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Physics-informed neural networks (PINNs) have garnered increasing attention in computational solid mechanics
for their potential in inverse problem solving. However, conventional PINNs often suffer from slow convergence
and suboptimal accuracy when identifying heterogeneous material properties, especially under sparse data la-
bels. To overcome these limitations, this paper proposes a novel hierarchical physics-guided neural network
(HPGNN) framework for efficient and accurate inverse identification of heterogeneous material properties using
only sparse observational data. In HPGNN, all unknown domain-wise parameters are embedded as trainable
variables within the neural network, enabling a seamless integration of finite element method (FEM)-based
domain discretization with neural network-driven inverse parameter identification. The hierarchical strategy
progressively reconstructs the heterogeneous material field from coarse to fine scales, ensuring both global
consistency and local accuracy under sparse supervision. To improve practical convergence robustness, an LBFGS
restart mechanism is incorporated to overcome optimization stagnation, markedly accelerating convergence
compared with traditional training schemes. A series of validation experiments are conducted and demonstrate
that HPGNN achieves high computational efficiency and low error level cross multiple random field realizations.
Additional investigations considering random-input perturbations, extreme initial guesses, variations in mesh
resolution, and label noise further confirm the robustness of the proposed framework. A direct comparison with
an operator-learning baseline (DeepONet) highlights the advantage of HPGNN inversion under sparse data
condition, achieving lower reconstruction error. This study highlights the potential of HPGNN for further
development and practical applications in the heterogeneous materials inverse analysis.

1. Introduction simulation, the remaining option is to conduct extensive experiments

[27-29]. This leads to high computational costs and reduced efficiency

Identifying material properties is essential for predicting mechanical
responses and assessing damage risks, which are critical for the safety
and design of various engineering applications, such as slope engineer-
ing, foundations, and advanced manufacturing [1-7]. For homogeneous
materials, typically only one parameter needs to be identified, as the
material properties are consistent throughout the domain. For tradi-
tional numerical methods, such as the finite element method (FEM)
[8-13], finite difference method (FDM) [14-17], material point method
(MPM) [18-22], and discrete element method (DEM) [23-26], deter-
mining material parameters in inverse analysis often relies on external
optimization techniques, such as adjoint methods, which require solving
the full forward problem at each iteration. In addition to numerical

* Corresponding authors.

[30,31]. For materials with random properties varying spatially in a
stochastic manner, the inverse analysis becomes a high-dimensional
problem, posing significant challenges for traditional approaches.
Recently, attempts have been made to leverage deep learning (DL)
methods as an alternative modeling paradigm to traditional numerical
analysis [32-36]. DL is developing at an unprecedented speed and is
increasingly being applied in various disciplines [37-44], such as slope
analysis [45], large language model-based geotechnical design [46-49],
soil property prediction [50-52], constitutive models [53,54]. Gener-
ally, purely data-driven DL models excel in supervised learning tasks
with abundant labeled data, while their performance degrades signifi-
cantly in scenarios with limited data, which is often encountered in
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engineering applications due to high data acquisition costs [55]. DL
methods with physics constraints, such as physics-informed neural
networks (PINNs) proposed by Raissi et al., have emerged as a more
promising solution due to their ability to combine physics laws and data
[56-58]. However, PINNs still face several inherent challenges that
hinder their broader applicability. One of the limitations is their rela-
tively weak enforcement of physical constraints [59,60]. In conven-
tional PINNs, the loss function is constructed using automatic
differentiation (AD) to compute the residuals of governing equations
only at discrete collocation points [61,62]. It fails to incorporate infor-
mation from neighboring points and thus overlooks the conservation
relationships that exist across the spatial domain [63]. In addition,
PINNSs often suffer from instability and slow or poor convergence during
training [64,65]. The optimization is typically highly non-convex,
making the training process complicated. This challenge frequently
leads to training stagnation or convergence to suboptimal solutions.

In recent years, researchers have increasingly explored the integra-
tion of traditional numerical methods such as finite volume method
(FVM), FEM, FDM into the PINN framework. For example, Wei, et al.
[66] proposes a fast finite volume enhanced PINN (FFV-PINN) that
stabilizes training and accelerates convergence by incorporating
simplified finite volume method (FVM) and residual correction loss,
enabling data-free solutions to high-Reynolds and high Rayleigh flow
problems with significantly improved speed. Liu, et al. [67] introduces a
framework of the nonlinear finite element based on hierarchical
deep-learning neural network (HiDeNN) approximation (nonlinear
HiDeNN-FEM) that uses partial derivative operator block, r-adaptivity
block, and material derivative blocks to enhance finite element accu-
racy, reduce element distortion, and suppress hourglass modes, out-
performing conventional FEM in 2D and 3D examples. Jiang, et al. [68]
proposes finite difference-based PINNs (FD-PINNs) for the steady
incompressible flow simulation. The results demonstrate that FD-PINNs
achieve improvements in accuracy, training convergence, and compu-
tational efficiency compared with AD-PINNs. Moreover, when solving
high-Re cavity flow with insufficient mesh points, FD-PINNs outperform
conventional flow solvers. By incorporating these well-established ap-
proaches, derivative terms in partial differential equations (PDEs) can be
approximated using structured discretization schemes. This integration
can strengthen the spatial coupling among collocation points and en-
hances the ability of PINNs to capture the physical relationships
embedded within the governing equations. In inverse analysis,
Haghighat et al. introduced the application of PINNs in solid mechanics
inversion and proxy modeling [69]. In addition, Wang et al. proposed
Kolmogorov-Arnold-informed neural networks which demonstrate sig-
nificant advantages in solving inverse problems of complex functions by
incorporating KAN into the strong, energy and inverse forms of PDEs
[42]. This method has the lowest relative error of 5.53 % in solving the
thermal conductivity inverse problem for famous paintings. Badia et al.
introduced finite element interpolated neural networks to solve the in-
verse problem using a cost-effective initialization and one-loop algo-
rithm, eliminating the need for a regularization term [31].
Physics-informed deep learning method developed by Guo and Yin
can effectively address inverse problems in consolidation analysis with
less training data and become a versatile alternative modeling tool in
geotechnical engineering [70]. Xu et al. presented a multi-task learning
method using uncertainty weighting with a transfer learning strategy to
improve both training efficiency and accuracy of PINN linear elastic and
hyper elastic inverse problems, which can be applied to different
structural loading scenarios [71]. Motlagh et al. proposed a computa-
tionally efficient inverse material characterization using PINN based on
partial field response measurements [72]. Numerous computational
methods based on PINNs have been developed to tackle diverse practical
inverse problems. Each method offers distinct advantages and faces
specific limitations, with its effectiveness being largely determined by
the specific requirements of the problem at hand [73]. In recent years,
inverse analysis methods have received growing attention for
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identifying material parameters, especially in heterogeneous materials
with limited experimental data [74-79]. Compared with the inverse
analysis of homogeneous cases based on deterministic mathematical
models, the inverse analysis of heterogeneous materials remains chal-
lenging due to their irregular spatial variability [80]. Recent studies
have explored resolution-independent or uncertainty-aware inverse
frameworks based on operator learning to solve multi-parameter inverse
problems and spatially heterogeneous inverse problems. Wang, et al.
[81] proposed an Approximate Bayesian Computation (ABC) with a
DeepONet-based Resolution Independent Strategy (DRIS) to inversely
determine material parameters in the Heat-Affected Zone (HAZ) of
welded joints. In their approach, the parameter, spatial coordinates and
force-displacement responses are treated as a functional mapping and
learned using DeepONet. The coordinate is explicitly included as input,
enabling direct handling of misaligned snapshots without requiring
point-wise alignment through preprocessing algorithms such as inter-
polation. Once the operator mapping is learned, the response can be
evaluated at any location within the domain for a given set of parame-
ters, thereby achieving resolution independence and motivating the
DRIS. Jiang, et al. [82] further proposed a resolution-independent
operator learning-based generative adversarial network (OL-GAN).
The OL-GAN learning a functional mapping for the joint distribution of
unknown parameters and system responses, enabling efficient Bayesian
inference in a low-dimensional latent space, thereby alleviating the
challenges of prior selection and expensive computational cost. Jiang,
et al. [83] proposed an ensemble physics-informed neural network
(E-PINN) to handle function estimation and uncertainty quantification
of space-dependent inverse heat conduction problems (IHCPs). To
enhance robustness under noisy observations, adversarial training (AT)
is also incorporated as a regularization mechanism. Moreover, they
develop an uncertainty-driven adaptive active sampling strategy (AS)
that sequentially adds new measurements at locations with maximum
variance and stops when the maximum uncertainty falls below a
threshold value, enhancing the accuracy of material field inversion.
Wang, et al. [84] proposed a data-driven-based approximate Bayesian
computation (ABC) inverse method to quantify uncertainties of fiber
path parameters in variable stiffness composite laminates. In their
framework, an auto-encoder (AE) 1is employed to extract
low-dimensional feature vectors from high-dimensional displacement
fields as summary statistics for ABC, alleviating the difficulty of manual
statistic selection. In addition, back-propagation neural network is used
to construct a mapping between path parameters and the feature vec-
tors, avoiding repeated simulations. A hybrid adaptive nested sampling
strategy is also proposed to accelerate posterior sampling. While the
above studies mainly focus on operator learning, they generally rely on
the availability of extensive prior datasets to construct data-driven
functional mappings between parameters and responses. These ap-
proaches are effective when rich information is accessible, enabling the
learning of resolution-independent operators. However, in many prac-
tical engineering inverse problems, especially in geotechnical applica-
tions, such prior datasets are unavailable. The inverse analysis must be
performed for a single engineering instance, where material properties
are unknown and only sparse response measurements are accessible. In
this case, constructing data-driven mappings becomes highly chal-
lenging due to the lack of prior knowledge and the high dimensionality
of spatially heterogeneous parameters.

To address this challenge, this study proposes a novel hierarchical
physics-guided neural network (HPGNN) framework for inverse analysis
of heterogeneous material properties based on sparse data. By inte-
grating the complete finite element formulation with a hierarchical
strategy, the proposed framework avoids the need for large training
datasets and instead leverages physical constraints to control the con-
ditioning and scalability of high-dimensional inverse problems, enabling
stable and accurate identification under sparse observations. It should
be emphasized that the hierarchical strategy adopted in this work is
different from existing multi-fidelity or progressive PINN approaches,
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both in its objective and in the type of inverse problem it addresses. For
example, Meng and Karniadakis [85] developed physics-informed neu-
ral networks to be trained with multi-fidelity data sets (MPINNSs), pri-
marily focus on leveraging low- and high-fidelity datasets to improve
solution accuracy under limited high-fidelity data, In their framework,
the unknown physical parameters are typically low-dimensional. In
addition, Yang, et al. [86] proposes a PINN architecture based on the
concept of progressive training and trainable weights to improve
convergence in strongly nonlinear inverse problems. However, the un-
knowns in this study correspond to global functional mappings rather
than spatially distributed parameters. Furthermore, Yang, et al. [87]
introduced Adaptive Task Decomposition Physics-Informed Neural
Networks (ATD-PINNs) to improve the training stability of PINNs for
forward PDE problems. This framework progressively activates loss
terms or residual subsets while keeping the dimensionality of the un-
known solution fixed. In contrast to the above approaches, the hierar-
chical strategy adopted in the HPGNN framework is specifically
designed to address the conditioning and scalability challenges arising
in inverse identification of spatially heterogeneous material fields. When
the material properties are discretized at the element level, direct
inversion on a fine mesh leads to curse of dimensionality. The proposed
hierarchical strategy mitigates this issue by controlling the effective
dimensionality of the inverse problem, thereby enabling stable identi-
fication under sparse observations. Through a series of systematic nu-
merical experiments, we demonstrate that HPGNN is capable of
efficiently and accurately identifying material properties in heteroge-
neous domains under sparse data. The results further indicate that this
framework exhibits strong robustness when subjected to measurement
noise.

This paper is organized as follows: Section 2 details the structure and
algorithm of the proposed HPGNN framework and introduces the
fundamental theories of random fields. Section 3 presents numerical
experiments to validate the effectiveness of HPGNN. In Section 4,
extensive investigations are carried out to assess the robustness and ef-
ficiency of the proposed framework, including the impacts of random
input perturbations, the LBFGS restart mechanism, noise sensitivity, and
the feasibility of direct computation. A comparative study with Deep-
ONet approaches is also conducted. Finally, Section 5 summarizes the
main conclusions.

2. Methodology
2.1. Proposed HPGNN framework

This section presents the framework of Hierarchical Physics-Guided
Neural Network (HPGNN). In this framework, physics guidance refers to
the direct embedding of the governing equations of the FEM and the
associated field responses into the neural network. In this way, hetero-
geneous materials are discretized into distinct domains where physical
constraints are enforced, with the neural network is tasked with
parameter identification at the domain level. Notably, the framework is
designed to operate under sparse-data conditions, where only limited
observation points with displacement and force information are avail-
able. Instead of relying on dense point-wise data, the framework iden-
tifies material properties at the domain scale, thereby yielding a sparse
yet physically meaningful representation of the random field. In this
study, spatial random fields with prescribed Gaussian covariance func-
tions are employed to represent heterogeneous geomaterial properties.
This covariance function with its associated hyperparameters is assumed
to be known as a priori and are therefore not treated as unknowns in the
inverse analysis. This work focuses on evaluating the ability of the
proposed framework to recover heterogeneous material properties from
limited observations.

Specifically, the nodes of FEM-discretized domain serve as the
collocation points for the PINN, while the constitutive model matrix [D]
and the strain-displacement matrix [B], both derived from FEM, are
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employed to compute strains and stresses. The material parameters of
each domain are embedded as trainable variables, which directly define
the form of the [D]. This matrix is subsequently used to assemble the
force equilibrium equations, which constitute a component of the loss
function. Through this linkage, optimizing the trainable parameters
enforces consistency between neural network predictions and the FEM-
based physical constraints. This framework mitigates two major limi-
tations of traditional PINNs: (1) the expensive computational cost
associated with automatic differentiation, especially in solving PDEs
with high-order derivatives [88]; and (2) the demand for a large number
of collocation points to ensure accuracy, which can significantly in-
crease the training burden [89].

The term ‘Hierarchical’ refers to a two-stage inverse identification
strategy that progressively refines material property estimation, first
capturing global trends and then resolving local details. In stage one, the
entire domain is discretized into a small number of coarse elements, and
the material properties of these coarse elements are defined as trainable
parameters. Optimized using sparse observation labels, these coarse-
scale properties approximate the average material parameters within
each region, which represent the aggregated properties of multiple
original fine-scale mesh elements. These resulting coarse scale random
fields can then be interpolated back onto the original mesh to approxi-
mate the distribution of the true material random field under sparse-data
constraints. In stage two, a local refinement strategy is applied. One of
the coarse elements is further subdivided into finer elements, while the
remaining elements retain their stage one material properties without
further updated. The material properties obtained in stage one serve as
the initial values for refined training, enabling more focused and effi-
cient optimization under sparse-data conditions. Iteratively, all coarse
elements are refined, yielding fine-scale distributions of material prop-
erties for each domain. These refined results can again be interpolated
onto the original mesh to approximate the detailed spatial distribution
of the heterogeneous material properties. The overall architecture of the
HPGNN framework is illustrated in Fig. 1.

As shown in Fig. 1, the study domain is discretized using FEM, and
the nodal coordinates are input into a deep neural network (DNN) to
predict the unknown nodal displacement field.

u™ = (u,™,u,"™) = DNN(x,y | W). (€))

Based on the predicted displacements, the strain and stress at the
Gaussian integration points are computed through the strain-
displacement matrix [B] and the constitutive matrix [D]. Subse-
quently, the nodal force F'N can be calculated:

{€Gaus } = BI{u™},
{Ulgflvuxx} = [D]{ggilvuss}7 (2)

W = / / BTopNdxdy.

The weak form of the governing equations is established using
Gaussian quadrature and incorporated into the loss function. In addition
to the weak form loss, the overall loss function is constructed in the same
manner as in the traditional PINN framework, as shown below:

L1 = Log(FVF),

Ly =L (FN F™),

;Z3 -9 FNN’FTrue)’ (3)
]4 — JI‘ (uNN7 uTme)’

L =W LA Wo Ly + W L3+ WLy,

where F; is the body force, FT™¢ denotes the label force, I"is the boundary
condition, u™¢ represents the label displacement, «1, 2, «~3 and «4 are
the weighting coefficients of each loss function in this framework. In this
study, the weighting coefficients are treated as fixed hyperparameters.
Their values are determined through preliminary trial-and-error tests to
ensure stable convergence of the training process. Once selected, the
same weightings are kept fixed for all experiments within given case to
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Fig. 1. Hierarchical physics guided neural network (HPGNN).
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maintain fairness and reproducibility. In fact, there are numerous
adaptive weighting coefficients design strategies for PINN, with the
strategies for tuning weights vary significantly among approaches
[90-93]. Our main idea is to assign relatively large weighting co-
efficients to amplify the effective gradients during training firstly and
then adjust based on the displacement-force relationship prescribed by
the constitutive model.

In practical engineering applications, u represents the nodal
displacement measurements, which can be obtained from instruments
such as GPS stations, laser displacement transducers, settlement gauges,
or distributed fiber-optic sensing systems. Similarly, F7™“¢ corresponds to
the foundation reactions or contact pressures at these nodes, which can
be recorded using load cells, earth-pressure cells, or contact-pressure
sensors. In the proposed framework, the nodes of the FEM discretiza-
tion serve as the potential locations where such field instruments would
be installed. Since field data are unavailable, these quantities are
generated by a high-fidelity FEM simulation and used as ground truth for
validation. As illustrated in Fig. 1, the mesh used in stage one is inten-
tionally coarse, resulting in only a limited number of nodal points. In
stage two, as mentioned above, the refinement procedure is conducted
iteratively. Only introduces one additional observation point in stage
two, which is subsequently moved across the domain. Consequently, the
total number of measurement locations required remains limited and
aligns with what can be reasonably obtained in geotechnical field
monitoring.

The procedure of HPGNN can be summarized in Algorithm 1:

In addition, since extremely high precision calculations are required
in this framework, a restart mechanism is incorporated to prevent the
LBFGS optimizer from becoming trapped in local minima during opti-
mization. Rao and Wang used a restarted L-BFGS algorithm in seismic
waveform tomography with shot-encoding, demonstrating its high
precision and stable convergence and effectively suppressing crosstalk
noise [94]. Meanwhile, Byrd et al. proposed a stochastic quasi-Newton
method for solving large-scale learning problems, which improves sta-
bility and convergence efficiency in stochastic environments by peri-
odically computing sub-sampled Hessian-vector products [95]. It should
be noted that the LBFGS restart mechanism is adopted as a practical

True

Algorithm 1
Hierarchical physics-guided neural network.
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engineering strategy to enhance convergence robustness and efficiency,
and no novelty is claimed for the optimization algorithm itself. The
restart mechanism of the LBFGS optimizer in this framework is partially
adapted from the aforementioned approach and operates as follows: the
optimizer periodically restarts are performed every ‘A’ epoch (restart
interval), but only during the initial ‘B’ epochs (restart window). Each
restart resets the optimizer state and reinitializes the trainable param-
eters by introducing a small random perturbation to the initial values.
This mechanism can improve the computational efficiency of the
HPGNN framework, and its performance will be compared with com-
putations without the restart mechanism in the discussion section. The
LBFGS Optimizer Restart Mechanism used to train HPGNN is shown in
Algorithm 2:

2.2. Karhunen-Loeve expansion random field

The heterogeneous material properties are modelled using the
Karhunen-Loeve Expansion (KLE). The random variable X defined on a
probability space (E, X, P) is a map of random events 6 € E to real
values in R?. A random process is a collection of random variables
{X(x):xe€ Rd}, where x is an index that can typically denotes time or
space [96]. In this study, the material random field is modeled as a
spatial random process, corresponding to the latter case. Specifically,
the random field can be viewed as a function H(x, ) : @ x E—R, where
x € Q denotes a spatial coordinate in the physical domain Q and 6 €
represent a random outcome in the sample space. In addition, this work
is based on a stationary Gaussian random process, and its statistical
characteristics can be described by the mean function p and the
covariance function Cyy(x,x’) in Eq. (4) [97]:

py(x) = E[H(x, 6)],

Cam(x,x') = E[H(X, 8) — iy (x)]-(H(X, 0) @

— h(X))].

The covariance function is given by the Mate rn covariance model,
expressed below:

21 d\* d
c(d) :azr—y(@ 7) Kp(ﬁ 7), 5)

Stage One

1: Given the boundary conditions of the target domain, load conditions, and neural network parameters.

2: Discrete target domains with coarse mesh.
3: Initialize weights (W) of the NN and initialization of material properties.
4: Input the nodal coordinates (x, y) into the NN.
5: For i in range (epoch):
Output the predicted nodal displacement "Ny = DNN(x, y\m,
Calculate the gross Gauss point strain {e}"} = [B]{u™V},
Calculate the gross Gauss point stress {on" } = [D]{eN"},
Calculate the nodal force F’'N = [ B"6}¥Ndxdy,
Calculate the loss function .,
Back propagation and update W and material properties.
Stop if satisfy the convergence criteria.
6: Output material properties.

Stage Two

1: Given the boundary conditions of the target domain, load conditions, and neural network parameters.
2: Based on the coarse mesh obtained in Stage One, select one coarse element for further refinement while keeping the remaining elements unchanged.
3: Initialize weights (W) of the NN and assign material properties using the outputs from Stage One as initial values, only set the material parameters of the refined elements as

trainable while keeping other elements fixed during training.
4: Input the nodal coordinates (x, y) into the NN.

5: For i in range (epoch):

Output the predicted nodal displacement {u™"} = DNN(x, y|W),
Calculate the gross Gauss point strain {e}"} = [B]{u™V},
Calculate the gross Gauss point stress {op" } = [D]{el"},
Calculate the nodal force F'N = [ B"6}Ndxdy,

Calculate the loss function .,

Back propagation and update W and material properties.
Stop if satisfy the convergence criteria.

6: Output refined material properties.
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Algorithm 2
LBFGS optimizer restart mechanism.

Set
1: Restart interval A.
2: Restart window B.
3: Perturbation magnitude (5 % of data noise level).
4: For i in range (epoch):
1.If i < B and imodA = 0:
(a) Reset LBFGS optimizer state.
(b) Apply random perturbation to trainable parameters:
0 =0 + 0.05 - randn(0),
Where 6 denotes the trainable parameters initialized from Stage One.
2. Perform standard LBFGS optimization step.
End

where I' is the gamma function, K, denotes the modified Bessel function
of the second kind, / represents the correlation length, and v is the
smoothness parameter. For an extremely smooth random field, taking
the limit v—oo yields the squared-exponential covariance function:

d2
Cianld) = 62~exp< - g> : ©)

where ¢ is the variance, d represents the distance between two spatial
locations. Since random fields are essentially infinite-dimensional
random processes, they are challenging to handle directly in numeri-
cal computations. The KLE is employed in this work to reduce their
dimensionality into a finite set of eigenvalues A and eigenfunctions f of
the covariance operator. It is frequently involved in modelling random
fields [96,98-100]. According to Mercer's theorem, the autocovariance
kernel can be expressed as below [97]:

Carn,%) = 3 Aaf o () o). @

The eigenfunctions f,,(x) form an orthonormal basis in the Hilbert
space L%(Q), satisfying orthogonal normalization:

/f,,<x>fm<x)dx:6m ®

The eigenvalues A, and eigenfunctions f, are given by the following
Fredholm integral equation as follows [99]:

/ G (3, %) (X)X = 3f (). ©

The random field can then be represented as an infinite sum of these
eigenmodes. However, for practical computation, the series is truncated
to the first M dominant modes that capture most of the variance. The
truncation level M is typically determined by the cumulative explained
variance criterion:

S onabn
>,
S a0

where n is usually chosen to be 95 % or 99 %. After truncation, the
random field can be approximately represented as:

H(x, 0) ~ H(x, ) =+ \/inf,(%)8:(6), an

where the random variables £,(0) are a set of mutually uncorrelated
random variables. They are typically assumed to follow independent
standard normal variables when the random field is Gaussian (E[§;] =
0 and E[§;&] = 65).
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3. Numerical experiment

To ensure fairness, all simulations are performed on a desktop
computer with an NVIDIA RTX4090 GPU. The residual neural network
(ResNet) is adopted as the backbone of the HPGNN framework, as its
residual connections can effectively alleviate the vanishing gradient
problem and accelerate the training process [101]. For both stage one
and stage two, identical parameter configurations are used, except for
the initialization and LBFGS restart strategy. Based on extensive
trial-and-error experiments, the number of blocks, the number of fully
connected layers, and the number of neurons per layer are set to 4, 50,
and 100, respectively. A normalization layer is employed to scale the
input domain to the range of [—1, 1]. The LBFGS optimizer is applied
with a learning rate of 1, a gradient tolerance of 1E-30, and a loss change
tolerance of 1E-32, ensuring highly precise gradient computations. For
clarity, the neural network architecture and training hyperparameters
are summarized in Table 9 in Appendix B. The weight of the loss func-
tion in each case is determined through repeated trial-and-error testing.
The activation function is set to ‘tanh’ and the parameters are initialized
using the ‘Kaiming normal’ initialization. Additionally, the neural ar-
chitecture search (NAS) method proposed by Guo et al. provides a sys-
tematic approach for optimal hyperparameter selection [102]. The
default loss function is the mean squared error (MSE). To guarantee high
computational accuracy in inverse problems with multiple domain-wise
material parameters, convergence is defined as the average change in
domain material parameters remaining below a prescribed tolerance
over 200 consecutive epochs, as expressed in Eq. (12).

1
AMgy, = EZ; }Minﬂ _ Mi"},

AMavg <o,

if AM,,, < @ for 200 consecutive epochs, then training is terminated.
(12)

where M;" denotes the domain material parameters of the i" domain at
epoch n, k is the number of domains, and ¢ is the prescribed tolerance.
The value of ¢ is adjusted for each case depending on the unknown
parameters involved and will be specified in the corresponding sections.
To evaluate the accuracy of the identified parameters, the predicted
results are interpolated back onto the original fine mesh and compared
against the ground truth. The overall accuracy of the reconstructed
material field is quantified using the mean absolute percentage error
(MAPE).

3.1. Elastic footing

To verify the effectiveness of the HPGNN framework, a two-
dimensional flexible footing case study is carried out. The problem in-
volves a weightless strip footing with a length of 20 m and a height of 12
m, subjected to a uniformly distributed downwards loading of 10 kN/m
applied at the centre of the top boundary, as illustrated in Fig. 2(a). The
domain is discretized using the ‘Q4’ element with a mesh size of 0.4, as
illustrated in Fig. 2(b). The soil elastic modulus is assumed to vary
spatially across elements, represented by a random field to capture
material heterogeneity. Based on the KLE, the mean elastic modulus is
set to 200 kPa with a coefficient of variation (COV) of 0.1, while Pois-
son’s ratio is fixed at 0.3 throughout the domain. A Gaussian covariance
function is adopted with a correlation length of 2 m and an energy
threshold of 95 %. To evaluate the generalizability of the framework
under different realizations of material variability, four random field
realizations of the elastic modulus field are generated under identical
statistical conditions, representing distinct outcomes of the same
random process, as shown in Fig. 2(c) - (f). Here, a radial basis function
(RBF) interpolation with a cubic kernel is employed to interpolate the
discrete material parameters defined at element centers over the entire
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Fig. 2. Flexible footing (a) geometry; (b) Q4 Mesh with size 0.4; (c) - (f) four random field realizations of the heterogeneous elastic modulus.

domain. The detail is illustrated in Appendix A. These simulations allow
assessment of the framework’s robustness under varying spatial distri-
butions of material properties. A hard boundary layer is imposed to
enforce zero displacement at the domain boundary, ensuring precise
satisfaction of boundary conditions. The initial elastic modulus for each
coarse element in stage one is set to 200 kPa, with a convergence
tolerance of 0.01 kPa. Through trial-and-error tests, the restart interval
and restart window are chosen as 100 and 200, respectively, for stage
one; in stage two, both are set to 100 epochs, and the perturbation
magnitude is defined as 5 % of the data noise level. The weights of loss
are set differently for the two stages. In stage one, the weighting co-
efficients are chosen ~1 = 1E8, »9 = 1E15, »3 = 1E8, and »4 = 1E11
and with »q = 1E8, »s = 1E15, »3 = 1E6, and «4 = 1E11 for stage two,
determined through trial-and-error tests.

In stage one of the hierarchical inverse identification process within
the HPGNN framework, the entire domain is discretized using a coarse
mesh of Q4 elements, as illustrated in Fig. 3(a). At this stage, only very
sparse observation points are available, corresponding to the discrete
locations shown in the figure, and the material parameters are identified
at the coarse-element level. In stage two, each coarse element from stage
one is locally refined into smaller elements, as depicted in Fig. 3(b).

Coarse mesh

(a)

(b) Locally refined mesh

During this process, additional observation points are introduced within
the refined region, while the remaining coarse regions remain un-
changed, allowing for progressively finer-scale identification of material
properties. Repeating this procedure for all coarse regions results in a
fully refined domain, as presented in Fig. 3(c).

Figs. 4 and 5 illustrate the training loss and the results of four random
field simulations obtained during stage one inverse analysis of the
flexible footing. These results demonstrate that the HPGNN framework
achieves efficient and accurate inversion of the elastic modulus across
all coarse mesh elements in four random field cases, even when relying
only on sparse observation data. By exploiting physics-guided con-
straints, the framework successfully extracts reliable material properties
from limited measurements, which highlights its robustness under
sparse-data conditions. Notably, the stage one inverse analysis con-
verges within an average of 515 epochs, further demonstrating the
excellent computational efficiency of the HPGNN framework.

Furthermore, the inversely identified elastic modulus values for the
coarse mesh elements are presented in Fig. 5(a) below and Fig. 21(a),
(c), (e) in Appendix C. Remarkably, even though only sparse observa-
tional points are employed, the proposed framework is able to recover
the representative material parameters for each coarse-scale domain.

(c) Globally refined mesh

Fig. 3. Different meshes of flexible footing (a) coarse mesh; (b) locally refined mesh; (c) globally refined mesh.



K. Xu et al.

Stage one training loss

107

First random field
Second random field
= Third random field
Fourth random field

(==Y

S
[}
T

1'13 1 1 1 1 1 1
0 0 100 200 300 400 500 600

Epochs

Fig. 4. Training loss of stage one of different random field case.

When these inversely identified coarse-scale elastic moduli are inter-
polated back to the original fine mesh resolution, as shown in right
column of Fig. 5 below and Fig. 21 in Appendix C, the reconstructed
elastic modulus fields closely resemble the ground truth random field
distributions, with the MAPE remaining below 10 % across all re-
alizations, as summarized in Table 1. By comparing Fig. 2(c) - (f) with
Fig. 5(b) and Fig. 21(b), (d), (f) in Appendix C, where the color scales
have been normalized for direct comparison, it is evident that the
inversion based on sparse data can still capture essential spatial het-
erogeneity, particularly the critical zones with distinctly high or low
elastic moduli.

In stage two, the coarse elements obtained from stage one is further
refined, enabling the targeted selection of key regions for improved
resolution. Although multiple elements could in principle be refined in
parallel, a sequential strategy is adopted in this study due to computa-
tional limitations. The corresponding results are summarized in Fig. 21
in Appendix C, Fig. 6 and Table 2. During this stage, additional sparse
observational data are incorporated within each coarse region, and the
refinement is carried out domain by domain. This enrichment of sparse
data within localized domains leads to an improvement in accuracy. As
the refined coarse elements are trained individually, their loss curves are
not presented separately. As shown in Figs. 6 and 21 in Appendix C,
stage two of the HPGNN framework substantially enhances the repre-
sentation of the random material field compared with stage one. When
the resulting refined elastic modulus distributions are interpolated back
to the original fine mesh resolution, the reconstructed fields closely
match the reference distributions in Fig. 2(c) - (f), demonstrating a high
level of fidelity. Moreover, as summarized in Table 2, the MAPE is
reduced to below 2 % across all random field realizations. The average
number of epochs required for each refinement is less than 500, high-
lighting the excellent computational efficiency. These results confirm
that by sequentially introducing additional sparse data within each

(a) Stage one result of Case 1
12 15 240§
]
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coarse region, the hierarchical refinement strategy can accurately
recover the spatial variability of heterogeneous random fields.

To further assess the convergence behavior and inversion accuracy of
the HPGNN framework, Figs. 7, 22 and 23 in Appendix C summarize the
results across four random field cases. As shown in Figs. 7(a) and 22(a),
(c), (e) in Appendix C, the elastic modulus of each coarse element un-
dergoes rapid adjustments within the first two hundred epochs of stage
one due to the LBFGS optimizer restart mechanism and subsequently
converges. These results indicate that the framework can effectively
capture the global spatial pattern of material properties at the coarse
scale. To address the limited precision in coarse scale inversion, stage
two performs local refinement by adding sparse data within selected
coarse regions. As shown in Figs. 7(b) and 22(b), (d), (f) in Appendix C,
the selected coarse element is locally subdivided into four finer elements
and highlighted, while the remaining coarse elements are displayed as
light curves. For clarity, only the refinement process of element one is
presented. The refined elements exhibit sharp corrections within the
first one hundred epochs, further validating the role of the LBFGS restart
mechanism in accelerating convergence.

The absolute error of stage one results and stage two results are
summarized in Figs. 7(c) - (d) and 23(a) - (f) in Appendix C. Since stage
one relies on a coarse mesh, the available information for reconstructing
the fine scale heterogeneous field is limited. Consequently, the inter-
polation results produce larger deviations, up to approximately + 80
kPa in some regions. In contrast, the stage two results show substantially
reduced error magnitudes. After performing local refinement in the
target region, the inversion becomes more constrained, enabling a more
accurate reconstruction of the material field. The resulting error distri-
bution becomes more localized. This demonstrates that the stage two
refinement effectively improves the ability of the framework to capture
fine scale spatial variations. It is important to note that these absolute
error plots represent the absolute error in kPa, and the color contrast is
magnified due to the symmetric colormap scaled to the maximum ab-
solute error. To more accurately assess accuracy, Figs. 7(e) and 23(g) -
(i) in Appendix C further illustrate the element-wise APE distributions
compared with the ground truth. The red bars represent stage one
interpolation results, where multiple elements exhibit large errors, with
some exceeding 40 %. In contrast, the blue bars correspond to stage two
results, where errors are substantially reduced across all elements, with
most values falling below 10 %. These results clearly demonstrate that
the two-stage hierarchical refinement not only accelerates convergence
but also markedly enhances the inversion fidelity of heterogeneous
random fields by progressively introducing sparse data.

Table 1
Stage one of inversion accuracy of elastic modulus for four random field cases.

Random field case MAPE of interpolated results at original mesh size

5.08 %
5.46 %
5.97 %
5.29 %

A WN =

Interpolation result of Case 1

Y
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(=]
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Fig. 5. Case one: (a) stage one inverse identification of elastic modulus for coarse meshes; (b) interpolation back to fine mesh resolution for four random filed cases.
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Fig. 6. Case one: (a) stage two inverse identification of elastic modulus for coarse

Table 2
Stage two inversion accuracy of elastic modulus and average training epochs per
required coarse element across four random field cases.

meshes; (b) interpolation back to fine mesh resolution for four random field cases.

3.2. Multiple material elastic plate

This section evaluates the performance of the HPGNN framework in
solving inverse problems involving two distinct materials. The objective

Random field MAPE (.)f interpolated results at original ~ Average number of is to identify the spatially varying elastic modulus fields of both mate-
case mesh size epochs rials within a plane strain plate. Owing to the inherent spatial variability
One 1.18 % 421 and discontinuities of the material properties, this problem poses sig-
R"r‘ze 1‘3‘; 0//‘0’ 22‘1‘ nificant challenges for traditional PINNs. The problem setup is illus-
Four 1:39 % 408 trated in Fig. 8(a). The boundary conditions are defined as follows: the
left, right, and bottom boundaries are fully fixed, while the top is sub-
jected to a uniformly distributed load of —2 kN/m. The elastic modulus
and Poisson’s ratio of the upper material (Material 1) and lower material
(a) Case 1 at stage one (b) Case 1 at stage two
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Fig. 7. Error analysis of the reconstructed material field: (a) convergence of element-wise elastic modulus during stage one of first random field simulations of the
flexible footing; (b) convergence during stage two, where only the refinement of element 1 is shown for clarity; (c) absolute error of stage one results; (d) absolute
error of stage two results; (e) element-wise absolute percentage error (APE) comparison between the two stages; note: the legend of figure (a); the legend of figure (b).
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(Material 2) are set to 30 MPa and 0.4, and 50 MPa and 0.3, respectively.
In this study, only the elastic modulus is modelled as a spatially varying
random field. The COV for the elastic modulus of both materials is set to
0.1. A Gaussian covariance function is employed with a correlation
length of 2 m, and the KLE retains 95 % of energy threshold. For the
optimization settings, the restart interval and restart window are both
set to 100 and 100 in stage one, and 100 and 200 in stage two, respec-
tively, with the perturbation magnitude defined as 5 % of the data noise
level. The loss function weights remain consistent between stage one
and stage two, determined through trial-and-error as: »q = 1E8, vy =
1E15, »3 = 1E6, and »4 = 1E11. In stage one, the initial elastic modulus
values for the coarse mesh are assigned as 30 MPa for elements
belonging to Material 1 and 50 MPa for those in Material 2. The
convergence criterion requires that both materials satisfy a tolerance of
0.01 MPa. The fine-mesh discretization of the plate is shown in Fig. 8(b).
Fig. 8(c) illustrates the ground-truth random field distribution of the
elastic modulus in the multi-material elastic plate, where a clear
boundary is visible at the interface between the upper and lower ma-
terials. Fig. 8(d) shows the training loss during stage one, where only

International Journal of Mechanical Sciences 313 (2026) 111291

sparse data is employed at the coarse-mesh scale. The rapid convergence
observed confirms that the HPGNN framework achieves high compu-
tational efficiency while capturing the global spatial distribution of
material properties. In addition, Fig. 8 specifically illustrates the two-
stage inverse identification process of the heterogeneous elastic
modulus random field using the HPGNN framework, where the two
material random fields are simultaneously computed. In Fig. 8(a), stage
one performs a global-scale inversion on a coarse mesh to capture the
dominant features of the material distribution. Based on the initial
result, selected coarse elements are locally refined in stage two, as
shown in Fig. 8(b) and (c), where the two material random fields are
refined simultaneously. Fig. 8(d) presents the final stage-two result,
revealing a high-accuracy elastic modulus field.

Fig. 9 compares the interpolated results of stage one and stage two
against the ground truth shown in Fig. 8(c). As depicted in Fig. 9(a),
stage one result successfully captures the overall distribution trend and
identifies several anomalous regions of the modulus field. In contrast,
Fig. 9(b) demonstrates that stage two refinement significantly enhances
both the smoothness of the internal structure and the accuracy of the

@ g . ®
F=-2kN/m 1
[»‘ 8m; 1
[" Material 1 | 16m
Material 2 ]
]
g
]
1\

Stage one training loss

Fig. 8. (a) Geometry of the elastic plate; (b) finite element mesh; (c) element-wise distribution of elastic modulus; (d) training loss during stage one; two-stage
inverse identification of heterogeneous elastic modulus using the HPGNN framework: (e) stage one result at the coarse scale; (f) initial refinement in stage two;

(g) intermediate refinement in stage two; (h) final refined result in stage two.
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prediction. This highlights the potential of the HPGNN framework in
accurately resolving complex and highly heterogeneous material iden-
tification problems. Table 3 further demonstrates the high accuracy and
efficiency of the HPGNN framework, with the interpolated MAPE
reduced from 5.73 % in stage one to 0.88 % in stage two.

Fig. 10 illustrates the convergence of the elastic modulus throughout
the two-stage training process. As shown in Fig. 10(a), during the stage
one training on a coarse mesh, the model converges rapidly and captures
the overall distribution trends of the elastic modulus fields for both
materials. As shown in Fig. 10(b), selected elements of the two materials
are locally refined, enabling a more accurate characterization of the
spatial variability of the material properties. For clarity, only the
refinement process of element 1 from each material is displayed, while
the remaining coarse elements are kept unchanged. This targeted
refinement demonstrates how the elastic modulus of selected elements
progressively adjusts toward more accurate values.

As shown in Fig. 10(c) and (d), the absolute error is compared be-
tween stage one and stage two. In Fig. 10(c), the stage one produces
large and spatially uneven errors, particularly in regions with transitions
between the two materials. These deviations indicate that the stage one
is unable to accurately capture fine scale variations within the hetero-
geneous domain. After refinement, the error distribution in Fig. 10(d) is
improved. Most areas exhibit much smaller errors, demonstrating that
the hierarchical refinement can effectively reconstruction material field.
The quantitative comparison in Fig. 10(e) further reinforces this
improvement. The red bars represent the element-wise APE obtained in
stage one, which are noticeably high in some regions, whereas the blue
bars denote stage two refinements. The stage two refinement signifi-
cantly reduces the APE across all elements of the two-material random
field, clearly demonstrating the effectiveness of the HPGNN framework
in addressing inverse material identification problems with strong
heterogeneity.

4. Discussion
4.1. Random input perturbations

To assess the robustness of the HPGNN framework with sparse
observational data under different random field conditions, we perform
two sets of comparisons by varying the coefficient of variation (COV)
and the correlation length (CL) of the random elastic modulus fields in
the multi-material elastic plate. Since the stage-two results build directly
on stage one and the underlying algorithm remains essentially the same,
only stage one is considered here. The corresponding results are sum-
marized in Figs. 11-16, and Table 4.

Fig. 11 shows the spatial distribution of the elastic modulus field at
different COV levels (5 %, 10 %, 15 % and 20 %), while Fig. 12 presents
the results under different CLs (1 m, 2 m, 3 m, and 4 m). It can be
observed that higher COV values introduce greater variability into the
stochastic input, whereas larger CLs result in smoother patterns. Fig. 13

(a)

v

Stage one Interpolation result

\

Elastic Modulus (MPa)

(b)
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Table 3
Inversion accuracy of elastic modulus and average training epochs in stage one
and stage two.

Stage  MAPE of interpolated results at original mesh Average number of
size epochs

1 5.73 % 383

2 0.88 % 507

further indicates that variations in random input perturbations exert
limited influence on the convergence rate, as all curves stabilize at a
similar loss level within a comparable number of epochs. However,
Table 4 shows that increasing the COV and decreasing the CL can lead to
higher MAPE in the interpolation results. This suggests that additional
refinement stages within the HPGNN framework may be required to
achieve finer element meshes and improve the fit to the original random
elastic modulus field. Nevertheless, even with sparse observational data,
the HPGNN framework consistently demonstrates stable performance
across all random input perturbations, underscoring its robustness in
handling strong variability.

4.2. LBFGS restart mechanism

In neural networks, a well-chosen initial guess can substantially
reduce computational costs, whereas an extreme initial value may lead
to prolonged convergence and a significant increase in computational
burden [103,104]. Since the initial values in stage two of the HPGNN
framework fully depend on the convergence results of stage one, this
section investigates the impact of extreme initial guesses in stage one for
both the footing and the multi-material plate problems. Specifically, for
the footing case under the first random field, the initial elastic modulus
is set to an extremely low value of 1 kPa, while for the plate, the initial
values of both the upper and lower materials are set to 1 MPa.

Fig. 14 presents the training losses of the two cases under identical
LBFGS restart parameters, comparing the performance between extreme
and well-chosen initializations. The red curves correspond to the
training losses under extreme initialization, while the black curves
represent the results obtained with good initial values. It is evident that,
under the same convergence criteria, extreme initial values exert an
adverse influence on the optimization process. For the footing case, the
model still manages to converge, though at a noticeably slower rate than
with good initialization. By contrast, the multi-material plate case fails
to converge even after reaching the maximum number of epochs,
exhibiting significantly higher loss and indicating that the model is
unable to accurately capture the target values.

These results indicate that extreme initialization can impair the
training performance of the HPGNN framework, reflecting the inherent
sensitivity of neural networks to initial conditions. To overcome this
limitation, it is essential to adopt strategies that mitigate the adverse

Stage two Interpolation result

f

-

-

Fig. 9. Elastic modulus fields on the original mesh obtained by interpolation: (a) result from stage one; (b) result from stage two.
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Fig. 10. Error analysis of the reconstructed material field: (a) convergence of elastic modulus during stage one training; (b) convergence of elastic modulus during
stage two training; (c) absolute error of stage one results; (d) absolute error of stage two results; (e) element-wise absolute percentage error (APE) comparison

between the two stages; note: the legend of figure (a); the legend of figure (b).
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Fig. 11. Results of the HPGNN framework under different COVs of the random elastic modulus fields in multi-material elastic plate: (a) COV = 5 %; (b) COV = 10 %;
(c) COV = 15 %; (d) COV = 20 %.
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Table 4
Inversion accuracy and average training epochs of HPGNN framework under
different KLE parameters.

Evaluation Different COVs Different CLs
metric
5% 10 15 20 1m 2m 3m 4 m
% % %
MAPE of 355 573 687 979 729 573 485 337
interpolated
results at
original mesh
size (%)
Number of 371 383 493 398 377 383 418 403
epochs

effects of poor initialization. Accordingly, the remainder of this section
investigates the role of the LBFGS restart mechanism in improving
convergence under extreme initialization. The objective is to further
demonstrate its effectiveness in stabilizing the training process, partic-
ularly when only sparse observational data are available.

The green curves in Fig. 15 correspond to the setting where both the
restart window and interval are set to zero, meaning that the LBFGS
restart mechanism is not applied. For both cases, convergence appears
relatively smooth at the beginning, and the initial loss decreases in a
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manner comparable to the cases with the restart mechanism. However,
as training progresses, the rate of decrease slows significantly, and the
final loss remains at a high level. This indicates that the model becomes
trapped in a local minimum, preventing accurate identification of the
domain material properties. In contrast, the blue curves show the
training losses obtained using the newly tuned LBFGS restart mechanism
parameters in the ablation study. Notably, even under extreme initial
conditions with sparse data, the model converges rapidly and achieves
lower loss within a relatively small number of epochs. This highlights
the effectiveness of the LBFGS restart mechanism in significantly
enhancing the robustness and convergence efficiency of HPGNN. A
comparison between Figs. 14 and 15 examines the performance of the
LBFGS restart mechanism under different restart parameter settings. By
appropriately tuning the restart window and interval, the framework
can escape local minimum and achieve optimal training performance,
even in the presence of extreme initialization and sparse data. It can be
concluded that employing the LBFGS restart mechanism with properly
tuned restart parameters can enhance computational efficiency by up to
90 % compared to cases without the mechanism.

Fig. 16 shows the corresponding behavior of the mean elastic
modulus, demonstrating how the LBFGS restart mechanism accelerates
convergence under challenging initialization conditions. In Fig. 16(a),
corresponding to the first random field case of elastic footing, the target
mean elastic modulus is 200 kPa, indicated by the purple dashed line.

Fig. 12. Results of HPGNN framework under different correlation lengths (CL) of the random elastic modulus fields in multi-material elastic plate: (a) CL = 1 m; (b)

CL=2m;(c)CL=3m;(d)CL=4m.
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Fig. 13. Stage one training loss of the HPGNN framework under different KLE parameters: (a) comparison of varying coefficients of variation (COV = 5 %, 10 %, 15
%, 20 %); (b) comparison of different correlation lengths (CL = 1 m, 2 m, 3 m, 4 m).
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Good initial value (200 kPa)
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Good initial value

(30 MPa for Material 1 ; 50 MPa for Material 2)

(a) Extreme initial value (1 kPa) (b) Extreme initial value (Both 1 MPa)
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Fig. 14. Training loss under identical LBFGS restart parameters with extreme initialization in the HPGNN framework: (a) elastic footing; (b) multi-material

elastic plate.
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Fig. 15. Effect of the LBFGS restart mechanism on training loss under extreme initialization in the HPGNN framework: (a) elastic footing; (b) multi-material
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Fig. 16. Convergence of mean elastic modulus under different LBFGS restart mechanism parameters with extreme initialization in the HPGNN framework: (a) elastic
footing; (b) multi-material elastic plate.
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The orange curve clearly converges to an incorrect value, while the gray
and blue curves converge rapidly and accurately to the ground truth,
highlighting the effectiveness of the restart strategy. This indicates that a
well-designed LBFGS restart mechanism can substantially enhance
training performance. Similarly, Fig. 16(b) presents the results for the
multi-material elastic plate, where the mean elastic moduli of the two
materials are 30 MPa and 50 MPa, respectively, also marked by purple
dashed curves. In this more complex case, the orange curve again fails to
reach the correct values, and the gray curve only partially approaches
the targets. In contrast, the blue curve exhibits fast and precise
convergence toward both true moduli, demonstrating that properly
selected restart parameters can substantially improve the robustness of
the framework.

Overall, these results illustrate that while the early convergence
trends of different parameters appear similar, their long-term behavior
diverges significantly. The LBFGS restart mechanism enables the
HPGNN framework to escape poor local minimum even under
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challenging initialization. Although the detailed information of the
restart mechanism is beyond the scope of this study, its demonstrated
effectiveness suggests promising potential for broader application to
other neural network frameworks in future work.

4.3. Noise sensitivity

In inverse problems, ground truth data are typically used as reference
solutions. Within the proposed HPGNN framework, the available ob-
servations are provided in the form of sparse labels obtained from FEM-
based simulations followed by interpolation. In real-world engineering
applications, such measurements are often contaminated by noise
arising from sensor inaccuracies and environmental disturbances, which
poses significant challenges for neural network based inverse identifi-
cation. To evaluate the robustness of the proposed HPGNN framework
under sparse and noisy label conditions, the first elastic footing example
presented in Section 3.1 is employed. Gaussian noise with different
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Fig. 17. Noise sensitivity and uncertainty analysis of the inverse identification results: (a) MAPE of the interpolated material field under different noise levels based
on five independent realizations (top is mean value); (b - f) element-wise average APE distributions for noise levels of 1 %-5 % compared with the noise-free case.
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intensity levels is added to the sparse labels, and for each noise level, five
independent realizations are performed to quantify noise-induced
uncertainty.

Fig. 17(a) presents the distribution of the MAPE of the interpolated
material field across different noise levels. As the noise level increases
from 1 % to 5 %, both the median MAPE and its dispersion exhibit a clear
upward trend, indicating a degradation in inversion accuracy and
increased variability of the results. Fig. 17(b) to (f) further illustrate the
element-wise APE distributions averaged over five realizations, in
comparison with the noise-free case. For 1 % to 2 % noise levels, the
majority of elements exhibit error levels comparable to those of the
noise-free scenario, and the reconstructed material field successfully
captures the global trends. When the noise level reaches 3 %, localized
fluctuations in the APE begin to emerge. At 4 % to 5 % noise levels, these
fluctuations become more pronounced, with some elements showing
significantly elevated errors, indicating that noise effects are amplified
through sparse data. A quantitative summary of the noise impact is
provided in Table 5, which reports the average MAPE of the interpolated
material field at the original mesh resolution. The mean MAPE increases
from 6.63 % at 1 % noise to 12.82 % at 5 % noise, with intermediate
values of 6.80 %, 7.85 %, and 10.39 % for noise levels of 2 %, 3 %, and 4
%, respectively. Despite this degradation, the overall error remains
below 15 % even at the 5 % noise level considered, which is generally
acceptable for many geotechnical engineering inverse analyses.

These results confirm that the proposed HPGNN framework exhibits
reasonable robustness to different levels of measurement noise, while
also highlighting its sensitivity to noise under sparse data. Sparse labels
inherently introduce errors that are further amplified in the presence of
noise. The findings emphasize the importance of incorporating appro-
priate noise mitigation or denoising strategies to improve the accuracy
of inverse identification in real-world engineering applications. Future
work will focus on integrating such strategies within the HPGNN
framework to further improve its robustness in practical applications.

4.4. Label sensitivity and hierarchical benchmark studies

4.4.1. Influence of the number of label points

To investigate how the number of label points affects the quality of
material property identification, four cases with 15, 20, 24, and 35 label
points are evaluated for the elastic footing case under the first random
field in stage one. Each label point corresponds to a node in the FEM
discretization, meaning that increasing the number of label points can
increase the spatial resolution of the measurement field.

Fig. 18 illustrates the four mesh configurations and their corre-
sponding reconstruction results. When only 15 label points are used, the
inverse model fails to recover the general trend of the heterogeneous
field. As the number of label points increases to 20, 24, and 35, the
reconstructed material fields progressively become consistent with the
true distribution, indicating that additional label points can improve
identifiability. The training loss curves in Fig. 18(i) show that models
with more label points have lower loss values, although a higher number
of epochs is required for convergence. As shown in Fig. 18(j), the boxplot
clearly shows that increasing the number of label points not only reduces
the median APE but also significantly suppresses error dispersion and
extreme outliers. Specifically, the reconstruction suffers from large

Table 5
Average MAPE of the interpolated material field under different noise levels.

Noise Average MAPE of interpolated results at original mesh size
1% 6.63 %

2% 6.80 %

3% 7.85 %

4% 10.39 %

5% 12.82 %
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variability and severe local errors with using 15 points, whereas using
24 or more label points leads to stable identification. A quantitative
summary is provided in Table 6. The MAPE reduces from 29.76 % with
15 label points to 3.65 % with 35 label points, demonstrating that
increasing the label points can enhance the inversion accuracy. The
training time and peak GPU memory consumption are also summarized.
As the number of label points increases from 15 to 35, the training time
increases accordingly due to the additional data. In contrast, the peak
GPU memory usage remains nearly constant, at approximately 150 MB
for all cases. This demonstrates that the memory is mainly occupied by
the FEM and neural network components rather than the number of
locally refined material parameters. This confirms that the hierarchical
strategy effectively controls memory usage and avoids the dimensional
explosion that would arise from direct fine-mesh inversion.

In summary, the accuracy improvement comes at the cost of
increased computational time. In practical engineering applications, a
larger number of measurement locations also implies higher instru-
mentation and operation costs. In this case, a balance between label
points, accuracy requirements, and overall efficiency must be
considered.

4.4.2. Evaluation of direct inversion feasibility on fine mesh

To examine whether a conventional single-scale inversion can be
performed directly on the heterogeneous material, an inverse analysis is
attempted in this section using the baseline mesh size with 0.4 for the
elastic footing case.

The results are summarized in Fig. 19. As shown in Fig. 19(a),
although the loss decreases slightly during the initial iterations, it
quickly satisfies the convergence condition. The mean parameter
changes across the entire domain displayed in Fig. 19(b) shows that,
except for changes caused by the LBFGS restart mechanism, the update
magnitude remains extremely small throughout the entire training
process. In this case, the optimization landscape becomes flat, prevent-
ing LBFGS producing effective search directions. The ground truth and
reconstructed material field are shown in Fig. 19(c) and (d) respectively,
further indicating that the optimizer is unable to update the heteroge-
neous material parameters. This failure is rooted in the high dimen-
sionality of the fine mesh inverse problem. When hundreds of local
material parameters are updated simultaneously, their individual con-
tributions to the global response become weak. In this case, the sensi-
tivity of the governing equations with respect to each parameter
diminishes, causing the gradients to vanish. As a result, the optimizer is
unable to escape the initial state, indicating that inverse identification
cannot be achieved under the single-scale approach. In contrast, the
proposed two-scale hierarchical strategy avoids this difficulty. By per-
forming the inverse identification first on a coarse mesh, the model es-
timates only rely on a small number of parameters. Then the coarse scale
results act as physically meaningful initialization for the refined stage,
where the parameter space is a little larger but initialized close to the
true trend. This prevents the optimizer from entering the vanishing-
gradient region that happened in the direct fine mesh inversion.
Through this hierarchical progression, the two-scale method can capture
both global and local variations efficiently, enabling accurate recon-
struction that is unattainable under a traditional single-scale inversion.

These findings demonstrate that direct inverse analysis on the fine
mesh is computationally infeasible, while the proposed hierarchical
two-scale framework provides a stable alternative capable of recovering
high resolution heterogeneous material fields.

4.4.3. Comparison with operator-learning-based methods

To further demonstrate the advantages of the proposed HPGNN
framework, a direct comparison is conducted in this section with
DeepONet framework, using the elastic footing under sparse data as a
benchmark. In the DeepONet, an inverse operator is trained to directly
map the displacement field to the heterogeneous elastic modulus field.
100 realizations of datasets (x, y, E, uy,u,) are generated at fine element
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(a) Coarse mesh (15 label points)

(c) Moderately mesh (20 label points)

(e) Refined mesh (24 label points)

(g) Most refined mesh (35 label points)
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(b) Reconstruction using 15 label points
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Fig. 18. Influence of label points density on reconstructed material fields: (a), (c), (e), (g) meshes with 15, 20, 24, and 35 label points; (b), (d), (f), (h) corresponding
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Table 6
Effect of the number of label points on reconstruction accuracy and computa-
tional cost.

The number of MAPE of interpolated results ~ Training Peak GPU
label points at original mesh size time (sec) memory (MB)
15 29.76 % 87.14 149.66

20 6.99 % 114.36 149.75

24 5.11 % 182.82 150.48

35 3.65 % 1050.56 150.90

centres using FEM. The dataset is split into 80 training cases and 20
validation cases. In the DeepONet formulation, the branch network
takes the flattened displacement field (uy,uy) as input, while the trunk
network takes the normalized spatial coordinates (x,y) as query loca-
tions. These two subnetworks are fused followed by a linear output layer
to predict the elastic modulus at each element centre. The network is
trained using full-batch LBFGS optimization, and once trained, the
elastic modulus field can be inverse directly without any additional
optimization. Table 7 summarizes the hyperparameter configuration of
the DeepONet to ensure reproducibility.

To ensure a fair comparison, the trained DeepONet is evaluated on
the same four random-field cases used in the HPGNN experiments. The
results obtained using the DeepONet and the proposed HPGNN frame-
work are compared in Fig. 20(a) to (1). While DeepONet can capture the
overall spatial trend of the elastic modulus distribution in case 2 and
case 3, noticeable local discrepancies can be observed in case 1 and case
4. This behavior is mainly attributed to the fact that DeepONet is often
trained on a dataset generated from dense and high-fidelity simulation
data. When applied to inverse problems with sparse measurements and
limited effective samples, the data-driven inverse operator becomes
unstable. In contrast, HPGNN provides more accurate reconstructions of
the heterogeneous elastic modulus fields, preserving local variations
more effectively. Fig. 20(m) to (p) present the element-wise APE dis-
tributions for DeepONet and HPGNN across four random-field re-
alizations. DeepONet suffers from large local errors and significant
oscillations at the element level, with peak APE values exceeding 40 %
in some regions. In contrast, HPGNN consistently yields lower distrib-
uted errors, with substantially reduced peaks. The quantitative results
are summarized in Table 8. For the four test cases, the MAPE of the
interpolated fine-mesh results ranges from 3.61 % to 14.31 % for
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DeepONet, whereas HPGNN consistently achieves significantly lower
errors, with MAPE values between 1.18 % and 1.47 %. These results
highlight a difference between the two approaches. DeepONet learns a
purely data-driven inverse operator and therefore requires a large
number of training datasets, making it sensitive to data scarcity. In
contrast, HPGNN embeds the inverse problem within a physics-guided
framework. This strategy enables HPGNN to achieve higher accuracy
and improved computational efficiency, particularly in sparse data
scenarios that are common in practical inverse analysis problems.

5. Conclusion

In this study, we proposed a novel Hierarchical Physics-Guided
Neural Network (HPGNN) framework for the inverse identification of
heterogeneous material properties using sparse data labels. By inte-
grating the interpretability of the FEM with the learning capability of
neural networks, HPGNN adopts a two-stage training strategy that
progressively transitions from coarse to a refined scale. Numerical ex-
periments demonstrate that HPGNN exhibits strong robustness across
various random field realizations, achieving the MAPE of the identified
random field material properties consistently below 2 %. In multi-
material cases, the framework further achieves an average MAPE of
only 0.88 % across two distinct random material fields.

Table 7
Hyperparameter settings of the DeepONet.
Category Parameter Value
Branch network Architecture Linear layer
Hidden layers 1
Output dimension 128
Trunk network Hidden layers 4
Neurons per layer 256
Activation function Tanh
Output dimension 128
Optimizer Optimizer type LBFGS
Learning rate 1
Iterations 2000
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Fig. 19. Evaluation of direct inversion feasibility on the fine mesh: (a) loss of direct inversion on the fine mesh; (b) mean material parameters update magnitude per
epoch; (c) ground truth material field in the fine mesh; (d) reconstructed material field in the fine mesh.
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Table 8
Quantitative comparison of prediction accuracy between DeepONet and HPGNN
for the elastic footing problem.

Random field case MAPE of interpolated results

DeepONet HPGNN
One 14.31 % 1.18 %
Two 6.11 % 1.47 %
Three 3.61 % 1.32%
Four 10.82 % 1.39 %
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Under different random field perturbations, HPGNN consistently
maintains high accuracy and stability, underscoring its robustness
against strong spatial variability. The investigation of extreme initial
conditions shows that incorporating the LBFGS restart mechanism with
properly tuned restart parameters not only improves convergence sta-
bility but also reduces computational costs, enhancing efficiency by up
to 90 % compared with cases without the restart mechanism. Noise
sensitivity tests also showed that, although accuracy degrades with
increasing label noise, the overall error remains within an acceptable
range for geotechnical inverse-analysis applications at the tested noise
levels. Label data sensitivity analysis demonstrates that increasing the
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number of label points continues to enhance accuracy, but with a rapidly
increasing computational cost. This result highlights a fundamental
trade-off between measurement density, reconstruction accuracy, and
computational efficiency. Furthermore, the feasibility of direct inverse
identification on fine meshes is evaluated. The results indicate that
performing inverse identification directly on highly refined meshes
leads to curse of dimensionality and degraded convergence, whereas the
proposed hierarchical strategy effectively mitigates these issues by
progressively increasing the resolution of the unknown parameter field.
Finally, a direct comparison with DeepONet on the elastic footing
demonstrated that purely data-driven inverse operators can suffer from
higher local errors under sparse data conditions. In contrast, HPGNN
leverages embedded physics constraints and hierarchical conditioning
control to deliver more accurate reconstructions with improved overall
efficiency in sparse data scenarios.

In summary, HPGNN offers an accurate and efficient solution for
inverse problems in solid mechanics, even under the challenging
initialization and sparse data labels conditions. This ability to inverse
identify material properties from limited observations highlights its
practical relevance in real-world engineering scenarios where dense
measurement data are often costly or infeasible to obtain. By effectively
bridging the gap between sparse experimental data and high-fidelity
model predictions, HPGNN paves the way for broader applications
across computational mechanics and engineering design, particularly in

International Journal of Mechanical Sciences 313 (2026) 111291

domains that demand both accuracy and efficiency in modeling
strategies.
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Appendix A. Interpolation of material parameters over the entire domain

To visualize and evaluate the reconstructed heterogeneous material field, a radial basis function (RBF) interpolation is employed. Using the
element centers (x;y;) and their corresponding material values E;, the interpolant is constructed as below:

E@J):EZMQWX—&Wa

where ®(r) denotes the radial basis kernel and }; are interpolation coefficients determined by enforcing exact agreement at the known data points. The

cubic kernel is employed, defined as following:

() =r1°,

which yields a smooth and continuously differentiable material field without introducing additional smoothing parameters.

Appendix B. Neural network architecture and training hyperparameters

Table 9

Summary of neural network architecture and training

hyperparameters.

Item

Description

Network type
Number of blocks
Number of layers
Neurons per layer
Activation function
Initialization
Optimizer
Learning rate

Loss function

ResNet

4

50

100

tanh

Kaiming normal
LBFGS

1

MSE
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Appendix C. Results for the elastic footing under the other three random fields

(a) Stage one result of Case 2 (b)  Interpolation result of Case 2

(c) (d)  Interpolation result of Case 3

Stage one result of Case 4

Stage two result of Case 2 (h)  Interpolation result of Case 2

o

=

Z
2808
260~

) Interpolation result of Case 4

-

(2)

w
2402
2208
2005
180-2
160 8

m

|
()  Interpolation result of Case 3

240 2405
2302 ‘ 23052
2202 220 2

2103
200§
1907
7 180%
1705 | 1703

()  Interpolation result of Case 4

2102

.0E=212.9
27

08.8E=210.

205 W ' 2408
< =)
2205 2202
= =
200§ 200‘23
180.2 180-2
Z k)
16035 160

Fig. 21. Stage one inverse identification of elastic modulus for coarse meshes and interpolation back to fine mesh resolution for four random filed cases. (a) - (b) Case
two; () - (d) case three; (e) - (f) case four; stage two inverse identification of elastic modulus for coarse meshes and interpolation back to fine mesh resolution for four
random field cases. (g) - (h) Case two; (i) - (j) case three; (k) - (1) case four.
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Fig. 22. (a), (c), (e) Convergence of element-wise elastic modulus during stage one across three random field simulations of the flexible footing. (b), (d), (f
Convergence during stage two, where only the refinement of element 1 is shown for clarity.
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Fig. 23. Error analysis of the reconstructed material field: absolute error of stage-one results and absolute error of stage-two results: (a) - (b) case two; (c) — (d) case
three; (e) — (f) case fourth; element-wise absolute percentage error (APE) comparison between the two stages: (g) case two; (h) case three; (i) case fourth.

Appendix D. Discussion on multi-parameter inverse identification

In linear elastic materials, the constitutive matrix depends jointly on Young’s modulus and Poisson’s ratio, and different combinations of these
parameters can produce nearly indistinguishable responses under identical loading and boundary conditions. As a result, inverse identification problems
for linear elastic materials are inherently non-unique. To explicitly demonstrate this issue, a numerical experiment is conducted in this section, in which
both Young’s modulus and Poisson’s ratio are prescribed as spatially varying random fields and are inversely identified simultaneously. As shown in
Fig. 24(c) and (d), the reconstructed Young’s modulus and Poisson’s ratio fields fail to accurately capture the spatial trends of the corresponding
reference fields. Quantitative results summarized in Table 10 further confirm this observation. While the reconstructed Young’s modulus field achieves
accuracy with a MAPE of 9.01 %, the error associated with the Poisson’s ratio field increases significantly, reaching a MAPE of 25.78 %. This discrepancy
highlights the intrinsic ill-posedness of simultaneous multi-parameter inverse identification in linear elasticity, rather than a limitation of the proposed
framework. In this case, in the numerical examples presented in this study, Poisson’s ratio is fixed to a prescribed value to ensure the well-posedness of
the inverse problem. Addressing this non-uniqueness remains an important and challenging topic, and future work will focus on developing advanced
strategies, such as incorporating multi-loading scenarios to reliable simultaneous identification of multiple elastic parameters.
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Fig. 24. Simultaneous inverse identification of spatially varying Young’ s modulus and Poisson’ s ratio: (a) reference random field of E; (b) reference random field of
v; (c) inversely identified random field of E; (d) inversely identified random field of ».

Table 10

Inversion accuracy of Young’ s modulus and Poisson’ s ration.

Trainable parameters

MAPE of interpolated results

Young’ s modulus
Poisson’ s ration

9.01 %
25.78 %.

Data availability

Data will be made available on request.
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