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The deep energy/Ritz method (DEM/DRM) offers advantages over physics-informed neural networks (PINNs),
including reduced derivative orders and accelerated training. However, DEM encounters critical failure modes in
both forward and inverse analyses, with underlying mechanisms and robust remedies remaining underexplored.
To our knowledge, this work presents the first formal analysis that systematically identifies two distinct DEM
failure modes, forward divergence and inverse collapse, and establishes their root causes along with sound
countermeasures. In forward analysis, DEM training may diverge due to artificial energy minimization, where
abrupt loss reductions below the physically admissible minimum occur with catastrophic errors, which are
thermodynamically infeasible but remain unclarified. We prove that this stems from numerical integration
inaccuracies in neural network representations, inducing pathological overfitting with escalating complexity. In
inverse problems involving unknown material parameters or Neumann boundary conditions, we reveal that DEM
fails because its variational formulation with respect to such unknown parameters is not well defined. To
overcome these limitations, we propose a novel Energy-Informed Neural Operator Network (EINO), integrating a
new regularization technique. Our framework incorporates: (1) a finite-element-informed regularization that
lower-bounds the loss by the ground-truth FEM energy to ensure stability, and (2) a deep operator architecture
with two-stage training that reconstructs unknown parameters/boundary conditions by embedding inverse
constraints. Comprehensive benchmarks on 2D/3D linear/nonlinear solid mechanics and diffusion problems
confirm EINO’s superiority over DEM. EINO resolves forward divergence even on very coarse meshes and
achieves substantially lower parameter errors in inverse discovery (e.g., <2% relative error under 200%
Gaussian noise). The elucidated failure mechanisms and the EINO framework collectively promote physics-
constrained learning for surrogate modeling and inverse uncertainty quantification, minimizing the reliance
on labeled data.

1. Introduction and reproducible ways to simulate multi-scale transgranular fracturing

directly based on mineral scale structure [22]. On the other hand,

Solving partial differential equations (PDEs) is fundamental to
modeling and analyzing a wide range of natural and social phenomena.
Classical numerical methods have made significant progress in recent
years, with advancements in techniques such as the finite element
method (FEM), peridynamic method [1-4], material point method [5,
6], discrete element method [7-11], and discontinuous deformation
analysis [12-18]. Those advanced methods can extend continuum-based
methods for large-deformation problems, fracturing, or contacts [2,3,
19-21]. Continuous-discontinuous methods also provide transparent
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indispensable experimental techniques are also developed to capture
real-world phenomena [23,24]. Meanwhile, the rise of deep learning has
led to remarkable achievements in processing images, text, videos, and
other data types [25-29]. This has opened up new possibilities for
data-driven PDE solving, offering a novel approach beyond traditional
numerical methods. Unlike the abundance of data in text and image
domains, engineering datasets are typically sparse and costly to acquire.
However, the principles of physics are generally more clearly defined
than statistical patterns in text or images. This has led to growing
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interest in physics-informed neural network (PINN) [30-34], which
integrates data with physics in the form of PDEs. PINNs have achieved
significant advancements and attracted widespread academic interest.

The PINN framework enforces physical constraints by incorporating
PDE residuals, boundary and initial conditions, and observational data
into a composite loss function. This loss function is minimized during
network training using automatic differentiation. Unlike traditional
numerical methods, PINNSs offer a unified framework that can solve both
forward and inverse problems without requiring algorithmic modifica-
tion. They also mitigate the dependency on data compared to purely
data-driven approaches by leveraging physics-based regularization,
thereby enhancing robustness in data-scarce scenarios. PINNs have been
applied in various fields, including solid mechanics [35-39], fluid me-
chanics [40-45], multiphysics modeling [46-50], constitutive modeling
[51-56], and enhanced prediction for hazard prevention [57,58]. In
parallel with the PINN approach, which uses strong-form PDEs as a loss
term, the functional, energy, or variational form of PDEs can also be
employed to derive physical loss. This unlocks additional flexibility and
potential for further advancements in the field.

E and Yu. (2018) [59] proposed the deep Ritz method (DRM) by
using the neural network as a trial function to compute the functional.
Samaniego et al. (2020) [60] proposed the deep energy method (DEM)
that uses neural networks as function approximation machines and
focused on computational mechanics. For simplicity, DEM in this study
refers to DEM/DRM. DEM was then widely applied in solid mechanics.
Nguyen-Thanh et al. (2020) [61] studied finite deformation hyper-
elasticitiy using DEM. Mojahedin et al. (2021) [62] applied DEM to
study functionally graded Euler beams. Viscoelasticity was also imple-
mented using DEM in a two-potential constitutive framework [63]. He
et al. (2023) [64] extended the DEM with radial return algorithm for
elastoplasticity. Strong discontinuity in elastoplastic solids was regu-
larized to weak discontinuity [65]. Huang and Peng (2024) used finite
difference and coordinate transformation in DEM for bending, buckling
and free vibration problems of irregular Kirchhoff plates [66]. Then they
performed geometrically nonlinear bending analysis of laminated thin
plates [67]. Bai et al. (2025) [68] solved frictionless contact problems
under large deformation. Fracture simulation was also implemented in
DEM. Goswami et al. (2020) [69] used transfer learning to accelerate
PINN solution to fracture phase-field modeling, and then extend it to
fourth-order phase field model [70] and DeepONet [71]. This frame-
work was then further developed [72,73]. In addition to solid me-
chanics, DEM has also been used to solve other problems. For example,
Gao et al. (2022) [74] applied DEM to steady-state heat conduction
problems. Lee et al. (2024) [75] developed an adversarial DEM for
solving saddle point problems with electromechanical coupling. Lin
et al. (2024) [76] investigated the deep energy approach for addressing
multi-physics issues in the field of piezoelectricity. Lin et al. (2024) [77]
explored the deep energy method for addressing thermoelasticity
problems.

To improve the performance of DEM, novel techniques have been
incorporated. Mojahedin et al. (2021) [78] transformed the physical
domain to a parametric domain, a unit square, accounting for the strain
gradient effects. Fuhg and Bouklas (2022) [79] introduced stresses as
additional outputs of neural networks to build the mixed DEM. Rezaei
et al. (2022) [80] applied the mixed formulation and incorporated both
strong form loss and energy form loss as physical constraints. Wang et al.
(2022) [81] employed the radial basis function to satisfy Dirichlet
boundary conditions and domain decomposition for heterogeneous
problems. Bai et al. (2024) [82] also used radial basis functions for
displacement interpolation at arbitrary points in the problem domain.
Chadha et al. (2023) [83] applied random Fourier feature mapping to
reduce bias toward high frequencies and used Bayesian optimization to
tune the hyper parameters. Wang et al. (2024) [84] proposed the deep
complementary energy method for linear elasticity based on the prin-
ciple of minimum complementary energy. Eshaghi et al. (2025) [85]
incorporated Fourier neural operator in DEM but is limited to 2D
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rectangular domains.

Comparisons between PINNs and DEM validated DEM’s superiority
in efficiency and accuracy. Samaniego et al. (2020) [60] claimed that
DEM requires a smaller network to predict results accurately, and DEM
does not need explicit treatment of the traction-free Neumann bound-
aries. DEM can achieve convergence in about one-tenth the number of
training iterations required by PINNSs. Li et al. (2021) [86] compared the
performance of PINN and DEM for modeling elastic plates. It shows that
DEM triumphs at a smaller number of hyperparameters and is compu-
tationally more efficient, while PINN is less mesh dependent. In the
study of Ghaffari Motlagh et al. (2023) [72], compared with PINN and
variational PINN, DEM presents the most accurate solutions. Notably,
the DEM can achieve errors several orders of magnitude lower than
those from PINNs trained with standard optimizers, even when the latter
are granted substantially more computational time [87].

While DEM is widely applied and theoretically advantageous for
solving PDEs, critical limitations impede its reliability. In forward
problems, DEM training is plagued by a catastrophic convergence issue:
the loss collapses abruptly to values far below the true energy minimum,
triggering exploding errors. This violates fundamental physics principles
(e.g., minimum potential energy), compromising solution integrity. For
inverse analysis, where unknown parameters (e.g., material properties
or Neumann boundary conditions) should be inferred, DEM fails
consistently, lacking a stable and efficient optimization framework.

Although some previous studies have reported such failure phe-
nomena, little research has systematically clarified the fundamental
causes of the forward divergence, and few unified, efficient remedies
have been proposed to solve the inverse problem. For instance, He et al.
(2023) attributed forward divergence to strain localization instability
[88], while Xiong et al. (2025) attempted to mitigate it by introducing a
stiffness matrix into the DEM framework [89]. Wang et al. (2025) [90]
described such phenomena as zero energy modes. However, such ex-
planations remain underexplored and often overlook a fundamental
physical constraint: a DEM energy value below the physically admissible
minimum is thermodynamically infeasible. For the inverse problem,
Chen et al. (2024) identified the issue but offered no solution [91].
Thombre et al. (2025) proposed a remedy, albeit at the cost of under-
mining the original efficiency of DEM training [92]. This study aims to
bridge these gaps by fundamentally explaining these DEM failures and
developing robust solutions, thereby advancing the state of the art in
machine learning and computational mechanics.

To summarize, significant research gaps still exist:

(i) The underlying mechanisms driving such physically implausible
failures are poorly understood, with no systematic analysis
currently available.

(ii) Existing regularization techniques cannot guarantee the preven-
tion of physics-violating loss collapses.

(iii) Unlike PINNs, there is currently no unified DEM framework
capable of efficiently handling both forward and inverse analysis.

To bridge these gaps, we present a threefold contribution:

(i) Failure mechanism diagnosis: Through systematic diagnosis of
forward divergence and inverse collapse phenomena, we deliver
a rigorous mechanistic analysis of their origins.

(i) Provably robust framework for forward divergence: We pro-
pose a novel regularization method inspired by finite element
method and rigorously demonstrate its efficacy in completely
eliminating physically implausible forward divergence even on
very coarse mesh.

(iii) A two-stage training strategy for inverse collapse: The pro-
posed two-stage training strategy leverages the computational
efficiency of DEM to embed physical laws into a deep operator
network, enabling rapid and accurate inference of unknown
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material parameters (e.g., Young’s modulus, Poisson’s ratio) and
Neumann boundary conditions during inverse analysis.

This study is structured as follows. Section 2 briefly reviews PINN
and DEM. Section 3 demonstrates the two failure modes and clarifies
underlying mechanisms. Section 4 proposes the methodology as a
countermeasure with provable effectiveness. Section 5 validates the
remedies with solid mechanics and diffusion problems in 2D and 3D,
including the conventional regularization, denser Gaussian points on the
same mesh, and the proposed method. Section 6 further discusses the
real energy loss and nonlinear problems.

2. PINN and DEM implementations

PINN and DEM primarily differ in their approach to PDE formula-
tions. Both methods use neural networks to approximate field variables.
PINN incorporates PDE residuals at collocation points into the loss
function. However, since the variational form of a PDE inherently rep-
resents a minimization problem, DEM can directly apply minimization
algorithms from deep learning to functional. In this section, we will
introduce the strong form of the PDE and its corresponding functional,
followed by a discussion of the common implementations of both PINN
and DEM.

2.1. Governing equations and energy functionals

Assuming the strong form PDE is defined as in

L(u) = O on Q,
u(x) =g, on dQp, (€Y
Flux(u (x)) =h, on 0Qy,

where L: R™—R™ is the differential operator of the field variable u
with dimension ny,, dQp is the Dirichlet boundary, and 0Qy is the Neu-
mann boundary. n denotes the outer normal on dQy. QCR™ denotes the
physical domain with dimension ny. u(x) : Q—R™ is the physical vari-
able over the domain with n, components at point x.

When the differential operator is self-adjoint or the bilinear form is
symmetric, the energy functional exists. The material parameters and
Neumann boundaries are treated as knowns, since the functional is
minimized only with respect to field variables. If the variational form of
Eq. (1) exists, the weak solution of this strong form PDE is also the
unique minimizer of

ml}nl'[(u) = muln/e(u), @
s.t: u(x) =g, on 0Qp,

where the field variable u is constrained by Dirichlet boundary condi-
tions. II is the functional to be minimized and is integrated over the
domain. In solid mechanics, the strong form and its functional are

L(u) =V-6(u)+f=0, on Q,
u(x) = g, on 0Qp, 3
on=h, on 0Qy,

where ¢ € R™*™ is stress, f € R™ is the body force, and u(x) € R™ is
displacement. For linear elasticity with small displacement assumption,
stress is computed with

6 = Mr(e) + 2ue,

1 @
=3 (Vu+uV),

where ) and p are Lamé constants. The corresponding functional in the
variational formulation is
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M(u) / %a:edgf / fudo - / houdr. -

QN

Considering finite strain hyper elasticity, the first Piola-Kirchhoff
stress P is utilized. The strong form of governing equation is

Lu)=V-P+f=0,0onQ,
u(x) = g, on 0Qyp, (6)
P-n=h, on 0Qy,

where P is derived from the strain energy function ¥ by P = 2%, A three-
dimensional Neo-Hookean type strain energy is

v =Lur(c)-3)

1
5 — ulogJ + iﬂ(log.])z, 7

where C = F'-F and J = detF.
F=Vu+1I, (8)

where I is the identity matrix. The functional corresponding to Eq. (6)
reads

M(u) = / wdQ — / fodo — / hgdr, 9)

o

where @(X)=X+u. X is the referential position vector.

The diffusion equation describes the process by which substances (e.
g., mass, heat, or momentum) undergo spontaneous transport from re-
gions of high concentration to regions of low concentration. Assuming a
constant diffusion coefficient D, the steady-state diffusion equation is

L(u) = DV?u =0,
u(x) = g, on Qp, (10)
—Vu(x)-n = h, on 0Qy,

where u is the density of the diffusing material. The diffusion equation
can reproduce the process of a broad scope of phenomena like heat
conduction and Darcy flow. The corresponding functional in the varia-
tional formulation is

M(u) = /%DWu\Zde / h-udr. an

Q o

It should be noted that a functional and energy denote the same
concept, where “functional” is the broader mathematical term used in
PDEs, and “energy” refers to its specific physical meaning in certain
contexts. Furthermore, the variational formulation differs from the
strong or weak forms: it poses a minimization problem for the func-
tional/energy, whose minimizer is the solution to the corresponding
weak form equation.

2.2. The physics-informed neural network and deep energy/Ritz method

Fig. 1 presents the PINN and DEM framework for unified forward and
inverse analysis. Major differences are marked purple and blue for PINN
and DEM, respectively. The neural network ./" is deployed to approxi-
mate the field variable u. Derivatives of u with respect to x will be
computed using automatic differentiation, which is entailed in the
physics loss Lossphysicss Loss minimization using gradient descent
methods is run to find the target trainable parameters. Parameters of the
neural network ./” provide the solution of u. PINN utilizes the strong-
form residuals as physics loss, and DEM uses the functional as physics
loss. The resulting differences are discussed as follows:

(1) Higher-order derivatives of PINN versus lower-order de-
rivatives of DEM
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Fig. 1. Comparison of forward and inverse frameworks between PINN and DEM, with methodological distinctions highlighted by different colors. (a) PINN: It
performs unified forward and inverse analysis using the same loss function, including physical loss and loss of labeled data. Physical loss is derived from PDE re-
siduals. Data loss constrains u and flux of u; (b) DEM: The physics loss is computed via numerical integration that includes the prescribed flux. The DEM data loss does
not contain flux, as that is already accounted for in the physics loss. DEM is not applicable to inverse analysis in the framework.

As presented in Section 2.1, derivative order in the functional is
lower than the strong-form residual. DEM leads to a weak solu-
tion that is less demanding on smoothness than those of PINN.

(2) PINN versus DEM about the Neumann boundary conditions

The Neumann boundary condition in DEM is naturally incor-
porated into the loss functional. Unlike PINN, where even zero-
flux boundary conditions must be enforced through an addi-
tional loss term, the treatment of Neumann boundary conditions
in DEM is intrinsically embedded in the functional, resulting in a
simpler implementation.

(3) Collocation points of PINN versus quadrature points of DEM

Collocation points denote where constraints from PDE are
imposed, a concept originating from the weighted residual
method. DEM constitutes an optimization problem whose mini-
mizer is the weak solution. The functional is evaluated by inte-
grating over the computational domain and its boundaries. Thus,
the integral must be discretized into a weighted sum of integrand
evaluations at integration points.

(4) PINN versus DEM about unified forward and inverse analysis

PINN features unified forward and inverse analysis with nearly
identical algorithms — a widely acknowledged advantage over
classical numerical methods. However, for DEM, inverse analysis
involving material parameters or Neumann boundary conditions
is not defined in the variational statement of Eq. (2), as DEM
requires a well-posed optimization problem with respect to the
field variable u, not other unknown parameters. The failure of
DEM when applied to inverse analysis will be presented in Sec-
tion 3.2.

3. Two typical failure modes in DEM

Key differences between PINN and DEM determine that DEM is more
efficient and accurate than PINN as demonstrated by previous studies
[60,72,86,87]. However, this advantage comes with a significant
trade-off: DEM failure risks that remain uncharacterized and unclarified.
This section illustrates two typical failure modes through specific

examples, where underlying mechanisms and influencing factors are
explained using simple mathematical formulations.

3.1. Forward divergence: failure in forward analysis

3.1.1. Identifying the failure in forward analysis

Fig. 2 depicts a commonly used setting to test PINN and DEM. An
elastic cantilever beam with its left end fully constrained (fixed support)
and the right end loaded by transverse distributed loading of P=1kPa.
The Young’s modulus and Poisson’s ratio are 1x10”Pa and 0.3,
respectively. The DEM here adopts a fully connected neural network
comprising 3 hidden layers, each containing 50 neurons. The neural
network predictions of displacements u, and u, are multiplied by the
input coordinate x to enforce the fixed boundary condition on the left.
Fig. 2b shows the mesh to be used for numerical integration. Gaussian
integration is used as in most DEM studies. There are 76 elements, and
each element is assigned 4 Gaussian points, yielding 304 Gaussian points
in total. The functional (namely, the total system energy) is integrated
over the domain by weighted summation at Gaussian points. It was
demonstrated that the combined optimization method Adam+LBFGS
consistently provides a smaller loss and error than using Adam or LBFGS
alone [93]. Thus, we use the combined optimizer with Adam using step
size 1x10~2 for 5,000 steps first and then LBFGS with step size 1.0. For
all experiments in this study, double-precision floating point numbers
are utilized. COMSOL is used to get the reference solution. The relative
error of a vector v in this study denotes the commonly used L, relative

error that is computed with W
real [|2

DEM simulation results of the cantilever beam are shown in
Fig. 2cde, depicting the training progression via the loss function, rela-
tive error, and parameter L, norm. The relative error first falls below 1%
at the 5,026th iteration as shown in Fig. 2f. The minimum relative error
achieved is on the order of 0.1%, followed by a significant deterioration
in accuracy during later stages. Surprisingly, at the 8,147™ iteration,
relative error rebounds to 10%. Fig. 2fg presents two contour snapshots
of the displacements. Fig. 2f presents quite accurate results with only 1%
relative error. However, the final prediction in Fig. 2g drastically
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Fig. 2. Forward divergence of DEM when solving the beam problem. (a) Model configuration, including geometry and boundary conditions; (b) FEM mesh for
numerical integration; (c) Loss versus number of training iterations (Green dotted line denoting the real target energy loss); (d) Relative error versus number of
training iterations; (e) L, norm of neural network parameters versus number of training iterations; (f) Displacements u, and u, from DEM with 1% relative error at the
5,026th iteration; (g) Displacements u, and u, after all training at the 60,000th iteration.

deviates from the reference solution. Fig. 2e also indicates the increased
complexity of neural network representations. Correspondingly, the loss
function decreased significantly, eventually reaching values below
—3.5x10°, while the target loss value is —92. This overshooting in-
dicates the complete failure of stable DEM convergence during forward
analysis. It can also be treated as overfitting because the decrease of
training loss leads to increase of validation error. The initial conver-
gence as shown in Fig. 2f is the boundary between underfitting and
overfitting.

A fundamental theoretical question emerges in the forward analysis
of DEM: What mechanisms preclude the establishment of a lower bound
for energy loss? This observed unbounded energy implies a potential
violation of the minimum potential energy principle, revealing inherent
limitations in DEM. The next section will elaborate on the failure
mechanisms with simple and straightforward mathematical
formulations.

3.1.2. DEM fails due to inaccurate numerical integration

This section employs a canonical prototype problem to elucidate the
fundamental mechanisms underlying the methodological failure. Fig. 3a
presents the configuration of the 1D bar under a tension F at the right
end. E is the elastic modulus. A is the cross-sectional area of the bar. The
analytical solution is a linear displacement field in Fig. 3b, with
displacement at the right end as u;. The potential energy II is

1 ou
n= /= E—
/2 ( 6x>

Q

where ¢ is the strain computed as ¢ =2

/

x=0

1 0
5 —l£14ctx-— Ful,

ox 12

o:edQ — /h-udl“ =
oQy

. o is the stress derived from ¢ =

Ee = E%. When approximating bar displacements using a single

EA F
@ 4
2 .
Py(x = 0) Pi(x=1)
u(x=0)=0 ux=1L)=wu
(b) Analytical
’ O e = 05L) = — FL
R 7 U =
,,,,,,,,,,,,,,, R 7 S —
| |
| |
| I
T |
! |
: — x
x = 0.5L x=1L
N FL
ou U-1I EA
u —(x= =
oy @ =05L)=0 :
”””””””” T T T T T T T “———1 FL
L _—
| E
Iux) = NNV (x) :
f é — x
x=0 x =0.5L x=1L

Fig. 3. The 1D bar test: (a) Configuration, (b) analytical solution, and (c) a
possible divergent solution of DEM. Note: this divergent solution results in an
energy loss much smaller than the minimum potential energy, which
is unphysical.

element with nodes Py and P, the integral in Eq. (12) is discretized as
weighted summation,

- EAL (2
0x

3 13)

(x = 0.5L))2 — Fuy.
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The correct solution is % (x= 0.5L) = & and u; = £, and thus the
true energy [ [, is

_FL FL_ FL
Htrue

~2EA EA~ 2EA a4

If we use a neural network to approximate the solution by u =./(x),
it may converge to a wrong state by minimizing the potential energy I1.
For example, Fig. 3c shows an erroneous solution yielded by a neural
network, with % (x= 0.5L) = 0 and u; > . The corresponding potential
energy is given by

2 2
H:O—Fu1<—%<ﬂme:—%. 15)

Moreover, a neural network can produce much lower loss values
below the true energy if %(x=0.5L) = 0 and uy>>£% Thus, by mini-
mizing the potential energy, the neural network can converge to erro-
neous solutions much lower than the true energy. Notably, the
erroneous solution in Fig. 3c exhibits higher complexity compared to the
true solution in Fig. 3b. Such phenomena are consistent with Section
3.1.2. It also indicates that such forward divergence will not go to
negative infinity if all boundary conditions are Dirichlet boundaries,
since the minimum elastic potential energy is zero.

The fundamental reason for this failure results from the discretiza-
tion of the energy in Eq. (12). The accuracy of numerical integration
techniques (e.g., Gaussian quadrature commonly implemented in DEM
frameworks) becomes unreliable when applied to integrands containing
highly complex functions. However, the neural network architecture
inherently constitutes a highly complex nonlinear function whose
expressiveness remains challenging to quantify due to its opaque inter-
nal representations. To be more specific, % from the neural network for

1/ _ou\ o
elastic potential energy / 3 (E %) %Adx in Eq. (12) can be very
x=0

complex and numerical integration cannot capture the correct solution.
3 <E %) % of Fig. 3c is clearly nonzero, but the neural network can lead

to localized loss minimization exclusively at integration points while
potentially violating physics elsewhere in the domain. For example,
Fig. 3c sets & = 0 at integration points, leading to zero elastic potential

1/ _ou\ du
energy / 3 (E%) &Adx In summary, inaccurate numerical inte-
x=0

gration results in the failure of DEM in forward analysis.

3.1.3. Sensitivity of mesh density

This section explores the influence of mesh density on the failure in
forward analysis. The settings are from Section 3.1.1, except for mesh
density. The study considered various scenarios with 20, 45, 76, 168,
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Fig. 4. Influence of mesh density on the forward divergence of DEM: Number
of iterations for diverging to 10% relative error versus number of elements in
different mesh (error bars represent +1 standard deviation).
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500, and 2,000 elements, respectively, with each scenario run five times.
Fig. 4 displays the iteration threshold (mean and standard deviation) at
which relative error regresses to 10% as a function of spatial dis-
cretization in DEM training. This can also be regarded as overfitting and
the complexity of neural network exceeds the power of numerical
integration. A reduced iteration threshold correlates with increased
susceptibility to training failure. As the mesh density increases, DEM
becomes less prone to fail in training for forward analysis. This is
attributed to the fact that a finer mesh enhances the accuracy of nu-
merical integration.

3.1.4. Influence of neural network architecture

This section explores the width and depth of a neural network with
respect to the number of iterations at which the relative error regresses
to 10%. The rest settings are identical to Section 3.1.1. Fig. 5 reports the
mean iteration numbers and standard deviations of different architec-
tures. Fig. 5a demonstrates a clear trend that fewer layers or neurons
contribute to less susceptibility to training failure. This is attributed to
the fact that numerical integration can handle simpler neural networks
more accurately due to diminished complexity in representation. Fig. 5b
displays the standard deviation of five runs for each configuration.

3.2. Inverse collapse: failure in inverse analysis

3.2.1. Identifying failure mode in inverse analysis for material parameters
and Neumann boundary conditions

Fig. 1 in Section 2.2 illustrates the unified forward and inverse
analysis of PINN. However, in DEM, inverse analysis is not defined for
the variational statement. This section demonstrates the failure in in-
verse analysis using DEM. The cantilever beam case in Section 3.1.1 is
utilized for testing inverse analysis. The displacements at mesh nodes
serve as labeled data. Two scenarios, unknown elastic modulus and
unknown boundary force are tested. We use the combined optimizer
with Adam using learning rate 1x107! for 5,000 steps first and then
LBFGS with step size 1.0. Fig. 6a and Fig. 6b present the results of in-
verse analysis for modulus. Young’s modulus is initialized with the true
value 1x10’Pa. However, during training, the modulus progressively
deviates from its initial ground truth. Finally, the energy loss and
modulus exhibit unbounded negative divergence during later training
stages. Fig. 6¢ and Fig. 6d reveal identical divergence patterns in the
inverse analysis of material parameters and Neumann boundary condi-
tions. The reference energy loss is —92, while the final energy loss is far
below —1x10°. The Neumann boundary force also plunges towards
negative infinity. The underlying reason for such failure in DEM inverse
analysis will be elaborated in the next section.

3.2.2. DEM fails due to undefined functional

As discussed in Section 2.2, for DEM method, the inverse analysis for
material parameters and Neumann boundary conditions are not defined
in the variational statement of Eq. (2). DEM depends on a well-defined
optimization problem with respect to the function of field variable u,
not other unknown parameters. Thus, unexpected failure behaviors will
be observed when trying to unify forward and inverse analysis like that
in PINN.

Taking the 1D bar test introduced in Section 3.1.2 as an example, the

potential energy is I1 = / %(E 3—1) (%Adxf Fu;. Inverse analysis
x=0
usually requires solving unknown material parameter E and Neumann
boundary F. However, minimizing the potential energy with respect to
unknown E and F cannot solve the inverse problem. As a function of E
and F, I1 is not lower bounded, and thus minimizing I1 with respect to E
and F will drive the loss into negative infinity. However, for Dirichlet
boundary conditions, they are essentially unknown field variables at
boundaries, and thus their inverse analysis is not limited like Neumann
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boundary and material parameters.
4. EINO: methodology and robustness

As established, DEM is superior in efficiency and accuracy compared
to PINN. Yet, the variational formulation is a well-defined optimization
problem solely with respect to unknown displacements and relies on
precise numerical integration. Consequently, DEM exhibits divergence
risks in forward analysis and is inherently ill-suited for inverse analysis.
This study proposes the Energy-Informed Neural Operator Network

(EINO) as a provably robust framework.

4.1. EINO with novel finite-element-informed regularization and two-
stage training strategy

During the training of neural networks, it is common to add addi-
tional regularization terms to reduce model complexity and promote
smoothness, such as L; regularization (Lasso regularization) and Ly
regularization (Ridge regression). Nevertheless, these methods do not
ensure that the output of a neural network will necessarily fall within the



X. Wang et al.

intended solution space. As presented in Fig. 7, we deploy the finite-
element-informed regularization to constrain the solution space of
neural networks to be the same as that of finite element methods.
Compared to conventional L,/Lp regularization, the finite-element-
informed regularization does not add extra loss terms. Applying the
finite-element approximation after the neural network, field variables
are determined by interpolation functions on elements. Assuming the
nodes of an element are {xl,xz, s Xnoge }, the regularized solution uyeg

and derivatives ¢ = are interpolated from the nodal variables {u; (x1),

us (x2)¢ s Unyoge (xnnode) }’

Tnode
Ureg = g liuia
i=1
n Npode AN
d'ue _exdY
dxn  Lrdxn
i=1

(16)

where [; (i=1...n504e) are nodal basis functions to interpolate nodal
solutions of the neural network over the element. Since field variables
are governed by nodal values, Dirichlet boundary conditions can be
enforced straightforwardly by assigning target values to boundary
nodes. In this study, we implement two kinds of elements, namely the
second-order serendipity quadrilateral element and the second-order
Lagrange tetrahedral element as elaborated in the Appendix.

For general elements, the coordinate transformation should be
applied to derivatives and integral. Partial derivatives with respect to
general coordinates x={x, y, 2} can be transferred to those with respect
to reference coordinates X = {X,y,z},

Sl Kl

/MW&:/MﬁWﬁ, an

Regularized outputs
using finite-element-
informed regularization

Neural network outputs

Fig. 7. The finite-element-informed regularization. Note that the output of
blackbox neural network is regularized to the finite-element solution space (The
regularization of 1D function above and 2D function below).
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where J is the Jacobian matrix from reference coordinates to general
coordinates, and |J| is its determinant.

Fig. 8 demonstrates the two-stage training strategy for EINO. The
deep operator network (DeepONet) [94] is adopted in EINO. It leverages
a universal approximation theorem to learn mappings between function
spaces, enabling efficient and accurate modeling of complex physical
systems. Its advantages include high generalization across diverse PDEs
and reduced computational cost compared to traditional numerical
solvers. DeepONet employs dual deep neural networks: a branch net
encoding input function like material parameters and boundary condi-
tions A, and a trunk net encoding continuous output domain coordinate
x. Their outputs are combined via a dot product to approximate
nonlinear operators u(A)(x), enabling learning mappings between
infinite-dimensional function spaces. In this study, branch and trunk
nets are set as fully-connected neural networks as shown in

[1,1171,12, o B

TMhidden

} = (A"bmnch O nyranen—1 Ay —1°*-°01°A1 ) i (4),

[tilﬂti27 o t'")uddm] = (A'lrmnk°0-"rmnk*1°A"zmnk*1°'"°aloAl)i(x)’ 18)

Mhidden

w(h)() = Y bit.
k=1

If there is no need for inverse analysis of material parameters and
boundaries A, we can ignore the branch net and the DeepONet is reduced
to a fully-connected neural network.

As depicted in Fig. 8, EINO training includes offline and online
stages. Fig. 8a presents the offline stage for training a neural network to
solve the forward problem. The output u from neural network is not
directly used in the loss function, instead, the regularized u.g will be
applied to compute the numerical integration. Unlike the blackbox
outputs of a neural network, whose representational complexity makes
them difficult to evaluate, ug is interpretable and can be easily handled
by numerical integration. However, the data loss term MSE(uegoru —
Uacrual) does not involve integration and thus can use ureg or u inter-
changeably. Parameters of the neural network 6 are updated by mini-
mizing the total loss. Notably, this approach can eliminate the need for
extensive labeled datasets, enabling the training of models across
diverse boundary conditions and material parameters without reliance
on data labels. This constitutes a promising strategy for training large
models for scientific computing. On the other hand, if material param-
eters and boundary conditions are all set, the branch net can be omitted
and the DeepONet degrades back to a fully connected neural network
like that in DEM.

The offline stage embeds physics into the neural network, and thus
during the online stage of Fig. 8b, inverse analysis can be readily per-
formed by minimizing the data loss with respect to A. The finite-element-
informed regularization in the online stage is optional because there is
no integration. However, the finite-element-informed regularization
possesses an additional advantage in strictly enforcing the Dirichlet
boundary conditions. Since EINO only needs to minimize data loss with
respect to unknown A in the inverse training, it will be much faster than
minimizing both data and physics loss with respect to A and € like the
PINN inverse analysis in Fig. 1. Leveraging DEM’s inherent computa-
tional efficiency over PINNs in forward training, the proposed EINO
framework effectively exploits the energy formulation of PDEs, signifi-
cantly enhancing the robustness for efficient forward modeling and in-
verse analysis.

4.2. EINO preventing DEM failures

The EINO framework in Fig. 8 incorporates built-in mechanisms that
effectively prevent typical failure modes of DEM for both forward and
inverse problems, as discussed in Section 3. To demonstrate this capa-
bility, we employ the bar test configuration shown in Fig. 9, which
shares identical settings with Fig. 3 (Section 3.1.2).
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Fig. 8. EINO with a two-stage training strategy. (a) Offline training stage to train a DeepONet to learn the mapping between different parameters A and solutions; (b)
Online training stage: The process involves an online training stage to solve the unknown solution and the parameter A simultaneously, given only sparse data
constraints. Note that forward analysis in online stage is just the direct inference of the pretrained DeepONet without training.

Fig. 9b displays the erroneous DEM solution that is represented by a
neural network u = ./'(x). As demonstrated in Section 3.1.2, this erro-
neous solution can drive energy loss into negative infinity if & (x = 0.5L)
is close to zero and u; increases towards positive infinity. Such failures
seem to violate the minimum energy principle, and the fundamental
cause is the blackbox nature of neural networks, which can hardly be
accurately captured by numerical integration. Notably, EINO adopts the
finite-element-informed regularization. Fig. 9c demonstrated the regu-
larized solution uyeg by linear basis functions. The field displacement will
be interpolated by the nodal basis function [l;(x) and the nodal
displacement u; = ./ (x =L):

Mnode X X .
> h(xu = T =7 (x=L). 19)

i=1

Ureg (X) =

Potential energy is a quadratic function of nodal predictions,

2

2
EA
(x= O.SL)) Py =2 Ry 20)

11 (theg) =

2 ox

AL (O
2L

u; = & minimizes M(ureg) to — %, which is the true potential energy

of the corresponding FEM. By optimizing the loss function I(ureg) with
respect to nodal predictions u;, neural network ./"(x) in EINO will not
produce a loss smaller than the true energy like that in Section 3.1.1.
Since the regularized solution urg shares the same space with FEM,
I(ureg) will also be lower bounded by the minimum functional value of
FEM. Eq. (21) presents that I1(ueg) is a function of u; and u; is a function
of 6. Thus, the gradient of loss with respect to neural network parameters
6 is computed using the chain rule,



X. Wang et al.

EA F
@ 4
i ,
T T X
Po(x = 0) Pi(x =1L)
u(x=0)=0 u(x=1L)=u
(b) DEM v
ou 17 EA
u —(x=05L)=0 !
ax I
“““““““ [ ____}fﬁ
? | EA
Pou(x) = NNV (x) !
|
} } b= x
x=0 x = 0.5L x=1L
(c) EINO

x=0

x =0.5L

Fig. 9. The 1D bar test: Configuration, diverged DEM solution, and regularized
EINO solution. (a) Configuration of the test; (b) Diverged solution of DEM
leading to much smaller loss than true energy; (c) The correct solution of EINO
due to finite-element informed regularization.

() = | e<""f1i<x)ui<e>> dx,

i=1

@1
O 0T Qe
00 Oty 00

The derivation of m‘i—gg is equivalent to computing the residuals in

FEM. With finite-element-informed regularization, I1(u.g) denotes the
same functional computed using FEM and thus is lower-bounded by the
ground-truth FEM energy. Once II reaches minimum, oﬁ—”g becomes zero

and the neural network ceases training, preventing overfitting. ueg is a
function of neural network parameters in EINO because the nodal var-
iables are predicted by a neural network. Thus, during forward analysis,
EINO does not diverge after attaining the correct solution of FEM.

Clearly, EINO avoids the inverse analysis failures characteristic of
DEM. DEM fails because the minimization problem in the variational
statement is not defined with respect to unknown material parameters
and boundary conditions. EINO already learns the mappings from co-
ordinates, material parameters, and boundary conditions to solutions
during offline stage training. Online inverse training will not minimize
the energy functional with respect to unknown material parameters and
boundary conditions, and thus EINO can completely prevent the inverse
collapses in DEM.

In summary, DEM exhibits two fundamental limitations: (1) Forward
divergence stemming from numerical integration inaccuracies when
handling complex neural network representations, and (2) inverse
collapse caused by its variational formulation being defined exclusively
for unknown field variables (undefined optimization with respect to
material parameters and Neumann boundaries). EINO overcomes these
through: (1) Finite-element-informed regularization that guarantees
integration accuracy by construction, with training automatically ter-
minating at the finite element solution’s energy minimum; (2) A
decoupled training paradigm where offline learning establishes
parameter-to-solution mappings while preserving DEM’s rapid training
advantages, enabling online inverse analysis via direct data loss mini-
mization - eliminating the need for problematic energy functional
optimization.

5. Validation of remedies

This section presents a comprehensive validation of EINO along with
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alternative approaches to address the two failure modes inherent in
DEM. The first two subsections examine the efficacy of L, regularization
and enhanced integration point density strategies. The last two sub-
sections validate EINO for solving failures in forward and inverse
analysis, respectively.

5.1. Ly regularization

This section explores the influence of Ly regularization. Ly regulari-
zation, also known as Ridge regularization, is a widely used technique in
machine learning to prevent overfitting by adding a penalty term to the
loss function. This term is the sum of the squared magnitudes of the
model parameters (weights), scaled by a hyperparameter that we refer
to as regularization coefficient y, expressed as y3_,6?. By penalizing large
weights, L regularization promotes the development of simpler models.
Given that the failure of DEM in inverse analysis stems from inaccurate
integration, Ly regularization can facilitate more precise integration by
encouraging simpler representations. The beam test with 20 elements
described in Section 3.1.1 is used to investigate the effectiveness of L
regularization as a remedy. Different regularization coefficients are
tested. Fig. 10a presents the iteration threshold (mean and standard
deviation) at which relative error regresses to 10% as a function of y at
[1x10731x1072 1x107}, 2x107!]. The trend is straightforward, and
we can conclude that Ly regularization helps mitigate failure during
forward analysis. However, DEM still fails. We further increase y to
further punish the complexity of neural network. Fig. 10b presents the
final relative error for each run of y = [3x107%,4x107L, 5x107%,
1x10°]. Those larger than 1.0 denote failure in forward analysis. We set
the maximum total iterations as 120,000. With the increase of v, the
number of failed runs decreases, at the sacrifice of accuracy. It can be
concluded that L, regularization can postpone the failure iterations of
forward analysis in DEM. However, the value of regularization coeffi-
cient y is hard to quantify for each case. Small y is not effective enough,
but large y decreases accuracy. It cannot guarantee all runs will converge
and thus can only be employed as a temporary remedial measure. As
detailed in Section 5.3, the proposed EINO effectively addresses the
failure problem without requiring hyperparameter tuning or compro-
mising accuracy.

5.2. Increasing integration points while keeping the same mesh

One common method to enhance the accuracy of DEM is to increase
the mesh density. However, denser mesh discretization incurs higher
computational costs, and mesh generation has long been a challenging
aspect of traditional numerical methods. Therefore, we propose to only
add more integration points while keeping the same mesh. Simply
adding more Gaussian points does not incur higher interpolation order
or increasing elements because it only increases the accuracy of nu-
merical integration. The same configuration of the beam test is used as in
Section 5.1. The mesh has only 20 elements, but we increase the number
of Gaussian points in each element from 4 to 25. Fig. 11 presents the
iteration threshold (mean and standard deviation) at which relative
error regresses to 10% as a function of total Gaussian points. This
increasing trend supports the beneficial effect of increasing the number
of Gaussian points. Compared with remeshing, adding more Gaussian
points to each cell is simpler and more efficient to implement. Never-
theless, the failure in forward analysis cannot be entirely avoided.

5.3. Numerical experiments for solving failure in forward analysis

This section validates the proposed EINO for solving failure in for-
ward analysis. Two experiments are conducted. The first is a classical
cantilever beam test, and the second is a diffusion problem that covers a
broad scope of phenomena.
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5.3.1. Cantilever beam

The same configuration as in Section 5.1 is taken to check if EINO can
handle the failure during forward analysis. For EINO, the maximum
number of iterations is set as 110,000. Quadratic serendipity elements
are deployed for regularization in EINO. Fig. 12 compares DEM and
EINO with respect to loss, relative error, and Lp norm versus training
iterations. DEM diverges to 10% relative error at the 6,002 iteration
with plunging loss far below the true energy loss, exploding error, and
surging complexity of neural network representation. As a striking
contrast, EINO maintains robust loss, accuracy, and Ly norm of neural
network parameters, even after the number of training iterations reaches
110,000. To further validate EINO, we run the test 10 times, finally, the
mean relative error is 0.33%, and the standard deviation is 0.033%. The
robust and accurate performance also supports the proposed failure
mechanisms in Section 3.1.2 and discussions in Section 5.2.

5.3.2. Diffusion problem

The diffusion equation describes a broad scope of processes by which
substances (e.g., mass, heat, or momentum) undergo spontaneous
transport from regions of high concentration to regions of low concen-
tration. Thus, the diffusion equation as described in Eq. (10) is solved by
minimizing the functional in Eq. (11). The diffusion coefficient D is set as
1m2s!. As shown in Fig. 13a, the left boundary of the domain is
Dirichlet boundary with u=1. The bottom boundary is Neumann
boundary with D 07); = 1. Therest are zero flux boundaries. Since material

parameters and boundaries are all known, the DEM and EINO here adopt
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a fully connected neural network comprising 3 hidden layers, each
containing 50 neurons. There are 12 elements with 4 Gaussian points in
each element. In DEM, the neural network prediction of u is multiplied
by the input coordinate x to enforce the fixed boundary condition on the
left. Quadratic serendipity elements are deployed for regularization in
EINO. Dirichlet boundary conditions are set by assigning corresponding
values to boundary nodes. We use the combined optimizer with Adam
using step size 1x107° for 5,000 steps first and then LBFGS with step
size 1.0.

Fig. 13b-d juxtapose DEM with EINO about loss, relative error, and Ly
norm versus training iterations. DEM diverges from the very beginning
with the loss far below the true energy loss, exploding error, and surging
complexity of neural network representation. As a striking contrast,
EINO maintains robust loss, accuracy, and Ly norm of neural network
parameters, even after the number of training iterations reaches 17,000.
To further validate EINO, we run the test 10 times, finally, the mean
relative error is 0.27%, and the standard deviation is 0.030%. Fig. 13e-f
depict the contour of u from DEM and EINO, respectively. The DEM
diverges with a complex neural network representation featuring abrupt
transitions and discontinuities of field variables. EINO, benefiting from
the finite-element-informed regularization, maintains high accuracy
during the later stage of training. The robust and accurate performance
supports the proposed failure mechanism, namely that inaccurate nu-
merical integration leads to the failure of forward analysis, as discussed
in Section 3.1.2. Discussions in Section 5.2 are also validated that finite-
element-informed regularization guarantees accurate integration and
stops training after reaching the reference energy.

5.4. Numerical experiments for solving failure in inverse analysis

Previous section validates EINO in solving the failure problem of
forward analysis. This section further checks EINO for solving inverse
analysis. The first stage is to bake the physics information from energy
minimization into the neural network. The second stage performs in-
verse analysis by minimizing data loss in accordance with the physics-
informed neural network. Configuration of the cantilever beam test in
Section 3.1.1 with 168 quadratic serendipity elements is deployed. The
trunk network consists of four hidden layers, each containing 50 neu-
rons. The branch network comprises three hidden layers, with 50 neu-
rons in each layer.

5.4.1. Offline training stage

In the training stage, there are 16 different sets of input A, which are
obtained by combining four different moduli [5, 10, 15, 20] x 10°Pa with
four different Neumann boundary conditions [-500, —1000, —1500,
—2000]Pa. We use the combined optimizer with Adam using step size
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Fig. 12. Results of the cantilever beam test of DEM and EINO (DEM diverges while EINO does not): Loss, relative error, and parameter norm. (a) Losses versus
training iterations (Red dotted line denoting the real target energy loss; DEM diverges while EINO converges); (b) Relative errors versus training iterations (DEM
diverges while EINO converges); (c) L, norm of neural network parameters versus training iterations (DEM diverges while EINO converges).

1x1073 for 10,000 steps first and then LBFGS with step size 1.0 for
40,000 steps. The final relative error of all predictions is 0.33%. Only
energy loss. No labeled data is needed during offline training.

5.4.2. Inverse analysis at online stage

During online stage, the displacements u, and uy are used as labeled
data. We adopt the combined optimizer with Adam using step size
1x1072 for 200 steps first and then LBFGS with step size 1.0. First, two
tests for inverse analysis of unknown modulus and boundary force are
performed. Fig. 14 demonstrates the results of these two tests. Fig. 14a
compares the inverse analysis for modulus. EINO converges quickly,
while DEM diverges from the target value. Fig. 14c compares the final
displacements of DEM and EINO. EINO reconstructs the displacements
accurately, but DEM fails with undefined values. Fig. 14b compares the
inverse analysis for Neumann boundary condition. DEM seems not
aware of the correct boundary force and decreases towards negative
infinity. EINO still converges to the correct solution in 200 iterations.
Fig. 14d compares the final displacements of DEM and EINO from the
inverse analysis of boundary force. EINO achieves satisfactory accuracy
and solves the failure of inverse analysis in DEM.

To further check EINO for inverse analysis in different settings,
different moduli [5,10, 15, 20] x 10°Pa and different Neumann boundary
conditions [—-500, —1000, —1500, —2000]Pa are tested by different
combinations. Relative errors of predicted modulus and boundary force
from inverse analysis in different settings of EINO are presented in
Fig. 15ab. The results further validate EINO’s ability of inverse analysis
in a broader scope.

Finally, we examine the performance of the inverse analysis in sce-
narios involving unseen parameters. Fig. 15c¢ presents the relative error
of modulus versus different modulus values. When the modulus is be-
tween (5x10°Pa, 2x107Pa), the inverse analysis exhibits high accuracy
with relative error always smaller than 2%. If the modulus is not within
the range of training settings. The inverse analysis still yields satisfac-
tory accuracy with relative error smaller than 10% when the modulus is
between (2><107Pa, 4x107Pa). Fig. 15d presents the relative error of
Neumann boundary force versus different force values. When the force is

12

between (—2000Pa, —500Pa), the inverse analysis exihibits high accu-
racy with relative error always smaller than 1%. If the modulus is not
within the range of training settings. The inverse analysis still yields
satisfactory accuracy with relative error smaller than 10% when the
modulus is between (—4000Pa, —2000Pa). In summary, EINO effec-
tively addresses the inverse analysis problem in cases where DEM
consistently fails. Furthermore, EINO demonstrates satisfactory accu-
racy when applied to previously unseen data.

5.4.3. Inverse uncertainty quantification

The previous section has proved the effectiveness of EINO in inverse
analysis. This section further leverages its performance in inverse un-
certainty quantification. With the same settings as Section 5.4.2,
Gaussian noises with different relative magnitudes My are added into the
clean data following u,=u+Mpc(w)r, where u, is the labeled data with
noise, o(u) denotes standard deviation of the field variable u, and r
represents samples from standard Gaussian distribution. The target
Modulus is 1x107Pa, and the target Neumann boundary loading is
—1x10%Pa. Fig. 16a and Fig. 16b present the corrupted labeled data
with 200% Gaussian noise. 10%, 20%, 50%, 100%, and 200% Gaussian
noises are tested 10 times, respectively. The mean and standard devia-
tion of Modulus and Neumann boundary loadings from inverse analysis
of EINO are delineated in the curves of Fig. 16c and Fig. 16d. Larger
noise induces larger error and deviation. EINO shows remarkable
robustness in recovering accurate parameters from highly noisy data.
EINO preserves physics information without any labeled data and can
serve as reliable surrogates for inverse uncertainty quantification.

5.5. Three-dimensional investigations on unstructured grids

This section further validates EINO in 3D non-rectangular domains.
As shown in Fig. 17a, the pipe elbow, modeled as a quarter section of a
three-dimensional torus, is a ubiquitous connector in engineering.
Geometrically, it comprises a curved tubular structure with a constant
cross-sectional radius revolving around an axis. The left boundary is
Dirichlet boundary with u=1. The flux at the bottom boundary is set as
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D% =1. D is set as 1. Fig. 17b presents the unstructured grid used in
FEM and EINO, which contains 1,779 tetrahedral elements with second-
order Lagrange basis functions. Each element is assigned with 4
Gaussian points.

The DEM here adopts a fully connected neural network comprising 3
hidden layers, each containing 50 neurons. The neural network pre-
dictions of u are multiplied by input coordinates (x+2) to enforce the
Dirichlet boundary condition on the left. DEM and EINO use the same
network and numerical integration. Both DEM and EINO are trained 100
steps with Adam (step size 1x 1073) first and then LBFGS (step size 1.0).
Results on the surface and selected slices are demonstrated in Fig. 17.
Fig. 17alists DEM and EINO when the relative error is 1%. After that, the
results at the 492" iteration are compared in Fig. 17b. The relative error
of DEM rebounds after reaching 1%. On the contrary, EINO is robust in
the training, with high accuracy of 0.09% relative error. Subsequently,
Fig. 17c juxtaposes results at the 1,428th iteration. DEM training is
undermined by a drastically large relative error of 89,300%, and only
the Dirichlet boundary is accurate due to hard enforcement. Conversely,
EINO accuracy further enhances, and the relative error is only 0.02%.
DEM training stops and EINO continues to the 6,300 iteration as shown
in Fig. 17d. EINO stops training with a relative error of 0.009%. These
comparisons further validate EINO in 3D non-rectangular geometry. The
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accuracy and robustness of EINO is as expected since it is rigorously
supported by formal analysis.

6. Discussions

The preceding numerical experiments have validated the effective-
ness of EINO in addressing the forward divergence and inverse collapse
issues faced by DEM. To further enhance the understanding of EINO’s
strengths and limitations, this chapter addresses the following questions:
(1) Although the computed energy loss is lower than the true minimum,
what is the real energy loss given that known physical laws cannot be
violated? (2) The previous examples involved linear problems. Does
EINO remain equally applicable to nonlinear problems? (3) Is EINO the
only solution for DEM problems? What are the limitations of EINO?

6.1. What is the real energy loss?

The diverged DEM, as shown in previous sections, exhibits unphys-
ical energy loss that is far below the true minimum energy. To better
support the findings that forward divergence attributes the loss collapse
to numerical integration, we compare the energy loss from the very
sparse mesh with 20 elements and dense mesh with 2,000 elements in
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Fig. 18a. The same cantilever beam case in Section 5.3.1 is reproduced.
Integration in DEM is computed using the coarse mesh, and the refer-
ence real energy on dense mesh from FEM using predictions from the
same DEM neural network is taken for comparison. Fig. 18b gives the
DEM energy loss and real energy loss. The difference between these two
curves indicates errors of numerical integration. From the beginning,
DEM energy loss on coarse mesh matches well with the real energy loss
on dense mesh. At about the 5,500™ step, DEM loss diverges far below
the physical constraint of the minimum potential energy. In Fig. 18c, the
relative error increases significantly due to the integration error as
indicated in Fig. 18b. It also shows that real energy will not violate the
principle of minimum potential energy. The discrepancy between DEM
energy and real energy supports the claim that such forward divergence
is caused by inaccurate integration. Diverged results of those in Section
3.1.3 also show that a denser mesh can contribute to later divergence. In
comparison, the training of EINO in Fig. 18d does not diverge after
50,000 iterations even on the very coarse mesh, which is well corrob-
orated by the proof in Section 4.2.
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6.2. What about nonlinear problems?

To further corroborate EINO in the case of nonlinear problems on a
coarse mesh, the same geometry and boundaries of the cantilever beam
in Section 5.3.1 are adopted with nonlinear hyperelastic constitutive
model as introduced in Egs. (6)-(9). The Young’s modulus and Poisson’s
ratio are 1x10”Pa and 0.3, respectively. To validate EINO’s robustness,
a very coarse mesh with 20 elements in Fig. 19a is used for discretiza-
tion. Fig. 19b demonstrates the robust convergence of EINO and the
forward divergence of DEM. EINO performs robustly even for 10,000
steps, and the robustness for more iterations can still be guaranteed due
to the proof in Section 4.2. Relative errors of DEM and EINO in Fig. 19¢
also support EINO’s superior performance. Similarly, Fig. 19d presents
norms of the parameters for both DEM and EINO. EINO’s sound per-
formance corroborates the novel finite-element-informed regulariza-
tion. Fig. 19e and Fig. 19f juxtapose the diverged DEM solution and
EINO’s accurate results. This section proves EINO’s ability to solve
nonlinear problems. Section 4.2 demonstrates that EINO’s strong per-
formance is not limited to specific problem types or network
architecture.



X. Wang et al. International Journal of Mechanical Sciences 313 (2026) 111278

1072 1072
(a) (b)
5% 108 5% 10°
1073 1073
w  1x107 w  1x107 4.8e-03
= =
= =
] ]
S <)
= 1.5% 107 =B 8 2.6e-03 = IRPelN 5.8¢-03 4.8e-03
41074 41074
2% 107 2e-03 3. 2.9¢-03 ] 2% 107
—5%x10> —1x10° —1.5%x10° —2x 10> | | 10-5 —5x10> —1x10° —=1.5x10° —2x 10> | | 105
Loading on the Neumann boundary Loading on the Neumann boundary
(©) 935 (d)
0.12
» 030T Interpolation Extrapolation 0 10% error
% £ 0.10
3 0.25 3
= < 0.08 -
o 0.20 4
) 1S
o 8 0.06
2 015 E
o
2 010k 10% error 2 0.04 - Extrapglation  Interpolation
g =
= Q L
2 005 | 2 002
0.00 - 020000< 0.00 F y000000
| 1 1 | 1 1 1 1 1 1
1 2 3 4 5 —5000 —4000 —-3000 —2000 —1000
Modulus x107 Loading on the Neumann boundary

Fig. 15. Inverse analysis using EINO in different settings of unknown Modulus and Neumann boundary loadings for the cantilever beam problem. (a) Heatmap of
relative errors of Modulus; (b) Heatmap of relative errors of Neumann boundary forces; (c) Relative errors of Modulus (Neumann boundary force is set as —1000Pa.
Modulus is tested for extrapolation scenarios); (d) Relative errors of Neumann boundary loadings (Modulus is set as 1x10~’Pa. Neumann boundary loading is tested
for extrapolation scenarios).

(a) ‘\,‘ ‘ I 1.5e-01

% | .

-1.6e-01

@ @ 4]

E A

= e

E a1

s £l

S =

E 61 |

= 5

8 St

o 4+ 5 Al

: :

g2 % 2 2

S | pm—T g _

& O § { ‘ . . CENES—— +

10 20 50 100 200 — i

Relative magnitude of noise, % Relative magnitude of noise, %

Fig. 16. Inverse analysis of Modulus and Neumann boundary loadings using noisy data. (a) Displacements data along the x axis with 200% Gaussian noise; (b)

Displacements data along the y axis with 200% Gaussian noise; (c) Relative errors of Modulus under different magnitudes of noise; (d) Relative errors of Neumann
boundary loadings under different magnitudes of noise (error bars represent +1 standard deviation).

15



X. Wang et al. International Journal of Mechanical Sciences 313 (2026) 111278

— (b

(¢) 1% relative error before the 200t iteration J (d) 492 iteration J
__________________ B

DEM DEM (10% error)

EINO (0.09% error)

EINO (0.02% error) EINO (0.009% error)

1 4.2
-
L 10

e

Fig. 17. Comparisons between DEM and EINO in the 3D diffusion problem: DEM fails while EINO succeeds. (a) Configuration of the 3D diffusion problem; (b) FEM
mesh for numerical integration; (¢) DEM and EINO results when the relative error is 1%; (d) DEM and EINO results at the 492" jteration. DEM error is large (10%
error) while EINO is still accurate (0.09% error); (¢) DEM and EINO results at the 1428™ jteration. DEM totally fails (89,300% error) while EINO is still accurate
(0.02% error); (f) EINO results at the 6,300rld iteration.

16



X. Wang et al.

(@)
i}
i
HH
© 100 — DEM |
=
=
S 107!
(5]
2
= 0
= 10—
& 10
10~3 L L
5000 6000 7000 8000
Iterations

International Journal of Mechanical Sciences 313 (2026) 111278

(b) i

—50 +

—— DEM energy loss

Real energy loss -

Loss

—150 1

-200 . :
5000 6000 7000

Iterations

8000

(d)

—— EINO
—20+ J

—40 +

Loss

—60 +

—80 +

40000

—100 —

20000
Iterations

Fig. 18. Exploration of diverged unphysical energy loss of DEM at coarse mesh, its actual energy at dense mesh, and results of EINO at coarse mesh. (a) The coarse
mesh with 20 elements and the dense mesh with 2,000 elements; (b) Unphysical DEM energy loss at the coarse mesh and the corresponding real energy loss. The real
energy loss is computed using the dense mesh (red dotted line denoting the target energy loss); (c) Relative error of DEM at the coarse mesh; (d) The energy loss of
EINO on the coarse mesh (green dotted line denoting the real target energy loss).

(a)

~
(¢}
~

10° ¢ —— DEM -
. —— EINO
o
E
o 10!+ ]
[
2
=
& 107!+ ]

25000 50000 75000 100000

0
Iterations

() .
9.3e-02 §

I oo &

004 2

| 5

0.0e+00 &

0 ; ‘ ‘ :
(b)
—100 1
2
Q
=
—200 1
—— DEM
————— EINO
~300 : : : ‘
0 25000 50000 75000 100000
(d Iterations
. r ;
5 —— DEM
g —— EINO
2
8107+ 1
[T
]
£
o
=
St 1
0 25000 50000 75000 100000
Iterations
() .
9.8e+Olg
60 g
_ .I o
2
008+005

Fig. 19. Solving nonlinear hyperelastic cantilever beam using DEM and EINO. (a) The coarse mesh used for energy integration; (b) Loss curve of DEM and EINO (Red
dotted line denoting the real target energy loss); (c) Relative errors of DEM and EINO; (d) Ly norm of neural network parameters from DEM and EINO; (e) DEM

displacement solution; (f) Displacement results of EINO.

6.3. Limitations and alternatives

It should be noted that the proposed solution is not the only viable
one. Some other alternatives might be effective when leveraging more
formulations like constrained optimization with priors/regularizes on
parameters or mixed complementary energy forms. For example,
Thombre et al. (2025) [92] used the energy gradient instead of energy to
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impose physics constraints for inverse analysis. However, such formu-
lation is somewhat more computational demanding than minimizing
energy since higher-order derivatives are entailed.

On the other hand, as shown in Section 3.1.3, Section 3.1.4, Section
5.1, and Section 5.2, increasing mesh density, adding Gaussian points,
shallower or narrower neural networks, and adding L, regularizations
can mitigate the forward divergence. Early stopping can also circumvent
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this problem to some extent. Thus, using adaptive quadrature and
residual-based integration refinement will certainly enhance DEM’s
performance. The finite-element-informed regularization, though
proved effective even on very coarse meshes without additional re-
quirements on neural network architecture, can constrain the solution’s
representation power to that of the underlying finite element basis.
However, such limitations are whitebox, and we can adjust the repre-
sentation complexity as we need for a balance between accuracy and
efficiency. Moreover, some other challenges that are not unique to DEM
still need to be addressed, like the spectral bias and difficulties in long-
range extrapolation.

7. Conclusions

While the Deep Energy Method (DEM) demonstrates superior per-
formance over Physics-Informed Neural Networks (PINNs) in prior
studies, it suffers from two critical failure modes: (1) divergence in
forward analysis due to inaccurate numerical integration, and (2)
collapse in inverse analysis because the minimization problem in vari-
ational formulation is undefined for unknown material parameters or
Neumann boundary conditions. This study systematically diagnoses
these failure phenomena and establishes mechanistic remedies.

Key findings from the study reveal that forward divergence stems
from integration inaccuracies when evaluating complex neural network
outputs, which explains why strategies like mesh refinement, architec-
tural simplification, Ly regularization, or increased integration points,
all improving integration fidelity, delay but do not entirely prevent
failure. It also elucidates why the calculated loss substantially deviates
below the true energy loss, a physically implausible phenomenon that
violates the minimum potential energy principle. On the other hand, we
revisit the rigorous variational formulation that defines a minimizer
only with respect to target field variables, which supports efficient for-
ward training but renders inverse analysis entirely infeasible. The pro-
posed Energy-Informed Neural Operator Network (EINO) helps to
overcome these limitations with the novel design of two features: (1)
Finite-element-informed regularization constrains outputs within
intended solution space, ensuring numerically stable integration; and

Appendix
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(2) a two-stage operator-learning strategy of offline learning based on
embedded energy principles via DeepONet and online learning to solve
inverse problems by minimizing data loss.

The robustness of EINO is further validated through comprehensive
benchmarks. In forward analysis, it maintains sustained accuracy via
precise numerical integration, effectively preventing the divergence
observed in DEM. For inverse problems, EINO reliably infers material
parameters and boundary conditions in scenarios where DEM fails
catastrophically, and demonstrates robust performance in uncertainty
quantification even under significant noise. By preserving the efficiency
of DEM while resolving its failure modes, EINO establishes a more robust
and accurate framework for physics-constrained learning. Future work
will target its extension to multiphysics problems and integration with
advanced neural architectures.
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For a reference quadrilateral element in Fig. 20a, the nodes X; and corresponding nodal basis functions I; are [95]
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(22)

For a 3D reference Lagrange element in Fig. 20 Fig. 7b, the nodes X; and corresponding nodal basis functions ; are
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Fig. 20. Elements for finite-element-informed regularization and numerical integration in EINO. (a) The second-order serendipity quadrilateral element with 8

nodes; (b) The second-order Lagrange tetrahedral element with 11 nodes.

Data availability

[16]
The relevant software is under development, and it will be released

at [ht tps://github.com/xiwang0706/Projects-of-xiwang/tree/main] in

the future. (17]
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