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Abstract

Regression analysis with missing data is a long-standing and challenging problem, particularly when there are many missing
variables with arbitrary missing patterns. Likelihood-based methods, although theoretically appealing, are often computa-
tionally inefficient or even infeasible when dealing with a large number of missing variables. In this paper, we consider the
Cox regression model with incomplete covariates that are missing at random. We develop an expectation-maximization (EM)
algorithm for nonparametric maximum likelihood estimation, employing a transformation technique in the E-step so that it
involves only a one-dimensional integration. This innovation makes our methods computationally tractable even when the
number of missing variables is large. In addition, for variable selection, we extend the proposed EM algorithm to accommo-
date a Lasso penalty in the likelihood. We demonstrate the feasibility and advantages of the proposed methods by large-scale
simulation studies and apply the proposed methods to a cancer genomic study.

Keywords EM algorithm - Lasso - missing data - nonparametric maximum likelihood estimation - penalized regression -

survival analysis

1 Introduction

In public health and medical studies, we often study the
association between covariates, such as treatment received,
demographic information, or other personal characteristics,
and times to disease events or death. One complication that
often arises in practice is that the covariates may not be
available for all study subjects. For example, The Cancer
Genome Atlas (TCGA) collected genomic and clinical data
for many types of cancer, but for a substantial number of
subjects, protein expressions were not measured. Another
example is the North Staffordshire Osteoarthritis Project
(Wilkie et al. 2019), where researchers investigated the asso-
ciation between mortality and symptomatic osteoarthritis.
Covariates such as walking frequency, depression, and BMI,
collected via questionnaires, had missing values for some
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subjects. Missing data pose significant theoretical and com-
putational challenges for regression analysis.

There are multiple approaches for handling missing
covariates in regression analyses, many of which have been
applied to survival analysis. One is the likelihood approach,
in which we incorporate a model for the missing covariates
into the likelihood. An advantage of this approach is that
maximum likelihood estimation (MLE) is efficient. Herring
and Ibrahim (2001) considered the Cox model with incom-
plete covariates, which could be categorical or continuous,
and developed an expectation-maximization (EM) algorithm
(Dempster et al. 1977) for computation. Zhou et al. (2022)
implemented the EM algorithm with two-stage data augmen-
tation for the Cox model with interval-censored survival time.
However, MLE may become computationally intensive or
even infeasible when there are a large number of missing
covariates.

Another approach is inverse-probability weighting (IPW)
(Wooldridge, 2002; Wooldridge, 2007), where only sub-
jects with complete observations are used and are weighted
according to the probability of complete observation. Mar-
tinussen et al. (2016) considered a Cox model and used
an IPW approach to handle missing data. Thiessen et al.
(2022) proposed a two-step estimator for the Cox model
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with incomplete covariates, where two inverse-probability
weighted estimators are combined to form a more efficient
estimator. [IPW, however, is in general inefficient as it discards
information contained in subjects with partial observations.

A third approach is (multiple) imputation, where the miss-
ing values are filled in based on the observed data, enabling
standard analysis on the completed data (Rubin 2004). A
widely used technique is multiple imputation by chained
equations (MICE) (van Buuren and Groothuis-Oudshoorn
2011; Azur et al. 2011), also termed “fully conditional spec-
ification,” where conditional models are specified for each
incomplete variable. MICE iteratively regresses each incom-
plete variable on the remaining imputed dataset and draws
new imputations based on the regression models. Bartlett
et al. (2015) extended this framework to accommodate a
nonlinear outcome model with interaction and polynomial
terms. Deng and Lumley (2023) proposed multiple impu-
tation through XGBoost (MIXGB), which uses XGBoost
for capturing the distribution of the incomplete variables.
Alternatively, matrix completion imputes missing entries
by solving a rank-constrained optimization problem (Hastie
et al. 2015). Although imputation is intuitive, estimators
derived from imputed data lack guaranteed theoretical prop-
erties.

In addition to missing data, high-dimensional covariates
present another challenge. When the number of available
covariates is large, standard approaches that regress on all
covariates, such as MLE or estimating equations based on
inverse-probability weighting, may suffer from overfitting
and difficulties in interpretation, or may even be infeasible.
In such cases, we are often interested in selecting a subset
of covariates that are associated with the outcome. Penal-
ized regression methods, such as Lasso (Tibshirani 1996),
are popular approaches to reduce overfitting and to perform
variable selection.

Penalized regression or variable selection with missing
data is highly challenging, with limited research in this area.
For likelihood-based methods, Garcia et al. (2010) devel-
oped EM algorithms for the Cox model with Lasso, adaptive
Lasso (Zou 2006), and the smoothly clipped absolute devia-
tion (Fan and Li 2001) penalties. Sabbe et al. (2013) studied
variable selection in logistic regression using a Lasso penalty
via a stochastic EM algorithm. For IPW, Johnson et al. (2008)
and Wolfson (2011) incorporated a penalty term into inverse-
probability-weighted estimating equations for performing
variable selection. For multiple imputation, Wood et al.
(2008) investigated methods for combining variable selection
results from multiply imputed datasets. Deng et al. (2016)
extended the MICE approach to high-dimensional settings by
fitting a penalized regression model for each missing covari-
ate. Liang et al. (2024) developed an iterative imputation
method based on matrix completion and a randomized Lasso
method based on bootstrap. However, these approaches suffer
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the shortcomings of their unpenalized counterparts, such as
computational or estimation inefficiency and a lack of theo-
retical justifications. They may also require computationally
intensive tuning.

In this paper, we study the likelihood approach and
develop a novel algorithm for MLE that overcomes the
computational challenges of existing methods. In particu-
lar, we consider the Cox proportional hazards model with
incomplete covariates and develop an EM algorithm for com-
putation, which is computationally feasible even when the
missing pattern is arbitrary and a large number of covari-
ates are missing for each subject. The algorithm involves
linear transformations of the missing covariates, applied sep-
arately to each subject according to their individual missing
data pattern. By exploiting the fact that linear combinations
of Gaussian random variables are also Gaussian, only one-
dimensional numerical integrations are required in the E-step
after the transformation. This is a major advance over existing
likelihood-based methods, which require multi-dimensional
numerical integration (that is, integration over a space with
dimensionality equal to the number of missing covariates)
and thus are feasible only for a small number of missing
covariates.

Similar transformation techniques for the computation of
expectations under multivariate Gaussian distribution have
been employed in Bayesian analysis and in latent variable
modeling, where parameters or latent variables need to be
integrated out in the posterior distribution or the likelihood
(Albert and Chib 1993; Gonzalez et al. 2006). While our
approach makes use of the same basic property about Gaus-
sian variables, to the best of our knowledge, there are no
existing methods that adapt these techniques to handle miss-
ing covariates and apply them within an EM framework.

Under the likelihood framework, we can naturally perform
variable selection by incorporating a penalty term. In particu-
lar, we consider a Lasso penalty and develop an EM algorithm
for computation. Employing the transformation technique,
the E-step involves only a one-dimensional numerical inte-
gration, as in the unpenalized case. In the M-step, we perform
quadratic approximation of the log-partial likelihood and
adopt the coordinate-descent algorithm. Consequently, the
estimation and variable selection procedures remain compu-
tationally feasible even with many missing covariates.

This paper is structured as follows. In Section 2, we
describe the proposed model and formulate the EM algorithm
for both the unpenalized and penalized cases. In Section 3,
we perform large-scale simulation studies and compare the
performance of the proposed methods with existing methods.
In Section 4, we demonstrate the feasibility and advantages
of the proposed method in a cancer genomics study. In Sec-
tion 5, we present the computation times for the proposed
and alternative methods on real and simulated datasets. We
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provide some concluding remarks and possible extensions in
Section 6.

2 Methods
2.1 Model and likelihood

Let T* be an event time of interest and X be a p-vector of
covariates. Assume that 7* given X follows the Cox propor-
tional hazards model, with the hazard function given by

Mt | X) = r()eX' B,

where B is a vector of regression parameters, and A(-) is
a nonparametric baseline hazard function. We assume that
X follows the multivariate normal distribution with mean w
and covariance matrix X. Here, we for simplicity of presenta-
tion impose a parametric model on all components of X, but
the proposed methods can be easily generalized to the milder
condition that a subset of components of X, X g, is multivari-
ate normal given the remaining components, X _g provided
that X _g is always observed. This extension is discussed
in Section 2.4. Suppose that 7* may be subject to right-
censoring. Let C be the censoring time, ¥ = min(T*, C),
and A = I(T* < C).

We allow components of X to be missing. Let M =
My, ..., M p)T denote a vector of missing indicators, where
M; = 1if X; is missing and M; = 0 otherwise. Assume
missing at random, such that M and X are independent
given {X; : P(M; = 0) = 1}, Y, and A. Also, assume
that 7* and C are independent given {X; P(M; =
0) = 1}. For a sample of size n, the observed data con-
sistof O; = {Y;, Aj, M;, X; _p,} fori =1,...,n, where
X, _m; denotes the subvector of X; consisting of compo-
nents that correspond to M;; = 0. Let A(r) = fot A(s)ds
and @ = (B, A, u, X) denote the set of all unknown parame-
ters. The (observed-data) likelihood Lgps(@) is proportional
to

n
[T [ (rmeXisp st g -1
i=1

x e 1 X—WENXi-w gx,
where X; », denotes the subvector of X; consisting of the
components that correspond to M;; = 1.

We adopt the nonparametric likelihood estimation (NPM
LE) approach. Let r; < --- < t, be the ordered unique
observed event times, where m = Z?:l A;. We set A to be
a step function that jumps only at 71, ..., ;, and let the cor-
responding jump sizes be Ay, ..., Ay. In the likelihood, we
replace A(Y;) by the corresponding jump size. In the sequel,

we use Lbs to denote this nonparametric version of the like-
lihood.

2.2 EM algorithm for unpenalized estimation

When the dimension of X is low and we are not inter-
ested in variable selection, we estimate # by the NPMLE
(ﬁ, K, L, f), which is the maximizer of Lqps. We adopt the
EM algorithm to compute the NPMLE, with X; y, treated
as missing data for i = 1, ..., n. The complete-data log-
likelihood is

n
T
log Leom(®) = _ { AiClog huy + XTB) = Y 2,e%78
i=1 Jitj=Yi

1
— XK= w X - )

1
—3 log |Z|}+const,

where /(i) is a mapping such that t; = Y fori € {i =
1,...,n: A; = 1}, and “const” is a constant term. In the E-
step, we evaluate the conditional expectation of log Lcom (0)
given the observed data at the current parameter estimate. In
the M-step, we maximize the expected complete-data log-
likelihood. In particular, at the (k + 1)th iteration, we update

1 o
pD = =% EOX) (1
" i=1
l n N T
yk+D) - ZE(k)(Xin_T) _ (M(k+1)) (ﬂ(k+1)> Q)

i=1

where E® denotes conditional expectation given the observ
ed data, evaluated at the parameter estimate at the kth
iteration. After profiling out Ay, ..., A,, B maximizes the
following “complete-data log-partial likelihood”

n . e T
G B=3" 4 E(k)(X,-)Tﬁ—log{ 3 E“‘)(ex-fﬁ)}
i=l1 JiYj=Y;

This expression is similar to the objective function for § in
Zeng and Lin (2007). Note that

~k), XT8
PP &K ew Yjyzy, BV (ETX))
T f;m BV (X -

~(k), XT
S jry=y, B

~k), XT

3260 () ! 2=y, EX e -’ﬂXjXJT-)

B ZAi[ iz :
aBaBT . ~k), XT
apop izl ZtijEYi B¢ )(e jﬂ)
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N T
{ Ejyyer BV " 7Px)) }®2]

= xT
2z, £ (NP

We update 8 by the one-step Newton method:

gl gk _ P2G0p) B aG® ()
3BT |p=p® B lp—p )’

3)

where %) denotes the estimate of B at the kth iteration.
Finally, we update the baseline hazard function using the
Breslow-like estimator:

1
(k+1) _
)\'l(l) - ~ XTﬂ(/H—I)) (4)

Zj:){,-zy[ E® (e

for i such that A; = 1.

The major computational challenge of the EM algorithm is
that the conditional distribution of X; does not have a closed
form, and direct numerical integration for the expectations is
infeasible when the dimension of X; 7, is moderately high.
To avoid multi-dimensional numerical integrations, we pro-
pose a transformation approach under which the expectations
can be computed using at most one-dimensional numerical
integrations.

For notational simplicity, we omit the subjectindex i in the
following. Note that all operations are performed on a per-
subject basis, as each subject may have a different missing
data pattern. For a p-vector U, let U s and U o denote the
subvectors of U consisting of components that correspond
to M; = 1 and 0O, respectively. The expectations that need to
be computed in the E-step are in one of the following forms:

E9exp(X T B0} ®)

EYexp(xX ] 800 ©)
E®{g(XT1BE)) X mis) %)
E®(g(X T BED) X mis X N} ®)
E® {exp(X Bt )} ©)

where g is either the exponential function or the constant
function g(-) = 1.

First, if ﬂr(ﬁi)s = 0, then the conditional distribution of
Xmis given O is a multivariate normal distribution that does
not depend on (Y, A). The expectations (5)—(9) have simple
closed- form expressions.

For ﬂ mis 7= 0, we define an orthogonal matrix W with the
first row being (ﬂfﬁi)s)T/Hﬂgi)sH and let X = W X s, Where
| - || denotes the L,-norm. Note that ¥ and quantities defined
based on it depend on the iteration number &, but we suppress
the index k for simplicity of presentation. We see that the

@ Springer

first component of Xis X; = XT. ﬁ](fl)s/nﬂg{i)sn. Lety and v
denote the mean and variance of X given X s, respectively,

such that

_ (k) (k) (k) 1 (k)
n= ‘I’”’mls + ‘I’Emls obs(zobs obs) (XOb‘ ”’obs)
(k) T (k) (k) —1y (k) T
V= \I’mes mls‘I’ ‘I’Emis,obs(zobs,obs) z:obs,mis‘I’ ’

where X mismis and Xops obs are the covariance matrices
of Xmis and Xops, respectively, Xmis obs 1S the covariance
between X pmis and Xops, and Xops, mis = Emm obs- L€t X_ 1
denote the subvector of X consisting of all except the first
component. Although the conditional distribution of X given
the observed data does not have a simple form, X_i given the
observed data and X 1 (atf = 0(1‘)) follows the multivariate
normal distribution:

X 1| (Y.A, X1, Xobs)

> ®2
X1—m Vo1

~N(p_ +v 1 —— v 1 —
Vi1 V1

=N@m(X), V),

where vy is the upper left element of v, v_; ; is the first
column of v with the first component removed, and v_; _;
is the lower right submatrix of v, with the first row and col-
umn of v removed. The conditional density of X, given O is
proportional to

f&x ; O0)
k (k) (k)
= exp {A”ﬂini)s”xl A® (1) Bis 714X gy Bops

1 -1~ 2
_jvl’l(xl =) }

Therefore, conditional expectations of functions of X mis =
wTX can be computed by first further conditioning on X1,
where the conditional expectations have closed-form expres-
sions, and then taking the expectation over X 1, which can be
performed by numerical integration.

Speciﬁcally, the expectation (5) is equal to E®
{ exp(|| ﬂ(k) ||X 1 )} The expectation (7) is equal to

mis

WTE® {g(IBGAIR DX ) = $TEW {g“'ﬂfffe”x”( X >>}

The expectation (8) is equal to

»T
VTED (o180 XXX }\Il

mis
) *) ~ Xim(X )T
=V'E {g(”ﬂmls” l)( m(X1) V+m(X1)m(X1)T v.
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Finally, to evaluate (9), for any vector a of an appropriate
dimension, let

#(X1:a) = exp|a"m(%)) + %aTVa],

which is the conditional expectation of exp(f( Tla) given the
observed data and X 1, evaluated at @ = 0™ We can write
(9) as

’E(k){ exp()"(’T\I,ﬁ(kH))}

= E® [ exp((WBEI) X Do (X1; (W) _p).

Therefore, all expectations involved in the E-step can be com-
puted using one-dimensional numerical integrations over the
conditional distribution of X ;. In particular, for any function
h, we have

~ ~ h(x X1; O)dx
B0y = LA GO dT

[ f&1; 0)dx,
The integrations can be approximated using the adaptive
Gauss—Hermite quadrature (Liu and Pierce 1994). The pro-
posed algorithm is summarized in Algorithm 1.

Algorithm 1: NPMLE
Input : {Oi}i=12,..n-
1 Initialize (8P, A©, p©@ £O),
2 Calculate (5), (7), and (8) fori =1, 2, ..., n and in turn the
gradient and Hessian of G(k)(ﬂ).
Update p and X by (1) and (2), respectively.
Update B by (3).
Calculate (9) fori =1,2,...,n.
Update A by (4).
Repeat Steps 2—6 until convergence.
Output: (E, A, , ).

N R W

2.3 EM algorithm for penalized estimation

When the number of covariates is large, it is often desirable
to select a subset of covariates that are associated with the
survival time. We propose a penalization approach with the
following penalized observed-data log-likelihood:

pl(0) =log Lons(0) — ny B,

where y > 01is a tuning parameter. The penalized NPMLE is
the maximizer of p£(0). Note that we assume that the sample
size is sufficiently larger than the number of covariates, so
no penalty is imposed for the covariance matrix X.

To compute the penalized NPMLE, we adopt the proposed
EM algorithm for the unpenalized estimator with some mod-
ifications. The E-step for the penalized estimator is the same
as the previous algorithm. In the M-step, the estimators of
and X are the same as before.

After profiling out the baseline hazard function, 8 max-
imizes the (expected) penalized complete-data log-partial
likelihood n = 'G® (B) — y |IB1. Clearly, there is no closed-
form solution, and the objective function is not differentiable.
To update B8, we first approximate the objective function
using a second-order Taylor expansion:

1
n'GN(B) = yIBlli ~ 58T QB + PTB — yIIBI + const,
(10)

where

0-1(20%®
S\ 9papT lp—pt
p_L]({2¢“® N ERGT)) gl
n B lg=pw 3BopT lg=p®

Then, to maximize the right-hand side of (10), we adopt
the coordinate-descent algorithm (Simon et al. 2011). For
J =1,..., p, we update B; with B_; fixed at the current
estimates by setting

_S(Qj,—jﬂ—j +Pj.y)
Q;,

Bj = ) (11)

where S(x, y) = sgn(x)(|]x| — y)4. We iterate over compo-
nents of B until convergence. After updating 8, we update
A using the same Breslow-like estimator as before. This
completes a single M-step. We summarize the procedure in
Algorithm 2.

Algorithm 2: Penalized NPMLE

Input :{O;}i=12,. . andy.

1 Standardize the covariates. Initialize (8 O A0 n @z Oy,

2 Calculate (5), (7), and (8) fori = 1,2, ..., n and in turn the
gradient and Hessian of G® B).

3 Update pu and X by (1) and (2), respectively.

4 Iteratively update each component of 8 through (11) until
convergence.

5 Calculate (9) fori =1,2,...,n.

6 Update A through (4).

7 Repeat Steps 2—6 until convergence.

8 Rescale the NPMLE.

Output: (ﬁy, Xy, &y, fy).

To choose the tuning parameter, we use the corrected
Akaike information criterion (AICc) (Sugiura 1978; Hurvich
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and Tsai 1989) as our selection criterion:

. 2%k, (kyy + 1
AICc(y) = —210g Lops (@) + 2k, + %
n—ky,—

where k,, represents the number of nonzero components in

By.

2.4 Relaxation of the normality assumption on
complete covariates

In the previous subsections, we restrict all covariates to be
jointly normal, but this assumption may not hold in practice.
In this subsection, we relax this restriction: rather than assum-
ing that the entire covariate vector is normal, we assume that
the missing covariates follow a normal distribution condi-
tional on the observed covariates.

To facilitate presentation, we redefine X as the set
of potentially missing covariates (that is, covariates with
P(M; = 1) > 0) with dimension p, and we let Z be the
fully observed covariates with dimension g. Here, we do not
make distributional assumptions on Z. The survival model
becomes:

At | X, Z) = A(t)eX Bi+ZTBa,

where f8; and 8, are p- and g-dimensional vectors of coef-
ficients, respectively, and let § = (ﬂT, ﬂg)T. We consider a
linear model for X:

X =AZ* + ¢,

where Z* = (1, ZT)T, A is p X (g + 1) matrix of regression
coefficients, and ¢ is p-vector of Gaussian noise with mean 0
and covariance matrix X.. Thus, the conditional distribution
of X given Z is N(AZ*, X). The contribution of a subject to
the complete-data likelihood is given by

T T
{)Ll(l-)exiTﬂl-ﬁ-ZfTﬂz }Aie—A(Yi)EX" Bitzih
« |E|71/267%(X,-7AZ;*)TZ’1(X,-fAZl’.‘)
The proposed EM algorithm can be adopted with slight

modifications. In particular, at the (k + 1)th iteration, we
update

-1
n n
i=1 i=1

1 <~
k+1 (k) T
E(+)=;§:E (X; X))

i=1

-1
1 n ~k n
- (Z E )(Xi)Zj‘T> <Z Z,’-‘Z}“T>
i=1

i=1
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x (Z zf’ﬁ“kx,-f) . (13)

i=1

Let Xmis and Xops denote the missing and observed com-
ponents of X, respectively. Similarly, let B, denote the
subvector of B that corresponds to Xps. In the E-step,
expectations (5), (7), (8), and (9) are required. Note that the
transformation technique remains applicable under this for-
mulation. In particular, we first define W in the same way as
in Section 2.2. The mean and variance of X = WX mis given
(Xobs, Z) are

n= “I’(A(k)Z*)mis

k k _
FUEDL (B o)~ Kobs — (AP Z)ap)

p=wx® T _yy® (g®  -1yp®

wT
mis, mis mis,obs \““obs,obs obs, mis .
The remaining procedures are the same as described in Sec-
tion 2.2. Algorithm 3 summarizes the computation procedure
of the NPMLE under this relaxed assumption.

Algorithm 3: NPMLE under relaxed assumption
Input : {O;}i=12,..a-

1 Initialize (8@, A©, 4@ $©O)),

2 Calculate (5), (7), and (8) fori =1, 2, ..., n and in turn the

gradient and Hessian of G® B).

Update A and X by (12) and (13), respectively.

Update B by (3).

Calculate (9) fori =1,2,...,n.

Update A by (4).

Repeat Steps 2—6 until convergence.

Output: (ﬁ, X, Z 5:\).

N R W

3 Simulation studies
3.1 Unpenalized estimation

In this subsection, we evaluate the empirical performance
of the unpenalized NPMLE and some competing meth-
ods. We considered p = 5 and generated X from %
N(0, (0.5=71); ;1. ). WesetB = (0.3,0.3,0.3,0.3,0.3)T
and A(r) = 0.172. We generated the censoring time from
Unif (0, 5), resulting in a censoring rate of approximately
55%. We considered sample sizes of n = 300 and 1000.
We considered missing completely at random (MCAR)
and missing at random (MAR) mechanisms. The covari-
ate vector X was partitioned into four blocks: {X1, X»},
{X3}, {X4}, and {X5}. Under MCAR, subjects were ran-
domly selected to have incomplete covariates, and one block
of variables was then randomly chosen to be missing for
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each selected subject. Under MAR, we mimicked a case-
cohort study: a subcohort comprising 10% of the sample had
all covariates observed. Outside this subcohort, we randomly
selected subjects with A = 1 to have complete covariates.
If necessary, we randomly selected subjects with A = 0 to
reach the target missing proportion. Similarly, one block was
randomly chosen to be missing for each subject selected to
have incomplete covariates. We considered missing propor-
tions of 50% and 75%.

We compare NPMLE with the complete-case analysis
(CCA), IPW, single imputation (SI), MICE, and MIXGB.
For CCA, we discarded subjects with any missing values. For
IPW, we maximized the weighted Cox nonparametric log-
likelihood, using inverse (true) propensity scores as weights.
For SI, we estimated u and X using MLE based on the fully
observed X;’s and then imputed missing entries by their esti-
mated conditional mean given the partially observed X;’s.
MICE and MIXGB are two multiple imputation approaches.
We generated m = 5 imputed datasets using the mice
and mixgb packages in R (van Buuren and Groothuis-
Oudshoorn 2011; Deng and Lumley 2023), where we used
the default hyperparameter values and included the event
indicators and the Nelson—Aalen estimates in the imputa-
tion models. For mixgb, we selected the optimal number of
boosting rounds using the built-in cross-validation function.
Final estimates were pooled using Rubin (2004)’s rule. In
this and subsequent simulation studies, we considered 500
replicates unless otherwise specified.

Performance of the methods is evaluated using two met-
rics: the empirical mean squared error (MSE) of E, which
quantifies estimation accuracy, and the concordance index
(C-index) (Harrell et al. 1996) between the event time and
X Tﬁ, which measures capacity to correctly rank individuals
by their risk. The C-index is calculated on a fully observed
validation dataset of 1000 subjects without censoring, gen-
erated from the same population.

Table 1 presents the results for unpenalized estimation
under MCAR and MAR. Across all scenarios, all methods
yield similar C-index values. By contrast, NPMLE, SI, and
MICE consistently achieve lower MSEs compared to CCA,
IPW, and MIXGB, particularly at higher missing proportions.
Figure 1 shows the empirical mean of A for unpenalized
estimation under missing proportion of 50%. Under MCAR,
A are unbiased for all methods. Under MAR, only NPMLE,
SI, MICE, and MIXGB yield unbiased estimates.

3.2 Penalized estimation

In this subsection, we compare the performance of penal-
ized methods under a sparse setup. We considered p =
100 and set nonzero B; = 0.5 for j = 10, 20,...,100.
The remaining configuration for data generation was the
same as that described in Section 3.1. The censoring rate is

approximately 55%. We considered both MCAR and MAR
mechanisms. The covariate vector X was partitioned into 20
blocks: {X1, X2, X3, X4, X5}, {Xs, X7, X3, X9, X10}, ...
{Xo6, X97, X983, X99, X100}. We inserted missing data into
the simulated dataset according to the procedure described
in Section 3.1.

We considered NPMLE, CCA, IPW, SI, MICE, and
MIXGB approaches, each with a Lasso penalty. We used
the R package glmnet (Friedman et al. 2010; Simon et al.
2011; Tay et al. 2023) to perform Lasso estimation for all
methods except NPMLE, with the optimal tuning parameter
value selected via 10-fold cross-validation. For CCA, IPW,
and SI, missing data were handled as previously described.
For multiple imputation, each simulated dataset was imputed
m = 20 times, as this is required for more stable variable
selection. To ensure convergence of the chained equations,
the number of iterations for MICE was set to 20. For both
multiple imputation methods, Lasso estimates were obtained
using the stacked method (Du et al. 2022).

In addition to MSE and C-index, we also report the true
positive rate (TPR), which is the proportion of truly relevant
variables that are identified, and false discovery rate (FDR),
which is the proportion of selected variables that are irrele-
vant.

Table 2 presents the results for penalized estimation under
MCAR and MAR. Overall, the performance of NPMLE,
SI, MICE, and MIXGB are similar. NPMLE consistently
achieves the lowest or near-lowest MSE and near-highest
C-index among all methods. In term of variable selection,
NPMLE maintains a high TPR, but it tends to have higher
FDR than the other methods. Figure 2 shows the empiri-
cal mean of A for penalized estimation under 50% missing.
CCA and IPW give biased estimates under MAR, whereas
NPMLE as well as the imputation methods give virtually
unbiased estimates in all cases.

3.3 Unpenalized estimation under a misspecified
outcome model

We evaluate the performance of the proposed methods
under a misspecified outcome model. We set p = 5 and
generated the covariates and the censoring time in the same
manner as described in Section 3.1. The true outcome model
was set to be

2
At X) = 0.2t60.3X1+0.3X2+043X3+0.3X4+0.3X5—045X1X2—0.5X1X3+043X4'

For each method, we fitted a misspecified Cox model
with only linear terms in the regression equation, without
quadratic terms. The implementation details of the estima-
tion methods and the missing data mechanisms are the same
as those described in Section 3.1. In this setting, MSE cannot
be evaluated, and we only report the C-index values.

The simulation results are presented in Table S1 in the
Supplementary Materials. The performance of NPMLE, SI,
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Table 1 Simulation results for unpenalized estimation
Sample size Missing proportion Statistic NPMLE CCA IPW SI MICE MIXGB
MCAR
300 50% MSE 0.0810 0.1551 0.1551 0.0786 0.0761 0.0895
C-index 0.7203 0.7162 0.7162 0.7202 0.7202 0.7201
75% MSE 0.0911 0.3845 0.3845 0.0890 0.0845 0.1028
C-index 0.7197 0.7060 0.7060 0.7193 0.7194 0.7194
1000 50% MSE 0.0215 0.0377 0.0377 0.0208 0.0204 0.0257
C-index 0.7240 0.7229 0.7229 0.7240 0.7240 0.7238
75% MSE 0.0253 0.0831 0.0831 0.0251 0.0242 0.0330
C-index 0.7237 0.7200 0.7200 0.7236 0.7236 0.7233
MAR
300 50% MSE 0.0765 0.1109 0.2108 0.0769 0.0759 0.0821
C-index 0.7206 0.7157 0.7112 0.7205 0.7204 0.7202
75% MSE 0.0867 0.2013 0.3536 0.0843 0.0798 0.0957
C-index 0.7200 0.7069 0.7048 0.7198 0.7198 0.7197
1000 50% MSE 0.0205 0.0682 0.0756 0.0205 0.0209 0.0239
C-index 0.7241 0.7224 0.7203 0.7240 0.7240 0.7239
75% MSE 0.0242 0.0718 0.1002 0.0240 0.0236 0.0316
C-index 0.7238 0.7200 0.7189 0.7238 0.7238 0.7235

MICE, and MIXGB is similar, and these methods consis-
tently yield higher C-index values than CCA and IPW. The
results indicate that NPMLE and other imputation methods
are robust to misspecification of the outcome model to a cer-
tain extent.

3.4 Unpenalized and penalized estimation under a
misspecified covariate distribution

To assess the sensitivity of the proposed methods to the
normality assumption, we conduct simulation studies using
misspecified covariate distributions. Specifically, we first
generated a multivariate normal random vector as previously
described. Each component of this vector was then trans-
formed using F' —lo®, where ® and F denote the cumulative
distribution functions of the standard normal distribution
and a specific target distribution, respectively. This trans-
formation ensures that each covariate marginally follows the
target distribution. We considered target distributions of the
Student’s ¢ distribution with 5 degrees of freedom, the expo-
nential distribution with a rate of 1, and the Gaussian mixture
distribution given by 0.5N(=2, 1) + 0.5N(2, 1).

We simulated the performance of both unpenalized and
penalized estimation. The data generation models, missing
data mechanisms and implementation details for unpenalized
and penalized estimation follow those described in Sections
3.1 and 3.2, respectively. We considered a sample size of
1000 and a missing proportion of 50%. We also considered
both MCAR and MAR.
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Model performance is assessed using MSE and C-index,
with TPR and FDR additionally evaluated for penalized esti-
mation. Tables S2 and S3 in the Supplementary Materials
present the results for the unpenalized and penalized estima-
tion respectively. The performance of NPMLE is similar to
SI, MICE, and MIXGB under the student’s ¢ and the expo-
nential distribution. NPMLE remains stable even when the
covariate distribution deviates substantially from normality,
demonstrating its robustness to distributional misspecifica-
tion.

4 Real data analysis

We analyzed the TCGA kidney renal clear cell carcinoma
(KIRC) dataset which was released in November 2015
and accessed through the RTCGA package in R (Kosinski
2025). This study considered outcomes such as time to new
tumor events or death, which were potentially subject to
right censoring. The omics variables included 20,531 RNA-
sequencing gene expressions (available for 532 subjects) and
217 reverse-phase protein array protein expressions (avail-
able for 475 of the 532 subjects). We specifically investigated
associations between these omics variables and time to death
from initial diagnosis.

We applied a log,(1 + x)-transformation to the gene
expression. To select high-variance genes while minimiz-
ing redundancy, we adopted the following procedure: First,
gene expressions with zero median absolute deviation were
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Fig.1 Estimates of cumulative baseline hazard function for unpenalized estimation under 50% missing in the simulation studies.

filtered. Subsequently, hierarchical clustering (using 1 —
|correlation| as the distance metric and complete linkage)
partitioned the remaining genes into 2500 clusters; within
each cluster, the gene exhibiting the highest median abso-
lute deviation was retained (see Section 10.14.2 of Duda
et al. (2000)). For protein expressions, we removed 5 pro-
teins missing in 90% of the subjects. Finally, we performed
supervised screening by fitting Cox models marginally on
each retained gene and protein expression against time to
death. Using complete-case analysis to handle missing val-
ues, we selected the top 150 omic variables (136 gene and
14 protein expressions) with the smallest p-values for down-
stream analysis.

We applied the NPMLE, CCA, IPW, SI, MICE, and
MIXGB approaches with a Lasso penalty to the processed
data. The implementation details for these methods, except
IPW, follow those outlined in Section 3.2. For IPW, propen-
sity scores were estimated using a logistic regression model
with a Lasso penalty, incorporating the fully observed covari-
ates, event indicators, and Nelson—Aalen estimates.

Since the true model is unknown, we are not able to use
MSE, TPR, and FDR to evaluate the performance of different
methods. We focused on the C-index, which was obtained
through the following procedure:

1. Generate 20 imputed datasets using the mixgb package.

2. Randomly assign the subjects into a training set and a
testing set with a 7:3 ratio. For subjects in the training
set, remove all imputed entries. Note that this yields 20
testing sets, which consist of the same set of subjects but
different imputed values, and a single training set with
missing values.

3. Perform the six estimation procedures on the training set
and obtain parameter estimates ﬁ For each approach, esti-
mate the C-index on the 20 testing sets.

4. Compute the average of the C-index values across the 20
testing sets.

5. Repeat Steps 1-4 for 500 times.
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Table 2 Simulation results for penalized estimation
Sample size Missing proportion Statistic NPMLE CCA IPW SI MICE MIXGB
MCAR
300 50% MSE 0.5778 1.1689 1.1689 0.6202 0.5514 0.5364
C-index 0.7856 0.7426 0.7426 0.7877 0.7889 0.7901
TPR 0.9984 0.8884 0.8884 0.9964 0.9988 0.9988
FDR 0.6761 0.5802 0.5802 0.6269 0.6536 0.6332
75% MSE 0.5831 2.0922 2.0922 0.8468 0.5813 0.5610
C-index 0.7852 0.6309 0.6309 0.7793 0.7876 0.7893
TPR 0.9994 0.4002 0.4002 0.9926 0.9986 0.9990
FDR 0.6670 0.4741 0.4741 0.6260 0.6586 0.6294
1000 50% MSE 0.1475 0.2778 0.2778 0.1630 0.1645 0.1551
C-index 0.8084 0.8039 0.8039 0.8094 0.8091 0.8095
TPR 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
FDR 0.7027 0.6560 0.6560 0.6814 0.6992 0.6850
75% MSE 0.1526 0.6031 0.6031 0.1980 0.1800 0.1659
C-index 0.8083 0.7858 0.7858 0.8088 0.8088 0.8092
TPR 1.0000 0.9956 0.9956 1.0000 1.0000 1.0000
FDR 0.7030 0.6215 0.6215 0.6792 0.7020 0.6811
MAR
300 50% MSE 0.5361 1.6571 1.6337 0.5789 0.5254 0.5292
C-index 0.7875 0.7105 0.6813 0.7893 0.7903 0.7907
TPR 0.9992 0.7416 0.6400 0.9976 0.9990 0.9986
FDR 0.6702 0.5499 0.5677 0.6329 0.6469 0.6326
75% MSE 0.5865 2.2096 2.1762 0.8167 0.5786 0.5613
C-index 0.7857 0.6101 0.6067 0.7809 0.7882 0.7895
TPR 0.9982 0.3202 0.3140 0.9918 0.9978 0.9982
FDR 0.6622 0.4337 0.4521 0.6203 0.6532 0.6273
1000 50% MSE 0.1422 0.6544 0.4513 0.1496 0.1493 0.1493
C-index 0.8086 0.8018 0.7929 0.8095 0.8093 0.8095
TPR 1.0000 1.0000 0.9996 1.0000 1.0000 1.0000
FDR 0.7056 0.6769 0.7084 0.6871 0.6973 0.6856
75% MSE 0.1534 0.8612 0.6981 0.1890 0.1738 0.1641
C-index 0.8083 0.7843 0.7778 0.8090 0.8088 0.8093
TPR 1.0000 0.9948 0.9868 1.0000 1.0000 1.0000
FDR 0.7046 0.6310 0.6569 0.6859 0.7090 0.6847

The above procedure yields 500 C-index values. In addition,
we considered scenarios with extra missing data, where in
Step 2 we removed protein expression values from randomly
selected subjects to yield missing proportions of 30% and
50%. The distributions of the 500 C-index values are pre-
sented in Figures S1-3 in the Supplementary Materials for
the original data and for 30% and 50% missingness, respec-
tively.

Overall, the C-index values of NPMLE consistently have
the highest or near-highest median and the tightest spread,
whereas SI tends to have the lowest median. SI, MICE, and
MIXGB have relatively more outliners in the lower tail under

@ Springer

heavier missingness. Table 3 presents the average C-index
values of the six approaches. The average C-index values of
the six methods are similar, with the NPMLE having a slight
advantage for all missing proportions.

5 Computation time

In this section, we compare the computation time for methods
considered in Sections 3.1 and 3.2. All computations were
conducted using R 4.5.1 on a 64-bit Windows 11 PC with an
Intel i7-14700 CPU, an Nvidia GeForce RTX4060 Ti GPU,
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Fig.2 Estimates of cumulative baseline hazard function for penalized estimation under 50% missing in the simulation studies.

Table3 C-index values of

different methods on the KIRC Missing proportion NPMLE CCA IPW SI MICE MIXGB

dataset Original 0.7231 0.7183 0.7185 0.7154 0.7178 0.7189
30% 0.7192 0.7138 0.7142 0.7088 0.7157 0.7149
50% 0.7160 0.7078 0.7078 0.7062 0.7111 0.7115

and 64GB of RAM. They were performed using a single CPU
core, without the use of GPU or parallel processing.

We first evaluate the computation time over simulated
datasets. In particular, we set n = 1000 and p =
20, 30, ..., 100. We generated X and the censoring time
from N(0, (0.5=71); ;_;._,) and Unif (0, 5), respectively.
We set A(f) = 0.172 and B to be sparse, where Bj = 0.5
for j = 1,2,...,5 and is zero elsewhere. We introduced
missing data through the procedure described in Section
3.2, where we partitioned the covariates into blocks, with
each block containing 5 consecutive covariates. We consid-
ered the MCAR mechanism and a missing proportion of
50%.

We incorporated a Lasso penalty to all methods. Note
that we did not fully adopt the default hyperparameter val-
ues in the R packages mice and mixgb. In particular, we
increased the number of imputations from the default of
m = 5tom = 20, as a larger m is needed for stable vari-
able selection. Also, for MICE, the number of iterations was
increased from 5 to 20 to ensure convergence of the chained
equations. For each method, we used 100 logarithmically-
spaced tuning parameter values ranging from 0.05ymax to
Ymax> Where yYmax is the smallest tuning parameter value
such that ﬁymax = 0. For NPMLE, we used 20 nodes for
the Gauss—Hermite quadrature in the E-step, and the conver-
gence criterion was [0 — k=D o < 1074
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Table4 Computation times (in  p o pimension  Missing proportion  NPMLE  CCA IPW  SI  MICE  MIXGB
seconds) on real and simulated
datasets KIRC 532x152 10.53% 52.38 0.40 1.66 045 131.03 21.20
Simulation ~ 1000x102  50% 61.00 026 032 046 65145 63.61
Fig.3 Computation times on
simulated datasets.
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Table 4 and Figure 3 present the computation times for
the six methods. We also include the computation times for
the analysis of the KIRC dataset described in Section 4. The
presented computation times are averages over 5 replicates,
where a procedure is repeatedly applied to the same dataset
5 times. CCA, IPW, and SI are the fastest, with computa-
tions completed within 0.5 seconds in all simulation studies.
These methods take only slightly longer time for the KIRC
dataset. By contrast, NPMLE, MICE, and MIXGB are sub-
stantially slower. Overall, MICE is the slowest method for
both the simulated and KIRC datasets. In the simulation
studies, the computation times for NPMLE and MIXGB are
similar. However, the computation of NPMLE is slower than
MIXGB on the KIRC dataset.

Note that the computation time for NPMLE is partic-
ularly sensitive to the number of tuning parameter values
considered, more so than for imputation methods. For each
tuning parameter value, the proposed method repeatedly per-
forms the E-step and M-step until convergence, with each
M-step being comparable in complexity to running the entire
coordinate descent algorithm on a complete dataset. As the
number of tuning parameter values increases, the total com-
putation time for NPMLE accumulates rapidly. In contrast,
for a complete dataset, the coordinate descent algorithm for
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each tuning parameter value is relatively fast, so increasing
the number of tuning parameter values does not substantially
increase the computational burden. For imputation methods,
the main computational cost arises from generating imputed
datasets, making their overall computation time less sensitive
to the number of tuning parameter values.

6 Discussion

In this paper, we propose a likelihood-based approach
for (penalized) estimation of the Cox proportional haz-
ards model, where covariates may be missing. We devise a
novel EM algorithm that enables efficient computation under
arbitrary missing patterns and a large number of missing
covariates. Instead of performing multi-dimensional numeri-
cal integration over all dimensions of the missing covariates,
we propose a linear transformation of the covariates so that
the expectations of all but one component of the transformed
variables have closed-form expressions. While the proposed
methods demonstrate superior or competitive performance
compared to some popular alternatives we considered, our
primary objective is not to claim the overall superiority of the
likelihood approach. Rather, we aim to illustrate that, even
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with many missing covariates and arbitrary missingness pat-
terns, the likelihood-based method remains a practical and
viable option for researchers.

The likelihood approach offers several advantages over
the popular multiple imputation approach. First, under mul-
tiple imputation, it is often difficult to explicitly define the
estimator, as it is typically the limit of some iterative algo-
rithm. This makes theoretical studies of the estimator very
challenging. By contrast, the proposed estimator is the max-
imizer of the penalized likelihood, and existing techniques
(such as Wang and Leng (2007)) can be applied to establish
the theoretical properties. In fact, with a correctly speci-
fied model and a finite-dimensional setting, the likelihood
approach is (semiparametrically) efficient under regularity
conditions. Second, imputation method such as MICE may
be computational intensive when the dimension of covariates
is high or when the number of imputations is large. Sophis-
ticated imputation models require substantial tuning, which
may significantly slow down computation. By contrast, in the
setting considered in Section 5, the proposed approach scales
better with the number of covariates compared to MICE.
Overall, we expect that the proposed methods have superior
performance when the model is correctly specified and when
the sample size is large.

Nevertheless, the proposed methods have several limita-
tions. A major limitation is that the transformation technique
depends crucially on the Gaussian assumptions on the covari-
ates. Specifically, we make use of the facts that linear
transformations of Gaussian random vectors are Gaussian,
and that the conditional distribution of any subvector of a
Gaussian random vector, given the remaining components, is
also Gaussian. A related issue is that the proposed methods
do not accommodate interaction terms or nonlinear effects
even if the individual covariates are Gaussian, because these
polynomial or interaction terms are not Gaussian. In addition,
we require that the variance estimator is positive definite at
every iteration of the EM algorithm. This condition is vio-
lated when p > n and may also fail when the number of
missing entries is large relative to np.

In settings where these limitations apply, imputation meth-
ods may be appealing alternatives. First, imputation methods
such as MIXGB and MissForest (Stekhoven and Biihlmann
2012) are fully nonparametric and impose no distributional
assumptions on the covariates. They can handle continu-
ous and categorical variables. These methods also naturally
accommodate interaction and high-order terms, as such trans-
formations can be applied after the imputation step. In
addition, there are imputation approaches that can handle
high-dimensional missing covariates through regularization.

The proposed methods can be extended in several direc-
tions. First, to accommodate high-dimensional settings, we
can consider shrinkage estimators for covariance estimation
(Ledoit and Wolf 2004; Warton 2008), which ensure the vari-

ance estimator is positive definite. Alternatively, we could
impose structures on the covariance matrix to facilitate esti-
mation. For example, we may fit a factor model for X, such
that ¥ can be decomposed into a low-rank matrix plus a
sparse or diagonal matrix (Fan et al. 2008). These approaches
would require modifications to the M-step of the proposed
algorithm, but the E-step remains the same.

Second, the current proposed methods cannot handle big
data efficiently. To analyze a large dataset with, say, millions
of subjects, we can use a divide-and-conquer strategy (Wang
et al., 2021;Wang et al., 2022): partition the dataset into
blocks, analyze each block using the proposed methods, and
then aggregate the resulting estimators. By combining par-
allel processing technique with this strategy, we may obtain
an overall estimator within a tractable amount of time.

Finally, the proposed transformation technique can also
be applied to random effects models with Gaussian latent
variables (Papageorgiou et al. 2019; Sun et al. 2019; Wong
et al. 2022). In general, we can accommodate an outcome
variable that follows a survival model or a generalized linear
model that regresses on a linear combination of Gaussian
latent variables. This outcome variable can also be jointly
modeled with other Gaussian outcomes that regress linearly
on the random effects. To compute the MLE, we can develop
a similar EM algorithm, where in the E-step, we transform
the latent variable vector such that the first component is
the linear combination present in the survival or generalized
linear model.
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