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Abstract

In [40], a biological experiment with yeast was successfully designed to verify a seemingly
counterintuitive mathematical phenomenon: in a heterogeneous environment, dispersal can
allow a species’ total population to exceed its carrying capacity. A key finding of [40] high-
lights the critical role of resource dynamics in shaping population dynamics. To shed light
on this striking biological insight, a novel consumer-resource model was proposed in [40].
This paper aims to analyze this consumer-resource system, which incorporates resource
decay and consumer loss, under conditions where the resource input rate may exhibit spa-
tial heterogeneity and temporal periodicity. We characterize the persistence or extinction of
both consumer and resource populations based on their dispersal rates and a relaxation-time
parameter. Additionally, we derive the asymptotic profiles of positive periodic solutions as
the resource dispersal rate becomes sufficiently small or large. Our results reveal several
notable insights: (a) resource decay, even when slight, acts as a decisive factor preventing
unlimited growth of resource abundance; (b) the consumer mortality rate is a key determinant
of the consumer population’s persistence or extinction; (c) when the consumer mortality rate
is moderate, a temporally homogeneous resource input may be more advantageous for the
consumer population than a temporally periodic one. We employ a variety of methods to
establish our results, including the parabolic comparison principle, the upper-lower solution
method for mixed quasi-monotone systems, the theory of asymptotically periodic systems,
the uniform persistence theory for infinite-dimensional dynamical systems, and the principal
eigenvalue theory.
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1 Introduction

Despite the extensive theoretical studies on diffusive logistic models (cf. [2, 4, 5, 7, 19, 20,
23, 29, 31, 36] and references therein), experimental validations of these theoretical findings
are scarce. Notable exceptions include recent works by Zhang et al. [40] and Zhang et al.
[41]. One central issue concerned in the experiment by Zhang et al. [40] is that the available
resources are influenced by the feedback from the exploitation by consumers. Consequently
the population parameters such as the carrying capacity and growth rate emerge from the
interaction of consumers with exploited renewable resources. To investigate the effect of such
feedback on the consumer and resource population dynamics, Zhang et al. [40] proposed the
following consumer-resource model

Z; =uAZ+7 r(x)N_()_ x)Z eQ,t>0
>
= U TN c(x) —glx , x , ,
Ny = Np(x) x)N reN eQ.t>0
= x) —o(x _— X , 1>V,
! R y(k+ N) (L.1)
9;Z =0, x €0, >0,

Z(x,0)=Z;(x) >,#0, N(x,0) =N;(x) >0, x e,

where Z(x, t) and N (x, t) denote the densities of the consumer population and the renewable
resource (nutrient) at position x and time ¢, respectively, 2 C R™(m > 1) is a bounded
domain with smooth boundary. Here A = Y"1, %2_2 is the usual Laplace operator and the
constant i > 0 denotes the dispersal rate of the consumer population; r, ¢ and g represent,
respectively, the growth rate, mortality rate and loss rate due to the self-regulation of the
consumer population; the function Ny stands for the resource input, o is the decay/loss rate
of resource from the system, k is the half-saturation constant, y is the yield rate from the
resource to the consumer population and 7 (x) is the outward unit normal vector at x € 9.
The global dynamics of (1.1) have been studied in [9, 11, 12, 38] for ¢ = ¢ = 0. When
r, g and Ng are spatially homogeneous (i.e. constant), He et al. [9] first showed that the
large (resp. small) yield rate leads to the global stability of the constant steady state with
unlimited (resp. limited) resource. When r, g and Ng are spatially heterogeneous, He et al.
[9] showed that there is a positive steady state with the partially limited resource in space
for intermediate yield rate, which can not occur in the spatially homogeneous environment,
and the resource-unlimited steady state is globally stable for large yield rate; He et al. [11]
and Yao et al. [38] further obtained the global stability of resource-limited steady state for
small yield rate; He et al. [12] studied the joint effects of the resource, the loss rate and the
dispersal rate on total consumer populations for small yield rate. It was pointed out in [9] that
the distinction between spatial homogeneity and heterogeneity for the intermediate yield rate
is relevant to an experiment result of Zhang et al. [40] that spatially homogeneous resource
distribution could produce higher population abundance than the spatially heterogeneous one.
In addition to the afore-mentioned works, there are some results (cf. [33-35, 37]) concerning
the dynamics of patched consumer-resource models which can be regarded as the discrete
version of (1.1) in space.

As mentioned above, the current analytical results for the consumer-resource model (1.1)
appear to be available only in the simplified case ¢ = ¢ = 0 (i.e. zero mortality for both
consumer and resource populations). One purpose of this paper is to consider model (1.1)
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with ¢ > 0 and o > 0, investigating how the mortality rates of both consumer and resource
impact the persistence or extinction of the consumer population. Moreover, we shall consider
several other pertinent factors. These include the temporal variability of the resource and the
resource dispersal. A notable example of this is the renowned laboratory experiment by Zhang
et al. [40] with yeast diffusing in a heterogeneous environment containing exploitable and
renewable nutrients (resources), where the nutrient was replenished at regular intervals (pre-
cisely every 24 hours). In the natural environment, temporal variability arising from climate
change and anthropogenic activities can have profound implications for ecosystems. For
example, it can change the environmental carrying capacity (cf. [28]) or affect the temporal
average population size (cf. [39]). This is because the distribution of resources is significantly
influenced by climate change and human activities. Another crucial factor that merits our
attention is resource dispersal resulting from the non-uniform distribution of resources. In
general, biological dispersal can be a strategy boosting population abundance in a single-
species community [19, 40], or enhancing species fitness in a heterogeneous landscape [4,
6].

To take into account the factors mentioned above for the consumer-resource dynamics,
we incorporate the resource dispersal and resource input periodicity into (1.1) to consider
the following periodic diffusive consumer-resource model

rN
fzt:MAZ‘i‘Z(m_c—gZ), xEQ,t>0,
N, = dAN + Np(.1) — oN — —NZ €Q,1>0
= x,t)—oN — ———, x .t >0,
’ i yk+N) (12
0;Z = o; N =0, x €0, >0,

Zx,0)=Z;(x) >,#0, N(x,0) = N;(x) >0, x e,

where 7 is the relaxation time representing the characteristic time for the consumer population
to reach an equilibrium condition after a disturbance, u and d denote the dispersal rates of
the consumer and the resource, respectively, the input rate Ng(x, t) is time-periodic with
period w > 0, and all other variables and parameters have the same biological meanings as
those in (1.1).

All parameters 7, u,d, r, k,c, g, 0,y are assumed to be nonnegative constants in this
paper. Denote

CH@xRy) ={p e CH@xRY)Ip(x, 1) = p(x,t + ), V(x,1) € Q& x Ry},

where k, [ > 0, R4 := [0, 0o) and w is a positive constant. The resource input rate function
Ng(x, t) satisfies the following basic hypotheses:

(H1) Ng(x, 1) is spatially heterogeneous and strictly positive on 2 x R, and Nz (x, t) €
CE% (@ x Ry) witha € (0, 1).

In this paper, we primarily address the case that N is spatially heterogeneous, while our
results remain valid for spatially homogeneous Nr with simpler conclusions (see Remark
1.4). Our first result concerns the global well-posedness and asymptotic behavior of solutions
to (1.2) with o, ¢, d > 0. To put our result into perspective, let us first recall a result of [9],
which shows that model (1.2) with temporally homogeneous input Ng ando =c=d =0
may lead to unlimited resource, namely N — oo uniformly as ¢+ — oo for large yield rate
y. In contrast, here we show the resource will be limited uniformly in time for all ¢,d > 0
as long as o > 0, as stated in the following theorem.
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Theorem 1.1 Assume that @1) holds. Let o, c,d > 0 and all other parameters be positive.
Then for any Zj, Ny € C(L2), system (1.2) has a unique classical solution (Z, N) on 2 x
[0, co) satisfying

0<Z<p:= max:mngI(x), :} and N>0,VxeQ,t>0. (1.3)
Q 8

Moreover, the following conclusions hold true:

_ N , _
(i) Ifo > 0,then) < N < pr := max [ maxg Ny (x), maxg%]R(M)}fm’x e Q,t>
0.
(i) If o =0, then
r(r—c)

(%C,oo) if0<c<randy > yy =
0,00)  ifc=r,

g minﬁxw’w] Ng’

(Z,N) —> {

uniformly as t — oo.

Theorem 1.1 demonstrates that the resource decay (i.e. o > 0) can prevent the infinite-time
blow-up of the resource (i.e., resource overabundance), whereas the resource dispersal fails
to achieve this (for more detailed biological implications, refer to Remark 1.3-(3)). Never-
theless, the long-time behavior of the solution remains unknown. Hence, the second goal
of this paper is to ascertain the global dynamics (persistence and extinction) of (1.2). It is
well-known that the global dynamics of monotone dynamical systems can be derived from
their local dynamics via monotone semi-flow theory [13, 30]; consequently, they can be
fully characterized by leveraging principal eigenvalue theory. This approach is exemplified
by competition systems in temporally homogeneous environments [10, 19] or temporally
periodic environments [1, 14, 16]. However, this theoretical framework can not be applied
to the non-monotone consumer-resource system (1.2) considered in the present study. The
existing literature on the global dynamics of non-monotone time-periodic reaction-diffusion
systems is rather scarce except for some notable works [18, 26] on the SIS epidemic models.
Peng and Zhao [26] derived persistence and extinction results for certain specific classes of
disease transmission and recovery rates, while Liu and Lou [18] extended these findings to
more general transmission and recovery rates by introducing innovative contributions to the
principal eigenvalue theory for linear time-periodic operators. It is worth mentioning that the
analysis of [18] heavily replies on the distinctive structure of SIS epidemic models where
the semi-trivial periodic solution is a constant. As a result, the coefficients of the linearized
time-periodic parabolic eigenvalue problem of the SIS epidemic models are independent of
the period. This is in contrast to the consumer-resource model (1.2), where the semi-trivial
periodic solution is non-constant. This essential difference inspires us to leverage the relax-
ation time 7 to classify the persistence and extinction dynamics of (1.2), thereby enhancing
our understanding of the complex behavior underlying the non-monotone consumer-resource
system (1.2).

To state our results, we introduce some terminologies and notation. Clearly, (1.2) may
have the following two classes of nonnegative periodic solutions when Ng (x, t) is temporally
periodic with period @ > 0:

e Semi-trivial w-periodic solution (0, 6,);
e Positive w-periodic solution (Z,, N,) with Z,, N, > 0.
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Here 0, € C2M'T/2(G x R.) denotes the unique positive w-periodic solution of the
following periodic-parabolic equation

0 =dAO 4+ Nr(x,t) —060, xe€Q,t>0,

3:0 = 0, x€oQ,1>0, (1.4)
O(x,t+w)=0(x,1), xeQ,t>0,
and (Z,, N,) satisfies
Zi=unz+z (N z €Q.t>0
T = —— — C— s , 1 >0,
P=H pny ikt x
N, = dAN + Np(x. 1) — o N — — N2 €Q,1>0
= s —O0ON — —————, , [ > U,
: R(x SEEN x (1.5)
9:Z = 8; N = 0, x€oQ,1>0,

Zx,t +w)=Z(x,1), N(x,t +w) = N(x,1), xe€Q,t>0.

The existence and uniqueness of solutions to (1.4) have been obtained in [22, Proposition
4.4.8]. We say that (0, 8,) is globally asymptotically stable if the solution (Z, N) of (1.2)
satisfies

System (1.2) is said to be uniformly persistent if there is a constant € > 0 so that the solution
(Z, N) of (1.2) satisfies

liminf Z(x,t) > € and liminf N(x,?) > € uniformly on Q.
—00 11— 00

Our second result is concerned with the dynamics of (1.2) with temporally heterogeneous
input Ng. Inspired by an idea of Liu and Lou [18], we define the following quantities

1 @ L re
£y = —/ / Ba(x, )dtdx, £ := max—/ Ba(x, 1)dt,
a)IQl QJo xeQ @ Jo
1 w
£3 1 = max — / Ba(F (1), t)dt, (1.6)
xeX w Jo
where 04(x. 1)
rog(x,t
, 1) i = ———
Pale D = e

and X = {¥ € CRL; Q)|Z() = T(t + w)}. Here C(R4; Q) is the set of all continuous
mappings from Ry to @ C R™(m > 1). One can readily verify that £ < €, < 3,
where £; = ¢, if and only if fow Ba(x, t)dt is independent of x, and £, = ¢3 if and only
if [y’ Ba(X(r), 1)dt reaches its maximum at X(r) = x; € X for some point x; € Q. Since
64 is the w-periodic solution of (1.4) describing the resource dynamics in the absence of
consumption, B, is the optimal spatiotemporal growth rate of the consumer. Then ¢; can
be interpreted as the averaged optimal spatiotemporal growth rate across the entire habitat
and full resource cycle; £> denotes the spatial maximum of temporally averaged optimal
growth rate; £3 is the maximum of temporally averaged optimal growth rate along all moving
pathways followed by the resource.

Noticing that the consumer population will become extinct when (0, ;) is globally asymp-
totically stable, we define the persistence region

Ap = {(u, 1) € (0, 00)?| system (1.2) is uniformly persistent} 1.7)
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and the extinction region
Ao :={(u, 1) € (0, oo)2|(0, 64) is globally asymptotically stable} (1.8)
in terms of x and 7. Then we have the following results.

Theorem 1.2 Assume that (H1) holds. Let ¢ > 0 and all other parameters be positive. By
fixing all parameters except | and t, the following assertions hold.

(i) If0 < ¢ < ¢y, then A, = (0, 00)°.

(ii) If €1 < ¢ < £, then there are two constants [Ly, W* with u* > uy > 0 and a unique
continuous function T : (s, u*1 — [0, 00) satisfying T(u) > 0 forall u € (s, u*),
T(u*) =0, lim,_,,, T(u) = oo, such that

Ap = [(0. pal % (0, 00)] U [ ") x (0. ()] and Ao = (0.00)> \ Ap.

In particular, if g — %fow Badt is independent of x € Q, then jy, = u* A, =
0, u*) x (0, 00) and A, = [u*, 00) x (0, 00).

(iii) If €2 < ¢ < &3, then there is a unique continuous function T : (0, u*]1 — [0, 00)
satisfying T(u) > 0 for p € (0, u*), T(u*) = 0 and lim,_,o T() = 0, so that

Ap = (0, u*) x (0,T(w) and A, = (0,00)* \ A.
@iv) Ifc > 3, then A, = (0, 00)2.

Moreover; system (1.2) admits a positive w-periodic solution if it is uniformly persistent.

Remark 1.1 Theorem 1.2, as illustrated in Figure 1, classifies the persistence and extinction
dynamics in terms of (u, 7). We give some further remarks on Theorem 1.2 and Figure 1.

(i) When Ny is temporally homogeneous, we have f; — % fé” Badt = 0 and ¢; <
¢y = £3. In this case, the assertion (iii) in Theorem 1.2 will not occur, and for all
£y <c <43, Ap =(0,u*) x(0,00) and A, = [u*, 00) x (0, 00).

(i) When Np is temporally heterogeneous, we have the following clarifications.

(ii.1) For the critical case ¢ = £, we can use Theorem A.l1 and Theorem A.2 (i) with
B = B* to obtain a critical curve T(u) separating the persistence and extinction
regions for u € (0, u*], which satisfies vi(T(u), u, B¢ —¢) = 0 and T(u*) = 0
(see the definition of v in Sect. 3.1). But the behavior of T(x) as 4 — 0 remains
unknown since the hypothesis (H) in Theorem A.2 (i) is not imposed in our paper
and hence we can not draw a precise graph for T(x) when ¢ = ¢;. We do not know
whether b, = — B, + {> satisfies the hypothesis (H) in Theorem A.2 (i). If it does,
then the graph in Figure 1 (iii) includes the case ¢ = £5.

(ii.2) The value p4 in Theorem 1.2 (ii) satisfies u« — 0 as ¢ ' £, (see the proof of
Theorem 1.2 and Remark A.1). However, when ¢ € (£1, £3), the curve T = T(u)
satisfies lim,_,,, T(u) = oo, while when ¢ € ({2, £3), the curve T(u) satisfies
lim;, o T(n) = 0, which gives rise to a sharp transition between ¢ € (£1, £2) and
c € (€2, £3) (see Figure 1 (ii), (iii)).

Next we proceed to consider the global dynamics of (1.2) for the case where Ny is
temporally homogeneous (i.e., Ng(x, ) = Ng(x) on Q x R,). In this case, 6 (x, 1) = 64(x)
and we will classify the persistence and extinction dynamics of the consumer population in
terms of (d, ). To present our result, we introduce three quantities
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T T

*

(1)0§c§€1 (ii)€1<c<€2

K
3

= H H

(lll) ly < c< {3 (IV) c> U3

Fig. 1 Illustration of Theorem 1.2, where the consumer population is uniformly persistent in the green region
while becomes extinct in the yellow region

/‘ rNR(x) er Ng(x)dx r maxg Ng
= dx, ¢ := , (3= ——>
"TQ) Jo ko + Nr(x) 2T kol + Jo Nedx' 7T ko + maxg Ny
(1.9)
and define 8,00)
_rba(x)
h(d) = X, 1.10
@)= |9|/ 0" (110)
where ¢; < ¢ < c¢3 (see Lemma 4.2). Note that £; = ¢; fori = 1,2,3 when Ny is a

constant. We note that by the asymptotic properties of 6, established in Lemmas 3.5-3.6, ¢
and c3 can be interpreted as the spatially averaged and maximal consumer growth rate for
the slow resource diffusion (i.e. 0 < d < 1), respectively; ¢ is the consumer growth rate for
the rapid resource diffusion (d > 1), where rapid diffusion homogenizes the resource into a
spatially uniform state.

Define the persistence region

Iy :={d, ) e, oo)2| system (1.2) is uniformly persistent} (1.11)
and the extinction region

T, = {(d, 1) € (0,00)%](0, 67) is globally asymptotically stable} (1.12)
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in terms of d and u. Then we can completely classify the global dynamics of system (1.2),
as stated below.

Theorem 1.3 Assume that (H1) holds and Ng is temporally homogeneous. Let ¢ > 0 and all
other parameters be positive. Fixing all parameters except u and d, we have the following
conclusions.

(i) If0 <c <cy, thenT), = (0, 00)%
(ii) Ifc = c, then there is a continuous functionU : [0, co) — (0, co) satisfying U (d) —
oo asd — oo, such that '), = (0, 00) x (0,U(d)) and I'e = (0, 00) x [U(d), 00).
(iii) Ifc > c3, then T, = (0, 00)2.
(iv) If ci < ¢ < ¢y, then there is a constant [t > 0 and a continuous function U :
[0, dR,) — [f, 00) satisfying limd/vdhl U1 (d) = oo such that

[0, dny) x [, U1 (d))] U (0, diy) x (0, ()] U [[dpy 00) x (0,00)] C T

and (0, dp,) x [U1(d),00) C I'y, where dp, and dp, are the smallest and largest
positive roots of I(d) = c, respectively. If dp, # dp, (i.e. i(d) = c has at least two
roots), then there are two constants Iy, ry, with I, < rp, and h(lp) = h(rp) = ¢, such
that either

[lr, rr] C {d € [dr,, dr,]|I(d) > c}, (1.13)

or
(I, ) C {d € (dn,. dny)|(d) < c}. (1.14)

If the case (1.13) occurs, then [Ip, rp] X [ft, 00) C T'p; if the case (1.14) occurs,
then there is a continuous function Uy : (Ip, rp) — [, 00) with limg~y, Un(d) =
limg »r, Up(d) = oo such that (I, rp) x [ft,Up(d)) C Tp, and (Ip,rp) X
[Un(d), o0) C Te. y
(v) If c < ¢ < c3, then there is a constant i > 0 and a continuous function U :
[0, dg,1 — [0, ] satisfying Uy (dg,) = 0 and Uy (d) > O for d € [0, dg,) such that

[(0. dp,) x [Ui (d), A1) U (0, dg,) x (i1, 00)] U [[dp,, 00) x (0, 00)] C T,

and (0, dg,) x 0,4 (d) C I, where dg, and dg, are the smallest and largest
positive roots of max . .q B4 (x) = c, respectively. If dg, # dg, (i.e. maxg Bq = ¢ has
at least two roots), then there are two constants lg, rg with lg < rg and maxg ﬁgﬁ =
maxg B, = ¢ such that either

(Up.rp) C {d € (dp,. dg,)| max Ba(x) > c], (1.15)
xeQ
or
g, rp] C {d € [dp, . dg,]| max Ba(x) < c}. (1.16)
xR

If the case (1.15) occurs, then there is a continuous function Ug : [lg, rg] — [0, 1]
satisfying Ug(lg) = Up(rg) = 0 and Ug(d) > 0 for d € (lg, rg) such that (Ig, rg) x
0,Up(d)) C T and (lg,rg) x [Ug(d), il C T, if the case (1.16) occurs, then
[l/g, I‘/g] x (0, ﬂ] c I..

Moreover; system (1.2) admits a positive steady state as long as it is uniformly persistent.

Remark 1.2 Theorem 1.3 is illustrated in Figure 2. We give some further remarks on Theorem
1.3 and Figure 2.
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14

(if) c= ¢ (ili) ¢ > c3

0 dp, In Tho dpy 0 dp, In T dpy

(iv.1) e < ¢ < cp and (1.13) (iv.2) 1 < ¢ < ¢p and (1.14)
Iz I

0 dg, lg rg dg,

0 dp, g T dg,

(v.1) ca < ¢ < ¢z and (1.15) (v.2) ca < ¢ < c3 and (1.16)

Fig.2 Illustration of Theorem 1.3, where the consumer population is uniformly persistent in the green region
while becomes extinct in the yellow region. In the orange (resp. violet) region, the persistence and extinction
of the consumer population is determined by the sign of /i(d) — ¢ (resp. max g Bq(x) — ¢), as demonstrated
ford € (I, rp) (resp.d € (Ig, 1))

(i) When ¢| < ¢ < ¢, the number of roots of /(d) = ¢ is unknown. It follows from the
proof of Theorem 1.3 (iv) that

lim A(d) = c; < Wd) < ¢ = lim h(d), VYd > 0.

d—0 d—o0
This means that i(d) = ¢ has at least one positive root for any ¢ € (cy, ¢2). In general,
h(d) = ¢ may have multiple (possibly infinitely many) roots.

(i) When ¢, < ¢ < c3, the number of roots of max , .5 B4 (x) = ¢ remains unknown. But
the proof of Theorem 1.3 (v) indicates

lim max B4(x) = ¢3 > max fg(x) > ¢ = lim max 4(x), Vd >0,
d—0 xeQ xeQ d—00 xeQ
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which implies that max, g B4(x) = c has at least one positive root for any ¢ €
(3, c3). We further show in Lemma 4.3 that if

2 is a bounded interval in R, Ng € C ! () and Ng is monotonic in x € €,

then max . g 64 (x) is strictly decreasing in d, which implies that max g B4(x) = ¢
has exactly one positive root for any ¢ € (cz, ¢3). But generally, max g B4(x) = ¢
may have multiple (possibly infinitely many) roots. In addition, the smallest positive
rootdg, of max, g Bq(x) = ctendstoooasc \( c2. Wenote thatlimg— o U(d) = 00
for ¢ = ¢y, whereas limd/dﬁ] Ui(d) = 0 for ¢ € (c2, c3). This leads to a sharp
transition from Theorem 1.3 (ii) to Theorem 1.3 (v) (see Figure 2 (ii), (v.1) and (v.2)).

(iii) Figure 2 is just a schematic illustration. The curves U (d), U(d) and U(d) exist for
c € (c1,c2),c =cyandc € (¢, ¢3), respectively, but their monotonicity with respect
to d remains unknown.

Remark 1.3 As recalled in Section 1, the global dynamics of model (1.2) with temporally
homogeneous input Ng and ¢ = ¢ = d = 0 has been extensively studied in [9, 11, 38]. This
paper primarily focuses on the scenario where Nk exhibits spatial heterogeneity, o, ¢ and d
are nonzero and nonnegative. Based on our results, we have the following observations.

(1) When the resource does not decay (¢ = 0), an infinite-time blow-up of the resource
population will occur irrespective of the resource dispersal under two scenarios: large
mortality rate of the consumer (i.e. ¢ > r) or small mortality rate (i.e. ¢ < r) but
large yield rate (i.e. y > yp), as stated in Theorem 1.1 (ii). As long as the resource
decays (o > 0), the blow-up of the resource is prevented regardless of the influence of
other factors such as the yield rate or the resource dispersal, as described in Theorem
1.1 (i). Remarkably, these results hold true for both temporally homogeneous and
heterogeneous resource inputs. This indicates that the resource decay emerges as a
decisive factor that prevents the resource abundance from escalating to an explosive
or overly abundant level.

(2) For both temporally heterogeneous and homogeneous resource inputs, regardless of
whether the resource decays (i.e. o > 0), a high consumer mortality rate (specifically
¢ > rinthecase o0 = Qand ¢ > max{¢3, c3}inthe case o > 0)resultsin the extinction
of the consumer population. This conclusion aligns with Theorem 1.1 (ii), Theorem
1.2 (iv) and Theorem 1.3 (iii) (see also Figure 1-(iv) and Figure 2-(iii)). Conversely,
when the consumer mortality rate is suitably low, the consumer population persists
regardless of the resource decay rate o > 0, as illustrated in Figure 1-(i) and Figure
2-(i). Therefore, the consumer mortality rate is a crucial factor in determining the
persistence or extinction of the consumer population.

(3) When the resource undergoes decays (i.e. ¢ > 0) and the consumer mortality rate is
at a moderate level (specifically £1 < ¢ < £3), a clear difference is observed between
temporally heterogeneous and homogeneous resource inputs for (u, t) € (0, u*) x
(0, 00). Precisely, when Ng is temporally heterogeneous, the consumer population
may either persist or go extinct, depending upon the value of the relaxation time t (as
detailed in Theorem 1.2 (ii) and (iii) or illustrated in Figure 1-(ii) and (iii)). Conversely,
when N is temporally homogeneous, the consumer population persists irrespective
of the value of relaxation time t (see Remark 1.1). This finding suggests that, when the
consumer mortality rate is moderate, a temporally homogeneous resource input may
be more advantageous for the consumer population than a temporally heterogeneous
one.
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Remark 1.4 Theorem 1.2 and Theorem 1.3 classify the global dynamics of (1.2) when Ng
is spatially heterogeneous. When N is spatially homogeneous, i.e., Ng(x,t) = Ng(t) on
Q x R, the solution of the following ODE problem

O, = Nr(@) — 00, t>0,

Ot+w)=0(), =0,
is the unique solution of (1.4). In this case,

r® 1 [ ro@)
(‘ru, c):c—— ——dt=c— {4,
k+06 wJo k+0O(@)

where vy (r, W, W% — c) is the principal eigenvalue of the linearized eigenvalue problem of
(1.2) at (0, ®). Then by Proposition 3.8, we can directly get the following results.

(i) If 0 < ¢ < £y, then system (1.2) is uniformly persistent for all 7, u, d > 0.
(ii) If ¢ = ¢4, then (0, 6,) is globally asymptotically stable for all 7, u,d > 0.

The effect of the resource dispersal can be discerned from Theorem 1.3 for d € (0, 00).
Below we explore the asymptotic profiles of positive w-periodic solutions as d — 0 and
d — oo.

Theorem 1.4 (Asymptotics as d — O) Assume that (H1) holds and ¢ € [0, c.], where
1t
"o / / rpGen)
0l k+p(x,t)

px.1) = e—a:(fo“’ ¢S Np(x, 5)dg

with

eo® — 1

t
—|—/ e“gNR(x,g)dS'), xeQ,t>0.
0

Then for fixed ;© > 0 and sufficiently small d > 0, system (1.2) admits at least one positive
w-periodic solution, and as d — 0 (passing to a subsequence of d if necessary), any positive
w-periodic solution (Z, N) of (1.2) satisfies

(Z, N) = (Zo, No) in [C(@ x [0, 0])],

where (Zo, No) is a positive solution of

Tdazzo =nAZo+ 2o <k+N gZo), xeQ,t>0,
WMo — Ng(x,t) — GNO—%, x€eQ,t>0, (1.17)
anZO—O’ x €0, >0,

Zo(x,t +w) = Zo(x,t), No(x,t +w) = No(x,t), x€Q,t>0.
For d — oo (fast resource dispersal), we have the following result.

Theorem 1.5 (Asymptotics as d — 00) Assume that (H1) holds and ¢ € [0, c*), where
1 [ t 1
= f/ OG0 with &) = —/ p(x, dx.
wJo k+E&@) 12| Ja

Then for fixed u > 0 and sufficiently large d > 0, system (1.2) admits at least one positive
w-periodic solution, and as d — oo (passing to a subsequence of d if necessary), any positive
w-periodic solution (Z, N) to (1.2) satisfies

(Z, N) = (Zoos No) in [C(Q x [0, w])]7,
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where N is independent of x, and (Z~, Nxo) is a positive solution of

T%:MAZOO—l—ZOO(k’_‘_N]@;—c—gZOO), xeQ,t>0,

dNeo _ 1 rNoo [ Zoo(x,1)dx

o = ray Ja NrOo 0dx =0 Noo = 58 G 1> 0, (118)
0iZoc =0, x €9Q,t>0,
Zoo(X,t + @) = Zoo(x, 1), Nool(f +®) = Noo(1), xeQ,t>0.

The global dynamics and precise profiles of solutions to the limiting systems (1.17) and

(1.18) are interesting questions left open for future effort.
Sketch of proof ideas. We employ the comparison principle and method of upper-lower
solutions to get the uniform-in-time boundedness and time-asymptotics of solutions of (1.2),
which establish Theorem 1.1 along with the local existence of solutions. To show Theorem
1.2 and Theorem 1.3, using the comparison principle, theory for asymptotically periodic
parabolic systems and uniform persistence theory for infinite-dimensional dynamical sys-
tems, we first establish a key threshold criterion determining the persistence and extinction
dynamics by the sign of the principal eigenvalue to the linearized eigenvalue problem of (1.2)
at the semi-trivial periodic solution (see Proposition 3.8). For the case of temporally periodic
resource input Ng(x, t), we derive the upper and lower bounds of the principal eigenvalue
and utilize the ingenious ideas of classifying the level set of principal eigenvalue for time-
periodic parabolic operators in [18] to find conditions determining the sign of the principal
eigenvalue as a function of the relaxation time 7 and diffusion rate n. Then an application
of Proposition 3.8 yields Theorem 1.2. For the case of temporally homogeneous resource
input Ng(x), the principal eigenvalue of the time-periodic parabolic operator reduces to a
corresponding elliptic eigenvalue problem of which the principal eigenvalue is monotonic in
. Using this monotonicity along with suitable asymptotic property in d, we can determine
the sign of the principal eigenvalue and hence prove Theorem 1.3 by Proposition 3.8. Finally
we employ the L? estimates of the time-periodic parabolic equations, Sobolev embedding
theorem and comparison principle to establish the asymptotic property of solutions asd — 0
(or 0co) (i.e. Theorem 1.4 and Theorem 1.5).

The rest of the paper is organized as follows. In Section 2, we prove the global well-
posedness of solutions to (1.2) (Theorem 1.1). In Section 3, we show some qualitative
properties of the semi-trivial w-periodic solution, and establish a key dichotomous crite-
rion determining the persistence and extinction dynamics of model (1.2) by the sign of the
principal eigenvalue of the linearized eigenvalue problem at the semi-trivial w-periodic solu-
tion. Theorems 1.2 and 1.3 are established in Section 4. Section 5 is devoted to the proofs of
Theorems 1.4 and 1.5. Finally we give a brief summary and discuss some open problems in
Section 6.

2 Global well-posedness

In this section, we shall establish the global existence of classical solutions to (1.2) with
boundedness and blow-up property. We start by giving the definition of classical solutions to
(1.2) withd =0and d > 0.

Definition 2.1 (Classical solutions of (1.2))
(i) Letu > 0,d = 0. For given Z;, N; € C(Q) and T € (0, oc], (Z(x, 1), N(x,1)) is

called a classical solution of (1.2) on  x [0, T) if the following conditions hold:
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(i.1) forevery p > m, Z € C([0,T), C(Q)) NC((0, T), C(Q) N C((0, T), W>P()),
(i2) N € C([0,T), C())NCL((0, T), C(Q)) satisfies the second equation of (1.2),
(i.3) lim—o (IZ(, 1) = ZoG)llo@) + INC, 1) — No()ll () = 0,

(i.4) Z(x,t) satisfies

rN(x,¢)Z(x, )

t
z = Z -
(x,1) = Q) 0(x)+/0 o g)( k+N(x,¢)

- gZ(-x’ §)2> dgv
where Q(1) = e(=¢t#2) denotes the solution semigroup of the linear equation
u; = Au — cu in  with the homogeneous Neumann boundary condition.

(i) Letu,d > 0.Forgiven Z;, Ny € C(Q)and T € (0, ool, (Z(x, t), N(x, 1)) is called
a classical solution of (1.2) on Q x [0, T) if (Z, N) € [C(§ x [0, T)) N C>1(Q x
(0, T)))? satisfies (1.2).

The definition of classical solutions of (1.2) for d = 0 follows from [21, Definition 1.1].
Below we prove Theorem 1.1.

Proof of Theorem 1.1 Let Z;, N; € C(Q). The proof is divided into two cases: (a) d = 0;
b)d > 0.

Case (a): d = 0. Similar to the proof of [21, Lemma 3.1], by the contraction mapping
theorem, we obtain a constant Tpax > 0 so that (1.2) admits a unique classical solution
(Z(x,1), N(x,1)) on 2 x [0, Tmax). Moreover, if Tmax < 00, then

lim ([Z(, Dllz=@) + NG, Do) = oo. 2.1

t— Thax
Next, we show that Timax = 0o. Notice that N (x, 0) = N;(x) > 0 on Q. Define
Q) :={x € QIN;(x) >0} and ;= {x € Q|N;(x) =0}.

Then for x € Qp, N(x,t) > 0 for t € (0, Tp) with sufficiently small 7y > 0, while for
x € Q», it follows from the second equation in (1.2) that N, (x, 0) = Ng(x, 0) > 0 and thus
N(x,t) > 0 fort € (0, Tp) with sufficiently small 7o > 0. We claim that N(x,?) > 0 on
Q % (0, Timax)- Indeed, otherwise, there is (xg, T1) € Q X [To, Tmax) such that N(x, ) > 0
on Q x (0, Ty) and N(xg, T1) = 0 yielding that N;(xo, T1) = Ng(xo, T1) < 0, which is
impossible. Notice that

T2 S PAZ+Z(r —c—gZ), Vx € Q,t € (0, Tmax)- 2.2)

Then by the standard comparison argument and maximum principle, we obtain (1.3) on
Q x [0, Tmax)- This together with the equation of N (x, ¢) gives that

N; < Nr(x,t) —oN, Vxe ﬁvt € (0, Tax),
which implies that
t J—
N(x,t) < max Ng(x,t)- | e Ddc+e P'Ni(x) onQx (0, Tmax),  (2.3)
Qx[0,w] 0

and (2.1) cannot occur when T is finite. Hence Thax = 00 by (2.1), that is, system (1.2)
has a unique global classical solution (Z, N) on € x [0, 00).

In the following, we show the boundedness or the blow-up property of N (x, ¢). Foro > 0,
we infer from (2.3) that

MAaXg . 0.0] Ngr(x,1)

N§p2:max{mng1(x), } Vx € Q,t > 0. 2.4)
Q

o
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While for ¢ = 0, we have the following two cases to consider.
Case 1.0 < ¢ < rand y > __re—a____ By (2.3), we have that N(x,7) <

gminﬁx[ovw] Np(x,t)°

t- max Ng(x,t) +max N;(x) on Q x R, and hence
Qx[0,0] Q

N(x,1) <1 k
k+N(x,t) — k+t~max§x[0,w] Ng(x,t) +maxg Ny (x)

C _
<l———, VxeQt>0,
141t

where C; = max {
U <1and

}.Let U =1—-£Z7.ThenU satisfies

k k
k+maxg Ny (x)’ mMaxe . (0.0] Npg(x,t)

rN
U —pAU=(1-U Z——— ) >Ft,U), VxeQ,t>0,
Uy —u ( )<C+g k+N>_ @ U), Vx >

where

F(t,¢) =@ -0 —§)<1C7+1t —§)-

Defining C; := % min{l, C{}and C3 := w, we obtain that

1 Cq C3
F t, > — .— - = —
) == iy = T+
Thus, it follows from [9, Lemma 1] that there is 7> > 0 so that

C
fort > 0, gf—z.
1+1

Cy —
U(x,t) > —— forx € Q,t > T».
(x )>1—|—t or X h

That is,
r—c Cy —
Z(x,t) < 1 - forx e Q,t>15.
g 1+t
This together with the equation of N in (1.2) implies that
— C _
N; > min NR(x,t)—r(r ) (1— 2 ) forx € Q,t > T>,
Qx[0,0] 141t

and hence,

. r(r —c) Lr(r—co)Cy —
N(x,t) > Ny(x)+ | _min Ng(x,t) — t+ ——d¢ forx € Q,t>T,.
Qx[0.0] Y8 0o v8l+¢)

r(r—c)
g Ming o 4] NR’

Wheny > one immediately obtains that lim,_, oo N (x, ) = oo uniformly

for x € Q. By the theory of asymptotically periodic system [43, Proposition 3.2.1], we
derive that lim;_, o, Z(x, t) = =< uniformly on Q.
Case 2. ¢ > r. It follows from (2.2) and a comparison principle that lim;_, o, Z(x,) =0

y ming, 0 o] V&
2r

uniformly on 2. Then for any & € (O, ), there is 73 > 0 large enough such

that 0 < Z < ¢ forall x € Q and ¢ > T3, which yields that

re 1 =
Ny > min Ng(x,t) — — > - min Ng(x,t) >0 forx e Q,t > T3,
Qx[0.0] Y 20x00]

and hence, lim;_, o, N (x, t) = oo uniformly on Q.
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Case (b): d > 0. To prove the global existence and uniqueness of classical solutions to (1.2),
we use the method of upper-lower solutions (cf. [24, 32]). We first note that problem (1.2) is
a mixed quasi-monotone system in the set {(Z, N)|Z > 0, N > 0}. Let (Z(x, 1), N(x, 1)) =
(0,0) and (Z(x, 1), N(x, 1)) = (u*(1), v*(t)), where (u*(t), v*(r)) is the unique solution of

rui‘:u*(r—c—gu*), t>0,
v = Maxg 0.0 Ng(x,t) — ov*, t >0, 2.5)
u*(0) = maxg Z; (x), v*(0) = maxg Ny (x).

Then by a simple comparison, we immediately have 0 < u*(r) < p; and v*(¢) > 0 for all
t > 0, where p; is defined in (1.3). A direct calculation yields that

- - . N -
tZ; — UAZ — 7 ;—c—gZ >0, xe,t>0,
k+N
- ~ - rNZ
N, —dAN — Ngp+0oN+ ————— >0, x e, t>0,
y(k+ N)
rN
th_MAZ_Z(k_i_I\]_C_giZ):O, XGQ,[>0,
N, —dAN — Np+oN + 22 _ €Q.1>0
— — o — < U, X , I >0,
SRR TR IE T Lkt N
0;Z=0=20;Z, 0; N =0=0;N, x€ad,t >0,
Z(x,0) < Z;(x) < Z(x,0), N(x,0) < N;(x) < N(x,0), x€Q,t>0.

The above inequalities mean that (Z(x, 1), N(x, t))and (Z(x, 1), N(x, t)) are a pair of upper-
lower solutions to (1.2) (e.g., see [24, 32] for the definition of upper-lower solutions for mixed
quasi-monotone systems). Hence, by the method of upper-lower solutions (cf. [32, Theorem
4.5]), problem (1.2) admits a unique global classical solution (Z(x, t), N (x, t)) satisfying

0<Zx,n)<u*(®)<p;, 0<N(x,1)<v*(®), VxeQ,t>0.

Since Z;(x) >,% 0 and N;j(x) > 0 on Q, by the strong maximum principle,
Z(x,1), N(x,1) > 0on Q x (0, 00).

It remains to show the boundedness or the blow-up property of N (x,t). For the case
(i): o > 0, by a simple calculation from the equation of v* in (2.5), we immediately have
N < v*(t) < pp forallx € Q, t > 0, where the upper bound p; is the same as one in (2.4).
For the case (ii): o = 0, we proceed with the following two scenarios.

s, r(r—c) : *
Scenario1: 0 < ¢ <rand y > TG 0.0 NRCLD Since 0 < N(x,t) < v*(¢) for all

(x,1) € Q x (0, 00), it follows from the equation of v* in (2.5) that

N(x,t) <t- max Ng(x,t) +maxN;(x) on Q xR,.
Qx[0,w] Q

Similar to the argument in Case (a), one can find a sufficiently large T > 0 such that

_ C .
N, > dAN + min Ng(x, 1) — =9 <1—1+2t) forallx € Q,1 > T,

Q2x[0,w] V8
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where C» is the same constant defined in Case (a). Notice that the following nonhomogeneous
parabolic equation

Y8 141
o;N =0, x €dQ,t > 1,
N(x, T») = ming N (x, T»), xeQ

Ny = dAR + ming, g ) Ne(r.0) = "0 (1= 42 ), vequi>T,

has a unique solution

J— ~ t —_— ~
N(;):minN(x,T2)+(7min NR(x,t)—r(rygc)>(t—T2)+/ rr=9C,

Q Qx[0,0] 7 ve(l+¢)

By the comparison principle, we have that N (x, ¢) > N(t) for x eﬁﬁ, t > Ty. Therefore, if
y > m, then lim;_, oo N (x, 1) = 0o uniformly for x € .
Scenario 2: ¢ > r. It follows from (2.2) and a comparison principle thatlim;_, o, Z(x, t) =

_— in— N -
0 uniformly on Q. Then for any & € (0, ymmﬂ;#), there is T3 > 0 large enough such

that0 < Z <sforx € Q,t > 7~"3, which causes that

re 1 _ -
Ny >dAN + min Ng(x,t) — — > dAN+ - min Ng(x,t) forx € Q,t > Ts.
Qx[0,0] 14 2 Qx[0,0]

It follows from a comparison principle that lim;_, o, N (x, t) = oo uniformly on .
The proof of Theorem 1.1 is completed. O

3 A dichotomous criterion for the global dynamics

To investigate the global dynamics of system (1.2), we first collect some known results on
the principal eigenvalues of related eigenvalue problems, show some qualitative properties
of the semi-trivial w-periodic solution, and then establish a dichotomous criterion for the
global dynamics of (1.2).

3.1 Eigenvalue problems

Consider the following time-periodic parabolic eigenvalue problem

X0r —kAp — f(x,t)p =vp, x€Q,t>0,
050 =0, x€d,t>0, 3.1
px,t +w)=px,t), x€eQ,t>0,

where x,k > 0 and f(x,7) € C2%*(@ x R,). By the Krein-Rutman Theorem [15]
and in [13, Theorem 7.2], problem (3.1) has a simple real principal eigenvalue, denoted
by vi = v1(x, &, f), with a positive eigenfunction ¢; € C5 ' T*/*(Q x R.) satisfying

l@1llL2(@x(0.0)) = 1> While the real parts of all other eigenvalues of (3.1) are larger than vy.

Lemma 3.1 The following results hold for the principal eigenvalue vy of (3.1).

6)) —i fow max, g f(x,0)dt < vy < —ﬁ fow fg f(x, t)dxdt, where the equality on
the right-hand side holds if and only if f depends only on t.
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(i) v1 is a smooth function of k € (0, 00) and f(x,t) € Coy O‘/Z(Q x Ry). Moreover, if

f1 = fathenvi(x,«k, f1) < vi(x, k, f2) with strict inequality if fi > f.
(iii) Forany x > 0,

lirrbm(x,/c, )= —max—/ f(x,t)dt and
K—

xeQ @
Jim ik )= == f / Fx. dxdr,

(iv) Foranyk > 0,

lim vi(x,k, f) =v;(k) and Lim vi(x,«, f) =Vik), (3.2)

x—0 X—>00
where both v (k) and V1 () are non-decreasing in k € (0, 00),

1 w
lim v (k) = —max—/ f(x@),t)dt, limvi(k) = —max—f f(x, t)dt,
k=0 fex w Jo k=0
and
K—>00

lim v, (k) = lingoil(/c) = |Q|_/ / f(x, t)dxde.

W If f(x,t) = f(x) with f € L%°(RQ) is non-constant, then vi(x, K, f) is strictly
increasing in k € (0, 00), and has the following variational characterization

~ K v 2
vi(x,«, f) = inf JalVel fgf(p
0£peH' (Q) Jo @?

Proof The proof for assertions (i)-(iii) can be found in [ 14, Theorem 2.4] and [2, Lemma 2.15]
(see also [18]). Assertion (iv) comes from [18, Lemma 3.2]. Assertion (V) is a consequence
of [2, Theorem 2.1 and Corollary 2.2]. ]

Next, we consider a weighted elliptic eigenvalue problem

AY +rwx)y =0, x € Q,

(3.3)
¥y =0, x €dQ,

where w € L°°(2) is non-constant. A is called a principal eigenvalue to (3.3) provided that
(3.3) admits a positive solution. Clearly, O is a principal eigenvalue to (3.3). Then we have
the following conclusion from [23, Theorem 4.2].

Proposition 3.2 Suppose that w € L°°(K2). Then problem (3.3) admits a nonzero real prin-
cipal eigenvalue L1 (w) if and only if w changes sign and fQ w # 0. Precisely, if w changes

sign, then signi|(w) = —sign(fQ w). Moreover, for fQ w < 0, A (w) is continuous in w
and has the following variational characterization:
2
M(w):inf{fﬂ Wz ¥ € HY(Q) and / wy? >0}.
Jowy Q

The following results of [23, Proposition 4.4] show the relationship between v (x, «, f)
and A1 (f) when f is independent of ¢.

Proposition 3.3 Suppose that f € L*°(2). Then the following assertions are true.

G If f # Oande f >0, thenvi(x,«, f) <0 forall k > 0.
(i) If f changes sign and fQ f <O, thensignvi(x,«, f) = sign(/c — 1/A1(f)).
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3.2 Qualitative properties of semi-trivial periodic solutions

For the unique solution 6, of (1.4), the following estimate holds.

Lemma 3.4 Assume that (H1) holds. Then d v 04(x,t) is a smooth mapping from Ry to
C*1(Q x [0, w]), and
Maxg, (0.0] Ngr(x, 1)

ming Npr(x,1) o
Qx[0,w] < Ou(x,1) < , VxeQ,t>0.
o o

Proof The smoothness of 6 with respect to d follows from the implicit function theorem (cf.
[2, Proposition 3.6]). By the definitions of upper and lower solutions of periodic parabolic
problem (cf. [13, Definition 21.1] and [32, Definition 7.2]),

; maxg, (0.o] VR (X, 1) 5 ming, g ) Nr(x, 1)

= and 0
o o

are upper and lower solutions to (1.4), respectively. Then the method of upper-lower solutions
yields the existence of solution 6 to (1.4), which together with the strong maximum principle
implies that 6 < 6 < 6 on Q x R4. By the uniqueness of solutions to (1.4), we have that
0 <6;<OonQxRy. O

A direct calculation can show that for each x € Q, the following ODE

= Ngr(x,t)—op, t>0,
Pt R(x,1) —op > (3.4)
plx,t+w)=pxt), t=0,
admits a unique solution
Jo €“SNr(x, 5)dg
e’® — 1

t
p(x,t)ze“”< +/ e’* Ng(x, g)dg), t>0.
0

Then by [1, Lemma 4.2], one has the following result about the asymptotic behavior of 6, as
d— 0.

Lemma 3.5 Assume that (H1) holds. Then
Jl_)n}) 104 — P“C(ﬁx[(),w]) =0. (3.5)
If Ng is further independent of t, then it follows that
lim [0 = N/l e = 0. (3.6)
Next, we study the asymptotic behavior of 6; as d — o0. Note that the following ODE

& = g Jo Nr(x.)dx — o0&, 1> 0,

3.7
) =8 +T), 1=0,

admits a unique solution £(¢) = % o P(x, t)dx. Then we have the following result by a
similar argument to the proof of [14, Lemma 3.7].

Lemma 3.6 Assume that (H1) holds. Then

d]Lmoo 162 — SHC(ﬁX[O,w]) =0. (3.3)
Especially, if Ng is independent of t, then
1
tim {6, - —— | Np@x| _ =o. 3.9
A 1% Sigp Jo VRO G2
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3.3 Stability of semi-trivial periodic solutions

For the time-periodic two-species competition system, the long-time behavior of its solutions
depends closely on the linear stability of semi-trivial periodic solutions by the theoretical
framework of monotone semi-flows [13]. Though system (1.2) is non-monotone, we still
can derive the persistence and extinction of the consumer population by studying the linear
stability of the semi-trivial w-periodic solution (see Proposition 3.8).

Let (Z, N) denote a w-periodic solution of (1.2). Then linearizing system (1.2) at (2, N),
we obtain

rN v krZ
T2 = WAZ + - —c—282)|Z+ ———N, xe€Q,t>0,
k+ N gk—i—N)2
N krZ 3.10
N[:dAN—riv —(O' riv)N, er,t>0, ( )
y(k + N) y(k + N)?2
05Z = d;N =0, x€ad,t>0.

Following the definition of stability in [13], we say that (Z, N) is linearly stable if the
moduli of all eigenvalues of the w-periodic solution map of (3.10) are smaller than 1; (Z N )
is linearly unstable if the w-periodic solution map of (3.10) has an eigenvalue with modulus
larger than 1.

Let IT be the w-periodic solution map of (3.10) with (Z, N ) = (0, 6;). Suppose that A
is an eigenvalue of I1 with eigenfunction (¢, ¥). When ¢ # 0, A is an eigenvalue of the
w-periodic solution map of

6
T2 = nAZ + rod —cl|Z, xe,t>0,
k464 (3.11)
9:Z =0, xe€ed2,t>0,
while when ¢ = 0, A is an eigenvalue of the w-periodic solution map of
N; =dAN —oN, Q,1r>0,
' o, reih = (3.12)
d; N =0, x€0R,t>0.

By [13, Proposition 14.4], one obtains that exp(—w - vi (1, d, —0o)) is the simple eigenvalue
with maximal modulus of the w-periodic solution map of (3.12). Notice that vi(1,d, —0) =
o > 0. Then all eigenvalues of the w-period solution map of (3.12) have moduli smaller
than 1. Since exp (— - vi (7, u, % —¢)) is the simple eigenvalue with maximal modulus
of the w-periodic solution map of (3.11) by [13, Proposition 14.4], the linear stability of
the semi-trivial w-periodic solution (0, 6,) is determined by the sign of vy (r, “w, k’_fgd — c).
Precisely, there holds that

Lemma 3.7 Assume that (H1) holds and all parameters except c are positive. Then the semi-
trivial w-periodic solution (0, 0,) is linearly stable if v; (‘L’, W, % - c) > 0 and linearly

unstable if v (t, ", % — c) < 0.

Now we can prove the following key dichotomous criterion determining the long-time

dynamics of the solutions to (1.2) based on the sign of the principal eigenvalue vy (‘L', uw, kr_f‘é
o).

Proposition 3.8 Assume that (H1) holds and all parameters except c are positive. Then the
following conclusions hold for system (1.2).
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1) If v (T, “w, % — c) > 0, then the semi-trivial w-periodic solution (0, 6;) is globally
asymptotlcally stable.

(i) If vy (r uw, k+0 ) < 0, then system (1.2) is uniformly persistent. Moreover, when
Ngis temporally heterogeneous, (1.2) has a positive w-periodic solution, while when
Ng is temporally homogeneous, (1.2) has a positive steady state.

Proof We start by proving the assertion (i) with the assumption v (‘[ W, W — c) > 0.

Recall that 6, is defined by (1.4). Let M'(x, t) denote the unique solution of the following
parabolic problem

N; =dAN + Ngr(x,t) —oN, x€Q,t>0,
N =0, x €0dR,t >0, (3.13)
N(x,0) = N;(x) >0, xeQ,

and define
U(x,t) :=04(x,1) +ne " and Ux, 1) :=64(x,1) —ne %', Vx € Q,1 >0,

where 7 is a constant satisfying 7 > max g [04(x, 0) — N;(x)|. One can check that U and
U are upper and lower solutions of (3.13), respectively. An application of the method of
upper-lower solutions gives that U(x, t) < N(x,t) < U(x,t) on Q x R, which implies
that

lim N (x, 1) = 623, Dl oy = 0. (3.14)

The comparison principle also indicates that N(x, 1) < N(x,t) for all (x,1) € Q x R,.
Then Z satisfies

rN
Zi<puAZ+7Z|———-c—g7Z), eQ,t>0,
Thr=H <k+N 8 > * g (3.15)
0;Z =0, x €0R,t > 0.

Let Z(x, t) be the solution of

rN
12 =pAZ+Z| —— —c—gZ), xeQ,t>0,

k+ N 316
%2 =0, xedQ >0, (3.16)
Z(x,0) = Z1(x,19), x e Q.

Thus, we obtain from the comparison principle that Z (x, t) < Z(z, t) for (x, t) € Qx[tg, 00).
By (3.14), the parabolic problem (3.16) is asymptotically periodic (cf. [43, Section 3.2]), and
its limit equation is

= ~ ~ r@d ~

Z:=uAZ+ 2 —c—gZ2), cQ,t>0,
T2t = | + <k+9d c—g ) b >
3HZ =0, x€dQ, >0,
Z(x,0) = Z;(x, 19), x e Q.

This, along with the theory for asymptotically periodic systems [43, Proposition 3.2.1], gives
that 3
lim [Z2(.0) = Z(.Dll o) = 0. (3.17)

Since v; (1: °, @ — c) > 0, by the criterion determining the persistence and extinction of

periodic-parabolic logistic equation given in [13, Theorem 28.1], we have lim,_, o0 Z(x, 1) =
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0 uniformly for x € €, which combined with (3.17) and the fact that Z < Z implies that
lim; o0 Z(x,¢) = O uniformly for x € . This yields that (k +N) — 0 uniformly in
as t — oo. Then we conclude from the theory for asymptotlcally periodic systems [43,
Proposition 3.2.1] that

lim NG5 = NC Dl =0,

which along with (3.14) indicates that |N(x, 1) — 64(x,t)| — O uniformly in x € Q as
t — oo. Hence, (0, 6;) is globally asymptotically stable. This finishes the proof of assertion
@@).

Now we prove the assertion (ii) by assuming v (‘L' nw, k +0 ) < 0. By the weakly
repelling property for the periodic-parabolic system [43, Proposition 7.1.1], there exists
€ > 0 such that

timsup (I1ZC, Dlle) +ING D = 6aC. Dl e)) = €

t—>0o0

forall Z; >, # 0 and N; > 0, which means that (0, ;) is a weak repeller for system (1.2).
Then by the theory of uniform persistence (cf. [43, Theorem 1.3.1 and Remark 1.3.1]), an
argument similar to the proof of [25, Theorem 2.5] or [26, Theorem 3.3] can be carried out
to assert that system (1.2) is uniformly persistent for all Z; >, % 0 and N; > 0. Finally, it
follows from the theory for periodic coexistence states in infinite-dimensional periodic semi-
flows [42, Theorem 2.3] that (1.2) has a positive w-periodic solution when N is temporally
heterogeneous, while has a positive steady state when Ny is temporally homogeneous. 0O

4 Proof of Theorem 1.2 and Theorem 1.3

Proposition 3.8 demonstrates that the sign of vy (‘L' uw, k +0 ) determines the long-time
behavior of solutions to (1.2). In this section, we will estabhsh the global dynamics of
(1.2) by examining how the relaxation time and the dispersal rates impact the sign of
V] (r, W, % —c). We will achieve this by considering two distinct cases: temporally periodic
and homogeneous inputs.

4.1 Temporally periodic input (i.e. Ngr(x, t) = Np(x, t + @) with @ > 0)

In this case, we 1nvestigate the effects of the relaxation time t and dispersal rate u on the
sign of vy (‘L’ ", ) Define

k+91
Bar, 1) = 0Dy g0
X, 1) = ——"— Vx t>0.

¢ k+64(x,1)

Lett = ws and B (x,s) = Ba(x, ws). Note that the linear eigenvalue problem
T — pAY — Ba(x, ) =vp, x € Q,t >0,
d;¢0 =0, x €0,t >0, 4.1
px,t+w)=px, 1), xeQ,t>0

admits a unique principal eigenvalue v (7, i, B4), associated with a positive eigenfunction
o€ C2+a A4a/2

rem (cf. [15]) implies that (v1 (t, u, Ba), p1(x, ws)) is the principal eigen-pair to the linear
eigenvalue problem

(€ x Ry) satisfying |l¢; ll22(@x(0.0)) = 1- Then the Krein-Rutman Theo-
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Ty — nAp — B(x,5)¢p = v, x€Q,s>0,
d;¢ =0, x €08,s >0, “4.2)
oGx,s +1) =a¢(x,s), xeQ,s>0.

Recalling the constants £, £> and ¢3 defined in (1.6), there holds that

1 1 1 1
4 = 7/ / B(x,s)dsdx, £ =ma§/ B(x,s)ds and {3 = ma{(/ B(x(@), )ds,
12| Ja Jo xeQ JO sex Jo

where X := {¥ € C(R4; Q)|x(s) = (s + 1)}. These three quantities play an important role
in identifying the sign of v (z, wu, Ba).

Lemma 4.1 Let N satisfy (H1). Then —¢3 < vi(z, i, Ba) < —£1 forall u, v > 0.

Proof By Lemma 3.1 (i), we directly obtain that —¢3 < vi(t, u, Bg) < —¢€; forall u, T > 0.
Next, we prove that vy (z, i, Bg) # —¢;. Dividing the first equation in (4.2) by ¢ (x, ws)
and integrating the result over € x (0, 1) yields that

1
Va1 09| g —/ f Blx. s)dxds = vy (z. 1. fa)IS.
@1 (x, s) 0 Ja
If vi(t, w, Ba) = —41 = —fol Jo B(x, s)dxds for some u, T > 0, then Vi (x, ws) = 0

and thus, ¢1(x, ws) does not depend on x. This together with the first equation in (4.2)
implies that 8(x, s) is independent of x, which is impossible since 6; depends on x. Hence,

vi(z, 1, Ba) # —1L1.
It remains to show that v (t, i, B4) > —£3. Noticing that S4(x, t) — % fow Ba(x, t)dt =

B(x, s) — fol E(x, s)ds, we need to consider two cases.
Case 1. Bg(x,t) — % fow Ba(x, t)dt depends on x. In this case, we deduce from Theorem
A.1 that for each 1 > 0, 21LBD - ¢ for all v > 0. It follows from Lemma 3.1 (iv) that

hm V1 (Ts M, ﬁd) = E] (Ma ﬁd)s
—0

where v, (u, B4) is non-decreasing in p and limog1 (u, Ba) = —4£3. Then vi (7, u, Ba) >
n—
vi(u, Ba) > —£3 forall u, > 0.

Case 2. Bg(x,t) — %fow Ba(x, t)dt is independent of x. Since B;(x, t) depends on x,
L[ Ba(x, t)dt is non-constant. Let F(r) := Bq(x, 1) — L [ B4(x, 1)dt. Then Bq(x, 1) =
%fow Ba(x,t)dt + F(t) with fow F(t) = 0. This combined with [13, Lemma 15.3]
implies that vi(z, i, Bg) = v1 (r, I, ifow Ba(x, t)dt), which is strictly increasing in @
and lim,, o vi (7, u, % Jo’ Ba(x,1)dr) = —€, by Lemma 3.1 (iii) and (v). Moreover, by [3,
Lemma B.1], there holds that

1 [® 1 [
{3 = max 7/ Ba(x(t), t)dt = —/ max SBg(x, t)dt
XeX w Jg w Jo Q

xeQ

= l/wmalg (l /wﬁd(x,t)dt—i-F(t))dt max—/ Ba(x, t)dt = £5.
0 w Jo

w xeQ xeQ @

Hence, vi (7, 11, Ba) = vi (7, o L[5 Ba(x, )dt) > —ly = —3 forall u, T > 0.
In both cases above, we derive that vy (z, u, B4) > —¥£3 for all i, T > 0. The proof is
completed. O
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In view of Proposition 3.8, we can prove Theorem 1.2 concerning the persistence and
extinction of the consumer population with the help of some results of [18] placed in the
Appendix.

Proof of Theorem 1.2 1t is straightforward to see that vy (t, u, B4 — ¢) = vi(z, i, Bq) + ¢ for
any ¢ > 0 from (4.1). Then we have

<0 ifvi(r, u, Ba) < —c,
vi(t, @, Ba — ) 1 =0 ifvi(r, 1, Ba) = —c, 4.3)
>0 ifvi(z, 1, Bg) > —c.

Suppose that 0 < ¢ < £1. Then we derive from Lemma4.1 that vi (z, i, Bg) < —¢1 < —c¢
for all 4, T > 0. Hence system (1.2) is uniformly persistent by (4.3) and Proposition 3.8 (ii),
and A, = (0, 00)2. Part (i) is proved.

Suppose that {1 < ¢ < €, thatis, —€» < —c < —{;. Then we obtain from Theorem
A.2 (ii) (see Appendix) that there are two constants (i, u* with u* > . > 0 and a unique
continuous function 7 : (s, u*] — [0, 00) sothat vy (T (), 1, Ba) = —c, where p* satisfies
u*— ocasc — £y, u* — 0asc — £yand v (t, u*, Bg) - —cast — 0, and T satisfies
T(u*) =0,7(n) > 0for u € (s, u*) and 7(u) — 0o as u — . Especially, if B4 (x, 1) —
ifow Ba(x, )dr = B(x, s)—fo1 B(x, s)ds is independent of x € €, then v (t, u*, Ba) = —¢
forallt > 0,1i.e., uyx = w*. It follows from Theorem A.1 that for each i > 0, vi (t, u, Bg) is
non-decreasing with respect to t, and either W > Qforallt > 0, or w =0.
Moreover, w = 0 if and only if ,3~ - fol ,3~ds does not depend on x. Thus, we
deduce that vy (t, u, B4) < —cif (u, 1) € [(O, sl x (0, oo)] U [(/L*, u*) x (0, ‘E(,u))], and

vi(T, 1, Ba) = —cif (i, T) € [(pa, ¥ X [F(1), 00) ] U[(1*, 00) x (0, 00)]. Then by (4.3)
and Proposition 3.8, we obtain

Ap = [(0. 1l X (0, 00)] U [ 1) x (0. F())] and A, = (0, 00)> \ A,

where A, and A, are defined in (1.7) and (1.8), respectively. Part (ii) is proved. Similarly,
part (iii) can be obtained by Theorem A.1, Theorem A.2 (i) and Proposition 3.8.

Suppose that ¢ > ¢3. Then we see from Lemma 4.1 that vi(t, i, B4) > —€3 > —c for all
w, T > 0. This together with (4.3) shows that v| (7, u, B4 —c¢) > 0. Hence (0, 6;) is globally
asymptotically stable by Proposition 3.8 (i), and A, = (0, 00)?.

Finally, the theory for periodic coexistence state in infinite-dimensional periodic semi-
flows [42, Theorem 2.3] implies that system (1.2) has a positive w-periodic solution as long
as it is uniformly persistent. This completes the proof of Theorem 1.2. O

4.2 Temporally homogeneous input (i.e. N is independent of t)

In this case, we simply write Ng(x, 1) = Ng(x). Then 6, := 6,4(x) is independent of t and
satisfies the elliptic equation

dAO + N —06=0 Q
{ + Nr(x) — o , X €Q, 4.4)

36 =0, x €9Q.

Moreover, B4(x, 1) = Ba(x) = {144 Vx € 2,1 > 0.
We first prove the following simple fact.

Lemma 4.2 For the constants c1, ¢z and c3 defined in (1.9), we have ¢1 < ¢y < c3.
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Proof Since Np is spatially heterogeneous, it holds that Ilﬁl Jo Nr < maxg Ng and hence
¢y < c3. Noticing that

/ Ng / Nk _/ ko (Ng — Ng)
oko+Ng  Jaoko +Ng Jo (ko + Ng)(ko + Ng)

ko (Ng — Ng) (ko + Ng) ko (ko + Nr)(Ng — Ng)

" ko + Ng Jo (ko + Ng)(ko + Nr) ko + Ng Jo (ko + Ng)(ko + Ng)

___ ke / (Ne=Np)? ko Ne =N&® " 45
ko + Ng Jo (ko + Ng)(ko + Ng) (ko + Ng)2 Ja ko + Ng T

where Np = Ilﬁl Jo Nr(x)dx and the last inequality holds due to the spatial heterogeneity
of Ng, we have ¢| < ¢p. Hence, ¢| < ¢ < c3. O

When Ng is temporally homogeneous (i.e. Ng(x, ) = Ng(x)), the principal eigenvalue
Vi (r, w, Ba — c) = (O, w, Ba — c) = (,u, Ba — c) is independent of T and strictly
increases with respect to the dispersal rate ¢ (see Lemma 3.1 (v)). With this property, we can
explore the effects of u, d on the dynamics of (1.2). For simplicity, we shall drop the tilde
from v in the rest of this subsection without ambiguity. Then we prove Theorem 1.3 on the
persistence and extinction of the consumer population for the case Ng(x, t) = Ngr(x).

Proof of Theorem 1.3 We fix all parameters except i and d. For part (i), we suppose that
c € [0, c1]. Dividing the equation of 6, (see (4.4)) by o (k + 64)%, we obtain that

dA6y k+ Ngr/o 1
o (k +64)? k+65)% k46,

Then integrating the above equality over €2 and using the divergence theorem, we have

2d k+ N 1
/ 73|V9d|2+/ + R/g —/ =0
ok +04) o (k+64) Qk+64

Thus, there holds that
k+ N 1
/ + Nejo / : (4.6)
o (k+06y) Qk+064

where the inequality is strict since V6, £ 0. It follows from Holder’s inequality that

L= (L2 (L)~ (Lits) (hrems)
Qk+65 — Q(k+9d)2 Qk+ Nr/o Qk+6y4 Qk+ Nr/o ’

where the last inequality results from (4.6). Hence,

f ! </ ! , Vd >0,
Q k+04(x) Qk+ Nr(x)/o

=0, xeQ.

which implies that
1
cl < —/ Ba(x), Vd > 0. .7
12 Jo

By the assumption ¢ € [0, c¢1] and Lemma 3.1 (iii) and (v), we conclude that

vi(p, B —c) <c— @/ Ba(x) <c1 — @/ Ba(x) <
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for all u,d > 0. Therefore, system (1.2) is uniformly persistent for all , d > 0 by Propo-
sition 3.8, i.e., '), = (0, 00)2. This proves part (i).

For part (ii), we suppose that ¢ = ¢;. Noting that fQ Oq(x)dx = fQ Npg(x)dx /o for all
d > 0, we deduce that maxg 6, > ﬁ fQ Ng, and hence

r maxg 64 r fo Nr
>
k+maxgby ~ ko|Q|+ [o Ng

max By = =cy foralld > 0.
Q
Similar to (4.5), we have h(d) < ¢ forall d > 0, where A(d) is defined in (1.10). Moreover,
limy_0 h(d) = c; by Lemma 3.5, and limy_, o, 2(d) = ¢ by Lemma 3.6. These results
indicate that 8; — c changes sign in x € Q for all d > 0, which together with Proposition
3.2 implies that 11 (B4 — ¢) > 0 for d € [0, 00), limg—oo A1(Ba — ¢) = 0, and A1 (Ba — )
is a continuous function of d € [0, c0). Define
1

Z/[(d) = m, Vd e [O, OO)

Then we obtain from Proposition 3.3 (ii) that for any d > 0,

sign vy (w, Ba — ¢) = sign(u — U(d)). (4.8)

Moreover, limg_, oo U(d) = oo. Therefore, by Proposition 3.8, system (1.2) is uniformly
persistent for (d, u) € (0,00) x (0,U4(d)), and (0, 8;) is globally asymptotically stable
for (d, u) € (0, 00) x [U(d), 00). That is, I, = (0, 00) x (0,U(d)) and I', = (0, 00) X
[U(d), co). This proves part (ii).

For part (iii), we suppose that ¢ € [c3, 00). Then Lemmas 3.1 and 3.4 indicate that

r maxg Ng

vi(p, Ba—c) >c— =c—c3>0, Vu,d>D0.

ko + maxg Ng
Hence, (0, 6;) is globally asymptotically stable for all i, d > 0 by Proposition 3.8 (i), i.e.,
r. = (0, 00)2. This proves part (iii).

For part (iv), we suppose that ¢ € (c1, ¢2). The proof of part (ii.b) gives that

max B4(x) > ¢ > h(d), VYd > 0.

xeQ

Then by (4.7) and Lemmas 3.4-3.6, we get
lim A(d) = c¢; < i(d) < ¢co = lim A(d), Vd >0,
d—0 d— o0

which implies that for any ¢ € (c1, ¢2), ild) = c has at least one positive root. Let dj, and
dp, denote the smallest and largest positive roots of i(d) = c, respectively. Thus, A(d) < ¢
ford € (0, dp,) and A(d) > cford € (dp,, 00). Whend > dj,, by Lemma 3.1 (iii) and (v),
there holds that

vi(w, Ba—c) <c—nhd) <0, Yu >0, (4.9)

which implies that (0, ;) is linearly unstable for all © > 0 and d > dp,.

When d € (0,dp,), i(d) < c and B4 — c changes sign in x € Q. Then by Lemma
3.1 and Proposition 3.2, we infer that A; (ﬂd - c) is a continuous function of d € [0, 00),
kl(,Bdhl —c)=0and A;(Bs —c) > Oforalld € [0, dp,). Define

1
Z/[l(d) = m, Vd € [0, dhl)' (410)
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From Proposition 3.3 (ii), we obtain that when d € (0, dp,),
sign v (u, Ba — c) = sign(u — U (d)). 4.11)
Moreover, U (d) > 0 ford € [0, dp,) and limd/vdhl U1 (d) = oco. Denote

1
supgogri(Ba—c)

Here 0 < 1 < U;(d) < oo ford € (0, dp,) by the previous argument. For 0 < u < fi, we
define two sets

U1 :={d > 0|i(d) = ¢} and Uy :={d > 0|id) < c}.

Since max,..g B4 — ¢ > 0 for all d > 0, it follows from Proposition 3.3 (i) that for d € Uy,
V1 (u, Ba — c) < 0 for all 4 > 0, while for d € Uy, Bz — ¢ > 0 changes sign and
vl(,u,,Bd—c) <O0for0O<pu<p< m.Hence,whenO < W<, vl(u,ﬁd—c) <0
for all d > 0. Therefore, it follows from Proposition 3.8 that system (1.2) is uniformly
persistent for (d, ) € 'y, where

Ty o= [0, dy) x [, Ur @)] U [0, dy) x (0, ()] U [[dhy. 00) x (0, 00)]:

and (0, 6) is globally asymptotically stable for (d, u) € I'; := (0, dp,) x [U1(d), 00). That
is, 'y CI'pand I'; C T..

To prove the remainder of part (iv), we need to consider the positive roots of i(d) = c. If
dp, = dp, (i.e., i(d) = c has only one root), then we immediately obtain that

' U, = (0, 00)?.

If dp, # dp, (i.e. h(d) = c has at least two roots), then there are two constants /5, rp with
Iy, < rp and h(lp) = h(rp) = c, such that either (1.13) holds, or (1.14) holds. Next, we
consider two cases.

Case 1. (1.13) holds. In this case, we derive from Lemma 3.1 (iii) and (v) that (4.9) still
holds for d € [I3, rr]. Hence, by Proposition 3.8 (ii), system (1.2) is uniformly persistent
for (d, n) € [lp, ral X [, 00), i.e., [In, rpl X [ft, 00) C T'p.

Case 2. (1.14) holds. Since maxg s > ¢ > c for all d > 0, we infer that 8; — ¢
changes sign in x € Q for d € (I, rp). Then it follows from Proposition 3.2 that
MBi, —¢) =21 (Br, —c) =0and A1 (Bg — ¢) > 0 ford € (I, rp). Define

1
Ur(d) = =) vd € (Ip, rn).

From Proposition 3.3 (ii), we obtain that when d € (I, rr),
sign vy (1, Ba — ¢) = sign(i — Un(d)).

Moreover, Up(d) = fi for d € (Ip, rp) and limg~y, Un(d) = limg »r, Up(d) = oo.
Therefore, we obtain from Proposition 3.8 that system (1.2) is uniformly persistent for
d, n) € (g, rr) x [, Ur(d)), and (0, 6;) is globally asymptotically stable for (d, i) €
(I, rr) X [Ur(d), 00). That s, (Ip, rp) x [[t, Ur(d)) C T'p and (I, rr) x [Ur(d), 00) C
I".. This proves part (iv).
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For part (v), we suppose that ¢ € (c3, ¢3). It follows from Lemmas 3.5 and 3.6 that

maxg 6 r o N,
hm max Bg(x) = 4 Q% _ IQ R = c,
bl ook+max99d  ko|Q|+ [o N @12
r maxg 64 r maxg Ng '
hrn max fB4(x) = 11 = =c3.
-0 O d—0 k + maxg 6y " ko + maxg Ng

By (4.12), we see that max, g B4(x) = ¢ admits at least one positive root. Let dg, and dg,
denote the smallest and largest positive roots of maxg B4 = c, respectively. Then maxg Bs —
¢ < Oford > dg,, which combined with Lemma 3.1 (i) and (v) yields that

vl(u,ﬁd—c)>c—m3xﬂd20 forall u > 0,d > dp,. (4.13)
Q

Next, we discuss the sign of v; (M, Ba — c) when 0 < d < dg,. By Lemmas 3.1 and 3.5, we
have that

r maXeg NR

lim lim vq(u, —c)=c— =c—c3 <0,
Jim, Ly 1(1, Ba — ) 3

ko + maxg Ng

lim vl(u, Ba — c) =c-—maxfB; >0 foralld > dg,,
u—>0 Q
and

lim v, fa —c)=c— —/ Ba(x) > cy —h(d) >0 foralld > 0. (4.14)
=00 12

Thus, there exists (d, u) € (0, dg,] x (0, 00) such that vi (i, Bg — ¢) = 0.
Claim 4.1 Define

=suplu >O‘de 0, g1, vi (. Ba — c) =0}. (4.15)
Then f& is positive and finite.

The positivity of & is obvious. It remains to prove the finiteness of . The variational
characterization of v; (/,L, Ba — c) gives that

vi (i, Ba —c)
_ 1 o IVel = [o(Ba — 0)9?
Opet ! (@) Jo9?
L (ufg Vol ~ JoGahg —99" | Jolmhe — ﬂd>w2)
0£peH (Q) Jo ®? Jo9?
- 1 o IV = [o (i — o)¢? o Jo G — Ba)g?
T 0£peHI(Q) Jo¥? 0£pcH(Q) Jo9?
Denote
1 o IV = [o (s — o)¢? Jo 2= — Ba)g?
1= 5 and Iy := 5
fQ 2 fQ @
Since §; — Ng/o in C(2) as d — 0 by Lemma 3.5, there holds that
I < max & Ba| < max rko -max |6y — Ngr/o| — 0
xeQ | ko + Np xeq | (ko + NR)(k +04) | xe@
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as d — 0 for any ¢ € H'(Q), which implies that for any ¢ € H'(Q), I, < 25 for
0 < d < ds with dg > 0 being a sufficiently small constant independent of ¢. By Lemma
3.1, we have

. . . rNg
lim inf 11 = lim v (u, _ )
r—>00 0£pe H! (Q) pn—>00 ko + Ngr
1 rNg(x)
=c— — ——————dx=c—c1 >cy—cq.

12| Jo ko + Nr(x)
Then there exists aconstant 41 > 0 independent of d such thatinf_.,e 1) 11 > c2—c1 >0
for u > 1. This means that for any d € (0, dy) and ;& > w1, it holds that

) —C1 Cc) —C1
(/L Ba — C) inf I — sup h>cy—c1— = > 0.
0£¢peH (Q) 0peH (Q) 2 2

Thus, for any d € (0, dy), the constant u(d) satisfying v; (,u(d), Ba — c) = 0 is not greater
than 1. On the other hand, since vi (1, B4 — ¢) is continuous in y and d, we infer from
(4.14) that for any d € [dy, dg, ], the constant () satisfying vy ([L(d), Ba — c) = 0 s finite.
Hence, the constant (i defined in (4.15) is finite. Claim 4.1 is proved.
By (4.13), Claim 4.1 and the monotonicity of vi (i, -) in i, we obtain that
vi(w, Ba—c) >0, Vd,p) €[, dg,) x (1, 00)] U [[dp,, 00) x (0,00)].  (4.16)

Next, we investigate the sign of vy (u, Ba — c) when (d, u) € (0,dg,) x (0, i1]. As shown
in part (ii.b), we have h(d) < ¢p < c for all d > 0. Notice that limy_9 h(d) = ¢; < ¢ by
Lemma 3.5. Since maxg B — ¢ > 0 for 0 < d < dp,, it follows from Proposition 3.2 that
AM(d) == 0 (,Bd — c) > 0 foreach d € [0, dg,). Next, we have the following claim.

Claim4.2 1*(d) — ooasd /' dg,.

To prove Claim 4.2, by an argument of contradiction, we suppose that taking a subsequence
of d if necessary, there exists a positive constant C such that A*(d) < C forall d € (0, dg,).
According to the definition of A*(d), it corresponds to a positive function ¥ € C 2(Q)
satisfying that ||| L) = 1 and

AY +25(d)(Ba — )y =0, x€Q,
v =0, x €09Q.

Then by the L? theory of elliptic equations and the embedding theorem, taking a subsequence
of d if necessary, we suppose that A*(d) — X for some nonnegative constant Xandy — ¥
inCl(Q)asd / dg, , where w satisfies (weakly)

AV +)V‘('Bdﬁ1 —C)\/VI =0, xeQ,
i =0, x €9Q.

If & > 0, then integrating the equation of 15 yields that

/Q (ﬁdm - C)lb =0.

This identity contradicts the fact that 1} > 0, maxg 'Bdﬂl —c=0and 'Bdﬁl —c#£00n Q. If
X =0, then I/V/ is a constant. Integrating the equation of i gives that

/Q(,Bd —c)y =0.
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Letting d /' dg,, we obtain that

/Q (Bap, — ) =0,

which contradicts the fact that ii(d) < ¢ for all d > 0. This finishes the proof of Claim 4.2.
Define

- 1
U (d) = m, vd € [0, dg,).

Since i(d) — ¢ < O foralld > 0 and maxg g — ¢ > 0 for 0 < d < dg,, we deduce from
Proposition 3.3 (ii) that when d € (0, dg,),

sign v (u, Ba — c) = sign(u - (d)). 4.17)

Moreover, U (0) > 0 and limd_>d/Sl U(d) =0 by Claim 4.2. The definition of i in (4.15)
implies that L > SUPge(0,dg, ) Ui (d). Therefore, it follows from (4.16), (4.17) and Proposition
3.8 that (0, 6y) is globally asymptotically stable for (d, i) € T'y, where

[y = [0, dgy) x [T (d), 1] U0, dg,) x (f, 00)] U [[dg,, 00) x (0, 00)],

and system (1.2) is uniformly persistent for (d, u) € T2 := (0, dg,) x (0,4 (d)). That is,
[ cT,and ) C Ip.

To prove the remainder of part (v), we need to consider the positive roots of
max, g Ba(x) = c. If dg, = dg, (i.e. maxg By = c has only one root), then we imme-
diately obtain that

fl U fz = (0, 00)2.

If dg, # dg, (i.e. maxg B4 = c has at least two roots), then there are two constants Ig, rg
with /g < rg and maxg B;, = maxg By, = c such that either (1.15) holds, or (1.16) holds.
Next, we consider two cases.

Case 1. (1.15) holds. Since A(d) < ¢z < c for all d > 0, we infer that 8; — ¢ changes
signinx € Qford € (I, rp). Then it follows from Proposition 3.2 that A1 (8s —c) > 0
ford € (Ig, rg). In addition, by an argument similar to the proof of Claim 4.2, we deduce
that limd\l,g rM(Bg—c) = limd/v,ﬁ M (Bag — ¢) = o00. Define

Up(d) = vd € (lg, rp).

M(Ba—o)’
From Proposition 3.3 (ii), when d € (Ig, rg), we obtain that
sign vy (1, B — ¢) = sign(p — Up(d)).

Moreover, 0 < Ug(d) < ji ford € (Ig, rg) by Claim 4.1, and Ug(lg) = Ug(rg) = 0.
Therefore, we obtain from Proposition 3.8 that system (1.2) is uniformly persistent for
(d, ) € (g, rg) x (0,Upg(d)), and (0, ;) is globally asymptotically stable for (d, u) €
(llg, r,g) X [Z/[/g(d), ). Thatis, (llg, r,g) x (0, Z/lﬂ(d)) C Fp and (lﬂ, rﬂ) X [U5(d), 7 Nl
Case 2. (1.16) holds. In this case, we obtain from Lemma 3.1 (iii) and (v) that

vi(u, Ba—c) >c—max By >0 forall (d, ) € [lg, rg] x (0, A].
Q

Hence, by Proposition 3.8 (i), (0, 6;) is globally asymptotically stable for (d, u) €
[lg, gl x (0, 1], i.e., [Ig, rg] x (0, ji] C T,. This proves part (v).
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Finally, the theory for periodic coexistence state in infinite-dimensional periodic semi-flows
[42, Theorem 2.3] asserts that system (1.2) has a positive steady state as long as it is uniformly
persistent. The proof of Theorem 1.3 is completed. O

We shall conclude this section by proving the following results which show some monotone
properties for 64(x) in x or d.

Lemma 4.3 Let N satisfies (H1) and Ng is temporally homogeneous, where Q2 is a bounded
interval in R and Ng(x) € C! (). Then the unique solution 6y to (4.4) has the following
property: if Ng(x) is non-decreasing (resp. non-increasing) in x € Q, then 0,4 (x) is strictly
increasing (resp. decreasing) in x € Q. Moreover, max g 04(x) is strictly decreasing in
d € (0, 00).

Proof We only prove the case that Ng(x) is non-decreasing, and the other case can be proved
similarly.

Without loss of generality, assume that 2 = (0, 1) and Ng(x) is non-decreasing in x €
[0, 1]. To prove the monotonicity of 8, (x) with respect to x, by an argument of contradiction,
we assume that there is a point x, € (0, 1) such that 9,6;(x,) < 0. It follows from the
equation of 6, that
004(0) — Ng(0)

— 5

Due to the monotonicity of Ny in x, by Lemma 3.4, we have N (0) /0 = min,¢[o,1] Nr(x) <
64(0), which implies that d,,64(0) > 0. Since 9,64(0) = 0, 0,64(x) > O for sufficiently
small x > 0. Then by the hypothesis that d,6,(x,) < 0 for some x, € (0, 1), we derive that
0x04(xp) and 9,64 (x) > 0in (0, xg) for some xp € (0, x.]. Now, we look at the following
equations

axxed (O) =

ddxx0q + Nr(x) —0bq =0, x € (0, xp),

(4.18)
0x04(0) = 9x64(x0) = 0.

By the strong maximum principle, there holds that

min Ng(x)/o < 64(x) < max Ng(x)/o, Vx €[0,xo].
x€[0,x0] x€[0,x0]
Especially, 64(x0) < maxye[o,xo] Nr(X)/0 = Ng(x0)/o. Thus, 0y,04(x0) < 0 by (4.18),
which together with the fact that ; € C2([0, 1]) causes that 8,6,(x) < 9,64(xp) = O for
x € (x0,x0+¢&) with0 < ¢ <« 1 — xg. Since 9,0;(1) = 0, we can find x| € (x¢g + ¢, 1)
so that 9,6,(x1) = 0 and 9,6, (x) < 0 in (xg, x1). Recall that 9, Ng(x) > 0 on [0, 1]. Then
Nr(x) —0607(x) > Nr(xg) — 064(x0) > 0 for x € (xo, x1). Hence, 9,,64(x) < 0 and thus
0x04(x) < 0 in (xg, x1], contradicting the fact that 9,6,(x;) = 0. This proves that 6;(x)
strictly increasing in (0, 1).

In the following, we prove the monotonicity of 8;(1) = max.¢[o,1] 64 (x) with respect to
d. Differentiating the equation of 6; with respect to d, we get

o0 — 060 = —0:x604, x € (0, 1),

(4.19)
9x0(0) = 0x64(1) = 0,

where ' denotes the differentiation with respect to d. Multiplying the first equation in (4.18)
by 6, and the first equation in (4.19) by 64, and subtracting the results, one derives that

d(040xx0); — 050:x04) = 0 NR(x) — 049xx04. (4.20)
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Then integrating (4.20) over (0, 1) gives that

1 1
/ 0 (x)Ng(x)dx = —/ 18,04 (x)[2dx. (4.21)
0 0

This means that 8),(x*) < 0 for some x* € (0, 1) as 9,6 # 01in (0, 1). By an argument
of contradiction, we assume that 9(’10 (1) > 0 for some constant d® > 0. If 95/10 (1) > 0, then
9(’10 (x) > 0 in a neighborhood left to x = 1 by the continuity of 9(/10. If 0;0 (1) = 0, then it
follows from (4.18) and (4.19) that
Oxx0g0(1)  Ng(1) —08,0(1)

T T Py g
where the last inequality holds as 6,;0(1) = maxye[o,1] 0,40 (x) < maxyeo,1] Nr(x)/o =
Ng(1)/o. Thus, in the above two cases, 0(’10 (x) > 01in aneighborhood left to x = 1. Suppose
that there is x9 € [0, 1) so that

0h0(x) > 0in (x°, 1), 0/,(x") =0 and 8,6),(x") > 0.

axxeégo(l) = 0,

Integrating (4.20) with d = d° over (x°, 1), we obtain that

1
0> —dd,00(x")0,0 (x°) = 0,0 (x°)3:0,0 %) + /0 [0/ ()NR(x) + [3x6,0 (x)[*]dx > 0,
X

which is a contradiction. Hence 9{;0 (x) > 0in [0, 1), contradicting (4.21). Therefore, 6, (1) =
maxyefo,1] 0 (x) is strictly decreasing with respect to d > 0. The proof is completed. O

5 Proof of Theorems 1.4 and 1.5

By the theory for the periodic coexistence state in infinite-dimensional periodic semi-flows
(cf. [42, 43]), there is at least one positive w-periodic solution to system (1.2) as long as
system (1.2) is uniformly persistent (see Proposition 3.8). This fact indicates the conditions
for the existence of positive w-periodic solutions to (1.2). In this section, we show some
asymptotic profiles of positive w-periodic solutions to (1.2) as the resource dispersal rate
tends to zero or infinity.

Any positive T-periodic solution of (1.2) satisfies (1.5). To show the asymptotic profiles
of positive w-periodic solutions to (1.2) as d — 0 or d — oo, we first prepare the following
two lemmas, which are concerned with the L*°-estimate and qu’l-estimate for any positive
solution to (1.5).

Lemma 5.1 Let (Z, N) denote a positive solution to (1.5). Assume that ¢ < r. Then

r—c —
0<Z<—— and 0<N < _max Ngr/o onQ xR,.
g Qx[0,0]

Moreover, (1.5) has no positive solution when ¢ > r.

Proof We omit the proof as it is standard by the maximum principle for time-periodic
parabolic equations (cf. [32, Theorem 7.1]). O

Lemma5.2 Let (Z, N) be a positive solution to (1.5). Then for u > ¢ (resp. d > &), where
& > Oisasmall constant, there is a positive constant C dependingone, m,r,c, g, Nr,o, v, k
and 2, so that

1Zly2 0o = € (oD IN 20 g 0,09y =€) ¥4 € (1,00).
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Proof This lemma is obtained by the L” theory for time-periodic parabolic equations [17].
O

Now, we are ready to prove Theorems 1.4 and 1.5.

Proof of Theorem 1.4 Since ¢ € [0, c,], by Lemmas 3.1 and 3.5, we have

i (e g =) = e 1 ) 0
im vi (T, @, —c)=vlt,u, —— —c)<c—cs <
a0 I\ e, Ny *
for all u € (0, 0o). Then by Proposition 3.8 (ii), system (1.2) possesses at least one positive
w-periodic solution for sufficiently small u > 0. Assume that (Z(;), N(;)) is a positive
w-periodic solution to (1.2) with d = dp; and d»; — 0 as i — oo. By Lemma 5.1,
FN(,')
I k+N)
that || Z;
at [ Zlly2.

— ¢ — 8ZlL*©x(0,0)) is uniformly bounded in i. It follows from Lemma 5.2

(@x(0.0)) is uniformly bounded in i. Thus, the embedding theorem implies

that Z;y — Zp in C(Q x [0, w]) as i — oo, by taking a subsequence of dy ; if necessary,
where Z is a nonnegative w-periodic function. For N;), we derive from Lemma 5.1 that
lim; o0 Ny = No weakly in L9(2 x (0, )) for any ¢ > 1, where Ny is a nonnegative
w-periodic function. Moreover, (Zy, No) satisfies

atZQZMAZQ+ZQ(k:_N}8 —C—gZO), x e, t>0,

0;Zo =0, x €0Q,t >0,
Zo(x,t +w) = Zo(x,t), No(x,t + w) = No(x,1), x € Q,t>0.

Then by the maximum principle of time-periodic parabolic equations (cf. [32, Theorem 7.1]),
we infer that either Zg = 0on Q x Ry or Zg > 0on Q x Ry.

In the following, we prove that Zy > 0 on Q x R. Suppose, to the contrary, that Zy = 0
on Q x R. Then for any ¢ € (0, ming Ng /o), there is a large integer Mo > 0O so that
0<Zi <eon Q x Ry fori > M. By the equation of Ny, we have that for i > M),

N
8,N(,‘) > dzinN(,') + Np(x,t) — O‘N(i) — J/(r;"rilgfzi))’ xe,t>0,
;N =0, x€d,t>0
and
Ng) < doiANG) + Nr(x,t) —o Ny, x €Q,t>0,
B,;N(i) =0, x€0d,t>0.

Claim5.1 Let h € C,(Q x R,) be a positive function. For each i € {1,2,3,---}, the
following problem

V/’LN,'
[3tN(i) =d;ANG) + Nr(x,t) —oNgy — ;/(TI:/()» x€,t>0, 5.1)

8,;N(,‘)=0, x€d,t>0

possesses a unique w-periodic solution Nj ;. Moreover, Ny ; > 0 on Q xRy fori €
{1,2,3,---}.

It is easy to verify that O and Maxg, (0.0 VR /o are lower and upper solutions to (5.1),
respectively. Then the method of upper-lower solutions for time-periodic parabolic equa-
tions (cf. [32, Theorem 7.3]) indicates that (5.1) possesses a w-periodic solution. Since

f(x,t,N) = Ng(x,t) —oN — Iffrljvv is a concave function with respect to N, by [13,
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Theorem 27.1], (5.1) has a unique w-periodic solution Ny ;. By the magimum principle for
time-periodic parabolic equations (cf. [32, Theorem 7.1]), Nj_; > 0 on  x R,.. This proves
Claim 5.1.

Claim5.2 Leth € C, (2 x R.;.)ibe a positive function. Then N, ; — pj, in C(Q2 x [0, w])
as i — oo, where for each x € Q, p;(x, t) denotes the unique positive w-periodic solution

to the ODE
Ne@.)—op——TP 120 (5.2)
pr=Nr(x,t) —op— : : :
’ y(k + p)

Let pg be a constant with 0 < py K minﬁx[O’ ] Ng(x, t). Similar to the proof of Claim
5.1, we find that for each x € € and any ¢ € (—0o, 0o), the perturbed equation

Ng(x.1) £ ey (5.3)
pr = Ngr(x, o—op— , > .
’ y (k+ p)
. . oL . . . + . hk
admits a unique positive w-periodic solutions p;- o Notice that fow(a + , (err )z)dt >0

for all x € Q. Then for each x € Q, phi is linearly stable for (5.3). Since Ng(x,t) €

Coy o/ 2(9 x Ry), by the dependence of solutions of ODEs on the parameter (cf. [8]), we

have ph,g € Cg 1@ x R,) and

+
P4 — Prllc@xqow) — Oase — 0, (5.4)

where pj, is the unique positive w-periodic solution of (5.2) for each x € Q. By Lemma 4.1
in [1], for each o € (0, gp), there are ﬁ,ﬂig € Cf;l(Q x R) so that

+
Q aphg
4'max{1,a,%’c}’ on

1By = Pirollcor @xpowp < =00ndQ xRy, (55)

Note that p) 0 < p;: o by the comparison principle. Then p,, 0 < ﬁ,‘: o for o € (0, 0p). In the
following, we prove the convergence of N, ; as i — oo. For this aim, we show that for any
o € (0, 0o), there is a small constant dy so that when 0 < d»; < dp, the functions ﬁ; o and

ph are lower and upper solutions of (5.1), respectively. Fixing ¢ € (0, go) and using (5.3)
and (5.5), we find that

ap; rhp;
0 s =+ h.e
—driAp, —Nrp+op, + ——F—
or e ey k+ By )
py, OpL rhyk(p;, — i ,)
= ( e ”"’> — i A, 0+ 0By, — P + e e
ot a1 0 2 C y2Ak+ by )k + py )

> Q/4_d2,iAp~;£Q +0—0/4—0/4
= 9/4_d2,iAP;£Q >0, xeQ,t>0

for 0 < dp; < dp with sufficiently small dy > 0. Hence, p]f o is an upper-solution to
(5.1) for 0 < dr; < dp. Similarly, ﬁ}zg is a lower-solution to (5.1) for 0 < da; < dp.
Then an application of the method of upper-lower solutions for time-periodic parabolic
equations [32, Theorem 7.3] indicates that (5.1) possesses a w-periodic solution N with
0 < ﬁh_,g <N < ﬁ;g. By the uniqueness of solutions to (5.1), 0 < ﬁh_g < Npi < ﬁ,tg
for 0 < da,; < dp. Finally, by (5.4) and (5.5), Nj,; — pp in C(Q x [0, w]) as i — oo. This
proves Claim 5.2.
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By Lemma 3.5, Claim 5.1 and Claim 5.2, using the comparison principle, we see that

Pe < hmlnf Ny <limsup Ny < pon Q x [0, w],

i—00

where p(x, t) is the unique positive w-periodic solution of (3.4) for each x € Q. Taking
& — 0 gives that B
Ny — p inC(Q2 x [0, w]) as i — oo.

Let Zi) = Zi)/I1 Za) |l @ (0,0))- Then Z; satisfies
20— yAZ g + Zy (L — e — g7 910
T HWAZiy + Zi) \kxng; — €~ 8Z26)), * €82,1>0,
3 Zy =0, x€dQ,t> 0.

By the regularity theory and Harnack’s inequality for parabolic equations, up to a subsequence
of d» ; if necessary, Z(L) — ZO > 0in C( x [0, w]) asi — 0o, where Z satisfies (weakly)

dZo _MAZO—i—ZO(%—c’), xeQ, t>0,
BﬁZon, x €dQ,t>0.

Since Zo > 0, the above equation combined with the Krein-Rutman theorem yields that
(T, i, % — ¢) = 0. By the assumption ¢ € [0, c], we derive from Lemma 3.1 that

rp
o —c—e, <0,
(”’“Hp ) w|sz|/ /(k+p C) oo

which is a contradiction. Hence, Zg > 0 on Q x Ry.

In the following, we consider the convergence of N(;) as i — oco. Since Z() — Zp in
C(2 x [0, w]) asi — oo, for sufficiently small ¢ > 0, there exists a large integer M > 0 so
that

0<Zo—e<Ziy<Zo+e onQxRyfori >M. (5.6)

The equation of N(;) and (5.6) give that

rN(,-) (Z()—S)

Ui NGy < dri ANGy + Nr(x, 1) =0 Niy — 5oy > ¥ €Q,1>0,
;N =0, x€0d,t>0
and Ny (Zo+e)
FIN (G &
BZN(,') > dzy,‘AN(i) + Ngr(x,t) — O‘N(i) — y((k)-t-il\(l)(,-))’ x e, t>0,
;i Niy =0, x €a,t>0.
By Claim 5.1 and Claim 5.2, the following equation
Ny (Zo—¢
0Ny = do,i ANy + Nr(x,1) = o Ny = S0, x € Q1> 0,
8ﬁN(i):0, xe€ad,t>0

possesses a unique positive w-periodic solution N(,-) fori > M, and ]V(l-) — PZy—e iN
L*°(22 x (0, w)) as i — oo. By the same way, the following equation

Ny (Zo+
{3,N(,') =dy ;AN + Nr(x,t) —oNg) — %, x e, t>0,

8,7]\’(,‘):0, x€df,t>0
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has a unique positive w-periodic solution N ;) fori > M, and N ;) — pz,+e in L>(2 x
(0, w)) as i — oo. A comparison argument gives that N ;) < Ng) < Ny on Q x Ry for
i > M. Therefore,

DZp+e < hm 1nf N¢y <limsup Ny < pzy—¢.

i—00

Sending ¢ — 0 in the above inequalities yields that
Ny — pz, = No in C(Q x [0, w]) asi — oo.

Finally, by the regularity theory of parabolic PDEs, the equation of Z(;) indicates that Zg
satisfies the first equation in (1.17). This means that (Zg, No) is a positive solution to (1.17).
This completes the proof of Theorem 1.4. O

Proof of Theorem 1.5 Let ¢ € [0, ¢*). Then we obtain from Lemma 3.1 (ii) and Lemma 3.6

that

oo 2 ) o ) e o

m vi\7, u, —C T, M, c)=c—c <
oo ! 'uk-f-@d 'uk—i-f

for all u € (0, 0o0). By Proposition 3.8 (ii), system (1.2) possesses at least one positive w-
periodic solution for sufficiently large d > 0. Assume that (Z, N) is any positive w-periodic
solution to (1.2) with d > 0 large enough. We see from Lemma 5.1 that Z and N are
uniformly bounded in d. Then by an argument similar to [14, Lemma 3.7], we derive that by
taking a subsequence of d if necessary, (Z, N) converges t0 (Zoo, Noo) in [C( x [0, a)])]2
as d — oo, where Ny, does not depend on x, and (Z~,, Nxo) is a nonnegative w-periodic
solution to the shadow system (1.18).

We first prove that N is a positive function. Since N, is a) periodic in ¢, without losing
generality, we suppose that No(0) = 0. Then dN°° 0) = IQ\ fQ Ng(x,0)dx > 0, which
leads to that N (¢) > O in a right neighborhood of t=0. Suppose that there is a constant
t1 > 0 so that fj = min{r > O|Ny(t) = 0}. Then dN"C (1) = QI fQ Ngr(x,t)dx > 0,
which is impossible. Thus, N () > 0 for ¢ > 0. Accordmg to the periodicity of N, we
have Ny (0) = Noo(w) > 0, a contradiction. Hence, Noo () > O forall ¢ > 0.

Next, we verify that Z, is a positive function. On the contrary, suppose that there is
(x0, ) € Q x R, such that Zn(xo, fp) = 0. Then the Harnack inequality of parabolic
equations indicates that Z.,(x,1) = 0 on Q x [0, fo]. By the periodicity of Z, and the
Harnack inequality of parabolic equations, there holds that Zs (x, 1) = 0 on  x R, , which
gives rise to Noo(t) = &£(¢) on [0, 0o). Let 7Z=-—>—2  Then ||Z|| =1land

i 1Z1l oo (@x (0,w)) LOO(Qx(0,0))
Z satisfies
17, = ,uAZ—f—Z(k+N —gZ), xeQ, >0,
8,7Z:0, x €02, >0,
Z(x,t +w) = Z(x, 1), xeQ,t>0.

By Lemma 5.2, ||Z||Wz,1 is uniformly bounded for large d, which together with
P

(2x(0,0))
the embedding theorem indicates that taking a subsequence of d if necessary, 7 — Zso in

C(Q x [0, w]) as d — 0o, where Zo, satisfies ||Zoo||Lm(QX<0_w)) =1 and

1:8,200—/LAZ—I—Z</(+S ) xe,t>0,
5Z =0, x€dQ,t >0,
Z(x, t+w) = Z(x, 1), xeQ, t>0.
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Since || Zoo [l 2 (22x (0.0)) = 1, by the Harnack inequality, we have Zo, > 0 on @ x Ry Then
the Krein-Rutman theorem implies that

r§ 1 (2 r&@)
vl(r,u,i—c)zc—— ————dt =0,
k + E w Jo k + E(l‘)
which contradicts the assumption that ¢ € [0, ¢*). Therefore, (Z~, Noo) is a positive solution
to (1.18). The proof of Theorem 1.5 is completed. O

6 Conclusions and remarks

This paper establishes the global dynamics of the consumer-resource model (1.2) with tem-
poral variability as well as resource dispersal and decay. Our results demonstrate how these
factors affect the persistence and extinction of the consumer populations jointly with other
factors like the relaxation time and dispersal rates.

First it is shown in Theorem 1.1 (ii) that if there is no resource decay (i.e. ¢ = 0), then
the resource abundance will have infinite-time blow-up for large yield rate irrespective of
consumer mortality rate or resource dispersal. As long as the resource decays (i.e. o > 0), the
resource remains limited regardless of other factors such as the yield rate, consumer mortality,
resource dispersal, and so on (see Theorem 1.1 (i)), but the persistence and extinction dynam-
ics depend on various factors as shown in Theorem 1.2 and Theorem 1.3. Specifically the
persistence and extinction of the consumer population for the temporally periodic resource
input Ng(x, t) and the temporally homogeneous resource input Ng (x) are classified, respec-
tively, in Theorem 1.2 in terms of (¢, t) and in Theorem 1.3 in terms of (d, n), where 7 > 0
is the relaxation time of the consumer and p, d denote the dispersal rates of the consumer and
resource, respectively. We find that both temporally periodic and temporally homogeneous
cases will lead to the same persistence or extinction dynamics when the consumer mortal-
ity rate is small or large (see Theorem 1.2 (i) and (iv), and Remark 1.1). However, when
the consumer mortality rate is moderate, the dynamics may be different (see Theorem 1.2,
Remark 1.1, and Remark 1.3 (3)). All these findings predict the possible consumer-resource
dynamics.

In Theorem 1.4 and Theorem 1.5, we also show that any positive w-periodic solution of
(1.2) converges to an w-periodic solution of (1.17) (resp. (1.18)) as the resource dispersal
rate d — 0 (resp. d — 00). The global dynamics with possible solution profiles for the
limiting systems (1.17) and (1.18) is worthy of consideration in the future. In addition to this,
we mention several other questions to be pursued.

e The result of Theorem 1.1 finds that the resource decay (i.e. 0 > 0) is a predominant fac-
tor precluding the resource abundance from blowing up. When the consumer is uniformly
persistent in the case o > 0, we show there is a positive periodic (resp. steady-state) solu-
tion when Ny is temporally heterogeneous (resp. temporally homogeneous). However,
the stability and number of positive periodic (or steady-state) solutions remain unknown
in this paper. Therefore investigating the properties of positive periodic (or steady-state)
solutions such as the multiplicity, uniqueness and stability is an inherently interesting
problem.

e The current paper assumes that all coefficients r, c, g, o in the system (1.2) are constant.
For a realistic ecological system in a heterogeneous environment, they may also vary
spatially or temporally. Hence, it would be relevant to explore the global dynamics of
the consumer-resource system (1.2) with spatially or temporally variable coefficients.
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Of particular interest is when some of these variable coefficients (e.g., o or g) degen-
erate in space, the solution may blow up at the degenerate points/sets and consequently
the dynamics become very subtle. We shall investigate such a delicate problem in a
forthcoming paper.

Appendix. On a weighted time-periodic parabolic problem

In this appendix, we list some results for the principal eigenvalue of a weighted time-periodic
parabolic eigenvalue problem:

o5 —dAp + ¢(x,8)p = An(x,s)p, x € Q,s >0,
O =0, x€dQ,s >0, (A.1)
o, s+ 1) =9x,s), xeQ,s >0,

where @, d are two positive constant, £, n € C*%/%(Q x R.) are periodic in s with period
1,and 7 > 0 on Q x R. According to the Krein-Rutman theorem, problem (A.1) possesses
a principal eigenvalue A(w, d), which is real and simple, and has a positive eigenfunction.

The following result [18, Theorems 1.1] asserts the monotonicity of A(z, d) with respect
tow.

Theorem A.1 Let A(ww, d) be the principal eigenvalue of (A.1). Thenfor each fixed d > 0,

either W > 0 forany w > 0, or % = 0. Particularly, a/\(w = 0 if and only if
. — fol cds — Ae(n — fol nds) is independent of x € Q, where \, = k*(d) is the principal
eigenvalue of

{—qu& + [} ¢ds¢ = Ay fy ndsg, x € Q,

¢ =0, x €9Q.
Denote

. fo CEW.0ds fo (ads i ¢(x, s)dsdx
= xeX fo N0, t)ds " er fO n(x, s)ds . Jo fol n(x, s)dsdx

where X = {¥ € CR4; Q)|x(s) = X(s + 1)}. Note that B < B, < B. Then the following
results follow from [18, Theorems 1.3].

Theorem A.2 If B = B, then M(w,d) = B forall w,d > 0; If B < B, then for each
B € (B, B), there exists a unique constanLdB > 0 satisfying M(w,dg) - Basw — 0,
dp — 0as B\  Banddp — coas B /' B, such that the following statements for M(w, d)
hold.

(1) For B € (B, By], there exists a unique continuous function wg(d) : (0,dp] —
[0, 00) so that M(wp(d),d) = B ford € (0,dp), wp(dp) = 0 and wp(d) > 0 for
all d € (0,dp). Moreover, for B < By, wp(d) — 0asd — O; for B = By, if the
following hypothesis holds:

H) by := ¢ — By € C*9(Q x Ry) and there are finite number of points x; €
Q(l < j < M) sothat [y by(xj,s)ds = 0 and [} bu(x,5)ds > O for all

x € Q\ {x1,---, xp), where the Hessian matrix offol by(x,s)ds at x = xj is
invertible,
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then wp, (d) - 0asd — 0.

(i) For B € (B4, B), if ¢ — fol ¢ds — B(n — fol nds) does not depend on x € Q, then
Mw,dp) = B for all w > 0; otherwise, there is a unique constant dp € (0, dp)
and a unique continuous function @w g(d) : (dg, dp] — [0, 00), where X@B) =B
with AM(d) = limgy_ 00 (w7, d), so that M@ z(d),d) = B for all d € (dg, dp],
wp(dp) =0, wp(d) > 0foralld € (dg,dp), and wg(d) — ococasd \(dp.

Remark A.1 For the situation n = 1, we see from Lemma 3.1 (iv) that A(d) =
limg _, 00 A(@, d) is non-decreasing ind € (0, 00), limg_,0 A(d) = By and limg_, oo A(d) =
B. Then when n = 1, the constant dp in Theorem A.2 (ii) satisfies dg — 0 as B \( By,
whiledy — oo as B /' B.
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