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Unified picture of structural relaxation, beta relaxation, and excess wing in glass formers
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We study the microscopic origins of relaxation modes revealed by spectroscopic studies of glasses. Major
features in calorimetric and structural relaxation spectra, including α peaks, β peaks, and excess wings, are
reproduced using a distinguishable-particle lattice model. It is based on void-induced particle hops, which model
stringlike particle hopping motions. Excess wings are found to be flattened variants of β peaks when particle
hopping barriers admit a wide distribution. A β relaxation event is attributed to the hop of a particle which
neighbors a void. An α relaxation event involves a similar process by an arbitrary particle but also includes, as a
prior step, the arrival of a diffusing void to become its neighbor.
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Spectroscopy is a cornerstone of physics, providing in-
sights into the dynamics of physical systems. For structural
glasses [1–6], spectroscopy typically shows a main peak
named the α relaxation peak. Many glasses also exhibit a
higher-frequency Johari-Goldstein (JG) β peak [7,8], orig-
inally identified in dielectric spectroscopy but are also
observed using other methods such as dynamic mechanical
spectroscopy (DMS) [9]. Despite the relatively universal prop-
erties of the α peaks across various glass formers, the β

peaks can be more pronounced or broadened and can even be
replaced by excess wings [9–14]. Such diversity was found
to be related to the behavior of the enthalpy of mixing in
metallic glasses [5,15]. To explain α relaxation and related
physics, thermodynamic theories are widely investigated [2,3]
while dynamical facilitation [1,2] has also been gaining much
recent attention [16–18]. In contrast, although β relaxation is
often regarded as a precursor to α relaxation [4], its possible
explanations seldom qualify as intrinsic or essential parts in
the major theories [1–3]. Microscopically, stringlike motions
dominating particle dynamics in molecular dynamics (MD)
simulations are most often attributed as α relaxation [19,20],
but have also been suggested as β relaxation [21,22]. Un-
derstanding the microscopic mechanisms behind the major
spectral features is essential to understand glass.

In this article, we will study dynamical spectra of glass
using a distinguishable-particle lattice model (DPLM) [23]
and we demonstrate that α peaks, β peaks, and excess wings
can all be reproduced. The microscopic mechanisms of the
associated relaxations and their relations are elucidated.

I. METHODS

A. The model

The DPLM simulates particle hopping motions induced
by voids, the relevance of which was supported by previous
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studies [24–27]. Each hop represents a microstring, i.e., a
coherent stringlike particle hopping motion [19,28], albeit a
trivial string length of one particle. Multiple hops of a void
extend a microstring into a longer incoherent string [22],
closely resembling those from MD simulations [21,29,30].
The model can reproduce many thermodynamic [31–34] and
kinetic [23,35–39] features of glass. In particular, it can sim-
ulate both strong and fragile glasses [35]. Here, we follow the
definitions in [35] with generalizations in some simulations to
be explained later.

We define our DPLM in two dimensions (2D) on a square
lattice of linear dimension L = 100. Each particle has its own
unique type and there is a small fraction φv of unoccupied sites
modeling voids. Periodic boundary conditions are imposed.
Nearest-neighboring particles k and l interact with a particle-
dependent pair-interaction energy Vkl which is quenched in a
simulation. It is sampled from the distribution [35]

g(V ) = G0 + (1 − G0)δ(V − 0.5), V ∈ [−0.5, 0.5], (1)

where G0 controls the fragility and δ denotes the Dirac delta
function. The physical relevance of G0 is explained in detail in
Ref. [35]. Specifically, it governs the temperature dependence
of the system entropy, reflecting how the number of energeti-
cally favorable hopping pathways varies with temperature. A
small G0 leads to a sharp decrease in entropy even with a slight
reduction in temperature, strongly suppressing the dynamics
and resulting in a fragile system.

As such, a particle is usually bonded with four nearest-
neighboring particles, fewer if it is neighbored by a void. This
aligns with the lower averaged bond order observed closeby
to strings in realistic system [29,30].

The total energy of the system is defined by E =∑
〈i, j〉′ Vsis j , where si is the particle located at site i and the

sum is restricted to nearest-neighboring occupied sites i and
j. The kinetics is defined by allowing particle l to hop to a
nearest-neighboring void, if any, with a rate wl given by

wl (�E ) = w0 exp

[
−E0 + Ul + max (�E , 0)

kBT

]
, (2)
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where w0 = 106, kB = 1 is the Boltzmann constant, �E
equals the system energy change due to the hop, E0 + Ul is an
energy barrier offset, and T is the bath temperature. Hence,
detailed balance is satisfied and the system energy approaches
its equilibrium value upon kinetic Monte Carlo simulation at
a constant temperature.

B. Calorimetric spectroscopy

Different spectroscopic methods often give closely analo-
gous results on glass [40]. We study calorimetric spectroscopy
[41,42] which, like other thermal analysis [31,33,34,36], is
easily applicable to the DPLM. To study calorimetric spec-
troscopy, we perform a step cooling perturbation to initially
equilibrium systems, following methods commonly used in
spectroscopic approaches [4,40]. For a nominal temperature
T , a DPLM system is first equilibrated at temperature Ti =
(1 + δT /2)T by direct construction [23]. Then, we perturb the
bath temperature at time t = 0 abruptly to Tf = (1 − δT /2)T
with a percentage temperature change δT = 6%. We then
continuously measure the system energy E (t ) at time t in
further simulations. We calculate the average particle energy
e(t ) = E (t )/N , where N denotes the number of particles in
the system. The energy relaxation function φe is then defined
as

φe(t ) = e(t ) − e f

ei − e f
, (3)

where ei (e f ) is the average particle energy at equilibrium at
Ti (Tf ), which we calculate exactly [23].

Based on Eq. (3) and following similar definitions given
in Ref. [4], we compute the calorimetric relaxation spectrum,
i.e., the calorimetric loss, C′′

v as

C′′
v (ω) = Im

[∫ ∞

0
dt e−iωt φ̇e(t )

]
, (4)

where ω denotes the frequency, φ̇e denotes the time derivative
of φe, and “Im” takes the imaginary part.

We employ the single down-jump temperature protocol
analogous to Kovacs’ seminal experiment [43], except for a
small jump magnitude. This protocol triggers particle recon-
figuration governed by void-induced hopping dynamics [36],
wherein particles continually update their pair interactions
whenever they get new neighbors. This process persists as
the system reaches equilibrium, characterized by a particle
configuration where realized values of pair interaction V fol-
low the equilibrium distribution peq(V ) (see Appendix A for
details).

II. RESULTS

A. Spectral peaks and wings

We now report our results for calorimetric spectroscopy
and will first consider a simple particle independent offset
E0 = 1.5 with Ul ≡ 0 following Ref. [35]. We measure the
imaginary part C′′

v of the heat capacity at frequency ω accord-
ing to Eq. (4). Figure 1(a) shows the calorimetric relaxation
spectra computed against a wide range of frequency ω, as en-
abled by superior computational efficiency of lattice models.
A void density φv = 1% is considered. We observe clear α

FIG. 1. Calorimetric relaxation spectra C′′
v at various tempera-

tures T for moderately strong glass (G0 = 1) with a void density
φv = 0.01 and a barrier-offset fluctuation Ũ = 0 (a), 0.5 (b), and
1 (c). We observe α peaks in (a)–(c), β peaks in (a) and (b), and
excess wings (black dashed lines) in (c). (a)–(c) Analytic prediction
C′′

TLS (red lines) from Eq. (7) shows agreement with C′′
v at high ω. (a)

C′′
v ∼ ω and C′′

v ∼ ω−0.6 (black dotted lines) are aids to the eyes.

peaks at all T . They are asymmetric and follow the power
laws C′′

v ∼ ω and C′′
v ∼ ω−0.6 on the low- and high-frequency

sides, respectively, consistent with findings in experiments
[14,44,45] and MD simulations [16]. The exponent −0.6 on
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the high-frequency side is also related to the stretching relax-
ation exponent reported in the energy relaxation function in
Fig. 7 in Appendix A. Aside from stretched exponential relax-
ations, glassy systems can also exhibit compressed relaxation
dynamics typically under nonequilibrium conditions [46–48]
which is interesting but have not yet been reproduced by the
DPLM and further nonequilibrium studies are required.

We also observe β peaks or excess wings depending on the
hopping barriers. From Fig. 1(a), a high-ω shoulder emerges
and sharpens into a distinct peak as T decreases. This sec-
ondary peak, or its broadened form to be discussed below, is
present at sufficiently low temperatures in all our simulations
and we identify it as the JGβ relaxation [49]. Note that their
widths are narrower than typical ones in experiments [10,11]
and simulations [21,50], a feature due to a narrow distribution
of particle hopping barriers E0 + max (�E , 0) assumed in
Eq. (2) with Ul ≡ 0. In fact, particle hopping barriers have
been found to admit large fluctuations [51] and can depend on
the bond types [38]. We now enlarge the barrier fluctuations
in the DPLM accordingly. As randomness in the barriers must
be quenched for any given particle configuration for modeling
glasses, a simple effective approach is to introduce a particle
dependent barrier offset Ul for particle l in Eq. (2) following,
e.g., an exponential distribution [51]

f (Ul ) = 1

Ũ
e−Ul /Ũ , Ul � 0 (5)

with a parameter Ũ representing both the mean and standard
deviation of this distribution. Figure 1(b) shows the spectra at
Ũ = 0.5, revealing broadened β peaks. Results qualitatively
resemble dielectric spectra of, e.g., a butoxy-propanol [11].
At an even larger Ũ = 1, the peaks as shown in Fig. 1(c)
are further broadened into features resembling excess wings
[12]. This trend is consistent with experimental observations
in metallic glasses in which a narrower distribution of mixing
enthalpy among various pairs of constituent atoms leads to
more pronounced β peaks [5,15]. In contrast, varying Ũ does
not affect the geometric characteristics of the α peaks as
shown in Figs. 1(a)–1(c). In addition, we believe that δT = 6%
used here corresponds to the linear perturbation regime (see
Appendix B).

B. Relaxation mechanisms

We now suggest the microscopic origins of the spectral
peaks based on real-space particle and void dynamics. For
duration t , we study the particle displacement profile d (	x, t )
at position 	x starting from its initial position 	x0 at time t = 0
when the temperature perturbation occurs, which is defined as

d (	x, t ) = |	x − 	x0|. (6)

Consider T = 0.14 and Ũ = 0 for which a clear β peak is
observed. Figure 2 shows the profiles at relaxation times τβ =
1/ωβ 
 0.05 and τα = 1/ωα 
 5.5 × 106, where ωβ and ωα

are the peak positions obtained from Fig. 1(a) by fits to the
Debye formula [52].

At τβ , we see from Fig. 2(a) that only some particles
immediately adjacent to the voids have hopped while nearly
all others are stationary. This supports the picture that single
hops of voids are responsible for the β relaxation. To fur-

FIG. 2. Particle displacement profiles d (	x, t ) over duration t =
τβ (a) and τα (b) for T = 0.14 under the same conditions as in
Fig. 1(a). Stationary particles are shaded in blue and black squares
show the final void positions.

ther justify this, we analyze a simplified model of two-level
systems (TLS) in which only particles initially (t = 0) neigh-
boring the voids can perform single hops. At the very low T
studied, most hops correspond to short-lived excitations and
are reversed momentarily so that the DPLM reduces to a set
of noninteracting TLSs [33]. The relaxation spectrum is then
given exactly by (see Appendix C 2 for derivation)

C′′
TLS(ω) = φvz

(1 − φv )

〈
wl (�E )ω

ω2 + Rl
2(�E )

〉
, (7)

where z = 4 is the coordination number, Rl (�E ) =
wl (�E ) + wl (−�E ) is the relaxation rate of a TLS, and
the average is over the z possible single hops of all voids.
Figure 1 has plotted C′′

TLS(ω) evaluated numerically using
Eq. (7) without any tunable parameter. We observe a good
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agreement, i.e., C′′
v (ω) 
 C′′

TLS(ω), at the high-frequency side
of the β peak with the peak position ωβ well predicted. For
ω � ωJG on the low-frequency side of the β peak, ε′′(ω)
reduces from the peak value because many TLSs are already
relaxed at time t 
 τβ by single hops of voids. At long time,
back-and-forth hopping motions within the TLSs continue
which, however, lead to no further relaxation and hence little
contribution to the spectral value at low frequency. The β

peak being a distinct peak, as opposed to only a shoulder, is
thus correlated with back-and-forth motions also known to
be important at low T [22,53]. As the frequency decreases
further from the β peak, the TLS approximation breaks down
with C′′

v (ω) � C′′
TLS(ω) due to relaxation by double and

further hops of voids. According to Eq. (7), the β peak is
located at ωβ which approximately equals the most probable
hopping rate among the successful hops of the voids (see
Appendix C 3).

At τα , Fig. 2(b) shows that many particles, including those
not initially neighboring any void, have hopped. The peak
position ωα is thus dictated by the hopping rate of all hopped
particles as expected. Note, however, that ωα � ωβ because
particles not neighboring any void initially are much slower
to hop and this will be further explained in Sec. III.

C. Temperature-dependent void density and equilibrium studies

As an alternative to calorimetric spectral measurements
involving temperature perturbations, we have also studied
structural relaxation spectra based on the self-intermediate
scattering function (SISF) at equilibrium. The SISF is calcu-
lated as

Fs(t ) = 〈
ei	k·(	xl (t )−	xl (0))

〉
, (8)

where 	xl (t ) denotes the position of particle l at time t , k =
2π/λ with λ = 2, and the average is taken over particles,
definitions of initial time t = 0, and independent runs. Fig-
ure 3 shows the time evolution of − ln Fs for both G0 = 1
(moderately strong glass) and G0 = 0.01 (fragile glass) for a
T -dependent void density

φv = φ∞
v e−Ev/kBT (9)

and E0 = 3. Here, the parameters are set to φ∞
v = 0.635 and

Ev = 0.675 (the free energy cost of a void) so that φv ranges
from 0.5% at T = 0.14 to 54% at T = 4. As T decreases, a
plateau associated with β relaxation emerges and results at a
two-step relaxation. For fragile glass, an additional secondary
plateau emerges at very low temperature, which corresponds
to a slow β, i.e., βs, relaxation, to be discussed below. Using
Fs, the structural relaxation spectrum χ ′′ is computed as

χ ′′(ω) = Im

[∫ ∞

0
dt e−iωt Ḟs(t )

]
. (10)

We have found that calorimetric spectra C′′
v reported above

closely resemble structural relaxation spectra χ ′′ based on the
self-intermediate scattering function (see Appendix C), sup-
porting that these are generic relaxation spectra. We present
our further results based on χ ′′ which can be obtained more
efficiently computationally. Figure 4(a) shows χ ′′ for condi-
tions similar to those in Fig. 1(a). We observe α and β peaks
similar to those from C′′

v . As before, we extract both τβ and τα

FIG. 3. Plots of − ln Fs against time t in log-log scale at
Ũ = 0 and E0 = 3 for moderately strong glass at G0 = 1 and
T = 1, 0.6, 0.4, 0.3, 0.24, 0.21, 0.19, 0.18, 0.17, 0.16, 0.15, 0.14
from left to right (a) and fragile glass at G0 = 0.01 and T =
1, 0.6, 0.4, 0.3, 0.24, 0.21, 0.19, 0.175, 0.1667, 0.1626, 0.155, 0.145
from left to right (b). A T -dependent φv is adopted. Insets: Fs against
time t .

from the spectral peaks. Results are shown in the Arrhenius
plot in Fig. 5(a), which qualitatively resemble those of, e.g.,
Pd40Ni10Cu30P20 [54].

Moderately strong glasses have been modeled so far as
we have adopted G0 = 1 in Eq. (1). Fragile glass is now
considered by taking G0 = 0.01 [35]. Figures 4(b) and 5(b)
show χ ′′ and the relaxation times, respectively, for the same
T -dependent void density as in Fig. 4(a). We again observe
similar α and β peaks and an Arrhenius plot qualitatively
similar to that of, e.g., Toluene [55]. Again, the β peaks can
be described on the high-frequency side by the TLS prediction
χ ′′

TLS which equals C′′
TLS (see Appendix C 1).

D. βs relaxation rate

Surprisingly, an additional slow β peak, denoted here as
βs, emerges in Fig. 4(b) for G0 = 0.01 at low T in-between
the α and the β peaks. It resembles that in some metal-
lic glasses [56], which are typically moderately fragile to
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FIG. 4. Structural relaxation spectroscopy at T =
0.14, 0.15, 0.16, 0.17, 0.18, 0.2, 0.23 for moderately strong glass
with G0 = 1 (a) and T = 0.145, 0.155, 0.1626, 0.17, 0.18, 0.2, 0.23
for G0 = 0.01 (b) with a T -dependent void density φv , E0 = 3, and
Ũ = 0. We observe α and β peaks in (a) and (b), and βs peaks in (b).
(a), (b) Analytic prediction χ ′′

TLS (red lines) shows agreement with
χ ′′ at high ω. Dashed vertical lines in (b) show analytic prediction of
βs peak positions.

fragile. We denote the relaxation time by τβ,s. To understand
the relaxation microscopically, Fig. 6 shows the displacement
profiles at time t = 0.4τβ,s, τβ,s, and 1.7τβ,s from a simulation
at T = 0.145, G0 = 0.01, and E0 = 3. They reveal that a
significant number of voids have already hopped more than
once. This displaces multiple particles, during the period of
order τβ,s which is much longer than τβ . Note that the bimodal
distribution in Eq. (1) implies that under conditions of low
T and small G0, the realized pair interactions assume one of
two characteristic energy values: a high energy of 0.5 or a
low energy of about kBT − 0.5. A βs relaxation event mainly
corresponds to a double hop of a void with the same number of
high-energy interactions in the initial and final states (denotes
as states 1 and 3) but one extra high-energy interaction in the
intermediate barrier state (denotes as state 2). The associated
energy change �E12 or �E32 when transiting from state 1 or
3 to state 2 follows:

�E12 
 �E32 
 1 − kBT . (11)

FIG. 5. Arrhenius plots of τα and τβ for moderately strong glass
(a) and of τα , τβ , and τβ,s for fragile glass (b) based on peak positions
from Figs. 4(a) and 4(b) respectively. The dashed lines show TLS
predictions to τβ and τβ,s.

At state 2, the system quickly deactivates back to state 1
or 3 with nearly equal chances. States 1 and 3 thus form
effectively a TLS, which is approximately symmetric. The
effective transition rates w13 and w31 between the two TLS
states in either direction follows:

w13 
 w31 
 wl (�E12)/2, (12)

where the factor 1
2 accounts for the probability that the hop

is not reversed after reaching the barrier state. The relaxation
rate of such a TLS, which we identify with the βs peak fre-
quency ωβ,s, is simply w13 + w31. Using Eq. (12), we get

ωβ,s 
 wl (�E12) (13)

with �E12 already given in Eq. (11). The rates thus calcu-
lated at various T by applying Eq. (2), with no adjustable
parameter, are indicated in Fig. 4(b). The results show rea-
sonable agreements with simulations, with the theoretical βs

peak frequency only slightly overestimated. We believe that
other contributions such as four-level systems with two barrier
states of similar energies slightly slow down the average βs

relaxation rate and shift the βs peaks towards lower frequen-
cies. Calculated values of relaxation time τβ,s = 1/ωβ,s are
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FIG. 6. Spatial displacement profiles d (	x, t ) of particle displace-
ments over time durations t = 0.4τβ,s (a), τβ,s (b), and 1.7τβ,s (c) for
G0 = 0.01, Ũ = 0, E0 = 3 at T = 0.145 under the same conditions
as in Fig. 4(b). Stationary particles shaded in blue and black squares
show the final positions of the voids. Colored circles highlight differ-
ent locations where each few-level system evolves over time. Up to
t = 1.7τβ,s, voids involved in the few-level systems are localized and
they do not escape further.

also shown in Fig. 5(b) and show reasonable agreements with
simulation results. Other fragile glasses, like polymer glasses,
may not show a βs peak. We expect that introducing fluctua-
tions by broadening the δ component in g(V ) in Eq. (1) or by
increasing Ũ in Eq. (5) can broaden and hence diminish the
βs peak. Note that an observable βs peak as explained above
requires a sharp distribution of the TLS transition barriers as
given in Eq. (11). In contrast, it is easy to see that such a
feature does not hold for the case of G0 
 1. Consequently,
βs peak is absent in our strong glass results.

III. DISCUSSIONS

The DPLM adopts void-induced particle hops as the only
elementary dynamics. It is remarkable that several major spec-
tral features of glass are reproduced. We have explained above
that α and β relaxations correspond to single hops of particles
and voids, respectively. Such single-hop analogs directly a
microstring motion in which a very small number of particles
hop simultaneously [28]. The continual diffusion of voids in
the DPLM results at long incoherent strings, similar to those
in molecular systems [28,29]. Note that the hop of a particle
initially far away from a void can take a much longer time than
that of a void. This is because the former in general involves
two steps: the diffusion of a void to neighbor the particle and
then the hop of the particle into the void. Denoting the typical
time of this diffusion by τdiff, we have τα = τdiff + τβ . As the
diffusion in general consists of numerous hops of the void, i.e.,
numerous β relaxations, τα 
 τdiff � τβ . Our results therefore
suggest that particle hops in the form of stringlike motions
are both α [19,20] and β relaxations [21] as proposed earlier
[22], but the whole α process also involves void diffusion.
Therefore, β relaxation acts as the precursor and mediator of
α relaxation [4,57].

Experiments on glass in general show that the β peak
height C′′

v (ωβ ) is much lower than the height C′′
v (ωα ) of the

α peak, with a ratio C′′
v (ωβ )/C′′

v (ωα ) often ranges from 0.001
to almost 0.01 across different temperatures for polymers and
metallic glasses [4,40]. From Eq. (7) and noting C′′

v (ωα ) 
 1,
we get C′′

v (ωβ )/C′′
v (ωα ) 
 φvz. This ratio implies a typical

void density φv 
 10−4 to 0.001 at temperatures with observ-
able β peaks for a coordinate number z 
 10 in 3D. However,
our model cannot at present explain a larger ratio of, e.g., ∼1
[4]. and other non-JG mechanisms such as γ realxation [58]
and other relaxation of molecular internal degrees of freedom
may need to be considered.

Our lattice model approach provides a unified picture not
only for α and β relaxations and excess wing but also for
a diverse range of glassy phenomena already reproduced in
previous DPLM simulations [23,31–39] as the model applied
here closely follows definitions used previously. Early lattice
model studies focus mainly on explaining the kinetic arrest
[59], while a lattice glass model based on particle swap dy-
namics has very recently reproduced glassy spectra with α

and secondary peaks [60]. It will be interesting to test if these
models can also reproduce many other glassy phenomena
so that consistency among explanations of various features
can be scrutinized. In general, lattice models enjoy superior
computational efficiency and are highly tractable analytically
[59]. In contrast, the best MD spectroscopic simulations can
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access the α and β peaks only at different temperatures
[21,50].

In Fig. 1, we show the diversity of β peak geometries or
excess wings caused by different distributions in the energy
barrier offset Uk defined in Eq. (5). The barrier fluctuations
may be due to the presence of multiple chemical species or
geometrical frustrations in the packing of complex molecules.
This agrees with the suggestion that the nature of excess wing
is another realization of β relaxation [9,12].

While this study focuses on the DPLM in 2D, our prior
work in 3D has characterized key glassy dynamics including
particle mean-squared displacement (MSD), diffusion coef-
ficient and its power law relation with the void density,
fragility, and self-intermediate scattering function (SISF) [61].
All results show no qualitative difference when compared
with their 2D counterparts [23,35]. Given that our dynamical
spectroscopy is derived from the SISF, a quantity shown to
behave similarly in both dimensions, we anticipate that the
qualitative features of the 3D spectroscopy would align with
the 2D results reported here.

The DPLM exhibits positional order. Although the model
does not account for geometrical frustrations, the underlying
physics of frustration is encoded in an energy disorder induced
by the random pair interactions. This is supported by a wide
range of reported glassy dynamics exhibited by the DPLM
[23,31–39], as well as by a recent molecular dynamics simu-
lation study on a glassy crystal, a system possessing positional
order but energy disorder which can successfully reproduce
glassy dynamics [62].

The DPLM adopts void-induced particle motions, which
are closely related to classical ideas of Glarum [63] and
Spaepen [64]. Nevertheless, due to the random pair in-
teractions Vkl fixed for each atomic pair during a whole
simulation, voids in the DPLM diffuse in a nontrivial po-
tential energy landscape, whereas free-volume defects in
[63,64] are assumed to follow free diffusion. As a con-
sequence of the nontrivial potential energy landscape, the
dynamics in DPLM exhibits emergent facilitation [23] more
akin to the Fredrickson-Anderson spin-facilitation model
[65–67].

To conclude, we apply calorimetric and structural relax-
ation spectroscopy to the DPLM to study α relaxation, β

relaxation, excess wing, and βs relaxation, all intuitively
understandable based on void-induced particle motions. By
increasing the width of particle hopping barrier distribution,
β peaks become broadened and eventually become the excess
wings. Both α and β relaxations are due to particle hopping
motions while the former process also includes the arrival
of voids. The temperature dependence of the spectra and, in
particular, the relaxation times for both moderately strong and
fragile glasses resemble those from experiments.
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APPENDIX A: ENERGY RELAXATION

The time evolution of the energy relaxation function φe is
given in the inset of Fig. 7 plots. To see its decay more clearly,
Fig. 7 shows − ln φe (solid lines), where a two-step relaxation
is well captured.

The second step of the two-step decay of φe corresponds to
αrelaxation and obeys the Kolhrauch-Williams-Watts (KWW)
function, i.e., φe ∼ exp[−(t/τα )β]. We extract the stretching
exponent β as the slope of the tangent of ln(− ln φe) against t
at t = τα , i.e., when − ln φe = 1. The tangents at different T
are plotted as dashed lines in Fig. 7, with the values of β also
shown. We observe that β 
 0.6 in general and this value is
close to 0.5 found in MD simulations [44].

APPENDIX B: VALIDITY OF LINEAR RESPONSE

To support that our reported results lie within the lin-
ear regime, we now report additional simulation results with
larger temperature perturbations δT = 10% and 20% at T =
0.25 and G0 = 1 and compare them with the original δT = 6%
case. We compute both the calorimetric loss C′′

v and the nor-
malized energy deviation [e(t ) − e f ]/(Ti − Tf ), where Ti =
T (1 + δT /2) and Tf = (1 − δT /2). As shown in Fig. 8, the
C′′

v curves for different δT nearly collapse, with only a minor
deviation for δT = 20% at the α peak. A similar trend is also
observed for the normalized energy deviation reported in the
inset of Fig. 8. These results indicate that δT = 6% and 10%
correspond to a linear perturbation regime, whereas simula-
tions with δT = 20% exhibit discernible nonlinear effects in
the α relaxation dynamics with a more stretched relaxation
profile. We expect similar conclusions to hold also for other
parameter regimes studied in this work.

APPENDIX C: TWO-LEVEL-SYSTEM APPROXIMATION
FOR β AND βs PEAKS

1. β peak in calorimetric relaxation spectrum

At low T , only a small number of particle hopping path-
ways are energetically favorable [69,70]. For a small void
density φv , most voids may be considered as isolated. We
thus assume in this section that only particles neighboring
the voids at time t = 0 can hop and these hops correspond to
short-lived excitations so that they are reversed momentarily.
The DPLM then reduces to a set of noninteracting isolated
two-level systems (TLSs) at low T and its relaxation spectrum
can approximate the β relaxation peak.

Consider particle l neighboring a void at time t = 0 in an
equilibrium system. At t > 0, the particle can either reside
at the original position or can hop into the void, forming a
TLS. Let E1 (E2) be the energy of the TLS when the particle
is at the original (hopped) position, with an energy difference
�E = E1 − E2. Denote the probability for the particle to be
found at the original position by pl (t ) following pl (0) = 1.
The probability to be at the hopped position is then 1 − pl (t ).
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FIG. 7. Plots of − ln φe versus time t for barrier fluctua-
tion Ũ = 0 (a), Ũ = 0.5 (b), and Ũ = 1 (c) at temperature T =
0.25, 0.19, 0.16, 0.14 from left to right for moderately strong glass
at G0 = 1 and E0 = 1.5. Insets: φe against t .

Therefore, pl (t ) follows the rate equation

∂t pl (t ) = −wl (�E )pl (t ) + wl (−�E )[1 − pl (t )], (C1)

where wl (�E ) is the particle hopping rate given by Eq. (2)
and wl (−�E ) is the backward hopping rate. Solution of

FIG. 8. Calorimetric loss C′′
v at T = 0.25, Ũ = 0, E0 =

0, and G0 = 1 at different δT = 6%, 10%, and 20%. Inset:
[e(t ) − e f ]/(Ti − Tf ) at different δT .

Eq. (C1) is simply given by

pl (t ) = pl (∞) + [1 − pl (∞)]e−Rl (�E )t , (C2)

where Rl = wl (�E ) + wl (−�E ) is the relaxation rate of the
TLS. In addition, pl (∞) is the steady state probability for the
particle to be at the original position and we get

pl (∞) = wl (−�E )

Rl (�E )
. (C3)

The expected value of the TLS energy at time t is given by

El (t,�E ) = E1 pl (t ) + E2[1 − pl (t )]. (C4)

In our system with L2 lattice sites and a void density φv , the
total number of particles is N = (1 − φv )L2 and the number
of TLS equals φvzL2, where z = 4 is the lattice coordination
number. We define the energy relaxation function for all par-
ticles as

φe(t ) =
[

1 − φvz

(1 − φv )

]
+ φvz

(1 − φv )

〈
El (t,�E ) − E2

�E

〉
,

(C5)

where the average is taken over all TLS. Here, φvz/(1 − φv )
equals the ratio between the number of TLS and the number
of particles in the system. This results from averaging over all
particles in arriving at Eq. (C5), including those not partici-
pating in any TLS. These nonparticipating particles have no
contribution to relaxation under the current approximations
and are accounted for by the first term in Eq. (C5). Using
Eqs. (C4) and (C5), the time derivative of φe can be calculated
and simplified to

φ̇e(t ) = φvz

(1 − φv )
〈ṗl (t )〉. (C6)

By applying Eqs. (4), (C2), and (C6) we get

C′′
TLS(ω) = φvz

(1 − φv )

〈
wl (�E )ω

ω2 + Rl
2(�E )

〉
, (C7)

which is Eq. (7) used in the main text. After formally per-
forming the averaging, we arrive at our final expression for
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the numerical evaluation of C′′
TLS(ω):

C′′
TLS(ω) = φvz

(1 − φv )

∫ ∞

−∞
d (�E )P(�E )

∫ ∞

0
dUl f (Ul )

× wl (�E )ω

ω2 + Rl
2(�E )

. (C8)

Here, f (Ul ) is the probability distribution of the hopping
energy barrier offset Ul given by Eq. (5). The probability
distribution P(�E ) of the energy change �E is calculated
by numerically taking the convolution over the probabil-
ity distributions of six interactions, including three newly
formed interactions following the a priori distributions g(V )
and three existing ones following the a posteriori distribu-
tions peq(V, Ti ) ∼ exp(−V/kBTi )g(V ) [69], where kB = 1 is
the Boltzmann constant.

2. β peak in structural relaxation spectrum

In a TLS, a particle l is either at the origin position with
a displacement 	ul = 	0 or it has hopped into the void position
with a displacement 	ul = 	a, so that 	a is the relative position
between the neighboring sites constituting the TLS. The par-
ticle displacement distribution is hence

P (	ul , 	a, t,�E ) = pl (t )δ	ul ,	0 + [1 − pl (t )]δ	ul ,	a, (C9)

where pl (t,�E ) is given by Eq. (C2) and δ denotes the Kro-
necker delta. For a wave vector 	k,

〈ei	k·	ul 〉	ul = pl (t ) + [1 − pl (t )]ei	k·	a, (C10)

where we have only averaged over 	ul = 0 or 	a. Taking 	k =
kî where î is a unit lattice vector and averaging over all four
possible directions of 	a, we get

〈ei	k·	ul 〉	ul ,	a = pl (t ) + [1 − pl (t )]
(

1
2 cos ka + 1

2

)
. (C11)

It further reduces to 〈ei	k·	ul 〉	ul ,	a = pl (t ) after substituting k =
2π/λ, λ = 2a, and a = 1. Formally averaging over possible
values of �E and Ul , our result is finally averaged over
all TLSs and we get 〈ei	k·	ul 〉 = 〈pl (t )〉. Converting the above
average over TLSs to one over particles and taking a time
derivative on the result, Eq. (8) becomes

Ḟs(t ) = φvz

(1 − φv )
〈 ṗl (t )〉, (C12)

which is directly analogous to Eq. (C6). Finally, using
Eqs. (10), (C2), and (C12) and comparing the result with
Eq. (7), the structural relaxation spectrum χ ′′

TLS under the TLS
approximation follows

χ ′′
TLS = C′′

TLS (C13)

as reported in the main text.

3. The most probable hopping rate of successful hops of voids

We will now relate the β relaxation rate ωβ with the void
hopping rate by showing that

ωβ 
 ŵ, (C14)

FIG. 9. Arrhenius plot of 2ŵ, 2w and ωβ for G0 = 1 (a) and G0 =
0.01 (b), respectively. Values of ωβ are from maximizing Eq. (C8).

where ŵ denotes the most probable hopping rate of the
successful hops of voids. We emphasize that ŵ concerns suc-
cessful hops and can be obtained by, for example, examining
hops of voids which have occurred during a period of simu-
lation. This is distinct from considering all possible hops of
voids, many of which can be energetically unfavorable and
contribute little to the statistics.

The analysis applies for both C′′
TLS(ω) and χ ′′

TLS(ω). For
simplicity, our discussion focuses only on the former. We
rewrite Eq. (C8) as

C′′
TLS(ω) = φvz

(1 − φv )

∫ ∞

−∞
d (�E )P(�E )

∫ ∞

0
dUl f (Ul )

× wl (�E )

2Rl (�E )
g(ω), (C15)

where

g(ω) = 2Rl (�E )ω

ω2 + Rl
2(�E )

. (C16)

Here, the function g(ω) has a single peak of value 1 located at
ω = Rl (�E ). Assuming that narrowing down the peak width
of g(ω) may not shift the β peak position ωβ significantly,
we take the rough approximation that g(ω) ∝ δ[ω − Rl (�E )],
where δ(·) denotes the Dirac delta function. We also neglect
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the dependence of Rl (�E ) on �E and Ul , which is much
weaker compared with that of wl (�E ). We get

C′′
TLS(ω) ∝

∫ ∞

−∞
d (�E )P(�E )

∫ ∞

0
dUl f (Ul )

× wl (�E )δ[ω − Rl (�E )]. (C17)

Noting that the integrand is dominated by small �E satis-
fying ‖�E‖ � kBT , we have wl (�E ) 
 wl (−�E ) so that
Rl (�E ) 
 2wl (�E ). Therefore, we get

C′′
TLS(ω) ∝

∫ ∞

−∞
d (�E )P(�E )

∫ ∞

0
dUl f (Ul )

× wl (�E )δ[ω − 2wl (�E )]. (C18)

On the other hand, the probability distribution �(w) of the
hopping rate w of successful hopping events of voids, i.e., of
particles hopping into neighboring voids, is given by

�(w) = 1

Nw

∫ ∞

−∞
d (�E )P(�E )

∫ ∞

0
dUl f (Ul )

× wl (�E ) δ[w − wl (�E )], (C19)

where Nw is a normalization constant. A factor wl (�E ) in the
integrand accounts for the relative probability that a possible

hop occurs successfully. Comparing Eqs. (C18) and (C19), we
find

C′′
TLS(2w) ∝ �(w). (C20)

Hence, the peak position ωβ of C′′
TLS(ω) follows:

ωβ 
 2ŵ, (C21)

where ŵ maximizes �(w) and is thus the most probable
hopping rate of successful hops of voids in the system. Equa-
tion (C21) can be simplified to Eq. (C14), as the factor 2
is in most cases negligible. In addition, ŵ can further be
approximated by the average hopping rate w̄ of successful
hops of voids, i.e., ŵ 
 w̄. Equation (C21) then implies

ωβ 
 2w̄. (C22)

To verify that Eqs. (C21) and (C22) are consistent with ωβ

from the more accurate expression of C′′
TLS(ω) in Eq. (C8),

we have performed DPLM simulations in which we record
the hopping rate w of each successful hop of a particle into a
void. Its probability distribution �(w) is measured. The most
probable value ŵ and the average w̄ are computed. Figure 9
compares ωβ with ŵ and w for both fragile (G0 = 0.01)
and strong (G0 = 1) cases, verifying Eqs. (C21) and (C22)
and justifying the δ-function approximation we have taken on
g(ω).
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