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A B S T R A C T

Although physics-informed neural networks (PINNs) have become a leading paradigm for solving both forward 
and inverse partial differential equations (PDEs) in a unified framework, their efficacy is often hindered by long- 
term prediction instability in black-box time marching, training imbalances stemming from multiple physical loss 
functions, and the inherent difficulty of representing complex geometries within neural architectures. This study 
develops the first-ever physics-encoded recurrent graph neural network (PeRGNN), a novel graph-based archi
tecture that inherently handles irregular geometries to solve the consolidation problem that is challenging in 
geomechanics. Continuous PINN incorporates residuals of PDEs, boundary conditions, initial conditions, and 
data discrepancies, without respecting causal evolution between time snapshots. In comparison, PeRGNN hard- 
encodes the temporal evolution laws, initial and boundary conditions into a recurrent unit. By treating spatial 
operators as learnable graph-based message-passing functions while strictly enforcing the time-marching 
structure, the framework establishes a strong inductive bias that ensures physical consistency. The efficacy of 
PeRGNN is validated through six geomechanical case studies involving different tunnel geometries, anisotropic 
material behaviours, forward and inverse analysis. PeRGNN achieves (1) zero-shot prediction for extended time 
spans, generalizing across initial conditions and consolidation parameters, (2) remarkable data efficiency while 
maintaining high accuracy on decimated meshes with node counts nearly two orders of magnitude lower than 
that traditionally required for multi-dimensional consolidation analysis, and (3) robust inverse modelling with 
sparse and noisy data. The proposed PeRGNN, thus, proves to be a promising method for real-world geotechnical 
analysis and deserves further development.

1. Introduction

The spatiotemporal evolution of physical systems governed by par
tial differential equations (PDEs) remains a cornerstone of mechanical 
and geotechnical sciences. In geomechanics, soil consolidation serves as 
a canonical benchmark, focusing on long-term mechanical responses of 
soils driven by the dissipation of excess pore water pressure and redis
tribution of effective stress. The classical consolidation theory was 
established by Terzaghi [1] and Biot [2]. While various analytical, 
semi-analytical, and numerical methods, such as finite element methods 
(FEM), are standard for solving these PDEs [3–5], they face bottlenecks 
in incorporating real-world monitoring data and are often ill-posed for 
inverse parameter estimation. Recently, data-driven models have 
emerged with strong capabilities to model complex geotechnical 

behaviours, including consolidation analysis [6–10]; however, they are 
often criticised for their “black-box” nature, dependence on large data
sets, and limited generalizability [11–13].

Physics-informed neural networks (PINNs) have recently emerged as 
a powerful alternative for solving PDEs by combining data and physics 
[14–18]. Specifically, PINNs leverage both labelled data and physics 
laws by incorporating residuals of governing PDEs into the loss function 
of the neural network. Through iteratively minimizing this hybrid loss 
function, PINNs generate predictions that align with both the observed 
data and underlying physics. PINNs offer a unified framework for for
ward and inverse analysis, where unknown parameters can be identified 
as trainable variables during the optimization process [14,16,19–24]. 
This eliminates the need for new codes or intensive trial-and-error 
procedures common in traditional numerical schemes. Until now, 
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PINNs have been applied in various scientific domains such as solid 
mechanics [19,25–28], fluid mechanics [29–31], geoengineering [21,
32–34], constitutive modelling [35–39], and so on.

Recent advancements in solving spatiotemporal PDEs through PINNs 
can be categorized into three methodological genres based on the 
treatment of the space-time domain. The first genre adopts a fully 
continuous formulation, employing automatic differentiation (AD) to 
compute derivatives over a collocation set. While it remains the domi
nant paradigm due to its straightforward manner and easy imple
mentation [29,40–42], it suffers from significant optimization 
pathologies. Wang et al. [43] demonstrated that continuous-time PINNs 
often violate physical causality by biasing the model toward minimizing 
residuals as later times before resolving initial conditions. To mitigate 
these optimization pathologies while preserving the advantages of a 
continuous formulation, recent approaches such as DG-PINN employ 
temporal domain discretization to enforce physical causality and suc
cessfully simulated 3D turbulent flow [44]. Besides, substantial PINN 
variants have been introduced to enhance the performance of original 
continuous PINNs, such as XPINN [45] and PPINN [46]. The second 
genre introduces temporal discretization while retaining spatial conti
nuity. These methods decouple temporal evolution from the spatial 
domain by adopting discrete time integration schemes, such as back
ward Euler or Runge-Kutta (RK) methods, while preserving a continuous 
spatial representation within each time step [16,47]. This temporal 
discretization effectively reduces the need for dense collocation sam
pling over time. However, they still rely on AD for spatial derivatives, 
which can become computationally prohibitive for high-dimensional 
problems or those involving complex geometries where dense spatial 
sampling is unavoidable [48].

The third category discretizes both spatial and temporal domains. 
These approaches typically leverage graph-based or finite-difference 
schemes for approximating derivatives in both space and time to 
circumvent the computationally expensive process of AD. While con
volutional neural network (CNN) architectures have shown promise in 
this category [49–53], their inherent requirement for regular grids limit 
their flexibility in handling irregular geometries common in geotech
nical problems. Some novel methodologies have emerged to enhance 
PINN performance for complex geometries, such as domain decompo
sition [23,54], incorporation of finite element-based discretization [55,
56], and hard-encoding of boundary conditions [57,58]. Besides, a new 
Monte Carlo PINN model has successfully extended derivative approx
imations to solve fractional PDEs within irregular boundaries [59]. 
Parallel to these efforts, attention has shifted toward graph neural net
works (GNNs), which enable discrete PINNs to operate on unstructured 
meshes via graph-based discretization techniques [60–63]. For example, 
the finite volume method is integrated with GNN to model incom
pressible flow on unstructured grids, yet this computational paradigm is 
constrained to steady-state PDEs [64]. Another state-of-the-art model is 
the PhyMPGN [65], a novel graph-learning architecture designed to 
simulate cylinder flow at high Reynolds number. However, this research 
primarily focuses on forward analysis and does not explore the frame
work’s applicability or performance for inverse problems, such as 
parameter identification from sparse and noisy data. Despite these ad
vancements, current GNN-based discrete PINNs have not yet addressed 
several critical challenges in geotechnical applications. Most notably, 
the incorporation of anisotropic material behaviours and the solution of 
inverse problems. As such, the integration of graph learning with PINNs 
in geomechanics still remains in its infancy.

In geoengineering practice, the application of PINNs to consolidation 
analysis has transitioned from one-dimensional (1D) Terzaghi’s classical 
consolidation theory [66,67] to more complex 1D consolidation cases 
[68]. Technical refinements are proposed to improve convergence for 
1D consolidation, such as affine transformations [68], adaptive loss 
weighting strategies [69], and hard-encoded boundary constraints [70]. 
The application of PINNs to 2D consolidation has received relatively 
limited attention. While early efforts applied standard PINN 

architectures to 2D consolidation domains [71–73], a more recent work 
done by Guo and Yin [74] introduced a high-order RK-based PINN 
through temporal discretization. This approach improved training effi
ciency and stability for modelling multi-dimensional consolidation in 
regular domains. However, these pioneering studies were restricted to 
regular geometries. A notable exception is the work done by Xie et al. 
[75], which investigated 2D rheological consolidation around twin 
tunnels using a traditional PINN approach. Despite this advancement, 
the study relied on >60,000 training epochs and over 40,000 collocation 
points, revealing the inefficiency of traditional PINNs when dealing with 
irregular geometries and long-term simulations. This is because this 
study incorporated physics constraints in a soft manner, which often led 
to complex loss landscapes and increasing training difficulty [76]. Be
sides, the reliance on spatiotemporally continuous formulations often 
requires a large number of collocation points and extensive training 
epochs to achieve acceptable accuracy. Furthermore, inverse analysis is 
not included in this study.

In summary, most existing PINN-based consolidation models are 
restricted to simple geometries and belong to either fully continuous 
space-time formulations or those with continuous space and discretized 
time. Besides, these models lacked generalizability, being highly case- 
specific and requiring re-training when applied to new engineering 
scenarios. To date, no study has explored the fully discretized PINNs 
with GNN architectures and hard-encoded physics constraints for 
consolidation problems involving irregular geometries, anisotropic be
haviours and inverse analysis. These methodological gaps have led to 
several critical challenges in practical applications: (1) multiple loss 
terms lead to unstable training and slow convergence [76,77], (2) a 
large number of collocation points in both space and time is required 
[75], imposing a significant computational burden, and (3) previous 
models are typically tailored to specific loading conditions or soil pa
rameters, while their potential for generalization to new scenarios has 
received little exploration.

To this end, this study proposes a physics-encoded recurrent graph 
neural network (PeRGNN), a spatiotemporally discrete framework 
designed to approximate the evolution of geotechnical systems over 
space and time. In particular, this model offers four key contributions: 
(1) PeRGNN adopts a discretized spatiotemporal mesh and hard-encodes 
the discrete time-marching structure and boundary conditions into the 
network architecture, thereby simplifying the loss functions and 
reducing the need for dense training data; (2) the graph-based message 
passing strategy in PeRGNN naturally accommodates irregular spatial 
domains without requiring coordinate transformations or mesh regula
rization; (3) unlike existing GNN-based discrete PINNs, PeRGNN is 
capable of handling anisotropic material behaviours and performing 
inverse analysis to identify unknown material parameters, even under 
sparse and noisy data; (4) once trained, the model can predict the 
spatiotemporal dynamics by performing the recurrent unit merely based 
on initial conditions, and further generalize on unseen scenarios (vari
ations in material properties and initial states) without re-training.

The remainder of this study is structured as follows. Section 2 pre
sents the benchmark 2D consolidation problems and provides a detailed 
architectural overview of the proposed PeRGNN framework. Section 3
evaluates the model’s performance across six numerical case studies, 
focusing on long-term extrapolation, generalizability to unseen physical 
parameters, and robust parameter identification. Section 4 provides a 
comparative analysis with traditional numerical solvers and demon
strates its predictive stability when trained on extremely sparse datasets. 
Section 5 summarizes the key findings, potential engineering applica
tions, current limitations, and future work.

2. Methodology

This section presents the governing PDEs for 2D consolidation and 
computational architecture of the proposed PeRGNN framework, 
including the recurrent unit, integration of graph-based message passing 
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with hard-encoded physical constraints, network training schemes, and 
data acquisition.

2.1. Problem statement

The theory of consolidation describes the dissipation of excess pore 
water pressure u in a porous medium subjected to an instantaneous, 
uniformly distributed load p0, as illustrated in Fig. 1. Based on Terza
ghi’s consolidation theory, the general PDE governing 2D consolidation 
in a porous medium can be given by: 

∂u
∂t

= Cv
∂2u
∂x2 + Ch

∂2u
∂y2 (1) 

where Cv and Ch represent the soil’s consolidation coefficient in x and y 
directions, respectively. For isotropic soil, Cv = Ch.

The initial condition, reflecting the drainage state, is defined as: 

u|t=0 = p0 (2) 

To accommodate varying transportation requirements and geolog
ical conditions, tunnel cross-sectional geometries and surrounding soil 
properties can differ significantly. This research systematically in
vestigates consolidation behaviours across three tunnel configurations 
of increasing complexity: (1) a single tunnel embedded in isotropic soil 
(Fig. 1a), (2) horizontally aligned twin circular tunnels in anisotropic 
soil (Fig. 1b), and (3) vertically offset straight-wall arched twin tunnels 
in anisoropic soil (Fig. 1c). The computational domain for all configu
rations has a width B = 40 m and a depth H = 40 m. Both circular single 
and twin tunnels have a radius r = 4 m, and their centres are located at a 
depth h = H/2 below the ground surface. For the single tunnel in 
isotropic soil, the horizontal distance from the tunnel centre to the left/ 
right boundaries is b = B/2. For the circular twin tunnels in anisotropic 
soil, the distance between the two tunnel centres is denoted as l. The 
straight-wall arched twin tunnels characterise a more complex geome
try. Their top semi-circular sections have a radius rₛ, while the bottom 
square sections have a width wₛ. The centres of the upper arches are 
vertically offset at depths h₁ and h₂, respectively. The horizontal centre- 
to-centre distance between tunnels is defined as lₛ, and the distance from 
the left tunnel’s centerline to the left domain boundary is specified as bₛ. 
The values of all geometric parameters for computational models are 

summarized in Table 1.
All boundaries of the computational domain and the tunnel lining are 

defined as drained boundaries, employing a Dirichlet boundary condi
tion: 

u|(x,y)∈Γ = 0 (3) 

where Γ represents the boundary of the computational domain.
The analytical framework of this research is based on the following 

assumptions: (1) the soil is assumed to be a homogeneous isotropic/ 
anisotropic material; (2) the tunnel is assumed to be infinitely long in the 
longitudinal direction, reducing the problem to a plane-strain formula
tion; (3) both the soil skeleton and pore water are incompressible, and 
pore water flow follows Darcy’s law; (4) small strain kinematics is 
adopted.

2.2. Overview of the pergnn framework

In this section, we introduce a unified PeRGNN framework (Fig. 2) 
for solving both forward and inverse spatiotemporal problems. To reflect 
realistic engineering scenarios where high-resolution spatiotemporal 
data are difficult and expensive to obtain, the input data on unstructured 
grids are first downsampled to a lower resolution, serving as the training 
data for PeRGNN. These downsampled inputs on coarse grids are then 
processed by a recurrent unit, which learns to iteratively generate pre
dictions over time. A more detailed breakdown of the PeRGNN 
computational paradigm is presented in the following subsections.

2.2.1. Recurrent unit
The computational paradigm of the recurrent unit follows an 

Encoder-Processor-Decoder framework. First, there are two encoder 
networks, i.e., node encoder and edge encoder, applied to embed node 
and edge features using multi-layer processors (MLPs). For each node i in 
the graph, the node encoder takes the state variable. ut

i , spatial coordi
nate xi and one-hot code of node type Ci as input features, and output 
node embedding h0

i . For each edge (i, j), the edge encoder takes the 
relative offset ut

ij = ut
j − ut

i , displacement xij = xj − xi and coordination 
distance dij = ‖xij‖2 as input features and output edge embedding eij.

The processor consists of L message passing neural network (MPNN) 
layers aiming to update node embeddings. Each MPNN layer consists of 
two key components: (1) a message function ϕ that computes edge-wise 
interactions, and (2) an update function γ that aggregates messages to 
evolve node states, where both ϕ and γ are MLPs. Specifically, the edge 
message in the lth MPNN layer ml

ij for the edge (i, j) is constructed as: 

ml
ij = ϕ

(
hl

i, hl
j − hl

i, eij

)
(4) 

Fig. 1. Problem setup of three complex tunnel geometries: (a) A single tunnel in isotropic soil; (b) Twin circular tunnels aligned horizontally in anisotropic soil; (c) 
Vertically offset straight-wall arched twin tunnels in anisotropic soil.

Table 1 
Geometric parameters for all computational tunnel configurations (unit: 
meters).

B H b h r l rs h₁ h2 ls bs ws

40 40 20 20 4 20 2.5 15 22.5 10 15 5
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Then, messages from all neighbours N(i) are aggregated via mean 
pooling: 

Fig. 2. Overview of the PeRGNN framework. (a) The autoregressive training protocol; (b) The internal architecture of the recurrent unit at the time step t; (c) One 
layer of the graph message passing after the encoder between layer l and l + 1.

Fig. 3. The short time segments for the entire time series of the training samples.

X.-X. Chen et al.                                                                                                                                                                                                                                International Journal of Mechanical Sciences 314 (2026) 111414 

4 



ml
i =

1
N(i)

∑

j∈N(i)

ml
ij (5) 

Finally, the node state is updated through: 

hl+1
i = γ

(
hl

i,m
l
i

)
+ hl

i, 0 ≤ l < L − 1 (6) 

hL
i = γ

(
hL− 1

i ,mL− 1
i

)

After L MPNN layers, the decoder network would take the output of 
the last MPNN as inputs, and transform the node embedding hL in the 
high-dimensional latent space to the variables in physical dimensions. In 
this research, we design the decoder to approximate the second-order 
spatial derivatives in the governing equation, i.e., ∂2u

∂x2 and ∂2u
∂y2, to bypass 

the need for numerical differentiation. While the spatial operator is 
learned, the temporal evolution is strictly enforced by the hard-coded 
time-stepping scheme. The residual connections [78] are applied to all 
intermediate MPNN layers except the final one, which can provide a 
direct path for gradient propagation and mitigate gradient issues during 

training.
The temporal derivative term in Eq. (1) is approximated by PeRGNN: 

∂u
∂t = G(u; θ), where θ denoets the trainable network parameters. Spe
cifically, the PeRGNN model illustrated in Fig. 2 serves as a universal 
approximator for the time-evolution operator. The discrete form of this 
evolution, based on the forward Euler scheme, can be naturally 
embedded within the model as a specific case: 

∂u
∂t

=
ut+Δt − ut

Δt
(7) 

Accordingly, the solution u at the next time step t + Δt can be 
updated based on the current time step t: 

ut+Δt = ut + Δt⋅G(ut ; θ) (8) 

To achieve higher-order accuracy, explicit RK methods are alterna
tively adaptable. For instance, the second-order RK: 

k1 = G(ut ; θ)

k2 = G(ut +Δt⋅k1; θ) (9) 

ut+Δt = ut +
Δt
2
(k1 + k2)

In this way, each time step updates the state based on the current 
value based on an explicit mathematical expression, preventing gradient 

Table 2 
The details of spatiotemporal discretization parameters for single and twin 
tunnel configurations.

Discretization Tunnel configurations High-fidelity 
resolution

Downsampled 
resolution

Spatial Single tunnel 6724 meshes 
(3478 nodes)

858 meshes (471 
nodes)

​ Circular twin tunnels 6818 meshes 
(3540 nodes)

1284 meshes (703 
nodes)

​ Straight-wall arched 
twin tunnels

6664 meshes 
(3466 nodes)

1336 meshes (728 
nodes)

Temporal Single tunnel ​ ​
​ Circular twin tunnels 4000 steps (dt =

0.01 year)
1000 steps (dt =
0.04 year)

​ Straight-wall arched 
twin tunnels

​ ​

Fig. 4. The illustration of downsampled spatial mesh discretization for three tunnel configurations. (a) Single tunnel; (b) Circular twin tunnels; (c) Straight-wall 
arched twin tunnels.

Table 3 
Details of PeRGNN configurations for six study cases.

Study cases Optimizer 
Learning rate 
Activation function 
Integration scheme

Node encoder 
Edge encoder

Decoder Number of MPNN layers Parameter counts Time segment size

Case 1 Adam 
0.0005 
ELU(x) 
second-order RK

6–32–32–64 
4–32–32–64

64–32–32–1 3 146,593 15
Case 2 64–32–32–1 146,593 10
Case 3 64–32–32–1 146,593 10
Case 4 64–32–32–1 146,594 10
Case 5 / 149,762 10
Case 6 / 149,762 10

Table 4 
Performance comparison of activation functions (Average over 20-year extrap
olation in Case 1).

Activation function Avg. R2 Avg. MSE

ELU (selected) 0.994 4.27e-04
Sin 0.991 4.44e-04
Tanh 0.985 4.73e-04
Swish 0.993 4.35e-04
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instability that is comment in traditional recurrent neural networks. By 
embedding the discrete time-stepping scheme directly into the network 
architecture, the recurrent unit strictly enforces the governing temporal 
evolution law, ensuring physical consistency without the need for 
auxiliary loss constraints. Additionally, this integration strategy enables 
a trade-off between accuracy and computational cost by allowing the 
incorporation of various explicit time integration schemes, such as the 
Euler or RK methods. At each time step, spatial interactions are captured 
on unstructured meshes, enabling the PeRGNN to simulate coupled 
spatiotemporal dynamics without relying on computationally expensive 
implicit solvers.

2.2.2. Encoding boundary conditions
Accurate enforcement of boundary conditions fundamentally gua

rantees the uniqueness and physical consistency of solutions to PDEs. In 
vanilla PINNs, boundary conditions are typically imposed through soft 
constraints, where collocation points are sampled along the domain 
boundaries, and the residuals at these locations are incorporated into the 
loss function. While this method is simple for implementation, it can not 
ensure the exact satisfaction of boundary conditions and can lead to 
slower convergence [58].

To overcome these limitations, we adopt a padding strategy for 
boundary conditions which has been theoretically justified and widely 
used in many neural PDE solvers, including PEFEN [33], PECAN [79], 
PeRCNN [51], PhyGeoNet [80], and PhyMPGN [65]. These studies 
demonstrate that the padding strategy preserves numerical stability and 
avoids boundary-induced errors during long-term rollout. Similar stra
tegies have also shown robustness in practical engineering applications 
[32,49,81,82]. In our framework, Dirichlet boundary conditions are 
directly encoded in both the physical and latent spaces to ensure strict 
adherence throughout the solution process.

In the physical space, hard enforcement is achieved by explicitly 
assigning the known Dirichlet boundary values to the corresponding 
boundary nodes in the graph. At each time step, the prediction ut from 
the PeRGNN model is subjected to a boundary padding operation, which 
overwrites the values at boundary nodes with the prescribed boundary 
conditions. This ensures exact constraints on boundary conditions 
before the prediction is used in the subsequent time step. As for the 
latent space, a similar padding strategy is also applied to hidden node 
features, e.g., hl, after each MPNN layer except the last layer. Specif
ically, we reassign the latent features at boundary nodes after passing 

each MPNN layer to fixed values, preserving the influence of Dirichlet 
boundary conditions throughout the information propagation process.

During training and optimization, boundary node values are over
written after each forward update and treated as constants. Thus, their 
gradients are zero and do not participate in backpropagation. Interior 
node gradients are computed normally via message passing from 
neighbouring nodes, ensuring smooth gradient propagation within the 
computational domain.

Additionally, as introduced in the previous section, we incorporate a 
one-hot encoding vector to indicate the type of each node (e.g., interior, 
Dirichlet boundary). This encoding serves as an informative input 
feature, enabling the model to distinguish node roles during both for
ward propagation and boundary padding. Although not strictly part of 
the padding mechanism, this auxiliary feature enhances the model’s 
awareness of boundaries and improves learning efficiency.

2.2.3. Network training
We partition the complete time series (T + 1 steps) into shorter 

segments of M consecutive steps ( ≪ T + 1). This approach reduces the 
depth of the computational graph at each training step, ensuring stable 
gradients and preventing issues like gradient explosion. As illustrated in 
Fig. 3, each segment spans from u((i − 1) ⋅ M) to u(i ⋅ M − 1), where i ∈ {1,2,
…, ⌈(T + 1)/M⌉}. Following the model architecture depicted in Fig. 2, 
PeRGNN accepts the initial frame u(i ⋅ M) with artificially added Gaussian 
noise (3% for forward analysis in this research) as input and autore
gressively predicts the subsequent M − 1 steps within each segment. To 
balance accuracy and computational costs, we design a parsimonious 
loss function, evaluated only at the first and last predicted steps of each 
segment: 

L =
1
Nd

(
‖ u((i− 1)⋅M+1) − û((i− 1)⋅M+1)

‖2+ ‖u(i⋅M− 1) − û(i⋅M− 1)
‖2) (10) 

where Nd denotes the number of nodes in the graph, u and û denotes the 
prediction from our model and the ground truth, respectively, and 
1

Nd
‖ ∗‖2 aims to calculate the mean square error (MSE) of the predictions. 

In this way, a highly sparse temporal dataset is used for supervision. 
Further, we employ segment shuffling during training to break temporal 
dependencies and improve generalization.

The validation datasets comprise clean data without artificial 
Gaussian noise contamination in the initial frame. During testing, the 
model solely receives the input of the initial variable states u(0) and 
autonomously predicts all subsequent time steps. Model performance is 
rigorously quantified on testing sets using both MSE and the R-square 
(R2) value.

2.3. Data acquisition and preprocessing

High-fidelity ground truth solutions are generated using the finite 
element software COMSOL Multiphysics 6.2 with fine spatiotemporal 
discretization and then downsampled to a lower resolution. The details 
of spatiotemporal discretization parameters for different tunnel config
urations (Fig. 1) with different resolutions have been summarised in 
Table 2. The downsampled spatial mesh discretization for each tunnel 
configuration is illustrated in Fig. 4. PeRGNN operates entirely on the 
downsampled coarse mesh, where each graph node corresponds directly 
to a node in that mesh. As a result, the model’s inputs and predictions 
share the same resolution and are evaluated against downsampled 
ground truth. Super-resolution inference is not considered in this study. 
Notably, compared to existing physics-informed learning approaches for 
solving 2D consolidation problems, which require dense training data 
(as reviewed in the introduction), this study operated with reduced 
training points by several orders of magnitude.

Fig. 5. The evolution of the training and validation loss values over 1500 
epochs in Case 1.
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Fig. 6. The predictive performance of the PeRGNN model in Case 1. (a-b) The MSE and R2 values of the pore water pressure predicted by the PeRGNN model trained 
on the 500 time steps but tested on the 1000 time steps; (c) Comparison of pore water pressure distributions (FEM ground truth and PeRGNN predictions) and point- 
wise relative errors at t = 25, 30, 35, and 40 years.
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3. Numerical experiments

This section systematically evaluates the performance of the pro
posed PeRGNN model through six numerical case studies, examining its 
temporal extrapolation capability for long-term predictions, its gener
alization performance across varying consolidation parameters and 
initial conditions, and its inverse analysis capability. Finally, the 
model’s engineering applicability is demonstrated through anisotropic 
consolidation predictions for tunnels with complex geometries. All cases 
are considered over a 40-year consolidation period.

3.1. Temporal extrapolation in long-term consolidation evolution

The first study case (Case 1) introduced in this section evaluates the 
PeRGNN model’s temporal extrapolation performance. The isotropic 
consolidation analysis around a single tunnel (Fig. 1a) is selected as the 
benchmark problem for this case. The soil’s coefficient of consolidation 
Cv is selected to be 0.4 m2/year, and the instantaneous surface load p0 is 
set as 20 kPa. All details of configurations for the PeRGNN model for 
Case 1 are shown in Table 3. The time segmentation size for each case is 
selected to balance predictive stability and computational cost. Very fine 
segmentation degrades long-term stability due to error accumulation, 
whereas excessively coarse segmentation offers limited accuracy im
provements at significantly higher computational costs. The ELU was 
selected as the activation function for all cases. While the PeRGNN 
framework is robust across various activations (including Sin , Tanh, and 
Swish), ELU offered superior stability for the diffusive dynamics of the 
consolidation benchmarks (see Table 4). This choice is consistent with 
the need for compatibility between neural configurations and specific 
PDE characteristics [83,84]. Given the versatile nature of the PeRGNN 
framework, alternative activation functions can be seamlessly inte
grated to suit different spatiotemporal dynamics in future applications.

The model was trained on 500 time steps for up to 1500 epochs, with 
early stopping implemented by selecting the checkpoint with the mini
mal validation loss. The evolution of training and validation loss values 
over 1500 epochs is shown in Fig. 5. Both losses exhibit a general 
decreasing trend, with the validation loss reaching its minimum value 
(1.25 × 10⁻⁵) at epoch 1490, suggesting that the model achieves its 
optimal generalization performance.

For the extrapolation test, PeRGNN is given only the initial state u(0) 

as input and then tasked with predicting the system’s spatiotemporal 

evolution over the next 999 time steps without resorting to intermediate 
ground-truth data. The well-trained PeRGNN successfully predicts the 
consolidation process for the subsequent future time steps (40-year 
simulation), maintaining MSE < 5 × 10⁻4 and R2 > 0.99, as shown in 
Fig. 6a. It can be observed that the prediction accuracy of excess pore 
water pressure remains high in the whole time series. Even beyond the 
training period (unseen time steps 501–1000), model performance re
mains strong with minimal error accumulation.

Fig. 6b compares the predicted pore water pressure distributions 
with ground truth solutions at four representative time steps (t = 25, 30, 
35, and 40 years), accompanied by their corresponding point-wise 
relative error distribution. The results demonstrate PeRGNN’s remark
able long-term prediction capability, maintaining consistently small 
errors even at extrapolated time steps beyond the training period.

3.2. Generalization of consolidation parameters

This section introduces Case 2 to demonstrate the PeRGNN’s 
generalization ability on the coefficient of consolidation Cv. The 
benchmark problem for Case 2 is depicted in Fig. 1a, and the detailed 
model configurations of PeRGNN are provided in Table 3. The initial 
surface load p0 is set as 20 kPa for this case. We generate 3 trajectories 
with Cv = 0.5, 0.7, and 0.9 m2/year for training, and 7 trajectories with 
Cv = 0.1, 0.2, 0.3, 0.4, 0.6, 0.8, and 1.0 m2/year for testing.

The evolution of training and validation loss values over 1500 epochs 
has been shown in Fig. 7. Both loss values generally decrease, with the 
validation loss achieving its minimum value of 1.91 × 10⁻⁶ at epoch 
1420. The MSE and R2 values for each test dataset at every time step are 
depicted in Fig. 8a. As shown, PeRGNN effectively infers the consoli
dation process for unseen Cv values despite being trained on data 
generated from only three Cv trajectories. All testing sets exhibit low 
MSE (< 8 × 10⁻4) and high R2 values (> 0.996), with minimal error 
accumulation over time. Fig. 8b compares the predicted pore water 
pressure distributions with ground truth solutions at the last time step 
(the 40th year) for testing sets with Cv ¼ 0.1, 0.3, 0.6, and 1.0 m2/year, 
along with corresponding point-wise relative errors. As shown, the 
predicted pore water pressure exhibits excellent agreement with the 
ground truth. While predicted errors gradually increase for larger Cv, 
reflecting increased nonlinearity at higher diffusion rates, they remain 
within acceptable limits. In this case study, the model demonstrates 
strong generalization by accurately predicting the consolidation 
behaviour across seven different Cv values.

3.3. Generalization of initial conditions

This section introduces Case 3 to demonstrate the PeRGNN’s 
generalization ability over different initial conditions. The benchmark 
problem for Case 3 is depicted in Fig. 1a, and the detailed model con
figurations of PeRGNN are provided in Table 3. The coefficient of 
consolidation parameter is set as 0.5 m2/year in Case 3. We train 
PeRGNN with three different initial surface loads p0 = 5, 25, and 45 kPa, 
and then test the model’s generalizability over six different initial sur
face loads p0 = 10, 15, 20, 30, 35, and 40 kPa.

The evolution of training and validation losses over 2000 epochs has 
been shown in Fig. 9. Both losses exhibit a decreasing trend during 
training, with the validation loss achieving its minimum value of 8.0 ×
10⁻5 at epoch 1660. The MSE and R2 values for each test dataset at every 
time step are depicted in Fig. 10a. As shown, PeRGNN effectively infers 
the consolidation process for unseen initial conditions. All testing sets 
exhibit low MSE (< 9 × 10⁻4) and high R2 values (> 0.985). Fig. 10b 
compares the predicted pore water pressure distributions with ground 
truth solutions at the last time step (the 40th year) for testing sets with p0 
= 10, 20, 30, 40 kPa, along with corresponding point-wise relative er
rors. The results demonstrate that PeRGNN achieves excellent agree
ment with the ground truth, even under substantially different initial 
states. This highlights the model’s strong generalization capability to 

Fig. 7. The evolution of the training and validation loss values over 1500 
epochs in Case 2.
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Fig. 8. The predictive performance of the PeRGNN model in Case 2. (a-b) The MSE and R2 values of the pore water pressure predicted by the PeRGNN model at every 
time step trained on 3 Cv values but tested on 7 unseen Cv values; (c) Comparison of pore water pressure distributions (FEM ground truth and PeRGNN predictions) 
and point-wise relative errors at t = 40 years with Cv = 0.1, 0.3, 0.6, and 1.0 m2/year.
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unseen initial conditions.

3.4. Inverse analysis of consolidation parameters from sparse, noisy data

While the previous study cases all focused on forward analysis of 
consolidation problems, real-world engineering scenarios often require 
estimating unknown soil parameters. Considering this challenge, as well 
as the capability of the proposed PeRGNN model to handle both forward 
and inverse problems in a unified framework, Case 5 introduced in this 
section investigates PeRGNN’s performance in inverse analysis for 
identifying unknown consolidation parameters under sparse and noisy 
data. Unlike vanilla PINNs, PeRGNN identifies Cv solely through the 
observational loss (Eq. (10)) rather than a PDE residual term, as the 
governing PDE structure is already embedded within the architecture. 
Thus, Cv is integrated into the trainable parameter set θ in Eq. (8). The 
operator G(ut; θ) necessarily incorporates Cv to transform spatial pres
sure gradients into temporal increments, thereby ensuring dimensional 
consistency between G(ut; θ) and ∂u/∂t. Additional unknown parame
ters, if present, can likewise be incorporated into θ and identified during 
the optimization process.

The isotropic consolidation around the single tunnel is selected as the 
benchmark problem for Case 5 (Fig. 1a). The initial surface load p0 is set 
as 20 kPa, and the Cv value is 0.4 m2/year, which needs to be identified 
by PeRGNN. Artificial Gaussian noise with varying levels, i.e., 3%, 5%, 
7%, 9%, and 11 %, is added to the first frame of each short time segment 
(Fig. 3) during training. The evolution of the validation loss and the 
learning process of unknown Cv values over 1000 epochs are shown in 
Fig. 11a and b, respectively. Notably, in Fig. 11a, validation losses for 
higher noise levels converge to values near the initial losses. This is 
because the validation process utilizes noisy initial inputs while 
comparing predictions against clean ground truth. The resulting MSE is 
therefore dominated by the irreducible discrepancy between the noisy 
start point and the clean target trajectory. Despite this high MSE, the 
model effectively captures the underlying physical dynamics, as evi
denced by the high accuracy of the identified Cv values.

Cv values are identified at the epoch of minimal validation loss, with 
exact values and corresponding relative errors summarized in Table 5. 
The results demonstrate that the identification accuracy of Cv values 
remains consistently high across different noise levels, with relative 
errors remaining below 1.33 × 10– 3 even with 11% noise magnitude, 
showcasing the robustness of the proposed model. It is also noteworthy 
that the identification of Cv achieves efficient convergence, approaching 

the ground truth value within approximately 200 epochs. This indicates 
that the unknown parameter identification converges faster than the full 
solution field, a phenomenon consistent with inverse analysis findings in 
physics-informed learning reported in previous work [21].

The inverse PeRGNN’s prediction accuracy of pore water pressure 
across the whole time series is evaluated based on MSE and R2 values, as 
illustrated in Fig. 11c and d As shown, the mean value of MSE increases 
with rising noise levels, indicating a gradual decline in prediction pre
cision of PeRGNN. However, the mean value of MSE is still below 0.003 
when the noise level reaches 11%. Similarly, the mean R2 values 
decrease as noise increases, but remain above 0.96 even at the highest 
noise level (11%). Besides, the standard deviations reflect the variability 
in performance across time steps, which becomes more prominent at 
higher noise levels but is still in an acceptable range. These findings 
demonstrate the PeRGNN’s robustness for inverse analysis with noisy 
and sparse data, revealing the model’s potential for application in 
practical geoengineering problems.

To further demonstrate PeRGNN’s efficiency and robustness in 
parameter inversion for long-term engineering problems, a vanilla PINN 
model was trained as a baseline. This PINN employs a 3D input (x, y, t), a 
single output (u), and four hidden layers with 64 neurons for each. All 
other hyperparameters are kept consistent with PeRGNN. Its loss func
tion integrates data and physics components: 

L = λ1Ldata + λ2LPDE (11) 

where λ1 and λ2 are weights for the data-informed loss Ldata and physics- 
informed loss LPDE, respectively. In this study, we setλ1 = 0.01, λ2 = 1. 
The training results are presented in Fig. 12. The vanilla PINN was 
trained for 40,000 epochs until convergence over a duration of 16.8 min 
, which is approximately 70% longer than 9.8 min required by PeRGNN 
(see Table 7). Although the loss and predicted Cv values converged, the 
identified Cv is 0.31, representing a significant prediction error of 
22.5%. Furthermore, the MSE and R2 for the predicted pore water 
pressure are 0.217 and 0.955, respectively. In contrast, the prediction 
accuracy of PeRGNN remains robust even with highly noisy data 
(Fig. 11).

The vanilla PINN’s poor performance in this inverse analysis can be 
attributed to three aspects: (1) the “curse of dimensionality” regarding 
collocation points in the whole spatiotemporal domains, (2) increased 
complexity from the irregular computational domain, and (3) the diffi
culty of fine-tuning weighting coefficients λ1 and λ2 to balance 
competing loss terms. While advanced PINN variants have been pro
posed to address these issues [74,85], they are beyond this study’s 
scope.

3.5. Anisotropic consolidation around circular twin tunnels leveraging 
different decoding strategies

While Cases 1–4 address isotropic consolidation around a single 
tunnel, Case 5, introduced in this section, is designed to evaluate 
PeRGNN’s performance in anisotropic consolidation scenarios involving 
twin tunnels, demonstrating its generalizability across anisotropic Cv 
values. The initial surface load p0 is set as 20 kPa for this case. The 
benchmark problem for Case 5 is depicted in Fig. 1b, and the detailed 
model configurations of PeRGNN are provided in Table 3. We generate 6 
trajectories with (Cv, Ch) = (0.1, 0.5), (0.1, 1.0), (0.5, 1.0), (0.5, 0.1), 
(1.0, 0.1), (1.0, 0.5) as training datasets and 12 trajectories with (Cv, Ch) 
= (0.2, 0.4), (0.2, 0.9), (0.3, 0.6), (0.3, 0.8), (0.3, 0.9), (0.4, 0.2), (0.4, 
0.7), (0.6, 0.3), (0.7, 0.4), (0.8, 0.3), (0.9, 0.2), (0.9, 0.3) as testing 
datasets. The distribution of (Cv, Ch) values for training and testing is 
shown in Fig. 13.

In contrast to isotropic cases, where the decoder directly outputs the 
operator ∂2u

∂x2 +
∂2u
∂y2, Case 5 uses a separate decoder for ∂2u

∂x2 and ∂2u
∂y2 to ac

count for anisotropy. We evaluate five different decoding configura
tions: a shared decoder for both operators and twin decoders, each 

Fig. 9. The evolution of the training and validation loss values over 2000 
epochs for Case 3.
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Fig. 10. The predictive performance of the PeRGNN model in Case 3. (a-b) The MSE and R2 values of the pore water pressure predicted by the PeRGNN model at 
every time step trained on 3 initial conditions but tested on 6 unseen initial conditions; (c) Comparison of pore water pressure distributions (FEM ground truth and 
PeRGNN predictions) and point-wise relative errors at t = 40 years with initial surface loading p0 = 10, 20, 30, 40 kPa.
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outputting one operator. The twin-decoder configurations explored both 
identical (e.g., ELU-ELU, Tanh-Tanh) and mixed activation functions (e. 
g., Tanh-Sigmoid, ELU-Tanh).

The rationale for using mixed activation is grounded in existing 
research. For instance, Qian et al. [86] demonstrated that mixed acti
vation functions improve the model’s ability to capture nonlinearity. 
Jagtap and Karniadakis [45] utilized different activation functions for 
subdomains in PINNs, and Sarma et al. [87] optimized local solution 
behaviours by assigning subdomain-specific activations. Although these 
strategies have been explored for single network or domain decompo
sition in PINNs, applying mixed activations to independent operator 
decoders is still novel. Furthermore, as the two decoders both receive the 
input information from the same encoder processor and MPNN layers, 
assigning different activation functions prevents the two decoders from 
collapsing into similar representations, allowing for more flexible and 

accurate modelling of anisotropic behaviours.
The performance of PeRGNN with different decoding configurations 

is evaluated based on the predicted pore water pressure at t = 4, 20, and 
40 years (Fig. 14). Table 6 presents MSE and R2 at t = 40 years for each 
decoding configuration. The results show that the single decoder 
approach exhibits significantly higher MSE values and lower R2 values, 
indicating its poor performance. Among the twin-decoder configura
tions, the models employing identical activation functions (ELU-ELU 
and Tanh-Tanh) achieve competitive accuracy, but the twin decoder 
with mixed activation functions (Tanh-Sigmoid and ELU-Tanh) further 
improves prediction accuracy, highlighting its superior flexibility in 
handling anisotropic behaviours. These findings demonstrate the effec
tiveness of using independent decoders with mixed activation functions 
for modelling anisotropic systems.

3.6. Application to anisotropic consolidation around straight-wall arched 
twin tunnels

Case 6 introduced in this section aims to further extend the appli
cation of PeRGNN with twin decoders to more complex anisotropic 
tunnel consolidation scenarios. In this case, a more challenging tunnel 
configuration is considered, i.e., vertically offset straight-wall arched 
twin tunnels, as depicted in Fig. 1c. Building on the findings from Case 5, 

Fig. 11. Inverse analysis of the PeRGNN model in Case 4. (a) The evolution of validation loss values over 1000 epochs; (b) The learning process of unknown Cv value 
over 1000 epochs; (c-d) The mean values and standard deviations of the MSE and R² for pore water pressure predictions across the entire time series.

Table 5 
The identified Cv value and the corresponding relative errors under different 
levels of Gaussian noise in the training data.

Noise level 3% 5% 7% 9% 11%

Identified Cv value 0.3995 0.4000 0.4030 0.4032 0.3947
Relative errors 1.25e-4 9.50e-5 7.50e-4 8.00e-4 1.33e-3
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the twin decoder architecture with ELU and Tanh activation functions (twin decoder-ET) is identified as the most accurate strategy and 

Fig. 12. Results of solving inverse consolidation problems using the vanilla PINN model. (a) Evolution of loss values over 40,000 epochs; (b) Learning process of Cv 
over 40,000 epochs.

Fig. 13. The distribution of (Cv, Ch) values for the training and testing datasets.

Fig. 14. The performance comparison among five different decoding configurations for PeRGNN. (a) The MSE values of predicted pore water pressure at t = 4, 20, 
and 40 years; (b) The R2 values of predicted pore water pressure at t = 4, 20, and 40 years.
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therefore is employed here. The initial surface load p0 is set to 20 kPa, 
consistent with previous cases. The training and testing datasets used in 
this case are the same as those in Case 5, comprising 6 training sets and 
12 testing sets, as shown in Fig. 13.

The evolution of training and validation losses over 1400 epochs is 
shown in Fig. 15. Both losses exhibit a generally decreasing trend, 
indicating effective convergence of the model. The best validation loss of 
5.68 × 10⁻⁶ is achieved at epoch 1010, as highlighted by the red star 
marker. After this point, no significant overfitting is observed, suggest
ing that the model maintains strong generalization capability 
throughout training.

To evaluate the model’s performance across 12 testing scenarios, 
Fig. 16a and b illustrates the MSE and R2 values of predicted excess pore 
water pressure at t = 10, 20, 30, and 40 years for each (Cv, Ch) parameter 
combination. While MSE values show a gradual increase over time (from 
10⁻⁵ to 10⁻³ order of magnitude) and R² values exhibit a slight decrease 
(maintaining >0.95 in all cases), both metrics remain within acceptable 
thresholds throughout the 40-year simulation period. This demonstrates 
the model’s stable generalization and long-term predictive capability 
across varying soil parameter combinations.

To further visualize the generalization and long-term predictive 
ability of PeRGNN on challenging vertically offset straigh-wall arched 
twin tunnels, Fig. 16c presents the spatiotemporal evolution of ground 
truth of excess pore water pressure, predictions, and the corresponding 
point-wise relative errors at time snapshots of 10, 20, 30, and 40 years, 
under the representative test case with consolidation coefficients (Cv, Ch) 
= (0.3, 0.6). The predictions made by PeRGNN show excellent agree
ment with the reference solution across all time steps. Although the 
point-wise relative error increases slightly over time, it remains within 
acceptable bounds for engineering practice. These results demonstrate 

the model’s strong ability to generalize to previously unseen parameter 
regimes in complex, real-world tunnel configurations.

4. Discussions

The preceding numerical experiments have validated the effective
ness of PeRGNN in addressing forward and inverse problems in various 
tunnel consolidation scenarios. This section evaluates the computational 
performance of the PeRGNN framework relative to traditional numerical 
solvers and assesses its robustness under varying degrees of data 
sparsity.

4.1. Computational comparison with a traditional FEM solver (Comsol)

The computational costs and hardware specifications for the tradi
tional FEM solver (COMSOL) and PeRGNN are summarized in Table 7. 
For each case, COMSOL simulations were performed on an Intel Core 
i7–13700KF CPU, and PeRGNN modelling was conducted on an Nvidia 
RTX 4090. While PeRGNN does not offer an advantage in training time, 
it exhibits superior efficiency in offline inference, with an average for
ward simulation of 4.56 s. Given its slight advantage over FEM for the 
simple 2D diffusion physics, PeRGNN’s primary benefits lie in parallel 
computation and inverse analysis. Leveraging GPU-accelerated tensor 
operations, the framework enables simultaneous batch processing of 
massive parameter trajectories. This represents a significant advance
ment over traditional solvers that typically scale linearly with the 
number of trajectories. Furthermore, PeRGNN provides a unified and 
robust framework for inverse analysis that circumvents the computa
tional burden and potential instabilities of iterative optimization loops 
required by traditional solver-based inverse methods.

4.2. Algorithmic data efficiency

To evaluate the framework’s robustness under extreme data limita
tions, we investigated the PeRGNN’s performance in Case 1 using a se
ries of decimated spatial meshes containing 225, 153, 72, and 45 nodes. 
As illustrated in Fig. 17, the model maintains stable predictive accuracy 
even as the spatial resolution is reduced by nearly two orders of 
magnitude from the standard high-resolution mesh (3478 nodes). This 
data efficiency stems from the hard-encoding architecture of PeRGNN. 
By strictly enforcing the temporal evolution laws while learning spatial 
operators through graph-based message passing, PeRGNN significantly 
reduces the volume of observational data required for the model to 
adhere to the governing physics.

5. Conclusions

This study presents a novel physics-encoded recurrent graph neural 
network (PeRGNN) learning paradigm designed for the spatiotemporal 
analysis of 2D consolidation around complex tunnel geometries, 
considering both isotropic and anisotropic consolidation behaviours. 
The proposed framework addresses both forward and inverse problems 
in a unified manner by integrating graph-based message-passing spatial 
representations with a recurrent time-marching structure. The core 
strength of PeRGNN lies in its hard-encoded architecture, which 
explicitly embeds the initial and boundary conditions as well as discrete 
temporal evolution laws. This design overcomes limitations of tradi
tional physics-informed learning methods in irregular domains and 
long-term prediction tasks, while ensuring physical consistency 
throughout the simulation timeline, and therefore providing a robust 
computational surrogate for complex geomechanical processes.

The numerical case studies involving irregular tunnel geometries and 
anisotropic material behaviours demonstrate that PeRGNN is highly 
effective for both forward prediction, extrapolation, generalization, and 
inverse analysis. The framework exhibits the capability to extrapolate 
accurately over long-term timelines and generalize to unseen material 

Table 6 
MSE and R2 values of predicted pore water pressure at t = 40 years using 
different decoding strategies.

Decoder configuration Activation function MSE R2

Single decoder ELU 1.29e-2 0.770
Twin decoder (EE) ELU - ELU 3.57e-3 0.933
Twin decoder (TT) Tanh - Tanh 3.59e-3 0.933
Twin decoder (TS) Tanh - Sigmoid 3.05e-3 0.959
Twin decoder (ET) ELU - Tanh 2.67e-3 0.960

Fig. 15. The evolution of training and validation loss values over 1400 epochs 
in Case 6.
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Fig. 16. The predictive performance of the PeRGNN model in Case 6. (a-b) The MSE and R² values at four time snapshots (t = 10, 20, 30, and 40 years) across varying 
coefficients of consolidation (Cv, Ch); (c) Comparison of pore water pressure distributions (FEM ground truth and PeRGNN predictions) and point-wise relative errors 
at t = (a) 10, 20, 30, and 40 years.
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parameters and loading conditions without the need for re-training. 
Furthermore, the unified inverse analysis framework established in 
this study allows for the identification of soil consolidation parameters 
from sparse data containing up to 11% noise, effectively bypassing the 
trial-and-error fashion of traditional solver-based inverse methods.

A significant finding of this research is the framework’s exceptional 
data efficiency. By leveraging its hard-encoded constraints, the PeRGNN 
maintains stable predictive performance even when the spatial sampling 
density is reduced by approximately two orders of magnitude compared 
to the dense datasets typically required by existing physics-informed 
methods. This makes the model particularly suitable for practical engi
neering scenarios where high-resolution monitoring data is limited.

While this study focuses on 2D homogeneous consolidation bench
marks, the underlying graph-recurrent architecture is inherently versa
tile and capable of solving other complex spatiotemporal PDEs within a 

unified framework. Future work will focus on extending PeRGNN to 
more complex spatiotemporal PDEs and 3D heterogeneous scenarios to 
further enhance its practical utility. To summarize, PeRGNN provides a 
transformative approach for real-time monitoring and digital twinning 
in geomechanics by bridging the predictive efficiency of neural net
works with the physical rigour of numerical discretization.

Data availability

The PeRGNN model code and datasets will be publicly available in 
the following GitHub repository: [https://github.com/XiaoXuan 
0418/Physic-Encoded-Recurrent-Graph-Neural-Network-PeRGNN] 
after publishing some ongoing works.
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Table 7 
Computational costs and hardware specifications for COMSOL and PeRGNN.

Case 
1

Case 
2

Case 
3

Case 
4

Case 
5

Case 
6

COMSOL 13th Gen Intel(R) Core(TM) i7–13700KF
Device
Computational time per 

trajectory (s)
6.5 6.5 6.5 / 7.0 7.3

Computational time on 
all trajectories (s)

/ 45.5 39.0 / 84.0 87.6

PeRGNN Nvidia RTX 4090
Device
Training time (min) 9.8 54.5 71.4 4.5 102.6 103.2
Inference time per 

trajectory (s)
4.42 4.57 4.46 / 4.64 4.73

Inference time on all 
trajectories (s)

/ 4.62 4.50 / 4.69 4.81

Fig. 17. The performance of PeRGNN using an extremely sparse dataset. (a) The distribution of mesh discretization and spatial nodes with 225, 153, 72, and 45 
spatial nodes; (b-c) The MSE and R2 values of the pore water pressure predicted by the PeRGNN model trained on the 500 time steps but tested on the 1 000 
time steps.
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