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The accurate prediction of hydro-mechanical interactions in saturated soils is essential for assessing the
stability of critical geotechnical infrastructure. However, modeling the coupled hydro-mechanical response of
saturated soils involving large deformations presents a significant computational challenge, primarily due to
the limitations of traditional grid-based methods in handling severe mesh distortion. The core of the proposed
HEPM lies in its dual spatial discretization, which decouples the material motion from the numerical mesh.
The physical continuum is discretized by a collection of particles that store all state variables, along with
an auxiliary mesh used to construct the particle interpolation. Formulated within an Updated Lagrangian
(UL) framework based on Biot’s theory, the method incorporates a particle-based Finite Increment Calculus
(FIC) stabilization technique. This ensures the suppression of spurious pressure oscillations, thereby enabling
the use of efficient equal-order interpolations for both solid displacement and pore pressure. The accuracy
and robustness of the proposed method are validated through a series of benchmark tests, showing excellent
agreement with analytical solutions for consolidation problems and highlighting its versatility in handling
complex material nonlinearities, including nonlinear hydraulic behaviors. Ultimately, the results demonstrate
the capability of the proposed framework to reliably solve complex failure problems in computational
geomechanics, offering a robust numerical strategy that effectively overcomes mesh distortion and numerical
instability in large-deformation hydro-mechanical analysis.

1. Introduction including the analysis of hydro-mechanical coupling [15-18] and the

enforcement of complex boundary conditions [19-21]. However, the

The numerical analysis of coupled hydro-mechanical large deforma-
tions in saturated porous media is essential for modern geotechnical en-
gineering, enabling the prediction of critical phenomena such as land-
slides [1,2], foundation settlement [3-5], and complex soil-structure
interactions [6,7]. However, modeling these problems presents a sig-
nificant challenge. This difficulty arises from the inherent nonlinear
coupling between the solid skeleton deformation and the pore fluid
flow, a complexity that is further amplified by geometric nonlineari-
ties [8,9], especially for soft foundations. Thereby, a robust numerical
framework capable of handling these combined physical complexities
is essential for reliable analysis.

Among the various numerical techniques for these problems, the Fi-
nite Element Method (FEM) is the prevailing standard in computational
solid mechanics [10,11] and, more specifically, in geotechnical engi-
neering [12-14]. The widespread application of FEM is due to its robust
framework, which is well-suited to the complexities of geomaterials,

standard Lagrangian approach faces a central weakness in problems in-
volving large deformation. Severe mesh distortion, degrades accuracy,
leads to ill-conditioned system matrices, and ultimately causes compu-
tation failure [22]. To address this limitation, several alternative ap-
proaches have been proposed. One widely used method is the Arbitrary
Lagrangian—Eulerian (ALE) method, which mitigates mesh distortion by
decoupling mesh motion from material movement [23-25]. However,
the ALE method has notable disadvantages. Specifically, both the mesh
and the material require independent sets of degrees of freedom, which
introduces additional variables that must be tracked and solved during
the simulation [26]. This increase in degrees of freedom leads to higher
computational costs and greater complexity in numerical implementa-
tion. Another powerful approach for large-deformation geomechanics
is the Stabilized Node-based Smoothed Particle Finite Element Method
(SNS-PFEM) [27,28]. This method integrates a dynamic remeshing
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scheme with node-based strain smoothing, which effectively resolves
mesh distortion issues while enhancing strain field accuracy. However,
despite these advantages, the reliance on a complete remeshing at each
step introduces significant practical and algorithmic challenges. The
process of nodal re-connectivity for mesh generation is highly complex
and particularly in three-dimensional analyses, the regenerated tetra-
hedral elements may contain slivers, which can compromise numerical
accuracy and stability. Moreover, the reliance on an external alpha-
shape algorithm for boundary identification is both computationally
intensive and complex to implement [29,30].

An alternative strategy is to abandon the mesh structure entirely.
In particle-based methods, the problem domain is represented as a
collection of interacting particles. A prominent example is Smoothed
Particle Hydrodynamics (SPH). As a fully Lagrangian method, SPH is
powerfully adapted for porous media problems by using separate sets
of interacting particles to represent the solid skeleton and the pore
water [31-35]. Its primary advantage is the inherent ability to handle
extreme deformations and coupled water flow without any possibility
of mesh distortion. However, for complex geotechnical boundary value
problems, SPH faces challenges in accurately imposing boundary con-
ditions [36], suffers from potential tensile instability [37-39], limiting
its application. Moreover, the Element-Free Galerkin (EFG) method, a
meshless approach using moving least-squares approximations, is par-
ticularly adept at simulating large deformations due to its independence
from a fixed mesh [40,41]. However, this advantage is offset by sig-
nificant computational demands. The method requires computationally
intensive procedures, such as neighborhood searches and the assembly
of shape functions, which increase both implementation complexity and
overall computational cost.

Seeking to combine the accuracy and boundary condition handling
of mesh-based methods with the robustness of particle methods for
large deformations, hybrid formulations have gained attention. A lead-
ing example is the Material Point Method (MPM), an advanced hybrid
technique particularly well-suited for geotechnical porous media prob-
lems [42-45]. MPM utilizes a collection of material points to represent
the soil skeleton and pore fluid. Simultaneously, the governing equa-
tions of motion and fluid flow are solved on a stationary background
grid. This dual framework elegantly avoids mesh distortion, making
it increasingly popular for large-deformation geotechnical analysis,
including consolidation [46,47]. However, MPM faces inherent chal-
lenges, notably the quadrature errors arising from degraded particle
distributions and the cell-crossing noise triggered by discontinuous
shape function gradients as particles traverse element boundaries [48—
50]. As a robust alternative for large-deformation analysis, the Hybrid
Element Particle Method (HEPM) [51,52] fundamentally overcomes
these limitations. Distinguished from traditional hybrid methods by
its dual discretization and dynamic remeshing strategy, HEPM recon-
structs interpolation functions based on the current particle position.
This approach ensures the continuity of field gradients, thereby in-
trinsically overcoming the cell-crossing noise and quadrature errors
in MPM. Furthermore, unlike the SNS-PFEM, where mesh generation
is constrained by the connectivity of moving nodes, often leading to
poor element quality [53], HEPM reconstructs the background mesh
arbitrarily based on the current domain configuration. This flexibility
ensures consistently high-quality elements throughout the simulation.

In numerical simulations of hydro-mechanical problems, ensuring a
stable pore pressure field is a significant challenge, particularly when
approaching the undrained incompressible limit—conditions charac-
terized by low permeability and rapid loading. Stability is governed
by the discrete inf-sup (or LBB) condition, which must be satisfied
by the interpolation functions chosen for solid displacement (u) and
pore pressure (p) [54]. Using an unstable interpolation pair, such as
equal-order elements, violates this condition and leads to non-physical,
spurious oscillations in the pressure field, rendering the numerical
solution inaccurate [55]. This challenge motivates the development of
dedicated stabilization techniques that permit the use of simple and
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computationally efficient equal-order elements for both displacement
and pressure. Various strategies exist, including polynomial pressure
projection method in SNS-PFEM [56,57], nodal averaging schemes in
MPM [58,59]. Moreover, the Finite Increment Calculus (FIC) frame-
work offers an effective approach to ensure numerical stability in
FEM [60-62], introducing stabilization terms derived directly from
the balance equations that inherently stabilize the pressure field for
equal-order linear elements. It can ensure numerical stability in the
incompressible limit while preserving the algorithmic simplicity and
computational efficiency of linear background elements. Since the pro-
posed HEPM is based on a dual discretization of background mesh and
particles, the FIC stabilization strategies can theoretically and naturally
be adapted to the current framework.

Building upon the kinematic framework of HEPM recently devel-
oped for large-deformation solid mechanics [51], this study extends
the method to a fully coupled hydro-mechanical formulation for sat-
urated porous media. The primary objective is to establish a stabilized
coupling framework capable of rigorously analyzing large-deformation
hydro-mechanical problems involving elasto-plasticity. A linearization
of the coupled governing equations is derived, which fully accounts
for both geometric and material nonlinearities. Furthermore, a particle-
based FIC stabilization technique is implemented to enable the use of
computationally efficient equal-order interpolation, while a finite strain
constitutive model and a nonlinear permeability law are incorporated
to capture the complex consolidation behavior of soft soils. The perfor-
mance of the proposed method is rigorously validated against several
analytical solutions and demanding numerical examples, demonstrating
its robustness and accuracy in predicting both settlement and pore
pressure dissipation.

The remainder of this paper is structured as follows. Section 2
details the theoretical foundation, covering the governing equations for
porous media, the consistent linearization for large deformation, the
core theory of HEPM, the evolution of hydraulic properties, and the
remeshing strategy. Section 3 then briefly introduces the implemen-
tation of this particle-based FIC-stabilized method within the HEPM
framework. Subsequently, Section 4 is dedicated to verification and
validation. This section first assesses the performance in terms of
pore pressure evolution and spatial convergence against analytical
solutions for consolidation problems. In addition, the robustness of
the HEPM is evaluated through challenging large-strain elasto-plastic
simulations, including strip footing and vertical cutting of soil block.
Finally, Section 5 summarizes and concludes the paper.

2. Methodology and formulation

This section presents the equations of the hydro-mechanical cou-
pling algorithm based on the Hybrid Element Particle Method (HEPM),
specifically formulated to overcome mesh distortion in quasi-static,
large-deformation nonlinear consolidation. These equations are devel-
oped within an updated Lagrangian framework to accurately capture
geometric nonlinearities, building upon the foundational principles of
Biot’s theory of poroelasticity [63]. Moreover, the particle-based inter-
polation and gradient reconstruction strategy of the proposed HEPM is
also introduced, which allows field variable derivatives to be computed
robustly at the particle level.

2.1. Governing equations in porous media

The behavior of saturated porous media is governed by the coupling
between the solid skeleton deformation and the pore fluid flow. Adopt-
ing a quasi-static formulation where inertial terms are neglected [16],
the linear momentum balance for the mixture is expressed alongside
the effective stress principle as:

V-c+pb=0, with o¢=06"—apl, (€))
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where ¢ and ¢’ are the total and effective stress tensors, respectively,
b is the body force vector, p is the density of the mixture, p is the pore
water pressure, « is the Biot coefficient, and I is the identity matrix.
The conservation of fluid mass involves the fluid density p,,, porosity
n, and Darcy velocity v. Assuming the fluid flow follows Darcy’s law
v =—(k/pu,)(Vp—p,g and the fluid is weakly compressible defined by
the bulk modulus K, the governing equation for fluid flow in saturated
porous media is derived as:

a—n n ap . k _
< X +K >at+aV a+V [#u( Vp+pwg)]—Q, 2)

s w

where K is the bulk modulus of the solid grains, k is the intrinsic
permeability tensor, and Q represents the fluid source. To account for
large-deformation behavior, the volumetric strain rate V-u is equivalent
to J/J, where J represents the rate of volume change and J denotes
the Jacobian determinant defined as the ratio of the current volume to
the reference volume (V'*+4'/V'"). Finally, the system is closed with a
prescribed flux boundary condition on I, expressed as (k/u,,)(—Vp +
P8 1 = g, where n is the unit normal vector and g, is the prescribed
volumetric flux per unit area.

2.2. HEPM discretization

Building upon the large-deformation variational formulation de-
tailed in Appendix A, the core of the HEPM framework involves re-
constructing element interpolation to enable particle-based approxima-
tion [51]. The fundamental principle relies on a dual discretization
of the domain into an auxiliary finite element mesh and a set of
Lagrangian particles, allowing the coupled governing equations to be
transformed into a particle-based system.

2.2.1. Spatial discretization of particle

The key feature of the HEPM is the spatial discretization of the
problem domain using a set of Lagrangian particles, with their field
variables interpolated from an auxiliary mesh. The flowchart of this
coupling method is illustrated in Fig. 1. The particle interpolation
scheme establishes a robust connection between the mesh-based field
(represented by Gaussian points) and the particle field. The properties
of a particle are calculated by integrating information from a collection
of neighboring Gaussian points, which collectively form the support
domain of that particle. This domain consists of a discrete set of
surrounding Gaussian points at which the kernel function has non-zero
values. To define this relationship, each Gaussian point is assigned a
spherical influence domain to identify the particles it affects. Since
the radius of the influence domain can vary for each Gaussian point,
the resulting support domain for a particle is typically irregular in
shape rather than being a fixed sphere. To manage the neighbor search
process efficiently, a spatial partitioning algorithm like the KD-Tree
method is employed, which organizes particles into a hierarchical tree
structure based on a space division diagram. Ultimately, all physical
quantities for a particle, such as its lumped volume, strain, and pres-
sure, are computed via a weighted average of the corresponding values
from the Gaussian points within its support domain. In the first step, the
volume ¥V, for each Gaussian point on an auxiliary mesh is computed
using its weight w):
Vi = w, det(Jac,) with Jac, = aa—l\gxe E=¢,
where Jac,, is the Jacobian matrix at the kth Gaussian point, calculated
using the nodal coordinate x¢ of element e and the derivatives of shape
function N¢ at the local coordinate of kth Gaussian point; n, is the
number of Gaussian points within element e.

This volume is used to define an effective radius r, for each Gaussian

k=12,...,n, (3)

point, assuming it occupies a spherical influence domain r, = {/ 34&.
The interaction between a particle p and a Gaussian point & is quan-
tified by a dimensionless weight coefficient ¢,. This coefficient is
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calculated in two steps. First, an interaction function ¢, is computed
using a cubic spline kernel, which is dependent on the normalized
distance d,;, between the particle and the Gaussian point:

2 2 3

2o4(@ - ). 0<dy <05
1

HeR 2d,)°, 05<d, <1
0, dy > 1

II'x, —x Il
with d, = —2 %1
nry

¢pk =

4

where 7 is a constant scaling factor, typically taken as 2; ¢, is normal-
ized across all particles interacting with Gaussian point k, yielding the
final kernel coefficient ¢,;:

o
e
n
k

L b

where nz is the number of particles within the influence domain of

Gaussian point k. This normalization ensures that the coefficients ¢,
strictly satisfy the partition of unity at each Gaussian point k, thereby
allowing the lumped volume of particle p to be consistently calculated
from the neighboring Gaussian volumes V,:

)

(ppk =

P &
© n

Y Vi (6)

k=1

n
o =1 and V,=

p=1

where nf denotes the number of particles influencing Gaussian point k,

and nj is the number of Gaussian points within the support domain of

particle p.

2.2.2. Gradient reconstruction

In the finite element method, the displacement gradient at any point
within an element can be determined from the nodal displacements of
that element. This calculation is typically performed at Gaussian points
to facilitate numerical integration for the element stiffness matrix. The
displacement gradient Vu(x;) at a Gaussian point k within an element
e can be calculated from nodal displacement of element, u®:
with L= 2% oo, @
08 0X|eg, ¢
where n, is the total number of Gaussian points. For a linear tetrahedral
element with a single Gaussian integration point, the nodal displace-
ment vector u® and the vectorized gradient tensor Vu are defined as:

Vu(x,) = L, u®

e __ T
u _[ulx’uly’u]z’u2x7u2y’u2zvu3x’u3y’u3z’u4x’u4y7u4z] ’

0uz]T (8)

The matrix L, is constructed as a block matrix, defined as L, =
[L!, Li, Lz, Li], by assembling four 9 x 3 sub-matrices where each L} is
derived from the partial derivatives of the shape function N; associated

with the ith node:

Ny Ny N. 0 o o o o o]
=0 0o 0 N, N, No O 0 0
o 0 0 0 0 0 N, N, N

)]

After computing the Vu(x,) of Gaussian point k, the smoothed
gradient at particle p, ?up, is obtained by the weighted average:

s 8
- Yo ouViVuix) ] -
Vu, = —z"ﬁ =7 o Viliu; =Lou,, (10)
P w0 Vi P k=1
k=1 p

where il, is the resulting particle gradient operator for particle p,
which maps the nodal displacements u; associated with Gauss point
k surrounding the particle to the gradient vup:
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Fig. 1. Computational framework of the proposed HEPM coupling algorithm. The method utilizes a dual discretization scheme: an auxiliary finite element mesh for
solving governing equations and Lagrangian particles for tracking history variables. The schematic illustrates the particle interpolation scheme, where neighboring

particles for each Gauss point are identified via a KD-Tree search.
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Moreover, the particle-field divergence of the displacement, V - u,,
can be computed by applying the same weighted averaging scheme:

n ns
- kazl P ViV - u(xy) | - ~
V-u,= — =% @ ViBrug =Bu,, (12)
ka=l (pkak P k=1
with
N, 0N, 0N,
B, = [(VN)",(VN,)",(VN3)",(VN,)"] and (VN,)" = [?’ o oz |
13)

where ﬁp is particle divergence operator, Following the structure of the
particle gradient operator Lp, B , is defined as:

=~ 1
B, =— [(PprlBl a4

L

P

Similarly, the pressure at a particle, j,, is interpolated from the
nodal pressures of the surrounding elements using nodal pressure p;:

P Vi |

n

< os

p 15)

8

n
_ Zkl;l (pka/kp(xk) 1
- v,

n&’
ka=1 (/’pk Vk Pk
where N, is the shape functions in pressure field, p(x,) is the pore
pressure at the Gaussian points, and Npp is the resulting shape function
matrix for particle p:

o ViNgpy = NppPp’

] 1 (4 (4
Ny =z [oniN o opViNg and e, = [ 0 0y .
1e6)
and the particle gradient of pressure, pr, is defined as:
- - = 1
Vp, = YN,,P, with UN,, = 7 [¢p1V1VN1 Oyt V,,iVNni] ,
a7

2.2.3. Discretized governing equations

By applying the HEPM spatial discretization and particle-based
integration, the equilibrium equations can be obtained by integrating
over the collection of particles. The momentum equation Eq. (A.10) can
be rewritten as:

" [il T
71+4At [l . [i] . yt+d4r [y _ [i] ~i+AL i+Ar | [l _ [ r+ar [i]

z]V sul .{CP LV AUl - adp T+ () [v Aull - (V4 ull) ]}

=

. me = (r1+A1)[:]’

18)

with
< I
t+An[i1] _ glil St+At o [i] . (AU 6]
(Al = Ul = 3 gl ;- (gl
p=1

19

where n is the total number of particles, and the subscript p denotes a
variable at the particle level. For simplicity, the subscript is omitted
for the particle pore pressure, which is denoted simply as p. Given
incompressible flow, the mass conservation equation Eq. (A.19) can be
expressed as:

n n
. ) ) . ok . ) )

Zﬁp[x]avwm . (Au[[;])yp[’] + At Z(VHA!&P[‘])’ _r . (VH-AzAp[:])VP[z]
p=1 p=1 Hw

Ry
+At2(Vr+ r5pm) R vias rp[x](vt+ . Aup)[:]me

=1 Huw

" K
_ Grars (il . P [rrar g0l o (e g VT L g i1 (gi+an (il
Atz;(V o [V sl 4+ (¥ Aup)] I = (ReF,

P ,

(20)

with

n ; n
. . T =1\ it e 1l Kb eriar, oa .
(RIFANIT — geFli) 6p[‘]a<—> VI g S G plil . 22 G e Anlily
; ) )y o f

2D

The external load vector FL’XZ and source term FL” are computed on the
background mesh via the standard FEM. Then, substituting the particle

displacement gradient Eq. (11) and pore pressure Eq. (16) into the



Y. Qiu et al.

governing equations yields the final form of the system equations:
[i] [i] _ plil [i]
Ké&sAu_QP ' 4p = Fe’xt Fz:n’
[iNT L1 [i] [i] 4111 — Rl
[(QP) + Athl]Au + ArH ), Ap" =R, (22)
where Au and Ap are the vectors of incremental nodal displacements
and pore pressures, respectively. The stiffness matrix K., the cou-

pling matrix Qp, the nonlinear coupling matrix Q,;, and the permeabil-
ity matrix Hp are given as follows:

n

T .

i _ 7 lil r+a1\ 13 [i]7,1i]

K = 2{ (L) (csm+an Ly,
—

n
T
il _ Blil MUkl
QP - 21 (Bp ) aNppr ’
=

kI+AT
[l _ [i]
in Z (VN/ )
1

=

STt AN TR LT (AT [i]
- [V 4B — P(o L]
) n Tkt+At
H = (va) PNyl
P ;;1 w) ppp (23)

[i] c i [l T sl+AL t [i]
Fim:21<Lp) (atra) v,

=
R = ar(Fll)) - F —Fl

o,
F = 3 () acryr v,
p=1
kt+At

Fl =Atz< NM)

The tangent stlffness matrix for the solid phase, K4 ¢, comprises
two parts: the material stiffness derived from the algorithmic consistent
tangent modulus C (calculated at the particle level as detailed in
Appendix C) and the geometric stiffness S (see Fang and Yin [51] for
the detailed formulation), which is formulated based on the Cauchy
total stress here. Consistent with this, the internal force vector F;,, is
assembled by integrating the updated Cauchy total stresses over the
particle volumes. These stress states are strictly updated at the particle
level (see Appendix B), ensuring that the calculated internal forces
are fully consistent with the material tangent used in the stiffness
matrix. A transformation matrix I'(-) is required for the construction
of the nonlinear coupling matrix Q,;, which arises from the vector
representation of the deformation gradient in Eq. (20). It transforms
a 3 x 1 pressure gradient vector, Vp = [”—” % d—”]T, into a 3 X 9 matrix

1+An\[i]1/1i]
Vi,

as follows: 9x’ dy’ oz
22 2 2 2 0 0 F 0 0
rep=fo 2 o0 2 22 2 o 2 | -
0 0 2 0o 0o 2 2 2 22

2.3. Evolution of hydraulic properties

In large-deformation geomechanics, hydraulic properties, specifi-
cally the void ratio (ep) and hydraulic conductivity (kp), are fully
coupled with the solid matrix deformation [64]. The void ratio is
updated based on the volumetric deformation of the particle, which is
measured by the determinant of the incremental deformation gradient,
J,= Vp’”’ /V,. The void ratio is assumed to be constant within a single
time step, so no linearization of this term is required. Based on the
relation J, = (1 + e’p”’ )/(1+¢.), the update rule is given by:

e =J,(1+el)—1. (25)

The hydraulic conductivity k is typically formulated as a function
of the void ratio e. This study adopts two widely used models, the
power-law and semi-logarithmic relationships, expressed respectively
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as:

e, \" k,
k= ky < ) and e, —e, = Cylogyg <k_) , (26)
€p0 PO

where the subscript O denotes initial values, m is a material-dependent
empirical exponent, and C; is the hydraulic conductivity change index.

2.4. Remeshing strategy

To maintain the robustness of the simulation under large deforma-
tions, a rigorous mesh quality check is executed at the end of every
time step. The quality of each element is evaluated using the aspect
ratio metric (defined as the ratio of the shortest to the longest edge).
A threshold of 0.3 is adopted; if any element’s aspect ratio falls below
this value, a two-stage remeshing procedure is triggered.

First, the boundary discretization is optimized using the isotropic
explicit remeshing [65] technique. This involves splitting, collapsing,
or smoothing boundary edges to generate a high-quality surface rep-
resentation. Crucially, the positions of these boundary nodes are pro-
jected back onto the exact geometry defined by the previous boundary
surfaces to minimize volume change. Second, once the boundary is op-
timized, the interior mesh is completely regenerated (using constrained
Delaunay tetrahedralization) based on the new boundary configuration.
This ensures that the internal domain is always filled with high-quality
isotropic tetrahedra, independent of the previous mesh topology.

2.5. Comparative analysis of computational efficiency and accuracy

To evaluate the performance of the proposed HEPM, we compare
its implementation complexity and efficiency with other particle-based
methods, specifically the Material Point Method (MPM) and the Particle
Finite Element Method (PFEM).

2.5.1. Implementation complexity

From the perspective of implementation complexity, standard meth-
ods often require complex modifications to handle large deformation
solids effectively. While the original MPM is simple, it suffers from
severe cell-crossing noise, quadrature errors and low accuracy [49,66,
67]. Although these errors can be mitigated by using higher-order inter-
polation functions (e.g., B-splines), this approach significantly increases
the number of supporting nodes, leading to a significant computational
burden in 3D applications.

Adapting PFEM for robust geotechnical analysis introduces spe-
cific algorithmic hurdles that are considerably more intricate than
those in fluid dynamics [68]. In standard solid PFEM, history vari-
ables stored at Gauss points necessitate frequent data mapping to
new meshes, leading to inevitable accuracy loss. While Node-Based
Smoothed PFEM (NS-PFEM) was proposed to overcome this by storing
variables at nodes, it inherently suffers from the overly soft behavior
and spurious zero-energy modes due to direct nodal integration [56].
Consequently, establishing a stable formulation (SNS-PFEM) requires
introducing complex stabilization terms—such as adding stress points
in subdomains. Moreover, a critical limitation in 3D applications is that
mesh generation relies entirely on the current positions of physical
nodes. The irregular node distribution frequently leads to the gener-
ation of “sliver” elements—tetrahedra with nearly coplanar vertices
and near-zero volume [53]. These degenerate elements severely com-
promise the conditioning of the global stiffness matrix, often causing
convergence failures in implicit solvers.

In contrast, the proposed HEPM achieves high accuracy and robust
stability without relying on complex stabilization algorithms. This is
realized through a dual discretization scheme that combines particle-
based interpolation reconstruction with the Finite Increment Calculus
(FIC) strategy. Crucially, by decoupling the background mesh from
the particle-carrying variables, this framework ensures that the mesh
is not constrained by the Lagrangian motion of nodes. Consequently,
high-quality elements are maintained throughout the analysis.
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Fig. 2. Schematic representation of the proposed coupling framework. Illustration of the hydro-mechanical coupling for saturated soils and the principle of the

particle-based FIC stabilization strategy to suppress pressure oscillations.

2.5.2. Computational efficiency

It is important to acknowledge that no numerical method is uni-
versally perfect, and the high accuracy and stability of HEPM come
with specific computational costs. Unlike standard FEM which relies
on a fixed mesh connectivity, or classic MPM that utilizes a structured
background grid, the proposed HEPM adopts a dual discretization
scheme. This introduces additional algorithmic treatments, primarily
the neighbor search and the reconstruction of interpolation functions at
every time step. Consequently, for a simulation with the same number
of degrees of freedom, the computational cost per time step in HEPM
is inevitably higher than that of standard FEM or the original MPM.

However, when compared to advanced node-based methods de-
signed for similar large-deformation accuracy, such as the SNS-PFEM,
HEPM demonstrates a competitive efficiency profile. SNS-PFEM ne-
cessitates a computationally expensive loop over node neighbors to
perform strain smoothing integration. More critically, to suppress zero-
energy modes, it requires complex stabilization schemes involving geo-
metric sub-domain operations [56]. In contrast, HEPM achieves stabil-
ity through the simple FIC formulation, thereby avoiding these time-
consuming stabilization calculations. A detailed quantitative compar-
ison of computational time between HEPM and SNS-PFEM has been
reported in our previous study [51], which verified that HEPM offers a
favorable balance between accuracy and cost.

3. Particle-based FIC stabilized method

The Finite Increment Calculus (FIC) method is applied to stabilize
the pressure field of particles in the proposed FIC-stabilized HEPM.
This method begins by expressing the governing differential equation
in its residual form, r, = 0, by incorporating higher-order terms derived
from a Taylor series expansion of the residual over a finite domain
with length d (Fig. 2). Based on a formulation that includes higher-
order differential terms [62], the resulting stabilized residual equation
with the use of low order elements, simplified for a low-permeability
condition, is expressed as:

= (QF + 4rQ,)Au + (T3 + AtHp)Ap — R5I“0 = 0, 27)

where the term Rj;“b represents the stabilized residual vector from Eq.
(23), and T;ﬁ”b is the stabilization matrix. They are explicitly defined

as:

Riﬁab — AtFP _ FQ _ FH _ T_;:ab(pH—At _ pt)’

n
. . 28)

Ty = ) (VN ) (IN, ) za)V,

p=1
where the stabilization parameter is defined as = = h?a/(8G), with
h = 3{/6V,/x representing the characteristic length of an equivalent
sphere for a particle with volume V, and shear modulus G. Thus, after
incorporating the stabilization term, the particle-based discrete form of
the mass conservation equation (Eq. (22)) becomes:

(QU)T + 4rQUaul + (T3 + ArH)) Apl!! = (Rfab)!1), (29)

4. Numerical verification and benchmarking

This section presents several numerical examples to verify and
demonstrate the performance of the proposed FIC-stabilized HEPM in
consolidation analysis. Initially, several small deformation problems
serve to verify the fundamental accuracy and spatial convergence
against analytical solutions and to investigate the efficacy of the im-
plemented pressure stabilization technique. Subsequent examples are
intended to demonstrate the capability of the proposed method for
simulating large-deformation nonlinear consolidation. Finally, two case
studies of severe mesh distortion are used to showcase the method’s
advantages in handling problems that pose a significant challenge to
traditional mesh-based approaches.

4.1. Surface loading of an elastic soil foundation

This section systematically evaluates the pressure stabilization of
the proposed method by analyzing a classic three-dimensional founda-
tion consolidation problem. The performance in terms of accuracy and
stability is assessed by benchmarking its predictions of pore pressure
distribution against results from the standard FEM [69]. The geometry
and boundary conditions of the three-dimensional model are depicted
in Fig. 3. Two distinct meshing strategies and fully undrained condi-
tions are considered. Specifically, Fig. 3a shows the dimensions and
boundary conditions of the model. Fig. 3b illustrates the two mesh
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configurations considered in this study: a uniform coarse mesh and a
locally refined mesh. The uniform and refined meshes, with 8283 and
10,264 elements respectively, are slightly less discretized than their
counterparts in Ref. [69] (which featured 9985 and 13,532 elements,
respectively). The corresponding particle distributions for each meshing
strategy are shown in Fig. 3c. The material properties are set as follows:
Young’s modulus E = 25 MPa, Poisson’s ratio v = 0.2, and fluid
viscosity u = 1 x 1073 Pa s. The hydraulic conductivity is set to k,, ~
1x10~7 m/s and all other parameters are kept consistent with reference.
A uniformly distributed pressure of P, = 10 kPa is applied to a
portion of the top surface. The four lateral boundaries are constrained
against normal displacement to simulate a confined soil column, while
the bottom boundary is fully fixed. The simulation is run for a total
duration of 1 s.

The simulation results, presented in Fig. 4, clearly illustrate the
maximum pressure evolution in HEPM and FEM. For the case with
a uniform coarse mesh, the initial maximum pore pressure computed
by HEPM is significantly closer to the applied surface pressure than
that obtained from FEM, under undrained conditions. This indicates
that HEPM maintains a higher degree of computational accuracy and
exhibits superior convergence properties even with a low-density mesh
(Fig. 4a). When a locally refined mesh is employed, the accuracy of
both methods improves significantly. The numerical solutions from
both HEPM and FEM demonstrate excellent agreement, which validates
the effectiveness of both approaches on a sufficiently refined mesh (Fig.
4b).

Furthermore, the necessity and efficacy of the pressure stabilization
technique are visually confirmed in Fig. 5. Without stabilization, the
pressure field computed on the uniform coarse mesh exhibits severe,
non-physical oscillations and negative pressure values (Fig. 5a). Sim-
ilarly, for the locally refined mesh, the unstabilized solution exhibits
a pronounced checkerboard pattern of pressure oscillations (Fig. 5b).
In contrast, the application of the particle-based FIC method effec-
tively eliminates these numerical instabilities in both cases, yielding
a smooth, stable, and physically realistic pore pressure distribution.
This result strongly demonstrates that the FIC-stabilized HEPM can
effectively overcome the numerical instabilities that may arise in the
FEM for such problems, thereby providing more reliable and accurate
simulation predictions.

4.2. One-dimensional consolidation

This section assesses the accuracy of pressure evolution and inves-
tigates the spatial convergence of the proposed FIC-stabilized HEPM
by analyzing the one-dimensional (1D) consolidation problem based
on Terzaghi’s consolidation theory. The setup for the 1D consolidation
model is depicted in Fig. 6a. The boundary conditions include a surface
pressure of P, = 1 kPa applied to the top. Regarding the hydraulic
conditions, the top surface is treated as a fully drained boundary, while
the lateral and bottom boundaries are assumed to be impermeable. The
lateral boundaries are constrained against normal displacement, while
the bottom boundary is constrained against vertical displacement. In
this model, the problem domain with H = 1 m is discretized by
particles, while the mesh serves as an auxiliary tool primarily for the
application of boundary conditions. An elastic constitutive model is
adopted for the material. The parameters are set as follows: Young’s
modulus £ = 100 MPa, Poisson’s ratio v = 0.2, porosity n = 0.2,
the unit weight of water y,, = 9.81 kN/m> and hydraulic conductivity
k,, = 9% 1073 m/s. The analytical solution for this problem is given by:

4Psurf -~ 1 . @2n+ Dnz
plt.2)=— 202n+1sm< 2H >
—

X exp(— (n+ 1/2)? z°T), with T = kyt/(y,,m, H?), (30)

where ¢ is the elapsed time since the load application and z is the
vertical coordinate measured from the top drainage boundary; m,
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represents the coefficient of compressibility and T is the dimensionless
time factor. Fig. 6b presents a comparison between the pore pressure
distribution obtained from HEPM and Terzaghi’s analytical solution,
showing perfect agreement at 7 = 0.001, 0.01, 0.05, 0.1, 0.2, 0.5,
1.0. As illustrated in the convergence analysis in Fig. 6¢, both the
conventional Updated Lagrangian FEM (UL-FEM) and HEPM methods
exhibit a convergence rate approaching the second order with mesh
refinement. A quantitative analysis of the error decay reveals that the
proposed HEPM consistently achieves a super-quadratic convergence
rate of 2.39, which is significantly higher than the nearly quadratic rate
of 1.92 obtained for the UL-FEM. This superior convergence property
underscores the computational efficiency of HEPM, indicating that a
desired level of accuracy can be achieved with a coarser mesh and,
consequently, less computational effort compared to the UL-FEM.
Furthermore, the global mass conservation of the proposed frame-
work is rigorously verified through the 1D consolidation benchmark.
In a fully saturated system, the reduction in the solid skeleton volume
(4V,) must be balanced by the cumulative volume of fluid expelled from
the domain (V;), as compared in Fig. 7. The fluid outflow matches the
solid compression with exceptional precision. The normalized error,
defined as |4V, - V/|/V,, where V; denotes the initial total volume
of the soil column, remains on the order of 10~ at the end of the
consolidation process. This negligible discrepancy, primarily attributed
to minor numerical integration errors, confirms that the proposed
algorithm strictly satisfies the principle of mass conservation.

4.3. One-dimensional two-layered consolidation

This section validates the proposed method against an analytical
solution for the 1D consolidation of a two-layered soil column. The
simulation is designed to assess the method’s ability to handle mate-
rial heterogeneity and mitigate spurious pore pressure oscillations at
small initial time steps. As illustrated in Fig. 8a, a parametric study
is performed by varying the ratio of layer height (¢ = h;/h,: 1, 4/6,
3/7, 2/8) and the ratio of hydraulic conductivity (a = k;/k,: 0.25,
4). The model setup replicates the analytical conditions: a 1D strain
state is enforced by applying a uniform pressure to the top surface,
fixing the base, and constraining lateral boundaries. Consistent with the
analytical solution, the top surface is allowed to drain freely, whereas
the base and lateral sides are set as impermeable boundaries. To match
the analytical solution, the soil is modeled as an elastic material with
a Young’s modulus of 6 MPa, and the domain is discretized using 5653
particles and a mesh with a characteristic size of 0.02 m.

Based on Terzaghi’s theory, Xie et al. [70] provides an analytical
solution for one-dimensional consolidation in a two-layered soil. The
excess pore water pressure in each layer is expressed as an infinite
series:

< . Am im Am 2
u = qp Z C,, [sin T + R_1 cos \ 2 % exp(—4, T), (31
m=1

H-z
H

. H-z
+R sm(/l—
) 2 HAp H

(s
Uy = 4o Z CaWo [/Mm cos (Mm

m=1

)] exp(—22T,),

(32)

where u,, u, are the excess pore water pressures in clay layer 1 and clay
layer 2, respectively; g, is the continuous uniform loading applied on
the top surface; T,, is the dimensionless time factor for upper layer,
defined as ¢, t/H 2, More details can be found in Xie et al. [70].

As illustrated in Fig. 8b and d, when the upper layer is more perme-
able, its pore pressure dissipates rapidly towards a linear distribution,
while dissipation in the lower, less permeable layer is significantly
slower. As the upper layer’s relative thickness decreases (a smaller ¢
value), the slow drainage from the bottom layer increasingly governs
the overall consolidation rate. Conversely, when the lower layer is
more permeable (Fig. 8c and e), it dissipates pore pressure uniformly
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Fig. 3. Numerical model and discretization scheme for the 3D footing consolidation problem. (a) 3D computational domain with surface loading P, . (b)
Background mesh showing non-uniform refinement (left) and uniform discretization (right). (c) Associated particle distributions generated based on the mesh
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Fig. 4. Evolution of maximum pore pressure under undrained conditions in the surface loading test. (a) Results with a uniform mesh. (b) Results with a locally
refined mesh. The plots compare the proposed FIC-stabilized HEPM against reference FEM: standard low-order (T4P4), high-order (T10P4), and FIC-stabilized

FEM.

across its depth. Consequently, the less permeable upper layer dictates
the overall dissipation process. Fig. 9 compares pore pressure distribu-
tions from different stabilization strategies to evaluate the performance
of FIC-stabilized HEPM in mitigating oscillations. The stabilization
analysis adopts a low hydraulic conductivity (k 10~® m/s) and
a small initial time step (7,;, = 1 x 1075) to provoke instability.
Without any stabilization, severe non-uniform oscillations appear in
both nodes and particles near the top surface. The Polynomial Pressure
Projection (PPP) strategy significantly improves stability, confining
over-pressurization—where pore pressure exceeds the applied load—
to localized regions and eliminating oscillations at depth. By contrast,
the proposed FIC method yields a superior result, producing an even
more stable pressure field and further reducing the magnitude of over-
pressurization. These results confirm that the FIC-stabilized HEPM
effectively suppresses spurious pressure oscillations, ensuring a robust
and stable foundation for subsequent consolidation analysis.

4.4. Cryer’s sphere with Mandel-Cryer effect

A key feature of 3D consolidation is the transfer of total stress during
drainage. This mechanism can cause the excess pore pressure at interior
points to temporarily exceed its initial value, a phenomenon known
as the Mandel-Cryer effect. The classic Cryer’s sphere consolidation
problem [71] is simulated in this section and the corresponding ana-
lytical solution for pore pressure dissipation and the time-dependent

volumetric response are expressed as follows:

=8+ 2(4p — 5,)/ 08 \[5,

o0
P
— = exp(—s,T),
P, ; s, — 12+ 1642 " 33)
AV P ~ 3—4u
_— = P S 1- 2 —_—— eXp(—S§ T .
V, ~ S+2N/3 L5, — 12+ 162 pl=ssT)
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Fig. 5. Comparison of pore pressure contours illustrating the effect of FIC stabilization in the surface loading test. (a) Case with uniform coarse mesh. (b) Case
with locally refined mesh. The solution obtained by the standard low-order formulation is presented on the left, while the result from the proposed FIC-stabilized

algorithm is shown on the right.

where T is the dimensionless time factor; P is the pore pressure at
sphere center; the term AV /V, is the average volumetric strain of
the sphere with an initial volume V,, a is the radius of the sphere;
More details can be found in Cryer [71]. As shown in Fig. 10, a 1/8
spherical sector is analyzed by virtue of symmetry, with a uniform
surface pressure of P,,., = 5 kPa applied to simulate a hydrostatic load.
The domain’s discretization involves a mesh size of 0.05 m, resulting
in approximately 2600 particles. The mechanical behavior of the soil
is characterized by a linear elastic model with a Young’s modulus
E of 1 MPa. The analysis investigates the influence of the Mandel-
Cryer effect by considering three Poisson’s ratios v: 0.0, 0.2, and 0.4.
The hydraulic properties are defined by a hydraulic conductivity k =
10~5 m/s and a fluid viscosity of 1.0 x 1073 Pa s.

As illustrated in Fig. 11, the evolution of both the pore pressure
and volume change at sphere center shows excellent agreement with
the analytical solution. Notably, the simulation successfully captures
the Mandel-Cryer effect, which is characterized by an initial rise in
excess pore pressure followed by its eventual dissipation. Furthermore,
the results indicate that this effect becomes more pronounced for
smaller values of Poisson’s ratio, which correspond to larger volumetric
changes in the solid skeleton.

To validate the performance in stabilizing 3D pore pressure distri-
bution, the results from different stabilization strategies are compared.
The simulation adopts a small k = 1 x 107® m/s and T,; = 1 x 107 to
provoke instability. The pore pressure distribution is examined along
radial lines at various polar angles throughout the sphere. From these
multiple profiles, we generate an envelope plot that delineates the
maximum and minimum pore pressure values recorded at each radial
distance r. This envelope serves as a visual indicator of numerical
stability: a wider envelope implies significant oscillations in pressure
values across different angles, whereas a narrower envelope indicates a
smoother, more uniform pressure field. The numerical results for three

strategies are presented in Fig. 11c: Case 1 for unstabilized condition,
Case 2 for PPP method with commonly used penalization term [56],
and Case 3 for FIC method. The unstabilized Case 1 exhibits severe
pressure concentrations with a large envelope width (L,,,, = 4.3 kPa).
In contrast, both stabilized cases effectively suppress these oscillations.
Notably, the proposed Case 3 achieves the narrowest envelope (L,,,, =
1.8 kPa) compared to Case 2 (L,,. = 2.8 kPa), demonstrating the
superior stability of the FIC formulation.

4.5. Gibson’s consolidation with large deformation

In this section, the numerical results are compared with the ana-
lytical solutions for 1D large-strain consolidation presented by Xie and
Leo [72]. A key finding from this theory is that large-strain analysis pre-
dicts a smaller total settlement but a faster consolidation rate for both
settlement development and excess pore pressure dissipation compared
to classical small-strain theory. This distinction is critical for under-
standing the behavior of soft ground undergoing large deformation. For
a pervious top and an impermeable bottom boundary, the analytical
solutions for excess pore water pressure and the average degree of
consolidation are as follows: The excess pore pressure u is given by:

u= mLU In {1 + [exp(quu) — 1] m;] % sin (%) exp(—MZTU)} , (B4

where g, is the applied surface load, m, is the volume compressibility
for large strain (e), a is the Lagrangian coordinate, H is the initial
thickness of the clay layer, and T, is the dimensionless time factor,
defined as T, = c,t/H?. The term M is defined as M = (m — 1/2)x for
m = 1,2,3,.... In large-strain theory, the average degree of consolida-
tion can be defined by stress (Up) or by strain (U,), and the two are not
identical. U; is adopted, representing the normalized settlement S,/S,,
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where the final settlement is S, = H[1 — exp(-m,q,)]. The explicit
solution is:

o 2
=1- Z mexp(—MzTU).

m=1

U. =

s

SI
z (35)
The differences in settlement behavior between large-strain and
small-strain consolidation theories are investigated through a paramet-
ric study. The material properties are held constant, with a Young’s
modulus of E = 1.0 x 10° Pa and a Poisson’s ratio of v = 0.2. In the
analytical solution, the term m, is the inverse of the bulk modulus,
given by the formula (1 + v)(1 — 2v)/[E(1 — v)]. The analysis consid-
ers three compressibility-load ratios (4,, = m,q,): 0.09, 0.18, 0.27.
These ratios correspond to surface pressures of 100 kPa, 200 kPa, and
300 kPa, respectively. The boundary conditions are identical to those
in the 1D consolidation case described previously. As shown in Fig.
12a, the pore pressure distribution at various degrees of consolidation
show excellent agreement with the analytical solution. As shown in
Fig. 12b, the evolution of the degree of consolidation for different
values of 4, demonstrates excellent agreement with the large-strain
analytical solution. The comparison also highlights the importance
of the large-strain formulation. While the discrepancy between the
large- and small-strain solutions is minor for a low 4,, of 0.09, this
difference becomes more pronounced as 4,, increases. Notably, for the
case of 4, = 0.27, the analysis predicts a final settlement of 0.24 m,
showcasing a significant deviation from the small-strain prediction.
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Fig. 8. Verification of the coupled hydro-mechanical model using a 1D two-

layers and boundary conditions. (b-c) Comparison of simulated pore pressure
= 0.25 and a = 4. (d-e) Corresponding pore pressure contours.

This demonstrates the accuracy and reliability of the FIC-stabilized
HEPM in simulating large-deformation consolidation.

To rigorously verify that the frequent spatial discretization changes

induced by the remeshing strategy do not compromise numerical accu-
racy or solver convergence, a quantitative assessment was conducted
using the large-strain consolidation benchmark (axial strain > 15%).
Since the deformation in this controlled case does not induce ele-
ment distortion, a direct comparison was made between the simulation
with frequent remeshing enabled (Ug,,,.ss) and the simulation without
remeshing (Up;..q) to isolate the effects of the remeshing operation.
Fig. 13a presents the comparison of settlement evolution, which is
virtually identical. The accuracy is further quantified in Fig. 13b by
the relative error, defined as € = |Ugopmesn — Urixed |/ |1UFixea| X100%. The
results indicate that the error introduced by the remeshing procedure
is negligible, with the relative error converging to a stable value of
0.027%. This confirms that the proposed algorithms strictly preserve
the solution precision. It is important to note that this minor differ-
ence is not solely attributable to remeshing. In numerical analysis,
different mesh configurations—even with the same global element
size—naturally yield marginally different results.

To evaluate the impact on algorithmic efficiency, we monitored the

number of iterations per time step N, required for convergence at

representative time steps. As illustrated in Table 1, the no remeshing
case generally requires fewer iterations compared to the remeshing

layered consolidation test. (a) Schematic of the model setup, defining the two soil
distributions against the analytical solution for two different permeability ratios, a

Table 1

Comparison of the number of iterations per time step (N,.)

required for convergence at selected time steps for cases with
and without remeshing.

Time factor (T)

Iterations (N,,,)

Without remeshing With remeshing

0.05 4 5
1.0 3 4
3.0 2 3

case. This slight difference is expected, as the frequent changes in
spatial discretization inevitably introduce minute numerical pertur-
bations, which require the solver to perform slight re-equilibration.
However, this minor computational cost is a reasonable trade-off for
the capability to robustly simulate extreme mesh distortions.

4.6. Cryer’s sphere with variable hydraulic conductivity

This section presents a three-dimensional consolidation simulation
that incorporates large deformations. In large-strain consolidation, the
hydraulic properties of the soil skeleton change significantly with de-
formation. This behavior introduces a strong nonlinearity that has a
dominant influence on the consolidation process. To investigate this,

11
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Fig. 9. Comparison of pore pressure distributions in 1D consolidation predicted by different stabilization methods. The results are shown for a dimensionless
time factor of T = 1 x 107> with k = 1 x 107® m/s. (a) Standard formulation without stabilization. (b) Polynomial Pressure Projection (PPP) method. (c) Finite

Increment Calculus (FIC) method.

P

surf,

Fig. 10. Computational model for the Cryer’s sphere consolidation problem
(1/8 symmetric domain). The external surface is subjected to a constant load
P,¢ under fully drained conditions, while the symmetry planes are constrained
by symmetry rollers.

we analyze the consolidation of a three-dimensional sphere under large
deformation, focusing on the effects of different void-ratio dependent
hydraulic conductivity relationships. Since an explicit analytical so-
lution for this nonlinear problem is generally unavailable, numerical
methods are typically required. For validation, we refer to the numer-
ical solution presented by Gibson et al. [73]. The governing equation
derived in their work, expressed in the material coordinate ¢, is given
as:

i3

0a?

2v 10 |oE €& 1-2v
ta-veoalaa a +2(5=7)

e | —

12

Once the solution for &(a,r) is obtained, the excess pore water
pressure, P, can be calculated by the following integral:

Pla,i) = / Tw O€ 0 ) v
ag

k da’ ot @7

where ¢ is the current radius of a material point at time ¢ with an
initial radius of a; The material properties include the Poisson ratio
of the soil skeleton, v, and the hydraulic conductivity, k, which may
depend on the void ratio. The analysis focuses on the evolution of
the pore pressure at the center of the sphere, denoted as P(0,T). This
pressure is expressed as a function of the dimensionless time factor,
T = 2—”2', and the parameter ¢, is the coefficient of consolidation,
defined oas ¢, = %, where y,, is the unit weight of the pore
water. The material parameters and nonlinear hydraulic conductivity
functions adopted in this model, are listed in Table 2. These models
characterize the hydraulic conductivity behavior of copper tailings
using a semi-logarithmic relationship (SS1) and Florida phosphatic clay
using a power-law relationship (SS2). All other boundary conditions are
consistent with the small-strain Cryer’s problem.

As shown in Fig. 14, the results obtained from the proposed HEPM
are in excellent agreement with the finite difference solution. It is
observed that when nonlinear hydraulic parameters are considered,
the dissipation of pore water pressure becomes significantly slower
compared to the constant parameter case. Furthermore, this retardation
effect is more pronounced as the stiffness ratio A increases (e.g., at
A = 0.1 and 0.25), leading to a greater deviation from the linear
consolidation curve. Fig. 15 illustrates the particle pore pressure at
T = 1, showing a smooth pressure distribution throughout the particle
domain under all tested conditions. Notably, the results also show that
for the same 4,, value, the choice of hydraulic conductivity relationship
leads to significant differences in the resulting surface settlement. These
findings demonstrate that the FIC-stabilized HEPM not only shows ex-
cellent agreement with reference solutions but also accurately captures
the complex effects of material nonlinearity on both pore pressure
dissipation and surface settlement, all while maintaining a stable and
uniform pressure field.
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Table 2

Comparison of material properties for the two soils.
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Property

Copper tailings

Florida phosphatic clay

Young’s modulus, E
Poisson’s ratio, v

Hydraulic conductivity, k
Initial void ratio, ¢,
Hydraulic conductivity model

1.0 MPa

0.0

1.0 x 107* m/s

1.42

k = kg expl4.11(e — ¢;)] (SS1)

4.00
k = ko(e/eg)*'" (SS2)
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Fig. 14. Evolution of normalized pore pressure P/P, at the center of Cryer’s sphere for different A, values. (a) Exponential model. (b) Power-law model. The
plots contrast the solutions obtained under the assumption of constant permeability against those considering void ratio-dependent permeability.
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4.7. Strip footing with mesh reconstruction

While the preceding examples were confined to elastic deforma-
tions, this section validates the proposed algorithm for consolidation
problems involving large plastic deformations and severe mesh distor-
tion. To this end, we investigate a strip footing problem, as depicted in
Fig. 16a. The computational domain is discretized using approximately
5400 particles and elements, with the background mesh being locally
refined in the vicinity of the loading area. The top surface to the right
of the footing is permeable, while all other boundaries are impervi-
ous. The soil is modeled using the Tresca constitutive model with an
undrained shear strength of C, = 1 kPa. The elastic properties are
defined by a Poisson’s ratio of v = 0.3, and the hydraulic conductivity
is k = 1.0 x 10™° m/day. A constant downward velocity is prescribed
to the rigid footing, which has a width of B = 2 m. This is achieved
by applying a total vertical displacement of U = —2 m over a dimen-
sionless time period of 7, = 1, which is completed in 200 steps. The
dimensionless time factor, T,, is defined as T, = Lkt where

. . . .  27,(14W)(1-2v)B2
7., is the unit weight of pore water. This loading induces a resistance

14

force, g, from the soil. The normalized resistance of the soil foundation
is given by the I, = G/C,, where G is the shear modulus. Two cases
with rigidity indices of I, = 16 and I, = 33.4 are analyzed.

To provide a theoretical benchmark, the analytical solutions pro-
posed by Prandtl [74] ((2+)C; for surface footing) and Meyerhof [75]
((2 + 27)C, for deep embedment) are included. As shown in Fig. 16b,
which plots normalized resistance (¢/C,) versus vertical displacement,
HEPM effectively captures the transition from Prandtl’s limit towards
Meyerhof’s limit as the footing penetrates deeper. The results show ex-
cellent agreement with SNS-PFEM and are also compared with UL-FEM.
The UL-FEM analysis is presented to highlight its inherent limitations
compared to remeshing strategy. Its predicted resistance-displacement
curve diverges from the other methods, showing a lower reaction force
before the simulation terminates prematurely. This is a direct conse-
quence of severe mesh distortion, as elements near the rigid foundation
undergo excessive tensile deformation. This distortion causes the Ja-
cobian determinant to become non-positive, which not only artificially
absorbs kinematic energy (leading to an underestimation of bearing ca-
pacity) but ultimately prevents the nonlinear solver from converging. In
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Fig. 17. Illustration of the remeshing strategy employed to mitigate excessive mesh distortion during consolidation. The distorted elements are discarded, leaving
discrete particles to preserve history variables, after which a high-quality mesh is independently reconstructed for subsequent calculations.

contrast, the proposed HEPM fundamentally overcomes this limitation
regarding convergence. Its exceptional robustness for handling extreme
deformation stems from storing all physical state variables (such as
stress and pore pressure) on independent Lagrangian particles (Fig. 17).
This strategy decouples the solution data from the mesh, allowing the
distorted mesh to be discarded and regenerated with high-quality ele-
ments as needed. As a result, the simulation can proceed through severe
deformations without encountering Jacobian singularities, thereby en-
suring both computational stability and robust convergence. Although
this reconstruction process introduces minor numerical fluctuations, a
phenomenon also observed in similar methods like PFEM, it is the key
to successfully completing the large-deformation analysis.

Fig. 18 shows the equivalent plastic strain (¢£,) and pore pressure
(P) distributions for the footing penetration problem where I, is 33.4.
Specifically, the plastic strain contour in Fig. 18a delineates the char-
acteristic shear failure mechanism that develops in the soil beneath the
footing. A slight heave of the soil surface is observed adjacent to the
footing, while a distinct shear band develops between the compressed
zone beneath the footing and the adjacent heaved region. An elastic
wedge is also seen to form directly under the footing, a phenomenon
consistent with established geotechnical failure modes. Regarding the
pore pressure distribution shown in Fig. 18b, the undrained loading
condition beneath the footing leads to the generation of maximum
pore water pressure in this area. This excess pressure then gradually
dissipates radially outwards, exhibiting a clear diffusion pattern from
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the center to the outer regions. The comparison with the SNS-PFEM
results highlights a key advantage of the proposed method. Notably, our
framework yields a more uniform distribution of pore water pressure,
effectively mitigating the pore pressure concentration at the edges of
the rigid footing.

In short, while traditional mesh-based Lagrangian methods are
prone to severe mesh distortion, the proposed FIC-stabilized HEPM
fundamentally overcomes this limitation. Furthermore, when compared
to other advanced particle methods, the present method yields a supe-
rior result by producing a more uniform pore pressure field, effectively
suppressing spurious oscillations and concentrations.

4.8. Vertical cutting of a soil block

In this section, the robustness and applicability of the proposed
HEPM are further demonstrated through the simulation of vertical
cutting of a soil block, which is characterized by extreme material
distortion and flow. Such problems, characterized by localized failure
and large plastic strains, often pose significant challenges for traditional
mesh-based methods due to severe mesh distortion. The proposed
HEPM is particularly well-suited for this problem. The analysis in
this section focuses on the formation of the failure surface and the
corresponding pore pressure dissipation modes, and the simulation
results are validated against numerical solutions from Navas et al. [76]
and Yuan et al. [57].
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Fig. 19. Numerical setup and boundary conditions for the vertical cutting of
a saturated soil block. The 10 m x 10 m domain employs a fine mesh along
the expected shear path and specific permeable/impermeable boundaries to
capture localized failure.

The model setup and boundary conditions are illustrated in Fig. 19.
The soil domain is discretized using approximately 3400 particles, with
a local region of finer mesh resolution applied along the anticipated
failure plane to capture the development of plastic strain. The left and
bottom boundaries are modeled as impermeable slip surfaces. The right
boundary and the right half of the top boundary (the cutting area) is
impermeable. The right boundary is an impermeable free surface, while
the top free surface is impermeable in the cutting area on the right and
permeable on the left to allow for drainage. A constant vertical cutting
velocity of 0.2 m/s is applied to the top-right half of the soil block
for a total duration of 75 s (completed in 150 time steps) to induce
shear failure. The material behavior is described by a linear elastic
model, with failure governed by the Drucker-Prager (DP) criterion. The
specific parameters used for the simulation are listed in Table 3.
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Table 3
Material properties for the shear consolidation analysis
of vertical cutting.

Property Value
Elastic modulus, E 9.175 MPa
Poisson ratio, v 0.316
Cohesive strength, ¢ 100 kPa
Dilatancy angle, y 0°

Friction angle, ¢ 20°
Hydraulic conductivity, k 107* m/s
Porosity, n 0.33

Fig. 20 illustrates the evolution of pore water pressure during a
large-deformation vertical cutting analysis, comparing the results of the
proposed method at two time step, + = 25 s and t = 45 s, with es-
tablished reference solutions. As the footing penetrates the soil, a high
pore water pressure develops directly beneath it. The progression from
t =25 s to t = 45 s clearly demonstrates the migration and expansion
of this high-pressure region deeper into the soil domain. This dynamic
process highlights the gradual dissipation and redistribution of pore
water pressure over time. For validation purposes, a comparison is per-
formed with the numerical results [57,76]. The pressure distributions
predicted by our model exhibit agreement with both reference studies.
Specifically, our method accurately captures the key features, including
the location, shape, and magnitude of the compression-induced positive
pressure region. This strong correlation underscores the capability and
robustness of the proposed framework for analyzing complex, large-
deformation coupled problems, particularly in condition where severe
mesh distortion presents a primary challenge.

Fig. 21 illustrates the progressive formation of the shear band in
terms of the equivalent plastic strain £, (PEEQ). In the initial stage
(r = 25 ), a distinct shear band initiates from the edge of loading and
propagates downward to the right into the soil domain at an angle of
approximately 45°. Plastic strain is highly concentrated within this nar-
row zone, and its magnitude is most pronounced near the surface where
deformation originates. As the penetration progresses to 1 = 45 s, the
shear band becomes more clearly defined and extensive, both in depth
and width. A significant intensification of plastic strain is observed,
particularly in the upper portion of the band, indicating progressive
failure localization along this surface. The comparison with reference
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results [57,76] reveals an excellent agreement in the overall failure
mode, particularly concerning the inclination angle of the shear band
and the pattern of strain localization. This consistency validates the
capability of the proposed method to accurately capture characteristic
soil failure mechanisms under consolidation.

Fig. 22 presents a comparison of these above results obtained from
the proposed FIC-stabilized HEPM, SPFEM, and the UL-FEM at ¢ = 75 s.
As illustrated in Fig. 22b, the UL-FEM result exhibits the inherent
limitations of conventional Lagrangian methods regarding computa-
tional accuracy induced by severe mesh distortion. This distortion along
the shear band induces volumetric locking and degrades the quality
of element shape functions. Specifically, the pore pressure exhibits
abnormally slow dissipation, resulting in an unphysical retention of
high pressure at the column base. Furthermore, the plastic strain fails
to form a fully developed shear band, appearing instead as an incom-
plete zone confined to the upper part. By contrast, the results from
the SPFEM (Fig. 22a) and the proposed HEPM (Fig. 22c) agree well
with each other. Both methods successfully capture a fully developed
shear band that propagates through the soil block. The pore pressure
distribution is smooth, with pressures exceeding 80 kPa concentrated
at the bottom right of the domain. This demonstrates the effectiveness
of the proposed HEPM in preventing mesh distortion and maintaining
computational accuracy under large deformations. A minor and local-
ized negative pressure zone is observed at the top of the shear band
in the HEPM result, which is considered a mechanical response of the
tensile separation of the meshes.

In summary, the simulation demonstrates that the proposed method
not only overcomes the failure of traditional FEM due to mesh distor-
tion but also yields similar results that are comparable to those from
other advanced methods like PFEM, highlighting its robustness and
accuracy for large-deformation analysis.

5. Conclusions

In this study, the FIC-stabilized Hybrid Element Particle Method
(HEPM) was successfully applied to solve the computational challenges
in modeling the coupled hydro-mechanical response of saturated soils
involving large deformations. Key advantages of the proposed ap-
proach stem from its dual discretization strategy using both mesh and
particles. This strategy decouples material motion from the computa-
tional mesh to avoid mesh distortion in nonlinear large-deformation
consolidation, while simultaneously ensuring the effective suppression
of spurious pressure oscillations through the particle-based FIC sta-
bilization. Moreover, numerical stability and spatial convergence are
significantly enhanced using efficient low-order element pairs, even
under conditions of extreme deformation and undrained loading.

Furthermore, by integrating finite strain theory with nonlinear hy-
draulic models, the proposed framework ensures accurate settlement
analysis in soft soils while proving its adaptability to complex hydro-
mechanical nonlinearities. The specific capability to reproduce smooth
pore pressure distributions and continuous plastic shear bands demon-
strates that dynamic mesh reconstruction serves not merely as a cor-
rection to facilitate convergence, but as a fundamental requirement for
the accuracy of coupled large-deformation responses. Consequently, the
proposed framework offers a rigorous and reliable computational tool
for coupled hydro-mechanical analysis in geotechnical engineering,
paving the way for more accurate predictions of failure mechanisms
involving extensive plastic flow.
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Appendix A. Weak formulation and linearization in Updated La-
grangian framework

The constitutive integration associated for elastoplasticity is per-
formed at the particle level, employing an implicit backward Euler
return-mapping algorithm to compute the corrected stress and derive
the consistent material tangent matrix. This procedure follows the stan-
dard computational plasticity framework used in classical FEM [77].
The detailed derivations for two of its key components—the incremen-
tal objective stress rate and the consistent material tangent matrix—
are provided in Appendices A and B, respectively. For a comprehen-
sive derivation of the specific constitutive model used here, interested
readers are referred to our previous work [51]. In large-deformation
consolidation analysis, the momentum conservation equations should
be established on the deformed configuration. Its weak form can be
obtained by divergence theorem:

odu;
/ LotitgQ = Su AT + / Su;ptAb,d Q, (A1)
Qrar ax;_JrA' Y A ! Qi
where /4 is the total Cauchy stress; 14’ represents the traction on

the Neumann boundary I'"+4’; su is the test function; the body force
vector b; (i.e., gravity) is assumed to be constant. In order to convert
the left-hand side of the above equation, which represents the virtual
work of the coupling internal forces (SHi]flt, to a known configuration
for integration, following transformation is used:

A
Foo VXA (A.2)
¥ a 1
Xj
At = Jd@', (A.3)

where x! and xj“’ are the position vectors of a material point in the last

known converged and current unknown configurations, respectively;
By mapping the 611 1‘; . from the current unknown configuration to
the previous configuration, we obtain:

6614,- F—l . JGH'A’ dQ

o oxt W T '

Further linearization of the internal virtual work expression with
respect to the incremental displacement field yields:

MK, =

int —

(A.4)

AGIIR ) =

int

déu; dou;

/ [X;(AFJI) Dol + ?FJI (ATl + T do;)1d Q.
Fell . .
J J

(A.5)
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To formulate the consistent tangent stiffness matrix, the terms AJ
and A(Fl.;') in the equation above must be expressed in terms of the
incremental displacement:

0Au-
AJ = Adet(F; ) =J—- (A.6)
x:+AI
AF, Yy =— —1ﬂ (A.7)
ij - ik ax&‘At . o

J
By substituting Eqgs. (A.6) and (A.7) into the linearized virtual work
equation, we can further obtain

oéu; 0Au; 0Au
A@ITE ) = / AgiHAl— gl L 4 glral L klao, A.8)
Qi+ axt+Ar J i ax;+A1 7 ox t+Ar

where 4do;; = 6;;4t and Au; = i, Ar.
By substituting principle of effective stress and Eq. (C.4) into
Eq. (A.8), the governing equations are rewritten as:

ddu; 04Au,,
o dx;.“’ C,//aa !+At

()Auj 04u,
+¢>'ij—a vm ds
Xk

AT = o
(A.9)

int

—ad;Ap — oy

To solve the nonlinear system, a Newton—-Raphson iterative scheme
is adopted. Assuming deformation-independent external forces, the
linearized system for the ith iteration is formulated as follows, where
the incremental internal virtual work has been expressed in a compact
tensor form for simplicity:

11
/[] VHA’((SIIM) . {C . VHA'(AU) _ aApI + O_1+Az [Vr+A1 . Au— (VHA'AU)T] } P 1e)
ol
+At
= (r1+A1)[rJ, (AlO)
where (r'*4)l is the residual vector at the ith iteration. It is computed
as:

(rH-Ar)[:] = / ) 5u[i] -pmbd.Q-I-/ ) 5“[:‘] -tH'mdF / vH—Aréu[il : (O'H'A’)md_Q.
olil rlil olil

t+At 1+At t+At

(A.11)

The weak form of the mass balance equation in large-deformation
analysis can also be obtained on the current configuration. Starting
from the governing equation Eq. (2), the weak form for the current
configuration is obtained by applying the divergence theorem:

P o
/ p <m—p> d.Q+/ 6paleQ+/ Vop- X vpao
Quen ot Qi J o Qen Huw
=/ 5p-0dQ - / 5p—dF (A.12)
QH—A! uz+A1

where m = (7 + —) is the total compressibility. For a more conve-
nient linearization, tﬁe equation is first discretized in time using a fully

implicit backward Euler scheme:

/ 5p (Y — pd 2+ / spald=
- -

— t+At
= M),

L VHAszAde

)d.Q+At/ VHisp .
J a My

(A.13)

where F;”’ represents the right-hand side in Eq. (A.12). Then, pulling
the equation back to the configuration at time ¢ yields:

/ 5p m(pt+4 — p')Jd.Q+/ Spa(J —1)dQ
ot ot

Compressibility term

[(V'ép)- F~
Ql

Coupling term

K (A.14)
. (vipar . p-hy X

w

+ At JdQ = Az(F;Mf).

Permeability term

The left-hand side of the governing equation is subsequently linearized
by taking the total differential. The linearization of the compressibility
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term yields:

AGIT) = / Spm (P4 = p') - AT +J - Ap| dR2. (A.15)
Ql
The linearization of the coupling term is given by:
AGITE) = / Spa-AJdQ. (A.16)
Ql‘

Finally, the linearization of the permeability term results in:

A(angt)_m/ Mk { [(V'sp)- AF7'] - (V'p*4r . F=1yg
+ [(V'ép)- F~

+ [(Viop)- F7'] - (V4 F-has } dQ.

l] ~(VlAva’l +V1pt+At.AF—l)J

(A.17)
By substituting Egs. (A.6) and (A.7), then pushing forward to the

current configuration at ¢ + At gives:

AGITY + 511

int int
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Qi+
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Qi+
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(A.18)

Combining like terms simplifies the expression. The resulting New-
ton iteration for the updated Lagrangian method, assuming deformation-
independent boundary terms, is:

/ spllav+ . (A dQ + / sp mapdQ
o ol

+Ar

+ At / (vragpiny . K
QM M

w
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with the residual force is given by:
qH-At
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where the superscript/subscript [i] denotes the iteration count and
the source and boundary flux terms are assumed to be deformation-
independent.

Appendix B. Incrementally objective integration algorithm
For path-dependent materials, the mechanical response cannot be

fully characterized solely by the initial and final strain states. This
necessitates rate-form constitutive equations, which provide a rigorous
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theoretical foundation for numerical integration algorithms. A key
concept is the objective stress rate, which is necessary because the
material time derivative of the Cauchy stress is not objective. Numerous
objective stress rates have been proposed, with the Jaumann stress rate
being a widely used example:

o] ’ . ! . .
6;; =6 +<Gik~a)kj+0'jk-a)k,-> with 0' —D,jk, LEy (B.1)

Here, D, is the constitutive tensor; a{j is the effective Cauchy stress
and ér;j is its objective rate, decomposed into constitutive response
(yi’jJ and a rotation term, quantified by the rate of spin tensor @;;. A
known limitation of the Jaumann rate is that its objectivity cannot
be guaranteed when used in implicit analyses with significant time
increments [78].

Instead, the Hughes-Winget incrementally objective integration
scheme [79] is adopted to integrate the rate constitutive equations:

+AL 1 Al ’ Y S P
0, =06y +A(7ij, with 6, = R ‘ol R (B.2)

where Aa;j is the incremental form of stress rate; R;; is the rotation
matrix can be constructed explicitly from Aw;; using the generalized
midpoint rule, which ensures incremental objectivity:

-1

1
Riy =8+ (80 — 4o ) day (B.3)

In the same way, the strain and the spin increments are evaluated
at the midpoint of the increment:

1 0Au,- aAuj 1 041,4,- aAuj

== — _ A0 =-| — — ————
1 1+At/2 1+At/2 ’ ’J t+A1/2 t+A1/2
2\ o / X; 0 / X; 2\ 9 / X; 0 / X

Ae
(B.4)

where Au; is the displacement incremental from time 7 to ¢ + At. Sub-
sequently, the stress within the rotated coordinate system is linearized
and the its rate is given by taking the time derivatives of 6/

51y = Ruloly Ry + Ry'oly Ry = ) (8,R,,'of, + 6, R, 'l )Ry =S : R
kI

(B.5)
where the time derivatives of 4e¢;;, Adw;;, and R;; yields:
Ry = [y — @g) 7 (6 + Ry gy = Y, Hyjpgogg =H 2 & (B.6)
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where the operator V/*+4' denotes the spatial gradient evaluated with re-
spect to the coordinates at the midpoint configuration  + 4r. Finally, by
substituting the Egs. (B.6)-(B.8) into the Eq. (B.5), we can establish the
relationship between objective effective stress rate and displacement
gradient:

! =&=Y:V+y, withY=S:H:P (B.9)

8,
Appendix C. Consistent tangent for hypoelasticity material

The constitutive behavior of hypoelasticity material is typically
formulated in an incremental manner, linking the stress increment
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to the strain increment over a small step. The total strain increment
4e;; can be decomposed into an elastic component Aef, and a plastic

component Ae? :

]

— Age »
Aa,«j = Ael.j + AEU (C.1)
0 (Z+Ato,/ ¢ )

»_ . _ ij>Cy

Aef) = R 44, with R = ———— (C.2)

ij
where 42 is the plastic multiplier and its direction ®,; is governed
by the gradient of a plastic potential function g(x); ¢, is the strength
parameter set. By substituting Eqs. (C.1) and (C.2) into Eq. (B.2), we
arrive at the stress update equation with yield criterion f(x) used in
return-mapping algorithms by the backward Euler method:

0;"4 = 6], + D (Aegy — Ry Ad), with f(o]iH,c,) =0 (C.3)
where ij 1 1s the fourth-order tensor of elastic module.

Finally, the consistent tangent modulus for large-deformation plas-
ticity, C, is obtained by taking the time derivative of the stress up-
date scheme, a procedure that incorporates the strain increment de-
fined in Eq. (B.7). This fourth-order tensor then establishes the linear
relationship between the objective stress rate and the velocity gradient:

¥ oy,
6. =GC;

—r =y C.4
ij ijkl oAty (€4

where C is composed of two distinct parts: a material stiffness term Eq.
(B.7) and a rotational stiffness term arising from the objective stress
rate formulation Eq. (B.9), expressed as:

C=DpaM + Dy Y (C.5)

where D, is the material tangent stiffness tensor, D, represents the
contributions from the objective stress rate. A detailed derivation of this
consistent tangent modulus is omitted for brevity; interested readers are
referred to Fish and Shek [79] and Fang and Yin [51].

Data availability

Data will be made available on request.
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