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Abstract
In this paper, we propose a new and unified approach for nonparametric regression and conditional distribution 
learning. Our approach simultaneously estimates a regression function and a conditional generator using a 
generative learning framework, where a conditional generator is a function that can generate samples from 
a conditional distribution. The main idea is to estimate a conditional generator satisfying the constraint that 
it produces a good regression function estimator. We use deep neural networks to model the conditional 
generator. Our approach can handle problems with multivariate outcomes and covariates, and can be used 
to construct prediction intervals. We provide theoretical guarantees by deriving nonasymptotic error bounds 
and the distributional consistency of our approach under suitable assumptions. We perform numerical 
experiments to demonstrate the effectiveness and superiority of our approach over some existing 
approaches in various scenarios.
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1 Introduction
Regression models and conditional distributions play a key role in a variety of prediction and in
ference problems in statistics. There is a vast literature on nonparametric methods for regression 
analysis, as well as the estimation of conditional density, distribution, and quantiles. Most existing 
methods use smoothing and basis expansion techniques, including kernel smoothing, local poly
nomials, and splines (Cai, 2002; Fan & Gijbels, 1996; Györfi et al., 2002; Hall & Müller, 2003; 
Hall et al., 1999; Racine & Li, 2017; Scott, 1992; Silverman, 1986; Tsybakov, 2008; Veraverbeke 
et al., 2014; Wasserman, 2006; Yu & Jones, 1998). However, the existing nonparametric regres
sion and conditional density or distribution estimation methods suffer from the ‘curse of dimen
sionality’, that is, their performance deteriorates dramatically as the dimensionality of data 
increases. Indeed, most existing methods can only effectively handle up to a few predictors. 
Moreover, most existing methods only consider the case when the response is a scalar, but are 
not applicable to the settings with a high-dimensional response vector.

To circumvent the curse of dimensionality, many researchers have proposed and studied non- 
and semi-parametric models that impose certain structural constraints that reduce the model di
mensionality. Some notable examples include the single-index model (Hardle et al., 1993; 
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Ichimura, 1993), the generalized additive model (Hastie & Tibshirani, 1986; Stone, 1986), and the 
projection pursuit model (Friedman & Stuetzle, 1981), among others. These methods, though 
make strong assumptions about the model structure, are popular due to their interpretability. 
They focus on estimating the regression function but not the conditional distribution, thus they 
are effective to provide point prediction. In the Bayesian paradigm, there is a vast amount of 
work that can provide interval predictions and quantify the uncertainty of model parameters 
(Antoniadis et al., 2004; Fahrmeir & Lang, 2001; Hilton et al., 2019; Klein et al., 2015; Reich 
et al., 2011; West et al., 1985).

In recent years, there have been significant advancements in deep generative learning 
(Salakhutdinov, 2015), in which deep neural networks are used to approximate high-dimensional 
functions, such as generator and discriminator functions. In particular, for learning distributions 
of high-dimensional data arising in image analysis and natural language processing, the generative 
adversarial networks (GANs; Arjovsky et al., 2017; Goodfellow et al., 2014) have proven to be 
effective and achieved impressive success (Reed et al., 2016; Zhu et al., 2017). Instead of estimat
ing the functional form of a density or distribution function, GANs start from a fixed noise distri
bution and learn a map that pushes the noise distribution to the data distribution. GANs have also 
been extended to learn conditional distributions (Zhou et al., 2022).

One of the main challenges in nonparametric regression is to estimate a function that can accur
ately capture the relationship between covariate and response variables. Generative adversarial 
networks can learn complex distributions. However, to the best of our knowledge, there have 
not been systematic studies on how GANs can be used for nonparametric regression, despite their 
successes in distribution learning. Furthermore, it is still unclear whether conditional GANs, as a 
natural extension of GANs for learning conditional distributions, can directly provide satisfactory 
estimation of a regression function. Our work will study how to use conditional GANs for regres
sion tasks.

We propose a new and unified approach for nonparametric regression and conditional distribu
tion learning. Our approach estimates the regression function and a conditional generator at the 
same time using a generative learning method. A conditional generator is a function that trans
forms a random vector from a fixed noise distribution to the response variable space, which can 
be used to sample from a conditional distribution. Thus, when a conditional generator is esti
mated, it can be used to explore the target conditional distribution. Theoretically, the regression 
function is the expectation of the conditional generator with respect to the noise distribution. 
However, empirically such an expectation may not produce a good estimator of the regression 
function.

Our main idea is to constrain the conditional generator to produce samples that minimize the 
quadratic loss of the regression function, which is computed as the expectation of the conditional 
generator. Specifically, in the objective function for estimating the conditional generator based on 
distribution matching using the Wasserstein distance, we incorporate a quadratic loss term to con
trol the error of the estimated regression function. We use deep neural networks to approximate 
the conditional generator, which can capture the complex structure of the data distribution. In 
principle, other approximation methods, such as splines, can also be used. However, deep neural 
network approximation has the important advantage of being able to adapting to the latent struc
ture of the data distribution. For simplicity, we call our method Wasserstein generative regression 
(WGR).

The proposed method has several attractive properties. First, it is applicable to problems with a 
high-dimensional response variable, while the existing methods typically only consider the case of 
a scalar response. Second, the proposed method allows continuous, discrete and mixed types of 
predictors and responses, while the smoothing and basis expansion methods are mainly applicable 
to continuous-type variables. Third, since the proposed method learns a conditional distribution 
generator, it can be used for constructing prediction intervals. In comparison, the existing non
parametric regression can only give point prediction. Finally, the proposed method is able to adapt 
to the latent data structure in a data-driven manner and thus can mitigate the curse of dimension
ality, under the assumption that the data distribution is supported on an approximate low- 
dimensional set.

The rest of the paper is organized as follows. In Section 2, we describe the proposed WGR meth
od. We present the implementation details in Section 3. In Section 4, we establish nonasymptotic 
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error bounds for the proposed estimator and show that it is consistent. In Section 5, we conduct 
numerical experiments, including simulation studies and real data analysis, to evaluate the per
formance of the proposed method. Some concluding remarks are presented in Section 6. 
Technical proofs and additional numerical experiments are given in the online supplementary 
material.

2 Method
Consider a pair of random vectors (X, Y) ∈ X × Y, where X is a vector of predictors and Y is 
a vector of response variables. Suppose X ⊆ Rd and Y ⊂ Rq with d, q ≥ 1. We allow 
either or both of X and Y to be high-dimensional. The predictor X or the response Y can con
tain both continuous and categorical components. Our goal is to learn the conditional distri
bution of Y given X = x and estimate the regression function E(Y |X = x) in a unified 
framework.

We describe the proposed WGR method in detail below, which has three main ingredients, a 
conditional distribution generator, a quadratic loss for regression, and the Wasserstein metric 
for distribution matching.

2.1 Conditional generator
The theoretical foundation of WGR is the noise-outsourcing lemma in probability theory. The ori
ginal version of the lemma (Kallenberg, 2002, Theorem 6.10; Austin, 2015, Lemma 3.1) states 
that, if Y is a standard Borel space, there exists a Borel-measurable function g∗ :X × [0, 1]→ Y
and a random variable η ∼ Uniform[0, 1] such that η is independent of X and

(X, Y) = (X, g∗(X, η)) almost surely. (1) 

The condition that Y being a standard Borel space is mild and satisfied in various applications. A 
more general version of the lemma allows η to be an m-dimensional random vector (m ≥ 1) follow
ing a fixed continuous distribution Pη, e.g. η ∼ N(0, Im), the m-dimensional multivariate standard 
normal distribution as in Zhou et al. (2022) and Sharma et al. (2023). Note that the dimension of η 
does not necessarily be the same as the dimension of Y.

Remark 1 The noise-outsourcing lemma ensures the existence of η and g∗η, in the sense that 
for η ∼ Pη, one can always construct a Borel-measurable function g∗η :X × 
Rm → Y satisfying (X, Y) = (X, g∗η(X, η)) almost surely. To see this, we con
sider Pη ∼ N(0, Im). In this setting, there exists a measurable function h : Rm →

[0, 1] such that h(η) ∼ Uniform[0, 1]. For example, let h(η) := Φ(η(1)), where 
η(1) is the first element of η, and Φ is the cumulative distribution function of 
the univariate standard normal distribution. Then, the original noise- 
outsourcing lemma (Kallenberg, 2002, Theorem 6.10; Austin, 2015, Lemma 
3.1) ensures that there exists a function g∗η(x, η) := g∗(x, h(η)) such that 
(X, Y) = (X, g∗η(X, η)) almost surely. This fact indicates that g∗η can be con
structed accordingly for η following any fixed continuous distribution Pη. 
For notational simplicity, for η ∼ Pη, we still write its corresponding g∗η as g∗

to suppress its dependence on η for the rest of this paper.

The function g∗ is not unique, even when Pη is specified. Our theoretical analysis of the proposed 
method in Section 4 require only the existence of g∗, and do not rest on its uniqueness or 
identifiability.

We call the function g∗ in (1) a conditional generator, since satisfying (1) implies that it also sat
isfies

g∗(x, η) ∼ PY |X=x, η ∼ Pη, x ∈ X . (2) 

So for a given x, to sample from the conditional distribution PY |X=x, we can first generate η ∼ Pη, 
then calculate g∗(x, η), which gives a sample from PY |X=x. In addition, we can calculate any 
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moments of PY |X=x via g∗(x, · ). In particular,

E(Y |X = x) = Eη[g∗(x, η)], x ∈ X , 

where Eη is the expectation with respect to η.
In summary, we can determine the usual regression function (the conditional mean) and sample 

from the conditional distribution as follows: 

• Regression function or conditional mean: E(Y |X = x) = Eηg∗(x; η), x ∈ X ,
• Conditional distribution: g∗(x; η) ∼ PY |X=x, x ∈ X , η ∼ Pη.

Hence, the conditional generator provides a basis for a unified framework for nonparametric re
gression and conditional distribution learning.

2.2 Objective function
Let PX,g denote the joint distribution of (X, g(X, η)), which is the generated distribution based on a 
conditional generator g(x, η), η ∼ Pη, x ∈ X . One possible way to measure the quality of a condi
tional generator g is to compare the generated distribution PX,g with the data distribution PX,Y. A 
good conditional generator g should ensure that the generated distribution is close to the data dis
tribution in some sense. For example, one can use a distance metric such as the Wasserstein dis
tance or a divergence measure such as the Kullback–Leibler divergence to quantify the 
discrepancy between the two distributions.

Let D be a divergence measure for the difference between PX,g and PX,Y. Then, we formulate an 
objective function that combines this divergence measure with the least squares loss to minimize 
the distribution mismatch and the prediction error simultaneously. Throughout the paper, for a 
vector x ∈ Rd, its ℓ1, ℓ2, ℓ∞-norm is defined as ‖x‖1 =

􏽐d
k=1 |xk|, ‖x‖ = (

􏽐d
k=1 |xk|

2)1/2, and 
‖x‖∞ = max1≤k≤d |xk|, respectively. The objective function is

λwD(PX,g‖PX,Y) + λℓE(X,Y)‖Y − Eηg(X, η)‖2, (3) 

where the expectation E(X,Y) is taken with respect to (X, Y). Here, both λℓ and λw are tuning pa
rameters weighing two losses, which are assumed to be nonnegative and λℓ + λw = 1. The objective 
function (3) combines two types of losses: the first one evaluates how closely the generated distri
bution PX,g resembles the data distribution PX,Y; the second one is a criterion quantifying how 
well the regression function fits the data. Intuitively, the objective function (3) tries to learn the 
conditional distribution of Y given X with the regularization that the conditional mean is well 
estimated.

We take D to be the 1-Wasserstein distance, using the Monge–Rubinstein dual (Villani, 2009) 
for computational convenience:

DW(PX,g, PX,Y) = sup
f∈F1

Lip

E(X,η)f (X, g(X, η)) − E(X,Y)f (X, Y)
􏼈 􏼉

, (4) 

where F1
Lip = {f :X × Y → R, |f (u) − f (v)| ≤ ‖u − v‖, ∀u, v ∈ X × Y} is a 1-Lipschitz class of func

tions on X × Y, and E(X,η) is the expectation with respect to (X, η). The Lipschitz function f in (4) is 
often called a critic or a discriminator. The 1-Wasserstein distance is an intuitively meaningful 
measure that quantifies the minimal cost of transporting mass from one probability distribution 
to another in optimal transport theory (Villani, 2009). Also, convergence of 1-Wasserstein dis
tance implies the weak convergence of probability measures on bounded domains.

Based on (3), the population objective function for the proposed WGR is:

L(g, f ) = λwLW(g, f ) + λℓLLS(g), 
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where

LW(g, f ) = E(X,η)f (X, g(X, η)) − E(X,Y)f (X, Y), LLS(g) = E(X,Y)‖Y − Eηg(X, η)‖2.

At the population level, the target conditional generator g∗ and discriminator f ∗ are characterized 
by the minimax problem: (g∗, f ∗) ∈ arg ming max f∈F 1

Lip
L(g, f ).

Suppose we have a random sample {(Xi, Yi), i = 1, 2, . . . , n} from PX,Y, where n ≥ 1 is the 
sample size. Let {ηi, i = 1, 2, . . . , n} and {ηij, i = 1, 2, . . . , n, j = 1, 2, . . . , J} with J ≥ 1 be ran
dom vectors generated independently from Pη. Define S = {(Xi, Yi, ηi), i = 1, 2, . . . , n} ∪ 
{ηij, i = 1, 2, . . . , n, j = 1, 2, . . . , J}. We parameterize the generator function g and the discrimin
ator f by neural network functions gθ and fϕ with parameters (weights and biases) θ and ϕ, respect
ively. That is, we use neural network functions to approximate the generator and critic functions 
and optimize the objective function given below over the neural networks to obtain an estimator of 
g. In addition, since Eηgθ(Xi, η) generally does not have a close-form expression, we approximate it 
by the sample average J−1􏽐J

j=1 gθ(Xi, ηij). Then, the empirical objective function for estimating 
(θ, ϕ) is

􏽢L(gθ, fϕ) = λw
􏽢LW(gθ, fϕ) + λℓ􏽢LLS(gθ), (5) 

where

􏽢LW(gθ, fϕ) =
1
n

􏽘n

i=1

fϕ(Xi, gθ(Xi, ηi)) − fϕ(Xi, Yi)
􏼈 􏼉

,

􏽢LLS(gθ) =
1
n

􏽘n

i=1

Yi −
1
J

􏽘J

j=1

gθ(Xi, ηij)

􏼍
􏼍
􏼍
􏼍
􏼍
􏼍

􏼍
􏼍
􏼍
􏼍
􏼍
􏼍

2

.

Let (θ̂, ϕ̂) be a solution to the minimax problem

(θ̂, ϕ̂) = arg min
θ

max
ϕ
􏽢L(gθ, fϕ). (6) 

Then, the estimated conditional generator is ĝ(x, η) = gθ̂(x, η) and the estimated regression func
tion is obtained by taking the expectation of ĝ(x, η) with respect to η, that is, ĝ(x) = Eηĝ(x, η). Since 
there is no analytical expression for the expectation Eηĝ(x, η), we approximate it using an empir
ical average based on a random sample {η′1, . . . , η′J′ } from Pη with J′ ≥ 1, which is 

ĝ(x) ≈ (1/J′)
􏽐J′

j=1 ĝ(x, η′j). This gives the estimated regression function.
Note that for a given x ∈ X , {ĝ(x, η′j), j = 1, . . . , J′} are approximately distributed as PY |X=x. We 

can use {ĝ(x, η′j), j = 1, . . . , J′} to explore any aspects of PY |X=x that we are interested in such as its 
higher moments and quantiles.

2.3 Limitations of conditional Wasserstein generative adversarial network for 
regression tasks
In this subsection, we discuss the necessity to impose the L2-regularization term, i.e. the 
least-square loss in (5), in the estimation of the regression function.

In the absence of the L2-regularization term λℓ􏽢LLS(gθ) in (5), one can estimate the conditional 
generator by minimizing maxϕ􏽢LW(gθ, fϕ) over θ [i.e. conditional Wasserstein generative adver
sarial network (cWGAN)], and estimate the regression function based on the estimated condi
tional generator. However, the original design of the cWGAN focuses on generating data that 
‘look like’ the real data, rather than exploring the underlying relationships between covariate 
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and response variables, the goal of regression tasks. To shed more light on this, we provide an 
illustration below.

For simplicity, we assume that (X, Y) ∈ [0, 1] × [0, 1] and rewrite the minimax problem of the 
standard cWGAN as

(g̅, f̅ ) = arg min
g∈G

max
f∈F1

Lip

1
n

􏽘n

i=1

f (Xi, g(Xi, ηi)) − f (Xi, Yi)
􏼈 􏼉

, 

where G is a predetermined function class. That is, ̅g makes the worst-case empirical objective func
tion over all 1-Lipschitz functions as small as possible. We will consider some special 1-Lipschitz 
functions in this illustration. Observe that for any nonnegative integers a and b, the functions 
f (x, y) = y, f (x, y) = xy/2, f (x, y) = y2/2, f (x, y) = xayb/(a + b) are 1-Lipschitz functions. Then, 
under mild conditions, 

(i) (marginal first moment matching) when f (x, y) = y, we have (1/n)
􏽐n

i=1 g̅(Xi, ηi) − 
(1/n)

􏽐n
i=1 Yi = op(1) for large n, indicating that solving the minimax problem of the 

cWGAN is essentially matching the first moment of Y;
(ii) (marginal or joint moment matching) likewise, when f (x, y) = y2/2, f (x, y) = xy/2 

or f (x, y) = xayb/(a + b), we have (1/n)
􏽐n

i=1 g̅2(Xi, ηi) − (1/n)
􏽐n

i=1 Y2
i = op(1), 

(1/n)
􏽐n

i=1 Xig̅(Xi, ηi) − (1/n)
􏽐n

i=1 XiYi = op(1) or (1/n)
􏽐n

i=1 Xa
i g̅b(Xi, ηi) −(1/n) 

􏽐n
i=1 Xa

i Yb
i = op(1) for large n, respectively. This implies that solving the minimax problem 

of the cWGAN is basically matching the second moment of Y, the first joint moments or oth
er relevant joint moment of Y and X.

Here, op(1) denotes the convergence in probability. The above illustration tells that, when f (x, y) is 
any polynomial function, the cWGAN only enforces marginal or joint moment matching, but not 
conditional moment matching. Meanwhile, the Stone–Weierstrass theorem guarantees that every 
continuous function on a compact set can be well approximated by a polynomial function. In other 
words, there exists a polynomial function f̃ that can approximate f̅ arbitrarily well. With this view, 
the standard cWGAN cannot cater conditional moment matching, making it improper for regres
sion tasks. Other variants of conditional GANs suffer from similar problems (Zhou et al., 2022).

Next, we will provide the insight into how the regularization term enforces conditional mean 
matching. To see this, define ϵi = Yi − E(Yi |Xi) for i = 1, . . . , n, where ϵi satisfies E(ϵi |Xi) = 0. 
For the sake of simplicity, we assume that Eϵ2

i < ∞. Notice that the regularization term

1
n

􏽘n

i=1

Yi −
1
J

􏽘J

j=1

g(Xi, ηij)

􏼍
􏼍
􏼍
􏼍
􏼍
􏼍

􏼍
􏼍
􏼍
􏼍
􏼍
􏼍

2

=
1
n

􏽘n

i=1

E(Yi |Xi) + ϵi −
1
J

􏽘J

j=1

g(Xi, ηij)

􏼍
􏼍
􏼍
􏼍
􏼍
􏼍

􏼍
􏼍
􏼍
􏼍
􏼍
􏼍

2

=
1
n

􏽘n

i=1

E(Yi |Xi) −
1
J

􏽘J

j=1

g(Xi, ηij)

􏼍
􏼍
􏼍
􏼍
􏼍
􏼍

􏼍
􏼍
􏼍
􏼍
􏼍
􏼍

2

+
1
n

􏽘n

i=1

ϵ2
i

−
2
n

􏽘n

i=1

ϵi E(Yi |Xi) −
1
J

􏽘J

j=1

g(Xi, ηij)

􏼨 􏼩

=: Π1 + Π2 + Π3, 

where Π3 = op(1) for large n by law of large numbers. Heuristically, minimizing the regularization 
term over g is approximately equivalent to minimizing Π1 over g, which will force 
J−1􏽐J

j=1 g(Xi, ηij) to be close to E(Yi |Xi) for each Xi. The effectiveness of this L2 regularization 
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term for regression tasks depends on the weights (λℓ, λw). A detailed discussion on the influence of 
(λℓ, λw) is given in Section 4.

Numerically, the L2 regularization term also plays a role in alleviating the instability often encoun
tered during the training of WGAN (Gulrajani et al., 2017). It is known that training WGAN is to find 
a Nash equilibrium to a two-player game, with each player trying to minimize its cost function. The 
associated optimization problem is often solved by the (stochastic) gradient descent on the cost func
tion of each player simultaneously. Nevertheless, there is no guarantee of convergence. Feature 
matching (Salimans et al., 2016) was proposed to address the instability of GANs by specifying a 
new objective for the generator that prevents overtraining of the current discriminator. Specifically, 
the objective function in Salimans et al. (2016) enforces the generator to generate data that match 
the first-order feature statistics of real data. In our work, imposing the L2 regularization term in 
(5) bears the same rationale as feature matching, i.e. encouraging the convergence of cWGAN’s train
ing process and meanwhile enforcing the conditional mean matching for regression tasks.

3 Implementation
In this section, we present the details for implementing WGR. We first describe the neural net
works used in the approximation of g and f. We then present the computational algorithm we im
plemented in detail.

3.1 Rectified linear unit feedforward neural networks
We first give a brief description of feedforward neural networks (FNN) with the rectified linear 
unit (ReLU) activation function. The ReLU function is denoted by σ(x) := max (x, 0) for each com
ponent of x if x is a vector. A neural network can be expressed as a composite function ζ(x) = LH ◦

σ ◦ LH−1 ◦ σ ◦ · · · ◦ σ ◦ L1 ◦ σ ◦ L0(x), x ∈ Rp0 , where Li(x) = Wix + bi with a weight matrix Wi ∈ 
Rpi+1×pi and bias vector bi ∈ R pi+1 in the ith linear transformation, and pi is the width of the ith 
layer, i = 0, 1, . . . , H. The width and depth of the network are described by W = 
max {p1, . . . , pH} and H, respectively. For simplicity, we use NN (p0, pH+1, W, H) to denote 
the neural networks with input dimension p0, output dimension pH+1, width at most W and depth 
at most H. We now specify the function classes below: 

• The generator network class G: Let G ≡ NN (d + m, q, WG, HG) be a class of ReLU-activated 
FNNs gθ : Rd+m → Rq, with parameter θ, width WG, depth HG.

• The discriminator network class D: Let D ≡ NN (d + q, 1, WD, HD) ∩ Lip(X × Y; KD) be a 
class of ReLU-activated FNNs, fϕ :X × Y → R, with parameter ϕ, width WD, and depth 
HD, where for some KD > 0, Lip(X × Y; KD) is a class of Lipschitz functions defined below.

For any function f : Ω→ R, the Lipschitz constant of f is denoted by

Lip(f ) = sup
x,y∈Ω,x≠y

|f (x) − f (y)|
‖x − y‖

.

For a given 0 < C < ∞, denote Lip(Ω; C) as the set of all functions f : Ω 7! R with Lip(f ) ≤ C. 
Hence, F1

Lip defined in (4) is Lip(X × Y; 1).

3.2 Computation
For training the conditional distribution generator gθ and the discriminator fϕ, we use the leaky 
rectified linear unit (leaky ReLU) as the activation function in gθ and fϕ. The training algorithm 
is presented in Algorithm 1.

To constrain the discriminator fϕ to the class of 1-Lipschitz functions, a gradient penalty is 
used in (7), which is a modified version of the algorithm proposed by Gulrajani et al. (2017). 
The difference is that we evaluate the gradients at the sample points in the penalty, instead 
of using generated intermediate points. Another approach that we have tried to enforce the 
Lipschitz constraint is the clipping method (Arjovsky et al., 2017), which also produces accept
able results, but seems to be less stable than the penalty method described in Algorithm 1. We 
suggest using traversal to select the tuning parameters λℓ and λw that control the trade-off 
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between the distribution discrepancy and the prediction error. In Section 5, we demonstrate the 
effectiveness of this algorithm in various numerical experiments. However, we do not have a 
theoretical analysis of its convergence behaviour and we leave this as an open problem for fu
ture research.

Remark 2 We provide a simple data-driven method to determine m, the dimension of η, in 
practice. Specifically, we propose to minimize the following criterion over m 
within a candidate set:

􏽘n

i=1

Yi −
1
J

􏽘J

j=1

ĝ(Xi, ηij)

􏼍
􏼍
􏼍
􏼍
􏼍
􏼍

􏼍
􏼍
􏼍
􏼍
􏼍
􏼍

2

+(d + m) log n, 

where the first term measures the goodness of fit for nonparametric mean re
gression, and the term (d + m) log n is a penalty on model complexity. 
Intuitively, this is a Bayesian Information Criterion (BI)-type criterion 
(Schwarz, 1978) for model selection. Our numerical experiments in the 
online supplementary material provide supporting evidence that the proposed 
selector works reasonably well. A rigorous justification of its validity, however, 
would be challenging and merits further study.

4 Error analysis and convergence
To evaluate the statistical performance of WGR, we will establish the bounds for the prediction 
error ES{EX‖Eηĝ(X, η) − Eηg∗(X, η)‖2} and the 1-Wasserstein distance ES{DW(PX,ĝ, PX,Y)}, re
spectively. Here, EX and ES are the expectation with respect to X and 
S = {(Xi, Yi, ηi), i = 1, 2, . . . , n} ∪ {ηij, i = 1, 2, . . . , n, j = 1, 2, . . . , J}, respectively. In this sec
tion, we first develop an error decomposition, which decomposes these two estimation errors 
into approximation errors and stochastic errors of the generator and discriminator. We then de
rive nonasymptotic error bounds for WGR based on this error decomposition.

Algorithm 1 WGR algorithm

Require: (a) dataset {(Xi,Yi)}
n
i=1; (b) minibatch size v ≤ n; (c) an m-dimensional continuous distribution Pη; (d) J, 

the size of noise vector η; (e) tuning parameters λℓ and λw; (f) penalty parameter λ.

1: for number of training iterations do

2:  Sample v pairs {(Xbi,Ybi)}
v
i=1 from {(Xi,Yi)}

n
i=1.

3:  Sample i.i.d. {ηij, i = 1, 2, . . . ,n, j = 0, 1, . . . , J} from Pη.

4:  Update the discriminator fϕ by ascending its stochastic gradient:

∇ϕ
1
v

􏽘v

i=1

fϕ Xbi, gθ Xbi, ηi0

( 􏼁( 􏼁
− fϕ Xbi,Ybi

( 􏼁
− λ ∇(x,y)fϕ Xbi,Ybi

( 􏼁􏼍
􏼍

􏼍
􏼍 − 1

( 􏼁2

􏼨 􏼩

. (7) 

5:  Update the generator gθ by descending its stochastic gradient:

∇θ
λℓ
v

􏽘v

i=1

Ybi −
1
J

􏽘J

j=1

gθ(Xbi, ηij)

􏼨 􏼩2

+
λw

v

􏽘v

i=1

fϕ Xbi, gθ Xbi, ηi0

( 􏼁( 􏼁

⎡

⎣

⎤

⎦.

6: end for
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4.1 Error decomposition
We present a high-level description of the error decomposition for WGR. A function class F is 
called symmetric if f ∈ F implies −f ∈ F . The integral probability metric (Müller, 1997) between 
PX,g and PX,Y with respect to a symmetric class F of real-valued functions on X × Y is defined as

dF (PX,g, PX,Y) = sup
f∈F

{E(X,η)f (X, g(X, η)) − E(X,Y)f (X, Y)}.

Clearly, dF1
Lip

(PX,g, PX,Y) = DW(PX,g, PX,Y). Let F1
B = {f :X × Y → R, |f (u) − f (v)| ≤ ‖u − 

v‖, ∀u, v ∈ X × Y, ‖f‖∞ ≤ B} for a constant 0 < B < ∞ be the class of uniformly bounded 
1-Lipschitz functions. If the space X × Y is compact and B ≥ maxu,v∈X×Y ‖u − v‖, then 
dF1

B
(PX,g, PX,Y) = DW(PX,g, PX,Y).

We introduce a new error decomposition method in Lemma 1, which decomposes the estima
tion errors into approximation errors and stochastic errors of the generator and discriminator.

Lemma 1 Assume that the discriminator network class D is symmetric and the probability 
measures of (X, Y) and (X, g(X, η)) are supported on a compact set X × Y ⊆ 
Rd+q for any g ∈ G. Then, for the WGR estimator defined in (6),

ES λℓEX‖Eηĝ(X, η) − Eηg∗(X, η)‖2 + λwDW(PX,ĝ, PX,Y)
􏼈 􏼉

≤ λℓE1 + 4λℓE2 + 2E3 + 2λwE4 + 3λwE5 + 3λwE6,
(8) 

where S = {(Xi, Yi, ηi), i = 1, 2, . . . , n} ∪ {ηij, i = 1, 2, . . . , n, j = 1, 2, . . . , J} 
and

E1 := ES E(X,Y)‖Y − Eηg∗(X, η)‖2 + E(X,Y)‖Y − Eηĝ(X, η)‖2
􏼚

−
2
n

􏽘n

i=1

‖Yi − Eηĝ(Xi, η)‖2
􏼩

,

E2 := ES sup
g∈G

1
n

􏽘n

i=1

|‖Yi −
1
J

􏽘J

j=1

g(Xi, ηij)‖
2 − ‖Yi − Eηg(Xi, η)‖2|

􏼨 􏼩

,

E3 := inf
g∈G

λℓEX‖Eηg(X, η) − Eηg∗(X, η)‖2
􏼔

+λw sup
f∈D

{E(X,η)f (X, g(X, η)) − E(X,Y)f (X, Y)}

􏼣

,

E4 := sup
h∈F1

B0

inf
f∈D
‖h − f‖∞ with B0 = max

u,v∈X×Y
‖u − v‖,

E5 := ES sup
f∈D

E(X,Y)f (X, Y) −
1
n

􏽘n

i=1

f (Xi, Yi)

􏼨 􏼩􏼢 􏼣

,

E6 := ES sup
f∈D,g∈G

E(X,η)f (X, g(X, η)) −
1
n

􏽘n

i=1

f (Xi, g(Xi, ηi))

􏼨 􏼩􏼢 􏼣

.

Here, E1, E2, E5, and E6 are stochastic errors; E3 and E4 are approximation errors. Lemma 1
provides a general error decomposition method, which covers the error decomposition inequal
ity in Jiao et al. (2023) for the traditional nonparametric regression as a special case 
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(corresponding to the case that λℓ = 1, λw = 0 and J = ∞). It can also be utilized for the error ana
lysis for the cWGAN (corresponding to the case that λℓ = 0, λw = 1). Moreover, when λℓ = 0 and 
λw = 1, our error decomposition result in (8) is in line with that in Lemma 9 in Huang et al. 
(2022) for the general GANs. The main difference is that the upper bound of E6 in (8) depends 
on the sample size n, while it is determined by the sample size of the generated noise η in Huang 
et al. (2022). This is the key difference in the theoretical analysis between cWGAN and general 
WGAN.

4.2 Nonasymptotic error bounds
More notations are needed. Let N be the set of positive integers and N0 := N ∪ {0}. The 
maximum and minimum of A and B are denoted by A ∨ B and A ∧ B. Let ⌊A⌋ be the largest 
integer strictly smaller than A and ⌈A⌉ be the smallest integer strictly larger than A. For 
any β > 0 and a set Ω ⊆ Rm+d, the Hölder class of functions Hβ(Ω, B) with a constant 0 < B < 
∞ is defined as

Hβ(Ω, B) = f : Ω→ R, max
‖α‖1≤⌊β⌋

‖Dαf‖∞ ≤ B, max
‖α‖1=⌊β⌋

sup
x,y∈Ω,x≠y

|∂αf (x) − ∂αf (y)|
‖x − y‖r

≤ B

􏼨 􏼩

, 

where ∂α = ∂α1 · · · ∂αm+d with α = (α1, . . . , αm+d)⊤ ∈ Nm+d
0 .

The following conditions are needed.

Condition 1 The probability measures of (X, Y) and (X, g(X, η)) are supported on a com
pact set X × Y ⊆ [ − B1, B1]d+q for any g ∈ G, with a constant 0 < B1 < ∞.

Condition 2 The probability measure of η is supported on Ωη ⊆ [ − B1, B1]m.

Condition 3 For g∗ = (g∗1, . . . , g∗q)⊤, g∗k ∈ Hβ(X × Ωη, B1), k = 1, . . . , q, where β > 0.

Condition 4 For any x ∈ X , there exists a vector ηx ∈ Ωη such that

‖Eηg(x, η) − Eηg̃(x, η)‖1 ≤ ‖g(x, ηx) − g̃(x, ηx)‖1 ∀g, g̃ ∈ G.

Let W, W̅, H̅ ∈ N, which may depend on n. We also make the following assumptions on the 
network classes D and G.

ND 1 The discriminator ReLU network class D =NN (d + q, 1, WD, HD) ∩ 
Lip(X × Y; KD) has width WD = Wd+q{9(W + 1) + 5(d + q) − 1}, depth HD = 3 + 
14(d + q)(d + q − 1) and Lipschitz constant KD ≤ 54B0Bd+q

1 4d+q(d + q)1/2W2.

NG 1 The generator ReLU network class G =NN (m + d, q, WG, HG) has width WG = 
38q(⌊β⌋ + 1)23(m+d)(m + d)⌊β⌋+1W̅⌈log2 (8W̅)⌉ and depth HG = 21(⌊β⌋ + 1)2H̅ 
⌈log2 (8H̅)⌉ + 2(m + d).

Conditions 1–3 require PX,Y, PX,g, and Pη have a bounded support. Condition 3 is a smoothness 
condition for g∗ in (1). Condition 4 is a technical condition. The upper bound of the Lipschitz con
stant in ND1 is needed to achieve a small approximation error. More details can be found in 
Lemma S5 in the online supplementary material.

We will study the nonasymptotic error bounds for the prediction error ES{EX‖Eηĝ(X, η) − 
Eηg∗(X, η)‖2} and the Wasserstein metric ES{DW(PX,ĝ, PX,Y)}, respectively, by bounding the sto
chastic errors and approximation errors introduced in Section 4.1. To lighten the notations, we 
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define the following two quantities:

a :=
β

2β + {3(m + d)} ∨ {2β(d + q + 1)}
, b :=

3(m + d)
2[2β + {3(m + d)} ∨ {2β(d + q + 1)}]

.

Theorem 1 Suppose that Conditions 1–4 hold and the network parameters of D and G sat
isfy ND1 and NG1 with W = ⌈na⌉, W̅ = ⌈nb/ log2 n⌉, and H̅ = ⌈log n⌉. Then, 
for J ≳ n and given weights λℓ and λw satisfying 0 < λℓ, λw < 1 and λℓ + λw = 1, 
we have

ES EX‖Eηĝ(X, η) − Eηg∗(X, η)‖2
􏼈 􏼉

≤ C1n−a( log n)
2β

m+d∨1, 

where C1 is a positive constant independent of n and J.

Theorem 1 establishes a nonasymptotic upper bound for the prediction error of WGR. It implies 
the consistency of WGR for nonparametric mean regression in the sense that ES{EX‖Eηĝ(X, η) − 
Eηg∗(X, η)‖2} converges to zero as n→∞ (Jiao et al., 2023; Lugosi & Zeger, 1995; Mielniczuk 
& Tyrcha, 1993). The convergence rates in Theorem 1 is slightly slower than O(n−2β/(2β+d)) (up 
to a logarithmic factor), the optimal-minimax rate achieved by deep least squares nonparametric 
regression (Bauer & Kohler, 2019; Jiao et al., 2023; Schmidt-Hieber, 2020). This is because in 
nonparametric regression, there is no distributional matching constraint, thus the noise vector η 
is not involved and a faster convergence rate can be achieved. In our proposed framework, we 
are not only interested in estimating the mean regression function, but also the conditional gener
ator, which involves the noise vector from a noise distribution. This increases the dimensionality of 
the problem and results in a slower convergence rate. We next establish a nonasymptotic error 
bound for the Wasserstein distance ES{DW(PX,ĝ, PX,Y)}.

Theorem 2 Suppose that the conditions of Theorem 1 are satisfied. Then, for J ≳ n and 
given weights λℓ and λw satisfying 0 ≤ λℓ < 1, 0 < λw ≤ 1 and λℓ + λw = 1, 
we have

ES DW(PX,ĝ, PX,Y)
􏼈 􏼉

≤ C2n−a( log n)
2β

m+d∨1, 

where C2 is a positive constant independent of n and J.

The nonasymptotic error bounds in Theorems 1 and 2 are established for fixed positive weights 
λℓ and λw. In this case, we obtain the same convergence rate of the prediction error 
ES{EX‖Eηĝ(X, η) − Eηg∗(X, η)‖2} and the Wasserstein metric ES{DW(PX,ĝ, PX,Y)}. When λℓ = 0 
and λw = 1, Theorem 2 can also imply a nonasymptotic error bound for the standard cWGAN 
under the Wasserstein metric. Note that the cWGAN is involved in our proposed procedure, 
thus the joint stochastic error of the discriminator and generator is affected by the dimension of 
the noise vector η, resulting in a slower convergence rate compared with the one in Theorem 5 
in Huang et al. (2022) for GAN estimators. The result in Theorem 2 implies the weak convergence 
of (X, ĝ(X, η)) to (X, Y), which leads to the next corollary regarding the Wasserstein metric. Next, 
we give nonasymptotic error bounds for the Wasserstein distance ESEX{DW(Pĝ |X, PY |X)} in 
Corollary 1, indicating that WGR can accurately learn the target conditional distribution.

Corollary 1 Suppose that the conditions of Theorem 1 are satisfied. For J ≳ n and given 
weights λℓ and λw satisfying 0 ≤ λℓ < 1, 0 < λw ≤ 1 and λℓ + λw = 1, we have

ESEX DW(Pĝ |X, PY |X)
􏼈 􏼉

≤ C2n−a( log n)
2β

m+d∨1, 

where C2 is a positive constant independent of n and J.
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Remark 3 The results in Corollary 1 enable us to construct prediction intervals based on 
the learned conditional generator directly. In existing literature, effective meth
ods for constructing prediction intervals include conformal prediction (Candès 
et al., 2023; Lei et al., 2013; Romano et al., 2019; Vovk et al., 1999), and 
Bayesian methods (Fahrmeir & Lang, 2001; Hilton et al., 2019; Klein et al., 
2015; West et al., 1985). Conformal prediction is a distribution-free frame
work that provides prediction intervals with guaranteed nonasymptotic cover
age. Bayesian methods construct prediction intervals based on the posterior 
distribution. In the numerical studies, we will compare the performance of 
WGR to these methods in terms of the length of prediction interval and the 
coverage probability (CP) in Section 5.

Corollary 2 Suppose the conditions of Theorem 1 are satisfied. When λℓ = 0 and λw = 1,

ES EX‖Eηĝ(X, η) − Eηg∗(X, η)‖2
􏼈 􏼉

≤ C3n−a( log n)
2β

m+d∨1, 

where C3 is a positive constant independent of n and J.

Corollary 2 establishes a nonasymptotic upper bound for the prediction error of the standard 
cWGAN. Theorem 1 and Corollary 2 tell that, with fixed positive weights λℓ and λw, the prediction 
error of our proposed WGR and the cWGAN have the same convergence rate.

Theorem 3 Suppose that Conditions 1–4 hold and the network parameters of D and G sat
isfy ND1 and NG1 with W = ⌈na⌉, W̅ = ⌈nb/ log2 n⌉ and H̅ = ⌈log n⌉. Then, 
for λℓ > 0, λw > 0 satisfying λℓ + λw = 1 and λw = O(n−1/(d+q+2)), when 2β(d + 
q + 1) ≥ 3(m + d) + β and J ≳ n{3(m+d)+6β}/{4β(d+q+2)}, we have

ES EX‖Eηĝ(X, η) − Eηg∗(X, η)‖2
􏼈 􏼉

≤ C4n− 3
2(d+q+2)( log n)

2β
m+d∨2, 

where C4 is a positive constant independent of n and J. Moreover, as n→∞,

ES DW(PX,ĝ, PX,Y)
􏼈 􏼉

→ 0.

Theorem 3 establishes a nonasymptotic error bound for varying weights λℓ and λw that can di
verge with the sample size n. Theorem 3 tells that, when 2β(d + q + 1) ≥ 3(m + d) + β and 
λw = O(n−1/(d+q+2)), the convergence rate n−3/{2(d+q+2)} (up to a logarithmic factor) of the prediction 
error is faster than the rate n−a in Theorem 1 with fixed positive λw, since 3/{2(d + q + 2)} is greater 
than a = 1/{2(d + q + 2)}. The faster convergence rate in Theorem 3 shows the superiority of our 
proposed WGR over the standard cWGAN in estimating the conditional mean function. It also 
provides some theoretical guidance on the selection of (λℓ, λw): for more accurate estimation of 
the regression function, the value of (λℓ, λw) should be determined by the sample size n and the di
mension of (X, Y). Meanwhile, Theorem 3 also implies that (X, ĝ(X, η)) weakly converges to 
(X, Y) as n→∞.

As stated in Section 2, in practice, we approximate Eηĝ(X, η) by the empirical 
average J′−1􏽐J′

j=1 ĝ(x, η′j) based on a random sample {η′1, . . . , η′J′ } sampled from Pη. For completion, 
we present a nonasymptotic error bound regarding J′−1􏽐J′

j=1 ĝ(x, η′j) below, a direct consequence of 
Theorem 3. Notably, since J′ is user-determined, setting a large J′ would be beneficial in practical 
scenarios.
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Corollary 3 Suppose that the conditions of Theorem 3 are satisfied. Then, for λℓ > 0, λw > 
0 satisfying λℓ + λw = 1 and λw = O(n−1/(d+q+2)), when 2β(d + q + 1) ≥ 3(m + 
d) + β and J ≳ n{3(m+d)+6β}/{4β(d+q+2)}, we have

ES E
X∪{η′j}

J′

j=1

1
J′
􏽘J′

j=1

ĝ(X, η′j) − Eηg∗(X, η)

􏼍
􏼍
􏼍
􏼍
􏼍
􏼍

􏼍
􏼍
􏼍
􏼍
􏼍
􏼍

2⎧
⎨

⎩

⎫
⎬

⎭

≤ C4n− 3
2(d+q+2)( log n)

2β
m+d∨1 + C5J′−1, 

where E
X∪{η′j}

J′

j=1 
is the expectation with respect to X and {η′1, . . . , η′J′ }, C4, C5 

are positive constants independent of n, J and J′.

5 Numerical studies
In this section, numerical experiments including simulation studies and real data examples are 
conducted to assess the performance of the proposed method.

For comparison, we compute the deep nonparametric least squares regression (DNLS), Bayesian 
Neural Networks-based method (BNN) (Jospin et al., 2022) and cWGAN (Arjovsky et al., 2017). 
For the numerical studies in this section, we take the distribution of η to be N(0, Im) for simplicity, 
and the dimension m is determined by the data-driven selector introduced in Remark 2. Additional 
results are presented in the online supplementary material, including the details of tuning param
eters selection and neural network architecture, four additional simulation models and investiga
tion into the influence of sample size, different choice of noise distribution, its dimensionality m, 
and its size J, J′.

5.1 Simulation studies
We conduct simulations on four models to evaluate the performance of WGR. For models M1–
M2, we generate data with a univariate response Y, and for models M3–M4, with a multidimen
sional response Y. In all models, covariates X = (x1, . . . , xd)⊤ follow the multivariate standard 
normal distribution. For models M1–M2, we consider both low-dimensional (d = 5) and high- 
dimensional (d = 100) cases.

M1 A nonlinear regression model with additive heteroscedastic error: 
Y = x2

1 + exp (x2 + x3/3) + x4 − x5 + (0.5 + x2
2/2 + x2

5/2)ε, ε ∼ N(0, 1), X ⊥ ε.

M2 A single-index model with an additive error: Y = (X⊤β)2 + sin (|X⊤β|) + 2 cos (ε), 
where ε ∼ N(0, 1), X ⊥ ε, β = (1, 1, − 1, − 1, 1)⊤ for d = 5, or β = (1, 1, − 1, 
−1, 1, 0⊤

95)⊤ for d = 100.

M3 Involute model: Y1 = 2X + U sin (2U) + ε1, Y2 = 2X + U cos (2U) + ε2, where 
X ∼ N(0, 1), U ∼ Uniform(0, 2π), ε1 ∼ N(0, 0.42), ε2 ∼ N(0, 0.42) and X, U, ε1, ε2 

are mutually independent.

M4 A Gaussian mixture model: Y1 = X + ε1, Y2 = X + ε2, where X ⊥ (ε1, ε2), 
X ∼ N(0, 1), εi ∼ 1

3 N( − 2, 0.252) + 1
3 N(0, 0.252) + 1

3 N(2, 0.252), i = 1, 2.

For evaluation purpose, for any estimator for the conditional generator ĝ, under a validation or 
testing data set {(Y′k, X′k, η′k,j) : j = 1, . . . , J′}K

k=1, we define Ê(Y |X = X′k) := (1/J′)
􏽐J′

j=1 ĝ(X′k, η′kj) 
as the estimator for the conditional mean E(Y |X = X′k), ˆSD(Y |X = X′k) := [(1/J′)

􏽐J′

j=1 
{ĝ(X′k, η′kj) − Ê(Y |X = X′k)}2]1/2 as the estimator for the conditional standard deviation 
SD(Y |X = X′k), and F̂−1

Y |X(τ |X = X′k) as the sample τth conditional quantile calculated via 
Monte Carlo methods for estimating the τth conditional quantile F−1

Y |X(τ |X = X′k). We also 
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compute the L1 and L2 errors and the mean squared error (MSE) for the conditional mean, the 
conditional standard deviation and the τth conditional quantile:

L1 =
1
K

􏽘K

k=1

‖Y′k − Ê(Y |X = X′k)‖,

L2 =
1
K

􏽘K

k=1

‖Y′k − Ê(Y |X = X′k)‖2,

MSE(mean) =
1
K

􏽘K

k=1

{Ê(Y |X = X′k) − E(Y |X = X′k)}2,

MSE(sd) =
1
K

􏽘K

k=1

{ ˆSD(Y |X = X′k) − SD(Y |X = X′k)}2,

MSE(τ) =
1
K

􏽘K

k=1

{F̂−1
Y |X(τ |X = X′k) − F−1

Y |X(τ |X = X′k)}2, 

where the quantile level τ is taken as 0.05, 0.25, 0.50, 0.75, 0.95. For models with multi- 
dimensional responses (models M3–M4), we evaluate the performance of each dimension separ
ately. For comparison, we compute the estimates for E(Y |X = X′k), SD(Y |X = X′k), F−1

Y |X(τ |X = 
X′k) via Monte Carlo methods for BNN; but SD(Y |X = X′k), F−1

Y |X(τ |X = X′k) are not computable 
for DNLS, as DNLS only estimates the conditional mean E(Y |X).

The training, validation and testing data size are 5,000, 1,000, and 1,000, respectively. We re
peat the simulations 100 times. Table 1 summaries the average L1 error, L2 error, MSE(mean), and 
MSE(sd). Table 2 reports the average MSE(τ) for different τ. For each criterion, the empirical 
standard errors across 100 replications are in parentheses. In most settings, WGR performs com
parably to DNLS and better than cWGAN and BNN in terms of L1 error, L2 error and 
MSE(mean), indicating the competitiveness of our method on conditional mean estimation. 
Furthermore, WGR gives smaller MSE(sd) and MSE(τ) compared to cWGAN and BNN in most 
models, demonstrating better performance in distribution matching. Note that WGR enjoys a 
smaller standard deviation for most criteria than cWGAN and BNN, which indicates that our 
method is more stable.

We believe that the improvement in distribution matching is because the L2-regularization 
term is helpful in mitigating the instability in the training of WGAN, as discussed in Section 
2.3. To see this, in Figure 1, we visualize the quality of the conditional samples and the condi
tional density estimation given a random realization of X as the number of epochs increases. It 
shows that, unlike cWGAN, the conditional distribution generated by WGR starts to approach 
the target distribution after only 5 or 10 epochs of training, that is, WGR can effectively capture 
the underlying conditional distributions. Moreover, the last column of Figure 1 shows that 
WGR provides more accurate conditional distribution estimation compared to cWGAN after 
200 epochs.

5.2 Real data examples
We apply the proposed WGR to five real datasets: CT slices (Graf et al., 2011), UJIndoorLoc 
(Torres-Sospedra et al., 2014), MNIST (Modified National Institute of Standards and 
Technology) (LeCun et al., 2010), CIFAR10 (Krizhevsky, 2009), and STL10 (Coates et al., 
2011 ). Due to space limitations, the results for CIFAR10 and STL10 are provided in the online 
supplementary material.
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Table 1. Comparison of WGR with DNLS, BNN and cWGAN for M1–M4

d Y Method L1 L2 MSE(mean) MSE(sd)

M1 5 Y DNLS 1.24(0.04) 3.61(0.52) 0.28(0.14) –

BNN 1.27(0.05) 3.63(0.48) 0.40(0.15) 0.68(0.15)

cWGAN 1.28(0.05) 3.72(0.43) 0.48(0.15) 0.38(0.22)

WGR 1.24(0.05) 3.46(0.34) 0.26(0.06) 0.33(0.09)

100 Y DNLS 1.64(0.07) 5.64(0.79) 2.30(0.38) –

BNN 1.69(0.12) 6.00(0.88) 2.69(0.65) 1.59(0.29)

cWGAN 1.80(0.08) 6.37(0.70) 3.15(0.56) 0.94(0.11)

WGR 1.60(0.07) 5.46(0.54) 2.26(0.51) 0.38(0.12)

M2 5 Y DNLS 0.73(0.02) 0.89(0.07) 0.10(0.06) –

BNN 0.72(0.07) 1.00(0.36) 0.35(0.21) 0.10(0.01)

cWGAN 0.75(0.03) 0.97(0.10) 0.16(0.08) 0.08(0.03)

WGR 0.72(0.02) 0.86(0.04) 0.06(0.02) 0.07(0.04)

100 Y DNLS 1.25(0.10) 3.07(0.71) 2.12(0.52) –

BNN 1.25(0.09) 3.17(0.79) 2.37(0.79) 0.35(0.25)

cWGAN 1.29(0.14) 3.26(0.84) 2.46(0.80) 0.43(0.18)

WGR 1.17(0.09) 2.61(0.46) 1.81(0.47) 0.15(0.06)

M3 1 Y1 DNLS 2.04(0.04) 6.40(0.22) 0.07(0.04) -

BNN 2.05(0.03) 6.47(0.16) 0.11(0.05) 2.93(0.24)

cWGAN 2.05(0.05) 6.49(0.25) 0.14(0.09) 0.12(0.06)

WGR 2.03(0.01) 6.47(0.13) 0.06(0.04) 0.10(0.08)

Y2 DNLS 2.03(0.03) 6.77(0.19) 0.06(0.04) –

BNN 2.06(0.04) 6.95(0.19) 0.11(0.05) 3.12(0.01)

cWGAN 2.04(0.03) 6.80(0.19) 0.19(0.21) 0.06(0.06)

WGR 2.05(0.01) 6.86(0.07) 0.05(0.03) 0.05(0.04)

M4 1 Y1 DNLS 1.40(0.02) 2.74(0.04) 0.03(0.01) -

BNN 1.41(0.02) 2.76(0.05) 0.04(0.00) 0.64(0.21)

cWGAN 1.40(0.01) 2.73(0.03) 0.03(0.02) 0.09(0.04)

WGR 1.40(0.01) 2.76(0.02) 0.05(0.01) 0.02(0.01)

Y2 DNLS 1.41(0.01) 2.74(0.03) 0.02(0.01) –

BNN 1.42(0.02) 2.78(0.05) 0.04(0.01) 0.58(0.11)

cWGAN 1.41(0.01) 2.74(0.04) 0.03(0.01) 0.11(0.05)

WGR 1.40(0.01) 2.74(0.03) 0.05(0.02) 0.02(0.01)

Note. The corresponding standard errors are given in parentheses. The smallest MSEs are in bold font. WGR =  
Wasserstein generative regression; DNLS = deep nonparametric least squares regression; BNN = Bayesian Neural 
Networks; cWGAN = conditional Wasserstein generative adversarial network; MSE = mean squared error.
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For evaluation, aside from the L1 and L2 errors given in Section 5.1, we consider the average 
length of the estimated 95% prediction interval (LPI), the CP, the standard deviation of upper 
bound error (SD-UBE) and lower bound error (SD-LBE), defined as

LPI =
1
K

􏽘K

k=1

F̂−1
Y |X(0.975 |X = X′k) − F̂−1

Y |X(0.025 |X = X′k)
􏽮 􏽯

,

CP =
1
K

􏽘K

k=1

I Y′k ∈ [F̂−1
Y |X(0.025 |X = X′k), F̂−1

Y |X(0.975 |X = X′k)]
􏽮 􏽯

,

SD-UBE =

����������������������������������������

1
K

􏽘K

k=1

F̂−1
Y |X(0.975 |X = X′k) − Y′k

􏼌
􏼌
􏼌

􏼌
􏼌
􏼌
2

􏽶
􏽵
􏽵
􏽴 ,

SD-LBE =

����������������������������������������

1
K

􏽘K

k=1

F̂−1
Y |X(0.025 |X = X′k) − Y′k

􏼌
􏼌
􏼌

􏼌
􏼌
􏼌
2

􏽶
􏽵
􏽵
􏽴 , 

Table 2. Comparison of WGR with BNN and cWGAN for M1–M4: MSE at quantile levels 
τ ∈ {0.05, 0.25, 0.50, 0.75, 0.95}

d Y Method MSE(0.05) MSE(0.25) MSE(0.50) MSE(0.75) MSE(0.95)

M1 5 Y BNN 1.99(0.40) 0.70(0.18) 0.44(0.15) 0.76(0.17) 2.13(0.44)

cWGAN 1.86(0.21) 0.94(0.26) 0.85(0.26) 1.00(0.21) 2.59(0.52)

WGR 1.14(0.34) 0.41(0.10) 0.27(0.06) 0.43(0.10) 1.12(0.37)

100 Y BNN 6.32(1.24) 3.35(0.74) 2.75(0.65) 3.56(0.69) 6.77(1.09)

cWGAN 4.99(0.51) 2.63(0.24) 2.21(0.22) 2.79(0.36) 5.41(0.65)

WGR 2.76(0.61) 2.27(0.30) 2.19(0.21) 2.61(0.24) 3.64(0.53)

M2 5 Y BNN 1.04(0.36) 0.35(0.28) 0.35(0.24) 0.35(0.23) 0.68(0.32)

cWGAN 0.91(0.23) 0.24(0.09) 0.21(0.09) 0.22(0.11) 0.30(0.17)

WGR 1.04(0.29) 0.11(0.06) 0.09(0.03) 0.16(0.04) 0.26(0.10)

100 Y BNN 3.65(1.04) 2.70(0.92) 2.51(0.81) 2.48(0.82) 3.62(1.41)

cWGAN 4.71(1.19) 2.59(0.84) 2.61(0.79) 2.74(0.77) 2.81(0.82)

WGR 3.24(0.42) 1.81(0.47) 1.94(0.49) 1.94(0.44) 2.07(0.50)

M3 1 Y1 BNN 11.62(0.85) 1.39(0.11) 0.21(0.06) 1.01(0.02) 8.50(0.45)

cWGAN 0.41(0.24) 0.24(0.16) 0.16(0.09) 0.21(0.11) 0.09(0.06)

WGR 0.16(0.12) 0.09(0.07) 0.08(0.07) 0.09(0.05) 0.09(0.16)

Y2 BNN 9.71(0.29) 1.10(0.13) 0.13(0.06) 1.67(0.03) 11.83(0.15)

cWGAN 0.20(0.13) 0.30(0.24) 0.22(0.14) 0.34(0.32) 0.59(0.27)

WGR 0.14(0.10) 0.09(0.06) 0.05(0.04) 0.20(0.05) 0.50(0.12)

M4 1 Y1 BNN 0.93(0.38) 1.62(0.24) 0.05(0.01) 1.67(0.20) 0.96(0.36)

cWGAN 0.05(0.05) 0.05(0.06) 0.02(0.02) 0.04(0.03) 0.05(0.04)

WGR 0.04(0.03) 0.04(0.02) 0.02(0.01) 0.03(0.04) 0.05(0.03)

Y2 BNN 0.83(0.22) 1.60(0.16) 0.04(0.01) 1.58(0.08) 0.82(0.15)

cWGAN 0.05(0.04) 0.04(0.03) 0.03(0.02) 0.04(0.02) 0.05(0.04)

WGR 0.03(0.03) 0.04(0.04) 0.02(0.01) 0.03(0.03) 0.05(0.05)

Note. The corresponding standard errors are given in parentheses. The smallest MSEs are in bold font. WGR =  
Wasserstein generative regression; BNN = Bayesian Neural Networks; cWGAN = conditional Wasserstein generative 
adversarial network; MSE = mean squared error.
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where I(·) is the indicator function. Here, SD-UBE and SD-LBE are used to examine the stability of 
each method. The smaller SD-UBE and SD-LBE are, the greater the stability is. Since the τth con
ditional quantile cannot be computed for DNLS, we apply the conformal quantile regression 
(CQR, Romano et al., 2019) method to compute LPI, CP, SD-UBE, and SD-LBE for comparison.

5.2.1 The CT slices dataset
This dataset contains 53,500 CT images from 74 patients (43 male, 31 female) with anatomical 
landmarks annotated on the axial axis of the human body. Each CT image is represented by 
two histograms in polar space: 239 variables for the bone histogram and 145 for the air histogram, 
totalling 383 covariates. The response variable is the image’s relative location on the axial axis, 
ranging from 0 (top of the head) to 180 (soles of the feet). The sample size of this dataset is 
53,500. We use 40,000 samples for training, 3,500 for validation, and 10,000 for testing.

We summarize the numerical results in Table 3. Though WGR and DNLS perform comparably, 
the proposed WGR gives PI and CP directly, whereas DNLS computes the prediction intervals 
with the help of CQR. Furthermore, compared to cWGAN and BNN, WGR performs significantly 
better across all criteria.

Figure 1. Comparison of conditional density estimation. The conditional distributions are estimated using 5,000 
samples, generated by the conditional samplers for a randomly selected value of X. Bayesian Neural Networks 
(BNN) results are not shown, because its network parameter is collected at the end of the training process, making 
distribution estimates inaccessible during training.

Table 3. Summary statistics for CT test data

Method L1 L2 LPI CP SD-UBE SD-LBE

DNLS 0.40 0.51 2.31 0.95 0.33 0.31

BNN 0.80 1.27 3.14 0.88 0.86 0.90

cWGAN 0.95 2.30 1.54 0.48 0.46 0.50

WGR 0.45 0.42 2.44 0.96 0.32 0.31

Note. For DNLS, we use CQR to compute LPI, CP, SD-UBE, and SD-LBE. The best performances under each criterion 
are in bold font. LPI = length of the estimated 95% prediction interval; CP = coverage probability; SD-UBE = standard 
deviation of upper bound error; SD-LBE  = standard deviation of lower bound error; DNLS = deep nonparametric least 
squares regression; BNN = Bayesian Neural Networks; cWGAN = conditional Wasserstein generative adversarial 
network; WGR = Wasserstein generative regression; CQR = conformal quantile regression.

346                                                                                                                                                   Song et al.
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssb/article/88/1/330/8240631 by The H
ong Kong Polytechnic U

niversity user on 10 M
arch 2026



5.2.2 The UJIndoorLoc dataset
We analyse the UJIndoor dataset (Torres-Sospedra et al., 2014 ), a multi-building multi-floor in
door localization database that relies on WLAN/WiFi fingerprinting. This dataset contains 21,048 
observations, divided into three parts: 14,948 for training, 1,100 for validation, and 5,000 for test
ing. Each observation has 529 attributes: 520 WiFi intensity values (from −104 to 0 dBm) and 100 
for nondetected WAPs, serving as covariates, along with five location responses: longitude, lati
tude, floor, building ID, and space ID. The first two variables are continuous, while the others 
are categorical with at least two levels. We apply standardization before training. Our goal is to 
predict the location information from the WiFi intensity values using different methods and com
pare their performance.

Table 4 presents the analysis results. For all five response variables, WGR performs comparably 
to DNLS and significantly better than BNN and cWGAN in terms of L1 and L2. Compared to 
cWGAN, WGR provides prediction intervals with higher CP while maintaining a comparable 
length. Although DNLS gives prediction interval with higher CP and shorter length, its predictions 
are less stable, as the standard deviations of the upper and lower bound errors are larger compared 
to WGR. Additionally, BNN performs poorly on this dataset, producing very long prediction in
tervals with coverage probabilities close to 1.

5.2.3 MNIST handwritten digits dataset
We now demonstrate the performance of WGR on a problem, where both X and Y are high- 
dimensional. We use the MNIST dataset (LeCun et al., 2010), which consists of 28 × 28 grey-scale 
images with labels in {0, 1, . . . , 9}. We apply WGR to reconstruct the central masked part of each 

Table 4. Analysis results of the UJIndoorLoc testing dataset

L1 L2 LPI CP SD-UBE SD-LBE

Longitude DNLS 0.07 0.06 0.25 0.88 0.11 0.10

BNN 0.30 0.17 3.13 1.00 0.48 0.47

cWGAN 0.14 0.04 0.24 0.55 0.18 0.17

WGR 0.08 0.02 0.29 0.82 0.12 0.12

Latitude DNLS 0.09 0.10 0.34 0.86 1.81 1.82

BNN 0.33 0.21 3.12 1.00 0.49 0.51

cWGAN 0.17 0.07 0.26 0.50 0.20 0.20

WGR 0.09 0.02 0.28 0.79 0.13 0.14

Floor DNLS 0.12 0.05 0.30 0.87 1.38 1.40

BNN 0.45 0.35 3.12 0.98 0.67 0.68

cWGAN 0.23 0.11 0.31 0.44 0.34 0.35

WGR 0.13 0.04 0.43 0.80 0.20 0.20

Building ID DNLS 0.05 0.12 0.16 0.94 0.33 0.31

BNN 0.30 0.17 3.11 1.00 0.44 0.48

cWGAN 0.12 0.04 0.22 0.53 0.16 0.16

WGR 0.06 0.03 0.28 0.90 0.14 0.14

Space ID DNLS 0.16 0.21 0.44 0.85 1.46 1.43

BNN 0.47 0.48 3.13 0.96 0.77 0.76

cWGAN 0.29 0.36 0.61 0.68 0.47 0.58

WGR 0.16 0.12 0.35 0.70 0.33 0.31

Note. The best performances under each criterion are in bold font. For DNLS, we use CQR to compute PI, CP, SD-UBE, 
and SD-LBE. LPI = length of the estimated 95% prediction interval; CP = coverage probability; SD-UBE = standard 
deviation of upper bound error; SD-LBE  = standard deviation of lower bound error; DNLS = deep nonparametric least 
squares regression; BNN = Bayesian Neural Networks; cWGAN = conditional Wasserstein generative adversarial 
network; WGR = Wasserstein generative regression.
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image, which is treated as the response Y ∈ R14×14, with the remaining part as the covariate X of 
dimension 28 × 28 − 14 × 14 = 588. We randomly selected 20,000 images for training, 1,000 for 
validation, and 10,000 for testing. To evaluate reconstruction quality, we randomly sampled two 
images per digit from the test set and compared four different methods in Figure 2. The figure 
shows that WGR produces sharper and more faithful images than the other methods, as it pre
serves more details and reduces artifacts.

6 Conclusions
In this paper, we have proposed a generative regression approach, WGR, for simultaneously esti
mating a regression function and a conditional generator with theoretical guarantee. Our numer
ical experiments demonstrate that it works well in various situations from the standard 
generalized nonparametric regression problems to more complex image reconstruction tasks.

WGR can be viewed as a way of estimating a conditional generator with a data-dependent regu
larization on the first conditional moment, thereby providing a flexible and model-free way for 
constructing prediction intervals. Our framework can be adapted to other tasks by choosing dif
ferent loss functions. For instance, we can estimate the conditional median function or the condi
tional quantile function by using other losses that are more suitable for these objectives. We can 
also impose regularization on higher conditional moments or other properties of the conditional 
distribution, depending on the research question.

Although we have established nonasymptotic error bounds and convergence properties of 
WGR, our analysis is only a first attempt to deal with a challenging technical problem that involves 
empirical processes on complex functional spaces and approximation properties of deep neural 
networks. Further work is needed to better understand the properties of generative regression 
methods, including the proposed WGR. For instance, it would be interesting to know if the error 
bounds we derived are optimal or if they can be improved. WGR is a nonparametric method. For 
statistical inference and model interpretation, it is desirable to incorporate a semiparametric 

Figure 2. Reconstructed images in MNIST test data.
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structure (Bickel et al., 1998) or a variable selection and dimension reduction component in WGR 
(Chen et al., 2022; Huang et al., 2012).

Generative regression leverages the power of deep neural networks to model complex and high- 
dimensional conditional distributions. Unlike traditional regression methods that only output 
point estimates, generative regression can capture the uncertainty and variability of the data by 
generating samples from the learned distribution. This allows for more interpretable results in 
various applications. For example, in financial applications, our method enables portfolio opti
mization through balancing expected returns against extreme risks such as conditional value at 
risk. It can also be applies to pathology for enhancing both detailed visualization (such as stain 
transfer) and high-level diagnostic assessment. We expect generative learning to be a useful add
ition to the existing methods for prediction and inference in statistics.
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