10208-023-09622-x
https://doi.org/10.1007/s10208-023-09622-x
https://doi.org/10.1007/s00211-024-01398-8
https://doi.org/10.1007/s00211-024-01398-8
https://doi.org/10.1093/imanum/draa020
https://doi.org/10.1137/16M1083682
https://doi.org/10.1016/j.jcp.2006.07.026
https://doi.org/10.1016/j.jcp.2007.11.023
https://doi.org/10.1137/070700231
https://doi.org/10.1093/imanum/drs041
https://doi.org/10.4171/ifb/493
https://doi.org/10.4171/ifb/493
https://doi.org/10.1007/s002110050166
https://doi.org/10.1007/s002110050166
https://doi.org/10.4171/ifb/24

Downloaded 03/26/26 to 158.132.161.240 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

1480
(14]

(15]

[16]

(17]

(18]

(19]

20]

(21]
(22]
23]

[24]

25]

(26]

27]

(28]

29]

(30]

(31]

(32]

33]

(34]

(35]

K

B.

Q o o @

M.

=

B.

BUYANG LI AND RONG TANG

. DECKELNICK AND G. DzZIUK, Error analysis of a finite element method for the Willmore flow

of graphs, Interfaces Free Bound., 8 (2006), pp. 21-46, https://doi.org/10.4171/ifb/134.

. DECKELNICK AND G. DzIUk, Error analysis for the elastic flow of parametrized curves,

Math. Comp., 78 (2009), pp. 645-671, https://doi.org/10.1090/S0025-5718-08-02176-5.

. DECKELNICK AND G. DzIUK, On the approzimation of the curve shortening flow, in Cal-

culus of Variations, Applications and Computations (Pont-a-Mousson, 1994), Pitman Re-
search Notes in Mathematics Series 326, Longman Scientific and Technical, Harlow, UK,
1995, pp. 100-108.

. DECKELNICK AND R. NURNBERG, Error analysis for a finite difference scheme for az-

isymmetric mean curvature flow of genus-0 surfaces, SIAM J. Numer. Anal., 59 (2021),
pp. 2698-2721, https://doi.org/10.1137/20M1374584.

. DECKELNICK AND V. STYLES, Finite element error analysis for a system coupling sur-

face evolution to diffusion on the surface, Interfaces Free Bound., 24 (2022), pp. 63-93,
https://doi.org/10.4171/ifb/467.

. DEMLOW, Higher-order finite element methods and pointwise error estimates for elliptic

problems on surfaces, SIAM J. Numer. Anal., 47 (2009), pp. 805-827, https://doi.org/
10.1137/070708135.

DuaN AND B. L1, New artificial tangential motions for parametric finite element approxi-
mation of surface evolution, SIAM J. Sci. Comput., 46 (2024), pp. A587-A608, https://
doi.org/10.1137/23M1551857.

. Dz1uk, An algorithm for evolutionary surfaces, Numer. Math., 58 (1990), pp. 603-611,

https://doi.org/10.1007/BF01385643.

. Dziuk, Convergence of a semi-discrete scheme for the curve shortening flow, Math. Models

Methods Appl. Sci., 04 (1994), pp. 589-606, https://doi.org/10.1142/50218202594000339.

. Dziuk AND C. M. ELLIOTT, Finite elements on evolving surfaces, IMA J. Numer. Anal., 27

(2007), pp. 262-292, https://doi.org/10.1093/imanum/drl023.

. Dziuk, C. LUBICH, AND D. MANSOUR, Runge-Kutta time discretization of parabolic dif-

ferential equations on evolving surfaces, IMA J. Numer. Anal., 32 (2011), pp. 394-416,
https://doi.org/10.1093 /imanum/drr017.

. ELuiorT, H. GARCKE, AND B. KovAcs, Numerical analysis for the interaction of mean

curvature flow and diffusion on closed surfaces, Numer. Math., 151 (2022), pp. 873-925,
https://doi.org/10.1007/s00211-022-01301-3.

. M. ErLiort AND H. FRITZ, On algorithms with good mesh properties for problems with

moving boundaries based on the harmonic map heat flow and the DeTurck trick, SMAI J.
Comput. Math., 2 (2016), pp. 141-176, https://doi.org/10.5802/smai-jcm.12.

. M. ELLioTT AND H. FRITZ, On approximations of the curve shortening flow and of the mean

curvature flow based on the DeTurck trick, IMA J. Numer. Anal., 37 (2017), pp. 543-603,
https://doi.org/10.1093/imanum/drw020.

. Gui, B. L1 AND J. WANG, Convergence of renormalized finite element methods for heat

flow of harmonic maps, SIAM J. Numer. Anal., 60 (2022), pp. 312-338, https://doi.org/
10.1137/21M1402212.

. Hu AND B. L1, Ewolving finite element methods with an artificial tangential velocity

for mean curvature flow and Willmore flow, Numer. Math., 152 (2022), pp. 127-181,
https://doi.org/10.1007/s00211-022-01309-9.

. KovAcs, High-order evolving surface finite element method for parabolic problems on evolv-

ing surfaces, IMA J. Numer. Anal., 38 (2018), pp. 430-459, https://doi.org/10.1093/
imanum/drx013.

. KovAcs, B. L1, AND C. LUBICH, A convergent evolving finite element algorithm for mean

curvature flow of closed surfaces, Numer. Math., 143 (2019), pp. 797-853, https://doi.org/
10.1007/s00211-019-01074-2.

. KovAcs, B. L1, aND C. LUBICH, A convergent evolving finite element algorithm for Will-

more flow of closed surfaces, Numer. Math., 149 (2021), pp. 595-643, https://doi.org/
10.1007/s00211-021-01238-z.

. KovAcs, B. L1, C. LuBicH, AND C. A. P. GUERRA, Convergence of finite elements on an

evolving surface driven by diffusion on the surface, Numer. Math., 137 (2017), pp. 643-689,
https://doi.org/10.1007/s00211-017-0888-4.

LENOIR, Optimal iso-parametric finite elements and error estimates for domains involv-
ing curved boundaries, SIAM J. Numer. Anal., 23 (1986), pp. 562-580, https://doi.org/
10.1137/0723036.

L1, Convergence of Dziuk’s linearly implicit parametric finite element method for curve
shortening flow, SIAM J. Numer. Anal.,, 58 (2020), pp. 2315-2333, https://doi.org/
10.1137/19M1305483.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.4171/ifb/134
https://doi.org/10.1090/S0025-5718-08-02176-5
https://doi.org/10.1137/20M1374584
https://doi.org/10.4171/ifb/467
https://doi.org/10.1137/070708135
https://doi.org/10.1137/070708135
https://doi.org/10.1137/23M1551857
https://doi.org/10.1137/23M1551857
https://doi.org/10.1007/BF01385643
https://doi.org/10.1142/S0218202594000339
https://doi.org/10.1093/imanum/drl023
https://doi.org/10.1093/imanum/drr017
https://doi.org/10.1007/s00211-022-01301-3
https://doi.org/10.5802/smai-jcm.12
https://doi.org/10.1093/imanum/drw020
https://doi.org/10.1137/21M1402212
https://doi.org/10.1137/21M1402212
https://doi.org/10.1007/s00211-022-01309-9
https://doi.org/10.1093/imanum/drx013
https://doi.org/10.1093/imanum/drx013
https://doi.org/10.1007/s00211-019-01074-2
https://doi.org/10.1007/s00211-019-01074-2
https://doi.org/10.1007/s00211-021-01238-z
https://doi.org/10.1007/s00211-021-01238-z
https://doi.org/10.1007/s00211-017-0888-4
https://doi.org/10.1137/0723036
https://doi.org/10.1137/0723036
https://doi.org/10.1137/19M1305483
https://doi.org/10.1137/19M1305483

Downloaded 03/26/26 to 158.132.161.240 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

(36]

(37]

(38]

39]

[40]

41]

[42]

DYNAMIC RITZ PROJECTION OF MEAN CURVATURE FLOW 1481

B. Li, Convergence of Dziuk’s semidiscrete finite element method for mean curvature flow
of closed surfaces with high-order finite elements, SIAM J. Numer. Anal., 59 (2021),
pp. 1592-1617, https://doi.org/10.1137/20M136935X.

N. G. MEYERS, An LP-estimate for the gradient of solutions of second order elliptic divergence
equations, Ann. Sc. Norm. Super. Pisa Cl. Sci., 17 (1963), pp. 189-206, http://www.
numdam.org/item?id=ASNSP_1963_3-17_3.189_0.

A. MIERSWA, Error Estimates for a Finite Difference Approzimation of Mean Curvature Flow
for Surfaces of Torus Type, Ph.D. thesis, Otto-von-Guericke-Universitiat, Magdeburg, Ger-
many, 2020.

V. THOMEE, Galerkin Finite Element Methods for Parabolic Problems, 2nd ed., Springer Series
in Computational Mathematics 25, Springer-Verlag, Berlin, 2006.

M. F. WHEELER, A priori Ly error estimates for Galerkin approzimations to parabolic partial
differential equations, SIAM J. Numer. Anal., 10 (1973), pp. 723-759, https://doi.org/
10.1137,/0710062.

C. YE AND J. Cul, Convergence of Dziuk’s fully discrete linearly implicit scheme for curve
shortening flow, SIAM J. Numer. Anal.,, 59 (2021), pp. 2823-2842, https://doi.org/
10.1137/21M1391626.

Q. ZHao, W. JIANG, AND W. BA0, A parametric finite element method for solid-state dewet-
ting problems in three dimensions, SIAM J. Sci. Comput., 42 (2020), pp. B327-B352,
https://doi.org/10.1137/19M1281666.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/20M136935X
http://www.numdam.org/item?id=ASNSP_1963_3_17_3_189_0
http://www.numdam.org/item?id=ASNSP_1963_3_17_3_189_0
https://doi.org/10.1137/0710062
https://doi.org/10.1137/0710062
https://doi.org/10.1137/21M1391626
https://doi.org/10.1137/21M1391626
https://doi.org/10.1137/19M1281666

	Introduction
	Dynamic Ritz projection and main results
	Proof of Theorem 2.1
	Lifts
	Matrix-vector formulation
	Perturbation of mass matrix and stiffness matrix
	W1,p error estimates for the dynamic Ritz projection
	L2 error estimates for the dynamic Ritz projection
	Estimates of the remainders

	Proof of Theorem 2.2 and Theorem 2.3
	Basic settings
	Estimates of ||eu||L infty (0,t;L2(Gamma h[y*])) and ||eu|L2(0,t;H1(Gamma h[y*]))
	Estimates of ||ev(t)||H1(Gamma h[y*(t)])
	Proof of Proposition 4.1

	Numerical tests
	Conclusion
	Acknowledgments
	References

